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Abstract

We consider Toeplitz determinants whose symbol has: (i) a one-cut regular potential V', (ii)
Fisher—Hartwig singularities, and (iii) a smooth function in the background. The potential V is
associated with an equilibrium measure that is assumed to be supported on the whole unit circle.
For constant potentials V', the equilibrium measure is the uniform measure on the unit circle
and our formulas reduce to well-known results for Toeplitz determinants with Fisher—-Hartwig
singularities. For non-constant V', our results appear to be new even in the case of no Fisher—
Hartwig singularities. As applications of our results, we derive various statistical properties of a
determinantal point process which generalizes the circular unitary ensemble.
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1 Introduction
In this work, we obtain large n asymptotics of the Toeplitz determinant

I 1 2 . _
Dp(a, 8, V,W) = det(fj—r)jr=0,..n—1, fr = o f(e®)e *0dp, (1.1)
0

where f is supported on the unit circle T = {z € C : |z| = 1} and is of the form
f(z) = e V@RV E(2), z €. (1.2)

We assume that V' and W are analytic in a neighborhood of T and that the potential V' is real-valued
on T. The function w(z) = w(z;&@,B) in (1.2) contains Fisher—-Hartwig singularities and is defined
in (1.8) below. Since the functions V and W are analytic on T, there exists an open annulus U

containing T on which they admit Laurent series representations of the form

+o0 —1
V(2) = Vo + Vi(2) + V_(2), Vi(z) =) Viz¥, Vo(z)= Y Vizh, (1.3)
k=1

k=—o0
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+o0 —1
W (2) = Wo + Wi(z) +W_(z), Wi(z) =Y Wiz", W_(z)= Y Wi, (1.4)
k=1

k=—o0

where Vi, W, € C are the Fourier coefficients of V and W, ie. Vj, = 5 OZﬂ V(e e *dh and
similarly for Wj. Associated to V' there is an equilibrium measure py, which is the unique minimizer

of the functional

s / / log ﬁdu@)du(é’) + / V(2)du(z) (15)

among all Borel probability measures ¢ on T. In this paper we make the assumption that p is
supported on the whole unit circle. We further assume that V' is regular, i.e. that the function v
given by

1 1= —
W) = 5o = 5o DMV + VT, el (L6)
=1

is strictly positive on T. Under these assumptions, we show in Appendix A that
duy (€)= () do, 6 € [0, 2m). (1.7)

The function w appearing in (1.2) is defined by
m
w(z) = H Way, (Z)Wﬁk (2), (1.8)
k=0

where w,, (2) and wg, () are defined for z = % by

ek if0 <0 < 6y,

=B if 0, < 6 < 2, 6 € [0, 2m), (1.9)

Way, (2) = |2 = t]™,  wg,(2) = et (0=0x)Br {

and

tr ;:ei9k7 0:90<91<<9m<27{' (110)

At ty = €% the functions w,, and wg, have root- and jump-type singularities, respectively. Note
that wg, is continuous at z = 1 if k # 0. We allow the parameters 61, ... ,0,, to vary with n, but we
require them to lie in a compact subset of (0,2m)7, == {(01,...,0m) :0< b < --- < O, < 27}

To summarize, the n x n Toeplitz determinant (1.1) depends on n, m, V, W, = (t1,...,tm),
a=(ay,...,an,) and E = (B1,...,Bm), but for convenience the dependence on m and £ is omitted
in the notation D, (&, E, V,W). We now state our main result.

Theorem 1.1 (Large n asymptotics of D, (a@,5,V,W)) Let m € N := {0,1,...}, and let t;, =
e oy € C and By, € C be such that

0=0p< b, < <0, <2m, and Reap>-—1, Reﬁke(—%,%) fork=0,...,m.

Let V:T - Rand W : T — C, and suppose V. and W can be extended to analytic functions in
a neighborhood of T. Suppose that the equilibrium measure duy () = (e*)df associated to V is
supported on T and that ¢ >0 on T. Then, as n — oo,

D@, 3, V,W) = exp <01n2 + Con + Cslogn + Cy + o(n*“ﬁmax)) : (1.11)



with Bmax = max{|Re B1],...,|Re Bn|} and

V 1 27 .
Ci=——=2—> [ V(E)duy(e?),
2 "2,
m m 2w
! . i i
Ca = S (Vtr) = Vo) = D 2ifum (Vi () + [ W(e)dpv (e),
0
k=0 k=0
03 = Z <4k - ,1%)7
k=0
+oo m an m
Co= Y IWW_ = - (W(t) = Wo) + > B (Wi (te) — W_(tr))
=1 k=0 k=0
;1P — apif; oy
+ Z {j2](9k —0; —m)+ (2ﬂjﬂk — ]2 ) log |t; —tk|}
0<j<k<m
2
~ o GO+ +B)GA+ % —Br) B F (1
1 2 2 [ S (R
+kZ:O o8 G(1+ay) +kZ:O O(ty) \2r vt )
where G is Barnes’ G-function. Furthermore, the above asymptotics are uniform for all o, in compact
subsets of {z € C: Rez > —1}, for all By in compact subsets of {z € C: Rez € (f%, %)}, and for
all (01,...,0) in compact subsets of (0,2m)7,. The above asymptotics can also be differentiated

with respect to gy ..., Qm, Boy .-+, Bm as follows: if ko, ..., kame1 € N, ko + -+ + ko1 > 1 and
OF i= Ok . Okm A A5 then

0

as n — 400, (1.12)

- N R 1 Emt1+-t+komi1
0" (log Du(@, 6, V, W) — log D, —0((°g”) )

nl _2ﬂmax

where D,, denotes the right-hand side of (1.11) without the error term.

1.1 History and related work

In the case when the potential V' (z) in (1.2) vanishes identically, the asymptotic evaluation of Toeplitz
determinants of the form (1.1) has a long and distinguished history. The first important result was
obtained by Szegd in 1915 who determined the leading behavior of D, (@, B: V,W) in the case when
&= =0and V =0, that is, when the symbol f(2) is given by f(z) = ¢"(*). In our notation, this
result, known as the first Szeg6 limit theorem [45], can be expressed as

2m
D,,(0,0,0, W) = exp (;r W(e'®)do + 0(n)) as n — oo. (1.13)
0

Later, in the 1940’s, it became clear from the pioneering work of Kaufmann and Onsager that a more
detailed understanding of the error term in (1.13) could be used to compute two-point correlation
functions in the two-dimensional Ising model in the thermodynamic limit [39]. This inspired Szegd
to seek for a stronger version of (1.13). The outcome was the so-called strong Szegé limit theorem
[46], which in our notation states that

27 +oo
D,(0,0,0,W) = exp (;‘T W (e)do + > tW,W_, + 0(1)> as n — 0o, (1.14)
0 =1



We observe that if V' = 0, then duy (eie) = %; thus Szeg6’s theorems are consistent with our main
result, Theorem 1.11, in the special case when & = E =0and V = 0. (The strong Szegd theorem
actually holds under much weaker assumptions on W than what is assumed in this paper, see e.g.
the survey [7].)

In a groundbreaking paper from 1968, Fisher and Hartwig introduced a class of singular symbols
f(2) for which they convincingly conjectured a detailed asymptotic formula for the associated Toeplitz
determinant [32]. The Fisher-Hartwig class consists of symbols f(z) of the form (1.2) with V' = 0.

In our notation, the Fisher—-Hartwig conjecture can be formulated as

2m m 2
D, (@, 3,0, W) ~ exp (7;/ W (e)db + Z (lek — B,%) logn + C4> asn — oo, (1.15)
0 k=0

where C4 is a constant to be determined, and the Fisher—-Hartwig singularities are encoded in the
vectors @ and 5 . Symbols with Fisher—Hartwig singularities arise in many applications. For example,
in the 1960’s, Lenard proved [41] that no Bose-Einstein condensation exists in the ground state for a
one-dimensional system of impenetrable bosons by considering Toeplitz determinants with symbols
of the form f(z) = |z — €¥1||z — e7¥1| with #; € R. Lenard’s proof hinges on an inequality whose
proof was provided by Szegd, see [41, Theorem 2]. We observe that (1.15) is consistent with Theorem
1.11 in the special case when V = 0.

There are too many works devoted to proofs and generalizations of the Fisher—-Hartwig conjecture
(1.15) for us to cite them all, but we refer to [47, 4, 11] for some early works, and to [6, 5, 10, 25]
for four reviews. The current state-of-the-art for non-merging singularities and for &, ,67 in compact
subsets was set by Ehrhardt in his 1997 Ph.D. thesis (see [29]) and by Deift, Its, and Krasovsky in
[24, 26]. Since our proof builds on the results for the case of V' = 0, we have included a version of the
asymptotic formulas of [29, 24, 26] in Theorem 4.1. We also refer to [21, 31] for studies of merging
Fisher-Hartwig singularities with V' = 0, and to [17] for the case of large discontinuities with V' = 0.

Note that if V' =V} is a constant, then D, (&, 5, Vo, W) = e’"QV"Dn(&, 5, 0,W).

The novelty of the present work is that we consider symbols that include a non-constant potential
V'; we are not aware of any previous works on the unit circle including such potentials. Our main
result is formulated under the assumption that Re 8; € (—%, %) for all k. The general case where
Re i € R was treated in the case of V' = 0 in [24]. Asymptotic formulas for Hankel determinants
with a one-cut regular potential V' and Fisher-Hartwig singularities were obtained in [8, 14, 19], and
the corresponding multi-cut case was considered in [18]. Our proofs draw on some of the techniques
developed in these papers.

1.2 Application: A determinantal point process on the unit circle

The Toeplitz determinant (1.1) admits the Heine representation

Du@FVW) = o [ T et P T de. (110)
j=1

n!(27)" Ji0 201 1<j<k<n

This suggests that the results of Theorem 1.11 can be applied to obtain information about the point
process on T defined by the probability measure

1 i . o ib;
- - Sk _ L1052 V() 4.
e e e , ooy On € 10,2m), 1.17
nK?w)”Zﬁ II ‘ | II ¢J ¢1 ¢n [ ) ( )
1<j<k<n j=1
where Z, = D,,(0,0,V,0) is the normalization constant (also called the partition function). In what
follows, we use Theorem 1.11 to obtain smooth statistics, log statistics, counting statistics, and



rigidity bounds for the point process (1.17). In the case of constant V', the point process (1.17)
describes the distribution of eigenvalues of matrices drawn from the circular unitary ensemble and
has already been widely studied. We are not aware of any earlier work where the process (1.17)
is considered explicitly for non-constant V. However, the point process (1.17), but with nV (e?)
replaced by the highly oscillatory potential V (e"?), is studied in [34, 2]. We also refer to [13, 12] for
other determinantal generalizations of the circular unitary ensemble.

Let pn(z) := H?Zl(ei‘z’f — z) be the characteristic polynomial associated to (1.17), and define

log p(2) for z € T\ {1, ... %} by

log py, (2 Zlog 05 _ z) Im log(ei¢f —z):=

¢j+arg0z+ 37”, if 0 < ¢, < arg z,
2 3, if arggz < ¢; < 2m,

where arg, z € [0,27). In particular, if 6 ¢ {¢1,..., 00},

n

ZZBk(Im log pn (tk)—nbOr—nm) __ Hwﬂ 2¢J) _ e—zﬁk(rr+0k)n 2783, Ny, (01) H esz¢7 (118)

j=1 Jj=1

where N, (0) := #{¢; € [0,6]} € {0,1,...,n}. Using the first identity in (1.18) and the fact that
{bo,...,0m}N{P1,...,¢,} = 0 with probability one, it is straightforward to see that

E [ H W (e?) H ek Re logpn (tr) ;2985 (Im log pr (t) —nbs ”“)} = DulG,f. V. W) (&lﬂj V. W) . (1.19)
Furthermore, if 8y = —f1 — - - - — Bm, then the second identity in (1.18) together with (1.19) implies
D ( ,5 — B0k [ (e*%3) . 2718 Ny (k)
? e’ "xE e n(E )| eT RN ER) 1.20
e ) G ) (X 020
Lemma 1.2 For any z € T, we have
V(z) -V 2 ; ;
% = / log e — z|duy (), (1.21)
0
argoz ImVyi(z) —ImV,.(1 argo # .
e T 0

Proof. The equilibrium measure py is uniquely characterized by the Euler-Lagrange variational
equality

2m
2/ log |z — € |duy () = V(2) — ¢, for z € T, (1.23)
0
where ¢ € R is a constant, see e.g. [42]. In particular, the identity (1.21) is equivalent to the

statement that ¢ = V. The equality £ = Vj can be established by integrating (1.23) over z = ¢! € T
and dividing by 27:

27 2w 27
d . 00 do
! = — = —9 1 ip 10 d 160 oY
/0 = (v<z> / og e — ¢?|duy (e >) L —w,

where we have used the well-known (see e.g. [42, Example 0.5.7]) identity fo% log | — e“ﬂ% =0
for § € [0,27). This proves (1.21). The identity (1.22) follows from (1.6) and (1.3). O



Combining (1.20), Theorem 1.1 and Lemma 1.2, we get the following.
Theorem 1.3 Let m € N, and let t;, = €%, ag,...,am € C and uy,. .., um € C be such that
0=0p<br < - <b,<2m, and Rear>-1, Imug€ (—m,7) forallk.

Let V . T - R, W : T — C, and suppose V, W can be extended to analytic functions in a
neighborhood of T. Suppose that the equilibrium measure duy (e?) = (e?)d associated to V is
supported on T and that ¥ > 0 on T. Then, as n — co, we have

n L m m 5 5 _ s
E { TTe"“ ™ I Ipatte)l* IT e“anWk)] = exp (Cin+ Calogn + Gy + O(n™ 15 ) ), (124)
j=1 k=0 k=1
With Umax = max{|Imuq|,..., [ Imuy|} and
~ m o A _ m 0 ) 2m . .
Ci=3 o / log|e™ — tilduy () + 3 uy / duv (@) + [ W(e)duy (), (1.25)
k=0 0 k=1 0 0
B m Ofi ’LL%
Cy = = 4+ = 1.26
2= ( T+ W), (1.26)
k=0
“+o0 m m
= W+(tk) + Wf(tk) Uk W+(tk) —-W_ (tk)
Cy= Y IWW_1 =Y ay : +> 5 (1.27)
=1 k=0 k=0
QUL — QU UjUL QO
+ Z {M(ek—aj —7) — ( 5z Ty )logtj —tk|} (1.28)
0<j<k<m
MGG E)G(I G - ) IN% a? (]
+ 1 2 273 2 2mi/ ™ k([ - ¢ , 1.29
kZ:O o8 G(L+ar) ;) Tty \2r V) (1.29)
where G is Barnes’ G-function and ug := —uy — -+ — u,m,. Furthermore, the above asymptotics are

uniform for all ay, in compact subsets of {z € C: Rez > —1}, for all uy in compact subsets of {z €
C:Imz € (—m,m)}, and for all (61,...,0.) in compact subsets of (0,2m)™,. The above asymptotics

ord "
can also be differentiated with respect to ag, ..., Qm,Ut, ..., Uy aS follows: if ko,..., kom €N, ko +

o+ kg > 1 and OF = 823...32’;65;"“ ...Ok2m then as n — +o00

(log n)km+1 +-tkam )
)

aﬁ(logE[HeWW” I Ipntte)l™ T e“kN"Wk)] - 1ogEn) = 0( .
j=1 k=0 k=1

n E

where E,, denotes the right-hand side of (1.24) without the error term.

Our first corollary is concerned with the smooth linear statistics of (1.17). For V' = 0, the central
limit theorem stated in Corollary 1.4 was already obtained in [38].

Corollary 1.4 (Smooth statistics.) Let V and W be as in Theorem 1.5, and assume furthermore
that W : T — R. Let {ﬁj}j:“xl’ be the cumulants of Z;;l W (7)), i.e.

kj = 0} log E[e! =1 W (e'9) (1.30)

| s

As n — +oo, we have

n

E[Z W(ei%)} —n OQW W (e®)dpy (€) + O (1)

Jj=1



Var[i W(emj)} —9 +§€W4W_g + O(i)

j=1 =1

KJJ‘_O<7]7-,), ]23

Moreover, if W is non-constant, then

S W (€)= n [T W (el )dpy (')
(230,25 kW W) 1/2

converges in distribution to a standard normal random variable.

Our second corollary considers linear statistics for a test function with a log-singularity at t. We
let vg ~ 0.5772 denote Euler’s constant.

Corollary 1.5 (log |- |-statistics.) Lett = ¢ € T with 6 € [0,27), and let {k; }jzoi’ be the cumulants
of log [pn(t)], i.e.

Kj =0 IOgE[ealog\pn(t)IH (1.31)

a=0"
As n — +oo, we have

27 ) ) 1
Blog . ()] = 1 [ bmwuﬂwmwﬂ+o(),
0

n

_logn  1+49m za—ww>+o<1)

Var[log [p,()[] 2 2 2¢(t)

ki = (=14277) (log G)V(1) + O(i) j>3

and ) 4 '
log |pn(t)| = n [;" log le?® — t|duy (ei?)
Viogn/\2

converges in distribution to a standard normal random variable.

Counting statistics of determinantal point processes have been widely studied over the years
[22, 44] and is still a subject of active research, see e.g. the recent works [43, 23, 16]. Our third
corollary established various results on the counting statistics of (1.17).

Corollary 1.6 (Counting statistics.) Lett = ¢ € T be bounded away from to := 1, with 6 € (0, 27),
and let {/{]}jz‘xl’ be the cumulants of N, (0), i.e.

Kj =02 logE[e“N“(‘g)Hu:O. (1.32)
As n — +oo, we have
0 id logn
EINGO)] = n [ di(e) + O "),
0
Clogn  1taptloglt—=1 & —v() L -w() _/(logn)’
Var[Na (6)] = 2 + 2 2m24)(1) 2m24(t) © n ’



log n)2i+1 .
Koj+1 = O<m)7 j=1,

n

—1)i+1

) (logn)2j+2 )
R2j+2 = 525 2512 (IOgG)(szrQ)(l) + O(n ) Jj=1

Nn(6)—n foe duv (e?)
Viegn/m

and converges in distribution to a standard normal random variable.

Remark 1.7 There are several differences between smooth, log- and counting statistics that are
worth pointing out:

e The variance of the smooth statistics is of order 1, while the variances of the log- and counting
statistics are of order logmn.

e The third and higher order cumulants of the smooth statistics are all O(n='), while for the
log-statistics the corresponding cumulants are all of order 1. On the other hand, the third and
higher order cumulants of the counting statistics are as follows: the odd cumulants are o(1),
while the even cumulants are of order 1. This phenomena for the counting statistics was already
noticed in [43, eq (29)] for a class of determinantal point processes.

Another consequence of Theorem 1.3 is the following result about the individual fluctuations of
the ordered angles. Corollary 1.8 is an analogue for (1.17) of Gustavsson’s well-known result [36,
Theorem 1.2] for the Gaussian unitary ensemble.

Corollary 1.8 (Ordered statistics.) Let & < &5 < --- <&, denote the ordered angles,

& =min{¢1,...,¢,}, &= inf {#:N,(0)=j}, j=1,...,n, (1.33)
0€[0,2m)

and let my be the classical location of the k-th smallest angle &,

Mk . k
duy (e'?) = =, k=1,...,n. (1.34)
0 n

Let t = e € T with 6 € (0,27). Let kg = [n foe dpy (")), where [z] := |z + 3| is the closest integer

in
to x. Asn — +o0o, %(fks — Nk, ) converges in distribution to a standard normal random

variable.

There has been a lot of progress in recent years towards understanding the global rigidity of
various point processes, see e.g. [30, 1, 20]. Our next corollary is a contribution in this direction: it
establishes global rigidity upper bounds for (i) the counting statistics of (1.17) and (ii) the ordered
statistics of (1.17).

Corollary 1.9 (Rigidity.) For each € > 0 sufficiently small, there exist ¢ > 0 and ny > 0 such that

0
) 1 c
P| sup [N,(6 —n/ d ew’S 14+e)=logn| >1-— , 1.35
<0<9<27r (0) ; pv(e?)| < (1+e)—log Toenn (1.35)
. 1logn c
ink _ < el >1— )
P vl -l < (1497 ) 21 (1.36)

for alln > ng.



Remark 1.10 It follows from (1.36) that lim,, o P(max1<k<n1/)(e )& —mr| < (14€)= L logn) =1.
We believe that the upper bound (1 + e)% s sharp, in the sense that we expect the followmg to hold
true:

1logn

lim P((l o)

n—-+oo

1logn
< ik _ < =1. .
o < max P(e™)|g —ml < (1+ 6 - — ) 1 (1.37)

Our belief is supported by the fact that (1.37) was proved in [1, Theorem 1.5] for V. =0, ¢(e'?) = %

2 Differential identity for D,

Our general strategy to prove Theorem 1.1 is inspired by the earlier works [40, 24, 8, 14]. The first
step consists of establishing a differential identity which expresses derivatives of log D,, (&, 5, V, W)

in terms of the solution Y to a Riemann-Hilbert (RH) problem (see Proposition 2.2). Throughout
the paper, T is oriented in the counterclockwise direction. We first state the RH problem for Y.
RH problem for Y () = Y, (@, 3,V,W)

(a) Y :C\ T — C**? is analytic.

(b) For each z € T\ {to,...,tm}, the boundary values lim,._,, Y (z’) from the interior and exterior
of T exist, and are denoted by Y (z) and Y_(z) respectively. Furthermore, Y, and Y_ are
continuous on T \ {tg,...,tn}, and are related by the jump condition

Yi(2) =Y (2) (é anf(z)> L e T\ {tor .t} (2.1)

where f is given by (1.2).
(¢) Y has the following asymptotic behavior at infinity:

Y(2) = (1+0(z71))z", as z — 00,
where o3 = <(1) _01>

(d) Asz = tg, k=0,...,m, 2€ C\T,

(1) 0(1)+O(|Z_tk|ak) .

y(z) =4 WU 0(1)+0(|Ztk|°"“)>’ if Re ay, # 0,
O(1) O(log |z — ti|) fear — 0
O(1) O(loglz —tx]) )’ =0

Suppose {pr(z) = krz® + ... }xso and {Pr(2) = krz® + ... }x>0 are two families of polynomials
satisfying the orthogonality conditions

1 2m —j — —1¢. )
217'r o27T ’ pi(2)z77 f(2)df ’Qk_fﬂﬁ z=¢? j=0,... k. (2.2)
2 Jo e(z71)2 f(2)d0 = k) b,

Then the function Y (z) defined by
k=1p (2 kol s _Pn(s)f(s) ds
Y(Z) _ < n P ( ) fT 27rzs (s—=z) (23)

—/in,lznflﬁn,l(zfl) —Kp—1 fT Mds

2mis(s—z)



solves the RH problem for Y. It was first noticed by Fokas, Its and Kitaev [33] that orthogonal
polynomials can be characterized by RH problems (for a contour on the real line). The above RH
problem for Y, whose jumps lie on the unit circle, was already considered in e.g. [3, eq. (1.26)] and
[24, eq. (3.1)] for more specific f.

The monic orthogonal polynomials k., 'p,, k., 1pn, and also Y, are unique (if they exist). The
orthogonal polynomials exist if f is strictly positive almost everywhere on T (this is the case if W is
real-valued, ag, > —1 and iy, € (— 2, 2)) More generally7 a sufficient condition to ensure existence

of pn,Pr, (and therefore of V') is that D(n) #0 # Dn+1, where Dl(n) =: det(fj—k)jr=0,.1-1, 1 > 1
(note that D,(Ln) = n(a,ﬁ, V,W)), see e.g. [21, Section 2.1]. In fact,

foo fo1 . fox foo fo1 oo forpr 1
: : T fi fo oo forp2 2
fee1 fo—2 ... f—k1 : : : fk
1 Z ..z . fo fom1 ... ho oz
pr(z) = = , Pr(z) = = o ; (2.4)
D Dk+1 D Dk-+1

and kj = (D,(c"))l/Q/(D,(CZ)l)l/Q. (Note that p, pr and ki are unique only up to multiplicative factors
of —1. This can be fixed with a choice of the branch for the above roots. However, since Y only
involves x., 'p, and k,_1p,_1, which are unique, this choice for the branch is unimportant for us.)

If D,(C") #0 for k=0,1,...,n+ 1, it follows that
Dn(@, B, v,w) =[] 57> (2.5)

Lemma 2.1 Let n € N be fized, and assume that D](;L)(f) #0,k=0,1,....,n+ 1. For any z # 0,
we have

[Y=12)Y'(2)] Z pr(z" (2 (2.6)

where Y () =Y, (+; &, B,V, w).

Proof. The assumptions imply that k = (D(" )1/2/( )1/2 is finite and nonzero and that py, Py
exist for all k € {0,...,n}. Note that (a) detY : C\T — (C is analytic, (b) (detY)4(2z) = (detY)_(2)
for z € T\ {to,---tm}, (c) detY(2) = o(|z — tx|7}) as 2 — t and (d) detY(z) = 1 + o(1) as
z — 00. Hence, using successively Morera’s Theorem, Riemann’s removable singularities theorem,
and Liouville’s theorem, we conclude that detY = 1. Using (2.3) and the fact that detY = 1, we
obtain

[Y_I(Z)Y/(Z)]Ql = ﬁ : Hnilﬁnfl(z_l)dizpn(z) - liglpn(z)diz [Zn ! Knilﬁnfl(z_l) .

Kn 2
Using the recurrence relation (see [24, Lemma 2.2])

1271 = K (27 1) = P (0)2 " pa(2),

we then find
[Yﬁl(z)yl(z)} 21 = 2t <_npn(z)f7n(zl) + Z(ﬁn(zil)d;ipn(z) - pn(z)ddzﬁn(zl))> .

The claim now directly follows from the Christoffel-Darboux formula [24, Lemma 2.3]. O
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Proposition 2.2 Let n € N>; := {1,2,...} be fized and suppose that f depends smoothly on a
parameter . If D,(c”)(f) #0 fork=n—1,n,n+ 1, then the following differential identity holds

21
9. log Do (&, 5, V, W) = % / Y )Y (D0, f(2)d6,  z = . 2.7)
0

Remark 2.3 Identity (2.7) will be used (with a particular choice of ) in the proof of Proposition
4.4 to deform the potential, see (4.8).

Proof. We first prove the claim under the stronger assumption that D,in) (f)#A0fork=0,1,...,n+

1. In this case, kK = (D,(C"))1/2/(D,(J_L~_)1)1/2 is finite and nonzero and py, py, exist for all k =0,1,...,n.
Replacing 277 with ﬁj(z_l)ﬁz;l in the first orthogonality condition in (2.2) (with k = j), and differ-
entiating with respect to 7, we obtain, for j =0,...,n — 1,
27
Bl o | [T et et
1 o Ao 1 Kj o N1y, —1
=/, p;(2)P;j(z77)0,[f (2)]db + o ; Oy [pi(2)pi(z~ )k ] f(2)df. (2.8)

The second term on the right-hand side can be simplified as follows:

27
5y

il / 3y lp; () (=~ f()do = 2Bl (gg)

0y [pi(2)p;(z~")k; ] f(2)d0 = L

2 0

where the first and second equalities use the first and second relations in (2.2), respectively. Com-
bining (2.8) and (2.9), we find

O [k 1 [ .,
—ZM = —/ pi(2)p; (2710, [f(2)]db. (2.10)
K 2m Jo
Taking the log of both sides of (2.5) and differentiating with respect to ~, we get
-1

. n—la [KZ] 1 2T s M
0, 1og D, (@ 5.v.aw) = -2 3 2l L [T (5
0

kj 2T
J =0

pj(Z)ﬁj(z_1)>07[f(2)]d9~ (2.11)

Jj=0

An application of Lemma 2.1 completes the proof under the assumption that D,(Cn)( f) £0 k=

0,1,...,n+ 1. Since the existence of Y only relies on the weaker assumption Dlin)(f) #0, k =
n—1,n,n+ 1, the claim follows from a simple continuity argument. O

3 Steepest descent analysis

In this section, we use the Deift-Zhou [28] steepest descent method to obtain large n asymptotics for
Y.

3.1 Equilibrium measure and g-function

The first step of the method is to normalize the RH problem at co by means of a so-called g-function
built in terms of the equilibrium measure (1.7). Recall from (1.3), (1.4) and (1.6) that U is an open
annulus containing T in which V', W and ¢ are analytic.

11



Define the function g : C\ ((—oo,—1]JUT) — C by

ds

)
18

o(2) = / log, (= — s)(s) (3.1)

where for s = ¢’ € T and 6 € [—7, ), the function z — log,(z—s) is analytic in C\ ((—oo, —1)u{et” :
—m < 0" < 6}) and such that log,(2) = log 2|.

Lemma 3.1 The function g defined in (3.1) is analytic in C\ ((foo, -1 u T), satisfies g(z) =
logz+ O(z71) as z — oo, and possesses the following properties:

g+(z)+g,(z):2/log|z—s|¢(s)@+i(7r+é+argz), z €T, (3.2)

T (2

1) —g () =2mi [ w(e?)ds, ZeT, (3.3)
arg z

ng(Z) - g,(Z) = 2mi, z € (_007 _1)7 (34)

where é = ["_60(e"?)dd and arg z € (—, ).

Proof. In the case where the equilibrium measure satisfies the symmetry 1 (e'?) = 1(e~%), we
have ¢ = 0 and in this case (3.2)—(3.4) follow from [3, Lemma 4.2]. In the more general setting of a
non-symmetric equilibrium measure, (3.2)—(3.4) can be proved along the same lines as [3, proof of
Lemma 4.2] (the main difference is that F(7) = 7 in [3, proof of Lemma 4.2] should here be replaced
by F(m) =7+ ¢é). O

It follows from (3.3) that

27
9i(2) = gL(2) = =—4(z), z€T. (3.5)
Substituting (3.2) into the Euler-Lagrange equality (1.23) and recalling that duy (s) = 1(s)%, we
get

V() =g4(2) + 9-(2) + £ —log z — i(m + ¢), z €T, (3.6)

where the principal branch is taken for the logarithm. Consider the function

i d
—iﬂ'/ 1/)(8),—8, if |z] <1, z €U,
-1 1S

(o ={ 7 (37)
i?T/_l w(s)%, if |z| > 1, z €U,

where the contour of integration (except for the starting point —1) lies in U \ ((—oo7 oju ']I‘) and the
first part of the contour lies in {z : Imz > 0}. Since 1 is real-valued on T, we have Re&(z) = 0
for z € T. Using the Cauchy-Riemann equations in polar coordinates and the compactness of the
unit circle, we verify that there exists an open annulus U’ C U containing T such that Re£(z) > 0
for z € U’ \ T. Redefining U if necessary, we can (and do) assume that U’ = U. Furthermore, for
z=¢% €T, §c (—mmn), we have

6:(5) = €-(2) =264(2) = —2mi [ W) F =2t [ 0@ =01 -9 (58)

18
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264 (2) —2g4(2) = £ —V(2) —log z — im — ié. (3.9)
Analytically continuing £(z) — g(z) in (3.9), we obtain
£(z) = g(2) + % (¢ —V(z) —logz —imr —ié), forallze U\ ((—o0,0]UT). (3.10)
Note also that
Eo(a) — & (x) = mi, z€UN(—o0,—1), (3.11)
& (z) — E_(2) = —mi, z e Un(-1,0), (3.12)

where &4 (z) := lim,_,o+ £(z £ i€) for z € U N ((—o0, —1) U (—1,0)).

3.2 Transformations Y - T — S
The first transformation Y — T is defined by

n(r+8é)i

_ ne _ _nt n(w+é)i
T(z)=e " 2 327 (z2)e (F)0me" 52 08

(3.13)

For z € T\ {to,...,tm}, the function T satisfies the jump relation T = T_ Jy where the jump matrix
Jr is given by

o+ ()=9- () ymg=nlV (=04 ()=g- ()~ CHimHicl W () )
Jr(z) = 0 o9+ ()—g-(2)) :

Combining the above with (3.4), (3.6) and (3.8), we conclude that T satisfies the following RH
problem.

RH problem for T
(a) T:C\ T — C?*? is analytic.
(b) The boundary values T’y and T are continuous on T \ {to,...,t,} and are related by
eI W)y
Ty(z) = T_(2) ( ) eMEZ}) L 2T\ {to. . tm}.
() Asz— 00, T(2) =1+ 0O(z71).
(d) Asz = tg, k=0,...,m, 2€ C\T,

O1) OM)+0(lz =t™)\ L p
(2 = \OD O<1)+O<lz—tkl°"">>’ e 7l

O(1)  O(log |z — ti]) if Reay, =0

O(1) O(log|z—t]) )’ .

The jumps of T for z € T\ {to,...,tm} can be factorized as

e 28+ (2) - W2y (2) 1 0
0 e—?nf,(z) = e—W(z)w(Z)—le—2nE,(z) 1

13



Figure 1: The jump contour for S with m = 2.

y 0 eV Ew(z) 1 0
—e W@y (z)1 0 e WEy(z)"te 26t () 1 )"

Before proceeding to the second transformation, we first describe the analytic continuations of the
functions appearing in the above factorization. The functions wg,, k =0, ..., m, have a straightfor-
ward analytic continuation from T \ {¢x} to C\ {Atx : A > 0}, which is given by

ek 0 < argyz < O,

wg, (2) = zﬁktlzﬂ’“ X { ing z€ C\{Mr:A>0}, k=0,....,m, (3.14)
e k.

0, < argyz < 2w,

where argg z € [0, 27), t;ﬁ’“ = e R0 and 28k .= |z|Pre?Pr 80 2 For the root-type singularities, we
follow [24] and analytically continue wq, from T\ {tx} to C\ {At; : A > 0} as follows

2€C\{ Mt :A>0}, k=0,...,m,

(Z _ tk)ak eak(log|zftk\+iafgk,(zftk))
k

Warg (Z) = (Ztkeifk(z))ak/Q = e%(log\z\+iarg0(z)+i9k+ilk(z))’

where afg,z € (0,0 + 27), and

(e(z) = 3m, 0<argyz < O,
M m, O <argyz < 2w

Now, we open lenses around T \ {to,...,t»} as shown in Figure 1. The part of the lens-shaped
contour lying in {|z| < 1} is denoted 74, and the part lying in {|z| > 1} is denoted v_. We require
that v,v- CU.

The transformation 7'+ S is defined by

if z is outside the lenses,
1 0
S(z) =T(z) x e WEy(2) e 2m(2) 1

1 0

) , if |z| > 1 and inside the lenses,
W) () e-20E(E) 1) , if |z] <1 and inside the lenses.
—e w(z) e

(3.15)
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Note from (3.11)—(3.12) that e=2"¢(2) is analytic in U N ((—o0, —1)U(—1,0)). It can be verified using
the RH problem for T' and (3.15) that S satisfies the following RH problem.

RH problem for S

(a) S:C\ (v, Uy_UT) — C?*2 is analytic, where v, ,v_ are the contours in Figure 1 lying inside
and outside T, respectively.

(b) The jumps for S are as follows.

W (z)
0 ¢ "’('z)>, 2 €T\ {to,. .- tm},

51 =52 ( Ly wilyiyr © o
Si(z) = 5-(2) (eW(z)w(Zile?ng(z) (1)> ; zE€yy Un-.

() As z = 00, S(z) =T+ 0O(z71).

(d) As z > tg, k=0,...,m, we have

O(1) O(log(z — tx)) e .

S O(1) Olog(> — tk))) , if z is outside the lenses, ¢ Rea — 0
Olog(z —tx))  Olog(z — tk”) if z is inside the lenses ’
O(log(z — tx)) O(log(z —tx)) )’ ’
o@1) 0@) if z is outside the lenses

S(z) = o) O(l)> ’ f e the femses if Reay, > 0
O((2 — 1)) O(l)) if z is inside the lenses ’ ’
O((z —tx)~*) 01))" ’

O(1) O((z — tk)**) .
S(z) = <0(1) O((= - tk)a’ﬁ) ’ e, < 0.

Since v4,v- C U and Re{(z) > 0 for z € U\ T (recall the discussion below (3.7)), the jump matrices
S_(2)718,(2) on 4 U~v_ are exponentially close to I as n — 400, and this convergence is uniform
outside fixed neighborhoods of tg, ..., ty.

Our next task is to find suitable approximations (called “parametrices”) for S in different regions
of the complex plane.

3.3 Global parametrix P

In this subsection, we will construct a global parametrix P(>) that is defined as the solution to the
following RH problem. We will show in Subsection 3.5 below that P(°) is a good approximation of
S outside fixed neighborhoods of tg, ..., t,,.

RH problem for P(>)
(a) P :C\ T — C>*? is analytic.

(b) The jumps are given by

W@ w(z
P (z) = PP(2) (_e_W(gw(z)_l v 5 ( )), 2T\ {tos...,tm).  (3.16)
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(c) As z — oo, we have P()(2) = I + O(z71).
(d) As z = t), from |z| S 1, k € {0,...,m}, we have P(®)(2) = O(1)(z — t;,)~(F-£Br)os,

The unique solution to the above RH problem is given by

{0 1y
peo) () = § PG (-1 0)’ izl <1, (3.17)

D(z)7s, if |z > 1,

where D(z) is the Szegd function defined by

D(2) = D (2) [ Dew (2) D3, (2), D (2) = exp (217” ‘S”_“Z) ds), (3.18)
k=0 T

Do (o [0, b —e (o [5200)

s—z 271 s—z

The branches of the logarithms in (3.19) can be arbitrarily chosen as long as log w,, (s) and log wg, ()
are continuous on T \ t5. The function D is analytic on C\ T and satisfies the jump condition
Dy (2) = D_(2)e"®w(2) on T\ {tg,...,tm}. The expressions for D,, and Dg, can be simplified as
in [24, eqgs. (4.9)—(4.10)]; we have

P FABre (S +Br) (log [a—tx [ +iatg, (2—tr))
<t el B (- +61) (05-+im) o <
_ k (2" +B) (1O, +im
Das (Z)Dﬁk (Z) B 2z — 1y =+ e(ﬁk*%)(log |z—tk|+iafg) (z—tx)) £ 1 (3‘20)
( z > N e(Be—"4")(log | 2| +iatgy, z) o il > 1
where afg;, was defined below (3.14). Using (1.4), we can also simplify Dy as
6W0+W+(z) |Z| <1
Dy (z) = ’ ’ 3.21
w(z) {e—W—(Z>, 2] > 1. (3.21)
3.4 Local parametrices P
In this subsection, we build parametrices P(t’c)(z) in small open disks Dy, of t5, kK =0,...,m. The

disks Dy, are taken sufficiently small such that Dy, C U and Dy, N Dy, = 0 for j # k. Since we
assume that the ¢;’s remain bounded away from each other, we can (and do) choose the radii of the
disks to be fixed. The parametrices P(**)(z) are defined as the solution to the following RH problem.
We will show in Subsection 3.5 below that P(**) is a good approximation for S in Dy,

RH problem for P(+)
(a) P®) Dy, \ (TU~, Uy_) — C?*2 is analytic.
(b) For z € (TU~; Uy_) N Dy, PP ()P (2) = §_(2)715, (2).
(c) Asn — +oo, PR (2) = (I + O(n~1F2ReBel)) P(o0) () uniformly for z € 9Dy, .
(d) As z — tg, S(2)P)(2)~1 = O(1).
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A solution to the above RH problem can be constructed using hypergeometric functions as in [24, 35].
Consider the function

ful2)=2mi [ w©)®, sep,,

th 8

where the path is a straight line segment from ¢ to z. This is a conformal map from Dy, to a
neighborhood of 0, which satisfies

fro(2) = 21t () (2 — tr) (1 4+ Oz — 1)), as z — t,. (3.22)

If Dy, N (—00,0] =0, fi, can also be expressed as

N £(2) — &4 (th), 2] < 1,
fuld) = =2 {—(5(2) — & (t)), |zl > 1.

If Dy, N (—00,0] # (), then instead we have

£(z) — &+ (tn), |z] <1, Imz >0,
_ §(2) = E4(te) — |z] <1, Imz < 0, )
fi.(z2) = =2 % () - €. (tk)) 2> 1 Ime >0, if Imt;, > 0, (3.23)
—(&(2) = &-(tr) + i), [2[>1, Imz <0,
&(z) — &4 (tr) + mi, |z <1, Imz >0,
P I IR fl<lmz<0,
BO=22 L — et —mi o> 1 mzso, TS0
—(&(2) = &-(tr)), l2] > 1, Imz <0,
If t, = —1, (3.23) also holds with &4 (¢,) := lim_,o+ &4 (e™9%) = 0. We define wj, and Wi, by

|-

wk(z) _ 67271'2,6’1@9(,2 k) ﬁkt B Hwa w,B ( )’ Wk(z) = d)ak(z)
J#k

imay,

_imag
e zEQikUQf,k,
e 2 ZGQIj,kUQi,}C’

where 0(z;k) =1 if Imz < 0 and k = 0 and 0(z; k) = 0 otherwise, 2P := |z|Preifk argo =

) E e 3* (log |z—ti|+iatg; (z—tk))
o ()2 e ET)E e : , (3.24)
* (2tpeile())an/a " (log |z|+iarg, (2) +i0k +ilk(2))

and (see Figure 2)

Qik ={z €Dy, : FRe f1,(2) >0, Im f;, (z) > 0},
QL ={2€Dy : FRe fy,(z) >0, Im f;, (z) < 0}.

The argument aig;(z — tx) in (3.24) is defined to have a discontinuity for z € (ka N Q}fyk) U

[Zaos t100), 2w := QL . N QE, NOD;,, and such that afg,((1 — 04)ty — &) = O + 7. Note that
afg,,(z — t),) is merely a small deformation of the argument afg, (z — t;) defined below (3.14). This
small deformation is needed to ensure that E;, in (3.26) below is analytic in Dy, .

Note that wy, is analytic in D;,. We now use the confluent hypergeometric model RH problem,
whose solution is denoted ®yc(z; ak, Ok) (see Appendix B for the definition and properties of ®yc).
If & # 0 and Dy, N (—00,0] = 0, we define

P(tk)(z) = B, (2)®uc(nfs, (Z);ak,Bk)Wk(Z)—ase_nf(z)oge—woawk(z)_%’ (3.25)
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Figure 2: The four quadrants Qik, Qi’ i near t; and their images under the map f;, .

where Ey, is given by

Ok Gy —imBro R
e T 03 iTPk s, Z€Q+,k

iTa

_ —i L
e T %3¢ ZWBkU'B’ = Q+,k

B () = PO (2Jan() 2 e () s (O 1) g gu ey (2)) 0

O (_01 é) , z€QF
(3.26)

Here the branch of f;, (2)°* is such that fi, (2)% = |fy, (z)|PcePriore 1. (2) with arg fy, (2) € (=%, 3F),
and the branch for the square root of wg(z) can be chosen arbitrarily as long as wy(2)/? is analytic
in Dy, (note that P(*+)(z) is invariant under a sign change of wy,(2)'/2). If k # 0, D;, N (—o0,0] # 0
and Tmt, > 0 (resp. Imt;, < 0), then we define P(*)(2) as in (3.25) but with £(z) replaced by
&(z) + mif_(z) (resp. &(z) + mif4(z)), where

1, ifImz<0, |2|>1, -1, ifImz >0, |z| >1,
0_(z):==<¢—1, iflmz<0, |2|] <1, Oi(z):=<1, iflmz>0, |2|] <1,
0, otherwise, 0, otherwise.

Using the definition of W), and the jumps (3.16) of P(>) we verify that F;, has no jumps in D,
Moreover, since P (z) = O(1)(z — t;,)~(FEB)7s ag 2 — 1, +(1 — |z|) > 0, we infer from (3.26)
that E; (2) = O(1) as z — ¢, and therefore E;, is analytic in D;,. Using (3.26), we see that
B, (2) = O(1)nP*?3 as n — oo, uniformly for z € Dy, . Since P**) and S have the same jumps on
(TU~; Uy )N Dy, S(z)P)(2)~1 is analytic in Dy, \ {tx}. Furthermore, by (B.5) and condition
(d) in the RH problem for S, as z — 3 from outside the lenses we have that S(z)P(®)(2)~! is
O(log(z —tx)) if Reay, =0, is O(1) if Reay, > 0, and is O((z — t)**) if Reay, < 0. In all cases, the
singularity of S(z)P(**)(2)~! at z = t, is removable and therefore P(**) in (3.25) satisfies condition
(d) of the RH problem for P(tx),

The value of Ey, (tx) can be obtained by taking the limit z — ¢ in (3.26) (for example from the
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quadrant ka) Using (3.17), (3.18), (3.20), (3.22) and (3.26), we obtain

By (ty) = ( 01 o) VAR (3.27)

where

W

Akze

1 1
Y Doy (1) Dﬁj,+(tk)‘1wéj(tk)w§j(tk)] (2mep(tg)n)  es+ ) (3.28)
J#k

1 1
In (3.28), the branch of wg;, (tx) is as in (3.24) and wj (¢x) is defined by

irB; ; )
(tfk)—e’z(ek 0w €2 T0Ste<by
e” 3P, if 0; <O < 2.

The expression for Ay can be further simplified as follows. A simple computation shows that
25 iaj A
Dy, 4 (2) = |z —tj] 2 exp 5 [argj(z—tj) —6; — 7]

= |z — ;|7 exp <w; { jéz) + argoz s W}),
tg
14

Dg, +(2) = |2 = t;]% exp (iB; [aig,
= |z —t;% exp <iﬂj [ j;z) " arg, z — 0; 7TD

for z € T. Therefore, the product in brackets in (3.28) can be rewritten as

k-1
H\tk—t| Bﬂexp( 202579;@29)1—[ (ma]> H exp( moc]),

j#k j=0 j=k+1
and thus
Wh) )6 B;
Akze 2 g (tk) 27T’l/) tk kH|tk7t| 7,
Jj#k
where -
Ty - Ty o0k — 6)) o ds
Ap = Z 5 42 5 Z 5 +2mn t W(s)—. (3.29)
Jj=0 j=k+1 J#k k
Using (3.25) and (B.2), we obtain
1 -1 (o, Br) - - .
P ()P (4 ﬁk 4 E (2 < ’ Ep (2)" + O(n~212IRe Byl ,
@P®E 7 =1+ B fp o (ot T B ol )

(3.30)
as n — oo uniformly for z € 9D, , where T(oy, O) is defined in (B.3).

19



3.5 Small norm RH problem
We consider the function R defined by

R(z) = {s<z>P(w><z>-1, 2 € C\ (Upr Dy, UTU 74 U7yo), (331)

S(z)Pt) ()~ 2e€Dy, \(TUvLU~), k=0,...,m.

We have shown in the previous section that P(**) and S have the same jumps on T U+, U~_ and
that S(z)P)(2)~! = O(1) as z — t;.. Hence R is analytic in UJ* ,D;, . Using also the RH problems
for S, P() and P(**) we conclude that R satisfies the following RH problem.

RH problem for R

(a) R:C\Tg— C**?is analytic, where I'g = U7 ;0D;, U ((74 U~-) \ U, Dy, ) and the circles
0Dy, are oriented in the clockwise direction.

(b) The jumps are given by

o 1 0\ o)/ 1o R
Ri(2) = R-(2)P'™)(2) <6W(Z)w(z)162n£(z) 1) P)(2)7h 2 € (1 Uy-) \ Ui Dy,

Ri(2) = R_(2)P") (2) P> ()7, z€dDy,, k=0,...,m.
(c) As z = o0, R(z) =1+ O(z71).
(d) As z — 2z* € I';;, where I'}; is the set of self-intersecting points of I'g, we have R(z) = O(1).

Recall that Re{(z) > ¢ > 0 for z € (74 Uv-) \ Uy, Dy, . Moreover, we see from (3.17) that P(>)(z2)

is bounded for z away from the points tg,...,t,. Using also (3.30), we conclude that as n — 400
Jr(z) =14+ 0O(e™ "), uniformly for 2z € (v U~y_) \ Ul Dy, , (3.32)
Jr(z) =1+ JI(;.‘l)(z)n_1 + O(n =2 2Pmax uniformly for z € Uj_y0Dy,, (3.33)

where Jg(2) := RZ'(2)R.(2) and

2
/8]% — 2 -1 T(Ozk ﬁk) _
IV (2) = 4B (2 ’ E, (2)71, z € 0Dy, .
R ( ) ftk(z) tk( ) _T(akv_ﬁk) 1 tk( ) tr
Furthermore, it is easy to see that the O-terms in (3.32)—(3.33) are uniform for (61,...,60,,) in any
given compact subset © C (0,2m)7,, for ag,..., o, in any given compact subset A C {z € C :

Rez > —1}, and for fy,..., B, in any given compact subset B C {z € C : Rez € (—3,1)}.

Therefore, R satisfies a small norm RH problem, and the existence of R for all sufficiently large n
can be proved using standard theory [28, 27] as follows. Define the operator C : L?(Tg) — L?(T'g)
by Cf(z) = % 1) dz, and denote Cy f and C_ f for the left and right non-tangential limits of

I'r s—=
Cf. Since I'g is a compact set, by (3.32)—(3.33) we have Jg — I € L?(I'gr) N L*(T'g), and we can
define

Cpt L*(TR) + L®(Tr) = L*(Tr),  Cyuf =C-(f(Jr—1)),  f€L*(Tr)+L*Tr).

Using [|Cypllz2(rr)—r2rr) < CllJr — I||L=(ry) and (3.32)-(3.33), we infer that there exists ng =
no(0,2,B) such that ||C, || 20 p)—r2(rg) < 1foralln >mng, all (01,...,0n,) € ©,allag, ..., 0, €A
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and all B, ..., Bm € B. Hence, for n > ng, [—Cy, : L*(T'r) — L*(T'r) can be inverted as a Neumann
series and thus R exists and is given by

R=1+4C(ur(Jr—1)),  where pgr:=1I+ (I—Cy,) " Csy(I). (3.34)
Using (3.34), (3.32) and (3.33), we obtain
R(z) = I+ RW (2)n~! + O(n=2+2Pmax) as n — 400, (3.35)

uniformly for (0y,...,0,) €O, ag,...,a, € A and By, ..., Bm € B, where RM) is given by

m (1)
R(l)(z) — L/ L(S)ds.
2mi oD, ST

k=0

Since the jumps Jg are analytic in a neighborhood of T'g, the expansion (3.35) holds uniformly for
z € C\T'g. It also follows from (3.34) that (3.35) can be differentiated with respect to z without
increasing the error term. For z € C\ U}’ Dy, , a residue calculation using (3.22), (3.27) and (3.30)
shows that (recall that 0Dy, is oriented in the clockwise direction)

m

M(z) = ! (B’g_?)tk( 1 A_QT(Oékv_/Bk)>
’ (Z)_;;Z—fk 2mip(ty)  \—AfT(an, Br) S : (3.36)

Remark 3.2 Above, we have discussed the uniformity of (3.32)—(3.33) and (3.35) in the parameters
Ok, ak, Br.. In Section 4, we will also need the following fact, which can be proved via a direct analysis
(we omit the details here, see e.g. [8, Lemma 4.35] for a similar situation): If V is replaced by sV,
then (3.32)—(3.33) and (3.35) also hold uniformly for s € [0, 1].

Remark 3.3 Ifko,...,kams1 €N, kot +kams1 > 1 and 9F := 9% .. 9kmokm ™t 9™ then
by (3.17) we have

O Jr(z) = O(e™"), uniformly for z € (v4 Uy-) \ Uy Dy, ,
and by the same type of arguments that led to (3.30) we have

(10g n)km+1 +tkomp1
N2—2Bmax

GEJR(z) = allz(Jl(%l)(z:))n_1 + (9( ), uniformly for z € U 0Dy, .

It follows that

) ] L { (logn)Eentetann
ak‘R(Z) — 8k(R(1)(Z))7’L 1 + O( )n272ﬂmax

)7 as n — +oo.
If W is replaced by tW, t € [0, 1], then the asymptotics (3.32), (3.33) and (3.35) are uniform with

respect to ¢t and can also be differentiated any number of times with respect to ¢ without worsening
the error term.

4 Integration in V
Our strategy is inspired by [8] and considers a linear deformation in the potential (in [8] the authors
study Hankel determinants related to point processes on the real line, see also [14, 19, 18] for subse-

quent works using similar deformation techniques). Consider the potential V, = sV, where s € [0, 1].
It is immediate to verify that

2m
2/ log |z — ew|du‘70 (€)= Vio(2) — Lo, for z € T, (4.1)
0

21



with duvo(eie) = 5-df and £y = 0. Using a linear combination of (4.1) and (1.23) (writing V, =

(1 —5)Vy + sV), we infer that
2m ) ) R
2/ log |z — 619|d/1,‘73 () = Vi(2) — £, for z € T, (4.2)
0

holds for each s € [0,1] with £, := s¢ and dUVS(ew) = Y5(e)dl, ¥s(e?) = == + sp(e?). In
particular, this shows that t4(e??) > 0 for all s € [0,1] and all § € [0,27). Hence, we can (and will)

use the analysis of Section 3 with V' replaced by V.
We first recall the following result, which will be used for our proof.

Theorem 4.1 [Taken from [29, 24]] Let m € N, and let t}, = €%, ay and By be such that
0=6y<b,<---<0, <2r, and Rear> -1, Re,@ke(—%,%) fork=0,...,m.

Let W : T — R be analytic, and define W and W_ as in (1.4). As n — +o00, we have

- 1
Dn(O_Z,/B,O,W) = exp (D2n+D3 logn+D4+(9(nl_26>), (43)
where
D2 = W07
m a2
b= 3 (3 )
k=0
+o0 m m
«
D, = ZEWfW—e + Z <5k - ;>W+(tk) - Z <5k + ;)W—(tk)
=1 k=0 k=0
@,ifBy — agif; i
+ Z {W(erjw)Jr(Qﬂjﬂk J2 >10g|tjtk|}
0<j<k<m
., GO+ % +B)G(A+ 5 — Br)
+>» lo 2 2 ,
;Eg G+ )

where G is Barnes’ G-function. Furthermore, the above asymptotics are uniform for all iy in compact
subsets of {z € C: Rez > —1}, for all By, in compact subsets of {z € C: Rez € (—3,3)}, and for
all (01,...,0,) in compact subsets of (0,2m)7,.

Remark 4.2 The above theorem, but with the O-term replaced by o(1), was proved by Ehrhardt in
[29]. The stronger estimate O(n~'+2Pmax) was obtained in [26, Remark 1.4]. (In fact the results
[29, 26] are valid for more general values of the By ’s, but this will not be needed for us.)

Lemma 4.3 For z € T, we have

i][ V) gy = L (1 amyp(2)), (4.4)
1T W — Z z
;TK2WW+W@Ww%+mew» (4.5)

where f stands for principal value integral.
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Proof. The first identity (4.4) can be proved by a direct residue calculation using (1.3) and (1.6).
We give here another proof, more in the spirit of [8, Lemma 5.8] and [19, Lemma 8.1]. Let H, ¢ :
C\ T — C be functions given by

1) =) (46) - 1)~ 5ot g [ 2w ol = {‘1’ AN )

2z 27 Jpw—2z 1, |z| > 1.

Clearly, H(oco) = 0, and for z € T we have

o)~ Ho3) = - (8,2 +4) - 1) + V() =

where for the last equality we have used (3.6). So H(z) = 0 by Liouville’s theorem. The identity
(4.4) now follows from the relations (3.5) and

0H+(z)+H_(z)(gg_(z)gl_(z))lJrl]{rV/(w)dz, zeT.

z ATy w—2z

The second identity (4.5) follows from a direct residue computation, using (1.3).

O
Proposition 4.4 Asn — +oo,
log w = c1n? + con + c3 + O(n~ 1H20max), (4.7)
Dn(a,,0,W)
where
_ Yo Lo i0 i0
0=-7 = 2/0 V(e )duy (e"),
m m 2T
o ) i i
=Y ?’“(V(tk) — Vo) = ) 2iBdm (Vi(te)) + [ W(e)dpuy () — Wy,
k=0 k=0 0
2
s
@ =2 T \ar V)
k=0
Proof. We will use (2.7) with V =V, and v = s, i.e.
oo 1 27
as IOgDn(&vﬁv‘éaW) = %/ [Y_l(Z)Y/(Z)]2lz_n+1asf(z)d07 (48)
0

where f(z) = e ™"V+(Fw(2) and Y () = Y,,(+; 4, g,‘%,W). Recall from Proposition 2.2 that (4.8) is
valid only when D,(C")( f)#0,k=n—1,n,n+1. However, it follows from the analysis of Subsection
3.5 (see also Remark 3.2) that the right-hand side of (4.8) exists for all n sufficiently large, for all
(01,...,0m) € O, all ag,...,q,, € A, all Bo,...,0m € B, and all s € [0,1]. Hence we can extend
(4.8) by continuity (see also [40, 37, 26, 14, 19] for similar situations with more details provided).
By (2.1), for z € T\ {to,...,tm} we have

Y (2) "Y' (2)]a1,4 = [Y (2) "Y' (2)]a1,—, (4.9)
[Y(z)—lyf(z)]gl = _fz(z) ([Y(z)—lyl(z)]ll’Jr — [Y(z)—lyl(z)]u’i) , (4.10)
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and thus, using that d,log f(z) = —nV/(2) is analytic in a neighborhood of T,

-1

0. 10g D&, B, Ve, W) = —

/ Y1 (2)Y"(2)],, 0 log f(2)dz, (4.11)
C.UC;

where C; C {2z : |z] < 1} NU is a closed curve oriented counterclockwise and surrounding 0, and
C. C{z:]z] > 1} NU is a closed curve oriented clockwise and surrounding 0. We choose C; and C,
such that they do not intersect TU vy Uy_ UDy, U---UDy, .

Inverting the transformations Y +— T — S — R of Section 3 using (3.13), (3.15) and (3.31), for
z € C. UC; we find

[Yfl(z)yl(z)]ll _ ng/(Z) + [P(OO)(Z)*lp(OO)/(Z)} . + [P(OO)(Z)ilR(Z)ilR/(Z)P(OO)(Z)

11

Substituting the above in (4.11), we find the following exact identity:
010g Dy (&, B, Ve, W) = I s + Io s + I,
where
n )
Ls=5= 9'(2)0s log f(2)dz, (4.12)
2mi Je,ue;
JA—— [P<°°>(z)*1p<°<>>'(z)] 8, log f(2)dz (4.13)
2w Je,ue, 1 ’
-1
L= — [PE)(2) T R(2) R (2) P (2)| 0, log f(2)dz. (4.14)
27 Je,ue 11

Using 0s log f(z) = —nV (z) and (3.5) (with 1 replaced by ), we find

77,2 yA
Lo=2" [(g(2) = g ()V(2)dz = —n? / V(e (2)
T T

and since ¥, = 12
1 2 2 ) 1 2 2m ) )
/ Ids = — > V(e“g)<— (e ))de - —”(vo +/ V(eze)duv(e“g)) = cein?. (4.15)
0 ’ 2 0 27T

Now we turn to the analysis of I ;. Using (3.17), we obtain

[P TP (2)] = p(2)0:[log D(2)] (4.16)

where ¢ is defined in (4.6). Also, by (3.18), (3.20) and (3.21), we have

1
9. log D(z) = ( )+ i (B + % a)kz— L Il < 1, (4.17)
W)+ S (G — %) (25— 1), el > L
where W are defined in (1.4), and by (1.6), we have
2 ) )
- Z kWi Vog = W (e)dpy () — Wo. (4.18)

k=—o0
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Substituting (4.16) and (4.17) in (4.13), and doing a residue computation, we obtain

m

1 Vi(z
Is=-n Z |k[W V_ HnZ - W) —”Zﬁk<m TZ_(t)de—Vo>=02n7

k=—o0

where for the last equality we have used (4.5) and (4.18). Clearly, I is independent of s, and
therefore fol I sds = can. We now analyze I3 s as n — +oo. From (3.35), we have

RY(2)R(z) = n_lR(l)'(z) + O(n =2+ max),
and, using first (3.17) and then (3.36),

W (2 z —p(z
[P(OC)(z)_ln‘lR(l)'(z)P(oo)(Z)}11::LX“g(l)/gzﬁji: :Z:i: fon Zd, Z_Z’“

Therefore, as n — +o0

i Bkw = o (/c/c> J-%M ).

=0

Partial integration yields

L) s ) e 2

and thus, by (4.4), we have

foe =5 Z Wf (1= 2mp(t)) + O~ +¥m), s n— +oc.

Since the above asymptotics are uniform for s € [0, 1] (see Remark 3.2), the claim follows. O

Theorem 1.1 now directly follows by combining Proposition 4.4 with Theorem 4.1. (The estimate
(1.12) follows from Remark 3.3.)

5 Proofs of Corollaries 1.4, 1.5, 1.6, 1.8, 1.9

Let e®1,..., €' be distributed according to (1.17) with ¢1,...,¢, € [0,27). Recall that N, (0) =
#{¢; € [0,0)} and that the angles ¢1, ..., ¢, arranged in increasing order are denoted by 0 < §; <
52 S an <27T-

Proof of Corollary 1.4. The asymptotics for the cumulants {KVJ} 1 follow directly from (1.30),
Theorem 1.3 (with m = 0, oy = 0 and with W replaced by tW), and the fact that (1.24) can be
differentiated any number of time with respect to t without worsening the error term (see Remark
3.3). Furthermore, if W is non-constant, then Z 1 EWW_y, = ;ﬁ‘i k|Wg|? > 0 (because W is
assumed to be real-valued) and from Theorem 1.3 (Wlth m = 0, a9 = 0 and with W replaced by

ey l:gvvkw_k)l/"" t € R) we also have

as n — 4oo with ¢ € R arbitrary but ﬁxed. The convergence in distribution stated in Corollary 1.4
now follows from standard theorems (see e.g. [9, top of page 415]).
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Proof of Corollary 1.5. The proof is similar to the proof of Corollary 1.4. The main difference
is that (i) for the asymptotics of the cumulants, one needs to use Theorem 1.3 with W =0, m =0
ift=1,and with W =0, m =1, a9 =0, uy = 01if t € T\ {1}, and (ii) for the convergence in
distribution, one needs to use Theorem 1.3 with W = 0, m = 0, and ag replaced by av/2//logn,
a € R fixed, if t = 1, and with W =0, m = 1, ap = 0, u; = 0 and «a; replaced by av/2//logn,
a € Rfixed, if t € T\ {1}.

Proof of Corollary 1.6. This proof is also similar to the proof of Corollary 1.4. For the asymp-
totics of the cumulants, one needs to use Theorem 1.3 with W =0, m =1, ap = a3 = 0 and for the
convergence in distribution, one needs to use Theorem 1.3 with W =0, m =1, ag = oy = 0, and
with uy replaced by wu/+/logn, u € R fixed.

Proof of Corollary 1.8. The proof is inspired by Gustavsson [36, Theorem 1.2]. Let 6 € (0, 27)
and kg = [n foe dpy (€'?)], where [z] := |z + %], and consider the random variable

Vo nfogkg dpy (') — kg _ tn (Eky) — Ko (5.1)
" Viegn/m on ’ ’

where p, (€) := nfo£ dpy (€'?) and o, := Ly/logn. For y € R, we have

P[Ya < y] = P&k, < i (ko +you) | = P[Na (" (ko +yon) ) = k. (5.2)

Letting 6 := 11, (ko + yoy), we can rewrite (5.2) as

e e I
As n — +00, we have
ko = [un(0)] = O(n), 0= 9(1 + o(@)) (5.4)

Since Theorem 1.3 also holds in the case where 6 depends on n but remains bounded away from 0,
the same is true for the convergence in distribution in Corollary 1.6. By (5.4), 6 remains bounded
away from 0, and therefore Corollary 1.6 together with (5.3) implies that Y;, converges in distribution
to a standard normal random variable. Since

(e ) P (g + Y s ) = Hn (1, )
P L€y —ky) <y| =P|V,, <
\/10@/71' (5’99 nks) Sy = On

Mg +—L52— i}
_ P|:Yn < / O (") TW(e)d¢:| = P[Yn <y+ 0(1)]
Mk

(o
o n

as n — 400, this implies the convergence in distribution in the statement of Corollary 1.8.

Proof of Corollary 1.9. Let u,(§) := nfof duy (e'?), o, = %\/logn, and for 6 € [0,2n), let
N, (0) := N,(0) — pn(#). Using Theorem 1.3 with W = 0, m € Nug, ag = ... = a,, = 0 and
Uiy .., Uy € R, we infer that for any § € (0,7) and M > 0, there exists nj = ny(d, M) € N and
C = C(6, M) > 0 such that

_ mo2 2
E (¢St wNn(0)) < Cexp (Zk;OukU;) (5.5)
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for all n > ng, (01,...,0.,) in compact subsets of (0,27)" N (J,27 —§)™ and w1, ..., u, € [—M, M],
and where ug = —uq — ... — Up,-

Lemma 5.1 For any 6 € (0,7), there exists ¢ > 0 such that for all large enough n and small enough
€e>0,

Ny (0) — pn(0)

2
On

Cc

(5.6)

]P’( sup ‘ST&'(l—FG))Zl—
5<6<2m—5

Proof. A naive adaptation of [15, Lemma 8.1] (an important difference between [15] and our

situation is that o, = V\%i n

logn’

in [15] while here we have o, = Y2251 yiclds

T

W‘ < \/5%(1—5-6)) >1-o(1).

IP’( sup
6<0<2m—4§

The inequality (5.5) can in fact be used to obtain the stronger statement (5.6).! Recall that n;, =
wt(k) is the classical location of the k-th smallest point & and is defined in (1.34). Since p, and
N, are increasing functions, for x € [nx_1,nx] with k € {1,...,n}, we have

Np(2) = pn(2) < Np(Me) = i (Mr—1) = No(0k) — pn (M) + 1, (5.7)
which implies

sup  Nol@ —inl@) gy Nole) = pinle) +1

2 2
§<z<2n—§ On keK,, On

)

where KC,, = {k : nx > 0 and ni_1 < 27w — 6}. Hence, for any v > 0,

p(, s PSR ) cp (s Tt

§<x<2m—§ o2 kekn on

Let €y > 0 be small and fixed, and let Z be an arbitrary but fixed subset of (0,¢€p]. The claim (5.6)
will follow if we can prove for any € € Z that

Nn - Mn
P ( sup (nk) : M (nk) > 7T(1 + E)) S C1 , (58)
kEKn Th logn

for some ¢; = ¢1(Z) > 0. Let m € N be fixed and S, and S}, be the following two collections of
points of size m

"

Sm:{5+(27r—25) 34;1: j:07...,m—1}7

S;n—{5+(27r26)4‘7+2: j—O,...,ml}.
4m

Let X,,(0) := (Np(0) — pin(0))/0op. For any 0 € [0, 27 — 0], we have by Corollary 1.6 that E[X,,(0)] =
O and Var[X,(0)] < 2 for all large enough n. Hence, by Chebyshev’s inequality, for any fixed

n

¢ >0, P(% > () < 25 for all large enough n. Using this inequality with £ = Z¢ together with a
union bound, we get

]P( sup ‘W‘>7§>—P< sup

€8, US!, 0€SmUSy,

wey2logn T 2 ’
)28t €*logn

2

On

Xn(é)‘ N we) _ 3x2m 24m
- (

1We are very grateful to a referee for pointing this out.
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and then

No (k) — o (1) 24m
P (ksup 0_2 > 7T(1 + E) S W
€Ky gn
Ni( n X, (0
+ E IP(’ (1) = i (1) >n(l+e) and sup ( )’ < 7re) (5.9)
o feS,us;, | In 2

ke,

The reason for introducing two subsets S, S/, is the following: for any k € K,,, one must have that
7 remains bounded away from at least one of S,,,, S7, (so that (5.5) can be applied). Indeed, suppose
for example that 0 is bounded away from S,,, then by (5.5) (with m replaced by m + 1 and with

up =uand uyg = ... = Upy1 = —=) we have

E[exp <UNn(77k) - % Z N"(é)” < Cexp {uzj% (1 N ﬂl’t>}

0eS,

and similarly,

E{exp <;‘1 GEZS N.(0) - uNn(nk)ﬂ < Cexp{uzj% (1 + ;) }

Hence, if 7 remains bounded away from S,,, we have (with v :=7(1 + ¢/2) and a := (1 + 1))

N, N0
P Nol) >n(l+e) and sup (%) < (5.10)
2 R 2 9
Tn beS,us,, | Tn
N
S ]P)< m Zeesm, ( ) > ,_y> + IF)( m ZGESNL 2( ) n(nk) > ’Y)
Un
= P<el Na(m) = Soes,, Nn(0) 5 ¢ a) +[[D< 2(k Siesy, Nal®)-Nalm) efaz,>
E( & Sges,, Na )e 2o +E(el<i Siesnm Nn<é>Nn<nk>>>e—zfai
2 2 2 €\2,.2 (1+$)2
Vo 1) ~ m(1+5)0, —x
<2 21+ —) - = =2 —_—= ) =2 . A1
< Cexp<4a2 ( +m> aa) CeXp( 1 Cn (5.11)

We obtain the same bound (5.11) if n, in (5.10) is instead bounded away from S;,. The above
exponent is less than —1 provided that m is sufficiently large relative to e. Since the number of
points in KC,, is proportional to n, the claim (5.6) now directly follows from (5.9) (recall also (5.8)).

O
Lemma 5.2 Let § € (0, %) and € > 0. For all sufficiently large n, if the event
N, (0) — pn(0
sup ()2“()‘ <n(l+e) (5.12)
§<0<2r—5 oy
holds true, them we have
—k 1
sup ’un@kg' <7m(l+e+ =, (5.13)
k€ (1n (26),1n (27—26)) On On
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Proof. The proof is almost identical to the proof of [15, Lemma 8.2] so we omit it. g

By combining Lemmas 5.1 and 5.2, we arrive at the following result (the proof is very similar to
[15, Proof of (1.38)], so we omit it).

Lemma 5.3 For any 6 € (0,7), there exists ¢ > 0 such that for all large enough n and small enough
€e>0,

P( max (™6 — il < (5.14)

1+e logn) 51 c
on<k<(1-d)n 71' n

~logn’

Extending Lemmas 5.1 and 5.3 to § = 0. In this paper, the support of uy is T. Therefore,
the point 1 € T should play no special role in the study of the global rigidity of the points, which
suggests that (5.6) and (5.14) should still hold with § = 0. The next lemma shows that this is indeed
the case.

Lemma 5.4 (Proof of (1.35).) For each small enough € > 0, there exists ¢ > 0 such that

IP’< sup ]\W‘ Sﬁ(1+e)> >1-
0<0<2m g

n

C

logn
for all large enough n.

Proof. For —7 < 0 < 0, let N,(0) := #{¢; — 2r € (—7,0]}, and for 0 < 6 < 7, let N, (0) :=
#{¢p; —2m € (—m, 01} U{¢; €10,0]}). For —m < 6 < m, define also fi,(0) := nf_ew dpy (e'?). In the
same way as for Lemma 5.1, the following holds: for any § € (0, 7), there exists ¢; > 0 such that for
all large enough n and small enough € > 0,

Nn(e) — /jn(e) C1

2
On

’gw(1+e)> >1—

P sup .
—r5<O<T—5 logn

Clearly,

- ) Nu(0+2m) — Ny(m), if0 € (—m,0), . ) (04 27) — pp (), if 6 € (—7,0),
Nn(g)_{Nn(G)—i—n—Nn(w), if € (0,7), ””(9)_{un(9)+n—un(7r), if § € (0,7),

and therefore

Bo(0) —fin0) __ Nalm) —pulr) | [ "B, it 6 € (-, 0),
Nn(‘g)_z.un(‘g)7 if o c (O’ 7T>

G-TL

2 2
os o

Thus, for all large enough n,

Nn(0) — (6 N () — i,
]P sup w’<ﬂ(1+e>+‘w 21_ C1
6€[0,27)\ (7 —58,7+6) On o; logn
Combining the above with (5.6) (with ¢ replaced by c¢2), we obtain
Np(0) — (6 N () — i,
P( sup Uzﬂ()’<7r(1+e)+‘w 21—61+02. (5.15)
0€[0,27) o2 o2 logn
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Let X, := (Np(7) — pn(7))/0n. By Corollary 1.6, E[X,,] = O(@) and Var[X,,] < 2 for all large
enough n. Hence, by Chebyshev’s inequality, for any fixed £ > 0, P(‘f—:l > E) < 62?;2 for all large
enough n. Applying this inequality with £ = 7(1 + (1 + €)e) — 7(1 + e)’ = 7¢® we see that if P(A)
denotes the left-hand side of (5.15), then

P(4) <P(An{Zel < o}) +p(2el > 0) <p(an {2l < 0}) +

252"
(2g2

Together with (5.15), this gives

Nn(e) — Nn(e) | X | 3
P /L <r(1+(1 >PlAN{=xt £>>IP’A——
(e [02500] <0s00) 2r{an 3 <) 200
c] +C2 3 C3
>1- - —
- logn (202 — logn’
for some c3 = c3(€) > 0, which proves the claim. O

The upper bound (1.36) can be proved using the same idea as in the proof of Lemma 5.4.

A Equilibrium measure

Assume that py is supported on T. We make the ansatz that py is of the form (1.7) for some .
Let g be as in (3.1). Substituting (3.2) in (1.23) and differentiating, we obtain

1
gﬁr(z)—i—g’_(z):V/(z)—&-;, zeT.

Since ¢'(2) = L + O(272) as z — oo, we deduce that

w(Z)/ s HV'(s)
T

21 s—z

g'(z) = ds, ze€ C\T, (A1)

where p(z) := 41 if |z| > 1 and ¢(z) := —1if |z] < 1. Using (A.1) in (3.5), it follows that

21 1 [i+V
~Tg(e) = 7]{r sV, e (A.2)

i s—=z
Recall from (1.3) that V is analytic in the open annulus U and real-valued on T, and therefore

V() =Vo+ Y (b + Wz ), V()= (kViz" ' —kViz ™Y, zel.
E>1 E>1

1s straightiforward to chec a € series k2" T an 72_ ~* are convergent in
It is straightf d to check that the seri por KVie2F "l and Yo, o kVez 7Rl t
U.) Direct computation gives B a

1y ; e
][ L(S)ds = S RV 4 kY, z €T
T S—=Z2 z =1

which, by (A.2), proves that ¢ is given by (1.6). Since the right-hand side of (1.6) is positive on T (by
our assumption that V is regular), we conclude that 1(e’?)df is a probability measure satisfying the
Euler-Lagrange condition (1.23). Therefore v (e?®)df minimizes (1.5), i.e. 1(e?)dd is the equilibrium
measure associated to V. Since the equilibrium measure is unique [42], this proves (1.7).
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oniiuen ergeoimnie I'iC moae roplem
B Confl t h t del RH bl
(a) ®gq : C\ Zgg — C?*? is analytic, where Yy is shown in Figure 3.

(b) For z € Ty, (see Figure 3), k =1,...,8, Py obeys the jump relations

Puc,+(2) = Puc,—(2) Ik, (B.1)

0 6*1'775 0 eifrﬁ 6”70‘ 0
Jl:(—ei”ﬁ 0 ), J5:(—e”5 0 >, J3:J7:( 0 e”z“)’

1 0 1 0 1 0 1 0
J2 - (e—iﬂ'aeiﬂ,@ 1>’ J4 - <ei7rae—i7r,6 1)) JG - <e—i7rae—i7r,6 1)) J8 - <ei7raei7rﬁ 1) .

(¢c) As z = 00, z ¢ Ypug, we have

o0
Pyg k —Bos ,—% -1
q) = = 93 73 .
e (2) <I+Z o | 2 M~ (2), (B.2)
k=1
where
AN Sl () G )
(0] - ( 2 7) ’ ’ ’ - _277 o
o = (P =) v g 1 O CETED N
and : i u
elzaﬂﬁe_lﬂ'ﬁaga 5 < argz < 7T,
_ina —i T
R zTrﬂ03’ 7r<argz<7a
M = iTa B.4
(2) 50 (—01 (1)>’ —5 <argz <0, >
RO <_01 (1)> , 0<argz< 3.

In (B.2), 2% has a cut along iR~ so that z7# = [2| Pe=Fiar8(=) with —T < argz < 3F. As
z — 0, we have

O(1)  Oflog Z)> , if 2 ITUIITUVIUVII,
Puc(z) = ggllgg Z?(lgg(fgg 2) , ifRea=0,

Ollog 2) O(logz)> , ifzeTUIVUVUVIII,

Of=2) O(zii)) . ifzeIIUIITUVIUVII, (B.5)
Pna(z) = ggii%) O((’)izj%) , if Rea >0,

(’)(z_%) (’)(z_g)>’ ifze I UIVUVUVIII,

_(0(z%) 0O(z%) .

Puc(z) = (O(zg) 0(:%)) if Rea < 0.

This model RH problem was first introduced and solved explicitly in [37] for the case a = 0, and
then in [35, 24] for the general case. The constant matrices ®yg , depend analytically on « and
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Figure 3: The jump contour Xy for ®yg(z). The ray Iy is oriented from 0 to oo, and forms an
angle with R* which is a multiple of Z.

(they can be found explicitly, see e.g. [35, eq. (56)]). Consider the matrix

rd+g$-p) o . —ira ri+s-5) a . —T
E’HG(Z) - (F(lfc(yt%))G(Q B a5z)e 2- 7WH(1 c ﬂ',a’ b )> e~ 503
WG(I+%+§,OL;Z)6* 2 H(§ — f,a;ze™"7) -
where G and H are related to the Whittaker functions:
oy Miu(2) oy Weu(2) _ o 1 a
G(CLOZ,Z)—T, H(G,O{,Z)—T, /,6—5, K/—i‘i‘a a. (B?)
The solution ®y¢ is given by
Puc(z)J5 ", for z € I,
Ppc(2), for z € 11,
buc(z)Js, for z € I11,
Dya(2)J3J; 0, for z € IV,
P = =~ B.8
G (2) Puc(2)Jy Iy g I e, for z €V (B8)
Pya(z)Jy I Ig I for 2 € VI,
dyua(2)Jy I It for z € VII,
Pyua(z)Jy I for z € VIII.
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