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The next generation of cosmological observations will be sensitive to small deviations from a pure
power law in the primordial power spectrum of the curvature perturbations. In the context of slow-
roll inflation, these deviations are expected and correspond to the so-called running of the spectral
index. Their measurement would bring as much information as the discovery of deviations from
scale invariance. However, robust parameter inference requires to marginalize over any possible
higher order uncertainties, which have been, up to now, not fully determined.

We tackle this issue by deriving the inflationary scalar and tensor slow-roll power spectra at next-
to-next-to-next to leading order (N3LO), fully expanded around an observable pivot wavenumber,
for all single field inflationary models having minimal and non-minimal kinetic terms. Our result
therefore encompasses string-inspired inflationary models having a varying speed of sound.

PACS numbers: 98.80.Cq, 98.70.Vc

I. INTRODUCTION

The final release of the Planck Legacy Cosmic Mi-
crowave Background (CMB) data has made Cosmic In-
flation the most favored scenario of the early universe [1-
12]. Inflation implies that all forms of matter and radi-
ation observed today, as well as their large scale struc-
tures, are the outcome of coupled quantum fluctuations
of both the metric and a yet unknown scalar degree of
freedom around a quasi de-Sitter empty universe. In-
flation can be realized in multiple ways, ranging from
modified gravity effects, multifield models, to membranes
moving in higher dimensional spacetimes [13-17]. How-
ever, the Planck Legacy data come with strong con-
straints on various observables that could have been the
signature of non-linear physics in the early universe. As
of today, the CMB anisotropies show no detectable pri-
mordial non-Gaussianities, no peculiar features, and, pri-
mordial isocurvature modes are severely constrained to
be small [18, 19]. In other words, the data favor the sim-
plest vanilla inflationary models in which a single scalar
field slowly rolls down a smooth potential. Obviously,
this does not imply that other physics is not at work, but,
it has to be subdominant. Searching for small effects will
then require us to have at our disposal precise theoret-
ical predictions for the dominant one; namely, slow-roll
inflation. This is the context of this paper.

Slow-roll inflation is a landscape in itself, it is the nat-
ural outcome of many self-gravitating single field mod-
els [20-25] and hundreds of scenarios have been proposed
so far [14, 15]. However, there exists a unified treat-
ment to perturbatively derive the expected scalar and
tensor power spectra. The method has been pioneered in
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Ref. [1] for the tensor modes and in Refs. [26, 27] for the
scalar modes, then extended to include next-to-leading
order corrections in Refs [28-35]. It has also been tested
with other approximation schemes and applied to vari-
ous classes of models in Refs. [36-58]. The perturbative
expansion uses the so-called Hubble flow functions (also
abusively referred to as the slow-roll parameters when
evaluated at a given time) defined by
dln |g; dln H

€i+1(N) = d]\|[1|, ea(N)=- N (1)

Here H = a(t)/a(t) stands for the Hubble parameter,
N =1In(a) is the e-fold number and a(t) the Friedmann—
Lemaitre-Robertson—Walker (FLRW) scale factor during
inflation. For a quasi-de Sitter expansion, H(N) is al-
most constant and the Hubble flow functions quantita-
tively encode how much inflation deviates from de Sitter.
For any single field model, their functional shape can be
(perturbatively) calculated from the field’s potential [29]
while they are exactly determined by the equation-of-
state parameter in fluid representations of single-field in-
flation [59, 60]. Without yet entering into details, H
(leading order) fixes the amplitude of the fluctuations,
€1 makes some corrections to that amplitude, sets the
tensor-to-scalar ratio, and, together with e, fixes the
spectral index (first order). At second order, €3 makes
corrections to the former quantities and enters into the
running of the spectral index, and so on and so forth.

Historically, the second-order corrections for the scalar
spectral index were first derived in Ref. [31] but the
fully expanded scalar power spectrum at second order
(N2LO) was explicitly derived in Ref. [33]. The tensor-
mode power spectrum at N2LO was derived soon after in
Ref. [34]. For inflation with a non-minimal kinetic term,
the N2LO slow-roll scalar and tensor spectra have been
calculated in Refs. [56, 57]. Third-order corrections to
the scalar amplitude, for a minimal kinetic term, were
first derived in Ref. [40], but not fully expanded around
a pivot wavenumber.
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The accuracy of the slow-roll expanded power spectra
can be assessed by comparing their predictions to a full
numerical integration of the linear perturbations [61-68].
Moreover, as discussed in Refs. [34, 65], performing ro-
bust data analysis of slow-roll inflation requires marginal-
izing over the unconstrained higher order slow-roll pa-
rameters. These tests have been done in Ref. [69] for the
Planck data, and, performing inflationary Bayesian pa-
rameter estimation based on N2LO power spectra ends
up being indistinguishable from an exact numerical treat-
ment. Therefore, up to now, N2LO corrections are suffi-
cient.

But the situation is bound to change with the next
generation of CMB observations and the incoming large-
scale structures surveys. Combined together, data from
the CMB-54 telescopes and from the LiteBird satellite
are not only going to increase the sensitivity to B-modes,
and thus to primordial gravitational waves (e1), but also
to probe much higher multipoles [70-73]. The same re-
mark concerns the Euclid satellite, and other ground
surveys, that will be measuring the small scales in the
matter power spectrum [74-76]. All these cosmological
measurements are going to increase the lever arm be-
tween the large and small angular scales, and, assuming
that foregrounds will be well enough understood to be
removed, or fitted, one should expect the data to be sen-
sitive to any possible running of the primordial spectral
index; namely, to the third slow-roll parameter e3 [77—
79]. Let us also notice that if inflation proceeds at very
low-energy scales, primordial gravitational waves would
be undetectable and the first parameter ¢; would end up
being very small [80-82]. In that situation, at N2LO, the
scalar power spectrum is driven by only €5 and €3, with
€2 ~ 1 —ng ~ 0.04, and all new data will necessarily
contribute to an information gain on ez [33, 84].

For all these reasons, in this paper, we push the slow-
roll calculations one step further, and derive at next-
to-next-to-next-to-leading order (N3LO) both the scalar
and tensor power spectrum, with minimal and non-
minimal kinetic terms. Our results are derived using
the Green’s function method [31] and are fully expanded
around a pivot wavenumber. As such, ¢4 explicitly cor-
rects the lower perturbative terms and enters into the
expression of the running of the running of the spectral
index. The expressions that we derive in this work will
allow us to robustly search for a non-vanishing €3 in the
future cosmological data.

Finally, let us clarify that the slow-roll calculations in
general, and the ones presented below, are semi-classical.
We are dealing with quantum fluctuations arising around
a classical quasi-de Sitter spacetime. As such, one can-
not go forever including higher-order semi-classical cor-
rections, at some point the quantum backreaction is ex-
pected to dominate. The latter can actually be esti-
mated using the stochastic inflation formalism [85, 86].
The non-perturbative quantum corrections to the scalar
amplitude are given by 0quPc/Pc = Pcler + €2) =~
8 x 107! [87]. The semi-classical slow-roll corrections

at order p contain a term of order €5, which, at N3LO,
is €3 ~ 6 x 1075, i.e., six orders of magnitude larger than
the expected quantum backreaction!. This simple esti-
mate suggests that semi-classical slow-roll corrections are
expected to be relevant up to order six. Notice, however,
that the aforementioned reasoning assumes that quan-
tum diffusion never dominates the field dynamics in the
last 60, or so, e-folds of inflation. As such, it may not ap-
ply if a phase of quantum diffusion takes place just before
the end of inflation, as one that could produce primordial
black holes [88-91]. In that situation, one can show that
the relation between observable wavenumbers and field
values at Hubble crossing become probabilistic, and the
observed power spectra may even be severely modified at
first order [92].

The paper is organized as follows. In Section II we
briefly recap the Green’s function method and apply it to
the equation of motion of primordial gravitational waves
to derive the slow-roll tensor power spectrum at N3LO.
At this order, a new set of definite integrals need to be
calculated and some details on their derivation are given
in Appendix A. In Section I1I, we derive the scalar power
spectra, for inflation with minimal and non-minimal ki-
netic terms, using the mapping method introduced in
Ref. [57]. The scalar results have been cross-checked us-
ing a direct calculation which is summarized in the Ap-
pendix B. For varying speed of sound models, we also
explicitly recast the tensor spectrum at the same pivot
as the scalar spectrum where it depends on the speed
of sound ¢ [56]. Finally, using the independence of the
spectra with respect to the pivot scale [35], we give, in
Appendix C, all the power-law indices expanded at one
more order, namely N4LO. We conclude in Section IV.

II. PRIMORDIAL GRAVITATIONAL WAVES

Within the theory of cosmological perturbations, the
tensor linear perturbations around a FLRW spatially
flat metric verify, in Fourier space, the equation of mo-
tion [93]

" 2 a”
p+ Lk T4 p=0, (2)

where a prime denotes differentiation with respect to the
conformal time 7. In this equation, k stands for the co-
moving wavenumber and we assume a mostly positive
metric signature. The mode function u(n, k) is related
to the traceless and divergenceless tensor perturbations
hij(n, k) by u(n, k) = ha(n, k)a(n) where hy is one of the

1 Non-perturbative quantum corrections to the spectral index can
also be explicitly derived within the stochastic inflation formal-
ism. One finds that they are accordingly reduced by one power
in the slow-roll parameters. Ignoring terms containing €; and €3,
one has dquns/ns ~ —3?(6%.



two polarization states of h;; (A =+, x). In the follow-
ing, the explicit dependence in A is dropped as, within
General Relativity, the two states are identically created
and propagated [94]. They are accounted for, as two
degrees of freedom, when estimating the tensor power
spectrum. Equation (2) describes a parametric oscillator
evolving in a time-dependent effective potential

Ui = C =2 2 e 3)

where H(n) = a(n)H (n) is the conformal Hubble param-
eter and use has been made of Eq. (1).

A. Hubble flow expansion

The Hubble flow functions introduced in Eq. (1) can be
used to provide a perturbative expression for the poten-
tial Uy. In the following, we choose the conformal time
7 to be negative during inflation. From the definition of
7, one gets

e [
. a(t) a(n) a’H (a)

B (4)
1 e 1d(H 1)d
L [T,

da

where we have made a change of variable from ¢ to a(t)
and performed an integration by part. The integrand is
now proportional to the derivative of the Hubble radius,

i.e., a small quantity during slow-roll inflation. From
Eq. (1) one has
d(H™!
W) _a ®)
da aH

and Eq. (4) can be once more integrated by parts as

1+¢6 too 1 d €1
—n = -— (=) da.
K ald +/a ada (H) “ (6)

From Eq. (1), the Hubble flow functions verify

de; €i€i1

a = a (7)

and each successive integration by parts of Eq. (6) ends
up being a perturbative expansion in the Hubble flow
functions. For our purpose, this needs to be pushed up
to third order and one gets

1
—n = v (1 + €1+ ef + €169 + e? + 36%62 + eleg + 616263)

+/ 1d 71(3+32 + €165 + )| d
€ €1€2 + €165 + €1€2€ a
i ] 1 1€2 T €1€5 T €1€2€3 )

H

(3)

where the integral in the second line is of order 0(64)
and can be omitted.

From Egs. (3) and (8), we obtain the perturbative ex-
pression for the effective potential Uy

NUr(n) = 2+ 3e1 + 4e? + dejeg + 5es + 1deden + deyed

+ 4ereqes + (9(64).

(9)
Notice that all €;(n) are function of 7, and, from now on,
we assume that they are all of the same order O(e) and
no additional assumptions will be made. Nevertheless, in
order to solve Eq. (2), one needs the explicit conformal
time dependence of Ur; namely, how the flow functions
€; depend on 7. In fact, this is already encoded in their
definition. Remarking that N = In(a) implies

dN
—_— = 10
| nH, (10)
one has, from Egs. (1) and (8),
dei 2 3
diny| =nNHe €41 = —€€i41 (1 +e +e€f +eeate€

+36%€2 + 616% + 616263) + (’)(66).

(1)
At any order, the derivatives of all the ¢; are polynomials
of the ¢;. One can now pick a peculiar time, say 7,, and
Taylor expand the Hubble flow functions at 7,. As we will
see later on, the N3LO scalar power spectrum requires
determining €; up to the fourth order. At this order, the
Taylor expansion of the Hubble flow functions reads

€(n) = € — €ncirry (1 + €1, + €5, + €1p€9) In <:77b>

€ib€it1b
+ — (€415 + €ipop + €1p€25 + 2€15€41p
2 (7N €ib€it1b / 2 2
+2€15€54.95) In <77b> T~ T (711p + €0

Ui
+3€i 1 15€ir2b T €itapeitay) In® (ﬁb) +0(€%),

(12)
where we have used the shortcut notation e; = €;(1,).
All these quantities are now truly slow-roll “parameters”.
As a result, the effective potential Uy in Eq. (9) inherits
an explicit time dependence involving up to the third
power of In(n/n,). This allows us to solve Eq. (2) by the
Green’s function method [31].

B. Green’s function

Using the dimensionless positive variable x = —kn,
Eq. (2) can be recast into
d*p Ur(z)
— 1— =0 13
o+ [1- 5o, (13)

which, from Eqgs. (9) and (12), can be split as [31]

2 n(x

dz? x2 2




By choosing a convenient conformal time

1
- _Z 1
us o (15)

the function g reduces to a polynomial in In(x). At third
order in the slow-roll parameters, it reads

gln(z)] = gip + g2 In() + g3, In*(z) + O(e*),  (16)
with

g1, = €1, + 46% + 4deqpeq, + 56% + 146%6% + 4el|,e§b
+ depy€qpesy + O(€?),

92 = — (3erpea, + 113 €9y + derpes, + depyenesy )
+ 0(64),

g3p = g (ﬁb%b + €1b62b63b) + 0(64)~

(17)
The left-hand side of Eq. (14) is the equation of gravita-
tional waves (GW) propagating in a pure matter era,
namely a Riccati-Bessel equation [95, 96]. As such,
Eq. (14) can be formally solved using the advanced?®
Green’s function sourced by a Dirac distribution é(z—y).
The boundary conditions are chosen to match positive
energy waves at small scales, i.e., varying as e~ *" for
kn — —oo. From the Wronskian method, one gets

Gy(x) = 5 [u(z)uly) — u(y)u(x)| Oy —z),  (18)

where u(z) is the Riccati-Hankel function of order one:

u(z) = (1 + ;) e, (19)

and @ denotes its complex conjugate. The exact solution
of Eq. (14) reads

po) = 5 I ) fputa)

; — u(x)u(y)] dy
+ /_}/0(1}),

(20)
with 1o () a solution of the homogeneous equation. From
Eq. (17), we see that the leading-order term in the func-
tion g[ln(z)] is of order O(e) and Eq. (20) is readily a
perturbative expansion in the Hubble flow functions. Im-
posing the Bunch-Davies vacuum state for kn — —oo, the
zero-order term is completely fixed [93]. In Planck units,

one gets

po(z) = 4. (21)

5

2 We have defined = —kn and this corresponds to retarded solu-
tion in 7.

Defining the rescaled mode function
@) = Viu(a), (22)
we can expand it as
(@) = fio(@) + (@) + fiz(@) + fisa) + O(eY), (23)

with fig(z) = u(x). From Egs. (20) and (23), one finally
gets the recursive solutions

f(z) = gup /oo ngx)u(y) dy, (24)
o) = gy [ EAE D)
+ 915 /Oo ngx) fu(y)dy, (25)

and

> G, () .
+glb/ ;§> () dy,

which consistently ensure that i, = O(e?).

C. Solution at N3LO

Pushing the slow-roll expansion at N3LO not only
complexifies the functional form of the g;, parameters but
also introduces new definite multidimensional integrals.
For instance, the last term of Eq. (26) is an integral over
fi2(y), which is itself defined by integrals over fi;(y) and
u(y). Using the explicit form of u(y) given in Eq. (19)
and recursing on integration by parts, one can show that
Egs. (24) to (26) are completely determined by a few
integrals that we now enumerate.

One has first a family of one-dimensional integrals

] 6+2iy
Fo(o) = / ) dy. (27)

for n =0, n =1 and n = 2. These then enter into the
definition of three other two-dimensional integrals

0o e—2iy
FOO(x):/ ; Fo(y) dy,

Fou(w) = / h e_y’y Fi(y)dy, (25)

Fu@) = [ () o) dy.

Finally, the third-order
dimensional integral

terms involve the three-

0 o+2iy
F000<.’I}) = / Y Foo(y) dy . (29)



In terms of these integrals, the explicit solution for iy
reads

[(x —i)Fo(x) — 2@ 62”]glbe’”

while the second order term simplifies to

fir(2) = - - Y
J
) _ . ) » o
. . 31 F; 1T 5iF 1T 2iet®
fiz(z) = iy [3F00(37)€m + Fo(z)e ™™ + iFyo(@)e + 2 b(z)e™™ _ Zie }
27 T z (31)
9 [7}7‘ (2)e=i% + 3Fy (z)e="" — TiFy(z)e™™  3iFy(z)e”™  6ie™In(x) 82‘6”} '
9 T T x
Most of the action takes place for the third order correction which, after some algebra, reads
3 ) . . 12 F, ix 104 F, —ix 12 —ix
fi3(x) = 729%3 [()IFOO(I’E)GMc + 2Fy(x)e™" + 9Fpoo(w)e ™" — - Oi(x)e + 0 0(;)6 _o 0003(690)6
et _ , : o 2LiFoo(x)e'™ | 9iFy (x)e™
—— } + [21Foo(x)e” + 9Fp1 (2)e” + 26Fp(w)e ™" + 3F (x)e " + — 0‘;(”“")6 -2 Of)e
N 6iFo(x)e n 5iFi(z)e™™  6GieIn(z)  28ie ] 4 9192 {21};‘00(@6” +9F(2)e"
z T x 81 (32)
- - 180 F —iT] 211 F iw i F" w2 —iz
26 (2)e=T + 3F) (2)e—" + 8iFy(x)e " In(x) 4 2 oo(z)e n 9iFyo(z)e™  2iFy(x)e
T x x T
i F —ix ;1T 1 28; ix ) . . 18; ix 1 2
— 37’ 1(x)€ _ 67’6 n(x) _ 87’6 :| g3b 50F ( ) —1T + 42F1 (m)efzx + 9F2 (x)efla: _ 87’6 n(x)
T T T 27 T
_50iF0(m)e_”” B 42iFy (x)e™® B 9iFy(x)e™ B 48ie™ In(x) B 52ie'®
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Let us notice that the time dependence in = appears
explicitly in functions such as In(z), but also implicitly
through the integrals introduced earlier. Most of these
integrals do not have an explicit expression, but, as we
show in Appendix A, they can be recursively derived from
a generating functional and this will allow us to uniquely
determine their super-Hubble limit. From the theory of
the cosmological perturbations, we know that, after Hub-
ble exit, for x < 1, p/a should be conserved and can no
longer depend on z. As a result, a consistency check of
the whole calculation is that all the terms in In(z), which
are singular in the limit x — 0, must cancel in the final
result.

D. Power spectrum

The constancy of p/a after Hubble exit allows us to
derive the observable power spectrum of gravitational
waves generated during inflation. Taking into account
the polarization degrees of freedom, one has

2k:3

7T xao

Pr(k) =

(33)

and we need the explicit expression of a(n), at third or-
der in the Hubble flow functions. This one can be ob-
tained from the definition of the number of e-folds. From
Eqg. (10), one obtains

AN, =N - N, = — (1 + €1p +e?b + €1p€9p +e?b

n
+3efb62b + elbegb + €1b€2b63b) In <m>

1 n
+ 5 (e +3el,e0r + e1pel, + ensenes ) In? (%)
1 | n o
6 (Elbezb + €1b€2b63b) n’® % + (6 ),
(34)
from which we get
a(n) = abeANb. (35)

As the scale factor is not a measurable quantity, we can
trade a, for H, by remarking that a, = H,,/H, and mak-
ing use of Eq. (8). One finally gets



a(n)

i 3 1 2 2 3 2
= o, [1 + €1p + €7, + €1p€ap + €7, + €T €ap + €1p€5, + €1p€ap€s, — (eu, + 2€3, + €1p€05 + 3€3, + Hefy e

U
(ei + €1p€ap + 36% + 66%,6% + 61b€§b + €1b€2b€3b) In? () (36)

n 1
+ €1,€2 + €1pEapEsp ln()—l—
v F ) () m

1
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This expression suggests defining the rescaled quantity

aH,x

a= 7
a k ? (3 )
which is an explicit function of In(x) only. From Eq. (33), one has
2H? | zfi|?
— 1; b
Pu(k) = lim —5= | ==\ (38)

which can be evaluated using the expression a in Eq. (36). Some intermediate steps are given in the Appendix B and,
after some serious algebra, keeping only the leading-order terms of all the integrals F,,(z) and Fyn (), the divergent
terms in In(z) all cancel. Dropping the explicit order at which the slow-roll expansion is made, the super-Hubble limit

finally reads

~ 12

lim | —

xz—0| a
1
3

1
12

In this expression, ¢(3) is a number given by the Riemann
zeta function ((z) evaluated at z = 3. Similarly, C stands
for another number

C=9+In(2) -2, (40)

v being the Euler constant. The dependence of Eq. (39)
in the wavenumber k is implicit and hidden by our choice
of the peculiar time 7, = —1/k at which all the Hubble
flow functions are evaluated. In order to make contact
with the cosmological observations, one needs to recast
this expression at a fixed wavenumber, say k., chosen
by the observer. For CMB measurements, the typical
wavenumber would be k, = 0.05 Mpc ™! [97] and this im-
plies that the Hubble flow functions should be expanded
around another time uniquely fixed by k.. Let us choose
a time, say 7, close to the Hubble crossing and verifying

kims = —1. (41)

1 1
=1 2(1 + C)elb + 5 (7T2 + 402 + 40 — 6) E%b =+ E <7T2 — 1202 — 240 — 24) €1p€gh
1
[4C° +3(x” = 8)C + 14¢(3) = 16] €, + 75 [240° + 137”4 2(57% — 36)C + 36C% - 96] ez, (39)

[46’3 — % - (7r2 - 24)0 +120% + 8¢(3) + 8} (€1b€§b + 61b62b63b) )

Using the Hubble flow expansions of Eq. (12), we can
expand all parameters €;, in terms of €. = €;(n.) and

powers of
In (Ub) =—In <:> . (42)

Let us stress that tge normalization Hf appearing in
Eq. (38) has to be expanded around the new time 7.
This can be straightforwardly done from Eq. (8) by re-
marking that

—— = —enH. (43)

After some algebra, one finally obtains one of the main
results of this work, namely, the tensor mode power
spectrum, at N3LO, fully expanded around the pivot
wavenumber k,. It reads
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This formula corrects the one derived independently in
an unpublished work [98] (master thesis).

III. CURVATURE PERTURBATIONS

The dominant anisotropies in the universe are sourced
by scalar perturbations and, in this section, we derive the
primordial power spectrum of the comoving curvature
perturbation ¢(n, k)

k?)
= on?

2
Pe(k) e (45)
As a warm-up, we start with an inflationary era driven
by a scalar field having a minimal kinetic term before

turning to the more exotic situation of K-inflation.

A. Minimal kinetic term
1. Equation of motion

The evolution of the curvature perturbations during
inflation can be recast as a parametric oscillator by in-
troducing the Mukhanov-Sasaki variable

v(n, k) = a(n)v/2e ()¢ (0, k). (46)
In Fourier space, it satisfies [93]
d?v , 1d2%z
bl Iy = 4
an? + (k; zdn2> v=0, (47)
where we have defined
z(n) = a(n)vei(n). (48)

1 k
+ E(ﬂ'2 — 1202 — 24C — 24) (€163, + 61*62*63*):| In ()
+ | 262, — €1u€00 — 4CE, +3(20 + 1)€2 9 — (C + 1)(e14€2, + 61*62*63*):| In® ()

1
3 2 2 3
+ - | —4e], + 6el €2, — €14€5, — €14€24€34 | IN

[4C® — 7% — (7° — 24)C 4 120 + 8((3) + 8] (e1+€3, + €14€24€3)

. 1
+ | = 2€10 +2(2C + 1)€2, — 2(C + 1)eraean — (7% +4C? — 8)e3, + 6(57r2 +36C% + 36C — 36)7, €ax (44)

k.

k.

o)

(

Since this equation is formally identical to the one of the
tensor modes, see Eq. (2), one could repeat the calcula-
tions done in Section II. We provide a summary of these
calculations in Appendix B 2, while here, we give the re-
sult using the mapping method discussed in Ref. [57].

2. Mapping method

This method consists in introducing a generalized con-
formal Hubble parameter H and a generalized e-fold
number N such that

H

2 dN
S 4
d (19)

=
In other word, the function z(7) is viewed as a general-

ized scale factor. Defining H = H/z, one can define a
hierarchy of generalized flow functions

_ dln]a - dln H
Oéi-s-l(N)EWv a(N) =— W

Let us notice that, although not explicitly needed, the
generalized cosmic time is then defined as df = z dn. Be-
cause Egs. (2) and (47) are formally identical and have
the same initial conditions (a Bunch-Davies vacuum), up
to an overall normalization accounting for the different
number of polarization degrees of freedom, the scalar
power spectrum must be given by Eq. (44) up to the
replacement rule

(50)

H,— H,. (51)

Eix > Oy,

The only work to do is expressing the generalized pa-
rameters in terms of the standard Hubble flow functions.
From Egs. (49) and (50), one has the exact relations

ﬁ:£(1+6—2),

. 1
= ; N =N+ e,

(52)



from which we get [57]

461 + € (2 + 261 + € — 263)

a1 = ;
(e2 +2)° (53)
€2 dln |Oél‘
Qi1 = (1 + 5) AN

Using Eq. (1) in this last equation allows us to determine,
by recurrence, all the needed function a;, as and ag in

J

Pe(k) =

H2
* 1
8m2€; {

1 1
- é(7r2 +4C* —8)e3, + 24(

1
+ E [137% — 8(7* — 9)C + 36C° — 84<(3)]el*62* -
+ ﬂ[ 7?0 —4C° — 8¢(3) + 16] (eg*eg* + 62*63*64*) 4

E [8C? + 7 +6(n? — 12)C — 12C? — 8((3) —
+ |: 2€1. — €24 + 2(20 + 1)61* (20 — 1)61*62* + CE%*

2

g(w —-9C — 9)61*62* —

1 k

+ (7r2 — 12C’2) (62*63* + 62*63*64*) + ﬂ(57r2 +3602% — 48) 63*63*:| In ()

2
461* + 2€14€94 + 62* €24€35 1 B€7, €24 —

S

3 3 2 2 2
-C (861* + €5, — 3€5,.€34 + €465, + 62*63*64*) } In <

_|_

| =

As announced in the introduction, let us notice the ap-
pearance of €4, and an explicit dependence into the third
power of In(k/k.). Both Eq. (44), and Eq. (54) determine
the tensor and scalar perturbations generated during sin-
gle field slow-roll inflation and they are the main results
of this article.

They are, however, not applicable to the more exotic
single field models with varying speed of sound ¢;. We
now turn to this case.

B. K-Inflation

These models are characterized by a non-minimal ki-
netic term for the scalar field ¢ while gravity is still given
by General Relativity [99-101]. Denoting the minimal ki-

2
72
2(C + 1)er. — Ceoy + (7; +2C% +2C — 3) e, + ( +C? —

PR 3_
24[80

T [12C° + (57

(2C — 1) (€143, —

L3
k.

3 2 3 2 2 sk
(—861* — 2€1.€5, + 4€1€24€3, — €5, + 3€5, €3, — €24€3, — 62*63*64*) In (k‘) }

terms of ¢; (see Ref. [57]).

3. Power spectrum

Plugging Egs. (52) and (53) in the tensor power spec-
trum of Eq. (44), dropping all terms of order equal or
higher than (’)(64), and dividing by 16 to account for the
scalar versus tensor degrees of freedom, we finally obtain

12 C—6>€1*62*

7 —12C%)esiess — — [403 +3(m* — 8)C + 14¢(3) — 16] (8¢}, + €3,)

157% 4+ 6(n* — 4)C — 12C* + 100¢(3) + 16]€y.€3,

—48)C] €534

}61*62*63*

1
— Cegueze — 3 (7% +4C?% — 8) (8¢5, +€3,)

i(ﬂQ +4C? —4C — 4)61*63* + %(772 +4C? —4C — 12)61*62*63*

k.

261*62*63*)

*

netic term by
1
X = 30" 0,00,6, (55)

the Lagrangian density governing the field evolution in-
troduces a new function P(X, ¢). For a minimal kinetic
term, it would be P = X — V(¢), V(¢) being the field’s
potential, but, here, we consider it to be a free function.
However, not all choices for P(X, ¢) are acceptable, and,
for the equations of motion to remain hyperbolic, one
should have [102]

oP oP 0*pP

— >0, — +2X— > 0. 56

X ax "o oxe (56)
Let us notice that these conditions are automatically sat-
isfied when the non-minimal kinetic term arises as low-
dimensional projection of string theory models, such as
in the Dirac-Born—Infeld inflation [103, 104].



1.  Equation of motion

At the perturbative level, K-inflation exhibits a speed
of sound ¢s which does no longer match the speed of light,
one has

or
T o
ax PV ax

and this is, in general, a function of the time. As a result,
the sonic radius does no longer match the Hubble radius,
and we introduce a new hierarchy of sound flow functions

~ dln|é| dlncg
N dN
In the following, we assume that all 6; = O(e) as to allow
for consistent expansions in all the Hubble and sound flow
functions.

The evolution of the comoving curvature perturbation
is governed by an equation formally identical to Eq. (47),

namely [47]
d?v 5 1 d?z

B (58)

1=—

where we have defined a new time 7

-~
7(n) = - / ea(m) iy, (60)

and the new function

z(1) = a(7) c1(r) . (61)

The Mukhanov-Sasaki variable remains formally un-
changed and reads

v(r, k) = \/5((7', k)z(T). (62)

2. Mapping from the tensor modes

We can again use the mapping method summarized in
Section IIT A 2, constructed on the function z(7) defined
in Eq. (61). The generalized conformal Hubble parameter
and e-fold number now read

H ) -
1+27%) 0 NoN4
V/€1Cs 2

from which we get the exact relations

Ine; —Ineg
2 b
(63)

ﬁ:

(2¢1 + €2 — 61) (62 +01+2)—2(002 + 6263)
(62 + (51 + 2)2

+41\ dln|oy
o= (10257 S

9

Formally replacing H, — H and €, — «; into
Eq. (44), using the above relations and discarding all
terms equal of higher than (9(64), one gets the wanted
expression for Pc(k), fully expanded around a pivot
wavenumber, say k.. This expression can be found in
the Appendix B2, see Eq. (B14), and we do not repeat
it here. The important point is to notice that the above
relations imply that we have also mapped 7 to 7 and the
actual value of 7, now verifies

kor(ns) = —1. (65)
It is different from the pivot definition of the tensor
modes (k.n. = —1). This is problematic because hav-

ing different pivots for the scalar and tensor spectra for-
bids to extract various observable quantities such as the
tensor-to-scalar ratio [51].

3. Change of pivot

One possibility is to change the scalar mode pivot from
ks7(ns) = —1 to the one associated with the tensor modes
ky«n. = —1, and we discuss this possibility later on. How-
ever, because the primordial gravitational waves have not
yet been detected, let us first follow what is usually done
and define the pivot using a characteristic time associ-
ated with the scalar perturbations. For instance, let us
define 7, when a scalar mode of peculiar wavenumber k,
crossed the sonic radius and became frozen:

konocs(no) =-1 (66)

In order to find the transformation from ky7(n.) = —1
to Eq. (66), the explicit dependence of 7(n) needs to be
determined. In analogy with the expansion presented in
Section IT A; this one can be perturbatively obtained by
successively integrating Eq. (60) by parts over the scale
factor a. One gets

T e(a)
—T = /a 21 da

-5 o lldcs
aH o

67
a e,
eH da a da @

From the definition of the sound flow functions in

Eq. (58), one has
dCS Cg d(Sl 61-51-4_1
——01, =—

da  a da a

(68)

Replacing all derivative terms in Eq. (67) by the sound
and Hubble flow functions, and successively integrating
by parts, one obtains

Cs
T
Jrei{’ + 36%62 + eleg + €1€69€3 — 36%51 — 3e16201
+30%7€1 — 3€10165 — &5 + 36762 — 6105 — 610203)
+ 0(64).

(1 + €1 — 61 + 6% + €1€2 — 26151 -+ 5% - 6152

—T

(69)



Combined with the expansion of the conformal Hubble
parameter H given in Eq. (8), we finally get

U:S =1+ 61 + €101 + 0102 + 2€1€901 + 6%51 + 2€10109
+ 610205 + 0165 — 6702 + O(€*).
(70)
Performing the change of pivot can be made in two
strictly equivalent ways. Either implicitly assuming that
ks = k, and re-expressing all the flow functions €;, and
;> in terms of €;, and ;, by their expansion in In(7 /7,),
or, implicitly assuming that 7, = n, and remarking that
Eq. (65) divided by Eq. (66) gives

In(k) = In(k.) + In {”Tc(n(:))} . (71)

J
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Choosing the latter way, plugging 7, = 7, into the pre-
vious equation, we get, with the help of Eq. (70), the
simple relation

k k 1
In (kb) =1In </€0> — 01 — 016€10 — 01602 + §5i

201,020€15 + 07 €10

ééfo +O(e").
(72)

2
- 2510610620 - 610610 -

- 510520530 - 510530 + 26%0520 -

4. Power spectrum

Using this formula in Eq. (B14), one gets the power spectrum of the curvature perturbation for K-inflation, at

N3LO, fully expanded around the pivot wavenumber k.,

Pe(k) =

H2
o —— [bgsg + b In (:) + by In® (: ) + b5 In® (:)} : (73)

The first term encodes the corrections to the amplitude and reads

by =1—2(C +1)er, — Cez, + (C +2)61, + %(vrQ +4C? +4C - 6)e2, + 1—12(77r2 + 1202 —12C — 72)e1 €2,
%(w +4C? +6C — 8)e1,01, + é(w +4C? — 8)e3 + 2—14(7r2 —12C%)eg €3, — i(# +4C% + 4C — 12)€2,61,
+ é(w +4C? +8C — 8)6%, — i(ﬁ — 1202 — 48C — 48)01,09,
2%1 [4C® + (37 — 8)C + 14((3) — 16] (8¢7, + €3,)
%2 (1372 — 8(7? — 9)C + 36C% — 84((3)] €1, €2, + %[403 + (37% — 32)C + 14¢(3) — 16] (4€3, 01 + €3.01.)
2—14 [8C? — 157 + 6(w* — 4)C — 12C? + 100 (3) + 16] €1, €3,
1—12 [803 + 72 4+ 6(r? — 12)C — 12C% — 8((3) — }610620630
2i4 [24C% — 137 + 2(137% — 132)C — 36C* + 168((3) — 48] €10€2.610
; [4C? + (37% — 40)C + 14¢(3) — 20] (2€1,6%, + €2.67,)
- 51 [12C% 4+ 137 + (57° — 24)C 4 36C% — 120] (2€1.61002, + €2.61.02,) + i [12C% + (5% — 48)C] €3, €3,
+ o (120 — 4C% — 80(3) +16] (e2063, + enveautac) — 57 [120° + (57 — 72)Clenscsodn,
+ 2—14 [4C® + 3(n® — 16)C + 14¢(3) — 28] 467, + % [12C% 4 137 + (57 — 48)C + 36C2 — 168]47, 02,
+ 1 [4C? — 27 — (7% — 48)C + 24C° + 8¢(3) + 32| (61,63, + 61.02.63.).

24
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The second term gives the deviations from scale invariance and reads

b(lsg == _2610 — €2, + 510 + (20 + 1)(26%o - 620510) + (20 - 1)610620 - (40 + 3)610610 + C(ego - 620630) + (C + 1)5i>

+(C+2yﬁ&%4—é@2+4C278X8§0+6i)—;@3——%779ki@0+%CMQ+JQC2—3mGki&O+6i&Q
- i(# +40? —4C — 4)er 63, + %(73 +4C% — 4C — 12)€1,€9,€3, + %(m2 + 3602 — 36C — 132)€y,€2,01,

- %(3# + 1202 — 40)(2¢1,67, + €2,07,) — i(fnr? +36C2% + 72C — 24)(2€1,01,09, + €2,01509,)

+ i(s# + 3602 — 48)€3 3, + i(# —12C%)(e2.€3, + €2.€3.€45) — i(w? + 3602 — 72)ea,€3,015

+ %(H +40? —16)53, + iw +36C?% 4 72C — 48)67_ 59, — i(ﬁ —12C? — 48C — 48)(61,02, + 61,602,063, )

(75)

The higher order terms encode deviations from a pure power law and are

(8) _ o9 2
bQQ - 2610 + €1.€2, — 2610610 +

27 2

1 1 1 1
*6% — —€9,€3, — €2,01, + 5(5% + 561062O - 406‘?0 + 36%0620 + 606%0(510

1 C
+ 5(20 - ].)(261062063<> — 610630 + 3610620(;10) - 3C€1<>5i> - 3(0 + 1)610510520 — 7(630 + 62063,<> + €2,€3,€45 — 5%0)

2

3 3 1
+ 50(630630 + 630510 - 620630510 - 6205%0) - 5(0 + 1)(620510520 - 5%0620) + 5(0 + 2)(510550 + 510620530)3
(76)
and
4 1 2 1 1 1
bg),i) = _ggio + 26%0610 - gelofgo + 3610620630 + 610620510 - 610550 - 610610520 - 6630 + 5630630 + 5630610 ( )
7

1 1 1 1

1 1 1 1 1
- 6620630 — S €2:€3,€40 — 7620630510 - 76206%0 - 5620510520 + 65%0 + 55%0620 + 6510650 + 6510620530'

6 2 2

5. Tensor modes

During K-inflation, the tensor modes evolution re-
mains unaffected by any modification in the scalar sec-
tor, and, as such, their primordial power spectrum is
still given by Eq. (44). However, we still need to re-
express Eq. (44) in terms of the Hubble flow functions
evaluated at the same time as the ones appearing in the
scalar power spectrum, namely at 7,. As discussed in
Section III B 3, the easiest way to implement the change
of pivot is to implicitly identify 7. and 7, while letting
the pivot wavenumber running. From Eqgs. (41) and (66),
we have

In (k) = In (k,) + In (’777c> : (78)
such that the tensor power spectrum Pp(k), at N3LO,
fully expanded around the pivot 7, is given by Eq. (44)
with the following simple replacement rule

k* — ]€<>CSQ7 €Eix — €jo. (79)

Because this transformation is trivial, and for the sake of
clarity, we do not rewrite the full expression of Py (k) at
7,. Let us notice that, if one expands all the logarithms
In[k/(k,cs,)], the only formal difference with respect to
Eq. (44) are terms which are powers of In(cs). Up to

(

N2LO, these terms match the ones previously derived in
Ref. [57].

6. Other possible pivot

Another way to get consistent formulas for both the
scalar and tensor mode power spectra for K-inflation
would be to shift the scalar mode pivot from 7, to 7.
Using Eq. (78) again, we have now the replacement rule

k, — — 8io = Ois (80)

€io —7 €jx,

to be applied to Egs. (73) to (77) while the expression
for the tensor modes, Eq. (44), is left unchanged.

IV. CONCLUSION

The main results of this work are the explicit expres-
sions of the tensor and scalar primordial power spectra
generated during single field inflation with a minimal
kinetic term, see Egs. (44) and (54), and, with a non-
minimal kinetic term, see Eq. (73). Let us notice that, as
expected, forcing ¢;, = 1 and d;, = 0 into Eq. (73) gives
back Eq. (54). From a data analysis point of view, these



expressions are the ones that should be used when com-
paring the observable predictions of slow-roll inflation to
any cosmological data. As motivated in the introduction,
one should expect the next generation of cosmological ob-
servations to provide information on €3,. This slow-roll
parameter appears at N2LO and the expressions at N3LO
derived in this paper therefore encode the dominant the-
oretical uncertainties. In other words, in order to search
for a non-vanishing running of the spectral index in the
data, one should perform a data analysis involving ey,
and marginalize over it to get a robust posterior proba-
bility distribution on the slow-roll parameter es,.

Another possible interest of the formulas derived here,
and more particularly the ones in Appendix C, are for
extrapolations of the power spectra. For instance, if one
needs to estimate the amplitude of the curvature pertur-
bations, or gravitational waves, at wavenumbers signif-
icantly different than k. (or k), all higher order terms
may play a significant role.

Finally, a last but not least interest of having at our
disposal highly accurate formulas for the semi-classical
slow-roll predictions is to allow for searching in the data
unexpected deviations. As mentioned in the introduc-
tion, for standard slow-roll, quantum backreaction is ex-
pected to be negligible, genuinely not showing up before
the sixth order in the slow-roll parameters. However, the
presence in the potential of any flat regions, or inflec-
tion points, between the time at which observable modes
left the Hubble radius and the end of inflation are ex-
pected to boost quantum backreaction [92]. As such, it
could induce small deviations to the semi-classical slow-
roll predictions, the precise form of which would still need
to be determined.
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Appendix A: Generating functionals
1. The F,(z) hierarchy

To determine the asymptotic expansion of the func-
tions F, defined in Eq. (27), let us define the generating
functional

n

fr,2) =Y ZFa(a),

n

(A1)

12

so that the functions F,, satisfy

_ " f(v,x)

(@) ovm

(A2)
v=0

Hence, the functional f(v,z) completely determines the
behavior of the functions Fj,.

While it is difficult to determine the functions F,(z)
for any n, it is easy to find the form of the functional
f(v,z). Indeed

e v*In" u \ e
f(Vvl"):/x (Ziﬂ ) " du

n

(A3)
= / u’ e ™ du = VB _, (—2ix) (A4)

in which E;_, is the generalized exponential integral.

In this paper, we only need the asymptotic expansion
of F,,(x) in the limit  — 0. Therefore, we only need an
asymptotic form of f(v,z) in this limit

x¥ ;
~ 29TV uru/QF ]
fra) ~ o (y)

(A5)

From this expression, we obtain systematically the
asymptotic behavior of all the functions F,,

Fy(z) = —Inaz — B+ O(x), (A6)
Fl(x):—%ln2x+B72+71r—;+C’)(ac)7 (A7)
Fy(z) = _%m% - B; - %QB - §g<3) +0®), (AS)

where we have used the complex constant
B =9 +1n(2) - % , (A9)

and with g the Euler-Mascheroni constant.

2. The Fy» hierarchy

Let us introduce the hierarchy of integrals I,, defined
by

+oo e+2iy7
In+1 = / Y In(y) dy, I() =1. (AlO)
From this definition, we see that
I, (z) = Foen (2), Lni1(z) = Foentr(x), (A1)

while the I,,(x) are solutions of an infinite coupled system
of complex differential equations

dInJrl e+2im .

W = . I, (x).

(A12)



A generating functional h(v, ) can be constructed as

+oo
h(v,z) =Y Ii(z)r, (A13)
k=0
from which one has
1 9"h(v,x)

From Eq. (A10), the generating functional verifies the
complex differential equation

Oh  ve?
+

or 'z

h(x) = 0. (A15)

Separating the real and imaginary parts with h = a(z) +
ib(z), one obtains the differential system

d
d—a =z cos(2x)a — v sin(2x)b,
x T x (A16)
B Y n(ea)a+ Y cos(20)b
o = g Sin(2z)a+ — cos(2z)b.
Defining
_ |a(z) _ |cos(2x) sin(2z)
X(z) = {b(x)] o Al = [sin(Qx) — cos(22) |
17)
it can be recast into the matrix form
dX v
— =——AX. A18
dx x ( )
The matrix A can be diagonalized by a rotation as
A= PAPH, (A19)
where
(1 0 _ |cos(z) —sin(zx)
A= (0 —1> ’ P= [sin(x) cos(z) |- (A20)
We can now perform the change of variable
Z2@) = |7®)| = pix, (A21)
2a()
in terms of which Eq. (A18) greatly simplifies into
“
dz v dP -
Z o _ (AP )7 = T Z. (A22
dx (ac + dx> 1 2 (422)
x

This system has no longer any oscillatory terms and can
be decoupled by differentiation. One gets

x2

d?z [, v+l
dr?
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The first of these equations is, once more, a Riccati-Bessel
differential equation which admits the exact solutions

z1(x) = C1(v) xju(x) + Ca(v) 2y, (), (A24)

where j, and y, are the spherical Bessel functions of first
and second kind [95]. The yet undetermined functions
C1(v) and Co(v) are the integration constants with re-
spect to z. Plugging Eq. (A24) into Eq. (A23), and using
the standard recurrence relations on the spherical Bessel
functions, one obtains

2(x) = C1(v) zju—1(2) + C2(v) zyp—1(z).  (A25)

From the definition of the I,,(z) in Eq. (A10), assuming
a smooth convergence at infinity and no branch cut, we
have, for all v

lim h(v,z) = 1.

Tr—r0o0

(A26)

This condition fixes the integration constants C;(v) and
Cy(v), which, by using the asymptotic forms of the spher-
ical Bessel functions, read

Cy(v) = —sin (%) ,

From Egs. (A21), (A24) and (A25), one finally obtains
the exact expression for the generating functional

h(v,z) = —ze'® {sin (%) v () + iju—1(x)]

+ cos (%V) [ (z) + iyufl(‘r)]} ‘

The exact expression of all the integrals Fy» (x) can now
be obtained from Egs. (All), (Al14) and (A28), i.e., by
differentiation of the spherical Bessel functions with re-
spect to v. Let us mention that some of these integrals
have been discussed in Ref. [105].

For our purpose, the Fy» (z) need to be evaluated only
in the super-Hubble limit x — 0, and, in practice, we only
need an asymptotic form of h(v,z) in the same limit.
From Eq. (A28), using the expansion of the spherical
Bessel functions near the origin [95], we obtain

2 v 1
hv.2) o oz o (5)r ( + 2>
.. TV
zvy/m  isin (7> (A29)
+ .
2¥ cos(mv) ( 1)
F v+ 5

From Eq. (A14), we have near the origin

Cs(v) = — cos (%) . (A27)

(A28)

Fy(z) = —B — In(z) + O(x), (A30)

where B is given in Eq. (A9). This expression matches

the one derived by the other method of Appendix A 1.

The second derivative of h(v, z) with respect to v gives
72  B?

Foo(z) = T + - + Bln(z) + %lnz(x) + O(z), (A31)
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while the third derivative allows us to determine

2 2 2
F()O()(LL‘) = —gg(?)) — %B — éB?’ - (7; + B2> ID(LL')

— gln2(x) - %lns(x) + O(x).
(A32)

J

Appendix B: Direct calculation

1. General solution

As an intermediate step, using Eqgs. (21), (24), (25) and (36), we give the super-Hubble limit for the numerator. At
N3LO in slow-roll, one gets

wiff =11 ;gw[Q + Re(Fy)] + %g%b 4+ 3|F)* + 11 Re(Fo)] + 39%[8 + 7Re(Fp) + 3Re(Fy) + 61n 2]
+ 2%39:1% {_8 + 14Re(Fy) + 30| Fo|* + 9 Re(Foo Fo) + 9Re(Fooo)} (B1)
+ %glbgzb [—4 +21|Fy[* + 9Re(F1 Fy) + 40 Re(Fp) + 15Re(F) + 12Inz + 18Re(Fp) In x}
N %ggb 52 + 50 Re(Fo) + 42 Re(F1) + 9Re(Fy) + 481Inz + 181n 2] + O (e, 2),

where the z-dependency of the integrals has been omitted. Let us notice we have removed the integrals Fp;(z) and
Fip(x) from this expression since they only appear as the peculiar combination

Re{[Fio(z) + Fou(x)] } = Re{[Fo(2) F1(2)] }. (B2)
This equality stems from an integration by parts of Foi(x), given in Eq. (28), which gives the relation
Fo1(z) + Fio(z) = Fo(z) Fi (). (B3)
Note that we have also simplified Eq. (B1) using a similar equality

Foo + Foo = FoFp. (B4)

2. Application to scalars

In this section, we derive the scalar power spectrum at N3LO in the pivot of Eq. (65). For completeness, we use the
method of the Green’s function all the way through and this allows us to cross-check the mapping technique described
in Sections III A2 and III B2. A fearless reader may indeed notice that the two methods yield identical results, as
expected.

From the definition of the new time 7 in Eq. (60), one finds

d 1d #Hd

=t B5
dr ¢ dn ¢ dN’ (B5)
where Eq. (10) has been used to express the derivative with respect to 7.

To use the Green’s function method, we need to recast the equation of motion (59) into the form of Eq. (14). We
do so by expressing 2~ d?z / d7? in terms of Hubble flow and sound flow functions

L A N SR R FUN SN SN
a2 €1 €2 501 €1€2 2611

1, 1 3, 1
- - =z Z . B6
m 5 5 €5+ 5 €2€3 + €201 + 451 + 25152) (B6)

4

We recall that z is defined in Eq. (61). Note that the equation above is exact.
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From Egs. (1) and (69), one has

de;
G ﬁ€i6i+1 = —€icip1| 1 +e1 — 61+ +erea — 26101 + 63 — 0100 + € + 3eTey + €162
dint Cs
(B7)
2 2 3 2 2 6
+ €1€2€3 — 36151 - 3616251 + 3(5161 - 361(5162 — 51 + 3(5152 - 5152 — 51(5253) + O(E ),
and similarly for the sound flow parameters
dél TH
= 0;0i41. B8
dint Cs + (B8)
Extending Eq. (B6) around the pivot time 7, i.e.,
1
> = _K 5 (Bg)

one can identify the coefficients g, appearing in a decomposition identical to the one of Eq. (14), but, now, in terms
of the variable x = —k7. The leading term reads

3 3 13 11 1 1 7 7
g1> = €1 + 56 5(5» + 46% + 5 € — §€1>51> + 5 Cap + Zﬁgb — 2€9501p + 15%D - 5511>52[> + 56:{’l>
35 23 15 1
+ ?E%DGQD - ?fiéw + ?Elﬁi + Se1p€an €3 — 1761[>€2>51[> + ?Gwéi - 1361[>51>52> - €2>€3[>51[> - §€%>51[>
5
+ §€2>5%D - 3€2>51>62> - 25%> + 105f>52> - 4511>5§|> - 45195%53»

1
+ 3 (661>62[> + Beapesn — 301500 + 2263, €an + 13€1pe5, + 16erseaness — 1Terpean01n — 14€1501502s + €35 €35 + €op€ay

k
+ €op€3p€4p — 7‘52>63|>§1|> - 4€2|>§1|>52|> + 105%>52> - 761{>5§> - 751|>52|>53l>> hl(k)

>

3 k
+ - (2€1>€§|> + 2e1p €635 + €2>€§|> + €ap€sp€qp — (51|>5§|> - 51>52l>63l>> In® <k> + 0(64)a

4 >
(B10)
then, for the second order, one obtains
3 3 13 17 1
gor = —3€1p€25 — §€2>63|> + 55»52» - 115%>€2|> - 361»6% — 8e1p€an€sy + ?€1|>€21>511> + 7611>51>52> - §€%>€3|>
1 9 1 7 9 7 9 7
- 5621>€3|> - 5€2>53|>€4> + §€2>531>511> + 2€25015025 — 551|>52|> + 551>52> + 5611>521>531> (Bll)
3 k
+ 5(—2€1>6§D — 2€1p€0p€35 — 62|>€§D — €25€35€4p + 51>5§> + 519529539) In <k) + 0(64)7
>
and, finally,
3 3 3 3 3 3
g3> = ielbegp + §€1|>52>63|> + ZEQD%D + Z€2>€3|>€4> - Zélbégp - 15»52»53» + 0(64)- (B12)

Notice that, contrary to Eq. (17), the coefficients g, depend explicitly on k. This is due to our choice of the particular
time 7, at which we have performed the expansion, which is directly defined from the pivot scale k. On the contrary,
the dependence on k is implicit in Eq. (17) due to the choice of the k-dependent pivot time of Eq. (15), namely,

1
__ 1 Bl
= (B13)

This implies that all the e, are implicit functions of k. Replacing the coefficients g, in Eq. (B1) by their expansion
given in Egs. (B10) to (B12), after some algebra, one finds the scalar power spectrum at the pivot scale k;

Pelk) = L& b + b In E + b p2 ﬁ 4+ b 13 E (B14)
¢ 877261>csl> o> 1> ]4;|> 2> kb 3> ]4?|> .
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The corrections to the amplitude read

1 1
b)) =1 —2(C + 1)erp — Cegs + (C +2)015 + 5(7r2 +40? 4 4C — 6)é3, + —(77r2 +12C% —12C — 72)e1p€n

1 1 1 1

5(7r2 +4C? +6C — 4)e1015 + §(7T2 +4C? —8)e3. + 51 —(m? = 12C%)eopezy — 1(772 +4C?% +4C — 8)ean 01y
1 1

g(w +4C?% +8C)6%, — — (12 — 12C?% — 48C — 48)61,09,

Y
[4C? + 3(7% — 8)C + 14¢(3) — 16] (=8¢}, + 1265, 815 — 6e1507, — €3, + 3€3,015 — €201, + 63,
[1372 — 8(7® — 9)C + 36C? — 84((3)] €}, €20

8C® — 157 4 6(n2 — 4)C — 12C2 + 100¢(3) + 16] e15¢2,

8C3 + 12 4 6(n? — 12)C — 1202 — 8((3) — 8] €€ s

24C® — 137 + 2(137° — 108)C — 36C~ + 168((3) — 96] €10 €251

12C% + 137% 4 (57% — 24)C + 36C” — 96] (—261>(31><52D — €25015025 + 0702

12C° + (57 — 48)C] (€3, €35 — €2n€3061) + 1 [ 2C — 4C® — 8((3) + 16] (e2n€3, + €anespeas)

24
4C% = 27* — (7° — 48)C + 24C° + 8((3) + 32] (61663, + 015025035).

[
[
[
[
[
[

+
+
+
+

E\H»‘E’\HS\H&HS\HE\HE\H&H

(B15)

Deviations from scale invariance are encoded in
b(li) = —2€1, — €95 + 01 + (20 + 1)(2€%> — €2|>51|>) + (20 — 1)61>€2|> — (40 + 3)619519 + C(e%D — 62>€3|>) + (C =+ 1)5%>
1 ) )
+ (C 4 2)615 095 — g(ﬁ +4C% — 8) (83, — 1262615 + 661,02, + €3, — 362,015 + 3o, — 05,)

2 1 1
- g(?T —9C — 9)e? eap — Z(WQ +4C% —4C — d)eyped, + = (7% + 4C% — 4C — 12)erpeaness

2
1
ﬁ(137r +36C% — 36C — 108)€1p€05015 — 4(57r2 4 36C% + 72C — 24) (2615015025 + €25015025 — 02,02
1 2 2 2 2 2
ﬂ(fm +36C~ — 48) (€5, €35 — €25€3:01) + ﬂ(w —12C%)(ean€5, + €2p€3€45)
1

24 (7T - 1202 48C — 48)(51>(5%> + 61>52>53>).

(B16)
while the deviations from a pure power law spectrum are given by

1 1 1
§€QD€3> — €901 + 56%'> + 551>52> - 40631 + 36%>62|> + 6CG§>(51>

1 3
- 5(20 - 1)(€1|>€§> — 2eqp€p€35 — 3€ll>€2>51|>) - 3C€1>5%D - 5(0 + 1)(2‘51»51»52» + €2501p025 — 5%>521>)

1
®) _ 5.2 2
by = 2€7, + €1€25 — 2615015 + 56

1 1
+ *C(—ng + 35§>€3|> + 3€§|>5h> - €2>€§|> — 3eap €301 — €p€ap€qp — 3€2>5%> + 6%9) + 5(0 + 2)(51>5§> + 51D62>53D)a

2
(B17)
and
b — 23 o2 Lo 2 2 — €102, — €15015095 + Sio— b 4+ L e — Lenins
Y 1> 191> 3€1|>521> 3€1|>€2>63|> €107, — €1p01p02p T €1p€2601p 6€2> 2€2>€3|> 2€2|> 102
1 1 1 1 1 1 1 1
+ §€§>511> - 6€2|>6:25> - 6521>€3|>641> - 552\>€3>511> €2>52 + 65?9 + 55%>521> + 651>5§> + 6511>62\>531>~

(B18)
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Appendix C: Power-law quantities at N4LO

Having at our disposal the expression of the scalar and tensor power spectra at third order allows us to derive
the power law parameters at N4LO by using the invariance of the results with respect to the choice of the pivot
wavenumber k,. The method is detailed in Ref. [35] and, here, we apply it using our N3LO results.

1. Scalar power-law parameters

The scalar spectral index ng is defined by

_ Al [Pe(h)

dlnk |,

ng —

(C1)

and, to determine its value at N4LO, one can use the invariance of the power spectrum with respect to the choice of
the pivot, i.e.,

dIn P
= 2
dlnk, 0 (€2)
Let us consider the logarithmic expansion
I L
I [Pe(k)] =P, + > C;:; In" <k) : (C3)
n=0 : ¢

where the coefficients ¢ can be straightforwardly obtained from the %), i.e., at N3LO in the slow-roll parameters.
In this expression P, stands for the overall amplitude

H2
P=—. C4
8m2€1,Cs0 (C4)
Plugging Eq. (C3) into Eq. (C2) one gets the recurrence relations
def)  dlnP, dc®
(S) = 700 id <S) = no . C5
%o T dmk,  dink,’ " T dnk, (€5)

Using Eq. (66) to trade the derivative with respect to k, by a derivative with respect to 7,, one obtains, for the
spectral index,

© _ 1 dc(()so) n dln P,

770%0610 —1[dn |770| dln |’r]<>|

. (C6)

From the expression of nH given in Eq. (8), and the one of b)) given in Eq. (74), after some basic but rather long
algebra, one gets

ns=1+n" +nd +n® +n + 0(65) (C7)
where
n” = —2¢€1, — €2, + 51,
S ) (C8)
ng’ = —2610 — (20 =+ 3) €16€20 — Ceg €3, + 3610(51<> + 62<>61<> — 510 + (C =+ 2) (510620,
and

1 7
n® = —2€}, + (7° — 6C — 15) €] €2, + o (7Tm* — 12C% — 36C — 84) €163, + (7r2 - C?—4C - 6> €1,€2,€3,

12
+i(ﬂ2*1202)6262+ 7;272 6263 +i(ﬂ'2*1202)626364 — 4e1,62 — 7T—2740710 €1,01,02
24 030 4 2630 24 oLtsotdo oY1o 2 oV1loVlo
7'('2 7T2 7'('2
- (4 —C - 3) 620510520 — 620650 + 56%0510 - (2 —5C — 13) 610620(‘51<> - <4 —2C — 3) (—f2<>63<>51<>

+63 + %(WQ —12C — 32)67,02, — i (7% — 12C* — 48C — 48) (01,63, + 61002,03.) -
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The Egs. (C8) and (C9) match the ones previously derived in Ref. [57], obtained using the same method but starting
from the N2LO corrections to the amplitude. Our N3LO result allows us to determine the next term, it reads

@
nS

1 1
= 2, — 3 [8C?% — 217 — 14 (7® — 12) C 4 36C* + 100¢(3) + 88]e1 €5, + {2 (7* = 8) C] €s.€3,

(61

+ EWQ + (27* —35) C — 7C* — 14¢(3) — 37] €165, + [47° — 12C — 14((3) — 29] €}, €2, + [2 — Zg(g)} €5 €36

17 13 7
+ Ew"‘ + (7* —19) C — 4C? — 7¢(3) — 20} €3 €20€30 — {03 - gﬁ -1 (m* —12) C +5C% +9¢(3) + 9} €1663,€36
C 1 5 1 5 2 2 1
+ _—503 + 27171'2 + Iz (771'2 — 72) C - 502 - §C(3) — 3} (610620630 + 610620630640) + 1 (7r2 — 8) C’e%oe?,oeél<>

[ 72 1 1 . .
+ %C - 503 - <(3) + 2:| 620€§o€4o + ﬂ [ﬂ-QC - 403 - 8<(3) + ]-6] (620630 + 62063064210 + 620630640650) + 5€1<>5i>

(13,

2 1
+ 7T 15C = 7¢(3) — 44} €1.07,020 + { 2 e

5
_2471' — 5 (7‘(’2 — 24) C+ 502 + 16:| (610510(550 + 610510520530)

1 1 1
+ €2,0%, + [iﬂ -3C - gg(s) - 10} €2007,02 + [—2‘2772 -1 (n? —12) C + 502 + 5] (200105, + €2,61002,03. )
_22_?2_ _ _ 2 _ﬁ_z 2 ZQ_ _z _ 2
9610(51<> 27‘1’ 9C 7((3) 24 610510(52<> 4 4C(3) 620(510(52<> + 471' 90 2((3) 28 610620(51<>
I 1
- %79 + (m* —25)C — 302 —7¢(3) — 35} €10€2001,02, — EH +5 (r*—12) C — SCQ — 5] €9,€3001,02,
'3 7 13 67 , 1 7
+ _1”2 -3C — Z4(3) - 2} €2,€3,07, + €3 01, — [2472 +3 (m* —32)C — 502 —7¢(3) — 25} €1063,010
-2
- % - % (m*—12)C — ‘302} €20€3 01 — [1217r2 —21C — 14¢(3) — 60} €20€2 014
3, 7 73, 1 7
- _ZW2 - 5@(3) - 2] €3,€35010 — {%Wz T35 (r* —38) C — 502 —7¢(3) - 26] €16€2,€3601,
2

1
1 [4m® — 24C — 7¢(3) — 4] 63,62,

+ i (7r2 — 12) C - 302} €90€30€45016 — 511‘0 —
+ % [317” + 12 (7® — 36) C — 84C* — 576] 61,63,

+ i [4C? — 27® — (7® — 48) C + 24C? + 8((3) + 32] (61,65, + 61002,63, + 61002,03.64.)

2 1 1 . 1 1
+ §7r2 +7 (7% — 40) C — 2C° — 13} 67,02.03, + {203 — 17r2 -3 (m? —48) C +3C* + ((3) + 4| 61.63,63,-
(C10)
Using the same technique, we can derive the running of the spectral index
d?In [P (k)]
Qs = d(TkC)? - =a? +a® +al’ + 0(65). (C11)
The leading-order term is second order in the slow-roll parameters and reads
Oé(s2> = *2610620 — €2,€3, + 5105207 (012)
while the third order term is given by
aée') = —66%0620 — (20 + 3) 610630 - C (620630 + 620630640) - (20 + 4) €1,€2,€3, T 5610620510 + 2620630610 (C13)

+ 4€1001,02, + €2,01,02, — 307,62, + (C 4 2) (61,03, + 61,02.65.) -
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Both af” and af” match the expressions previously derived in Ref. [57]. The new term is the fourth order and reads

1
ol = —12€}, €2, + (2n° — 14C — 35) €1 €5, + (7° — 8C — 19) € €263, + o (77 —12C% — 36C — 84)€y.€5,
7 23 2
+ (47r2 ~3C% - 100 — 21) €16€5,€30 + (7; - 202> €063, €40 + (7; — 2) (26%0630 + 6%0630640)
7 1
+ <127r2 —-C?-5C — 6) (6106206:2:)0 + 610620630640) + 21 (7r2 — 1202) (egoego + 62063064210 + 620630640650)
2 2
— 156105%0620 - (2 —-5C — 12) (610510630 + 610510520630) - <4 -C - 3) (620610630 + 620510520630)

2
— 3620((5%0(52<> + 96%0510(520 - 96106206%<> — 3610630((5%<> — (7‘(2 — 90 — 25) 610620510((52<> — (7; — 3C — 6) 6206?,0((510(52<>

2 2 w2
+ 216%0620(510 — (2 - 7C — 16> €1<>€§<>(51<> — (4 - 3C — 3> 620650(510 — (2 —7C — 19) €16€26€3,010
m° 3 L, o 2 <2 m 2
— Z —3C — 3 ) €24€3,€4,010 + 6510(520 + 5 (7T — 14C — 36) 610620 + Z —4C - 10 (510(520(53Q
(32 _ge—6) anaL —i( > —12C7 — 48C — 48) (81003, + 61502003, + 01002003, 04, )
S 2 1609,930 24 7T 1699, 1602603, 16026036046 ) -
(C14)
Next is the running of the running of the scalar spectral index
d*In [P¢ (k)] ® 4 g 5
= = 1
Bs TS R + B + O(e°), (C15)
with
) = 261,65, — 2€1,€2,€3, — €2,€3, — €2,€30€45 + 01,05, + 61502,030, (C16)
and
B = 7146%0630 — 86%0620630 —(2C +3) eloeg’o -C (620620 + 3620630640 + 6206306i0 + 620630640650)

- (20 + 5) (610620630 + 610620630640) - (60 + ]-0) 610630630 + 5610510650 + 5610610620530 + 620510530 + 620510520630
+ 9610620510620 + 3620630510520 + 3620630610 + 7610630610 + 7610620630510 + 3620630640610 - 75%&%0 - 4550620530
=+ (C + 2) (610530 + 510620632)0510620630540 + 3510550630) .

(C17)
Finally, we also get the leading-order term of the running of the running of the running of the scalar spectral index
d*In [Pf(k)] (4)
= L7\ = O(e® C18
s d(nk)*  |,_. w0, (©18)
where
’Yé@ = _2610630 - 6610630630 - 2610620630 - 620630 - 62063064210 — €20€3,€40€5, — 2610620630640 - 3620630640 (C19)

+ 01505, + 301605, 035 + 01502503, + 01,02,03,04,-

2. Tensor power-law parameters

The equivalent power-law quantities can be derived in the exact same way for the tensor modes. From Eq. (44),
implementing the change of pivot of Eq. (79), the tensor spectral index is defined by

dn [P (k)]
dInk

N =nld +nl +nP +n® + (’)(65). (C20)

k=ko
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We have

nt) = —2eq,,

n'? = *26%0 —2(C+1—lIncg,) €162,

2
n® = —26?0 + (7r2 —6C —14+61n? CS<>> 6%0620 + % —C?4+2(C+1)lnc,, — In? ¢q, — 2C — 2} (610630 + 610620630) ,
(C21)
and the N4LO correction
n{d = —2¢f, + [4n® — 12C + 12Inc,, — 14¢(3) — 28] €7, €2,
31
+ [12772 +2 (7%= 16) C —7C% =2 (7® —=7C — 16) Incy, — TIn® ¢y, — 30} 1,65,
c? 2 1.3 m 1 2 2 Ly 2
+ [—3—(C+1)ln cso—l—gln ot 5+ 13 (r?—24)C -C -5 (7? —12C% — 24C — 24) Inc, (C22)
2
_§C(3) - 3:| (610630 + 3610630630 + 610620650 + 610620630640)
4
+ [3# + (7% = 16) C — 4C0? — (7* = 8C — 16) Incs, — 41In® ¢y, — 16} €2 €25€3,.
The running of the tensor spectral index is defined by
d?In [Py, (k)]
ar = d(nk)? - f_y, = el b o +0E) .
and we find
al? = —2¢;, €9,
b g : (C24)
aT) = —6610620 —2 (C +1-— IHCSO) (€1<>62<> + 610620630) ’
and
ol = —126%0620 + (2772 —14C + 141Incg, — 32) 6%0630 + (71'2 —8C + 8lncg, — 16) 6%0620630
2 C25
+ % —C?4+2(C+1)Ineg, —In? ¢y, — 20 — 2] (610620 + 3€1,€5,€30 + €15€2,65, + 610620630640) . (C25)
The running of the running of the tensor spectral index is
d® In [Py, (k)] (3) O]
= ——" = ¢ O(e° C26
b A k) |y, BY + B +0(e), (C26)
with
EFB) = _2610630 - 26106206307
4 2 2 2 3 2 2 (C27)
B = —14e7 €5, — 8y, €2.€3, — 2(C' + 1 —Incs,) (610620 + 3€1,€5, €3, + €1,€2,€5, + 610620630640) )
Finally, the running of the running of the running of the tensor spectral index is defined by
d*In [Py (k
= I In[Pu(h) @+ 0(), (C28)

Yr d(ln k)4 . =T
and the N4LO correction reads

4 3 2 2
”(r) =2 (610620 + 3€1,€5,€3, + €1,€2,€3, + 610620630640) : (029)
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3. Tensor-to-scalar ratio

Our calculation allows up to derive an expression for the tensor-to-scalar ratio r at fourth order in the slow-roll
parameters. From the definition

r= , (C30)
PC(ko)
using Egs. (44), (73) and (79), we obtain
r=16€1,cs0 [1 + 7 + 7 + 1@+ O(%), (C31)
and we recover the already known terms, namely
r = Cey, — (C + 2) 610 + 2€1, In s, (C32)
and
1 1
r® = -3 (7r2 —4C?% — 620 [7; 2(2C 4 1)Inc, +1In? gy — C — 4] €lo€20 ~ 5 (7r2 — 1202)620630
2 2
+2Inc,, (Ince, +1) €2, + &5 —2(C+2)nc, —3C - 8} €101, + (7; —C?-30 - 3) €2.01, (C33)

—1 —4C? — 24C — 40) 6%,
8

The new correction reads

+ 55 (7% — 12C% — 48C — 48) 61,65,

r® = i [403 —3(n* —8) C +14¢(3) — 16] €3, — i [WQC —4C® — 8¢(3) + 16] (e2.€3, + €2.€3.€4.)
[(GC’+ 1)111 Coo — 210 ¢, — T2 — 2 (7r — 5C’ — 11) Incs, + C+7¢(3 )] €7,€20

1
+ 503 ~ % (7772 — 48) C} 6%0630 + (3 In®c,, +4In ¢y, +21In cso> e‘I’O

[ 2 C 1
— [(C+ )ln Coo — 3 ln Cso + % + = 5 (7‘(‘2 — 8) —C?+ 6 (71'2 —120% - 120 - 12) 1ncso] €16€25€30
[n® cq, 19 3 1 7
I 3c —(2C + 1) In’ ¢, — ﬂﬁ —(r*-9)C+ 502 -3 (m* —12C* —12C — 12) Incy, + 5((3) + 2} €1065,
[ 9 2 1 2 2 1 2 2 7
+|-1™ — 5 (7 —36) C +3C° — 1 (m* —4C 7240740)1n050+§C( )+ 29| €1.6%,
1 1 7 19
+ |20 — 7% — = (3n% — 88) C +4C? + —((3) + — | €2.67,
P 8 4 2
[7 1
+ EFQ +3 (71'2 — 20) C—2C+ 5 (7% —12C% — 48C — 48) In ¢y, — 14] €1,01002,
1 3,18 ) 5
+ _ 20 %™ T3 (77r 120) C 20 5| €9,01002,
+ [27% = 2(C +2)In® ¢y, + (72 — 8C —20) Incy, — 5C — 7¢(3) — 14] € 51,
+ _12fEC3+1(37T2—32)C’—202—ZC(3)—2 3.0
2 2 8 4 200
[ 5 77 3 13 , 1, )
+ [(C+2)Incq, + ﬂw +5 (m* —18)C — 5 +5 (7 —8C? — 24C — 20) Incs, — 7¢(3) — 24| €1,€2,01,
21 1 1 (
+ % — 503 + 37 (7% = 72) C - 202] €20€3001 = o [4C? — 1277 — 3(n® — 64)C + 48C* + 14¢(3) + 260] 45,

i4 [12C% —177% — 7(7* — 48)C + 108C? + 360] 67,02,
i4 [4C? — 27% — (n® — 48) C + 24C* 4 8((3) + 32] (61065, + 01.02,03.) -
(C34)
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