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Part 1: Classification of two-step nilpotent Leibniz algebras

o Let I be a field with char(IF) # 2. A left Leibniz algebra over F is a
vector space g over F endowed of a bilinear map (called commutator or
bracket) [—,—] : g X g — g which satisfies the left Leibniz identity

[x.ly, 2]l = [[x.y]. 2] + [y, [x, 2]] Vx,y,z € g.

@ We can define a right Leibniz algebra, using the right Leibniz identity
[x; ], 2l =[x, 2Lyl + [x, [y, 2] Vx,y,z € g.

@ A Leibniz algebra that is both left and right is called symmetric Leibniz
algebra.

@ We assume that dimp g < 0.
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@ The subalgebra

Leib(g) = Spang {[x, x] | x € g},
is the smallest bilateral ideal of g such that g/ Leib(g) is a Lie algebra.

@ The left and the right center of g are

Z(g)={xegl[x 0 =0}, Z,(g) ={x€g][g,x] =0}.

@ The center of g is Z(g) = Z,(g) N Z,(g).

e If g is symmetric, Z(g) and Z,(g) are bilateral ideals.
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Definition
Let g be a left Leibniz algebra and let

g0 =g, g = [g,¢¥], vk >0,

be the lower central series of g. g is n—step nilpotent if g("~1) =0 and
(=0
g :

Proposition

If g is a left two-step nilpotent Leibniz algebra, then g®") = [g, g] C Z(g)
and g is symmetric.

Proposition

If g is a left nilpotent Leibniz algebra with dimp g(t) = 1, then g(t) C Z(g)
and g is symmetric.
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@ Let g be a two-step nilpotent Leibniz algebra with
[g9,0] = Spanp{zi,...,z}, then

[X7.y] = ¢1(X7}/)Zl+"'+¢t(x7)/)zt, vx?.y eg

where ¢; : g x g — [ is a bilinear form, Vi=1,...,t.

@ Our purpose is to reduce such a given bilinear form to a suitable
canonical representation.
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@ Let g be a nilpotent Leibniz algebra with [g, g] = Fz and

[x,y] = é(x,y)z, Vx,y €g

e If g is not a Lie algebra, then 0 # Leib(g) = [g, 9] C Z(g).
@ p=0¢ + ¢T, where

+ 9+
) QS - 2 .

¢—¢*
2

d)_:

@ We use the simultaneous reduction to canonical form of a pair of
bilinear forms.
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Definition

A Kronecker module is a quadruple (Vi, Vs, f1, f2), where V4, V5, are vector
spaces over I and f1,f, : Vi — V5, are linear maps.

@ Given a pair of bilinear forms ¢=,¢™ : g x g — IF as above, we define
the Kronecker module (g,g;*,qbi—7 ¢7+) where ¢~ (x) and ¢T(y) are
defined by

d)T(X) fZ d)_(X,Z), (Z)j()/) fZ = ¢+(Yaz)> Vz €g.

@ g is decomposable if g = U @ U™.

@ We can assume that g is indecomposable.
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The indecomposable modules (g,g*,¢7—, qﬁj) turn out to be one of the

following three pairs
GRIee
SN &
(5 2)- (e 3) X

where A € M,(FF), and J;, J> are the matrices associated with the linear
maps Fi, Fp : F" — F™1 defined by

Fi(x1,...,xn) = (X1, ..., Xn, 0),

F2(X1, e ,Xn) = (O,Xl7 N ,X,,).
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Proposition

Let g1 and go be Leibniz algebras of dimension n with one-dimensional
commutator ideals [g1,91] = Fz1 and [g2, 92] = Fz, and let ¢1 and ¢» be
the bilinear forms associated with g1 and go respectively. One can fix bases
of g1 and g such that, if ®1 and ®, are the matrices of ¢1 and ¢;
respectively, then g is isomorphic to g <= ®1 is congruent to ®».
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If X € GL,(F), then

(5 o)

induces a change of basis that transforms (1) and (2) respectively in

(% 8)- oo ™57)
(o 57) 0 5))

so we can always reduce A in its rational canonical form.

Gianmarco La Rosa, Manuel Mancini Two-step nilpotent Leibniz algebras June 12-18, 2022

10/44



o If A€ GL,(F), then the second canonical pair is equivalent to the first

Al o/ o A\[/a! o) o I,
(0 /n> (—Af o)(o /n> :(—/n o)
At o\ [o 1\ /At 0\ 0 Al
(o /n> (/,, o) < 0 /n> :<(A‘1)t 0 )

o If A¢ GL,(IF), then A ~ Jy and we have a unique Kronecker module
of type (2) up to isomorphisms.
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Definition

Let f(x) € F[x] be a monic irreducible polynomial. Let n € N and let
A = C(f(x)"). The Heisenberg Leibniz algebra 3, ; is the

(2n + 1)-dimensional indecomposable Leibniz algebra with associated
Kronecker module of type (1).

o If A= (a;) € My(F) and {ex,...,en, fi,...,fn, h} is a basis of I3, 1,
then the non-trivial commutators are

[eh 6] = (611 + aij) h> [Gvei] = (_611 + aij) h7 \V/I,_] =1,...,n,

e If (aj) =0, then we obtain the classical Heisenberg algebra hony1.
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Definition

Let n € N and let A= C(x"). The Kronecker Leibniz algebra ¢, is the
(2n + 1)-dimensional indecomposable Leibniz algebra with associated
Kronecker module of type (2).

Definition

The Dieudonné Leibniz algebra 9, is the (2n + 2)—dimensional Leibniz
algebra with associated Kronecker module of type (3).
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The case F = C

Let n€ N and let a € C. Then

a 0 0 0
1 . . :
C((x=a)")~da=|: . . - 0
: . .0
0 -+ -~ 1 a2

Thus 15, ; [é‘;H and the non-trivial Leibniz brackets are

[eiaf}] :(1+a)h7 [f,-,e,-] :(—1+a)h Vi= 1""7”
[eiaf}fl] :h, [f—,',l,e,'] :h7 Vi:2,...,n

where {ei,...,en f,...,fy, h} is a basis of [ﬁiﬂrl.
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Proposition

Let a € C. The Heinseberg Leibniz algebras [2n 41 and [2n 21 are isomorphic.

Proof.

° [2n+1 = [2n+1 via the linear map ¢ defined by
QD(G,‘) = f;',a Qp(fl) = ell'v Qp(h) = _h/> Vi= 17 T, N

t
o —Ji~J, 2n+1 = [2n+1'

Proposition

Let a,a € C. Then 3213 < a' = +a.
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Derivations of two-step nilpotent Leibniz algebras

Definition

Let g be a Leibniz algebra over IF. A derivation of g is a linear map
d : g — g such that

d([x,y]) = [d(x),y] + [x,d(y)], Vx,y € g.

e With the usual bracket [di, da] = di o da — da o di, the set Der(g) is a
Lie algebra and the set Inn(g) of all inner derivations of g is an ideal of
Der(g).

@ We obtain a class of Lie algebras with trivial center and abelian ideal of
inner derivations.

@ We show that every almost inner derivation of a nilpotent Leibniz
algebra with one-dimensional commutator ideal, with three exceptions,
is an inner derivation.
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N I
Derivations of [5;_;

The Lie algebra of derivations of [é‘;H is represented, with respect to the
basis {e1, f1,..., en, fn, 2}, by the set of (2n+ 1) x (2n+ 1) matrices of type

where

X My —My —Ms ~M,—1 0
My X -M —M> —M,_» 0
M, My X — My —M,_3 0
M3 M, My X —M,_4 0
Mnfl M,,,g Mn73 Mnf4 X 0
Vi Vo V3 Vs Vi tr(X)
= (%0

x 0 0 0

0), Vi=1,...,n—1,

vk = (ak, b)) € C%, Vk =1,....,n, and tr(X) = x + y, if a # 0;

Gianmarco La Rosa, Manuel Mancini Two-step nilpotent Leibniz algebras

June 12-18, 2022



by the matrices of type

X (o] —Q1 0 —Q Cy —Qp—2 Chp —Qp_1 0 0
0 vy 0 0 0 0 0 0 0 0 0
0 O X - —a; 0 - —ap—3 0 —ap2 0 O
0 o1 0 y 0 o - 0 0 —bp2 0 O
0 « 0 0 X 6 -+ —ap—4 0 —ap—30 O
0 ao 0 [e %1 0 y bnt2 0 0 0 0
0 cp 0 0 0 o - X 0 —-a; 0 O
0 ap—2 0 Qp—-3 bn+2 Qp—g4 - b2n—2 y 0 0 0
0 O 0 0 0 o - 0 0 X 0 0
0 ap—1 —bpyoap-2 0 ap-3 - 0 a1 by O
ar br a b a3 b3 - ap-1 bp—1 an bp xty

if a=0 and nis even;
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by the set of matrices of the form

X o —a1 0 —ax c - —ap2 0 —ap_1cp1 O
0 y 0 0 0 0o - 0 0 bpt1 O 0
0 0 X —c4 —a1 O —ap_3 —Cpy1 —p—2 O 0
0 o 0 y 0 0 —bnt1 0 0 0 0
0 ca 0 0 X C6 v —Qp_a 0 —an3 O 0
0 0 ag 0 y e 0 0 btz O 0
0 0 0 —cpt1 O 0o - X 0 —aq 0 0
0 ap-2 _bn+1 GQp—3 0 ap_g -+ —bp_2 y 0 0 0
0  cnt1 0 0 0 o - 0 0 X 0 0
bn+1 QAnp—1 0 Qp—2 bn+3 Qp—3 " 0 aq ban y 0
a b a a3 b3 - ap—1 bp—1  an by, x+y

if a=0 and n is odd.
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The Lie algebra Der(3%, ), with a # 0

e dimy Der([gj’,ﬂ) =3n+ 1. A basis over F is
{x,y,a1,...,ap-1,A1,...,An,B1,..., By}
and the non-trivial commutators are
[x,Bi] =B, [y,A]l=A;, Vi=1,....n

[ovi, Bi] = =Bk—2i, Vk >2i,  [ai, Ak] = Aktai, Yk +2i < 2n;

° dimF[Der([é‘;‘,H), Der([éj’,ﬂ)] = 2n and a basis is

{Al,...An,Bl,...,Bn};
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The Lie algebra Der(3%, ), with a # 0

[Der([éiH_l), Der([é‘;H_l)] is an abelian Lie algebra;

Der([é;H) is a two-step solvable Lie algebra;

Der([é‘;ﬂ) is not nilpotent and its nilradical is the ideal

N = SpanF{aL v ,Oén_l,Al, v 7An, Bl, N Bn};

Z(Der(14,1)) = 0.
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Almost inner derivations

Definition
A derivation d of a left Leibniz algebra g is an almost inner derivation if
d(x) € [g,x], for every x € g.

@ The set of all almost inner derivations of g forms a Lie subalgebra of
Der(g), denoted by AlDer(g), containing the ideal Inn(g);

@ Every almost inner derivations of a Lie algebra with one-dimensional
commutator ideal is an inner derivation (D. Burde, K. Dekimpe and B.
Verbeke, 2017).

Proposition (G. L., M. M., 2022)

Let g be a nilpotent Leibniz algebra with one-dimensional commutator ideal
[9,0] = Fz, such that g # [éﬂl and g # 0,. Then every almost inner
derivation d € AlDer(g) is of the form ad, = [x, —]|, for some x € g.
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Ji1

Almost inner derivations of 5, ;

@ For the Heisenberg Leibniz algebras [é‘jﬂrl with a = £1 and for the
Dieudonné Leibniz algebra d, it is possible to define an almost inner
derivation d which is not inner.

@ Every almost inner derivation of [g‘;H is of the form

o

0
a1 bl...a,,bn 0

meanwhile for the inner derivations we have that a; =0, if a=1 and
b,=0,ifa=-1;
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Almost inner derivations of 0,

@ AlDer(d,) consists of the matrices of the type

0 :
0
dl 32...22n+1‘0

and an example of almost inner but non-inner derivation is given by the
linear map d € gl(d,) defined by d(ept1) = z.
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Part 2: Coquecigrue Problem for nilpotent real Leibniz

algebras

@ It is the problem, formulated by J.-L. Loday, of finding a generalization
to Leibniz algebras of Lie's third theorem, which associates a Lie local
group with any real or complex Lie algebra.

@ Given any Leibniz algebra g, one wants to find a manifold endowed
with a smooth map which plays the role of Ad for Lie groups, and such
that the tangent space at a distinguished point, endowed with the
differential ad of Ad, is a Leibniz algebra isomorphic to g.

@ In the special case of Lie algebras g, one wants to obtain the usual
simply connected Lie group associated with g.

@ We assume now that F = RR.
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Definition
A (left) rack is a set X with a binary operation > : X x X — X which is
(left) autodistributive

x> (y>z)=(x>y)>(x>2z), Vx,y,ze X

and such that x> — : X — X is a bijection Vx € X.
A rack is pointed if 31 € X suchthat 1> x=xand x>1=1, Vx € X.
A rack (X, ) is a quandle if x > x = x, Vx € X.

Every group endowed with the conjugation is a pointed quandle.

Definition
A Lie rack is a pointed rack (X, >, 1) such that X is a smooth manifold, >
is a smooth map and x > — is a diffeomorphism Vx € X.
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The tangent space of a Lie rack

Proposition (M.-K. Kinyon, 2007)
If X is a Lie rack, then the bracket

[x,y] = adx(y),

where
@ ad: T1 X — gl(T1X) is the differential of ® : X — GL(T1X);
o ®(x) = T1¢(x), Vx € X;
@ H(x)=x>—, VxeX

defines on T1X a Leibniz algebra structure.
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e M.-K. Kinyon solves the coquecigrue problem for the class of split
Leibniz algebras, which are Leibniz algebras g with a bilateral ideal
Leib(g) € a C Z)(g) and with a Lie subalgebra h C g such that

g:h@sa
and

[(x,a), (y, b)] = ([x, ¥, x(b)), V(x,a),(y,b)€hDa

where p : h X a — a is the action on the h-module a.

Proposition (M.-K. Kinyon, 2007)

Let g be a split Leibniz algebra. Then there exists a Lie rack X such that
T1 X is isomorphic to g.
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The local integration of a Leibniz algebra

@ S. Covez gives a local solution to the coquegigrue problem: he shows
how to integrate every Leibniz algebra into a Lie local rack.

@ The central point of his result is to see every Leibniz algebra g as an

abelian extension with kernel Z;(g) and to integrate explicitly the
corresponding Leibniz algebra 2-cocycle into a Lie local rack 2-cocycle.
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@ We associate with g the short exact sequence
0—2Zi(g)—g—>98—0

where go = g/ Z/(9).
o Z/(g) is a go—module = 3w € ZL? (go, Z/(g)) such that
g = 0o ©w Zi(9)

with
[(6,2) (v, )] = (Ix,Ylgy » px(B) + w(x,¥))

where p : go X Z;(g) — Z/(g) is the action induced by the go-module
structure of Z(g).
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Theorem (S. Covez, 2013)

Every Leibniz algebra g = go @B, a can be integrated into a Lie local rack of
the form

Go Xfa
with operation defined by
(g,2) > (h,b) = (ghg ™", 64(b) + F(g,h)) , ¥(g,a), (hb) € Go x a

and unit (1,0), where Gy is a Lie group such that Lie(Gop) = go, ¢ is the
exponentiation of the action p, f : Gy X Gy — a is the Lie local racks
2 — cocycle defined by

f(g, h) :Lh </7g 72(w)eq>eq, Vg, h € Go

and 72(w) € ZLY(go, Hom(go, a)) is defined by 72(w)(x)(y) = w(x, y),
Vx,y € go.
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The case of quandles

Theorem (G. L., M. M., 2022)

Let R be a Lie rack integrating a Leibniz algebra g. R is a quandle if and
only if g is a Lie algebra. In particular R = Conj(G), where Lie(G) = g.

G=Go xfr Z/(g) is the Lie group with operation
(g.2)(h,b) = (gh.a+ b+ F(g,h)), Y(g,a),(h b)e GoxZ(g)
where F : Go x Gog — Z/(g) is a Lie group 2—cocycle such that

f(g’h):F(gvh)iF(gvg_1)+F(ghvg_1)v \V/g,hEG().

Gianmarco La Rosa, Manuel Mancini Two-step nilpotent Leibniz algebras June 12-18, 2022 32/44



Global integration of nilpotent Leibniz algebras

Theorem (G. L., M. M., 2022)

Every nilpotent real Leibniz algebra g has a global integration into a Lie
rack.
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Sketch of the proof

® g=9oDu Z/(g)
@ g is nilpotent = go is a nilpotent Lie algebra and

px(a) = adx(a), Vx € go,a € Z/(g),

can be represented as strictly lower triangular matrix.

o If Gp is the simply connected Lie group integrating go, then
Pexp(x) = exp(px) € Aut(Z/(g)) is a unitriangular matrix whose entries
are polynomial expressions.

e Fixed v4(s) = g%, n(t) = h',Vg,h € Gy, Vs, t € [0,1], we have that

eq
f(g, h) = L <L 72(w)eq> Vg, he G

is everywhere defined because it involves the integration of matrices
with polynomial entries in R[s] and R][t].
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Integration of two-step nilpotent Leibniz algebras

Theorem (G. L., M. M., 2022)

Let (g,[—,—]) be a two-step nilpotent Leibniz algebra and let

w:go X go — [g,9], where go = g/ [g, 9], be the Leibniz algebras
2—cocycle associated with the short exact sequence

0—[g,09] = 9—>g0—0.
Then the multiplication
(x;a) > (v, b) = (v, b+ w(x,y)), V(x,a),(y,b) € go % [g,9]

defines a Lie global rack structure on gy X [g, g], such that
T(0,0)(80 Xw [9, 0] ,>) is a Leibniz algebra isomorphic to g.
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The effective strategy is to choose Gy = go as a Lie group integrating the
abelian Lie algebra gg. If we change the Lie group Gg, then the integration
may not be global.

Let a € R and let g = [§ = Spang{e, f, h} be the three-dimensional
Heinseberg Lebiniz algebra with non-trivial commutators

[e,f]=(1+a)h, [f,e]=(-1+ a)h.

Then [g,9] = Z(g) = R and go = g/[g, g] = R? by R. The corresponding
Leibniz algebras 2-cocycle is

w((x,y), (<, y) = (L + a)xy + (-1 + a)x'y.
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Example

Now we can choose
Go = SO(2) x SO(2) = {(e*,e¥) | x,y € R}

as a Lie group integrating go. In this case a Lie local rack integrating g is
(Go x SO(2),>) with multiplication

ix i iz ix' _iy" iz’
(€%, ¥, e%) > (e*,e”, e ) =
. . ) ix iy ix! iy’
(e, &' gl +e((log(e" ) Jog(e¥ ). (log(e" ) og(e? 1))

that is defined only for (x, y), (x’,y’) € [0,27[X[0, 27|, where we choose
[0, 27| as the domain of the principal value of the function log.
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Example

Let A= (aj)ij € My(R) and let g = [, ; be the (2n + 1)—dimensional
Heisenberg Leibniz algebra with basis {e1,...,en, f,...,f, h} and bracket

(X1, Xy Yo s Yms 2)s (XL oo o Xy Vi e e s Ve 2)] =

( OZ 6u+3u lej—i-z 5,J+3,J ij)

ij=1 ij=1

We have that [g, g] = Rh C Z(g), thus the Lie global rack integrating g is
Ré4n+1 = (go x¢ Rh,>) with multiplication

/ / / / /
(X1 e ooy Xy Yy e oo s ¥y Z) D (X0 oo s Xy Vi o e oy Y Z) =

= (X{w"vxr/n)/{a"'aymz + Z [511"1'311 lej (_5U+3U)Xll.)/,l:|>

ij=1
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Definition

We define (R4, 1,>) as the Heisenberg rack.

@ The multiplication > in R2An+1 is a perturbation of the conjugation of
the Heisenberg Lie group Hop1.

@ We use the canonical matrix representation

1 x =z
Hopi1 = 0 I, y'||x,yeR"zeR ) <GLy2(R)
0 0 1
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The conjugation formula for two matrices in Hap,11 is given by

1 x =z 1 X 7z 1 x =z -
0 I, y* 0 I y" 0 I, y* =
0 1 0 0 1 0 0 1

n
1 X' 24+ (xiyl = yix])
i=1

t

0o I, y
0 0 1

Gianmarco La Rosa, Manuel Mancini
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With the same representation, the multiplication > of R}, turns into

1 x =z 1 x Z

0 I yt >0 I, y/t =

0 1 0 0 1

n
1 x Z+ {(5ij+aij)xi}{,{+(5ﬁ_aij)xl{)/j]
_ ij=1

0 I Yt ’
0 0 1

hence for A = 0,x,, it holds Rg;jr"l = Conj(H2p+1)-
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