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Abstract

This paper presents two quadratic regularization methods with finite-difference gra-
dient approximations for smooth unconstrained optimization problems. One method
is based on forward finite-difference gradients, while the other is based on central
finite-difference gradients. In both methods, the accuracy of the gradient approxima-
tions and the regularization parameter in the quadratic models are jointly adjusted
using a nonmonotone acceptance condition for the trial points. When the objective
function is bounded from below and has Lipschitz continuous gradient, it is shown
that the method based on forward finite-difference gradients needs at most (’)(ne‘z)
function evaluations to generate a e-approximate stationary point, where n is the
problem dimension. Under the additional assumption that the Hessian of the objec-
tive is Lipschitz continuous, an evaluation complexity bound of the same order is
proved for the method based on central finite-difference gradients. Numerical results
are also presented. They confirm the theoretical findings and illustrate the relative
efficiency of the proposed methods.

Keywords Nonconvex Optimization - Derivative-Free Methods - Finite-
Differences - Worst-Case Complexity
1 Introduction

Consider the unconstrained optimization problem
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min fx), 1)

where f : R" — R is continuously differentiable, and potentially nonconvex. Usu-
ally, problems of the form (1) are solved using iterative methods that rely on the
gradient of the objective function. However, in many applications, gradient vectors
are not readily available. When only function values are provided by the user, deriv-
ative-free optimization (DFO) methods are required. This class of methods includes
direct-search methods, model-based methods and also methods based on finite-dif-
ference gradient approximations (see, e.g., the survey paper [1]).

In the theoretical analysis of derivative-free methods, the derivation of worst-case
evaluation complexity bounds is of particular interest. Given a deterministic DFO
method, a worst-case evaluation complexity bound is an upper bound for the number
of function evaluations required by the method to generate x; such that

IVfG&)ll <e (e >0). 2)

Usually, the worst-case complexity analysis of DFO methods is done assuming that
the objective function has Lipschitz continuous gradients. In the context of direct-
search methods, Vicente [2] and Konecny and Richtarik [3] obtained evaluation
complexity bounds of (’)(nze‘z), while Dodangeh, Vicente and Zhang [4] showed
that the factor n? is optimal for direct search methods. Regarding model-based DFO
methods, Grapiglia, Yuan and Yuan [5] obtained an evaluation complexity bound
of (’)(n2| log(e)le‘z) for a derivative-free trust-region method. This bound was
improved to O(n*¢~?) by Garmanjani, Jidice and Vicente [6].

In the context of randomized DFO methods, Nesterov and Spokoiny [7] presented
a method that needs at most (’)(ne‘z) function evaluations to generate x, such that

E[IVfall] <e, €))

where E[X] denotes the expected value of the random variable X. An evaluation
complexity bound of the same order was obtained by Bergou, Gorbunov and Rich-
tarik [8] for a stochastic three point method. Gratton et al. [9] proposed a direct-
search method based on probabilistic descent that needs at most C’)(mne‘z) function
evaluations to generate x; such that

P(IVfGll <€) > 1—e7, 4)

where P(A) denotes the probability of event A, c¢ is a positive constant, and m is the
number of random polling directions, which is defined by the user. A bound of the
same order was obtained by Kimiaei and Neumaier [10] for their VSBBO algorithm
with m random directions used at each iteration. More recently, Cartis and Roberts
[11] presented a randomized subspace DFO method for nonlinear least-squares
problems that needs at most O(re~2) function evaluations to generate x, for which
(4) holds, where r is the dimension of the subspaces.

In this paper, two quadratic regularization methods with finite-difference gra-
dients are proposed for problem (1). The first method is based on forward finite-
difference gradients, while the second method is based on central finite-difference
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gradients. In both methods, the accuracy of the gradient approximations and the reg-
ularization parameter in the quadratic models are jointly adjusted using a nonmono-
tone acceptance condition for the trial points. It is shown that the derivative-free
quadratic regularization method based on forward finite-difference gradients needs
at most C’)(ne‘z) function evaluations to generate x, for which (2) holds. This com-
plexity result represents an improvement with respect to the evaluation complexity
bounds of O(n?e~?) obtained for the deterministic DFO methods in [6, 3, 2]. Under
the additional assumption that the Hessian of the objective is Lipschitz continuous,
an evaluation complexity bound of the same order is proved for the method based
on central finite-difference gradients. Numerical results are also presented. They
confirm the theoretical findings and illustrate the relative efficiency of the proposed
methods.

The paper is organized as follows. Section 2 contains the basic auxiliary results.
Section 3 presents the method based on forward finite-differences and its evaluation
complexity analysis. Section 4 deals with the method based on central finite-differ-
ences. Finally, in Sect. 5, numerical results are reported.

2 Auxiliary results
The problem class considered in this work is specified by the following assumptions:

A1l. The gradient of fis L,-Lipschitz continuous, i.e.,
IVf) = VIOIl < Lylly —x[l,  Vx,y € R™.
A2. There exists f,,, € R such that f(x) > f,,,, for all x € R".
Given x € R"and o > 0, let M, , : R" — R be the quadratic model defined by
1 c
Mx,a(y) =f(x) + <g?y —.X) + E(B(y —X),y —.X) + E”y _x||2 (5)
where B € R™" is a symmetric positive semidefinite matrix, and g € R" is an
approximation to Vf(x).
The next lemma establishes the inequality that will define the acceptance condi-

tion for the trial points in the proposed methods.

Lemma 1 Suppose that Al holds and assume that x* satisfies
M, ,(x") < f(x), (6)

or some x € R" and o > 0. Moreover, suppose that for some x, > 0 and x € R" we
have
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1970~ gl < e = 3.
i
o > 2(L, + |IBll +x,).
then
£ =) 2 Tl = 2l = S = 5P
Proof By Al, (5), (6) and (7), we have
F) S0+ V. =) + 2 =P

=)+ (8.x" = )+ 2B = 0,5 =)+ Sl = ol

L, —
+ (Vf(x) — g, x* —x) — %(B(f — )5 —x) + ( 12 o)
=M () + (Vf () = 3" —x) = %(B(f — x),x" — x)
Li—0), + 2
+ =t -
(IBIl +L, - o)
<f) + IV — gllllx™ — x|l + — It — x]|?
. (IBIl +L; -0
<f) + xlle = 21X = x|l + f)”f — x|
* T IBll +L; — o
<FO) + e =217 4+ It = al? + Qllf — x|
2 2 5
(ko + Bl + L, — o) o
:f(-x) + 8 ”x+ _x||2 + _g”x _x“2'
2 2
Consequently,
o = (L + 1Bl +x,) K
fo=fa) 2 It =l = e - £
2 2
It follows from (8) that

—(Ly + 1Bl + &) > —%.

Thus, combining (10) and (11) we get (9).

2
[l = x|

)

®)

(C))

(10)

(1)

O

The next lemma provides an upper bound for || Vf(x1)| when x* is an approximate

stationary point of M, ,(-) and g is a suitable approximation of Vf(x).

Lemma 2 Suppose that Al holds and assume that x* € R" satisfies
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VM, DI < 0llx — x|, (12)

for some x € R", 6 >0 and 0 > 0. Moreover, suppose that for some C >0 and
x € R", we have

IVf(x) — gll < Cllx — %] (13)
Then
IVFHI < (Ly + 1Bl + 6 + C + o) max {||x — &||, |x* — x|} (14)
Proof By (5), Al, (12) and (13), we get

IVAGON SIVAET) = VM, GO + VM, . DI
=[IVf(@*) = (g + BGx" —x) + o(x" =)l + [IVM, ()|
SNIVAET) = gll + 1Bl + o)llx™ = x| + VM, ()|
SIVAGT) = VAU + 1Y) = gll + 1B + o)llx™ — x|
+ VM, Ol
<Lyllx" = x|l + Clix = &l + (1Bl + & + )[Ix" — x|
< (Ll +C+|B||+0+ 6) max {||x — x|, Ix* —x||}.

Therefore, (14) is true. O

The next lemma gives the classical upper bound for || Vf(x) — g|| when g is a for-
ward finite-difference approximation of Vf(x). See, e.g., Sect. 8.1 in [12].

Lemma 3 Suppose that Al holds. Given x € R" and h > 0, let g € R" be defined by
_ fa+he) —f®)

g p , i=1,...,n (15)
Then
nL
IV () = gll < \[2 “h (16)

Combining Lemmas 1 and 3, we have the following result.
Lemma 4 Suppose that Al holds and assume that x* satisfies (6) for some x € R"
and ¢ > 0. Moreover, suppose that the vector g in M, (- ) is defined by (15) with

21<g
0<h<

[lx — %] 17)

no

Jor somek, > 0and x € R". If
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o > 2(L, + |IBll +x,). (18)
then
+ o + 2 Kg a2
J@) = fG6T) 2 Z it =l = e = &% (19)
Proof By (17) and (18) we have

Ke

O0<h< [[x — X]|.
nlL,
Then, it follows from Lemma 3 that
IV () = gll < Kpllx — . (20)
Finally, in view of (6), (18), (20) and Lemma 1, we conclude that (19) holds. O

The final auxiliary result provides a convergence rate for a certain sequence of
nonnegative numbers.

. k . .
Lemma 5 Given 7,4 > 0and a set {Zi}j=1 of nonnegative real numbers, with k > 2,
let

m(k) 1= argmirlje{1 ,,,,, k_1}<z; +zj7+1>.
IFY, 2 < Athen
1
24 \*
max {Zm(k)’zm(k)+1} < (m) .

Proof See Lemma 4 in [13]. O

3 Method based on forward finite-differences

Consider now the following Quadratic Regularization Method (QRM) with forward
finite-difference gradient approximations.

Algorithm 1 QRM with Forward Finite-Difference Gradients
Step 0. Given x,,x; € R" (x5 # x;), a symmetric positive semidefinite matrix
B, e R™ ¢, >0,and 6§ > 0, set i, = 0,/2,andk := 1.

Step 1. Find the smallest integer i > 0 such that 2'6, > 20,
Step 1.1. For
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2Kg”xk —_ xk_l ||

i = ) 21
Vi(2io,) ey
compute g, ; € R" by
FOp+he) —fx)
[gkyi]j = " , j=1,...,n (22)
Step 1.2. Consider the quadratic model
) 1 2o, 2
M, 56, (V) 1= f0x) + (8riny — X;) + §<Bk(y =X,y = X) + T”)’ = xll%
and compute an approximate solution x]jl. of the subproblem
min M 216, (), (23)
such that
M, g (05) S f0q) and VM, (50N < Ollt, = x,. (24)
Step 1.3. If
2ic c
FO) =F ) 2 = Il = 2l = I = 1P (25)

holds, set iy =i, g, = gy, and go to Step 2. Otherwise, set i := i+ 1 and go to Step
1.1.

Step 2. Set x;,; = xfik, 0141 = 215, choose a symmetric positive semidefinite
matrix B, € R™", setk :=k+ 1, and go to Step 1.

Remark 1 The exact solution of (23) is the vector x;, = x; + 57, where s}, is the
solution of the linear system

(Bk + ZinI)S = _gk,['

In particular, by taking x:i = x; ;» conditions (24) are satisfied for any 6 > 0. The
case 6 > 0 allows the computation of x;, = x; + s, with s}, being an inexact solu-
tion of the above linear system.

Remark 2 In view of (25), it is possible to accept x,,; such that f(x,,;) > f(x;).
Thus, when B, = (for all k) and 6 = 0, Step 1 of Algorithm 1 can be viewed as a
nonmonotone line-search procedure. This step is inspired in the adaptive approach
proposed by Grapiglia, Gongalves and Silva [13] in the context of a derivative-based
cubic regularization method with finite-difference Hessians.
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The worst-case complexity analysis of Algorithm 1 will be done under the fol-
lowing additional assumption:

A3. There exists M > 0 such that||B,|| < M.

The next lemma establishes bounds on the sequence {o-k}.

Lemma 6 Suppose that Al and A3 hold. Then, the sequence of regularization
parameters {o-k} in Algorithm 1 satisfies

(o

o
o, <o, §2<L1 +M + é) max (26)

forallk > 1.

Proof Clearly (26) is true for k = 1. Suppose that (26) holds for some k > 1. If
i, =0, then by Step 1 we have ¢, = %ak > o0, and, by the induction assumption,
O = 304 < 0; < 2(L1 +M+ 35 that is, (26) holds for k + 1. On the other hand,
if i;, > 1, then by Step 1 we have

i 1, 1
Oy =240, = E(Zkak) > 5(201) =o0.
Now, it remains to show that
i—1 o
Opyp = 2% ak§2<L1+M+?>. 27

Assuming by contradiction that (27) is not true, and using k, = ¢, /2, it follows from
A3 that

: o

2l > 2(L1 +M+ 71) > 2L, + 1Byl + x,).
In this case, by Lemma 4, inequality (25) would have been satisfied for i =i, — 1,
contradicting the minimality of i;. Thus, (27) holds. Therefore, (26) also holds for
k + 1, which completes the induction argument. O

The next theorem gives an iteration complexity bound of 0(6‘_2) for Algorithm 1.

Theorem 1 Suppose that A1-A3 hold. Given ¢ > 0, let {xk}lf:l be generated by
Algorithm 1 such that

Then

13L 2 8f(x)_f0w
T§3+<Tl+3M+al+9> lw+2llxl—xol|z e (29)
0]
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Proof Notice that 2’6, = 20, and, by Lemma 6, 6, > o, for all k > 1. Then, it fol-

lows from (25) that

k+1 2 Ok 2
f(xk) _f(xk+1) > —F ||xk+1 xk|| - Z”xk —xk_1|| , k=1,...,T-1
Summing up these inequalities, it follows from A2 and o, > o, that
7-1
FO) = fig 2 C) = fOrp) = D F00) = F()
k=1
T-1
Ot 2
> T”xk-H —xkll - _”xk X |l
k=1
1 i
k+1 2 k 2
= 2 5 Wy =3l = 3 —F e =3
k=1 k=1
T o, L -
k 2 1 2
= 2 5 M=l = 3% il = I = Sl = ol
k=2 k=2
d [og% g (e} (o2
k 2 1 2
> ¥ 5 = xcg I = 3 e = P = 5l =
k=2 k=2
T
[og%
= X b =5 lP = i = ol
k=2
o = c
2 1 2
> 2 i =3l =l =l
k=1
and so
T-1
4(f(xp) —
2 1 L 2
D s = x5l < —”W + [l = xoll*. (30)
k=1
Let us denote s; = x;,; — x;. In this way, we can write (30) as
2 (f( 1) fl 2
Z llsell® < 2+ ol 31)

If T < 3, then (29) is satisfied. Thus, assume that 7 > 3 and let
t= argminje{l,...,T—Z}(”sj”2 + ”Sj+1”2)-

Then, by Lemma 5 with z; = ||s;|, k=7 — 1, 7 = 2 and

4(F(x1) = fion)

1

2
A= + IIsoll”

@ Springer



G. N. Grapiglia

it follows from (31) that

+ 2]l m (32)

max { [Is,[l, lls,4111} <

8(F(x)) = fion) I
(28]

Moreover, by (21), Lemma 3 and K, = 0y /2, we have

\/ﬁLl 2kl — x|l < KL
2 \/2(261) ~ 20,

Consequently, by (28), A3 and Lemma 2 with C = L, /4, we have

1 1
”Vf(-xH.l) _gt+1” S ”-xt+1 _xt” = Z”xt+1 _xz”~

Ll
€ <P < (L4 M0+ o e (2 =l i =50

which gives

€
max {[|s,l, 154111} > I~
-t (33)
Li+M+o,, +0+ 2
Then, combining (32) and (33), it follows that
1
8(f(xy) — 2
¢ < [ ) Zfim) s, —xonz] —L
0 (T -2)2

Ll
L1+M+O-max+9+z

L 2rs _
= T-2< <L1+M+amax+Z‘+9> [M
[0}

2| -2
+2||x; — x| ]e .
1

Finally, using the definition of 6,,,,, given in (26), we conclude that (29) is true. [

Now, taking into account the function evaluations required to obtain the approx-
imated gradients, it is possible to establish an evaluation complexity bound of
O(ne~?) for Algorithm 1.

Corollary 1 Suppose that A1-A3 hold and let {xk}k>1 be generated by Algo-
rithm 1. Given € € (0, 1), assume that T(¢) is the first iteration index such that
IV Cereyr)Il < €, and let FE(e) be the total number of function evaluations up to
the T(e)th iteration of Algorithm 1. Then

FE(e) <
2
14200+ 1)(3 + (—13:1 +3M + 0, + 9) [—S(f(x';_f’”w) + 20, - x0||2] >e-2

1

+(n+ 1)[1og2 (2(Ll + M+ %)) - logz(al)].
(34)
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Proof Notice that at the kth iteration of Algorithm 1 the number of function evalua-
tions is bounded by (n + 1)(i;, + 1). On the other hand,

Op1 =2 o = (n+ DG+ 1) = (n+ D[2 + log,(0y,,) — log,(oy)]

Thus, considering the evaluation of f(x;) and (26) we get

T(e)
FE(e) <1+ Z(n + D@+ 1) =14 @+ DQ2T(e) +10g,(07)41) — logz(al))
k=1
o
<l+(+1) [2T(e) +log, (2(L1 + M+ 31)) - logz(al)]. 35)
Then, combining (35), (29) and the assumption € € (0, 1), we get (34). O

To the best of this author’s knowledge, Algorithm 1 is the first deterministic
derivative-free method with evaluation complexity bound of O(ne‘z) for finding €
-approximate critical points of n-dimensional functions that are bounded from below
and have Lipschitz continuous gradients. The improvement with respect to the
bounds of O(nze‘z) obtained in [6, 3, 2] comes from the use of 1/x in (21), which
gives o,,,, in (26) independent n. Indeed, replacing \/Z by 1 in (21) notice that in

Lemma 6 we would get an upper bound o,,,,, = O \/ﬁ . In this case, the last ine-

max

quality in the proof of Theorem 1 would imply an iteration complexity bound of
O(ne=2), resulting in an evaluation complexity bound of O(n?e¢~2). Therefore, the
explicit use of the problem dimension in the method is the key component to obtain
an evaluation complexity bound with linear dependence in n.

4 Method based on central finite-differences

Algorithm 1 is based on forward finite-difference approximations of the gradient of
f(+). In this section, a similar algorithm based on central finite-differences is pre-
sented. For that, consider the additional assumption:

A4. The Hessian of fis L,-Lipschitz continuous, i.e.,

V) = V@Il < Lylly = xll,  ¥x,y € R".

The next lemma gives the classical upper bound for || Vf(x) — g|| when g is a cen-
tral finite-difference approximation of Vf(x). See, e.g., Sect. 8.1 in [12].

Lemma 7 Suppose that A4 holds. Given x € R"and h > 0, let g € R" be defined by

_ f+he) — f(x— he,)
§i = 2 .

i=1,...n (36)

Then
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L
IV/ () - gl < @hz. 37)

Now, combining Lemmas 1 and 7 we obtain the following result. Its proof fol-
lows as the proof of Lemma 4.

Lemma 8 Suppose that Al and A4 hold and that x* satisfies (6) for some x € R"
and 6 > 0. Moreover, suppose that the vector g in M, () is defined by (36) with

1

6K, |lx — x| | 2

O<h< | —2—0 (38)
\no

for somex,>0and X € R". Ifoc > 2(max{L,L,{ + ||B|| + «,) then
g =2 g
K
F@ =fG) 2 Tt =l = Sl = £ (39)

Lemma 8 motivates the following Quadratic Regularization Method (QRM) with
central finite-difference gradient approximations.

Algorithm 2 QRM with Central Finite-Difference Gradients

Step 0. Given x,,x; € R" (x5 # x;), a symmetric positive semidefinite matrix
B, e R™ 6, >0,and 0 > 0, set K, = 0,/2,and k := 1.

Step 1. Find the smallest integer i > 0 such that 2'c;, > 20,

Step 1.1. For

b= 01, [l — x|l : (40)
i \/ﬁ(zigk) s

compute g, ; € R" by

SO + he) —f(x, — hie))
(8] = - . 7 ‘ Z, j=1,...,n 41)

L

Step 1.2. Compute an approximate solution x;“i to the subproblem

min M 216, () (42)
such that
My 00 () <f0q) and VM, 5, DI < 01}, = 5,1 43)
Step 1.3. If
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2 c
FO0) =1 2 =l = 3l = b = 3y P (44)

holds, set iy, = i, g; = &, and go to Step 2. Otherwise, set i :=i+ I and go to Step
1.1.

Step 2. Set x| = x+ik, 6141 = 2475, choose a symmetric positive semidefinite
matrix B, ; € R™", setk :=k+ 1, and go to Step 1.

The next theorem gives an iteration complexity bound of 0(6‘_2) for Algorithm 2.

Theorem 2 Suppose that Al-A4 hold. Given € > 0, let {xk};o be generated by
Algorithm 2 such that -

||Vf(-xk)|| > €, k=0”T (45)
Then,
218 _
T<3+ (% max {L,,L,} +3M + o, + 0) 8061 = fiow) +2|1x; = xlI* €72
01
(46)
Proof First, let us show by induction that
01 ~
g $6k§2<max{Ll,L2}+M+ 7) = Gpaxs 47)

for all k£ > 1. Indeed, by the definition of o,,,, it is clear that (47) holds for k = 1.
Suppose that (47) holds for some k > 1. If i, = 0, then by Step 1 we have

Okt = 50k 2 O

and, by the induction assumption, o;,, = %Gk < 0y < 6, that is, (47) holds for

k + 1. On the other hand, if i;, > 1, by Step 1 we get

max?

oy =24""0; = %(zimk) > 5(20y) =0y (48)

N =

Moreover, as in the proof of Lemma 6, it follows from Lemma 8, K, =0y /2, and A3
that

i1 o 5
O = 270y < 2(max (L L} + M+ 2) = 6, (49)

In view of (48) and (49), we see that (47) also holds for k + 1 in this case, which
completes the induction argument.

If T < 3, then (38) is satisfied. Thus, assume that 7 > 3. In this case, by following
the same argument used in the proof of Theorem 1, it follows from (44), A2, 6, > o,
and Lemma 5 that
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2 1
2
+2||x; — x|

(T —2):
(50)

max {”xt+1 - xz”’ ”'xt+2 X1 “} <

8(F(x1) = fiow)
1

for
- : 2 2
t= argmin ey 7o) (11 = 5017 + 0 = x5411).

Moreover, by (40) and Lemma 7, we have

1
VL, | [ 6k llxy — x| 2
6 Vn(201)

Consequently, by (45), Lemma 2 with C = L, /4, A3 and (47), we have

2

IVf @) = gl < = Iy =

L2 N
€< ”Vf(xt+2)” < <L1 + Z +M+ Omax T 9) max {”xt+2 _xz+1”9 ”xz+1 _xt”}’

which gives
€

(L1+%+M+&max+9) G

max {”xt+2 =Xl gy — x,||} >

Then, combining (50) and (51), it follows that

1

1
(T - 2)3

<
<L1+%+M+6—max+0>

bl

< [S(f(x‘j_—f’”w) +2|lx, - x0||2]
1

and so

8(F(x1) = fiow)

2
L, R
T-2< <L1+—+M+Umax+9> [
4 o,

2| -2
+2||x1—x0||]€ .

Using the definition of 6,,,, in (47), we get (46). O

As a consequence of Theorem 2, it is possible to establish an evaluation complex-
ity bound of O(ne~?) for Algorithm 2.

Corollary 2 Suppose that A1-A4 hold and let {xk}k>1 be generated by Algo-
rithm 1. Given € € (0, 1), assume that T(¢) is the first iteration index such that
IVfCerey+)Il < €, and let FE(e) be the total number of function evaluations per-
formed up to the T(e)th iteration of Algorithm 2. Then
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FE(e) <

2 8 —
1+ (4n+2)(3 + (% max {L;,L,} +3M + o, +9) [M 2, _x0||2]>€-2
o1

+0n+ 1)[10g2 <2<max (L, Ly} + M+ %)) — log,(o, )].
(52)
Proof Notice that the number of function evaluations performed at the kth iteration
of Algorithm 2 is bounded by (2n + 1)(i;, + 1). On the other hand,

01 =20y = Qn+ D+ 1) = 2n+ 1|2 +log,(0,1) — log,(6))].

and so, considering the evaluation of f(x;) and (47) we get
T(e)
FE@) <1+ Z(Zn + DG+ D) =1+ Qn+ 1)(2T(e) + 10g,(070)41) — log,(0))
k=1
<1+Qn+1) [2T(€) + log, (2(max (Lo, Ly} + M+ %)) - logz(al)].
(53)
Then, combining (53), (46) and the assumption that € € (0, 1), we get (52). O

Remark 3 In [14], an evaluation complexity bound of O(n?*¢~3/2) was obtained for
a derivative-free version of the ARC method [15]. Therefore, the bound of O(ne‘z)
proved for Algorithm 2 is worse in terms of e, but it is better in terms of n.

5 Numerical experiments

Numerical experiments were performed on the set of 15 nonlinear least-squares
problems from the Moré-Garbow-Hillstrom collection [16] in which the dimension
n can be chosen.! The following MATLAB implementations were compared:

— FDGM: Algorithm 1 with B, = I for all k.
— FDBFGS: Algorithm 1 with B, computed by the BFGS update whenever it is
possible, i.e.,

T T

Yiy Bysps By
B _ Bk+T—k—T—k,1fS]Zyk>0,
k+1 = 5 Vi 8, Bisi

B, otherwise,

(54)

! The MATLAB/Octave codes of the test problems are freely available in the websites https://www.mat.
univie.ac.at/~neum/glopt/test.html#test_unconstr and https://people.sc.fsu.edu/~jburkardt/octave_src/
test_nonlin/test_nonlin.html.
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Table 1 Numerical results for FDGM

PROBLEM e=10" e=1072
T(e) FE(e) A(e) T(e) FE(e) A(e)

1. Extended Rosenbrock 5017 90450 2.0032 7406 133452 2.0022
2. Extended Powell Singular 279 5148 2.0502 886 16074 2.0158
3. Penalty I 14 325 2.5714 14 324 2.5714
4. Penalty II 16 387 2.6875 44 891 2.2500
5. Variably Dimensioned 399 7317 2.0376 590 10755 2.0254
6. Trigonometric 4 162 4.5000 28 567 2.2500
7. Discrete Boundary Value 11 297 3.0000 824 14931 2.0133
8. Discrete Integral Equation 3 126 4.6667 5 162 3.6000
9. Broyden Tridiagonal 21 504 2.6667 30 657 2.4333
10. Broyden Banded 16 405 2.8125 20 486 2.7000
11. Brown Almost Linear 17 432 2.8235 18 450 2.7778
12. Linear 4 144 4.0000 6 180 3.3333
13. Linear-1 4 279 7.7500 4 279 7.7500
14. Linear-0 10 369 4.1000 11 387 3.9091
15. Chebyquad 6 261 4.8333 8 297 4.1250

with B, =1, s, =X, — X, and y, = g(x;,;) — g(x;), where g(x;) = g; and
g(x1) is the approximation to Vf(x,, ) obtained by forward finite-differences
with b = h;.
FCBFGS: Algorithm 2 with B, updated by (54) where, in the definition of y,,
vector g(x;) = g, and g(x;, ) is the approximation to Vf(x,, ;) obtained by central
finite-differences with i = h, .
NMSMAX: an implementation of the Nelder-Mead method [17], freely available
from the Matrix Computation Toolbox.>
DFNLS: an implementation of the model-based trust-region method proposed in
[5] tailored to nonlinear least-squares problems.>

In codes FDGM, FDBFGS and FCBFGS, the following parameters were used

o, =10"%, |lx; —=xll =10 and 6 =0.

For each problem, two choices of starting points were considered, namely

xy = 5°%, (55)

2 http://www.maths.manchester.ac.uk/~higham/mctoolbox.
3 The derivative-free trust-region method in [5] is designed to minimize functions of the form
f(x) = h(F(x)), where F : R" - R” and h : R" — R is convex. In the code DFNLS we consider
h(z) = ||z||§. The parameters are the same considered in [5].
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T(e)

Fig. 1 Pairs (T(¢), A(¢)) described in Table 1

with s € {0, 1}, where X is the standard starting point given in [16].

In the first experiment, code FDGM was applied to the test problems with
n = 8 and the choice s = 1 for the starting points. To investigate the ability of
FDGM to generate approximate stationary points, the code was endowed with the
stopping criterion

IVFx)Il L e. (56)

Table 1 shows the numerical results for € € {10‘1, 1072 }, where T'(¢) denotes the
number of iterations required by the solver to generate x; for which (56) holds, FE(e)
denotes the corresponding number of function evaluations, and A(e) is defined as

Ale) = FE(¢)

T Ten+ D) 57)

From Table 1 we can see that solver FDGM was able to generate approxi-
mate stationary points in all problems. Figure 1 presents all the pairs (7'(e), A(€)).
Notice that as T(e) grows, the corresponding number A(e) becomes bounded from
above by 2. This is accordance with inequality (35) established in the proof of
Corollary 1.

On the other hand, Theorem 1 predicts that T(e) < C‘e‘z, where the constant
C > 0 depends on the problem and on the parameters used in Algorithm 1. By
assuming that

T(e) = Ce™?, €>0,

the power p can be numerically estimated by the formula [18]:
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Table 2 Numerical estimation PROBLEM

T\ T
of the complexity power p in © (e/7) P
T(e)=Ce™” 1. Extended Rosenbrock 5017 7406 0.1691
2. Extended Powell Singular 279 886 0.5018
3. Penalty I 14 14 0.0000
4. Penalty II 16 44 0.4393
5. Variably Dimensioned 399 590 0.1699
6. Trigonometric 4 28 0.8451
7. Discrete Boundary Value 11 824 1.8745
8. Discrete Integral Equation 3 5 0.2218
9. Broyden Tridiagonal 21 30 0.1549
10. Broyden Banded 16 20 0.0969
11. Brown Almost Linear 17 18 0.0248
12. Linear 4 6 0.1761
13. Linear-1 4 4 0.0000
14. Linear-0 10 11 0.0414
15. Chebyquad 6 8 0.1249
—&— FDBFGS
..... @ FCBFGS
=-4---FDGM
kel
(%
>
[e}
(%]
12
€
B
Q
s
o
B
[}
o
0]
c
@
O
©
o
20 40 60 80 100
Number of Simplex Gradients
Fig.2 Data Profiles for the precision 10~7 and budget of 100 simplex gradients
1 T(e/7)
p lo < (58)

" log(0)

T(e)

where 7 > 1. Table 2 shows the estimated powers for the problems in Table 1 with
respect to € = 107" and 7 = 10. As we can see, all the estimated powers are smaller
than 2. The largest power obtained was p = 1.8745 for problem 7. These results are

in accordance with Theorem 1.
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—o— FDBFGS
DFNLS
-+=-== NMSMAX
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Number of Simplex Gradients

Fig. 3 Data Profiles for the precision 10~7 and budget 100 simplex gradients

In the second experiment, FDGM, FDBFGS and FCBFGS were applied to the
test problems with n = 8,12, 16,20. For each problem, both choices of the start-
ing point (55) were considered (s = 0, 1), resulting in 120 instances. A budget of
100(n + 1) function evaluations was allowed for the three codes (i.e, 100 simplex
gradients). The corresponding data profiles [19]* are shown in Figure 2. It can be
seen that codes FDBFGS and FCBFGS (quasi-Newton versions of Algorithm 1)
solved more problems than FDGM using the same number of function evaluations,
while FDBFGS (method based on forward finite-difference gradients) outperformed
FCBFGS (method based on central finite-difference gradients). Although central
finite-differences tend to give better gradient approximations, it appears that the gain
in terms of better steps is not enough to compensate the higher cost in terms of func-
tion evaluations.

In the third experiment, codes FDBFGS, DFNLS and NMSMAX were applied to
the same set of 120 problems considered in the second experiment. As it can be seen
in Figure 3, code FDBFGS was again the method that solved the most problems
with the total budget of function evaluations.

4 The data profiles were generated using the code data_profile.m freely available in the website https:/
www.mcs.anl.gov/~more/dfo/.
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6 Conclusion

In this paper, quadratic regularization methods based on finite-difference gradi-
ents were proposed for nonconvex unconstrained optimization problems. When the
objective function is bounded from below and has Lipschitz continuous gradients,
it was shown that the method based on forward finite-difference gradients needs at
most O(ne‘z) function evaluations to generate a e-approximate stationary point.
When, additionally, the objective has Lipschitz continuous Hessian, an evaluation
complexity bound of the same order was established for the method based on cen-
tral finite-differences. In both methods, the accuracy of the gradient approximations
and the regularization parameter in the quadratic models are jointly adjusted using a
nonmonotone acceptance condition for the trial points. The explicit use of the prob-
lem dimension in this procedure allowed the derivation of evaluation complexity
bounds with linear dependence in #n. Numerical results were also presented, and con-
firmed the theoretical findings. In particular, an implementation of the method based
on forward finite-difference gradients outperformed the code NMSMAX and the
code DFNLS [5] on a set of nonlinear least-squares problems. As a topic of future
research it would be interesting to investigate the possible adaptation of the methods
proposed here to handle optimization problems with noisy functions [20-23].
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