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Abstract

We axiomatically study how to measure well-being when individuals have het-
erogeneous preferences and consumption bundles are evaluated by comparison
with some reference bundle (a poverty line bundle, an index of needs, the average
consumption in a reference group, etc.). Our key requirement is that well-being
remains constant if the reference bundle changes towards a bundle that the in-
dividual deems equivalent. Accounting for preferences may lead two individuals
with identical consumption and reference bundles to have unequal well-being lev-
els. To limit this inequality, we study four axioms based on the lattice structure
of the set of indifference contours. We define and characterize five measures. One
prominent measure corresponds to the ratio between equivalent incomes at con-
sumption and at reference, where prices are chosen to minimize the difference
between these incomes.
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1 Introduction

The classical tool in economics for conducting welfare analysis is the social welfare
function, which typically aggregates individual well-being levels. Defining a social
welfare function thus requires making decisions about two key aspects: 1) how to
define well-being, and 2) how to aggregate it. While the literature on how to aggre-
gate individual well-being is well-developed and has many surveys (see, for instance,
d’Aspremont and Gevers 2002; Bossert and Weymark 2004), the literature on how to
define well-being is less consensual. We contribute to this body of work by propos-
ing a framework in which individual well-being is relative, meaning that it depends
not only on an individual’s consumption and preferences but also on a reference con-
sumption level. This framework generalizes the poverty measurement literature, where
well-being, or equivalently, an individual’s contribution to poverty, is evaluated in
reference to a poverty line bundle.!

The best-known theory of well-being in poverty measurement is Deaton (1979)’s
distance function, which was axiomatically characterized by Decancq et al. (2019);
alternative approaches include those by Blackorby and Donaldson (1987) and Dimri
and Maniquet (2020). According to this function, an individual’s well-being is mea-
sured by the fraction of the poverty line bundle to which they are indifferent. However,
when relative poverty analysis requires comparing individuals facing different poverty
line bundles, due to spatial or temporal differences, two individuals with identical con-
sumption and preferences may end up with different well-being levels. Specifically, if
one of these individuals faces a poverty line bundle containing more of every good
than another individual, the former will be considered to have lower well-being than
the latter. This is a natural property, which suggests the following generalization: if
two individuals with identical consumption and preferences face different poverty line
bundles, the one facing the bundle they both prefer should be considered to have lower
well-being (or a higher contribution to aggregate poverty). In other words, it is the
level of preference satisfaction at the poverty line bundle that matters, not the bundle
itself. Unfortunately, Deaton’s distance function fails to meet this criterion.

Our contribution extends beyond poverty measurement, by developing a theory
of well-being that depends on a reference bundle. This reference bundle can be in-
terpreted in at least two additional ways. First, it can be viewed as capturing needs.
For example, if the observation units are households of different types, the choice of
reference bundles may reveal possible economies of scale for different goods. While
the reference quantity of food may be proportional to household size, the quantity of
transportation or housing goods may be less than proportional. Well-being could then
be measured based on household consumption, household preferences, and this needs
index. Comparing the well-being of singles and couples would not require identifying
individual consumption and preferences within a couple, a notably difficult task.

Second, the reference bundle can be seen as an aspiration bundle, defined by a
social observer to represent the reference consumption against which an individual

1Many developments in the poverty measurement literature begin the analysis at the level of incomes,
where the poverty threshold is expressed as an income level rather than a bundle of goods. However,
as soon as individuals face different prices (for example, due to regional differences in the cost of goods
considered otherwise equivalent) comparing incomes requires deflating them, typically by calculating the
regional money value of a common reference bundle.



is normatively allowed to compare themselves. Well-being would then vary based on
aspirations, which are defined by characteristics (e.g., age, region, education, gender)
deemed normatively relevant by the social observer. This approach aligns well-being
measurement with empirical evidence showing that individuals compare themselves
to others, and their subjective well-being is influenced by the consumption of those
around them. However, in this normative exercise, the reference is chosen by the social
observer, so that two individuals with normatively equal characteristics are assigned
the same reference bundle.

In this paper, we axiomatically characterize several new well-being measures. These
measures can be used to assess poverty, compare the well-being of households with dif-
ferent needs, or conduct welfare analysis that accounts for the other-regarding nature
of individual well-being. Because we distinguish between how and what to aggregate
from the outset, these well-being measures can be integrated into various social welfare
functions, such as utilitarian, egalitarian, Gini, or Atkinson functions.

The axioms we explore are based on three main ideas. The first idea is that well-
being is easier to measure when preferences are homothetic, i.e., representable by a
utility function that is homogeneous of degree 1. In this case, it is natural to measure
well-being by referencing the ratio of utility at consumption to utility at the reference
level. We elaborate on this idea and propose several axioms, which are not overly
restrictive, as both existing and new measures satisfy them.

The second idea builds on the lattice structure of the set of lower (resp. upper)
contours equipped with union (resp. intersection) partial order.? We define four ax-
ioms, requiring consistency between the well-being in two different situations, their
supremum and their infimum. While lattice structures are common in measurement
theory (see, for instance, Kreps 1979; Hougaard and Keiding 1998; Christensen et al.
1999; Chambers and Miller 2014b,a), we demonstrate that our model does not al-
low us to use some known results. We prove that these two ideas lead us to choose
a specific good and define well-being by referring to the bundles containing only this
good, which individuals find equivalent to their consumption and reference bundles.
However, we argue that such a measure is valid only if this good is a composite good
encompassing all essential dimensions of consumption.

The third idea is that the most relevant preference information should pertain
directly to the consumption and reference bundles themselves. To capture this, we
require that well-being tends to one as consumption approaches the reference bundle.
The measure described above violates this requirement. The axioms we define based on
this idea force us to define well-being as the ratio of equivalent income at consumption
to that at the reference.

Equivalent income is the minimum amount of money required, at a given price
vector, to achieve a given satisfaction level. A central question concerning equivalent
income is the choice of the reference price vector. Whereas Blackorby et al. (1993),
among many others, insist on the arbitrariness of the choice of a reference price vector,
a long literature has also shown that ethical principles can guide this choice (see, e.g.,
the survey in Chapter 4 of Fleurbaey and Blanchet 2013). We propose a new solution

2A set equipped with a partial order is a lattice if for any two elements of this set there exists a smallest
element that is larger than both, their supremum, and a largest element that is smaller than both, their
infimum.



to this issue by showing that the social observer must choose the price vector that
either maximizes or minimizes the ratio of equivalent incomes at consumption and
reference. As a result, the reference price vector depends on the reference bundle.

One may object to the fact that we solve the question of choosing the reference
price vector at the cost of introducing an exogenous reference bundle, which is formally
a similar object. This is correct, but we believe that the distributive consequences of
choosing a reference bundle are more transparent for practitioners than those of choos-
ing a reference price. A natural illustration comes from the poverty literature, where
many studies start from the definition of a basic-needs or poverty bundle and then
translate it into a poverty line representing the cost of such a bundle (Ravallion 1992;
Deaton and Zaidi 2002; Mancini and Vecchi 2022). The identification of a poverty
bundle is typically based on ‘objective’ criteria and recommendations from national
and international organisations (see, for example, Mahrt et al. 2022; Hirvonen et al.
2020; Herforth et al. 2022; Allen 2017). Importantly, these criteria and recommen-
dations may depend on household characteristics such as the ages of the household
members and location (urban/rural area), leading to a multiplicity of poverty (and,
in our framework, reference) bundles.

Our analysis highlights a key trade-off between the preference domain over which
we measure well-being and the axiomatic properties that the measure can satisfy.
The well-being measures we consider satisfy different combinations of our axioms
and are defined on different preference domains. Thus, the choice of a measure must
take into account the preferences of the population of interest. Importantly, over the
general domain of rational, continuous, convex, and monotonic preferences, only one
measure satisfies our desirable properties: the minimal equivalent income distance
(meid) well-being measure (see Definition 3 below).

The paper is organized as follows. In Section 2, we discuss some relationship
between our undertaking and related literature. In Section 3, we introduce the prelim-
inary notation and our definition of the welfare measure. In Section 4, we define and
discuss the measures of well-being that will be justified by our axiomatic analysis. In
Section 5, we introduce the main axioms and give the axiomatic characterizations of
our well-being measures. In Section 6, we provide concluding remarks. The Appendix
contains the proofs of our main results, additional details on our measures, and possible
extensions of our framework.

2 Related literature

The works that come closest to our undertaking are Fleurbaey and Maniquet (2017,
2018, 2019)’s recent axiomatic analysis of well-being measurement. The main axioms
studied in these contributions are similar to the axioms based on the lattice structure
of lower and upper contour sets that we use in this paper. Two sets of well-being
measures are characterized in these papers, and they bear some similarity with the
measures that we obtain here. The first set is a generalization of Deaton (1979)’s

3Beyond the poverty literature, several studies introduce individual reference bundles based on explicit
normative principles. Examples include Berg and Piacquadio (2022) and Ooghe et al. (2023) in the optimal
income tax framework, and De Rock and Moramarco (2025) and Almas et al. (2011) in multidimensional
and unidimensional fairness assessments, respectively.



distance function: well-being is measured as the fraction of a reference bundle to which
the individual finds their consumption equivalent. This reference bundle, however,
remains unspecified.* The first measures that we obtain in this paper also suggests to
measure well-being by reference to the fraction of some bundles to which individuals
find their consumption and reference equivalent. There is a major difference, however.
Even if we make well-being depend on a reference bundle, well-being is not measured
as the fraction of that bundle the individual is indifferent to. On the contrary, well-
being is measured by considering bundles on the axes of the consumption set, that is
bundles that only contain quantities of one good.

The second set of well-being measures characterized in Fleurbaey and Maniquet
(2017b, 2018, 2019) bear some similarity with the other measures that we obtain here.
Indeed, they suggest to measure well-being as equivalent income, computed at some
reference price vector, that is left unspecified. This clearly shows a contribution of this
paper; when a reference bundle is clearly identified, the issue of how to determine the
relevant price vector is solved: it should be the one that either maximizes or minimizes
the equivalent income ratio at consumption over reference.

We explained, in the previous section, that the reference bundle with respect to
which well-being is measured can be interpreted in three ways. This connects our paper
with three branches of the literature. We come back to each of them in this section to
contrast our approach with related ones.

Many proposals have been made to measure poverty in a way that respects pref-
erences. Most of them are based on Samuelson (1974, 1977)’s notion of equivalent
income (also called money-metric utility). If reference prices are fixed, then a higher
level of satisfaction is always associated with a higher equivalent income. However, the
question of how to choose the reference prices remains largely unanswered (see Fleur-
baey and Blanchet 2013, for a longer discussion); this is one of the reasons why this
concept has received less attention recently. By solving the problem of choosing the
reference price vector, we hope to restore the interest in this concept. Another solution
is the Deaton (1979)’s distance function, mentioned above. Other solutions include
Blackorby and Donaldson (1987)’s welfare ratios and Dimri and Maniquet (2020)’s in-
dividualised price equivalent incomes. None of these solutions satisfies the axioms we
define below.

The classical approach to correcting well-being measures to family needs consists
in applying an equivalence scale to household incomes. Among the many shortcomings
of this approach, one is that it does not take into account the interactions between
preferences and economies of scale: households in which members have a strong pref-
erence for goods that benefit most from economies of scale are intuitively better at
transforming household resources into well-being, and this is not captured by the
equivalence scale approach. Our approach is a way to take it into account.

Another shortcoming of the equivalence scale approach, which we do not address
here, is associated with the assumption of household (as opposed to individual) pref-
erences. Browning et al. (2013) suggests a way of establishing comparability across
households by referring to individual preferences and asking the question: How much

“In Van der Linden (2018), Deaton (1979)’s distance function is the individual welfare measure of a
Paretian egalitarian social welfare order. In this case, the reference bundle is unique and set to the mean
bundle.



income would an individual living alone need to achieve the same standard of living
as if they were married? It is interesting to notice that the identifying assumption
they make is that individuals have the same preferences if they remain single or if
they marry. This is exactly the assumption that we can get rid of in our approach:
differences in household size are captured by the reference consumption, and our well-
being measures provide ways to construct comparability across households even if
preferences differ between single and married people.

Concerning our contribution toward the measurement of well-being when individ-
uals are affected by what happens around them, this brings us close to the literature
on other- regarding preferences. In positive economics, since the last decade of the
twentieth century, it has been widely documented that other-regarding preferences
and distributional concerns affect choices (Kirchsteiger 1994; Fehr et al. 1998, among
others), preferences (see, for example, Fehr et al. 1993; Fehr and Schmidt 1999; Bolton
and Ockenfels 2000; Sobel 2005; Dufwenberg et al. 2011) and subjective well-being
(Clark et al. 2008; Clark and Senik 2010; Clark 2018).

However, the fact that individuals compare themselves to others does not mean
that the evaluation of social policies should recognize that individuals may suffer
from an improvement in the situation of others. Sen (1970), for example, has argued
against respecting individual preferences when they are defined in terms of the actions
of others. On the other hand, feeling socially included may require having resources
comparable to those with whom one interacts, and this feeling may be considered
respectable from a normative point of view. By sticking to self-centered preferences
and by introducing a reference bundle as an argument of the well-being function, we
propose a way of combining Sen’s criticism with the objective of measuring well-being
by comparison with others.

In our measure, however, well-being decreases when the reference bundle improves.
This is at odds with the experimental literature on other-regarding preferences, in
which a richer individual derives well-being from seeing poorer individuals thrive.
Nonetheless, and it is the stance that we take in this paper, the fact that human
beings behave this way does not necessarily mean that normative well-being measures
should be increasing in reference when consumption is above it. Our undertaking is
consistent with this literature only when the reference consumption is preferred to the
actual consumption. We come back to this point in Appendix C where we discuss how
our results extend to the case in which actual consumption is preferred.

If one agrees to take the resources obtained by (some) others as a normatively rele-
vant argument for individual well-being, two strategies are possible. The first strategy
is to accept other-regarding preferences as normatively compelling, including prefer-
ences that capture that individual satisfaction decreases when the consumption and
satisfaction of others increase. If the normative analysis is restricted to Pareto ef-
ficiency, then Dufwenberg et al. (2011) has identified the necessary and sufficient
restrictions on the domain of preferences for the second fundamental theorem to
hold. Consequently, under these restrictions, it does not matter whether or not other-
regarding preferences are accepted as normatively compelling. If welfare analysis goes
beyond Pareto efficiency, e.g. if the social planner maximizes an inequality-averse social
welfare function, then two individuals with identical personal consumption, reference



consumption and self-centered preferences (i.e. defined only in terms of their own con-
sumption) may be treated differently, and the individual who receives the greatest
compensation may be the one who suffers most from seeing those around them better
off. In this paper, we start from the stance that this is normatively unattractive.’

The second strategy retains Dufwenberg et al. (2011)’s preference restrictions,
but replaces the other-regarding part of the preferences with an objective reference
consumption amid the arguments of the welfare measure. By objective, we mean that
it is chosen by the social observer and not by the individuals themselves. It can be
the average consumption of the country, the region or a reference group. In doing so,
the social observer recognizes that individual well-being may fall if the consumption
and well-being of others rise, but that the well-being of two individuals in the same
situation and with the same reference consumption will fall in the same way, regardless
of the difference in the sensitivity of one’s own well-being to the well-being of others.
We adopt the second strategy.

Our idea that adding a reference consumption to the model of well-being mea-
surement and sticking to self-centered preferences is a way to capture other-regarding
preferences is well illustrated when we compare this model with recent developments
in the literature on relative poverty measurement. Indeed, Ravallion and Chen (2011),
Ravallion (2020), Ravallion and Chen (2017) and Decerf et al. (2025), for instance,
require the poverty line to be consistent with preferences. These preferences are other-
regarding. They are increasing in own income and decreasing in the reference income,
so that the poverty line is the income level that, given the reference consumption in
the country (which may be the mean, median or a more elaborated function of the
distribution) maintains the utility of a representative agent constant. Even if we do
not model it here, our reference consumption may perfectly well be derived from the
distribution in this way, for some representative preferences that take social compar-
isons into account. This is what our axiom of Normalization achieves: the individual
welfare associated to consuming the reference bundle is the same independently of
the latter, exactly like the utility level of the reference preferences is constant at
preference-consistent poverty lines.

3 Notation and definitions

We assume that there are K divisible and cardinally measurable goods, K > 2. The
(closed) consumption set is X = ]Rf . The agents have complete, transitive, continuous,
convex and monotonic preferences over X'. We denote the set of such preferences by
R.% For any two bundles z, 2/ € X we denote the weak preference of z over 2’ as z R 2’
(7 is at least as good as 2’), strict preference of z over 2’ as 2Pz’ (z is strictly preferred
to 2'), and indifference as 212’ (2 is as good as 2’). For any z € X and R € R, we denote

5Decerf and Van der Linden (2016) circumvent this unattractive conclusion by imposing a very mild
resource equality requirements, which many social welfare functions satisfy. Therefore, individuals who suffer
most from seeing those around them better off may receive a larger or a lower compensation than those who
do not suffer from social comparison as a function, for instance, of the preferences of even other individuals.

S At the risk of stressing the obvious, our restriction to preferences (and, therefore, the absence of utility
functions) illustrates the fact that our well-being measures will only depend on ordinal and non-comparable
information on individual choices. All information regarding happiness, subjective satisfaction, etc., is con-
sidered to be normatively irrelevant. An immediate consequence of this starting point is that we avoid the
“happy peasants and miserable millionaires” paradox.



the lower, upper and indifference (closed) contours as follows L(z, R) = {2’ € X|zRz'},
U(z,R) = {72 € X|Z'Rz}, I(z,R) = U(z,R) N L(z, R).

For reasons that will be explained below, after Definition 2, we restrict our attention
to the subdomain R¢ C R of preferences having the property that all lower contour
sets are bounded, so that all indifference contours have a non-empty intersection with
each axis, and moreover, we require this intersection to contain only one bundle.”
Formally, for k € {1,...,K}, let A¥ C X denote the k-th axis, that is, z € A* <
xe =0,VL e {l,...,K} \ {k}. We say that R € R if and only if for all z € X,
ke {l,...,K}, there exists z* € X such that I(x, R) N A% = {2*}.

Let R C R¢ denote the subdomain of homothetic preferences, that is preferences
satisfying the property xRz’ < AzRAz’ for all 2,2’ € X, A > 0. Let U be the set of
all homogeneous of degree one utility functions representing homothetic preferences.
Moreover, for any indifference contour set I (z, R) we call R;(, r) the homothetic
preferences we generate by homothetic transformations of I (z, R) for any positive real
number.®

We are interested in measuring well-being as a function of what an agent consumes,
x € X, her preferences R € R, and a reference bundle, y € X'. We refer to arguments
(z, R,y) as situations.

In this simple model, no good plays a special role. As a result, no argument can
be based on necessities versus luxuries, on survival considerations, on what is required
for feeling included in society, etc. This has two consequences, First, we assume that
the reference consumption is chosen by the social observer, but we don’t know why
a specific reference has been chosen. Second, this model is not appropriate to discuss
issues of absolute poverty measurement, which would require that the absolute poverty
line represents the satisfaction of some specific needs for the individuals with likely
implications on the preferences above and below the threshold. Moreover, in the axioms
that we impose on our well-being measures, making y vary turns out to be essential.
To say it differently, the axiomatization results we develop below would not be valid
in a model in which y is fixed and the same for all individuals.

A well-being measure is a function W : X x R¢ x X — R that satisfies:

(i) Continuity (Cont): for all R € R¢, W (-, R, -) is continuous in its first and third
arguments;

(ii) Normalization (N): for all y € X, W(y,R,y) = 1;

(iii) Consumption Monotonicity (Mz): for all x,2',y € X and R, R’ € R, if I(y,R) =
I(y,R') and L(z, R)NU(z',R') =0, then W (', R',y) > W (z, R, y);

(iv) Homotheticity (H): for allz € X and A\, u > 0,if R, R’ € R¥ then W (z, R, \z) >
W (x, R, \x) & W (uz, R, x) > W (px, R, Ax);

(v) Reference Rescaling (Ry): for all x € X, R, R’ € R, a, A € Ry such that either
l<a<dor A< a<l,if Iaz,R) = I(az,R'), I(A\x,R) = I(Az, R') and

7Observe that this last requirement implies that preferences in R¢ are strictly monotonic. This restric-
tion is not necessary in empirical applications, where preferences are typically assumed to be homothetic
and well-behaved. Moreover, most of our results hold in larger preference domains. We come back to this
throughout the text.

81f I (', R) is an homothetic transformation of I (z, R) for a scalar A € Ry, then = € I (2, R) if and only

if Az € I (2/, R). Notice that R € R® implies R;(. gy € R® and R = Ry( p) if and only if R € RH,



I(Az, R) is homothetic to I(ax, R), then
W(z,R,az) = W(z, R ,ar) & W(x, R, \x) = W(z, R, \x);

(vi) Consumption Rescaling (Rz): for all x € X, R, R’ € R¢, a, A\ € Ry, such that
either l <a<Xor A< a<1,if I(ax,R) = I(az,R), I(Az, R) = I(\y, R’) and
I(Az, R) is homothetic to I(ax, R), then

W (az, R,z) = W(ax,R',z) & WAz, R,z) = WAz, R, z).

Continuity does not require explanation. Normalization introduces a key feature
of well-being measures with reference consumption, that is, well-being is measured in
a relative sense. Consequently, two individuals that consume their reference will have
the same well-being even if one is consuming strictly more than the other.

Consumption Monotonicity captures the natural intuition that well-being increases
with consumption. It compares well-being when the indifference contours through the
reference bundle, and the reference bundles, are the same in two situations. If it is
the case that the consumption bundle in one situation is strictly preferred to another
consumption bundle by both preferences, and if, moreover, all consumption bundles
indifferent to the former are also strictly preferred to any bundle indifferent to the
latter by both preferences, than well-being is larger in the former situation. Observe
that this condition on the preferences at the two contemplated consumption bundles
is equivalent to requiring that the lower contour at one bundle does not intersect the
upper contour at the other.’

Applying Consumption Monotonicity to R’ = R leads to

W (', R,y) > W(z,R,y) & 2’ Px.
If we add Continuity, we get
W(z',R,y) > W(x, R,y) < 2’ Rz,

so that W (-, R,y) is a utility representation of R for a given y.1"

The next three properties all build on the special case of homothetic preferences
and of homothetic transforms of indifference contours.

Homotheticity follows the idea that the concept of relative well-being has a clear
interpretation when preferences are homothetic and consumption is a fraction of the
reference bundle. In this case, it is natural to assume that all the relevant information
regarding well-being is contained in these fractions. Homotheticity requires that if
the well-being associated to some preferences is lower than that associated to other
preferences when consumption is some fraction of the reference, then this comparison
should also hold for all situations obtained by multiplying both consumption and

9Consumption Monotonicity is reminiscent of the Nested Contour axiom in Fleurbaey and Maniquet
(2017b).

190bserve that Blackorby and Donaldson (1987)’s welfare ratios do not satisfy even the weakest version
of this property. We view it as a major drawback of this well-being measure. Dimri and Maniquet (2020)’s
individualised price equivalent incomes, on the contrary, does satisfy this axiom.

10



reference by the same number. Observe that when Normalization is also imposed,
Homotheticity is equivalent to the following stronger property (Normalization implies
equality for the case 1 = A, which then extends to all other values of \) :

(v) Homotheticity (H): for all z € X and A > 0, if R, R’ € R¥, then W (z, R, \z) =
W (z, R, Ax);

From now on, we stick to this second definition.

Reference Rescaling refers to the case in which the reference bundle is a fraction
of consumption, two individuals have different indifference contours at consumption
but the same indifference contour at reference. The property says that if these two
individuals have the same well-being in these situations, then they should also have
the same well-being if we move the reference away from consumption in such a way
that the new reference is still proportional to consumption and individual contours at
the new reference are an homothetic transform of the contours at the initial reference.
Consumption Rescaling applies the same property to rescaling of indifference contours
at consumption.

The central requirement for the well-being measures we study in this paper is
the following Reference Preference. It captures the natural intuition that well-being
decreases with reference, by considering that a higher reference is one that the indi-
vidual herself prefers. Formally,

Reference Preference (Py) - For all z,y,y’ € X and R € R if yly then
W (x,R,y) =W (z,R,y'), if yPy’ then W (z, R,y) < W (z, R,v').

This is the only basic property that is not satisfied by Deaton (1979)’s distance
function, and we can see this paper as an inquiry into well-being measures that are
different from the distance function precisely because they are monotonic in reference.
To recall, we can define the distance function as follows:

Wheaton <$7 R, y) =W Wy e I(ac7 R)

If preferences R are not homothetic, then we can find z, 2’ € X, A > 0 such that z I 2’
whereas Az P Az’. By definition, Wpeaton (€, R, Ax) = Wpeaton (¢, R, Ax’), violating
Reference Preference.

We complete this section by noting an important consequence of the basic
properties above. When W : & x R¢ x X — R, satisfies Consumption Monotonic-
ity, Reference Preference, Continuity and Homotheticity, it has the property that
W (z, R, \x) = W (2/, R’, \x’) for all z and 2’ and all homothetic preferences R and
R/, as stated in the following lemma, which we prove, like all lemmas and theorems,
in the Appendix.

Lemma 1. If W : X x R¢ x X — Ry satisfies Consumption Monotonicity (Mzx),

Reference Preference (Py), Continuity (Cont) and Homotheticity (H), then for all
r,2' € X and R, R € RY, A > 0: W(x, R, \x) = W(a', R', \x’).
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Let R € RY and u € U*. Lemma 1, applied to R’ = R, implies that

for some strictly increasing real-valued function f. Indeed, if y = Az, then u(y) =
Au(z) and W(x, R,y) = f(A™1). In the general case, there exists A such that yI\x, so
that u(y) = \u(x) as well and, again, W (z, R,y) = f(A71).

In the aggregation of individuals’ well-being levels into a measure of social welfare,
f would be crucial. For instance, its curvature would measure the degree of inequality
aversion of the social welfare function. As we do not build social welfare functions
in this paper, for the sake of simplicity of the exposition, we assume that f(u) =
u. Nothing in what we say below depends on this assumption. Any f function can
be used to aggregate the well-being measures we obtain here. This will allow us to
skip mentioning after each result that the relevant well-being measure is ordinally
equivalent to this or that well-being measure satisfying the f(u) = u property. We
come back to the possible shapes of f in the conclusion.

4 Well-Being Measures

In this section, we define the well-being measures that will turn out to be axiomatically
characterized in the next section.

Loosely speaking, each measure consists in measuring the distance between indif-
ference contours at consumption and at reference. The first three measures defined
below use a notion of distance that relates to the homothetic transformation of one
indifference contour that is tangent to the other, whereas the following measures use
a notion of distance based on the intersection of indifference contours and axes of the
consumption set.

There are three equivalent ways to define our first measure. The most intuitive one
defines it as the scale by which the indifference contour through consumption has to
be homothetically transformed so as to become tangent from below to the indifference
contour at reference. This is illustrated in Fig. la. The dashed indifference curve is
the minimum (homothetic) rescaling of I(x, R) that contains a bundle indifferent to
y: bundle z. Consumption x is indifferent to az and reference y is indifferent to z.
Well-being is then equal to «.

This measure is also the scale by which the indifference contour through reference
has to be homothetically transformed so as to become tangent from above to the
indifference contour at consumption. In that case, the tangency between the transform
of the indifference contour at y and the indifference contour at x would take place at
Qaz.

The measure is also equal to the ratio between the equivalent income!! at = and
that at y, when prices are chosen in such a way as to maximize well-being. This is

HEquivalent income at a given bundle and for a given price vector is the minimal income needed to reach
the utility level corresponding to that bundle at these prices. It was introduced by McKenzie (1957) under
the name of the expenditure function and renamed money-metric utility by Samuelson (1974). It was called
equivalent income by King (1983), which has become the dominant name in wellfare analysis after Adler
and Fleurbaey (2016).
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Figure 1: The maximum well-being measure.
(a) Wiae (z,R,y) = « (b) The endogenous prices

good 2 good 2

“~< . Big,R)

good 1 good 1

illustrated in Fig. 1b, in which p is the price vector at which the equivalent income
ratio is maximal. Unsurprisingly, tangencies of the equivalent budget lines to the
indifference contours take place at az and z.

Definition 1. The maximum well-being measure is the function W,qp : X XREX X —
Ry such that, for all (x,R,y) € X X R¢ x X,

MMy cu(y,R)WY’)

Wmam (.’E, Rv y) =

for v € UM representing Riz,R)-

The next measure is the dual of the previous one. Well-being is the ratio between
the equivalent income at x and that at y, when prices are chosen in such a way as to
minimize well-being.

Definition 2. The minimum well-being measure is the function Win : X XREX X —
Ry such that, for all (x,R,y) € X X R¢ x X,

Wmin ) Ra =
(= v) maxy’EL(y,R)u(y/)

for v € UM representing Ri(z,Rr)-
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Figure 2: The mininum well-being measure.
(a) Winin (z, R, y) = « (b) The endogenous prices

good 2 good 2

Ria,r) - Bia,Rr)

good 1 good 1

It is straightforward to check that Wi (2, R, y) = (Winae (y, R, #))~". This implies
that both measures are well-defined and continuous on the same domain. The need for
a domain restriction for W,,;, is evident if we consider the example of an individual
with linear indifference curve through = and Leontief indifference curve at y: in this
case there is no rescaling of the indifference contour through consumption that is
tangent from above to the indifference contour through reference. We choose to study
these measures over the R¢ domain. Observe that what we have called tangencies in
our informal definitions may take place at corner bundles. It is easy to check that the
absence of a unique supporting price vector does not prevent well-being from being
uniquely defined.

Building on the definitions of W4, and W,,;,, we can define a third measure that
avoids the domain shortcoming we just discussed. It consists of identifying the minimal
homothetic rescaling of the lower indifference contour so as to become tangent from
below to the upper indifference contour, independently of which contour corresponds
to consumption or reference. Equivalently, it looks at the minimal distance, in terms
of equivalent incomes, between consumption and reference. Note that it consists in
applying Wi, when y Rx and W,,;,, when x Ry. This measure has the advantage of
being defined over the entire domain R of preferences.

Definition 3. The minimal equivalent income distance well-being measure is the
function Wieia : X X R x X — Ry such that, for all (z,R,y) € X X R X X,

u(z) :
Wmeid (Jj, R7 y) = miny/eUEy*R)u(y,) Zf zR y
u(z) ifyRx

mazysey(y,myw(y’)
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for u € UM representing Ri,Ry-

Even if Wi,eiq seems an hybrid combination of W,,., and Wp,;,, it has a more
intuitive interpretation, based on its minimal distance operation, which leads to the
following formal property: Wineia(y, Ry x) = (Wineia(, R, y))_l. Notice that Wiae
nor Wi, this property.

In our axiomatic analysis, we will obtain a characterization of W,,.;q based on
the characterizations of W,,., and W,,;,, although with slightly different axioms.
However, given that W,,.;q has a more intuitive construction (it always takes the price
vector that minimizes the distance between the two relevant indifference contours)
and is well defined over the largest domain, we consider that it is the one to highlight.

Our fourth well-being measure is actually parameterized by the name of one good,
which plays a special role in the measure. The well-being measure works like this: we
look at the intersection with the k-th axis of the indifference contours at consumption
and at reference and we take the ratio between the two. It is easy to check that R€ is
again the precise domain over which these K well-being measures are well-defined.

For k € {1,...,K} and (z,R) € X x R¢, let A*(I(x,R)) denote the intersec-
tion of I(z, R) with the k-th axis, and let a*(I(z, R)) denote the k-th coordinate of
A*(I(z, R)).

Definition 4. The k-th azxis well-being measure is the function Wy : X xR x X — R4
such that, for all (x,R,y) € X X R¢ X X,

Wk (1’7 Ra y) =

Similarly to Definitions 1 and 2, a k-th axis measure coincides with the ratio
between equivalent income at consumption and reference; in this case, however, the
multiplicity of supporting prices is the norm, more then a special case.

The W), measures suffer from an important drawback. The domain restriction to R¢
is a strong one. It implies that whatever the good we select, say housing, and whatever
the consumption bundle of an individual, there exists an indifferent bundle that only
contains housing. This seems implausible, except if one composite good is constructed
by gathering all the necessities. Building on this observation, we propose a fifth well-
being measure, which we call necessity-equivalent well-being measure, that is defined
on a broader preference domain. Let good 1 denote this composite good. The new
measure is a special case of Wy, namely W7, and is well defined on the broader domain
of preferences (R!) for which all indifference curves intersect the composite-good axis.
To keep the exposition concise, we discuss this measure in detail in Appendix B.

We complete this section with a discussion about why W, and W,,;,, deserve to
be called the maximum and minimum measures. We begin with this theorem, proved
in the Appendix.

Theorem 1. For any well-being measure W, all x,y € X, R € R¢,

Wmin($7 Ra y) S W(I, R7 y) S Wﬁlax(xv Ra y)
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In empirical applications, it is possible that Theorem 1 is all we need to compare
distributions of well-being, if the difference between W4, and W, is small. If the
estimation of preferences is parametric, then W,,,, and W,,;, may moreover take very
simple shapes (and, therefore, W,¢;q as well). For instance, if estimated preferences
are of the Stone-Geary type, that is they are represented by utility functions'?

with —b € Rﬁr, a; > 0 and Zf{zl a; = 1, it is intuitive that the price vector leading
to Winae 18 the supporting vector along the ray of bundles proportional to —b and the
one that leads to W,,;,, supports bundles on one of the axis. Simple computations yield
(assuming W, is computed by reference to the price that supports consumption on
the good-1 axis, so that Wi = Whee)

K 137,71), @i
Hi:l ( —b; ) -1

K i—bi ai
IS (m5) -1

K

(z1 — b1) TTiS, (%)E + by

7

(= b TS, (252) ™ + b

Wmaz ($7 Ra7b7 y) =

Wmin(xv Ra7b7 y) =

When the difference between W, (2, R, y) and W, q.(x, R, y) is large, evaluating
well-being requires to go beyond Theorem 1. The axioms we introduce in the next
section will allow us to achieve this task.

5 Axiomatic analysis

Taking individuals’ preferences into account in the measurement of well-being implies
the possibility that two individuals consuming identical bundles and having the same
reference have different well-being levels. This may be viewed as a drawback of the
approach (a drawback that is shared by all normative analysis that impose Pareto
efficiency or any other way of respecting individual preferences). The best way to
fight this drawback consists in minimizing well-being inequality at identical or similar
bundles. Our axioms impose bounds on well-being inequality while still respecting
individual preferences.

These axioms build on the lattice structure of the set of indifference contours,
or, to present it differently, on the lattice structure of the set of upper contour sets
equipped with the inclusion partial order. This is represented in Figures 3a and 3b. In
Fig. 3a, the indifference curve at x for preferences R is the supremum of indifference

12parameters b are sometimes presented as minimal consumption, beyond which preferences are behaving
like Cobb-Douglas preferences. The case b > 0, though, is problematic. Indeed, for bundles z such that
0 < zp < by for some k € {1,..., K}, preferences are not monotonic. Observe that the condition —b € Rf

is also the one that guarantees that R%® € R,
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Figure 3: Supremum and infimum contour at consumption.
(a) I(z, R) = sup (I(x, R, I(x, R”)) (b) I(z, R) = inf (I(CE/, R, I(z', R”))

good 2 good 2

R,R',R" R,R',R"

good 1 good 1

curves at x of preferences R’ and R”. Observe that, by Consumption Monotonicity,
any indifference curve above I(x, R) would be associated to a strictly higher well-being
than the one at x of preferences R’ and R” (assuming they have the same indifference
curves at y, as it is the case in the figure). Therefore, well-being at = with preferences
R is either equal or strictly higher than with preferences R’ or R”. Our first axiom,
Supremum Contour at Consumption, imposes an upper bound on the well-being at z
for preferences R: it should be equal to the maximum between well-being at x with
preferences R’ and R”.

This upper bound can be further justified by the following reasoning. Because
I(z, R) is the supremum of I(xz, R’) and I(xz, R"), any bundle that an individual with
preferences R deems equally good as z is also deemed equally good as z by an indi-
vidual with preferences R’ or R”, which gives us a reason not to claim that well-being
at x with preferences R is strictly higher than well-being at = with both preferences
R’ and R".

We can apply the same idea by looking at indifference contours at reference
across situations in which the indifference contours at consumption are the same. We
obtain a lower bound on well-being. We call this second axiom Supremum Contour
at Reference.

Supremum Contour at Consumption (Sup-z) - For all x,y € X and R, R, R" € R,
it L(z,R) = [L(z,R)UL(x,R")] and I(y,R) = I(y,R') = I(y,R"”), then
W (z,R,y) = max{W (z,R',y) , W (z, ", y)}.

Supremum Contour at Reference (Sup-y) - For all z,y € X and R,R',R" € R,

if L(y,R) = [L(y,R)UL(y,R")] and I(xz,R) = I(x,R') = I(x,R"), then
W (z,R,y) = min{W (z, R',y) , W (z, R",y)} .
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Let us now build the dual axioms by looking at infimum of two indifference con-
tours. In Fig. 3b, the indifference curves at x for preferences R is the infimum of
indifference curves at x’ of preferences R’ and R"”. We see that convexity of R and R”
prevents ' from belonging to the infimum of I(2’, R') and I(z’, R"”). If we consider
that xz is similar to z’, we can again create a lower bound on well-being inequality
by imposing that the well-being at x for an individual with preferences R be exactly
equal to the minimum between the well-being of both an individual with preferences
R’ and an individual with preferences R” at x’. We call this axiom Infimum Contour
at Consumption.

Again, there is an additional motivation for imposing this requirement. Any bundle
that an individual with preferences R considers at least as good as z, is the convex
combination between a bundle that an individual with preferences R’ considers at least
as good as 2’ and a bundle that an individual with preferences R’ considers at least
as good as x’. As a result, the indifference contour of R through x can be considered
as intermediary between the indifference contours of R’ and R” through z’, so that
the well-being at = with preferences R cannot be claimed to be strictly lower than the
two others.

A similar axiom can be defined if we fix indifference contours at consumption and
we look at infimum contours at reference. We call this axiom Infimum Contour at
Reference. !

Let the ch operator refer to the convex hull of its argument.

Infimum Contour at Consumption (Inf-z) - For all z,2',y € X and R, R’ R” € R°,
if U(z,R) = ch [U(z',R)YUU (2/,R")] and I (y,R) = I(y,R’) = I(y,R"), then
W (‘T7 R7 y) = min {W (x/7 Rl? y) b W (m/7 Rll? y)} M

Infimum Contour at Reference (Inf-y) - For all x,y,y’ € X and R,R',R" € R,
if U(y,R) = ch [UW,R)UU ' ,R")] and I(x,R) = I(x,R) = I(x,R"), then
W (z, R,y) = max{W (z,R,y') , W (z, R",y')} .

As already mentioned in the Introduction, imposing consistency between the well-
being at two situations and at their supremum or their infimum is reminiscent to
several works on measurement. In particular, Fleurbaey and Maniquet (2017b), in
their work on well-being measurement without reference consumption, deduce from a
supremum (resp. an infimum) axiom that there should exist evaluation preferences so
that well-being is measured by reference to the best (resp. worst) bundle of these eval-
uations preferences in the lower (resp. upper) contour at the contemplated situation.
We cannot apply these results here, for two reasons. First, our measures depend on
both contours at consumption and at reference. This prevents the domain of admissi-
ble contours to be rich enough so that their result applies (contours at consumption

130ut of our four main axioms, Dimri and Maniquet (2020)’s individualized price equivalent incomes only
satisfies Inf-x. The measures we discuss in this paper satisfy at least two out of the four main axioms, so that
we don’t view this measure as a prominent one in this paper. On a different note, the Deaton measure, which
is excluded from our paper because it fails to satisfy Reference Preference, satisfies Supremum Contour
at Consumption and Supremum Contour at Reference. A more complete axiomatic study of the Deaton
measure can be found in Maniquet and Moramarco (2022).
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and reference cannot intersect). Second, we have restricted our domain to preferences
with bounded lower contours.

Consequently, our axioms have weaker implications — which we state and prove
in Lemma 5 in the Appendix — than the corresponding axioms of Fleurbaey and
Maniquet (2017b). As a result, there exist measures that satisfy all of them: the k-th
axis well-being measure Wj. We then reach our first characterization result.

Theorem 2. 1) Well-being measures Wy, k € {1,..., K}, satisfy Supremum Contour
at Consumption (Sup-z), Supremum Contour at Reference (Sup-y), Infimum Contour
at Consumption (Inf-z) and Infimum Contour at Reference (Inf-y) over the domain
X XRx X.

2) Conversely, if a well-being measure W : X x R¢ x X — R satisfies any three
azioms among Supremum Contour at Consumption (Sup-z), Supremum Contour at
Reference (Sup-y), Infimum Contour at Consumption (Inf-z) and Infimum Contour
at Reference (Inf-y), then there exists k € {1,..., K} such that W = W,

A corollary of Theorem 2 is the characterization of the necessity-equivalent well-
being measure over the larger domain R'. The formal statement and the corresponding
proof are reported in Appendix B.

There are reasons, however, to be unsatisfied with the W), measures, even if they
are restricted to one essential good. Indeed, by making well-being depend on the
intersection of indifference contours and the axes, these measures have the drawback
of letting welfare judgements depend on information about preferences over bundles
that are far from individuals’ consumptions and references. This difficulty is likely to
be echoed in empirical works. Preferences are typically estimated from consumption
data that are not close to the axes (where only one good is consumed). This is why
we now define two additional axioms, which force well-being to be measured on the
basis of preferences close to consumption and reference, at least when they get closer
to each other. In the context of poverty measurement, for instance, if the consump-
tion of an individual converges towards the poverty line, it is natural to require that
the contribution of this individual to poverty converges to zero, independently of the
preferences over other bundles. The following axiom formalizes this idea, when the
reference bundle is preferred to the consumed one.

Convergence from Below (Cb) - For all y € X and R € R, if there exists a se-
quence (z", R")peny € X X R€ such that, for all n € N, (i) I(y, R") = I(y, R), (i)
L(z™, R")NU (z" L, R = 0, (iil) y P 2™, and (iv) 2" — y, then W (2", R, y) — 1.

We also consider the dual case in which the consumed bundle is preferred to the
reference one.

Convergence from Above (Ca) - For all y € X and R € R, if there exists a se-

quence (z", R")peny € X X R€ such that, for all n € N, (i) I(y, R") = I(y, R), (ii)
L(z" T RPYNU (2™, R™) = 0, (i) 2" Py, and (iv) 2" — y, then W (2", R, y) — 1.
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Well-being measures Wy, and Wi do not satisfy neither of these two properties.
Well-being measures W4, and W, ... satisfy only one of them, whereas W,,.;4 satisfies
both of them.

Before stating the theorems, we introduce two last axioms, which precisely impose
some consistency between the way to measure well-being when yRz and when zRy.
They are strengthening of the properties of Reference Rescaling and Consumption
Rescaling that are contained in the definition of a well-being measure. Reference
Rescaling and Consumption Rescaling are defined in a way that preserves the relative
position of consumption and reference bundles. For example, when consumption is
preferred to the reference, the rescaling does not invert this relation. We drop this
position restriction in the following axioms, which we call Rescaling Across Consump-
tion and Rescaling Across Reference. These axioms are satisfied by all our well-being
measures as well as Deaton’s distance function, and, eventually, they play a limited
role in the following results.

Rescaling Across Consumption (RAz) - Let € X, R,R' € RY, a, A € Ry, if
I(ax,R) = I(az, R') and I(Az, R) and I(Az, R') are homothetic to I(ax, R), then

W(z,R,az) = W(z,R',ax) & W(z,R,\x) = W(z, R, \x).

Rescaling Across Reference (RAy) - Lety € X, R,R' € R¢, a, A € Ry, if I(ay, R) =
I(ay, R') and I(\y, R) and I(Ay, R') are homothetic to I(ay, R), then

W(ay, R, y) = W(ay, R, y) & WAy, R, y) = W(\y, R, y).
We are now equipped to state our next results.

Theorem 3. 1) The well-being measure Wo,q. satisfies Supremum Contour at Con-
sumption (Sup-z), Infimum Contour at Reference (Inf-y), Convergence from Below
(Cb), Rescaling Across Consumption (RAz) and Rescaling Across Reference (RAy)
over the domain X X R¢ x X.

2) Conversely, if a well-being measure W : X Xx R¢ x X — R satisfies Convergence
from below (Cb) and either Supremum Contour at Consumption (Sup-z) or Infimum
Contour at Reference (Inf-y), then for all x,y € X and R € R° such that yRzx,
W((L‘, R7 y) = Wmax(x7 Rv y)

3) If, in addition, W satisfies either Rescaling Across Consumption (RAx) or
Rescaling Across Reference (RAy), then W = W0z

The previous theorem, besides characterizing W, provides a powerful result for
contexts, like poverty measurement, in which the reference bundle is above the con-
sumption bundle. It is customary, in poverty measurement, to impose a focus axiom
according to which the contribution to poverty of individuals who prefer their con-
sumed bundle to the poverty line is normalized to zero. Therefore, the only situations
for which one needs to compare individual well-beings are those in which the reference
bundle is preferred to the consumed one. In such a framework, one of the two contour
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axioms is sufficient to characterize this measure which, following Theorem 1, coincides
with the smallest equivalent income poverty gap.

Theorem 4. 1) The well-being measure W satisfies Supremum Contour at Ref-
erence (Sup-y), Infimum Contour at Consumption (Inf-z), Convergence from Above
(Ca), Rescaling Across Consumption (RAx) and Rescaling Across Reference (RAy)
over the domain X X R¢ x X.

2) Conversely, if a well-being measure W : X x R¢ x X — R satisfies Convergence
from above (Ca) and either Supremum Contour at Reference (Sup-y) or Infimum
Contour at Consumption (Inf-z), then for all x,y € X and R € R® such that xRy,
W (z, R,y) = Win(z, R, y).

3) If, in addition, W satisfies either Rescaling Across Consumption (RAx) or
Rescaling Across Reference (RAy), then W = Wi,

Theorem 4 is particularly useful in frameworks in which individuals are likely to
consume bundles they prefer to the reference. This is the case if the reference bundle
is the minimum requirement for a life to be worth living. In the theory of critical
level utilitarianism (see Blackorby and Donaldson 1984; Blackorby et al. 1995; Bossert
et al. 2023, for example), social welfare is defined as the sum of the differences between
individuals’ utility at consumption and their utility at the minimum bundle for their
life to be worth living. This theory is developed in a welfarist framework (that is
when cardinal and comparable utility functions are supposed to be known). Theorem
4 can be seen as complementing this theory by building a way to go from possibly
heterogenous preferences and reference bundles to such a social welfare function.

The following theorem completes the axiomatic analysis by characterizing W,,eiq-
As already mentioned, this measure is an hybrid combination of W, and W, with
the advantage of being defined over the entire domain R of preferences.

Theorem 5. 1) The well-being measure Wi,eiq satisfies Supremum Contour at Con-
sumption (Sup-z) when yRx, Infimum Contour at Reference (Inf-y) when yRzx,
Supremum Contour at Reference (Sup-y) when xRy, Infimum Contour at Consump-
tion (Inf-r) when xRy, Convergence from Above (Ca) and Convergence from Below
(Cb) over the domain X x R x X.

2) Conversely, if a well-being measure W : X x R x X — R satisfies Conver-
gence from Above (Ca), Convergence from below (Cb), either Supremum Contour at
Consumption (Sup-z) when yRx or Infimum Contour at Reference (Inf-y) when yRx,
and either Supremum Contour at Reference (Sup-y) when xRy or Infimum Contour
at Consumption (Inf-x) when xRy, then W = Wieia.

Our axiomatic study allowed us to identify new ways of measuring well-being. We
have already mentioned how W,,.;q can be seen as the prominent one, particularly if
we wish to abandon the restriction of the preference domain. It is worth mentioning,
however, that contrary to Wy, Wi, and W4, are well-defined on a (much) larger
domain than R° (the domain of preferences for which lower contours are bounded).
This is the case, for instance, of the general domain of homothetic preferences, which
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includes CES preferences, on which W4, and W,,;, are well-defined and coincide
(and, therefore, are equal to Wi,eid). Winaz and W, continue to satisfy all the axioms
listed in Theorems 3 and 4 on the more general domain on which they are well defined.

Theorems 3, 4 and 5 remain valid even when extending the preference domain
to include non-convex ones.'* Let us call R°* the domain of non-convex preferences
with bounded lower contour sets. This is all the more surprising that such a domain
extension enlarges the family of measures satisfying our main axioms. For instance,
the following family of measures, which generalizes W, satisfy all Supremum and
Infimum axioms if we enlarge the domain to R"¢: fix a bundle r € X'. For any bundle
x € X and preferences R € R, let r(x, R) be defined by: r(z, R) = w < zlwr, that
is, r(x, R) denotes the fraction of bundle r to which x is indifferent according to R.
The relevant family of measures, W,., are defined by W,.(z, R, y) = %.15

We complete this section with a summary of the axiomatic comparison between
our measures. Table 1 lists the axioms that each well-being measure satisfies.

Table 1: Lists of axioms satisfied by the well-being

measures
Measure Wi | Wi | Wiaz | Wimin | Wineid
Pref. Domain | R¢ | R! RE Re R
Axiom
Sup-x | yRx + + + +
Sup-x | xRy + + +
Sup-y | yRx + + +
Sup-y | xRy + + + +
Inf-x | yRx + + +
Inf-x | zRy + + + +
Inf-y | yRx + + + +
Inf-y | xRy + + +
Cb + +
Ca + +
RAx + + + +
RAy + + + +

Description: The table reports, for each well-being measure (first
row), the preference domain over which it is defined (second row)
and the axioms it satisfies. For each axiom, when relevant, we
distinguish between the case in which the reference bundle is
above or below the consumption one. The symbol + means that
the measure satisfies the given axiom under the considered
restriction on the bundles. Empty cells mean that the axiom is
not satisfied by the given measure.

Note: R! is the domain of preferences with all indifference curves
intersecting at leat the good 1 axis. R® C R' C R; see Appendix

B for details.

YW hae and Wi, in still require preferences to have bounded lower contour sets. Their interpretation in
terms of equivalent incomes, however, is no longer valid when preferences are non convex.

15Fleurbaey and Maniquet (2019) study the domain of non-convex preferences in their analysis of well-
being measurement.
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6 Conclusion

We have explored how to measure well-being when individuals differ in their con-
sumption, preferences and reference. Our main objective was to identify appealing
well-being measures that avoid the drawback of Deaton’s distance function, so that
what matters at the reference is the satisfaction level, not the reference bundle per se.

In this conclusion, we comment on some features of the well-being measures that
end up being characterized.

First, we comment on the role of income in these measures. Prices that individ-
uals actually face in their consumption do not play any role in any of our measures.
This is not surprising, as actual incomes do not lead to well-being comparisons that
are consistent with individual preferences as soon as individuals face different prices.
Equivalent incomes, on the contrary, play a crucial role here. The maximum (resp.
minimum) well-being measures that we introduce in this paper defines well-being as
the ratio between equivalent income at consumption and at reference, when the price
vector that is used to compute equivalent income is the one that maximizes (resp.
minimizes) well-being.

All in all, this means that measuring well-being using relative equivalent incomes
receives some normative justification, provided prices are endogenous to preferences
in the appropriate way. The reader may consider such endogeneity somehow artificial,
as it follows from the choice of the reference bundle. It is nevertheless the case that
justifying a specific reference bundle can be easier than choosing a price vector. Coming
back to the issue of measuring poverty, it is easier to quantify the minimum amount
of, say bread, an individual needs rather than the market price he has to pay for it. In
this sense, our framework can help researchers in providing stronger normative bases
for defining the price vector at which to compute equivalent incomes.

Our second comment has to do with the cardinalization oié (?ur measures. As ex-

u(xr

plained after Lemma 1 above, we must have W (z, R,y) = f @) for all homothetic

preferences R, with u being the homogenous of degree 1 utility function representing
R. That leaves f unspecified. Of course, f does not matter when we make inter-
personal comparisons of levels of well-being, but f will matter if we want to compare
differences in well-being. This refers to the well-being inequality aversion that the so-
cial welfare function should embody. The final choice of f may itself be the topic of
an axiomatic study. This is what Fleurbaey and Maniquet (2018) studies when there
is no reference bundle. By reference to the solution they give to this problem, we can
suggest the natural solution consisting of using a linear f and an inequality averse
aggregator (that is one that satisfies the Pigou-Dalton principle in well-being).

Our third comment is related to the idea, which we defended in the Introduction,
that the reference bundle is defined by the social evaluator. As a consequence, only
self-centered preferences are relevant for welfare analysis. As it has been largely docu-
mented in the behavioral economics literature, though, individuals’ actual preferences
are other-regarding. This raises the question of how to go from actual to self-centered
preferences. Other-regarding preferences, however, are often assumed to be separable
in own and others’ consumption, as in Dufwenberg et al. (2011), so that the relevant
self-centered preferences are obtained by simply disregarding their social arguments.
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Finally, our analysis has been developed in a classic and standard framework with
non-satiation and convex preferences. Future research may focus on extending the
current analysis to more specific contexts, in line with Fleurbaey and Maniquet (2019),
or in exploring the consequences of other axioms in a larger preference domain.
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Appendix A Proofs

A.1 Lemmal

Proof Let xz,2’ € X, R,R € RH, A > 0. Let RY,R? RH be two preferences such that:
al'z, 2’1z and 1(z,RY) N I(z,R?) = {z}. By H, W(z, R, Az) = W(z, R}, \z). By Mx,
W (z, RY, \z) = W(z, R', A\z). By Py, W(z, R}, \z) = W(z, R',Az). By H, W(z, R}, \2) =
W (z, R?, \z). By Mx and Py again, W (z, R?, \z) = W (z/, R?, \2). By H, W (2/, R?, A\z’) =
W (2', R', A\x’). Gathering the equalities, W (z, R, \x) = W (z', R', \z'), the desired outcome.

O

A.2 Theorem 1

Proof Let us start with the first inequality.

By contradiction, let W be such that W(z, R,y) < Wpin(x, R,y) for some situation
(z,R,y) € X x R°x X. Let R' € R¥ and w € R be such that: (i) I(y, R') = I(y, R) and (ii)
I(wy, R) is tangent from below to I(z, R). By H, W(wy, R',y) = w which, by Definition 2,
coincides with Wiin (2, R, y). Gathering all this, we have

W(.’E,R, y) <w= W(wy7R/7y) = Wmin(xaR: y) (Al)

By Cont, the first inequality in eq.(A1) implies that there exists ' € X such that 2/ Pz and
W(2', R,y) = w. Observe that, by (i) we must have U(z’, R) N L(wy, R') = 0, so that (i)
and Mx imply

w=W(z'",R,y) > W(wy, R, y) (A2)
A contradiction. The proof of the second inequality follows the same logic, with I(wy, R')
tangent from above to I(x, R) and xPz’. O

A.3 Intermediary lemmas

We now prove a series of intermediary results, which will be used in the proofs of
the next theorems. First, Consumption Monotonicity and Continuity imply that only
the indifference contours at consumption and at reference matter; that is, well-being
measures are not allowed to be sensitive to changes in preferences that do not modify
these two indifference contours. We formalize this property into the following axiom.

Unchanged Contour Independence (UCI) - For all z,y € X and R,R' € R°, if
I(z,R) = I(z, R') and I(y, R) = I(y, R'), then W (2, R,y) = W (z, R, y).

Lemma 2. If W satisfies Continuity (Cont) and Consumption Monotonicity (Mz),
then it satisfies Unchanged Contour Independence (UCI).

Proof Let x,y € X and R, R’ € R® be such that I(x,R) = I(2z,R’) and I(y,R) = I(y, R’
Let 2™ € X, n € N, be a sequence of bundles so that 2™ P’z for all n € N and limy—c0 2"
z. By Mx, W(z™,R',y) > W(z,R,y) for all n € N. By Cont, W(z,R',y) > W(z, R,y

~—

~

Similarly, with a sequence =" € X such that zP'z™ for all n € N and limp— 00 2" = z,
we get W(z, R',y) < W(z,R,y). Gathering the two inequalities, we obtain W (z, R’ y) =
Wz, R,y), the desired outcome. O
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When a well-being measure satisfies Reference Preference, using Lemma 2, the
relevant information about individual situations are a pair of non intersecting indif-
ference contour sets. In this sense, W (z, R, y) can be written as W (I(z, R), I(y, R)).
Therefore, abusing notation, we will let W be a function of two indifference contours
belonging to the set Z¢ of all admissible indifference contours. For J € Z¢, R € R¢,
we write J € R to denote that for all z,z’ € J, z is indifferent to z’ according to R.
For I,J € Z¢ X\ > 0, we write I = AJ if I is the homothetic transformation of J by a
factor A. We also write I <p J (resp., I <4 J) if I is tangent to J from below (resp.,
above). Finally, we let U(I) (resp. L(I)) denote the upper (resp. lower) contour of all
bundles on 1.

We proceed with an immediate consequence of the Homotheticity and Rescaling
properties of a well-being measure.

Lemma 3. For all R€ R¢, all z,y € X, all A > 0,
W (z, R,y) = W(Az, R*, \y)

for R* € R¢ such that I(Ax, R\) = M (x, R) and I(\y, R*) = M (y, R).

Proof Let W be a well-being measure. By Lemma 2, W satisfies UCI, so that, by Py, we can
reduce any W(z, R,y) into W(X,Y) for X = I(z,R) and Y = I(y, R).

We need to prove that for all X, Y € Z, all A > 0, W(AX,\Y) = W(X,Y). If X is
homothetic to Y, then the claim follows from H and Lemma 1. Let us assume that X is not
homothetic to Y. Let w = W(X,Y). We have four cases to consider.

Case 1: A < 1and w < 1. By H, W(X,w ™' X) = w. Therefore, W(X,Y) = W(X,w 1X).
By Rx, WAX,Y) = WX, w 'X). By H, WAX,w 'X) = Aw, so that WAX,Y) =
Aw. By H, WQwY,Y) = Aw, so that W(AX,Y) = W(wY,Y). By Ry, W(AX,\Y) =
W(AwY,\Y). By H, W(AwY, A\Y') = w, so that W(AX,\Y) = w, the desired outcome.

The three other cases - (2) A>landw <1, (3) A<landw>1,(4) A>1land w>1-
are treated in a similar way, where the order of the change from X into AX and Y into \Y
must guarantee that AX NY = () when, like in case 1, X is transformed first, and \Y N X = ()
when Y is transformed first (cases 2 or 3). O

The proofs below use the following Reference Monotonicity axiom, which is the
proper adaptation of Consumption Monotonicity: if the indifference contours at con-
sumption are identical in two situations and the indifference contour at one reference
is everywhere higher than in the other situation (in the sense that the lower contour
of the latter does not intersect with the upper contour of the former), then well-being
is lower.

Reference Monotonicity (My) - For all z,y,y’ € X and R, R’ € R¢, if I(z,R) =
I(z,R') and L(y, R)yNU(y',R') = 0, then W (z, R,y) > W (z, R, y').

Lemma 4. If W : X XR°xX — R, satisfies Continuity (Cont), Consumption Mono-

tonicity (Mz) and Reference Preference (Py), then it satisfies Reference Monotonicity
(My).
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Proof By Lemma 2, W satisfies UCIL. Let z,y,4' € X and R,R’ € R° be such that
I(z,R) = I(x,R') and L(y,R) NU(y',R’) = 0. Let R’ € R° be such that I(x,R") =
I(z,R), I(y,R") = I(y,R) and I(y',R") = I(y/,R"). By UCIL, W(z,R",y) = W(z, R,y)
and W(z,R",y") = W(z,R',y'). By Py, W(z,R",y) > W(z,R" y'). Gathering these
(in)equalities, we get W (z, R,y) > W (z, R',y’), the desired outcome. O

The following lemma formalizes the consequence of the Supremum and Infimum
Contour axioms for the measurement of well-being in R¢. It is important to observe
that we cannot derive the same consequence as Fleurbaey and Maniquet (2017b), but
we almost replicate the proof of Chambers and Miller (2014a). In words, for a fixed
consumption (resp. reference) indifference contour, our axioms allow us to define
nested subsets of X which evaluate the reference (resp. consumption) indifference
contours they contain. Those subsets have different shapes, depending on whether
they are in the upper or the lower contour of the fixed consumption (resp. reference)
and may not cover the whole consumption set X. It is worth underlining that Lemma
5 does not require Rescaling Across Consumption nor Rescaling Across Reference.

Lemma 5. Let W : X x R° x X — R be a well-being measure.

(A) If W satisfies Supremum Contour at Consumption (Sup-z), then for all Y € Z¢,
w € Ry, w# 1, there exists LY, C X such that for all X € I¢ such that XNY = (),
W(X,Y)<we L(X)C LY.

(B) If W satisfies Supremum Contour at Reference (Sup-y), then for all X € Z°¢,
w € Ry, w # 1, there exists L:X C X such that for all Y € I¢ such that
YNX=0W(X,Y)>ws L(Y) C LX.

(C) If W satisfies Infimum Contour at Consumption (Inf-x), then for all' Y € Z°¢,
w € Ry, w # 1, there erists a closed and conver UY C X such that for all
X €7Z¢ such that XNY =), W(X,Y) >w & U(X) CUY.

(D) If W satisfies Infimum Contour at Reference (Inf-y), then for oll X € I¢, w €
Ry, w # 1, there exists a closed and conver UX C X such that for all Y € I¢
such that Y N X =0, W(X,Y)<w & U(Y) CUX.

Proof of (A) Let Y € Z¢ and w € R4, w # 1. Let LY C X be defined by
LY = U L(X).
XeZe,W(X,Y)<w

See Figure Ala for an illustration, in which the dashed line is an example of the upper
envelope of Lg . Observe that the constraint X € Z° implies that we have a restricted set
of X’s, with the consequence that LY is not necessarily Compact.16 For instance, let r € X,
and let W be defined by
max{A|\r € L(X)}
max{\Ar € L(Y)}"
Let Y’ € Z€ be such that max{\|Ar € L(Y")} = X and (yfc)ke{l,...,K} are the intersections
between Y’ and the K axes. Then, for w < 1, LY, = X \ eh{(yy), w\'r} U {w)'r}, which is

W(X,Y) =

161n words, since preferences must be rational, X cannot intersect Y.
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Figure A1l: Union of lower contours.
(a) Upper envelope of LY (b) A special case

A I ITITIITTITIITIITIITI I TN I TN I TN I NN I NNNNNNNNN Y

bounded but not closed. For w > 1, L};/ = X\ {yly > wA'r}, which is closed but not bounded
(see Figure Alb for an example). This prevents us from following the proof of Fleurbaey and
Maniquet (2017b).

By construction, for all X’ € Z¢, W(X',Y) <w = L(X') C LY. Let us assume L(X') C
LY for some X' € T. Assume, by way of contradiction, that W(X’',Y) > w. Then, by
continuity of W with respect to consumption, there exists A < 1 such that W(AX',Y) > w.
Observe that, since L(AX') is compact and L(AX’) C L(X'), its frontier is bounded away
from the frontier of L)u/). As a result,

LOAX") c U int(L(X)),
XeTe,W(X,Y)<w

that is int(L(X)), for all X € Z¢ such that W(X,Y") < w, are an open cover of L(AX"), which
is compact. Therefore, there exists a finite sequence Xl, X27 . ,XN, such that W(X™)Y) <
w for all n € {1,..., N}, and

LX) c | int(L(x™), (A3)

ne{l,...,N}

that is int(L(X"™)) are an open subcover of L(AX'). Let X* = \/ne{l,.“,N}Xn~17 By Sup-
x, W(X*,Y) < w. By (A3), L(AX’) C L(X™), which, together with W(AX')Y) > w,
contradicts Mx. O

Proof of (C) Let Y € Z¢ and w € R, w # 1. Let U}, C X be defined by
Uy = U U(X).
XeTe,W(X,Y)>w

Note that, by H, W (wY,Y) = w, so that U(wY) C U} . Therefore, X \ U}, is bounded. Also
note that Uy, is the closure of UXEIC’W(X,wa U(X). Therefore, UY is closed.

17We refer here to the standard convention of denoting V the join or supremum.
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Figure A2: Union of lower contours.

(a) Lower envelope of UY (b) L(AX)\ (X \ UZ)
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Assume it is not convex. Then there exist z,2’ € X and XE,XII € Z° such that
W(X®Y)>w W(X®,Y)>w, ze X% 2/ € X* and Az + (1— Nz’ € Uy . Let X*® ¢ 1°¢
be defined by U(X‘m/) =ch (U(X‘”) U U(Xm/)). By construction, Az + (1— )z’ € U(Xm,).

By Infx, W(X**' V) = min{W(X*,Y),W(X*,Y)} > w, so that U(X**) C UY, a
contradiction proving that U},f is convex.

We need to prove that W(X,Y) > w < U(X) C Uy . By construction, for all X’ € Z,
W(X',Y) > w = U(X') C UY. Let us prove the converse relationship. Let us assume
UX") C UY for some X' € Z. Assume, by way of contradiction, that

W(X',Y) < w. (A4)

Then, by continuity of W with respect to consumption, there exists A > 1 such that
W(AX',Y) < w. Observe that, as also shown by the dashed line in Figure A2b, the lower
frontier of U(AX’) is bounded away from the lower frontier of U (that is U(AX') N
X\ UY =0, where A stands for the closure of A). As a result, there exists a finite sequence
XY x2% ... XN such that W(X™,Y) > w for all n. € {1,..., N}, and

UMX") Cint | ch U v&x™) |- (A5)

ne{l,...,N}
Let X* = Apeqr,.. v X" By Infx, W(X*,Y) > w. By (A5), UAX') C U(X™), which,
together with W(/\X/, Y) < w, contradicts Mx. O

Proof of (B) and (D) The results are obtained permuting X and Y in the previous proofs.
O

We are now endowed with the necessary notions to prove Theorems 2 to 4.
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A.4 Theorem 2

Proof Let k € {1,..., K}. In the terminology of lemma 5, W}, satisfies Sup-x with
= {z € X|zy <wa®(Y)}

such that W (X,Y) < w if and only if {L(X) N A*} C LY. Similarly, we can define

Ly = {z € X|z, <w 'd"(X)}

Uy = X\ {z € A%z, < wa®(Y)}

U = X\ {z € A%z, < w ta"(X)}
to show that W}, satisfies the other three axioms.

To prove the converse, let us assume that W satisfies Sup-x and Inf-x. A similar proof
holds if we start from Sup-y and Inf-y. First, observe that if, for some Y € Z¢ and some
w e Ry, LY = {z € X|z;, < wa®(Y)}, then UY = {z € A¥|z), > wa®(Y)}, otherwise we
have two competlng ways of measuring W (X,Y).

Claim 1: Let Y € T° There exists k € {1,..., K} such that for all X, X’ ¢ Z°¢ if
W(X,Y)=W(X'Y), then A*¥(X) = AF(X").

Let K0 C {1,..., K} be defined by: k € KV if and only if there exist X, X’ € Z°¢ such that

W(X,Y)=W(X',Y) and (1) A¥(X) = AF(X"), (2) A¥ (X) £ AF (X')VK' # k.
We need to prove that \ICO\ = 1. Assume K° = 0. Then there exist X', X’!, X% € Z¢, as
illustrated in Fig. A3a, such that

Al(xt) = At(x?)
XX = A%(X7)
and for all X € Z¢ such that U(X') C int(U(X)) C U(X) C int(U(X'")):
LIXAX?)NUX V X?) =0. (A6)
By Cont and Mx,
WX Y) > w(x?y)>wx"y).
By the assumption that K° = 0, W (X1, Y) # W(X2Y) # W(X'!,Y), so that W(X!,Y) >
W(X2Y)>W(X"'Y). By Cont, there exists X* € Z such that
UXY cint(U(X™) c UX™) Cint(U(X™))
and W(X*,Y) = W(X2,Y). By Sup-x and Inf-x, W(X*V X2 Y) = W(X*AX2,Y), which,
given Eq. A6, violates Mx.
Assume |ICO| > 1. Let us assume, wlog, that K% = {1,..., K°}. Then, by Rx, we can find

xUx" . xEY XK ¢ 7¢ such that W(X1,Y) (X’l,Y) = ... =wxXy) =
W (XK’ V) = w, with, for all k € K0: A¥(X*) = A¥(X'*) and A¥ (X*) £ A (X"*WE # k.
By Sup-x, W(X VX" v.. . vXE' VXK’ V) = w, and by Infx, W(X*AX A AXE" A
X/KO,Y) = w. In a similar way as above, if L(X'A X1 A. L AXE /\X/Ko) NUXYv Xty
. .VXK0 \/X’KO) = (), then we get a violation of Mx and the claim is proven. Let us assume

that LIX'A XA L AXE  AXE Y nuxtvxty.. v xE® v XK"Y £ 0 (see Figure
A3b for an example). That implies the existence of z € x'nxtn...n x5 nxK and a
price vector p € R§+ that supports all Xk,X/k, ke K% at z. Let

X = X'AX A AXE A XK

X =x'vxtv.. . vxE vxE
Let X € Z be such that
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Figure A3: Illustration of the proof of Theorem 2
(a) Case 1: K =0 (b) Case 2: |K°| > 1

e zc X,

® there exists Z € X such that (i) pZ < pz, and (ii) there exist 1 < & < & such that

aze X and az € X,lg and

o AF(X) > A¥(X) for all k € K°.

Note that
LIXAXAX)NUXVXVX)=0,
which implies W (X,Y) # w. Also note that for all A > 0,
LIXAXAXX)NUX VX VAX) = 0. (A7)
By Cont, there exists A such that W (AX,Y) = w. Then, by Sup-x et Inf-x, we get
WEXAXANX,Y)=W(XVXVAX,Y) =w,
which, in view of A7, violates Mx.

Claim 2: There exists k € {1,..., K} such that forallY € Z, all X, X' € Z,if W(X,Y) =
W(X',Y), then A*(X) = AF(X').

Assume not. That is, assume there exist Y,Y’' € Z and k, k" € {1,..., K} such that
claim 1 holds with k for Y and with &’ for Y’. By Rx and Ry, we know that ¥ and Y’
cannot be homothetic to each other, because if they were homothetic to each other, then
LY (resp. Ug,/) should be homothetic to L}u/,, (resp. U}U//) so that k = k’. Also, by Ry again,
we may assume that Y N'Y’ # (§, because otherwise we can rescale Y so that it crosses
Y’. Then we can find X, X’ € Z such that W(X,Y) = W(X',Y') = w whereas A¥(X) <
AF(X') and Ak/(X') < Ak/(X), so that W(X',Y) > w and W(X,Y’) > w. By Sup-y,
WX, YVY') = w = W(X',Y VY’), violating claim 1. If we want to use Inf-y rather
than Sup-y, then we can find X, X’ € T such that W(X,Y) = W(X',Y’) = w whereas
AF(X) > AF(X') and AF (X') > A¥ (X'), so that W(X',Y) < w and W(X,Y') < w. By
Inf-y,W(X,Y AY') =w=W(X',Y AY’), violating claim 1. O

18To maintain a clean illustration, Z does not appear in Fig. A3b but can be any point in L(X) NnX.
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A.5 Theorems 3 and 4

In order to prove Theorem 3, we need to prove the following consequence of our con-
vergence axioms. Convergence from Above and Convergence from Below are defined
for fixed reference bundle, which is the natural definition: we evaluate well-being
when the reference is known whereas the consumption of the individuals may vary. It
turns out that similar axioms can be defined for fixed consumptions and a converging
reference, and these axioms are equivalent to Convergence from Above and Conver-
gence from Below.

Convergence of the Reference from Above (CRa) - For all z € X and R € R,
if there exists a sequence (y", R")n,en € X x R such that, for all n € N, (i)
I(z,R") = I(x, R), (ii) L(y"*', R NnU(y", R") = 0, (iii) y" Pz, and (iv) y" — =,
then W(z, R", y™) — 1.

Convergence of the Reference from Below (CRb) - For all z € X and R € R,
if there exists a sequence (y", R")n,en € X x R such that, for all n € N, (i)
I(z,R") = I(x, R), (ii) L(y", R") N U (y" ™, R"*t1) = 0, (iii) « Py", (iv) and y" — =,
then W(z, R", y™) — 1.

Lemma 6. If a well-being measure W satisfies Convergence from Below (Cb), then
it satisfies Convergence of the Reference from Above (CRa). If a well-being measure
W satisfies Convergence Above (Ca), then it satisfies Convergence of the Reference
from Below (CRbD).

Proof We prove the first part of the lemma. The second part can be proved in a similar way.
Observe that W satisfies the property of Lemma 3. Let sequence (y", R"),en € X X R be
such that, for all n € N, (i) I(z, R") = I(x, R), (ii) L(y" ', R" ) n U™, R") = 0, (iii)
y" Pz, and (iv) y" — x. By Py, we can assume, w.l.o.g., that for all n € N, there exists
An > 0 such that y"™ = A\"z. Indeed, if it is not true, then we can replace y™ in the sequence
with A"z such that A"z € I(y", R") because, by Py, W(z, R",y") = W(z, R", \"x). Observe
that y™ — x is equivalent to A" — 1.
ny—1

By Lemma 3, W (z, R",\"z) = W ((A”)flm, (R”)()‘ ) ,m).

Therefore, limp—soo W(z, R",y") = limp—oo W (()\n)flx, (Rn)o‘")_1 ,x).

By Cb, W ((A")flx, (R”)()‘nr1 ,w) — 1, so that W(z, R",y"™") — 1, the desired

outcome. O

Before we prove Theorem 3, we state the following lemma, of which we omit the
straightforward proof. It implies that we can use either Rescaling Across Consumption
or Rescaling Across Reference in the last parts of Theorems 3 and 4.

Lemma 7. W satisfies Rescaling Across Consumption (RAz) and Consumption

Rescaling (Rz) if and only if it satisfies Reference Rescaling (Ry) and Rescaling Across
Reference (RAy).

32



Figure A4: Illustration of the proof of Theorem 3
(a) Eq. (A10) (b) An example of Y

Theorem 3

Proof It is easy to check that Winax satisfies the axioms. In the terminology of Lemma 5,
Winax satisfies the axioms with LY, = L(wY) and Uy = U(w ™1 X).

Let us prove that if W satisfies Cb and Inf-y then W = Wi,qz whenever reference is
above consumption.

By Lemma 5 (D), for all X € Z¢ w € R4, w # 1, there exists closed and convex UI)U( cX
such that for all Y € Z¢ such that X NY = 0, W(X,Y) < w < U(Y) C UX. Let us fix
X e 1°

We need to show that for all w < 1, Uy = U(w_lX). Assume not. Then there exists
k < 1 such that

UX #£Uk™X). (A8)
Note that, by H, W(X,k~'X) = k, so that by Lemma 5 (D), U(k~!1X) C U,f and U,f is
closed. Together with Eq. A8, this implies, using Cont, that there exists k' > k such that
KX =5 UY. (A9)
By Rx,
—1
Vael, K[ Uf X =U. (A10)

See Figure A4a for an example.

Let y € X be such that y € L(k~'X)NU;X. There exists Y € Z¢ such that: U(Y) C UL ;
UNY) ¢ UX, forall A < 1; K7'X <5 Y and K71 X NY = {y}. See Figure A4b for an

example. Because U(Y) C U,g( and y € Y, y being at the boundary of U,g(, W(X,Y) = k.
Therefore, by H and Rx,

W 'X,Y) = g,w <a<k. (A11)

Let sequence (z", R"),en € X X RE be defined by, for all n € N: I(y, R") =Y, L(z",R") =

L0k 7' X), 2™ = .
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Note that W(z", R",y) = W(;:25k' ' X,Y). By Eq. All, W(Ak 7'XY) = 21 &
Therefore, W (z", R",y) — % < 1, violating Cb. That proves that for all w < 1, U =
Uw™1X).

The proof that if W satisfies Cb and Sup-x then W = Wi,q2 whenever the reference is
above consumption is similar to the proof above, provided we replace Cb with CRa, which
is possible, by Lemma 6.

Finally, to prove the second statement of the theorem, we need to prove that the previous
property holds for all w > 1. This amounts to prove that for all Y,Y’ € Z¢ such that
Y =4 wlX and Y/ =4 wTlX for some w > 1, W(X,Y) = W(X,Y’). This follows
immediately from the fact that it holds for w < 1 and W satisfies RAx (or RAy, given Lemma
7). O

Theorem 4

Proof The proof is similar to the one of Theorem 3. For the sake of completeness, we prove
here only one part of the second statement. Let W satisfy Sup-y and Ca. By Lemma 5 (B),
for all X € Z¢ w € Ry, w # 1, there exist Lix C X such that, for all X € Z¢ such that
XNY =0, W (X,Y) >w <= L(Y) C L . Remember that L;y is not necessarily compact.

Fix X € Z°. Observe that the statement is proven if the following statement is true. For

all w > 1, if L(Y) C L then L(Y) C L (urlx). Notice that it must be L (wflx) c L.
Assume that our claim is wrong. Then there exist Y € Z¢ such that L(Y) C Ly and
int (U (w_lX)) AL(Y) # 0.

Since L (Y) is compact, there exist w’ < w such that w' "X =<4 Y. Let y € X be such
that y € Y Nw'™'X and (™, R™) ey € X X R® be a sequence defined by, for all n € N:
I(y,R") =Y, L(2",R") = L("T'Hw'*lX), z" = "?'Hy. Notice that W (z", R",y) =
w ("T“u/—lx, Y). By Ca, W ("T“w'—lx, Y) S 1=W (w’—lx, w’—lx). Therefore, by
Rx, W (%X, Y)W (X, w'71X> = w': a contradiction to L(Y) C Lix. O

A.6 Theorem 5

Before we prove Theorem 5, we need to modify Lemma 5 to account for the unrestricted
preference domain. Let Z denote the set of indifference curves belonging to some
preference in R.

Lemma 8. Let W : X x R x X — R be a well-being measure.

(A) If W satisfies Supremum Contour at Consumption (Sup-z) when yRx and Con-
vergence from Below (Cb), then for allY € T, w € Ry, w < 1, there exists
LY C X such that for all X € I¢ such that L(X)NU(Y) =0, W(X,Y) <w <
L(X)C LY.

(B) If W satisfies Supremum Contour at Reference (Sup-y) when xRy and Conver-
gence from Above (Ca), then for all X € ¢, w € Ry, w # 1, there exists L C X
such that for all Y € I¢ such that Y N X = O,W(X,Y) > w < L(Y) C L.

(C) If W satisfies Infimum Contour at Consumption (Inf-x) when xRy and Conver-
gence from Above (Ca), then for all Y € T, w € Ry, w > 1, there exists a
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closed and convex UY C X such that for all X € ¢ such that U(X) N L(Y) =
PW(X,Y)>weUX)CUY.

(D) If W satisfies Infimum Contour at Reference (Inf-y) when xRy and Convergence
from Below (Cb), then for all X € I¢, w € Ry, w # 1, there exists a closed and
conver UX C X such that for allY € I¢ such that Y N X =0, W(X,Y) <w &
UlY)CUX.

Proof of (A) Let Y € Z and w € Ry, w < 1. Let Z} = {X € Z|W(X,Y) < w} and let
LY C X be defined by
Ly = |J LX)
Xez1y

Let f}; C X be the closure of Lg. Observe that by construction L)uj NU(Y) = 0, whereas

o . =Y . . =Y .

it is not necessarily the case that L,, N U(Y) = (). The case in which L, NU(Y) # 0 is the
difficult case, in which known proofs do not apply, and it was solved in Lemma 5 thanks to
the compactness of all lower contours, a property we no longer have in R.

Let D C X be a countable and dense subset of ZZ such that D C L?; . We write D =
{zn,n € N}. Let a sequence {Ln,n € N} be such that for alln € N, xp, € Ly, and Ly, = L(I7)
for some I, € ZY . Let the sequence {Kn,n € N} be defined by Ko = Lo and K, = LoUK,,_1.
By Sup-x,

W(0Kn,Y) < w, (A12)
where 0K denotes the upper frontier of K. Observe that
lim Kp=Lo,.

n—oo

Indeed, if it were not true, then there would be x € D such that = ¢ K, for alln € N, a
contradiction.

We have to distinguish between two cases.

Case 1: Th NU(Y) # 0. Let z € Loy NU(Y). Let Rn € R be such that 8Kn,Y € Rn.
Such a R;, exists for all n € N because Ky, C LE and L?; NU(Y) = (. Let the sequence
{zn € X,n € N} be defined by zn = anz for some a, > 0 and 2z, € IKy,. Clearly, limy, zn = 2.
By (A12), W (zn, Rn,z) < w for all n € N, violating Cb.

Case 2: fg NUY) = 0. Let Xy = af},f. The proof that W(XB,)/,Y) = w can follow
some existing proof, for instance the one developed in Fleurbaey and Maniquet (2017a), from
which we derive that W (X,Y) < w for all X C LY, by Mx and Cont.

O

Proof of (C) The proof is similar to the proof of (A) above and is therefore omitted. O

Proof of (B) and (D) They follow from the proofs of (A) and (C) above in the same way as
claims (B)and (D) follow from (A) and (C) in Lemma 5. O

Theorem 5

Proof Statement 1) is proven in the proofs of statements 1) of Theorems 3 and 4 for the R®
domain. The simple proof that it is valid over the entire domain R is omitted. It mimicks
proofs of similar claims in, for instance, Fleurbaey and Maniquet (2017b).
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Statement 2) follows from the proofs of statement 2) of Theorems 3 and 4 when Lemma
5 is replaced with Lemma 8.
O

Appendix B The necessities-equivalent well-being
measure

Let us assume that one good, say good 1, gathers all the necessities so that no bundle
not containing good 1 can be better than a bundle with a positive amount of necessities.
With a slight generalization of this idea, let us define the domain of preferences having
the property that all indifference contours have a non-empty intersection with the axis
of good 1: we say that R € R! if and only if for all x € X, there exists z! € X such
that I(x, R) N Al = {2'}.1% Observe that R¢ C R! C R.

Definition 5. The necessities-equivalent well-being measure is the function Wye. :
X x RY x X — Ry such that, for all (z,R,y) € X x R x X,

a' (I(z, R))

Whee (CC, R, y) - m

Following the axiomatic analysis in Section 5, we obtain the characterization
of Whyee - referred to as Wi in the main text - as a corollary of the axiomatic
characterization of Wi.

Corollary 1 (of Theorem 2). 1) Well-being measure Whe. satisfies Supremum Con-
tour at Consumption (Sup-z), Supremum Contour at Reference (Sup-y), Infimum
Contour at Consumption (Inf-x) and Infimum Contour at Reference (Inf-y) over the
domain X x R x X.

2) Conversely, if a well-being measure W : X x R x X — R satisfies any three
azioms among Supremum Contour at Consumption (Sup-z), Supremum Contour at
Reference (Sup-y), Infimum Contour at Consumption (Inf-x) and Infimum Contour
at Reference (Inf-y), then W = We..

Proof Tt is routine to check that Whe. satisfies the axioms over R for LY LY UY UK as
defined in the proof of Theorem 2 for k = 1.

Statement 2) immediately follows from Theorem 2, which proves that W = W, for some
k, and the fact that & = 1 is the only value of k that gives a well-defined measure. O

Given that R' seems to us a more natural domain than R¢, and given that W,,..
is the only well-being measure satisfying the axioms over that domain — whereas there
are K Wj measures — we consider that W,,.. is more important than Wy, especially
in view of empirical applications.

19Following the notation introduced in Section 3, A’ denotes the good 1 axis. Formally, z € A! < z, =
0,vee{2,...,K}.
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Appendix C Extensions

In our analysis, a special role is played by homothetic preferences. The postulate is
that when preferences are homothetic, we know how to measure well-being in some
situations: if the reference bundle is a multiple of the consumption bundle, then well-
being should only depend on this multiple. This is strongly related to the situations
to which this theory is supposed to be applied: all goods should be considered equally
important, no distinction can be made across goods.

The theory, however, easily generalizes to other situations and models. The most
obvious alternative is the one in which one good plays a particular role so that the
most natural preferences are quasi-linear preferences. Let us assume that good 1 is
this special good, the consumption of which can be unboundedly negative or positive
(and we redefine X' accordingly). The domain of quasi-linear preferences is denoted
R4, and for R € R, we use utility function u to represent R provided there exists
some v : Rf\{l} — R such that u(zx) = v(x_1) + z1, where x_; is obtained from x
after removing its first component. In this new model, we need to replace our axiom
of Homotheticity with the following axiom of Quasi Linearity: when we compare two
situations in which the reference bundle is equal to the consumption bundle except
for the quantity of good 1, then well-being should be the same as soon as preferences
are quasi linear:

Quasi Linearity (QL) - For all z = (z1,7_;) and A € R, if R, R’ € R%, then
W (z,R,(z1 + X\, x_1)) =W (2, R, (z1 + \,x_1)) .

With this new axiom, all the reasonings that are developed in the paper remain
valid provided homothetic transforms are replaced with translation along the good
1-axis. For instance, the analogue of Deaton’s measure is defined as follows: the well-
being of an agent is measured by the distance by which reference bundle y has to be
translated to become indifferent to z:

Wy(ﬂf,R, Z/) =w <= (yl - UJ,y—l) € I(J?,R)

The other measures require to define the quasi-linear preferences obtained by transla-
tion of a given indifference contour. By analogy with what we write in the main text,
let Ry r) € R4 denote the quasi-linear preferences obtained by translation of the
indifference contour at x for preferences R. Then, we can rewrite the variant of Wi, ,x,
for instance, as

Wm x 7R7 = - i ! 5
ax(7, R, y) = u() ,ouin R)U(y)

with u representing quasi-linear preferences Ry, r)-

All our results can be adjusted to this modified model provided definitions and
proofs are adjusted accordingly.

Finally, let us come back to our assumption that well-being is decreasing in refer-
ence and see how this assumption can be relaxed. All models consistent with observed
choices in experiments have the property that well-being is increasing in reference
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consumption in situations in which consumption is preferred over reference. This vi-
olates our axiom of Reference Preference, which would then need to be reformulated
so as to allow for opposite effect of changes in reference consumption as a function of
the relative preference towards consumption and reference:

Reference Preference’ (P’y): for all x,y,y’ € X and R € R€, if yly then
W(x,R,y) =W (z,R,y'), if yPy'Px then W (z, R,y) < W (z, R,y'), and if z PyPy’
then W (x, R,y) > W (z, R,y").

This would then require to modify the definition of our well-being bound axioms
when they apply to reference consumption, by distinguishing between how well-being
measures should behave above and below the reference consumption. For instance,
Infimum Contour at Reference can be redefined as follows.

Infimum Contour at Reference’ (Inf’-y) - For all x,y,y’ € X and R, R',R" € R¢, if
U(y,R)=ch [U(y,RHYUU (y,R")] and I (z,R) =1 (z,R’) = I (2, R"), then

e if yRa: W (z, R,y) = max{W (z,R',y') ,W (2, R",y")},
e if eRy: W (2, R, y) = min {W (z, R,y) , W (z, R",y/')} .

Many new measures satisfy the axioms. For instance, the following measure satisfies
Supremum Contour at Consumption (Sup-x) and Infimum Contour at Reference’ (Inf’-
y). It coincides with Wi,.x when yRx, and it works as follows when zPy: there is a
strictly positive bundle, r € Rf 1, and a strictly positive price vector, p € Rf 4, bundle
x is evaluated by computing the multiple of r that is indifferent to z, y is evaluated by
the equivalent income, at price vector p, expressed as a multiple of r, and well-being
is the ratio of the evaluation of x over that of y.

Definition 6. The r,p well-being measure is the function W, p, : X x R® x X — Ry
such that, for all (x,R,y) € X X R¢ x X,

o if yRe: W, , = Whas,
o if tPy: W, ,(z, R,y) = zgg, where e(x) = e < zler and e(y) = e < I(y, R) <
{y € Xlpy' =er}.

A

Somehow surprisingly, the basic axiom that is violated by this measure and that is
the most difficult to combine with the new axioms is Normalization, the requirement
that W (y, R, y) = 1. Indeed, to be consistent with the experimental literature on other-
regarding preferences, one would need the property that as soon as consumption is
preferred over reference, well-being is increasing in consumption independently of the
reference: W(z, R,y) > W(2', R,y’) if and only if 2 Rz’. If one believes that normative
analysis should be consistent with this experimental evidence, then Normalization
should be dropped, and our analysis should completely change.
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