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Chapter 1

Introduction

In the present thesis, we provide new results for certain Toeplitz and Hankel
determinants related to determinantal point processes which arise in random
matrix theory. These determinants can be expressed in terms of orthogonal
polynomials on the unit circle and on the real line. We use a Riemann-Hilbert
characterisation of these orthogonal polynomials and apply the Deift/Zhou

steepest descent method on it.

In sections 1.1-1.4, we first recall some definitions and known results concern-
ing Toeplitz and Hankel determinants, random matrices, determinantal point
processes and orthogonal polynomials. We also show how they are related to
each other. In Section 1.5, we present in detail the results of the thesis. Section
1.6 is divided into two parts. First we define what a Riemann-Hilbert problem
is and how the steepest descent method of Deift and Zhou works. The second

part is devoted to Riemann surfaces.

1.1 Toeplitz and Hankel determinants

A Toeplitz matrix is a square matrix which has constant entries along each
diagonal. More precisely, if n is the size of the Toeplitz matrix T, one has
Ty = (tj—k)jk=1,..,n, Where t_,y1,...,t,_1 are some complex numbers. If f is
a function defined on the unit circle S = {z € C : |2| = 1} which possesses

Fourier coefficients

1 27 . .
=5 i f(e®e™*dp, ke, (1.1.1)
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then f is called a symbol. The Toeplitz matrix T}, (f) and its determinant D,,(f)
associated to the symbol f are given by

foo fo1o oo [fonm
fl fO f—71+2

To(f) = (fi—k)jk=1,.n = : — : , (1.1.2)
fn—l fn—2 fO
and D, (f) = det(T,(f)).

A Hankel matrix H,, of size n is also a square matrix, but which is constant
along anti-diagonals, one has H,, = (hj+k—2)jk=1,...n With hg, ..., ho,_o some

complex numbers. If w is a function defined on R which possesses finite moments

wy, = / w(z)zkdr, keN, (1.1.3)
R

then w is called a weight. The Hankel matrix H,(w) and its determinant D, (w)

associated to the weight w are given by

Wo w1 ‘e Wn—1
w1 w2 . Wn,
Hp(w) = (Wjth—2)jh=1,n = | . o N (1.1.4)
Wp—1 Wp ... Wopn-2

and D, (w) = det(H,(w)). In this thesis we will only use positive weights w.

Toeplitz matrices and determinants were introduced by Otto Toeplitz in
1907 [65, 66]. He was studying quadratic forms Z;Lgio fi—kx;ys, associated
to the matrix T, (f), in order to give concrete examples of Hilbert’s theory of
functional analysis. The first asymptotic results are due to Szegd with his weak
limit theorem in 1915 [60], and 37 years later in 1952 with his strong limit
theorem [61]. Since then, a lot of other asymptotic results have followed. See
[25] for a historical review of Toeplitz matrices and determinants.

Toeplitz and Hankel determinants have applications in:

« statistical mechanics [33], in particular the Ising model [44].
o the emptiness formation probability for XY Spin Chain, see [39].

o the distribution of the length of the longest increasing subsequence of a

random permutation [6].
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o random matrix theory, which has in itself a lot of applications.

In this thesis we will focus on Toeplitz determinants D,,(f) for which the

symbol f has two jump discontinuities: more precisely, we take f of the form

1, for—-L<O0LL,
s, forL<0<2mr—1L,

Fei?) = W) x (1.1.5)

where s € [0,1] and L € (0,7) are two parameters and W is analytic in a

neighbourhood of the unit circle. If W = 0, f is piecewise constant.

If s =0 and L is fixed, i.e. independent of n, the symbol is supported on the
single arc v = {e? : =L < @ < L}. If f is positive on v and has the symmetry
f(e7) = f(e'), then large n asymptotics for D,,(f) are well-known and are
due to Widom [67],

L ~ 1 N~ =
log D (flo—y) = n? log sin 3 +nWy — 1 logn + ;kjWkW_k
7110 cos£+ilo 2+3C'(;1)+0(1) as n — 0o
1 g B) 12 g ) )
(1.1.6)
where Wk is the k-th Fourier coefficient of ﬁi defined by

~ 0 o3 aresin(sin L sin & — 1 2W~49 ho

W(ez ) _ W(e i arcsin(sin % sin 5))7 W, = 27 W(el )e—z d9, (117)
T Jo

and where ( is the Riemann (-function.

On the other hand, if s > 0 is fixed, the symbol f is supported on the whole
unit circle and possesses two jump discontinuities at e**. In this case f is

a special case of a Fisher-Hartwig symbol whose asymptotics are also known
[33, 68, 7, 8, 16, 32, 24, 26]

L 1 2
log Dy(flysg) = n (1 - 77) log s +nWy + ( C;ig) (logn + log(2sin L))
log § ~— =
—~ > (Wi + Wey)sin(kL) + Y kWiW_y
k=1 k=1

1 1
+21log (G (1+ ngs)G(l— ngs)> +o(1),
271 271

(1.1.8)
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as n — 0o, where G is Barnes’ G-function, defined by

G(1+2) = (27)*/2 exp <_”222(”6)) ]f[l {(1 + %)kexp (;Z - zﬂ ,

and ¢ is the Euler-Mascheroni constant [53]. If we put s = 1 in (1.1.8), the

asymptotics coincide with the result of Szego.

If we let s tend to 0 in (1.1.5), the jump discontinuities of f turn into
endpoints of the support of f, and f transforms from a Fisher-Hartwig symbol
to an arc-supported symbol on [—L, L]. Nevertheless, letting s — 0 in (1.1.8),
we do not recover the Widom asymptotics (1.1.6). This means that a non-trivial
critical transition in the asymptotic behavior for D, (f) takes place as s — 0.

We will analyse this transition in detail in Chapter 2 and Chapter 3.

1.2 Random matrices

Random matrices were introduced in 1928 by Wishart [70] in the study of
normal multivariate populations. In the 1950s, this area received growing
attention with the work of Wigner [69] in nuclear physics. Since then, random
matrices found applications and connections in many areas, such as finance (see
e.g. [5], Section 12.2). There are also some links with the Riemann ¢(-function
[45]. Some classical references in the field are Mehta’s book [52], where a lot of

applications and results are presented, and [2, 1, 5, 35, 62].

A random matrix ensemble is a set of matrices with a probability measure
defined on it. Elements of random matrices are therefore random variables,
possibly dependent. We will present here three of the most studied matrix

ensembles:

o The Gaussian Unitary Ensemble (GUE) consists of the space of n x n
complex Hermitian matrices with the distribution

1
P(M)dM = Z—e—"Tf<M2>dM, (1.2.1)

where Z,, is the normalization constant and

dM = [[dMi ] dReM;;dim M, (1.2.2)

i=1 1<i<j<n
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is the Lebesgue measure. The distribution (1.2.1) implies that the entries

of the upper triangular part of M are independent Gaussian variables,

one has:
2 _ 1 .
M;; ~ N (0,0° = — 1<i<n,
2n

1

Re M;;, Tm M;; ~N<0,02 = 4) 1<i<j<n, (1.2.3)
n

Mj; = M;; 1<i<j<n,

where 02 denotes the variance. The name GUE might appear misleading
because this is a space of Hermitian matrices but is called a unitary
ensemble. This is due to the fact that the distribution (1.2.1) is invariant

under unitary conjugations, i.e. if U is an n X n unitary matrix, one has
PUMU*)=P(M) and dUMU*)=dM, (1.2.4)

where U* denotes the conjugate transpose of U. This implies the re-
markable fact that the eigenvectors are independent of the eigenvalues.
Integrating out the eigenvectors, and computing the Jacobian of this
transformation, we are left with the joint probability distribution on R"

of the eigenvalues z1, ..., x,. One has

! T (@—=)? ﬁ e~ du, (1.2.5)

n!'Z
mGUE 4 i Jicp i=1

where Z,, gug is the normalisation constant. From (1.2.5), we observe two
different phenomena: it is unlikely to have (1) two eigenvalues equal or
very close to each other and (2) an eigenvalue which is "large" in absolute
value. These two opposite forces, i.e., the fact that the eigenvalues repel
each other and that they are repulsed from +oo, are of the same strength.
More precisely, the limiting average counting measure of the eigenvalues
has a continuous density which is given by the Wigner semi-circle law (see
23):

E

1 1
— E 5%1 — —\/ﬁdﬂ:, as n — oo, (1.2.6)
n ™

i=1

where — denotes the weak convergence. This limiting measure is supported
on [—v/2,1/2] and vanishes like a square root near the endpoints 4+/2.
So the largest (resp. the smallest) eigenvalue is located around v/2 (resp.
—v/2). These endpoints of the support are called soft edges because there
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can be eigenvalues outside of [— V2, \/5] The fluctuations of the rescaled

extreme eigenvalues follow the Tracy-Widom distribution [63], one has

lim P ((.’L‘max - \/5) Von?/? < x) = ﬁg(.’]ﬁ),

n—oQ

lim P (— (mein + \f?) V2n?/3 < x) = ﬁg(x),

n—oo

(1.2.7)

with
Fy(x) = exp ( /Oo(s - x)qz(s)ds> , (1.2.8)
and ¢ is the Hastings-McLeod [40] solution of the Painlevé I equation
q"(s) = sq(s) + 2q(s)? (1.2.9)

satisfying the boundary condition ¢(s) ~ Ai(s) as s — oo, where Ai is the
Airy function (see [53, Chapter 9] for the definition and properties of the
Airy function).

The Laguerre Unitary Ensemble (LUE) consists of the space of n x n
complex positive definite Hermitian matrices endowed with the distribution

1

P(M)dM = (det M)*e="T*Mqpp, a> —1. (1.2.10)

!

n,a
The eigenvalues x1, ..., £, are thus positive and follow the joint probability
distribution on (RT)™ given by

n

! H (zj — xi)* fo‘e_midxi. (1.2.11)

=
W Zn o 1<i<j<n i=1

If o is an integer, one can show that (1.2.11) is also the distribution of the
eigenvalues of a matrix of the form X* X, where X is an (n+ ) X n matrix
whose entries X;; are independent and identically distributed complex

Gaussian variables

1
ReXij, Il’IlXij NN (0,0’2 = 27],) . (1212)
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The limiting mean eigenvalue density function is given by the Marchenko-
Pastur [51] law

1 4—x
o x

(1.2.13)

supported on the interval [0, 4]. This density vanishes like a square root
near the soft edge 4. The largest eigenvalues are expected to be around 4,
which is a soft edge. The rescaled fluctuations of the largest eigenvalue
around 4 follow again the Tracy-Widom distribution F given by (1.2.8).
The eigenvalues near 0 behave differently, since they are positive. On the
level of the density, we observe that the Marchenko-Pastur law blows up
like an inverse square root near 0. Zero is called a hard edge, and the
fluctuations of the properly rescaled smallest eigenvalue follow another
distribution F,(z), also proved by Tracy and Widom [64]. We have

Fale) = lim Py (i > ) =exp (- [0 (1) e (01¢)

n—00 ¢

(1.2.14)

where ¢(§) is the solution of the Painlevé V equation

§ - DY =aled)? + 3 (€~ 0P+ 6@ ~2),  (12.15)

with boundary condition ¢(§) ~ J,(v/€) as € — 04, and J,, is the Bessel
function of the first kind of order « (see [53, Chapter 10] for definition
and properties of the Bessel functions).

e The Circular Unitary Ensemble (CUE) consists of the space of nxn unitary
matrices with the Haar measure on it. Eigenvalues of such matrices are
of the form €%, ..., e with the eigenangles {6;} distributed on [0, 27)"
as follows:

W H ‘6 6] 7€9k'|2Hd6j. (1216)
T 1<j<k<n j=1

The limiting mean eigenvalue density function is given by the uniform

density i The support is the whole unit circle and has no edges.

An interesting quantity, often studied in random matrix theory, is the gap
probability, i.e., the probability that all eigenvalues (or eigenangles in the case
of the CUE) lie in a certain ensemble B (B C R for the GUE, B C R* for the
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LUE and B C [0,27) for the CUE). Such probabilities in the case of the CUE
can be expressed as the Toeplitz determinant associated to the symbol x g, the
characteristic function of B. Indeed, starting from the definition of Toeplitz

determinants, we have

1 . o,
Dalxe) = det( 5 [ xw(@)e I as,
2m [0,27)

L P
= 7o det (ez(k_l)‘%) e—z(]—l)QJXB 0.)do. .
(271—)” [0,2m)" 1Sj’k§nj1;[1 ( j) j

(1.2.17)

1<j,k<n

By Fubini’s theorem, we can interchange order of integration and we obtain

e~ ti=1)bs() XB (gg(j))dgj,
1

1 , n
Dn - = det ( z(k—l)Qg(j))
&) (QWYI/;gﬂyL e 1<jk<n 5]

(1.2.18)
where o € S,,, and S, is the set of permutations of {1,...,n}. Note that

H xB(0s(5)) = H x5(0;),
j=1 j=1

- = (1.2.19)
det (ei(kfl)ea(ﬂ) sgn(o) det (ei(kq)oj)

1<j,k<n 1<j,k<n’

where sgn(o) € {—1,1} is the sign of . Summing over all the permutations of

S, we get
1
n'Dn<XB) = (27-[-)" X
det (ei(kfl)ef) Z sgn(o) H e 101006 db;.
/n 1<), k<n oes, =1 =1
(1.2.20)

Using Vandermonde’s formula we finally obtain
_ 1 0, o2 T
Dn(XB) = W /Bn H |€ 7 —e k| Hdﬁj (1.2.21)
1<j<k<n j=1

The right-hand side of (1.2.21) is by definition equal to the gap probability
P({64,...,6,} C B). Similarly, we can prove that the gap probabilities in
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the GUE (1.2.5) and the LUE (1.2.11) can be expressed in terms of Hankel

determinants.

More generally, there is an integral representation of Toeplitz and Hankel
determinants. If f is a symbol defined on S' and w is a weight on R, one has

Heine’s formulas

1 , . - ,
Dn(f) = (27T)W/[ : IT 1 = e® P I £(e)de;,
FI02m)" 1< ck<n j=1
sisksn (1.2.22)

E/Rn H (mk—xj)QHw(xj)dxj.

1<j<k<n j=1

-l
=
g

|

1.3 Determinantal point processes and orthog-

onal polynomials

Let A be a complete separable metric space. In the present thesis we will use
A =R, R" or [0,27). We consider N'(A) the space of all counting measures p
which are locally bounded on A, i.e., for which u(B) € N for every bounded
B c A. A point process on A is a probability measure on N(A) and is
called finite if there exists n € N such that this probability measure is zero on
{r e N(A) : u(A) > n}. The reader can find general definitions and properties
of point processes in [42, 59, 14].

The eigenvalue measures on R” for the GUE and on (RT)" for the LUE,
given by (1.2.5) and (1.2.11) respectively, define finite point processes on A = R
and A = RT by identifying an eigenvalue configuration (x1,...,z,) with the

counting measure ., 0y,

A" S (@1, ) = Y Oy (1.3.1)
i=1

Similarly, the measure (1.2.16) for the CUE defines a point process on [0, 27)
(or on S1).

Let un (21, ..., zn) be a probability density on A™ which is symmetric under
permutations of the {z;}. One can keep in mind the three examples of the
density of the GUE or LUE eigenvalues, or of the CUE eigenangles. One defines
the k-point correlation function py of the point process induced by wu,, by

n!
pk(xl,...,xk):( /R—k Un (T1, ooy T )dT g1 ... ATy (1.3.2)

n—k)!
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If B C A, one can show that

/Bm(xl)dxl = E(#{z: € B}),

//P2($17x2)dx1dx2
BJB

where the pairs (¢,j) and (j,4) are both counted if z;,x; € B.

E (#{(¢,j) : i # j and x;,x; € B}),

In this context, a point process is called determinantal if there exists a
function K : A x A — C such that

pk(l‘l,...,l’k> Zdet(K(Jﬁi,Jﬁj))lSi,jSk, (133)

for all x1,...,zx € A and k = 1,2,...,n. K is called the correlation kernel. Since
all correlation functions can be expressed in terms of K, the correlation kernel
contains all statistical information about the point process. The three examples
considered above are determinantal, and the associated correlation kernels can
each of them be expressed in terms of orthogonal polynomials (OP) [23, 58].

Given a weight w on the real line, the associated family of monic orthogonal

polynomials py of degree k is characterised by the relations

/pk(x)pl(x)w(x)dw = hdw, k,1=0,1,2,... (1.3.4)
R

If w(z) = e~ the py (z)’s are the rescaled Hermite polynomials and if

w(z) = 2% " xr+ (), the py(x)’s are the rescaled Laguerre polynomials.

On the unit circle, given a symbol f, one has to consider two families of
monic orthogonal polynomials ¢ (z), b (z) characterised by

2T
L (@) F()d0 = hub, ki1 =0,1,2,.. (1.3.5)

2 J
If f is real on S', ¢, = &y, and if f is symmetric on S, i.e. f(e'?) = f(e™ ),
then ¢, = ¢,. Measures (1.2.5), (1.2.11) and (1.2.16) all define a specific
determinantal point process. For the GUE (resp. the LUE), the correlation

kernel is given by

n—1
Ko(e.) = V() Y PO (136
i=0 g
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—7LJJ2

where w(z) =e and the p;’s are the rescaled Hermite polynomials (resp.
w(z) = x%e " xr+ (z) and the pi(z)’s are the rescaled Laguerre polynomials).
Using the Christoffel-Darboux formula, we can express K,, only in terms of p,

and p,_1

Ko () = %w(x)w(y)pn(x)pnz(y) (—Ip_ny;(x)pn (y) (13.7)

On the unit circle, we obtain a similar formula for the correlation kernel

1 ei”("*“)gﬁn(ei“)&n(e*w) _ &n(e*“‘)gbn(ew)

0 ip\ _ 0 %
Kn(e , € )7271']1” f(e )f(e M) 1 — ei(0—p)

(1.3.8)

In the case of the CUE, the orthogonal polynomial of degree n with respect to
the constant symbol f(e®) = 1 on the unit circle is given by ¢ (2) = ¢n(z) = 2"
and (1.3.8) is reduced to

11—en®-m

0 ipy T
Kn(e™,e™) = 21 1 — eil0—n) °

(1.3.9)

Therefore if we want to analyse the limiting kernel as n — oo, one is led
to find asymptotics for orthogonal polynomials of large degree. An important
observation is that orthogonal polynomials can be characterised in terms of
a Riemann-Hilbert problem (RH problem). We refer to Section 1.6 for more
information.

1.4 Thinned CUE and conditional CUE

Thinning is a classical operation in the theory of point processes [22, 43, 56].
Given a locally finite configuration of points, it consists of removing points
following a deterministic or probabilistic rule. Starting with a given point

process, one can in this way create other, thinned, point processes.

Consider the operation of thinning the eigenvalues of an n x n CUE matrix,
which consists of removing each eigenvalue €1, ..., e* independently with
probability s = 1 —p € (0,1). We call s the removal probability and p the
retention probability. We denote €', ...,e'*m 0 < m < n for the retained

eigenvalues, where the number of particles m is now itself a random variable
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following the binomial distribution B(n,p). We write
O ={e, ... '},  ®={e,.. . e} (1.4.1)

for the complete and thinned spectra. On the formal level, one can define the
thinned CUE by associating to each eigenvalue e’ an independent Bernoulli
random variable taking the value 0 if the eigenvalue is removed and taking the
value 1 if it is kept. The point process on S! defined by the thinned CUE is

m

(S x{0,1}" 3 (€, o0y €), (1, ooy pn)) = D Gpios = > Buio. (14.2)

pi=1 i=1

On the level of correlation kernels, random independent thinning of a general
determinantal point process boils down to multiplying the correlation kernel with
the retention probability p, as was observed in [50, Appendix A]. The correlation
kernel for the particles e?1, ..., €' is in other words equal to pK, (e, ei),
with K, as in (1.3.9).

Consider the situation where we observe no particles outside a measurable
subset v of the unit circle, equivalently ® C v. We now define a conditional
CUEF as the joint probability distribution of all n eigenvalues in the complete
spectrum ©, given the fact that & C ~. In this conditional CUE, any eigenvalue
configuration © can occur, but configurations with many eigenvalues on ¢ are
less likely because all of them have to be removed by the thinning procedure.
We note that, for finite n, the event ® C v has non-zero probability, so that the

conditional probability is well-defined in the classical sense.

From the definition of conditional probability P(A|B) = P(A N B)/P(B), it
is straightforward to see that the conditional joint probability distribution for

the eigenvalues is given by
1 X ) n )
7 H |0 — 1|2 H f(e%)ds;, 01,...,0, €10,2m), (1.4.3)
" 1<j<k<n j=1

where Z,, = Z,(s,) is a normalization constant, and f is given by

, 1, for e €,
£(e) = 7 (1.4.4)

s, for e € ~C.

If 7 is an arc on S! of arclength 2L (which we can assume to be centered at 1
without loss of generality), then (1.4.4) is equivalent to (1.1.5) with W = 0.
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The joint probability distribution (1.4.3) of the conditional CUE defines
again a determinantal point process; the conditional eigenvalue correlation
kernel can be expressed as in (1.3.8), with ¢, = ggn the orthogonal polynomials

with respect to the symbol f given by (1.4.4).

1.5 New results in the thesis

Results in Chapter 2

We study large n asymptotics for Toeplitz determinants D, (f) associated
to the symbol f given by (1.1.5) in the case where the parameter s is not
fixed, but depends on n. In the case of f positive and symmetric on the arc
v ={e?: —L <60 < L}, we recall that if s = 0, asymptotics for D, (f) are
given by (1.1.6). Our main result in Chapter 2 is that asymptotics for s = 0 still
hold in the case where s # 0, but s = s(n) — 0 sufficiently rapidly as n — oo.
More precisely, we have the following.

Theorem 1.5.1 Let L € (0,7) and define
L
z. = —2logtan 1 (1.5.1)

Let f be of the form (1.1.5) with W analytic in a neighbourhood of the unit
circle. As n — 0o and simultaneously s — 0 in such a way that 0 < s < e %"

we have

10g D (fly<e-ven) =108 Dn( flo—g) + o). (1.5.2)

The error term o(1) is uniform for 0 < s <e " ande < L <m—¢€, >0,

and can be specified as
o(1) = O(n~1/2e%ns). (1.5.3)

In addition, the result extends to the case where L approaches m at a sufficiently
slow rate: (1.5.2) holds for e < L < m — % with M sufficiently large and
0 < s < e ®m" with the error term given by

o(1) = O((m — L)Y/ ?n~1/2eney), (1.5.4)

Theorem 1.5.1 is illustrated in Figure 1.1.
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Fisher-Hartwig asymptotics |

g g + g g .
N Widom asymptotics

Figure 1.1: As n — oo, log D, (f) follows Widom asymptotics for s = 0 and
Fisher-Hartwig asymptotics for s > 0 fixed. Theorem 1.5.1 implies that the
Widom asymptotics remain valid as n — oo with s = s(n) below the curve
s = e %" Asn — oo with s = s(n) above the curve, a different type of
asymptotic behaviour takes place, as shown in Chapter 3.

Results in Chapter 3

We show that if v is a measurable subset of the unit circle, the Toeplitz
determinant D,,(f) with f given by (1.4.4) is equal to a gap probability in the
thinned CUE, i.e. the probability that all the remaining eigenvalues belong to
~. With the notations introduced in Section 1.4, we have D, (f) =P(® C 7).

Indeed, we can partition [0,27)" as
[0,27m)" = |_| Ap, A ={(61,....0,) €[0,2m)" : #£(ON~°) = k}. (1.5.5)
k=0

In this way Ay represents the event that exactly k eigenvalues belong to v¢. A
given eigenvalue configuration © leads to a thinned configuration ® which lies

entirely in v with probability s*, where k = #(0 N ~¢). Therefore,

P(®Cy)

Zsk]p (Ag) = "n' Z /A el — ewk‘Q H do;
k=0 =1

k1<]<k<n
_ 1 1,0 29 2 19 _
- Gl H g Hf — Da(f),
- /[0,27]" 1§j<k<n

(1.5.6)
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where we used the standard Heine integral representation (1.2.22) for Toeplitz

determinants.

In Chapter 3, we generalize Theorem 1.5.1 and consider Toeplitz determi-
nants D, (f) with f as in (1.1.5), in the case where s(n) — 0 as n — oo but at
a slower rate. For technical reasons, we derive the leading term of D,,(f) only

in the case W = 0. More precisely, we have the following.

Theorem 1.5.2 Let D, (f) be the Toeplitz determinant with f defined by

1, for—L<6<L,

fe?) = (1.5.7)
s, forL<@<2m—1L,
with L € (0,m) and s € (0,1). If 0 <z <z, and n — oo, we have
1 ’
nl;rrgo 2 log Dy (fly_pan) = — ; Qg rd€. (1.5.8)

Here Q¢ 1, is given by

+T
, ) 1 /cosO +cosT
Qe = d W0 d Wy .= — [ h 1.5.9
€L /VT pe.(e”),  dugr(e”) = ooy ———df,  (15.9)

where 0 < T <7 — L is the unique solution of the equation
cosf + cosT

1/ df =¢&. 1.5.10
cosf — cos L ¢ ( )

In the conditional CUE, we express the expected number of eigenvalues

1

/ 1+ e
T J[-L,L)U[xr—T,7+T)

1— et

log ’

lying on ¢ before the thinning procedure, and the variance of this quantity in

terms of D,,(f). For general removal probability s € (0,1), we have

E#O©Ny)®Cy) = Y KPH(ONY) =k Cy)

0 P (o & #(6 N ) = ) (1.5.11)
_ C v an ¥¢) =

= Y k B (@ o) .

Using (1.5.6), we obtain the identity

E(#O©NA9)|® Cv) = stkp(#(@ Ny°) = k) = sg log D, (f). (1.5.12)
k=0

P(® Cr) Os
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Similarly, after a straightforward calculation,
Var(#(0N7)|@ C) = E(#O©N1)|® Cr) ~E#(O©N7)[@ C7)°

= Zk2 kP (# @q?gi) k) - <s§;10gDn(f))

8 0
8 —— log Dy (f) +salogDn(f).

(1.5.13)

we denO(e
n,s, n J.

for the average counting measure of the eigenvalues in the conditional CUE,
with density vy, s, and we let v, 5 1, be the zero average counting measure of
the orthogonal polynomial ¢,,.

The next theorem gives the leading order term for (1.5.12) and (1.5.13) as
n — oo, as well as the large n behaviour of v, s 1 and p, s 1, in the case of
v={e?: —L <0 <L} and in the regime where s = e™*", z < x.

Theorem 1.5.3 Fix 0 < L < w. We take s = e ™™™ with 0 < =z < z, =
—210gtan%.

1. The measures pn, s.1, and vy s 1, converge weakly to the measure iz 1, given

by (1.5.9) as n — oo; moreover,

d,ux L( )

0 = 1 (e?), (1.5.15)

HILH;O wn,s,L( 16)
uniformly for 0 in compact subsets of [—m,w|\{-7m+T,—L,L,m —T}.

2. We have

1 +T )
lim LB (#(6 N19)[® C ~) = / dpte 1 (€7)d0 = Oy 1,
n—ocomn T

(1.5.16)

lim ~Var (#(0 N7°)[® C 7) = 0. (15.17)

n—oo N

Previous quantities like the gap probability as well as the expected number

of eigenvalues lying in v¢ and its variance, concern the global behaviour of the
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thinned and conditional spectrum. The local behaviour is described in terms of
the correlation kernel K,,. For the thinned CUE, as explained before, one has
p 1—emn0-n)

0 ipy
K, (e, e™") = o 1= =0 (1.5.18)

where p = 1 — s is the retention probability.

A direct computation shows that the rescaled limiting correlation kernel is
the sine kernel, i.e. for any 6,u,v € R, one has
o+ cu—v sin(m(u — v))

1 . " )
lim —Kn(el(eJra)’el( &) = pet'z

, (1.5.19)

where ¢ = QL
s

The rescaled limiting correlation kernel for the conditional CUE is far
more involved. For finite n, we recall that we have (1.3.8) where ¢,, = QASn is
orthogonal with respect to the symbol f given in (1.4.4). In the case where
y={e?:-L <9< L}and s =e ", x < z., we prove the following theorem.

Theorem 1.5.4 We let s = e™*" with x < x., and K,, the correlation kernel
of the conditional CUE defined in (1.3.8) with f given by (1.5.7).

1. Ife e {e?? : 0 € (-L,L)U(r — T,m+T)}, u,v € R, we have the sine
kernel limit

lim L, (¢10+2) (042 _ it ST = v))
n—oco cn ’ m(u—v)

. (1.5.20)
with ¢ = 1, 1,(e?).

2. At the edges of v, we have the Bessel kernel limits

A T 0)

T —>00 (Cﬂ)2
_ B WAVIRE) — WOVIRWE o
2(u —v) -

for u,v >0, with ¢ = %, 20 = e, and zy = ¢! "= 1),
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3. At the soft edges, we have the Airy kernel limits

- ,1/3
—i25s (u—v) il — _u il — v
lim e 2c2/ % e:l:z T+T+ ESEE e:i:z ‘n'—i—T—&—(m)w3
n k)

n— oo (Cn)2/3

_ ALAI() —A(@AI() oo,

uU—v
: _ |71 —21]|
for u,v € R, with ¢ = ’/4|71—z[3||71—70|‘

Results in Chapter 4

In Chapter 4 we focus on the hard edge 0 of the LUE, where the asymptotic
distribution of the smallest eigenvalue is given by the distribution F,(z), see
(1.2.14). Another distribution to consider is the gap probability

Gn,a(r) = Pn,a (Asrnin - )\min > T) ) r> O, (1523)

between the smallest and second smallest (denoted by Zgmin) eigenvalue of the
LUE. Some results were obtained in [38], where it was shown that the density
of Go(x) = limy, 00 G o) exists and is characterised by the solution of
a Painlevé III equation and its associated linear isomonodromic system. For
results on the gap probability but at the soft edge, see [54] and [71].

The main focus in this chapter is the distribution of the ratio

T
Qna(r) =P, o(—= >1), r>1, (1.5.24)

Tmin
between the smallest and second smallest eigenvalue of the LUE. Note that
the ratio distribution @, o cannot be straightforwardly related to the gap G, o
and the distribution of the smallest eigenvalue, since the three variables iy,

Tsmin — Tmin and 22 are not independent.

Our techniques differ from the techniques used in [38], [54] and [71]. We
express the ratio probability in terms of a Hankel determinant and then ap-
ply well-known rigorous techniques from Riemann-Hilbert analysis to derive
asymptotics. We obtain a description of the limit of ), o(7) as n — oo in terms
of a solution to a special system of non-linear ODEs arising from a Lax pair

associated to a model RH problem.

We begin the calculation of the gap probability between the smallest and
second smallest eigenvalue for a general o > —1 by writing the quantity Qo (7)
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as an integral over a Hankel determinant. For r > 1, by definition of (1.2.11)

we have

Qn,a(r) = n/ e—nyya
0

n—1

o0 o0 1 9 _ ) 9
X — I | T —x; I | e g (x; —y)°dz; | dy.
/yr /yr n'Z ( ! ) ( )

n,a 1<i<j<n—1 i=1

By changing variables nx; = (n — 1)Z;, we can then write

(n—1)(n+1+a) o]
1 n—1 n
Qn,a(r) - < ) / yaeinyznfl,a < Y3 7’) dya
0 n—1

Zn,a n

(1.5.25)

where we defined Z, (y;r) by

1 > > - o _—Nx;
Zno(y;r) = ﬁ/ / H (zj—x:)* H(xi—y)Qxi e "idx;. (1.5.26)
'y

YT 1<i<i<n i=1

Note that Z, (y;r) is the Hankel determinant with respect to the weight w(z)
defined by

UJ(.T) = ($ - y)Qxae_an[yr,oo) (x)v (1527)

and X[yr,o0)(7) is the characteristic function of [yr, 00), i.e. we have
Zno(y;7) = det ( / xiﬂ’w(x)dx) . (1.5.28)
yr 4,7=0,...,n—1

Before stating our results, we present the following set of coupled non-linear
ODEs, depending on 7 > 1,

L) V) | V(@) o AW(a)

2 ( RTTe V(a:)2) T e T o)

L) ) | V(@) W) | 2 _ (15.29)
2(4 wm*vwf”)%wm+mw4Q

V(e) =3 - Uole) — Ui (@)?,
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where Uy, Uy and V are three analytic functions of = on (0, c0) depending on

the parameter r with boundary conditions as x — oo

Uo(x) = 2\/F+O(‘T_l)a
Ui(z) = 47017 - + 0z, (1.5.30)
V) =22 L Lop

As x — 04, we have
Up(z) = O(x™Y?),  Ui(z)=0@="Y?) and V(z)=0(x"1). (1.5.31)

Our main results concern asymptotics for the Hankel determinants Z,, (y;r)
and the limiting distribution as n — oo of the ratio Qo (7).

Asymptotics for the Hankel determinant Z, . (y;7)

Theorem 1.5.5 For a >0, as n — oo and = z(n) lies in compact subset of
[0,00) we have,

log Z,,. o (%, 1") - log(z,,,mrg) =I(z;7)+ O (n71), (1.5.32)
where
Hain) = 5 [ Bagn -0 ¢
- 2/0 log (€> o (4€: 1) de (1.5.33)

1
with v(0) := §(4(oz +2)2 — 1) independent of r and

Ui(x)? +1V
v (2%r) = —M. (1.5.34)
x
Here Uy and V are special solutions of the system (1.5.29), satisfying the
boundary conditions as x — oo and x — 04 given by (1.5.30) and (1.5.31). The

function v satisfies

v(zyr) = —gx+(2\/7fl+a\/77)\/5+0(1)a as T — 00,
(1.5.35)
v(xz;r) = v(0)+ O(x), asz — 04.
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Limiting distribution of the ratio probability Q,, .(r)

Theorem 1.5.6 For o > 0, as n — oo, the limit Qo (r) := lm @, o(r) exists
n—oo
and is given by,

— 1 = agl(@mn)
Qu(r) = F(a+1)F(o¢+2)/0 e T dg (1.5.36)

with I(x;r) given in Theorem 1.5.5.

1.6 Tools and techniques

We will use RH problems and the Deift-Zhou steepest descent method in
Chapter 2, Chapter 3 and Chapter 4, and Riemann surfaces in Chapter 3. For
convenience we recall here some definitions and known results. For more general
theory, the proofs, examples and details, we refer to lecture notes [48] and
Deift’s book [23] for RH problems and to both lecture notes [11] and [9] for

Riemann surfaces.

Riemann-Hilbert problems

RH problems were introduced by Hilbert around 1900 in his list of 23 problems,
in the purpose of proving existence of some linear differential equations. Now
RH problems are a class of boundary value problems that arise in different
areas of mathematics. Of particular interest for us are the links with orthogonal

polynomials.

A RH problem is associated to a given contour X, which is a finite union
of piecewise smooth oriented curves. By oriented we mean that each curve

of 3 possesses a "+" side and a side. X can contain a finite number of
self-intersection points and edge points. We denote by ¥ the contour ¥ without
those points. A RH problem associated to 3 consists in searching for a k X k
matrix valued function, which we denote by Y (z), satisfying the following

conditions.

RH problem for Y

(a) each entry of Y is analytic on the complex plane except on the contour X.
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(b) Y has continuous boundary values on both side of 3, denoted by Y} and
Y_ and related to each other by

Yi(2) = Y_(2)J(z), forzeX, (1.6.1)

where J = J(z) is a k x k matrix valued function defined on %, which is
called the jump matrix. In most cases J is analytic on X. Condition (b)

is called the jump condition.

(¢c) the behaviour of Y has to be specified as z — co and as z — ¥\ 3.

If k =1 then Y is of size 1 x 1 and the problem becomes scalar. In the

present thesis we will only use RH problems whose solutions are of size 2 x 2.

In random matrix theory, as seen in (1.3.7) and (1.3.8), correlation kernels
are, in some cases, described in terms of orthogonal polynomials with respect
either to a weight w on the real line or to a symbol f on the unit circle. Riemann-
Hilbert problems for orthogonal polynomials were introduced by Fokas, Its and
Kitaev [34]. It is possible to show that Y7, Y5, given by

b onl) Sw)

st W — z 2miw™
Ona(w™) f(w)

st w—2z 2mw

Yi(z) = , (1.6.2)

—ht 2" (27 =kt

where ¢,,, an are the monic orthogonal polynomials associated to the symbol f
(1.1.5) and

Pn(2) 1/an(x)w(x)dx

_ 211 Tr—z
Ya(z) = _2mi () — 1 /pn,l(x)w(ac)dx ’ (16.3)
Top_g " hono1 Jg  ®—z

where p,, are orthogonal polynomials associated to the weight w (1.5.27), both
satisfy a RH problem.

RH problem for Y;
(a) Y1 :C\ S — C?*? is analytic.

(b) Y7 has the following jumps:

Yii(2) =Y1_(2) (é z‘"{(z)) . forze St {e't e},
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where Y14 (2) (Y1-(2)) denotes the limit as z is approached from the inside
(outside) of the unit circle.

(c1) As z — 00, Yi(2) = (I+O(z71)) (Z; z0">.

L O(1) O(log(z — e*iL
(c2) As z = et Yi(2) = (OEI; Ogloigz - eiiL;D.

RH problem for Y,

(a) Yo : C\ [yr,00) — C2*2 is analytic.

(b) Y> has the following jumps:

1 w(x)

Yoi () = Yo (x) (0 X

) ; x € (yr,00), (1.6.4)

where Y54 (2) (Y2—(z)) denotes the limit as z is approached from above
(below) of (yr, 00).

(c1) As z — 00, Ya(2) = (I + O(z71)) (Zn 0 )

0 z="

_[01) O(log(yr — 2))
(€2) As z = yr, Ya(z) = <(9(1) O(log(yr — Z))>.

A standard argument shows that those RH problems possess a unique
solution [23]. In general it is more complicated to prove the existence of a
solution than the uniqueness. In this special case, the existence of Y5 follows
from the fact that w is positive, and therefore by Gram-Schmidt p,, exists for

all n.

The RH problems for Y; and Y5 depend on the parameter n. The well
known Deift/Zhou steepest descent method [29, 30] allows to get asymptotics
for Y7 and Y as n — oo. Basically, starting on a given RH problem for Y (one
can think of Y =Y; or Y = Y5 for example), the method consists of a series of

invertible transformations, usually denoted by
Y—=T—S— R

The final transformation leads to a small norm RH problem for R, which will

be of the following form.
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RH problem for R

(a) R:C\ Xr — C?*? is analytic.

(b) R satisfies the jump conditions

Ry(2) = R_(2)Jr(z), forze Zp, (1.6.5)

with Jr(2) = I + O(n=*), A > 0 uniformly for z € S as n — co. We
will often have A\ = 1.

(c) R(z2) =T+ 0(271) as z — oc.

From the standard theory for small-norm RH problems [27, 28], it follows

that R exists for n large and
R(z) =T+ 0O(n™?), n — 0o, (1.6.6)

uniformly for z € C\ g. Inverting the transformations R — S — T — Y
we get large n asymptotics for Y. Since the (1,1) and (2,1) entries of YV
contain orthogonal polynomials of large degree, we can therefore obtain large n

asymptotics for the corresponding correlation kernel K,,.

Riemann surfaces and elliptic curves

We recall here some definitions and results which we will make use of later. For

more results and proofs, we refer to the lecture notes [11] and [9].

A Riemann surface X is a connected two-dimensional real manifold endowed
with a complex atlas, i.e. for every z € X, there exist a subset U, C X such
that x € U,, and a homeomorphism z, from U, to an open subset of C. Such a
pair (U, z;) is called a local coordinate, or local chart. We require in addition
that for any two local coordinates (U, 2;), (Uyr, 25/) with Uy, N U, # 0, the
transition function

2o 025 5t 2y (Up DU ) = 200 (U N U1 ) (1.6.7)

is holomorphic. X is a topological space with the topology inherited via 2!
from C, i.e. U C X is open if for all local coordinates z, in the atlas, z,(U) is
open in C. In the present thesis we will only use compact Riemann surfaces,
and therefore in the rest of this section we will assume that X is compact. It is

known that any compact Riemann surface is homeomorphic to a sphere with
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handles in the Euclidian 3-space. The number g € N of handles is called the
genus of X. Riemann surfaces with different genera are not homeomorphic.
X is homeomorphic to a sphere if ¢ = 0 and to a torus if ¢ = 1. A mapping
f X — Cis called a holomorphic (resp. meromorphic) function if for every
local coordinate (U, z) on X, the mapping foz~!: z(U) — f(U) is holomorphic
(resp. meromorphic).

The first homology group of X is a free Abelian group generated by exactly
2g generators. These generators can be chosen to be simple cycles and such
that they form a canonical basis. We will denote them by {as, ..., aq, b1, ..., by}
The following theorem is known as Riemann’s bilinear identity.

Theorem 1.6.1 (Riemann’s bilinear identity) Let w and n be two closed
differentials on X, then

/z(////) 168)

A differential w on X is called holomorphic (resp. meromorphic) if in any
local coordinate we have

w = h(z)dz, (1.6.9)

where h(z) is holomorphic (resp. meromorphic). The dimension of the vector
space of holomorphic differentials on X is g. There is a unique basis wy, ...,wy

of this space normalized by

/ Wk = Ojk, 1<j,k<yg, (1.6.10)
and we naturally define a g x g matrix B by Bj;, = fb, wg. A divisor D is a
J

finite formal sum of points with integer coefficients

N
D= n;P;, NeN, n;€Z PjeX. (1.6.11)

j=1

The degree of D is deg D = Zjvzl n;. Let f be a meromorphic function on X
and P, ..., Py be its zeros with multiplicities p1,...,p, > 0 and @1, ..., QN be
its poles with the multiplicities g1, ...,qn > 0. The divisor

D=piP+..+puPyu—qQ1— ... —qnQn = (f) (1.6.12)
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is called the divisor of f and is denoted by (f). A divisor D is called principal
if there exists a meromorphic function f on X with (f) = D. The Abel map is
denoted by A and is defined by

A:X S CIA, AP) = /Pw, (1.6.13)

P

where w = (w1, ...,wy), Py € X and

A={N+BM:N,M e 7). (1.6.14)

Theorem 1.6.2 (Abel) The divisor D is principal if and only if degD =0
and A(D) =0 mod A.

Let D be a divisor on X. We will consider the two vector spaces

&=
S
I

{f meromorphic functions on X : (f) > D or f =0},

H(D) = {9 meromorphic differentials on X : (2) > D or Q = 0}.

Theorem 1.6.3 (Riemann-Roch) If X is compact and D is a divisor on X,
then

dim L(—D) = deg D — g + 1 + dim H(D). (1.6.15)

A curve of the form {(w, z) € C? : w? = H;il(z—zj)}, with z; # z; if @ # 7,
is called elliptic if N = 3 or N = 4 and hyperelliptic if N > 5. This is a special
case of compact Riemann surface with genus g = % if N is odd and g = ¥
if N is even. In this thesis we will only need elliptic curves with N = 4 (and

therefore g = 1).

We will also use the following proposition.
Proposition 1.6.4 If g = 1, then the Abel map (1.6.13) is a bijection.
We will use the elliptic theta functions (see [53, Chapter 20] for definition and

properties of these functions) on a Riemann surface to build approximations for

certain orthogonal polynomials in Chapter 3.



Chapter 2

Asymptotics for Toeplitz
determinants: perturbation

of symbols with a gap

Abstract !

We study the determinants of Toeplitz matrices as the size of the matrices tends
to infinity, in the particular case where the symbol has two jump discontinuities
and tends to zero on an arc of the unit circle at a sufficiently fast rate. We
generalize an asymptotic expansion by Widom [67], which was known for symbols
supported on an arc. We highlight applications of our results in the Circular
Unitary Ensemble and in the study of Fredholm determinants associated to the

sine kernel.

2.1 Introduction

We consider Toeplitz determinants of the form

1

27
D, (f) = det(fj—k)jk=0,....n—1, fi= o fe®ye %, (2.1.1)
0

IThis chapter corresponds to the following paper [17]:

C. Charlier and T. Claeys, Asymptotics for Toeplitz determinants: perturbation of symbols
with a gap, J. Math. Phys. 56 (2015), 022705.
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where the symbol f is given by

) i 1, for—-L<O6<LL,
F(e?) = W) « =7 = (2.1.2)
s, forL<0<2mr—1L,

and f} is the k-th Fourier coefficient of f. The symbol depends on the parameters
s€[0,1] and L € (0,7), and on a function W (z) which we assume to be analytic
in a neighbourhood of the unit circle. In the simplest case where W(z) =0, f

is piecewise constant with jump discontinuities at e**L.

For s € [0,1] and L € (0, 7) fixed, the large n asymptotic behavior for the
Toeplitz determinants D, (f) = Dy, (s, L, W) is well understood. For s = 0, the
symbol is supported on the arc v = {¢?? : =L < 6 < L}. If f is positive on
v and symmetric, f(e’?) = f(e~?), we have the following asymptotics due to
Widom [67],

L~ 1 <
logD, (s=0,L,W) = n?logsin 3 + nWy — 1 logn + ZkaW_k
k=1
1 L 1
-1 log cos 5t log2 + 3¢'(—1) + o(1),
(2.1.3)

as n — oo, where Wk is the k-th Fourier coefficient of W, defined by
W(eie) _ W(62iarcsin(sin%sin%))’ (214)

and where ( is the Riemann (-function. For W = 0, it was shown in [46, 47]
that this result holds not only for 0 < L < 7 fixed, but also if L approaches
7 slowly enough such that n(m — L) is large. The error term in (2.1.3) then
becomes O(n~1(r — L)71).

On the other end of the parameter range for s, we have s = 1: here the

symbol is smooth and we have the Szeg6 asymptotics

log D, (s=1,L,W) = nWO—i—ZkaW,k—i—o(l), as n — 0o. (2.1.5)
k=1

For 0 < s < 1, f has two jump discontinuities which are special cases of Fisher-
Hartwig (FH) singularities. FH singularities are generally characterized by two
parameters: «, which describes a root-type singularity, and 3, which describes a
jump discontinuity. Our symbol f has Fisher-Hartwig singularities at e**’ with

parameters o = 0 (which means that there are no root-type singularities) and



2.1 Introduction 29

8= 1% log s. Asymptotics for Toeplitz determinants with Fisher-Hartwig
singularities have been studied by many authors [33, 68, 7, 8, 16, 32, 24, 26].
Applied to our symbol f, the results from, e.g., [24] imply that, for s € (0,1)
fixed, i.e. independent of n, we have

(log s)?

272

L
logD,, (s,L,W) = n (1 - > log s +nWy + (logn + log(2sin L))
T

oo

> (Wi + W_g)sin(kL) + Y kW, W_

=1

k=1 k
1 1
+21log (G (1 + Og.s> G (1 - Ogi9>> +o(1),
211 211

(2.1.6)

_1ogs

as n — 0o, where GG is Barnes’ G-function.

If we let s tend to 0, the jump discontinuities of f turn into endpoints
of the support of f, and f transforms from a Fisher-Hartwig symbol to an
arc-supported symbol on [—L, L]. Nevertheless, letting s — 0 in (2.1.6), we
do not recover the Widom asymptotics (2.1.3). This means that a non-trivial
critical transition in the asymptotic behavior for D, (s, L, W) takes place as
s — 0. In this paper, we show that the Widom asymptotics (2.1.3) extend to
the case where s # 0 but s = s(n) — 0 sufficiently rapidly as n — oco.

Theorem 2.1.1 Let L € (0,7) and define

L
z. = —2logtan 1 (2.1.7)

Let f be of the form (2.1.2) with W analytic in a neighbourhood of the unit
circle. As n — oo and simultaneously s — 0 in such a way that 0 < s < e %,
we have

log D, (s, L, W) = log D,,(0, L, W) + o(1). (2.1.8)

The error term o(1) is uniform for 0 < s < e ®" ande < L <7 —¢€, € >0,

and can be specified as
o(1) = O(n=1/2e¢"s). (2.1.9)

In addition, the result extends to the case where L approaches m at a sufficiently
slow rate: (2.1.8) holds for e < L < w — % with M sufficiently large and
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Siegﬁ asymptbtics

Fisher-Hartwig asymptotics |

g g + g g .
N Widom asymptotics

Figure 2.1: As n — oo, log D,,(s, L, W) follows Widom asymptotics for s = 0,
Fisher-Hartwig asymptotics for s € (0, 1) fixed, and Szegd asymptotics for s = 1.
Theorem 2.1.1 implies that the Widom asymptotics remain valid as n — oo
with s = s(n) below the curve s = e~®<". As n — oo with s = s(n) above the

curve, a different type of asymptotic behavior takes place, as shown in Chapter
3.

0 < s < e ®" with the error term given by

o(1) = O((m — L)?n=1/2eneeg), (2.1.10)

Remark 2.1.2 The bound s < e ®<" is sharp: as n — oo, s — 0 with
s > e~ %" the asymptotic behavior for log D, (s, L, W) is different. We refer to
Chapter 3 for this case.

Remark 2.1.3 If f is positive on v and even in 6, the asymptotics for

log D, (0, L, W) in (2.1.8) are given by (2.1.3). The perturbative result (2.1.8)
is valid for general analytic W, even if the positivity and symmetry conditions
needed for the Widom asymptotics do not hold. Note that the error term
o(1) = O((m — L)}/?n=1/2¢"®s) in (2.1.8) improves as L approaches 7. This is
reasonable since the perturbation of the arc-supported symbol then takes place
on a shrinking arc near —1. For our proof, it is however crucial that n(m — L)
is sufficiently large.
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Application 1: the Circular Unitary Ensemble

Consider the Circular Unitary Ensemble (CUE) which is the set of unitary n xn
matrices with the Haar measure. The eigenvalues e, ..., e in this ensemble

have the joint probability distribution

(2m)"n!

T 1<j<k<n

1 . . i
H i — 102 Hdoj’ 01,...,0, €[0,2m). (2.1.11)
j=1

Define the random variable X = X as the number of eigenvalues of a CUE
matrix on the arc v = {€? : =L < 0 < L}. The average value of X[, is given by
L
E,(X.)= =n. (2.1.12)
T
Define the moment generating function
Fo(\) = E,(e*¥1). (2.1.13)

By (2.1.11), we can write this as

1 . , n
F,(\) = 7/ et — e |2AXL TT db; (2.1.14)
(2m)mn! Jio,.2m)n 1§]1:£Sn 7:1_[1 !
1 / 0, 02 TT s (e%9)
= " — e"k| e @ dp;; (2.1.15)
(2m)"n! [0,27]" 15]1:£Sn ]1;[1

with ., the characteristic function of the arc . But using the standard multiple
integral representation for Toeplitz determinants, we obtain

F,(\) =e™D,(s=e*L,W =0). (2.1.16)

This is an identity for any A > 0. The moment generating function F, () at
large positive values of A contains statistical information about large deviations
where X, is much bigger than its average value. As an illustration, a rough
estimate of the integral in (2.1.15) gives us the inequality

Prob, [X1, > p] < e PAF(\) =™ PD, (e7, L,0), (2.1.17)

which holds for any A > 0and p € {0,1,...,n}. Theorem 2.1.1 gives asymptotics
for D, (e, L,0) for A > nz.. For large n, the minimum of the right hand side
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of (2.1.17) in the range A > nz, is attained near
L
A =nx. = —2nlogtan 1 (2.1.18)

Substituting this value for A and the asymptotic behavior for D,,(e~"%<, L,0),
we obtain, as n — o0,

2 2
I —2n°+42pn I n
Prob, [X; >p] < (tan 4) (Sin 2)

L\ V4 ,
x nol/4 (cos 2) 21123 (=1 (1 4 o(1)),

(2.1.19)

For typical values of p ~ %n, and even more generally for p < (1 — ¢)n with

L

2
= =, (2.1.20)
2logtan 7

log sin

this estimate does not give any useful information since the right hand side is
large for large n. We do get non-trivial information for large deviations from

the typical value. If we let p = n — w(n), we have

I —2nw(n) I n?
Prob, [X > p] < (tan 4) (sin 2)
L\ /4 ,
x npT/4 (cos 2) 21/1263¢(=D(1 4 0(1)), (2.1.21)

as n — oo, and the right hand side decays whenever w(n) < cn. If w(n) = o(n)
as n — 0o, we observe that the probability to have at least n — w(n) eigenvalues

on v can be estimated by

Prob, (XL > n —w(n)] = O(n_1/4e”2¢@)_2”“’(") log tan %), as n — oo,

(2.1.22)

where the rate function ¢ is given by ¢(L) = logsin % Note that this is not a
large deviation principle since we only have an asymptotic upper bound for the
left hand side of (2.1.22). A more detailed analysis of the moment generating
function F'(A) may lead to better estimates, but it is not our aim to proceed in

this direction.
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Application 2: sine kernel determinants

In the double scaling limit where n — oo and L approaches 7 at rate O(1/n),
the Toeplitz determinant D,,(s, L,0) converges to the Fredholm determinant of
the operator 1 — (1 — s) K, where K, is the integral operator acting on (—y,y)
with kernel % we have [25, formulas (236)-(241)]

lim D,(s,L =n(1— %y), 0) =det(l — (1 —s)K,), (2.1.23)

n— oo

where the operator K, is defined by

Y sinw(x —t)

IO (2.1.24)

(K, = [

-y
Asymptotics for the right hand side of (2.1.23) have been studied by Dyson [31],
see also [25] for a historical review; the double scaling limit where y — oo and
simultaneously s — 0 appears to be subtle. As y — 0o, s — 0 in such a way
that s < e~2™¥, with

1
c= ElogQJrSC'(fl), (2.1.25)
we have
w22 1
logdet(1— (1 —s)K,) = — 5 "1 log my + ¢ + o(1). (2.1.26)

Except for s = 0, (2.1.26) had not been proved rigorously until the recent paper
[15], where double scaling asymptotics were obtained both for s < e~2™¥ and

for s > e=2™. The value of the constant (2.1.25) was also proved in [15].

As a consequence of our Theorem 2.1.1, we re-derive (2.1.26) and (2.1.25).
Indeed, by (2.1.3), (2.1.8), and (2.1.10), we have

2 1 1
logDn(s,w(l——y),O) = n2logcos7r—y—flogn—flogsinﬁ—y—i—c
n g ™ 4 4 n
+O(F—es) + Oy,

(2.1.27)

with the error term uniform for n,y large, y1/2/n small, and

s < e~Tem — einogtan% _ e2nlogtan(%—g—g)- (2.1.28)
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The right hand side of (2.1.28) can be written as e > (1 + O(y*n~')) for n,y
large and y?/n small.

Now, let us choose an arbitrary small function e(y) > 0 and assume s <
(1 — €(y))e=2™. Then for n sufficiently large, i.e. for n >> y2/e(y), (2.1.28)
holds, and letting n — oo in (2.1.27), we obtain

2 2,2
lim log Dy (s,m(1 — —=),0) = —

n—o0 n 2

1
—;logmy+c+ Oy, (2.1.29)

for large y. We thus re-derive (2.1.26) in the double scaling limit where
y — 00,8 — 0 in such a way that s < (1 — €(y))e 2™, and we confirm
the value of the constant (2.1.25), using different methods than in [15].

In [15], the double scaling asymptotics y — oo, s — 0 such that s > e~2™Y
have also been considered, and asymptotics for det(1 — (1 — s)K,) in terms of
elliptic f-functions were obtained. This is consistent with Remark 2.1.2 and
Chapter 3.

Outline

In Section 2.2, we will derive identities which express % log D,,(s, L, W) in terms
of orthogonal polynomials on the unit circle. In Section 2.3, we will study an
equilibrium problem which is crucial to obtain asymptotics for the orthogonal
polynomials. In Section 2.4, we will obtain asymptotics for the orthogonal
polynomials as the degree tends to infinity, via the Riemann-Hilbert (RH)
method. An important novel feature in the RH analysis is the construction of a
modified Bessel parametriz compared to Bessel parametrices that appeared in the
literature before. This modification is needed because s # 0. The asymptotics
for the orthogonal polynomials will lead us towards large n asymptotics for
% log D,,(s, L, W). Integrating the differential identity will complete the proof
of Theorem 2.1.1 in Section 2.5 for L fixed. In addition, we explain how the

proof can be extended to the case where L — 7 at a sufficiently slow rate.

2.2 Differential identities for Toeplitz determi-

nants

In this section, we derive an identity for - log Dy, (s, L, W) in terms of orthogonal
polynomials on the unit circle. Define ¢;,¢;, j = 0,1,2,... as the family of
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monic orthogonal polynomials on the unit circle characterized by

1 [27 PN ) )
o Dr(€) b (e ) F(e9)dO = hiyOpm, Vk,m € N, (2.2.1)
0

where the degree of ¢;, (Ej is j and their norm h; # 0.

For general weight functions f(e?), it is a standard fact that ¢,,, (;ASn exist and
are unique if Dy, (f), Dn41(f) # 0 and that they are given by the determinantal
formulas [58]

fo  f-1 f2 o fon
) f1 foo for o fonpr
bn(2) = Do) : : o : , (2.2.2)
fac1 fa—2 faez - fo1
1 z 22 2"
and
fo fa f2 oo fonp 1
Q/ﬁ\n(z) = = l(f) f:l f:o f—1 f_tl+2 Z ’ (2.2.3)
fn fnfl fn72 e fl Z"

where D,, = D, (f) is the Toeplitz determinant defined in (2.1.1), and where fj
is, as before, the k-th Fourier coefficient of f. If f(e?) is positive, D, (f) > 0
for all n € N and the OPs are well-defined. For complex f, existence and
uniqueness of the orthogonal polynomials is not guaranteed for any n. For f
given in (2.1.2), it will follow from our analysis that they are well-defined for n
sufficiently large and 0 < s < e~ *<". If W = 0, the symbol f is even in 6 and
positive, which implies that ¢7k = ¢p = Op.

From (2.2.2), we see that the norm h,, of ¢, is equal to

Dn-‘rl(sv L7 W)

by = hn(s,L,W) = D5, LW

We can thus express D, (s, L, W) in terms of the norms of the OPs if Dy # 0,
D17$0, ey Dn#o

n—1
Dn(s, L,W) = ] hy- (2.2.4)
j=0
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To obtain an asymptotic formula for D, (s, L, W) from this formula, we
would need information about all OPs of degree 0 up to n — 1. To circumvent
this problem, we derive differential identities for log D, (s, L, W).

2.2.1 Differential identity for general W

For general sufficiently smooth symbols f(z;s) depending on a parameter s,
there exists an identity for the logarithmic derivative of D, (f) with respect to
s: if Dy—1, Dy, Dpy1 # 0, we have [26, Proposition 3.3]

1

0,10 D, (s, L W) = 5 [ =7 Y@V )], 08 (00,

/

where S' is the unit circle in the complex plane, ' = d%, 0s = d%’ and

Gulw) fw)

on(z) 1w — 2 2miw™
YO=1 T daw) fw) | 32
—h 2 (2T —h_ ne d
12" On (27 e w—2z  2miw v
For our symbol given by (2.1.2), this formula reduces to
1
dslog Dy, (s, L,W) = 2—/ Y)Y (2)],, €V Pdz, (2.2.6)
i Joye

where v¢ = ST\ ~.

2.2.2 Differential identity for W =0

If W = 0, the integral at the right hand side of (2.2.6) can be simplified.
Although (2.2.6) will be sufficient for the proof of Theorem 2.1.1, we will show
here how to simplify the differential identity if W = 0. This will allow us to

give a more elegant proof of Theorem 2.1.1 in this case.

Proposition 2.2.1 Let D, (s, L,0) be the Toeplitz determinant with symbol
(2.1.2) in the case where W (e?) = 0. We have the following differential identity
forlog D, :

Oshn,
b,

+@Im (h;lmmas (h;1/2¢n(eiL))> .
(2.2.7)

0slog D, (s, L,0) =n
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Proof. Taking the logarithm of both sides in (2.2.4), and then differentiating

with respect to s, we get

n—1 a ha
_ sty
0slog Dy, (s, L,0) = Jz:: h
On the other hand, by (2.2.1),
[ dsh;

2 1, (0N ey 0y 70 _ _
5 |0 (5 63(e)65(e)) f(™)do i
and this gives

n—1

27
(')SlogDn(s,L,O):—%/O 0y | 1510, (e)0,(e®) | f(e)db. (2.2.8)
=0

Here we can use the Christoffel-Darboux formula (see e.g. [58, 24] for a proof of
it):
n—1 L
D hitei(2)ei(=7) =
3=0
= 6 (2)Bn (=71 + 2y (Ba(z () = (Ba(z ) 0n(2) -

Substituting this into (2.2.8), we obtain

85‘ h'l’L
b,

0slog D, (s, L,0) = —n

1 [ _ /

0u [zt (Bn(e™")0(e”) = (Ba(=7)

shn

hay,

bu(e))] F(e)a0

2T 0 z=eif

=N

+ I+ I+ I3+ 1y, (229)
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where
= _7/ 1,98 1/2a(e—i9)) hoL260 (e10) (€1 df, (2.2.10)
I = z@h 1/2¢n( 719)33 (h;1/2¢/n(ei9)) f(e”)d&, (2.2’11)

271'

I :1/2W PP (h—1/2 (Gn(z"1)
3 o 0 S n n

) B 0u(e ) fe)do,

(2.2.12)
I, — 1 o o0 —1/2 (K(z—l))' 9 (h_1/2¢ (€i9)> F(e®)do
4 27‘(’ 0 n n —eif S n n .
(2.2.13)
From the orthogonality relation (2.2.1), we easily get
n Osh
L=1I3=3—— 2.2.14
y=l= 3 (22.14)

The computation of I; and Iy is slightly more involved. Using (2.1.2), we have

I :_ﬁ 0%3&.( 1/2¢n( 719)> ;0 (h;uz%(ew)) a6
+ 127—Tis /L2W_Las( ~1/25 (¢ —10)) jg (h;1/2¢n(ei9)) 9. (2.2.15)

Integrating by parts and then using orthogonality, we obtain

_1-=s a0y p—1/2 RELe
no= 2 o (m e ) e
el [ 0,0, L (1) )0
2mi Jo n sq0 \'m n
_ 1o —1/27—( —i0 —-1/2 03127 L  nOshy
- 2mi {88 (hn onle ))hn Pn(e )L > h .(2.2.16)

In the same way, we show that

1 o i0 (1—1/27( —1 !
o= oo e (n7260(=h)

0y (hi V2, (e7)) F(e”)do
z=et? (2.2.17)
1—g 2n—L n ashn

= G e o (e Pou(e)| |+ G

21 L

Summing up (2.2.14), (2.2.16), and (2.2.17), and using the fact that ¢,, = ¢,, if
W =0, we get the result. a
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As a consequence of Proposition 2.2.1 and (2.2.5), we can express the right
hand side of (2.2.7) in terms of Y = Y given by (2.2.5):

Corollary 2.2.2 We have

_ Vo (eiL) iL
0slog Dy (s, L,0) = nds 10gY12(0)+2(17r S)Im (Yll(e )8 (YH(@))) )

Y12(0) "\ v/Y12(0)
(2.2.18)
Proof. By (3.3.1), we have
Vi2(0) = hyy,  Yia(e') = (™).
Substituting this into (2.2.7), we get (2.2.18). O

Integrating both sides from 0 to sp in (2.2.6) or (2.2.7), we obtain

S0
log Dy, (s0, L, W) —log D,,(0, L, W) :/ [0s log Dy (s, L, W)] ds. (2.2.19)
0

In order to obtain asymptotics for log D,,(sg, L, W), we need large n asymp-
totics for the right-hand side of (2.2.6) and (2.2.7) uniformly for 0 < s < sg.

To obtain large n asymptotics for Y, we will use the following RH character-
ization [34]: Y (z) = Y (™ (2) is the unique 2 x 2 matrix-valued function which

satisfies the following properties.

RH problem for Y

(a) Y :C\ S' — C**? is analytic.

(b) Y has the following jumps:

Yi(z) = Y- (2) (é = <Z>>, for 2 € S\ {2 = b, 35 — L} |

where Y, (2) (Y_(2)) denotes the limit as z is approached from the inside
(outside) of the unit circle.

ZTL

(c) Y(2) = (I+0(z71)) (0 29"> as z — 00.
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(d) As z tends to zg or z tends to Zg, Y behaves as

_ [(0Q) O(log |z — ) as z — z
e (om 0<log|zzo>> o

(o otel-mh)
e <0<1> 0<log|zzO>> o

2.3 Equilibrium measures

It will be convenient to introduce a new parameter z € RT U {+oc} defined by

s=e ", (2.3.1)

such that f can be written as f(e??) = eW () e=nV () where

, 0, fore’? cn,
V() = re = (2.3.2)
z, fore® e S\ 4.

An important ingredient for the large n analysis of the orthogonal polynomials
and the RH problem for Y is the following minimization problem: find the

measure 1 = %) which minimizes

// log |z — s|tdu(z)du(s) +/V(z)du(z) (2.3.3)

among all Borel probability measures on the unit circle S?.

This measure, which is unique and absolutely continuous with respect to
the Lebesgue measure, is called the equilibrium measure, is denoted du(*) =
u(® (e9)df, and its support is denoted J(*). The equilibrium measure p = pu(*)
and its support J = J®) are uniquely determined by the following Euler-
Lagrange variational conditions [6, 57]: there exists a real constant ¢ = @)
such that

2/ log |z — ¢ |du(e®®) — V(z) + £ =0, for z € J, (2.3.4)

—T

2/ log |z — e“|du(e®) — V(2) +£ <0, for z € S*\ J. (2.3.5)

—T

The support and density of the equilibrium measure can be computed explicitly.
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Proposition 2.3.1 (a) For x = +00, the support of the equilibrium measure

and its density are given by

_ , 1 cosf +1
J=J v, u(e) = u'*(e") 5 \/ p —— (2.3.6)

The constant £ = £(>) in the variational conditions (2.3.4)-(2.8.5) is given
by

L
¢(>) = —21ogsin > (2.3.7)

and the variational inequality (2.3.5) is strict for z € S\ 7.

(b) Let x. be given by (2.1.7). For x > x., we have the same result as for

T = +00:
J=7, u(e?) = ul*> (), 0= (), (2.3.8)
Moreover, the variational inequality (2.8.5) is strict for z € S*\ v if

T # 3 if ¥ = T, it is strict for z € ST\ (yU{—=1}), and there is equality
for z=—1.

(¢) For 0 <z < x., the support of i consists of two disjoint arcs: we have
J={e?:0c|[-L, L)U[r—T,n+ T}, (2.3.9)

where T = T(x) € (0,7 — L) is the unique solution of

2/ log
[-L,L)JU[r—T,7+T)]

and the density is given by

) 1 /cosO+cosT
10
_ = - 2.3.11
u(e”) 27\ cosf — cos L ( )

The constant £ is given by

1 2
(= f/ Ly, |2t 2esst 1] o (2.3.12)
0 S s2—2cos(L)s+1

and the variational inequality (2.3.5) is strict for z € S*\ J.

1+ e*
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Remark 2.3.2 Although part (¢) of the proposition is not needed for the proof
of Theorem 2.1.1, we present it here for completeness and will be useful in

Chapter 3, where we will discuss asymptotics for D, if x < z..
Proof. Note first that the equation (2.3.10) has indeed a unique solution T
for z < x, since the function

1 0
T 2/ log ‘JF?G
[~ L,L]U[r—T,7x+T) I—e

decreases as a function of T € (0,7 — L), and is bijective from (0,7 — L) to
(0,2¢).

u(e?)do

The equilibrium measure p is uniquely characterized by the conditions
(2.3.4)-(2.3.5), which means that it is sufficient for us to show that the measure
u defined in cases (a), (b), and (c) satisfy these variational conditions. To do

so, consider the function

f(z)= 2/10g |z — e]du™® (). (2.3.13)

If we define T' > 0 as the unique solution of (2.3.10) if z < z., and if we let

T =0 for x > ., we have

; 1 ) ) 0 T
fle) = */ log |e'® — e’e\/mde. (2.3.14)
T JI=L,L)U[r—T,7+T] cosf —cos L

The derivative % f(e!*) can be written as a contour integral

11 1§+eio‘ ((5 —21)(& _Zl))1/2 de, 2 = 1),

d o\
2’ ) (€~ 20)(€ — =)

T 2027 Jy £€— e
(2.3.15)

where the square root is analytic off J and tends to 1 as & — oo, and where
the contour ¥ consists of one (if > z.) or two (if © < x.) counterclockwise
oriented circles around the arc(s) of J. If e!® € St \ J, the contour has to be

chosen sufficiently small such that e!* lies in the exterior of X.
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If ' € J, a residue calculation shows that %f(ew) =0. Ifei® € S\ Jon

the other hand, we have

; JesTiesa i <o <n—T,

dle) = (2.3.16)
_\/%, ifr+T <a<2r—L.

It follows that f(e'®) is constant on [—L, L]U[r — T, 7+ T}, and that it achieves

its maximum on [r — T, 7 + T] (i.e. at 7 if © > z.). We have

fle™™) = f(1), for -L < a < L, (2.3.17)
fe) = f(-1), formr—T<a<m+T, (2.3.18)
fle®) < f(—1), for a ¢ [7 — T, 7+ T). (2.3.19)

f)y=—¢, f(-1) < f(1) + =, for z > z., (2.3.20)
fH)y=—¢ f(-1)=f(1)+ =, for x < x., (2.3.21)
then (2.3.17)-(2.3.19) imply the Euler-Lagrange conditions (2.3.4)-(2.3.5).

For the case © > x., using (2.3.16), we obtain after a straightforward

calculation,

F=1)=F(1) = f(@m)—f(e) = / 0= pogrant —a <o

cos L — cosf

which proves the inequality in (2.3.20), and the fact that there is equality at —1
if x = x.. Moreover, using another residue calculation, we get

! 1 1+s L
1) = ! d:/f 1— ds = 2logsin — = —¢(>),
£) /of(S)S 0 5( /82 —2cos(L)s + 1 i 855

This proves the equality in (2.3.20). For 0 < x < z,, by (2.3.16),

7T N
F(-1) = (1) = F(emD) — fett) = / cosTycosh oy,

cos L — cos @

by definition of f and T, and

! s2 4 2cos(T)s + 1 B
U 7/0 s (1 B \/52 —2cos(L)s + 1) ds = —L.
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This completes the proof. a

2.4 Riemann-Hilbert analysis for x > x,

We will now perform an asymptotic analysis of the RH problem for Y as
n — oo with © > x.. Our analysis uses the Deift/Zhou steepest descent method
[23, 27, 28] and shows many similarities with the analysis done in [46] for s =0
(or & = 400). An important difference is that we need to modify the Bessel

parametrices around the points zg, Zg, see Section 2.4.4 below.

2.4.1 First transformation ¥ — T

We define g by

L

g(z) = / log(z — e)dpu>) (). (2.4.1)
-L

Below we write g = p(°), u = u(*) and ¢ = (=), We have that ¢ is analytic

for z € C\ v, and by the Euler-Lagrange variational conditions (2.3.4)-(2.3.5),

we also have

00 () +g (2)—log(s) —im+£=0,  forzey\ (e} (242)
2g(z) —log(z) —im+ £ —x <0, for z € S*\ 7, (2.4.3)
2
71(2) () =~ 2u(z), for €9\ (zo. 3} (244)
Define

nwi

T(z) = e"F e H oY (2)e ()0 e F o™

nwi
2

73, (2.4.5)

Then it is straightforward to check that T satisfies the following conditions.

RH problem for T

(a) T:C\ St — C?*2 is analytic.

(b) T satisfies the jump relation

T (z) =T_(2)Jr(2), on S'\ {20,%}, (2.4.6)
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with
g+ (2)—9-(2)) (_1)712*”6*”‘/(2)enfen(%(Z)Jrg— (2)) W (2)
Jr(z) = 0 e (9+(2)—9-(2)) ’

(c) T(z) =TI+ 0O(z71) as 2 — 0.

(d) As z — zg = €' or z — Z5 = e*£, we have

_(0O(1) O(log|z — 20]) s o s
Tiz) = (0(1) O(log|z—zo|)> ’ o

_(0(1) O(log|z — %) R
s <0<1> O<1og|zzO|>>’ o

d(2) =2¢(z) —log z —im + ¢, (2.4.7)

so that e? is analytic in a neighborhood of v with the exception of ~ itself. For
z € v\ {70,%0}, we have

¢+ (2)

(9+(2) +9-(2) —logz —im +0) + (94.(2) —9-(2))  (2.4.8)
= 9+(2) —g9-(2), (2.4.9)

by (2.4.2). But g4 (20) = g—(20), and integrating (2.4.4) between z; and z, and
then substituting it into (2.4.8), we obtain

¢4 (2) = —2r / “(;)dg. (2.4.10)

Analytically continuing the left and right hand side, we obtain

z) = ’ (41 g 2.4.11
e / (€ —20)(E—=)/* & (24
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where the branch cut of the square root is chosen on . It is now convenient to

express Jp in terms of ¢:

endi () GW(2)

, Z€ 20,20 [
. b2 7\ {20, %0}

Jr(z) =
T( ) 1 efnzenqﬁ(z)eW(z)

, z€ 8\ 9.
0 1

2.4.2 Second transformation 7 — S

We can factorize Jp on v as follows:

e~ %+ (2) eW(2) B 1 0
0 end—(2) | T | gmno—(2)o~W(2) 1
0 eW(z) 1 0
. (—e_W(Z) 0 b+ () e=W(z) 1 ]- (2.4.12)

Using this factorization, we can split the jump on -« into three different jumps
on a lens-shaped oriented contour, see Figure 2.2. It is important that the jump
contour lies in the region where W is analytic. Denote by 74 and ~_ the lenses

around « on the |z| < 1 side and the |z| > 1 side respectively. Define

1 0
T(z) (—e‘"¢(z)e_w(z) 1) , |z] <1,z inside the lenses around ~,
St = T ! 0 1, z inside the 1 d
(2) e W) 1) |z| > 1, z inside the lenses around -,
T(z), z outside the lenses.
(2.4.13)

Then S solves the following RH problem.

RH problem for S

(a) S:C\ (STUy- Uryy) — C**? is analytic.

(b) S satisfies the jump relations

Si(z) = 5_(2)Js(z), for z € St U~_ Unyg, (2.4.14)



2.4 Riemann-Hilbert analysis for z > x, 47

20

Figure 2.2: The jump contour for S.

where Sy (S_) denotes the boundary value from the left (right) of the
contour, and where

1 efnxerub(z)eW(z)
, forze ST\,
0 1
0 eV ()
Js(z) = , for z € v\ {20,%0}, (2.4.15)
—e~W(2) 0
! 0 f €yp U
, or z .
e e-W() | Rl
(c) S(z)=I1+0(z71) as z — 0.
(d) As z — zg = €' or z — Z5 = e7*F, we have
S(z) = O(log |z — 20]), S(z) = O(log |z — Zo|)- (2.4.16)

By (2.4.7) and (2.4.3), we observe that the jump matrices for S converge to
the identity matrix on S\~ as n — oo, except at —1 if x = z.. On v, U~y_, one
shows that Re ¢(z) > 0 and consequently the jump matrices for S also converge
to the identity matrix on 4 U~_. The convergence of the jump matrices is point-
wise in z and breaks down as z approaches zg, Zg, and also as z approaches —1
if x = x.. Therefore, we will need to construct approximations to S for large n

in different regions of the complex plane: local parametrices will be constructed
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in small disks D(zg,r), D(zg,r), D(—1,r) surrounding z¢, Zg, —1, and a global
parametrix will be constructed in C\ (D(zg, ) U D(Zg,r) U D(—1,7)).

2.4.3 Global parametrix

Ignoring the exponentially small jumps for .S and small neighborhoods of zy, Zg,
—1, we are led to the following RH problem:

RH problem for P(>)
(a) P):C\ vy — C?*? is analytic.
(b) P has the jump

0 eW(2)

P> (z) = P(z) <_eW<Z> 0 ) , z € v\ {z20,%Z0}. (2.4.17)

(c) P (2) =T+ 0(z71) as z — .

(d) As z — zg or z — Zp, we have
P () =0z — 2|7V, P(2) = O]z — 7| V). (2.4.18)

The solution of this RH problem is explicitly given by

PE)(z) = chors (% (8G) +57()) 3 (5(:) - ﬁ—1<z>>> e
% —571) 3 (B +571(2) ’
(2.4.19)

where 5(z

) is analytic in C\ v and §(z) — 1 as z — oo, where
hoo = hmz%OO h(z) an

(2 — 20)( — %)) "/* W (€)
h(z) = ¢, (2.4.20
() / = ¢ (24.20)

2mi )€ —m)y? 2

with ((z — 20)(2 —%))1/2 analytic off v. Note that h is analytic in C\ 7,
bounded near zg, Zg, and co, and that it satisfies the jump relation

he(2) +ho(z) = W), z€7\ {z0, %)
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0D (zo,1)

Figure 2.3: The jump contour for P.

Using these properties, it is straightforward to verify that P(°°) solves the above
RH problem.

2.4.4 Local parametrix near z,

We want to construct a function P defined in D(zg, r) satisfying the following
RH conditions.

RH problem for P

(a) P:D(z9,7)\ (ST U~vs Uy_) — C?*2 is analytic.

(b) For z on the contour shown in Figure 2.3, P satisfies the jump conditions

0 eW(2) o
P+(Z) :P_(Z) _e_W(z) 0 ) OH’Y\{Zo,Zo},
1 en(e(z)—z)  W(z)
P, (z) = P_(z) 0 ) , on~° (2.4.21)

1 0
P+(Z) - P—(Z) e—16(2) o= W (2) 1) ) on y— U4,

(c) For z € dD(zp,r), we have

P(2) = (I+0(n™1)) P™)(z), as n — oo. (2.4.22)
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(d) As z tend to zg, the behaviour of P is

P(z) = O(log |z — 20])- (2.4.23)

Bessel model RH problem

We will construct P in terms of a model RH problem for which the solution is

constructed using Bessel functions. Consider the following model RH problem:

RH problem for ¥

(a) U :C\ Sy — C2*2 is analytic, where Xy = R~ U {ze=5 : 2 € RT},

with the orientation from oo towards O for the three half-lines.

(b) ¥ satisfies the jump conditions

v =v© ;) (eR-,

10 e
Uy (Q)=¥_(C) 1) Ce{zes:x eRTY,
=0, 1), cefeeFisert),

(¢) As ( — o0, ¢ ¢ By, we have

o

v(¢) = (27@)773 \% (1 i) (I+O(<—%)) o, (2.4.24)

(d) As ¢ tend to 0, the behaviour of ¥(() is

¥(¢) = O(log|¢])- (2.4.25)

This model RH problem is well-known and it can be solved explicitly using
Bessel functions, see e.g. [49, 46]. The unique solution to this RH problem is
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given by
I, (2¢3 L Ko(203
_OSC); WAO(C); : \argC\<2§W,
2miC3I)(2¢3) —2¢3 K§(2¢?)
1ED (2(~0)}) LHP (2(—0)%)
(e — 2410 \ 2770 , , 2z ,
O et () em0n) ek (1 Yeon) 7 TTECTT
SH (2(=0)) L
it (B )@(-0) wct (B ) -0 ) v

(2.4.26)

where Hél) and H0(2) are the Hankel functions of the first and second kind, and

Iy and K| are the modified Bessel functions of the first and second kind.

Modification of the model RH problem

We will use a conformal map which maps the curves v_,~, v+ in the vicinity
of zp to (part of) the jump contour for W. This is similar to the construction
in [46], which corresponds to the case s = 0. If s = 0, P has no jump on 7,
(see Figure 2.3), and the model RH problem fits perfectly to construct the local
parametrix P. In our situation however, P does have a jump on ., and for
this reason we need to modify the model RH problem. A different but similar

construction was done in [15].

Define ¥ by

W(C) = (I+ A(Q)) ¥(C), (2.4.27)

where A is given by

A(C) _ efna:F(C) <0 _zm‘log(_C)> Ffl(c)7 (2.4.28)
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with F' defined by

Figure 2.4: The jump contour for 0.

1 —5+log¢
2mi arg (| < 2,
0 1 | gC' 3
1 0) (1 —3log¢ )
i 2L <arg( <, 2.4.29
1 1) (0 1 3 8¢ ( )
1 0\ (1 —slog¢
211 < <_2771'7
-1 1) <0 1 m < arg( 3

where in both (2.4.28) and (2.4.29) log has its branch cut on R~ with imaginary
part between —7 and m. It is easy to check that F' is an entire function. T is

analytic in C\ Y5, with X5 as shown in Figure 2.4. On X5, it has the jump

relations

0 1
, on R™,
1 —nx
€ , onRT,
0 1
. (2.4.30)
, on {:U@QT”::EGRJF}7
1 1
1 0 x
, on {xe_%’:xE]R"’}.
1 1
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Construction of the local parametrix
We construct P as follows,

P(z2) = B(2)U(n?((2))e~ 20783 W ()0, (2.4.31)

where E is an analytic function in D(z9,7), and where ((z) = $¢(2)%. By
(2.4.11), we have that ((z) is a conformal map near zp, and that ((z5) = 0.
Moreover, ¢ maps yN.D(zg,r) to part of the real line. We now fix the lens-shaped

contours y_ and 74 by requiring that ¢(y- U~yy) C s

For any analytic function E, we have that P defined in (2.4.31) satisfies
conditions (a), (b), and (d) of the RH problem for P. Indeed, P is analytic
in D(z,7) \ (YU~ Uxy_ U~°) by construction, and by (2.4.31) and (2.4.30),
it is straightforward to verify that the jump condition (2.4.21) holds. The
logarithmic behavior (2.4.23) of P near z follows from the logarithmic behavior
(2.4.25) together with the definition (2.4.27)-(2.4.28) of U. If we define E(z) by

00 % zagi 1 —i l’l’Lﬂ' p 673
B(z) = P (et <_i 1) (2 o )> 7

we have in addition the matching condition (2.4.22) for P. Using the jump

relation for P(°) | it is easily verified that F is analytic near zy. This completes

the construction of the local parametrix near zg.

2.4.5 Local parametrix near z;

Once the local parametrix near zy constructed, the local parametrix near Zj is

easy to construct. Define for z € D(Zg,r), P(z) = P(%Z), where P(Z) refers to
the local parametrix constructed near zg. Then, P satisfies the following RH

conditions.

RH problem for P

(a) P:D(zo,7)\ (ST U~vs Uy_) — C?*2 is analytic.
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(b) For z € D(zy,r) and z on the jump contour, P satisfies the jump conditions

0 eW(2)
Pi(z) = P_(2) —e~W() 0 ) on v\ {20, %0},
P.(2) = P_(2) (1) e(6(2) 1w>eW<z>> onne,
Po(2) = P-(2) ooy, wio 0) L ong U
e "?Fe 1

(¢) For z € 9D(zg,r), we have

P(z) = (I+0(n™)) P™)(z), as n — oo. (2.4.32)
(d) As z tend to Zg, the behaviour of P is

P(2) = O(log = — ).

2.4.6 Local parametrix near —1

For x > x.+4, the jump matrix for S converges exponentially fast to the identity
matrix as n — oo near —1. However, as z approaches z., the convergence
becomes slower, and for x = x., the jump matrix for S does not converge to I
any longer. Therefore, we need to construct a local parametrix near —1. This
construction can be done for any z > x. but is only necessary when x is close
to x.. The local parametrix should satisfy the following conditions.

RH problem for P
(a) P:D(—1,7)\ St — C**? is analytic.
(b) P has the jump

1 en(é(2)=2) W (2)

0 ) ) , z€ S*'ND(—1,r). (2.4.33)

Pi(z) = P_(2) (

(¢) For z € D(—1,r), we have

P(z) = (I +0(1))P™)(2), as n — oo. (2.4.34)
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The solution of this RH problem is given by

1 h
()= P (L M) (2.4.35)
0 1
N 1 n(B()—2) W (s)
with h(z) = —/ ———ds. Using the fact that ¢(s) — .
27TZ SlﬂD(—l,r) S—Zz

has a double zero at s = 1, it is straightforward to verify that

h(z) = O(n~Y2en(@e=o)y, for z € 0D(—1,71), as n — o0, (2.4.36)

and this implies the matching condition (2.4.34).

Note that we use the same notation P for the different local parametrices
defined in D(zo,r), D(Zy,7), and D(—1,7).

2.4.7 Final transformation S — R

Define

R(z) = S(z)P(>®)(2)~ 2z e C\ (D(20,r)U D(Zo,7) UD(-1,7)), (2.4.37)
S(z)P(z)71, z € D(z9,7) U D(Zp,7) UD(-1,71).

P was constructed in such a way that it has exactly the same jump relations
as S in D(zg,7) U D(Zg,7) U D(—1,7), and as a consequence R has no jumps
at all inside those disks. Moreover, from the local behaviour of S and P near
20, zo and —1, it follows that R is analytic at these three points. We have the
following RH problem for R:

RH problem for R

(a) R:C\ Xr — C?*? is analytic, with X as in Figure 2.5.
(b) R satisfies the jump conditions:
R_(z)(I+0O(n™), for z € 0D(zg,r) UOD(Zg, 1),
Ri(z)=R_(2) (I + (’)(n_%e"(zc_z))) , for z € 0D(-1,r),
Ry (z) _

R_(2)(I4+O(e ), c>0 for z elsewhere on Xp.
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YR

Figure 2.5: The jump contour for R.

() R(z2) =1+ 0(z71) as 2 — <.

As n — oo with s < e %", it follows from the standard theory for small-norm
RH problems that

R(z) = I+0(n~ 2"~ +0(n™"),  R/(2) = O(n~2e"@=)+0(n™1),
(2.4.38)

uniformly for z € C\ Y. By a more detailed analysis of Cauchy operators
associated to the RH problem for R, one obtains in addition that

D, R(z) = O(n!/2em(@—2)), (2.4.39)

The latter estimate is not really needed for the proof of Theorem 2.1.1, but will
be needed in our alternative proof if W = 0, see Section 2.5.2. Since s = ¢™*",
it follows that

0sR(2) = ——0.R(2) = O(n~/2ene), (2.4.40)

2.5 Asymptotics for D, (s, L, W)

We will now complete the proof of Theorem 2.1.1 using the results from the
previous sections. We first do this for general analytic W in the case where

e < L <7 — € for some € > 0. Afterwards we will explain how the proof can be
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somewhat simplified if W = 0, and we will show how it can be extended to the

case where L approaches 7 at a sufficiently slow rate.

2.5.1 Proof of Theorem 2.1.1 fore< L <7 —¢

By inverting the transformations Y — 7" — S — R, we obtain an expression
for R in terms of Y, involving the parametrices P and P(>). For z € 4° N
(D(zp,7) U D(Zg,7) UD(—1,71)), we have

nmwi nt nmwi

Yi(z)=e 2 ”3677”3R(Z)Pi(z)e”g(z)@e%”e 2 93, (2.5.1)

and for z € y¢\ (D(z0,7) U D(Zp,7) U D(—1,71)),

i nwi

Yi(z) =e 2 ”36_%2"3]@[(2)]3(00)(z)eng(z)”e%z‘”e 2 93, (2.5.2)

It follows that

[Yﬁl(z)y/(z)]m =

(—1)"e?9@) e Ay (2), z € ~4°N (D(2,7)UD(Zg,7)UD(—1,7)),
(—1)me2m9(=) e Ay(2), 2z € ~°\ (D(20,7) U D(Zg,7) U D(—1,7)),

(2.5.3)
where
Ai(2) = [P7'(2)R™(2)R'(2)P(2) + P_l(z)P'(z)]21 , (2.5.4)
A(2) = [P R AR ()P () + P ()P (z)]
(2.5.5)

Note that the boundary values of A;(z) and As(z) as z is approached from the
inside and the outside of the unit circle are the same. For z € D(—1,r), the
local parametrix P is given by (2.4.35), and one verifies that the formulas for

A; and A, coincide in this case.

Substituting (2.5.3) in the differential identity (2.2.6), we find

as 1OgDn(SaLa W) :Il +127 (256)
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where
1
= —/ (71)”277162“9(2)6”[141(Z)BW(Z)CZZ,
21 e
1
Iy = — —1)"2_"62"5’(z)e"eA2(z)ew(z)dz7
271 g

with v¢ = v° N (D(z0,7) U D(Zg,7)) and 45 = v\ (D(zo, ) U D(Zg,7)).

Now we need to know how I; and I, behave for large n and s < e~ %", For
As, we note that P(°°) does not depend on n, and that R and R’ are uniformly
bounded by (2.4.38). This implies that As(z) is uniformly bounded on ~§ for
large n. For A;, we need to take a closer look at the construction of P near z
and Zg, but it is straightforward to show that P(z) = O(n), P~!(z) = O(n),
and P'(z) = O(n?) for z € v¢. We get

da) ,

|Il| - 0O 713/ ’€2ng(ei”‘)+n€
[L,L+r|U[2r—L—r2mr—L]
as n — oo with s < e~®<". The function 2Re(g(z)) + £ — z. is always negative

2r—L—r io
|12| = O / eQng(e )+nt dov \
L+r

on ¢ except that it has a zero of order two at z = —1. Therefore we obtain

after a straightforward analysis that

L] =0 (e”@cc—@) . C>0, (2.5.7)
|Io]| = O(n=1/2enee), (2.5.8)

asn — 00, s < e~ T,

If we integrate (2.5.6) from 0 up to s = e™*" < e~ %" we finally obtain the

desired estimate

log Dy (s, L, W) —log D,,(0, L, W):/ (I + I)ds' = O(n~'/2e7@=ze)y,
0

2.5.2 Alternative proof of Theorem 2.1.1
if W =0, s =o(n"1/2e ")

In the case where W = 0, there is an alternative approach to prove Theorem
2.1.1: we can use the differential identity (2.2.18) instead of (2.2.6). This does
not make the proof much shorter, but it has the advantage that no integrals
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have to be estimated, and that we only need information about Y at the points
0 and zg, instead of on the entire curve .. The objects in the differential
identity can be computed more explicitly in this case by the following result.

Proposition 2.5.1 Let W =0. As n — oo with © > x., we have

L
Y12(0) = e ™ |sin 3 +0n~ Y], (2.5.9)
D5 log Y12(0) = O(n~1/2e"e), (2.5.10)
Yi1(z0) = e~ 2 O(n*/?). (2.5.11)

Proof. Using (2.5.2) and the expressions g(0) = 7 and Pl(go)(()) =sinZ (if
W =0), we get the result for Y75(0).

For 05log Y12(0), we have

0, (Rn(0)P5”(0) + Ria(0) P37 (0))
iy (0)P57(0) + Rax(0) P57 (0)

83 10g Y12(0) = (2.5.12)

By (2.4.40), this yields (2.5.10).

For the rest of this proof, we assume that |z| < 1 and that z lies outside of
the lenses and in D(zp,7). Then we have by (2.5.1),

Yi1(z) = €™ [Ry1(2)Pi1(2) + Ria(2) Pay(2)] . (2.5.13)

By (2.4.1) and (2.4.2), we can show that

On the other hand, by (2.4.26), as z — z for fixed n, we have
U (20(2) = 14 0z — ), U (n3¢(2)) = Oz — 20).
This implies, by (2.4.27), that
Pj1(z0) = Ej1(20)(1 + O(e™"*))e~ 2 ¢(20) as m — 0o.
Since ¢(z9) = 0, we have Pj1(z9) = O(y/n), j = 1,2, and

L4

Yi1(z0) = " (Z5H55) (P (20) + O (1) = e 5 O(n'/?),

as n — 00. O
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By Proposition 2.5.1 and (2.2.18), we have

ndslog Y12(0) = O(n'/2emee), (2.5.14)

2(1—s) W Y11(eiL) -
- <\/Y12(0)as <\/Y12(0)>> =0(), (2.5.15)

as n — oo. Therefore, using (2.2.19), we get

log D,,(s,L,0) = logDn(O,L,O)—i—/ O(n/2e"e)ds'
0
= log D, (0,L,0) + O(n'/2e @2,

and we rederive Theorem 2.1.1 with a slightly worse error term which is only

small if s = O(n_l/Qe_m?c).

2.5.3 Extension to the case where L depends on n

The RH analysis done in the previous section is valid as n — co with e < L <
7w — e and € > 0 independent of n. If L = L(n) depends on n and approaches 7

as n — oo, the arc v grows and the gap (e'%, ei(QTr—L))

closes. Similarly to [46],
we will show here that the RH analysis carried out before remains valid as long

as n(m — L) is large.

A first problem in the RH analysis is that we need to allow the radius
r = r(n) of the disks D(zg,7), D(—1,7), and D(Zg,r) to depend on n (or on L)
in order to prevent the disks to overlap. For instance, we can keep the disks
separated from each other if we let r(L) = d(m — L), with > 0 a sufficiently
small but fixed number. Then the local parametrices near zg,z, —1 can be
constructed in exactly the same way as before. However, in order to make the
asymptotic analysis work, it is crucial that the jump matrix for R tend to [
uniformly as n — co on the n-dependent jump contour. Recall that the jump

matrix for R is given by

P(2)P)(z)~1, z € 0D(z9,7) UOD(zg,r) UOD(-1,r),
P()(2)J5(2)P(>)(2)~% 2€ SR\ (0D(20,7)UID(Z5, r) UOD(—1,7)),
(2.5.16)

Jr(2) =

where Jg denotes the jump matrix for S given in (2.4.15).

The first thing to notice is that h(z), defined in (2.4.20), and 3(z), defined
right before (2.4.20), are uniformly bounded on the jump contour Y. This
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implies that P(°°)(z) is uniformly bounded for z € Y. Next, by (2.4.11), we
have

|p(2)| > C'sin(mr — L), z € YR, (2.5.17)

for a constant C' > 0 independent of z and L. By (2.4.15), this already implies
that the jump matrix Jg is I + O(n~ (7 — L)~!) on L g, except on the three

circles around zg, Zg, and —1. On 9D(zp,7) and dD(Zg, r), we have

Jr(z) = PE)PI(2)7 = PCI) (I+0(n " o(z)7")) PO(2) 7
I+0m Y r—L)™). (2.5.18)

Finally, on dD(—1,r), by (2.4.35), we have
Jr(2) = P(2) P (2)™ = T+ O(h(2)) = I+ O(n~1/2e @72y (2.5.19)
It follows from these considerations that
Jr(z) =TI =0n Y (r— L)) + O(n~Y2e @), as n — 0o,

with L approaching 7 sufficiently slowly such that n(r — L) — 4o00. By the
small-norm theory for RH problems, it follows that

R(z)=I+0O (n Y (r— L)) + O(n~ 2 nz=2e)y, (2.5.20)
and
R(2) =0 (n"Y(nr— L)) + O(n~ /2 nemwe)), (2.5.21)

as n — oo, n(m — L) — +o00. The proof of Theorem 2.1.1 can now be completed
in the same way as before, where the estimate (2.5.7) remains valid, (2.5.8)

becomes
L] = O((w — L)/?n~1/2¢ne),

and we obtain the error term (2.1.10).






Chapter 3

Thinning and conditioning
of the Circular Unitary

Ensemble

Abstract!

We apply the operation of random independent thinning on the eigenvalues of
n x n Haar distributed unitary random matrices. We study gap probabilities
for the thinned eigenvalues, and we study the statistics of the eigenvalues of
random unitary matrices which are conditioned such that there are no thinned
eigenvalues on a given arc of the unit circle. Various probabilistic quantities can
be expressed in terms of Toeplitz determinants and orthogonal polynomials on

the unit circle, and we use these expressions to obtain asymptotics as n — co.

3.1 Introduction

Randomly incomplete spectra of random matrices were introduced by Bohigas
and Pato in [12, 13], motivated by problems in nuclear physics. Two natural
questions arose in those works: (1) what can we say about the eigenvalues of the

incomplete spectrum, and (2) to what extent does the incomplete spectrum give

IThis chapter corresponds to the following paper [18]:

C. Charlier and T. Claeys, Thinning and conditioning of the Circular Unitary Ensemble,
arXiv:1604.08399, submitted in Annals of Probability.
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us information about the complete spectrum? We investigate these questions in
detail for Haar distributed unitary matrices in the limit where the matrix size

becomes large.

Thinning is a classical operation in the theory of point processes [22, 43, 56].
Given a locally finite configuration of points, it consists of removing points
following a deterministic or probabilistic rule. Starting with a given point
process, one can in this way create other, thinned, point processes. If one thins
a determinantal point process (see e.g. [42, 59] for an overview of the theory of
determinantal point processes) by independently removing each particle with
a certain probability, it is remarkable, but straightforward to see, that the
resulting process is still determinantal [50].

In this chapter, we start from the determinantal point process on the unit
circle in the complex plane defined by the eigenvalues of a Haar distributed
random unitary matrix, and we apply a random uniform independent thinning
operation to it. This means that we remove each eigenvalue independently with
a given probability which does not depend on the position of the eigenvalue. One
can think of the remaining eigenvalues as observed particles and the removed
eigenvalues as unobserved particles.

On one hand, we will study the asymptotic behaviour of gap probabilities
for the thinned spectrum as the size of the matrices tends to infinity. On the
other hand, we will study the asymptotic statistical behaviour of all eigenvalues,
given some knowledge about the thinned (observed) eigenvalues. More precisely,
we will assume that a certain arc of the unit circle is free of thinned particles,

and we will investigate what this condition tells us about the other eigenvalues.

The eigenvalues of Haar distributed unitary matrices are of particular interest
because of their remarkable connection to zeros with large imaginary part of
the Riemann ¢-function on the critical line [45]. Spacings between thinned
eigenvalues in this model were compared recently [37] with thinned data sets of

zeros of the Riemann (-function, showing accurate agreement.

We begin with a more precise definition of the models which we study.

Thinned Circular Unitary Ensemble. An n x n matrix U from the Cir-
cular Unitary Ensemble (CUE) is a random Haar distributed unitary n x n
matrix. We denote %1, ... e for the eigenvalues of U, with 6; € [0,27) for
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j=1,...,n. The joint probability distribution of the eigenvalues is given by
1 i0; i -
W H |8 % —Bek‘QHdej, 917...,0n S [0,27’(’) (311)
1<j<k<n j=1

This is a determinantal point process on the unit circle with correlation kernel
[52]

lnl

K (e, eit) = o eih(0—p) (3.1.2)
T =0

»
Il

Consider the operation of thinning the eigenvalues of an n x n CUE matrix,

01 1
yeen

which consists of removing each eigenvalue e’ ,e independently with
probability s = 1 —p € (0,1). We call s the removal probability and p the
retention probability. We denote €1, ...,e'*n 0 < m < n for the retained
eigenvalues, where the number of particles m is now itself a random variable

following the binomial distribution B(n,p). We write
0 = {e', ... e}, O = {1, .. e¥m})

for the complete and thinned spectra. On the formal level, one can define the
thinned CUE by associating to each eigenvalue e’’* an independent Bernoulli
random variable taking the value 0 if the eigenvalue is removed and taking the
value 1 if it is kept.

Thinned point processes interpolate in general between the original point
process (for p = 1) and a Poisson process (as p — 0, after a proper re-scaling)
with uncorrelated points [43]. Since the eigenvalues of a CUE matrix are
intrinsically repulsive by (3.1.1), in our situation the retention probability p can
be thought of as a parameter measuring the repulsion between particles. The
repulsion is strongest for p = 1, becomes weaker as p decreases, and disappears
asp— 0.

On the level of correlation kernels, random independent thinning of a general
determinantal point process boils down to multiplying the correlation kernel with
the retention probability p, as was observed in [50, Appendix A]. The correlation
kernel for the particles e®1, ..., e** is in other words equal to pK, (e, e*),
with K, as in (3.1.2).

It is worth noting that the CUE kernel K,,, seen as the kernel of an inte-
gral operator acting on L?(S') with S! the unit circle, defines an orthogonal

projection operator of rank n onto the space of polynomials of degree < n — 1.
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The integral operator associated to the kernel pK, with p € (0,1) is still of
rank n, but not a projection. By the general theory of determinantal point
processes [59], this is consistent with the fact that the number of particles in
the original process is equal to n, whereas it is a random number < n in the

thinned process.

Although eigenvalue correlations (and large n asymptotics thereof) in the
thinned CUE are obtained directly from the non-thinned eigenvalue correlations,
the question of computing large n asymptotics for gap probabilities and, related
to that, eigenvalue spacings, is less trivial. For finite n, the probability P (® C )
that all thinned eigenvalues lie on a measurable part v C S! is equal to
the Fredholm determinant det (1 —-p K, ’y“)’ where ¢ = S'\ v and pKn|7c

is the integral operator with kernel pK,, acting on L?(7¢). In the special

case where 4¢ is an arc of the unit circle with arclength 47y/n with y > 0
fixed, the gap probability P(® C v) converges as n — oo to the Fredholm
determinant det (1 —p Ksm|[7y p

sinm(u—v) Large gap asymptotics as y — oo and p — 1

w(u—v)

associated to the sine kernel operator with

kernel pK®® (u,v) = p

for this determinant were studied in detail in [15].

For general measurable subsets v of S*, we can also express P(® C v) as a
Toeplitz determinant in the following elementary way. We can partition [0, 27)™

[0, 2m)" |_| Ap,  Ap={(61,...,0,) €0,20)" : #(ON7°) = k}. (3.1.3)

In this way Aj represents the event that exactly k eigenvalues belong to v¢. A
given eigenvalue configuration © leads to a thinned configuration ® which lies
entirely in  with probability s*, where k = # (0 N ~¢). Therefore,

n

P@Cy) =3 s*P(4y) = WZ/ T - ZekPHdg

k=0 Ak 1<j<k<n
(3.1.4)
Writing f for the piece-wise constant function
1 for z € v,
flz)= (3.1.5)

s for z € 7°,
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we can express the gap probability as a Toeplitz determinant with symbol f:

1 ) . n )
P _ i0; _ i0k |2 05 .
P(® Cv) (2m)mnl /[0,277]" | I le e j|:|1 fle )dej

1<j<k<n

2
= det <1 f(eie)ei(kj)9d0> =: Dn(f), (3.1.6)
21 Jo j,k=1,...,n

) FRREE)

where we used the standard Heine integral representation for Toeplitz deter-
minants. If v is an arc of arclength 2L, f given by (3.1.5) has two jump
discontinuities and is a special case of a symbol with two Fisher-Hartwig sin-
gularities. Throughout this chapter, we will write D, (s, L) for D, (f) in this
case. The large n asymptotics of Toeplitz determinants for symbols with Fisher-
Hartwig singularities have a long history, notable results in this context have
been obtained e.g. in [7, 16, 24, 26, 32, 33, 68].

If L € (0,7) and s € (0,1) are independent of n, large n asymptotics for
D, (s, L) are known, and we have [24, 32]

(log 5)2 (log )2

P(® Cv)=D,(s,L)= s"1=%)p o (2sin L) 22

2 2
x G (1 + logi9> G (1 - 1;’?:) (1+0(1)), asn—o0, (3.1.7)
where G is Barnes’ G-function. This implies that the probability of having all
thinned eigenvalues on v decays exponentially as n — oo, which is not surprising
since there are, before thinning, on average (1 — £) n CUE eigenvalues outside
7. The factor sn(1=%) corresponds to the probability that (1 — %) n eigenvalues
are removed. If we allow L and s to depend on n, several situations are possible.
For instance, one observes that the decay in (3.1.7) becomes weaker if we let
the removal probability s — 1: the decay is destroyed when 1 — s = O(1/n).
Similarly, if we let, for fixed s € (0,1), the half arclength L — 7, the decay
becomes weaker. As s — 0, the decay becomes faster instead. In Section 3.2,
we will give a detailed overview of known asymptotic results for the Toeplitz
determinants D, (s, L), depending on how L and s vary with n, and we will
state a new result on the asymptotic behaviour of D, (s,L) if s — 0 at an
appropriate speed as n — oo.

Conditioning on a gap of the thinned spectrum. Let us now adopt an
opposite point of view. Instead of studying statistics of the thinned spectrum, we
assume that we have information about the incomplete thinned CUE spectrum,

and we want to deduce statistical information about the complete non-thinned
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spectrum. In this context, it is natural to interpret the thinned eigenvalues as
observed particles, and the others as unobserved particles. The general question
which we want to investigate, is: what do the observed particles tell us about

the unobserved ones?

‘We consider the situation where we observe no particles outside a measurable
subset v of the unit circle, equivalently ® C v. We now define a conditional
CUE as the joint probability distribution of all n eigenvalues in the complete
spectrum O, given the fact that & C ~. In this conditional CUE, any eigenvalue
configuration © can occur, but configurations with many eigenvalues on ¢ are
less likely because all of them have to be removed by the thinning procedure.
We note that, for finite n, the event ® C ~ has non-zero probability, so the

conditional probability is well-defined in the classical sense.

From the definition of conditional probability P(A|B) = P(A N B)/P(B), it
is straightforward to see that the conditional joint probability distribution for

the eigenvalues is given by

1 . . n )
7 H | — i) H f(e’gj)dﬂj, 01,...,0, €10,27), (3.1.8)
j=1

" 1<j<k<n

where Z,, = Z,(s,7) is a normalization constant, and f is given by (3.1.5). We
will refer to this probability measure as the conditional CUE. This is again a
determinantal point process; the conditional eigenvalue correlation kernel can

be expressed as

. . 1 1 — ) ]
K6, ) = 37 gy (e () () f (), (3.1.9)
m s hk
where ¢i,k =0,1,... are the monic orthogonal polynomials on the unit circle

with respect to the weight f, characterized by the orthogonality conditions

1 27 Ly — .
o O (e')pe(ei®) f(e")dO = hydye. (3.1.10)
0
The polynomial ¢,, is moreover the average characteristic polynomial of the
conditional CUE. By the Christoffel-Darboux formula for orthogonal polynomials

on the unit circle, see e.g. [58], we can express K, in terms of ¢,, only as follows:

= ()1 (€7) — (€0 (€71
= 27T1hn f(ew)f(ei“) ¢n(e )d)n(i /_)el(:s_nu()e )¢n(€ / )

K, (e et , (3.1.11)
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where ¢%(2) = 2"¢,(z7!) is the reverse polynomial. If f has the symmetry
F(e= ) = £(e”) then $n(2) = éu(2).

Conditional eigenvalue correlations and gap probabilities can be computed
from the kernel K,,. The one-point function or mean eigenvalue density ¥, s 1,
is given by

i0 1 i0 0
Yn,s, () = — K, (e, €")

() (6,()6n(e) — (67)' ()95
(3.1.12)

Formulas (3.1.11) and (3.1.12) are particularly convenient for asymptotic anal-
ysis as n — 00, since they require only to know the large n behaviour of the
average characteristic polynomial ¢,,. Other interesting quantities are the con-
ditional average and variance of the number of (unobserved) eigenvalues which
lie on ¢, given that no thinned (observed) eigenvalues lie on ~¢. It is clear that,
for s = 0, this number is equal to 0 with probability 1 since all eigenvalues are
observed. If s = 1, no particles are observed, and then one shows easily that

the average is (1 — %) n by rotational symmetry.

For a general removal probability s € (0,1), we have

E(#(©N7°)[® Cv) = Zkﬂ” (ON7°) =kl C )

B (P Cyand #(ON~°) =k)
Z’“ P@C) |

Using (3.1.4) and (3.1.6), we obtain the identity

E(#(O©NA)|® Cv) Zk eP G e(;g’i) k) = s%logDn(f). (3.1.13)

Similarly, after a straightforward calculation,

Var (#(0N7°)|@ € 7) = E ([#(0 N1°)2® € 7) — E(#(0 N+°)|® C v)?

ZkQ WP #(@(;g,zl) k) <s§slogD (f))

8 9]
= 5* s ~5 log Dy, (f)—&—s%logDn(f). (3.1.14)
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In the case where s € (0,1) is independent of n and where v is an arc of
arclength 2L independent of n, we obtain from (3.1.7) that

E(#(© N7 ) =n (1 - i) + 1‘;%8 logn + O(1), (3.1.15)

Var (#(©0N~y9)|® C ) = logn

- 0, (3.1.16)
as n — oo, where the O(1) term can be expressed in terms of Barnes’ G function.
Remarkably, the leading order terms of the average and number variance are
independent of s, which suggests that the conditioning does not have a major
effect on the CUE eigenvalues, in other words the fact that no particles are
observed outside v does not give us much additional information on all particles.
As we will see below, this changes drastically if we allow L and s to depend on

n.

Remark 3.1.1 It is a priori not rigorously justified to take logarithmic deriva-
tives of the asymptotic expansion (3.1.7) in order to obtain (3.1.15) and (3.1.16).
However, this can be justified in two ways. First, the asymptotics for the Toeplitz
determinants D,, (s, L) in [26] were obtained precisely by integrating asymptotics
for % log D, (s, L), see e.g. [26, Section 3|. Secondly, the asymptotics (3.1.15)
are valid for s in a complex neighbourhood of (0,1) with a o(1) error term which
is analytic in s and uniform in compact subsets of this neighbourhood. From
Cauchy’s integral formula, it then follows that s-derivatives of the o(1) term
are also o(1). This allows one to justify (3.1.15) and (3.1.16).

We will study the large n asymptotics for various quantities in the conditional
CUE:

1. the zero counting measure v, s 1, of the conditional average characteristic
polynomial ¢,

2. the conditional mean eigenvalue density

dﬂn,s,L(ew)

. 1 . .
= _ ,(/)n,&L(ezﬂ) _ gKn(ew’ew)’

3. the conditional eigenvalue correlation kernels, suitably scaled near different
types of points on the unit circle,

4. the conditional average and variance of the number #(0 N~¢), i.e. the

number of particles on ~¢.
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Similarly to the gap probabilities of the thinned spectrum, the above quan-
tities exhibit different types of asymptotic behaviour, depending on how L and
s behave as n — co. We will give an overview of known results in Section 3.2,
and we will in addition derive new results if s — 0 and n — oo simultaneously

at an appropriate speed.

3.2 Statement of results

In what follows, we take 7 to be an arc of the unit circle with arclength
2L € (0,27). By rotational invariance, we can assume without loss of generality
that ~ is an arc between zy = el and z5 = e, such that 1 € ~. Note that in
this case ¢, = ¢p.

3.2.1 Large n asymptotics for gap probabilities in the
thinned CUE

We describe the asymptotics of the quantity P(® C ) = D, (s, L) in 4 different

regimes depending on the behaviour of s and L. Recall that

Dn(sa L) = det(fk—j)j,k:l,... ny (321)

s

where the fi’s are the Fourier coefficients of f given in (3.1.5). They can be

computed explicitly, we have

2 Ly n=Lg if k=0
fr = L Fle)e *ogp={ T T ’ (3.2.2)
21 Jo (1*5):;6“(7“@7 if k0.

Case I: s and L fixed. The case where L € (0,7) and s € (0,1) are
independent of n was already discussed in the introduction: we have (3.1.7),
which implies that P(® C -y) decays exponentially fast as n — co. The precise
rate of decay depends on the values of s and L. The decay is slower for larger s
and larger L.

Case II: s fixed, L — w. If s € (0,1) is independent of n and L — 7, we
can use large n asymptotics for D, (s, L) obtained in [21, Theorem 1.5] (our

situation corresponds to oy = ag =0, B = — 2 = 1‘2)7%:, and t =7 — L in the
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language of [21]). This leads to

—2in(r—L) (¢
P(®Cy)=exp (/0 (55’ >d§> (14 0(1)), (3.2.3)

as n — oo and simultaneously L — w_. Here, o(&; s) is a solution of the o-form

of the Painlevé V equation
(0" = (0 — €0’ +2(0")?)% — 4(o")", (3.2.4)

where ’ denotes a derivative with respect to £, and we have the asymptotic

behaviour (depending on s)

Q
—
o
Va)
N
I

O(&logé), £—i0_,

o(es) = B2y LB L o), o i

211

(3.2.5)

In the special case L =7 (1 — 4%’) with y > 0, this can also be derived from the
classical results by Jimbo, Miwa, Mori, and Sato on the sine kernel Fredholm
determinant [41], recall the discussion above (3.1.3). With this scaling of L,
P(® C v) does not decay as n — oo but tends to a constant depending on the
values of y and s. Asymptotics of the integral at the right hand side of (3.2.3)
as n(m — L) — oo are described in [21, Formula (1.26)].

Case III: s — 0 sufficiently fast and L fixed or L — 7 sufficiently slow.
If L € (0,) is fixed and s — 0 sufficiently fast such that

1 L
—logs < —zx. :=2logtan —, (3.2.6)
n 4

we can use the results from Theorem 2.1.1 to obtain
L n? L —-1/4 . ,
P(®Cy)= <sin 2) n~1/4 (cos 2) 212¢3¢ ("D (14 0(1)), (3.2.7)

as n — oo, where ( is the Riemann (-function. This implies that the gap
probability decays faster than exponentially in this case. The estimate (3.2.7)
is the same as in the case s = 0, in which the asymptotics for the Toeplitz
determinants were obtained in [67]. This estimate remains valid if the arclength

L tends to m as n — 00, as long as n(w — L) — oo, see Chapter 2.

In this case, a very small fraction of eigenvalues are removed for n large. In

fact, the expected number of removed eigenvalues tends to 0 exponentially fast
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as n — 00, so typically we observe all eigenvalues, and it is not surprising that
the gap probability behaves like in the case s = 0. However, this is no longer

true if s — 0 at a slower rate.

Case IV: s — 0 at a slower rate, L fixed. In the case where s — 0 in
such a way that logs = —zn with 0 < z < z,, asymptotics for D, (s, L) are
not available in the literature. We will study this case in detail and prove the

following result.

Theorem 3.2.1 Let D, (s, L) be the Toeplitz determinant defined in (3.2.1)-
(3.2.2). If 0 < x <z, with z. as in (3.2.6), we have

1 x
lim — log Dy, (e *", L) = —/ Qe rd€. (3.2.8)

n—oo N2 0
Here Q¢ 1, is given by

T
cos § + cos 20

il 3.29
cosf — cos L ( )

1
Qer = o

where 0 < T < 7w — L is the unique solution of the equation

cos @ + cosT
. =¢£. 2.1
cosf — cosLdo ¢ (3.2.10)

Remark 3.2.2 The fact that equation (3.2.10) has a unique solution was shown

1+ei0
1— et

1

T /[L,L]U[WT,erT]

log ’

in Proposition 2.3.1.

Remark 3.2.3 The decay of P(® C v) = D,,(e™®", L) as n — oo is superex-

ponential. Setting x = x. in (3.2.8), we recover

L n
P(® Cy)=Dye ™, L) = <sin 2> o(exp(n?))
as in (3.2.7), provided that the identity

e L
/ Q¢ rdé = —logsina (3.2.11)
0

holds. We will give an independent proof of this identity in Appendix A.
As z — 0, by (3.2.8), the superexponential decay disappears, which makes
the connection with the behaviour in case I. Further terms in the asymptotic
expansion of D, (e™*" L) are expected to contain quantities related to elliptic

f-functions, but are hard to compute explicitly.
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Remark 3.2.4 The quantities 2, ; and 7" are closely related to an equilibrium
problem. Define p, ; as the measure supported on the two disjoint arcs 6 &€
[-L,L]U [r —T,7 + T| with density

dps.r(e®) 1 [cos +cosT "
) AN e — v 2.12
do 21\ cosf —cos L Ya,€7), (3 )

see Figure 3.1. It was shown in Proposition 2.3.1 that p, ; is the unique

equilibrium measure minimizing the logarithmic energy

//10g|z—u| Yau(z)du(u /V Ydp(z (3.2.13)

among all Borel probability measures p on the unit circle, where

. 0, fore' €,
V() = e (3.2.14)
z, fore® e S\ .

It is characterized by the Euler-Lagrange variational conditions

2/ log |z — €®|dpy (") — V(2) + £y = 0, for z € supp ps, 1.,

—T

2/ log |z — |dpy () = V(2) + €y <0, for z € ST\ supp pia. 1,

—T

(3.2.15)

where
1
1 u? +2ucosT + 1
lor=— | — (1= du. 3.2.16
v /0 u( \/u22ucosL+1 b ( )

T .
We have Q, 1 = f;fT dpiz 1 (e?). For z > z., the measure [l = Hoo.L

minimizing (3.2.13) does not depend on the value of x and is supported on the
single arc 0 € [-L, L].

3.2.2 Large n asymptotics in the conditional CUE

We now take a look at the large n behaviour of the zero counting measure of the
average characteristic polynomial ¢,,, the limiting mean eigenvalue distribution,
scaling limits of the eigenvalue correlation kernels, and the average and variance
of the number of particles on 7€, in the conditional CUE. All these objects

can be expressed in terms of the average characteristic polynomial ¢, and
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Figure 3.1: Density of the equilibrium measure 1, 1, as a function of € with
0 € [—m,w|, for L = 7/3 and for different values of x: the upper left picture
corresponds to z > x., then x decreases from left to right and from top to
bottom, and the bottom right picture corresponds to x = 0.

the Toeplitz determinant D,,(s, L), as explained in Section 3.1 (recall formulas
(3.1.11)—(3.1.14)). We denote

1 n )
=E |- — €% 2.1
sl = E | 3200 =) (3:217)

for the average counting measure of the eigenvalues in the conditional CUE,
with density ¢, s given by (3.1.12), and we let v, 5 1, be the zero counting

measure of the average characteristic polynomial ¢,,.

We again distinguish between the 4 different regimes identified before. In
Cases I-I11, large n asymptotics can be derived from results for the Toeplitz
determinants and average characteristic polynomials that are (explicitly or
implicitly) available in the literature. In Case IV, large n asymptotics for
¢, and D,, are not available in the literature. We will perform a detailed
asymptotic analysis using Riemann-Hilbert (RH) methods in Section 3.3, and

this will enable us to obtain asymptotic results in the conditional CUE.
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Case I: s and L fixed. An asymptotic analysis of ¢, in this case was done
n [24]. Using the results obtained in that paper, we will show in Section 3.4
that vy s,r and fin s 1, for 0 < s < 1, converge weakly to the uniform measure
on the unit circle; on the level of densities, we have

- N
nleréo Uns,0(€Y) = 5 (3.2.18)
uniformly for 6 in compact subsets of [—7, 7] \ {—L, L}. Note that for s =1,
we have ¢, (z) = 2™ and then v, 1 1, does not converge to the uniform measure

on the circle, since it is a Dirac measure at 0.

For the eigenvalue correlation kernel K,,, one expects from the analysis in
[24] to have the scaling limit

lim i.Kn (ei(0+%)7ei(0+ﬁ)) = ei%w> (3'2'19)

n—oo Cn m(u—v)

for any u,v € R and 6 € [0,27] \ {L,2r — L}, and where ¢ = 5-. Near e*'/,
the asymptotics for ¢, are described in terms of confluent hypergeometric
functions, and instead of the sine kernel, one expects a limiting kernel built
out of confluent hypergeometric functions. These scaling limits can be derived
from the asymptotics for ¢,,, using similar computations as the ones in Sections
3.4.4-3.4.6 (where we prove scaling limits in Case IV). The asymptotics for the
expected number of eigenvalues on ¢ were already given in (3.1.15), and for

the number variance in (3.1.16).

The above results can heuristically be explained as follows: the expected
fraction of CUE eigenvalues on 7€ is equal to 1 — % From the theory of large
deviations, see [2], it follows that the probability of having a smaller fraction

2 as n — o0o. On the other

of eigenvalues on ¢ decays exponentially fast in n
hand, the probability that all eigenvalues on ¢ are removed by the thinning
procedure is only exponentially small in n. In other words, if there are no
observed particles on «¢, that does not say much about the complete spectrum,
it just means that the thinning procedure has accidentally removed all the
eigenvalues on 7¢. It is expected that the eigenvalues uniformly fill out the arc
¢ as n — o0, just like in the CUE without conditioning. The conditioning only
+iL

has an effect on the local behaviour of eigenvalues near e="~: near those points,

eigenvalues are more likely to lie on v than outside.

Case II: s fixed, L — w. Here, asymptotics for ¢, were obtained in [21]. We

will show in Section 3.4, relying on the analysis in [21], that pu, s 1 and v, s 1,
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converge weakly to the uniform measure on the unit circle. For the correlation
kernel, we expect convergence to the sine kernel as in (3.2.19), except when
0 = 7, in which case one expects a limiting kernel built out of functions related

to the Painlevé V equation, see [19] for a similar situation on the real line.

Taking logarithmic derivatives of (3.2.3) with respect to s, we obtain by
(3.1.13)—(3.1.14) that the average number of particles on ¢ and the number

variance are given by

—2in(w—1L) 850(5; S)

E (#(0 N1°)[® C ) = 5/0 lag+ o), (3.2.20)
—2in(r—L) _292 . .

Var (#(0N~y°)|® Cv) = /0 5°050(&; 8);_ 5050 (&5 S)d§ +o(1),

(3.2.21)

as n — 0o, where o(&; s) is the Painlevé V transcendent defined in (3.2.4)—(3.2.5).
This can be justified rigorously as described in Remark 3.1.1.

The case where L = 7 ( — %y) with y > 0 independent of n is of particular

interest because the probability of having no eigenvalues on ¢ does not decay
as n — 0o, and this means that we condition on an event which is not unlikely
to occur for large n. The average and variance of the number of particles on
~¢ are described in terms of a Painlevé V transcendent which depends on the
removal probability s. Here, the fact that we do not observe particles on ~¢

does have implications for the unobserved particles.

Case III: s — 0 sufficiently fast and L fixed or L — 7 sufficiently slow.
As n — oo and at the same time s goes to 0 in such a way that s < (tan %)Qn,
asymptotics for ¢,, were obtained in Chapter 2. Both p, s, and v, s 1 converge

weakly to the measure

) 1 cosf +1
0\ .__ _
dptoo, () == —27”/ P B— cosLde’ 6e[-L, L] (3.2.22)

see Section 3.4. Moreover,

i 1 cosf +1
: 0y _
nhm Un,s.0(€Y) = 727”/7(3030 ~eos I XI-L.L 0), (3.2.23)

uniformly for 6 in compact subsets of [—m, 7] \ {—L, L}. For the eigenvalue

correlation kernel, we expect the sine kernel scaling limit (3.2.19) with ¢ =
i/ Sosbtl for § € (—L,L). Near the edges of v, we obtain the Bessel
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kernel,

lim — K, (;i(b—@)ﬁ@—m))

n—oo (cn)?
_ Jo(\/ﬁ)\/wé(\/;)u—nﬁ))(\/a)\/wé(\/@7 (3.2.24)

for u,v > 0, where ¢ = {/cot % This is remarkable because the Bessel kernel
usually appears near hard edges of the spectrum. In our situation, for finite
n and s € (0,1), it can happen that there are eigenvalues on ¢, so we do not
have a hard edge. Taking the logarithmic s-derivative of (3.2.7), we obtain by
(3.1.13)—(3.1.14),

E(#(0 N9)® C 1) = ofs), (3.2.25)
Var (#(0 N~°9)|® C v) = ofs), (3.2.26)

as n — oo. In other words, the expected number of eigenvalues on ~°¢ is

exponentially small, as well as the number variance.

In this case, observing no particles on ¢ implies that it is unlikely to have
unobserved particles there too. This is natural because typically no or very few
particles are removed by the thinning procedure. Then, because of the repulsion
between the eigenvalues, there tend to be more eigenvalues near the edges e**>
of ~v, which heuristically explains the blow-up of the limiting mean eigenvalue
density. Asymptotically for large n, the eigenvalues in the conditional CUE

behave locally near e** like near a hard edge.

Case IV: s — 0 at a slower rate, L fixed. This is the intermediate regime
between Case I and Case III. In contrast to Case I, not observing particles
outside v does have an effect on the large n macroscopic behaviour of the
eigenvalues, but it is not as drastic as in Case III. Typically, for large n, there
will be a non-zero fraction of eigenvalues outside 7, but this fraction is smaller
than in Case I. We prove the following results.

Theorem 3.2.5 Fiz 0 < L < w. We take s = ¢ ™" with 0 < x < x, =
—210gtan%.

1. The measures [y s, and Uy s 1 converge weakly to the measure [i, 1, given
by (3.2.12) as n — oo; moreover,
i9) dum,L(ew)

nh%rrgown’sl(e == (3.2.27)
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uniformly for 0 in compact subsets of [—m,w|\{-7+T,—L,L,m —T}.

2. We have

1 +T )
lim —E (#(©NA9)|® C ) = / dpz.1(€)d0 = Q, 1,
n—oo N o T
(3.2.28)

i %Var (#(0N7)|® C 7) = 0. (3.2.29)
Remark 3.2.6 We will also provide a result on the location of the zeros of the
orthogonal polynomials: we will show that ¢,, has, for n sufficiently large, all
its zeros either close to the unit circle or to a point w,, on the real line, see
Proposition 3.4.1 below. A similar but stronger result is also shown in Case I
and Case III, see Proposition 3.4.3.

Remark 3.2.7 The eigenvalues outside v are expected on an arc containing
—1, and it is unlikely to have eigenvalues close to the edges of v¢. This is at first
sight surprising, but can be explained (a posteriori) by the repulsion between
the eigenvalues. As x — x., T'— 0 and the average of the number of particles
on v¢ becomes smaller; as © — 0, p, 1, converges weakly to the uniform measure
on the unit circle, and we recover the leading order of the corresponding result
in Case . It is worth noting that the variance is small compared to the average,
this means that we can accurately guess the fraction of eigenvalues lying on ¢

for large n.
Next, we consider scaling limits of the eigenvalue correlation kernels.

Theorem 3.2.8 We let s = e™*" with v < x..

1. If €% lies in the interior of the support of .. 1., we have the sine kernel
limit (3.2.19) with ¢ = 1, ().

2. At the edges of v, we have the Bessel kernel limits (3.2.24) for u,v > 0,

with ¢ = y/zezzllzo=zil o0 Gil | gpg oy = in=T),
|207ZO| ’ ’

3. At the soft edges, we have the Airy kernel limits

a1/3
—i25s (u—v) il — _u i — v
lim e 22/ % eiz T+T+ TS eiz T+T+ o273
n )

n— o0 (cn)2/3

_ ALAI() —A'@AI() oy 50

u—v
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: _ [z1—21]
for u,v € R, with ¢ = / T

Remark 3.2.9 As expected, we obtain the sine kernel in the interior of the

support of i, 1. Near the edges, we have two different types of behaviour: near
0 = +L, scaling limits lead to the Bessel kernel, as if there were hard edges;
near § =7 — T and 0 = 7w + T, we have soft edges with square root vanishing
of the limiting mean eigenvalue density, and obtain the usual Airy kernel.

Outline

In Section 3.3, we will use the Deift/Zhou steepest descent method applied to
the RH problem for orthogonal polynomials on the unit circle to obtain large n
asymptotics for ¢, in Case IV. The main ingredients of the RH analysis will be a
g-function related to the equilibrium measure p, 1, the construction of standard
Airy parametrices near e ("=7T) and the construction of Bessel parametrices
near et*L. Because those points are not hard edges, we will need to use a
non-standard Bessel parametrix similar to the one constructed in Chapter 2
and in [15]. The RH analysis yields asymptotics for ¢,,, which we describe in
detail in Section 3.3.8.

Next, in Section 3.4, we will use the asymptotics for ¢,, to obtain asymptotics
for the zero counting measure v, ; 1, the mean eigenvalue distribution p, s 1.,
and the eigenvalue correlation kernel. In this way, we will be able to prove
Theorem 3.2.1, Theorem 3.2.5, and Theorem 3.2.8, as well as the corresponding
results in Cases I-III.

In Appendix A, we prove (3.2.11), and in Appendix B, we extend the

asymptotic analysis from Section 3.3 to the case of small x.

3.3 Riemann-Hilbert analysis for 0 < x < z.

The goal of this section is to obtain large n asymptotics for ¢, (z) for z anywhere

in the complex plane.
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3.3.1 RH problem for orthogonal polynomials on the unit
circle

Consider the matrix Y defined by

" b (2) : e (33.1)
N ) 7T71 , (3.3.1

where ¢,, is the monic orthogonal polynomial with respect to the weight f, given
by (3.1.5) and depending on s and L, and where h,, is the norming constant,
defined in (3.1.10).

The first column of Y contains the orthogonal polynomials of degree n and
n — 1, while the second column contains their Cauchy transforms with respect to
the weight function f. Y depends on n and also on s = e~*" and L through the
weight function f. It is well known that Y'(z) is the unique 2 x 2 matrix-valued
function which satisfies the following RH problem [34]:

RH problem for Y

(a) Y :C\ S — C**2 is analytic.

(b) Y has the following jumps:

Yi(2) =Y_(2) <(1) z_"lf(z)) . forze §M\ {e'F e}

ZTL

(c) Y(2) = (I+0(z1)) (0 z0”> as z — 00.

(d) As z tends to el the behaviour of Y is

~(0(1) Of1og]z — e+E)
= (ou) Oflog]: eﬂLD) |

We want to obtain large n asymptotics for the matrix Y, uniformly for
x in compact subsets of (0,z.). Such asymptotics can be obtained using
the Deift/Zhou steepest descent method [30] applied to the RH problem for
Y. Following the general procedure developed in [27, 28] and applied first

to orthogonal polynomials on the unit circle in [6], we will apply a series of
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transformations to the RH problem for Y, with the goal of obtaining, in the
end, a RH problem for which we can easily compute asymptotics of the solution.

The first transformations are similar to those in Section 2.4.

3.3.2 First transformation Y — T

We define g, depending on x and L, by
o) = [ log(z — ¢*)du(e’), (3.3.)
[—L,L)U[r—T,7+T)

where we write p for p, 1, omitting the subscripts x, L, where p, 1, is the equi-
librium measure with density (3.2.12) and satisfying the variational conditions
(3.2.15). In (3.3.2), for each 6, the branch is chosen such that log(z — €¥) is
analytic in C\ ((—oo0, —1J U {e* : —7 < t < 0}) and log(z — ) ~ logz as
r €RT, z — oo.

The following transformation has the effect of normalizing the RH problem
at infinity. We define

n nmwi

T(z) = e F 750y (2)e ()00~ F Ta e 0n (3.3.3)

0

1
with £ = ¢, 1 given by (3.2.16), and o3 = (O 1). Then T solves the

following RH problem:
RH problem for T
(a) T:C\ S' — C?*? is analytic.
(b) T satisfies the jump relation
Ty (z) =T-(2)Jr(2), on S'\ {7},
with

e84 =g-(2)) (1) nemnV () gnlgn(9s ()4 ()
Jr(z) = 0 9+ ()=9- () '

(c) T(z) =1+ 0(271) as z — oo.
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(d) As z — eTL we have

~ (00) Ollog]z — i)
T(e) = <0<1> Ollog = - e“l)) |

Writing
S ={e?:L<f<n-T}, (3.3.4)
Yo={e": —n4+T <0< ~-L}, (3.3.5)
F={e" 1 -T<0<7m+T}, (3.3.6)

we can use (3.2.15) and the definition of g (3.3.2) to write the jump matrices
for T in the following form,

—2nmi fﬂ' du(e'?)
e arg z

1 ~
0 eZnﬂif_‘:;gz dlu‘(e'iG) ’ z € Y U 7>
™ i6 i6
i) n[2 f,,, log |z—e"" |du(e )7:E+£:|
Jr(z)=4 ¢ ¢ , z€X,  (33.7)
0 enm’Q
. nl2 [T log|zfei9\du(ei9)fz+£:|
enﬂ'zQ e [ f—w ’ = 22’
0 e—nﬂ'iQ
where Q2 = f:fg du(e’?), as in (3.2.9). We write zy = e'L, z; = ("= T) and

define

_ (=) —m)\ P dg
¢(Z)‘/Zo<<£—20><§—20>> £ (3:38)

and

N 26— 2)(E — )\ V2
¢(Z)/Z1<E§_ZO§E,§_ZO;) %, (3.3.9)

where we define the square roots with branch cuts on v U~ and such that
they tend to 1 as & — oo. For ¢, we take the path of integration such that
it does not cross y U7 U X, and for 5, we take it such that it does not cross
YUY UZX;. Then, it is straightforward to check that e? is single-valued and
analytic on C\ (m U {0}), and that e? is single-valued and analytic

on C\ (7 UyuXx; U {0}) We can rewrite the jump matrix Jr in terms of ¢
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and q~5, in the same manner as in Section 2.4.1:

(6 () =) 1
0 oo (2)-mi) [+ FET

en(g, (z)+mif2) 1 _
0 oGy |0 FET

Jr(z) = (3.3.10)
—nmi) n(¢p(z)—x)

(& (&
< 0 en‘n’iQ ) ’ zZ e 21’

nmwif) ng(z)

& €
< 0 nﬂ'i(l) ’ z € Ya.

€

Now we are able to define the next transformation: the opening of the lenses.

3.3.3 Second transformation 7 +— S

We can factorize Jp on v as follows:

en(¢_ (2)—miQ2) 1
0 o= (2)—mi®)

B 1 0y [0 1 1 0
- efn(qﬁ_(z)fﬂ'iﬂ) 1 -1 0 en(d)_(z)fﬂ'iﬂ) 1/

There is a similar factorization of Jr on 7. Using this factorization, we can
split the jump on 7 into three different jumps on a lens-shaped contour, see
Figure 3.2. Denote by 74 and _ the lenses around v on the |z| < 1 side and
the |z| > 1 side respectively and similarly by 7, and 7_ the lenses around 7,
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Figure 3.2: The jump contour for S.

see Figure 3.2. Define

1 0
. ,|z| <1, z inside the lenses around -,
(_e—nqﬁ(z)e—nfrzﬂ 1) | | v
0 .
J— Z) wmi0 1| |z| > 1, z inside the lenses around ~,
e
S(z) =T(z)x 0 . -~
i) i 1) |z| < 1,z inside the lenses around 7,
e
0 L ~
e |z| > 1, z inside the lenses around 7,
e
I, z outside the lenses.

(3.3.11)

Then S solves the following RH problem.

RH problem for S

(a) S:C\ (S*Uryy Uy_ UF; UA-) — C2*2 s analytic.
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(b) S satisfies the jump relations

0 1 %
S+(Z):S () 1o , fOTZE’YU/Ya
e—nﬂ'iQ en(tﬁ(z)_x)
S+(Z) = S—(Z) 0 nmif) ’ for z € 21’
e
enﬂ'iﬂ eng(z)
Sy(z) =5_(2) —nmi | for z € X,
0 e
1 0
o _ C forzen,, 3.3.12
+(Z) (Z) e—n¢(z)€—nﬂ29 1) or = T+ ( )
1 0
Sl 5. } . forzen,
+(Z) (Z) efn¢(z)enﬂ'lﬂ 1 orzen
S1(2) = 5 (2) : X forz €75
zZ) = _\z -~ . 9 or z ’
+ e_nqb(z)emer 1 T+
1 0
S (2) =S (2 - ' , forzeqy_.
+( ) ( ) e_n,qb(z)e—n‘n'zﬂ 1) v

(c) S(z2)=I+0(z71) as 2 — <.

(d) As z — e we have

S(z) = O(log |z — e*E|).

On 4 Uy_ (resp. 74+ U7_), one shows as in Section 2.4.2 that Re ¢(z) > 0
(resp. Re g(z) > 0) and consequently the jump matrices for S converge to the
identity matrix on vy U~y_ U754 U5_. On 31, we have that Re (¢(z) — ) <0,
so that the jump matrix converges to a diagonal matrix. On X, finally, we
similarly have Re (E(z) < 0, and the jump matrix converges to a diagonal matrix
here as well. The convergence of the jump matrices is point-wise in z and breaks

+iL i(rxT)

down as z approaches e and e .

Therefore, we will construct approximations to .S for large n in different
regions of the complex plane: local parametrices will be constructed in small
disks D(e®L,r) and D(e("*7) ) surrounding the edge points of the support

of u, and a global parametrix elsewhere.

3.3.4 Global parametrix

We will construct the solution to the following RH problem, which is obtained

from the RH problem for S by ignoring the exponentially small jumps. The
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global parametrix will give us a good approximation to S for z away from the

endpoints of v and 7.

RH problem for P(>)

(a) P(>®):C\ S' — C?*2 is analytic.

(b) P(*) has the following jumps:

0 o0 0 1 ~
PJ(r )(z):P£ )(z)< ) O)’ for z € y U7,
Pfo)(z) = P (z)e—nmi0s for z € 34,

Pj_m)(z) = P(oo)(z)e”’”ﬂ"f’7 for z € ¥».

(3.3.13)

(c) PN (2) =T+ 0O(z7") as 2z — .

(d) As z — ¢ with ¢ = e*L or ¢ = ¢/™*7T) | we have

PO9)(2) = O(]z — ¢|1/4).

This problem can be explicitly solved in terms of the elliptic theta-function of
the third kind. This is typical for situations where the support of the equilibrium
measure consists of two disjoint intervals or arcs. Similar RH problems have
been solved several times with jumps on the real line, see e.g. [27, 28, 10]. We

follow a similar procedure here, adapted to the unit circle.

First we apply the following transformation:

e nmigos |z| < 1,

(c0) — o~ nmigos p(co) ) 3.3.14
Q (Z) € (Z) { e’nﬂ'l%d’:;’ ‘Z| > 1. ( )

It is easy to verify that Q(>) satisfies the following RH problem.

RH problem for Q(>)
(a) Q1) : C\ (supppU¥;) — C>*? is analytic.
(b) Q) has the following jumps:

P =e=e ("

QS_OO) (Z) — Q(_OO)(Z)672n7rchrg’ for z € 21.

, forze~yU7, (33.15)
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)

Figure 3.3: The cycles A and B.

(¢) Q) (2) =T+ 0(z71) as z — .

(d) As z — ¢ with ¢ = ¥ or ¢ = ¢/™*7T) | we have

Q1) (z) = O(l= = ¢|71).

Riemann surface and elliptic theta function

To construct @), we need to introduce quantities related to an elliptic theta-

function on a Riemann surface. We consider the elliptic curve
X ={(zw) 0 = R()},  R(2) = (2= 30)(z — 20)(2 — 21)(= — ),

of genus one. We represent X as the two-sheeted Riemann surface associated

to \/R(2). We let \/R(2) ~ 2% as z — oo on the first sheet and \/R(z) ~ —22

as z — 0o on the second sheet.

We define cycles A and B on X as in Figure 3.3: B encircles the arc 7 in
the clockwise sense on the first sheet, and A encircles the arc ;. The solid
part in Figure 3.3 lies on the first sheet, the dashed part on the second sheet.

A and B form a canonical homology basis for X.

Note that by an explicit calculation we have

1 dz

/;dz _ _dz
A V/R(z) 212/ |R(z)]

|
)
I
)
\ﬂ
|
~
Q.
I
=
u+

|
2o

/ 1 Tz ,/”*T ..
———dz = —— =0 ——— € iR™.
B VR(2) s 2V R(2)] w1 \/|R(e”)]
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We define the one-form

d 1
s S —T (3.3.16)

such that w is the unique holomorphic one-form on X which satisfies [ Jw =1
We also let

fB (;;(z)
= / w=—Y "2 iRt (3.3.17)
B

The associated theta-function of the third kind 6(z;7) = 6(2) is given by

+o0 . .
0(z) = Y T (3.3.18)

m=—0o0

It is an entire and even function satisfying

0(z+1) =0(2) and O(z+7) = e 22 TTH(2) for all z € C.
(3.3.19)

Finally, define

u(z) = /:w, (3.3.20)

Z1

for z on the Riemann surface, where the path of integration lies in C\ (y U~y U X4)
and on the same sheet as z. Since fC(O,R) w =20 for all R > 1, with C(0,R) a
circle of radius R around 0, on each sheet, v can be seen as a single-valued and
analytic function of z € C\ (yU7¥ U X;). For z on the first sheet, it satisfies
the relations

for z € ¥4, u+(z)—u,(z):—/w:—7'7
B

for z €7, uy(z)+u_(2)=0, (3.3.21)
for z € v, u+(z)+u,(z):—/w:—1.
A
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Construction of Q(OO)

Now we define

O(u(z) +d+c)
O(u(z) +d) ~’

O(—u(z)+d+c)

hlzed) = 0(—u(z) + d)

fa(z;¢,d) =

, (3.3.22)

where we take z on the first sheet. These functions are meromorphic on
C\ (y U7 U X;) with possible poles at the zeros of §(u(z)+d) and 0(—u(z)+d).
Furthermore, by the periodicity properties of the #-function, we have the

following relations:

for z € 31, filz;e,d)y = 2™ fi(z;¢,d)_,
fa(z;e,d) s = e 2™ fo(z5¢,d) (3.3.23)
for 2 € yU75, fi(z;c,d)4 = fa(z;¢,d)-, o
fQ(Z; ¢, d)+ = fl(za & d)—
This implies that
. _ fi(ze,dr)  fa(z;¢,dr)
Flzi e di,dz) = <f1(Z;C7 d2)  fa(zsc, d2)>
satisfies the jump relations
Fy(2) = F_(2)e*™s, for z € ¥y, (3.3.24)
F,(z)=F_(z) <(1) (1)> , for z e yU7. (3.3.25)
On the other hand, the function
3B +B71(2) ZH(B(2) - B7(2))
N(z) = | 2 % , 3.3.26
) <;i</3<z> L) BB+ 5() (3:3:20)
where
_(z=mz=a)" 3.3.27
o) = (22222) (3.5.27)

with branch cut on v U7 and such that 8(z) — 1 as z — oo, satisfies the
following RH problem, see e.g. [10] for similar situations:
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RH problem for N

(a) N :C\ suppp — C**? is analytic.

(b) N has the following jump:

0 1

N4 (2) = N_(2) <_1 .

), for z on yU 7.

() N(z) =1+ 0(271) as z — oo.

(d) As z — ¢, ¢ = 20,Z0, 21 or Z1, we have

N(z) = Oz = (|7,

Now, we take ¢ = —nQ and d; = —ds = d, and define Q(*) by

0(uos+d—ng) 0 -1
Q™) (2) = < 9(u°6+d) Q(uoo+d+n§2)> X
0(Uoo+d)

<N11(Z)F11(Z; 77197 d, 7d) ng(Z)Flg(Z; 777,9, d, 7d)

. (3.3.28
N21(Z)F21(Z; —TLQ7d7 —d) NQQ(Z)FQQ(Z; —ﬂQ,d, —d)) ( )

where we define uy = lim,_,o, u(z). Combining the jump relations for F and
N, it is straightforward to verify that Q(°°) satisfies the RH problem for Q(>),
except for the possible problem that it may have poles at the zeros of the
functions 6(u(z) — d) and 0(u(z) + d). We will exploit the freedom we have to
choose the value of d to ensure that the zeros in the denominator are cancelled
out by zeros in the numerator, so that Q(°°) is analytic in C \ (supp u U 31).
Note also that 8(z) #0 at 2 = ueo +d, 2 = Uso + d —nQ and z = Uy, +d — 1
since these three points are purely real and that 6(z) doesn’t vanish on R. This
will be a consequence of Proposition 3.3.1, see below, and the fact that 2 € R.

For w € C \ supp x, we denote by w(!) the representation of w on the first
sheet of X, and w® for the one on the second sheet. We define
2021 — Z0%1
(20 =%0) — (21 = 71)

Zy = (3.3.29)
This is the projection of z; along the vector z; — zy on the real axis R. So if
0<sinT <sinL, z, €] —o0,—1[,if sinT =sin L, z, = 00, and if sin L < sin T,
Ze €)1, +00].
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)
Proposition 3.3.1 Letd = 7K+fzi1* w, where K = %+g Then Q°°) defined
by equation (3.3.28) is the solution of the RH problem for Q). Moreover,
Uss +d =0 mod 1.

Proof. First of all, we identify the zeros of the functions 3(z) £ 37!(z) on the
Riemann surface. One of those functions vanishes at a point z on the Riemann

surface if and only if

B2’ +1=0cp(2)=12=2z. (3.3.30)

From the definition of 8 on the first sheet, we have that 5(29)) > 0. So
B(z) — B~1(2) vanishes only at 2 and B(2) + B71(2) does not vanish on the
first sheet. Since X is of genus one, we know that u(z) is a bijection from
the Riemann surface X to the Jacobi variety C/A, A = {n + mm,n,m € Z}.
Therefore, since §(K) = 0,

9(u(z)—d)=9</:w—/;£1)w+[(>

vanishes only at z = zil). A similar argument shows that

H(u(z)—l—d):@(/;w—/;?)w—f(’)

vanishes only at z = 22, By (3.3.28), it follows that Q(>*) has no poles in

C\ (supp U X1). Hence it solves the RH problem for Q).
_ 1/2
Now, note that 82(z) — 1 = (%) — 1 is meromorphic on X,
has simple zeros at zil) and oo, and simple poles at zy and Z7. By the Abel

theorem, we have

o O
/ w+ / w=0 mod A. (3.3.31)

1 20
By the choice of cycles and the definition of w, there exist n,m € Z such that

-1 —1®
/ + / w=z+n+mm, (3.3.32)
z(*l) co(1) 2

where — 1(_1)

|z| > 1 of the first sheet. For z < —1 on the first sheet, w > 0 so that m = 0 if

means that we start the integration path from —1 on the side
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2y < =1 or if z, = co. From the definitions of u, d, and K, and by (3.3.31)

and the choice of cycles, it is then straightforward to see that

xS

0 1 7
Uoo + d = w+ w—n——-———-=—=0 mod 1.
20 2 2

21

If z, > 1, this can be shown in a similar way. ]

Summarizing, by (3.3.14) and (3.3.28), we have the following expression for
p(oo);

P(OO)(Z) _ en‘n’i%ag (é(ﬁ(z) +B_1<Z))®11<Z) %%(ﬁ(z) - B_l(z)>®12(z>>
5 (B(2) = B71(2))0a1(2)  3(8(2) + B71(2))O2(2)
x emia’ <L 5533
e—nﬂ1503, |Z‘ > 17
with
_0(0) O(u(z) +d—nQ) ~0(0) O(u(z) — d+ nQ)
Onlz) = Hénél)a 9(u(z)d+ d)Q ’ ©12(2) eé 52)9 9(u(z)d—d 0 ’
O (2) = 2O) 0(ulz) —d —nS) Op(z) = 20 Hulz) +d+ Q)

In the above formulas involving u(z), z is taken on the first sheet.

3.3.5 Local parametrices near z, = ¢’ and z; = e "

Near zp and Zp, we want to construct a function which has exactly the same
jump conditions than S, and which matches with the global parametrix on the
boundaries of small fixed disks of radius r > 0, D(zq,r) or D(Zp, ), around zg

and Zy. More precisely, near zy, we want to have the following conditions.

RH problem for P

(a) P:D(z0,7)\ (ST U~vs Uv_) — C?*2 is analytic.
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(b) For z € D(zp,7) N (S* U~y Uy_), P satisfies the jump conditions

0 1
ra=re (L) on 7,
efnTriQ en(qﬁ(z)f )
P.(z) =P_(z) 0 i) , on X,
) ‘ . (3.3.35)
P+(Z) =P (Z) 6,n¢(2)e,n7rig 1) ) On Y+,
1 0
P,.(z)=P_(2) o (=) i 1) , on y_.
(¢) For z € 0D(zp,r), we have
P(z)=(I+0(n™") P)(2), as n — 0o. (3.3.36)
(d) As z tends to zg, the behaviour of P is
P(z) = O(log |z — z0]). (3.3.37)

We can solve this RH problem in the same way as done in Chapter 2 in
terms of Bessel functions. The construction in Chapter 2 is an adaptation of

the standard Bessel parametrix construction from [49].

Define ¥ by

1,(2¢3 LKo(2¢2

) s
2miCzIo(2¢2) —2¢2 K((2(¢2)

1P 2(=0)h) LHED (2(=0)F)

VO =3 N it (@Y | B <arsC <

nch (V)0 ¢t (HP)e-0h) " T

SHE (2(=0)%) SHHRCOH )
—nct (BPY(-0h) wct (B -0h ) .

(3.3.38)

where Hél) and Héz) are the Hankel functions of the first and second kind, and
Iy and K| are the modified Bessel functions of the first and second kind. Next,
let

W(¢) = (T + A(Q) ¥(Q), (3.3.39)
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where A(C) is a nilpotent matrix which is needed to take care of the jump on
Ela

A(C) _ efmcF(C) <8 _mlgg(_<)> Ffl(c)v (3'3.40)

with the branch cut of log(—¢) on R, and F is the entire function given by

1T —51
v (¢) 0 27”1 o8¢ |arg (| < 2F,
1 0 1 —=L1
F(Q) =4 ¥() 1 1) (0 27”1 o8 C) Z <arg( <, (3.3.41)
1
U(z) _11 (1)> <é —m110g§> —m <arg( < —3.

It was shown in Chapter 2 that U is the solution of the following RH problem.

RH problem for T

(a) U:C\ Yo — C**? is analytic, where Xg is shown in Figure 3.4.

~

(b) ¥ satisfies the jump conditions

=0 ;) on R,

0 =0 [, 1) on R,

BQ=0-©, V), one¥mr e
() =T_(¢) 1 (1) , on e~ TR,

(¢) As ( — o0, ¢ ¢ By, we have

1

V() = (I +A(Q) (27TC%)_%3 % <1 i) <I+ o(g—%)) (X Eos



96 Thinning and conditioning of the CUE

Figure 3.4: The jump contour for ¥ and ®.

(d) As ¢ tends to 0, the behaviour of ¥(¢) is
W (¢) = O(log [¢]). (3.3.44)

Then, we define ¢ : D(zo,7) — C such that {(z) = {5¢(2)?. One can check

that ¢ is a conformal map which maps zg to 0. We can now fix the lenses v,
and v_ such that ¢ maps them to the half-lines e 3 R+ and e~ 3 'R+,

We can now construct the local parametrix as follows,

P(2) = E(2)¥(n2((2))e” #9()72 x { e, <1, } (3.3.45)

e’ﬂﬂ'i%o’g’ |Z‘ > 17
where
nmigos o zl<1, | 1 (1 —i) /1 73/2
FE = P(OO) X € 2, ’ ’ a )
(2) (2) { enmifos > 1, [ V2 \—i 1 5"m(2)

(3.3.46)

where the principal branch is chosen for (-)'/2, in such a way that E is analytic
in D(zp,r). Then, P solves the RH problem for P.

The local parametrix near zZg can simply be constructed by symmetry. For
z € D(zg, ), we have
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3.3.6 Local parametrices near z; = /(™ 7) and z7 = /("7

Near z; and Z7, we again want to construct a function P which has the same

jump relations than S, and which matches with the global parametrix.
In D(z1,7), we need the following RH conditions.
RH problem for P

(a) P:D(z1,7r)\ (ST UAL UA_) — C?*2 is analytic.

(b) For z € D(z1,7) N (S* U5, UA_), P satisfies the jump conditions

0 1 ~
P =P ° 0) , on#,
enmTil o g(z)
P,(z) =P_(z) 0 Cmiar | on Yo,
) ‘ A (3.3.47)
P+(Z) =P (Z) efng(z)e””m 1) ) Oon Y4,
1 0 ~
P+(Z) =P_ (Z) efng(z)efnﬂiﬂ 1) 5 on y—.
(¢) For z € 0D(z1,r), we have
P(z)=(I+0(n™")) P (), as n — 0o. (3.3.48)
(d) As z tends to z7, the behaviour of P is
P(z) =0(1). (3.3.49)

We will construct the solution of this RH problem in terms of the Airy
function. For this, we use the following well-known model RH problem, see e.g.
[27, 28, 10].

Airy model RH problem

(a) ®:C\ Xg — C?*? is analytic, with X as in Figure 3.4.
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(b) For z € ¥, P satisfies the jump conditions

D, (2)=D_(2) 0 1) , onR™,

-1 0

11
2= ()L 1), mEn

o (3.3.50)
D, (2)=d_(z) L 1) on e TR,

1 s
D, (2)=D_(2) ) (1) , on e~ TIRT,

1 1 1 ] 2.,.3/2
P(z) = =275 < ) Z,) (I+(9(z‘3/2)) e=52%0s  (3.3.51)
- 1

o(z) = O(1). (3.3.52)

ol(2)  —y2(2) for 0 < argz < &*
vh(s) —uh2) ’
-y1(2) —y2(2) 27
L) gz T SRS
B - (3.3.53)
“12(z) (2 for — 7 <argz < —2F
—4(z) ¥i(2) ’
y(l)(z) y/l(Z) , for — 2% <argz <0,
Yo(2) y1(2)

where yo(2) = Ai(2), y1(2) = e T 7Ai(eF2) and ya(z) = e~ 3 1 Ai(e™ 5 z).

Construction of the local parametrix

We construct P using the solution ® to the Airy model RH problem. We take
P of the form

Y]
~ 0 enmt 293, z| <1
P(z) = B(2)®(n/38(z))e 39507 x <t a3s

e_'””%‘“, |z > 1
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2

Here C is a conformal map near z7, defined by ((z) = (—%Yz)) ° Then, we

have ((y N D(z1,7)) C R~ and ((X2 N D(z1,r)) C RT. We had some freedom
in the choice of the lenses, we use it now, by choosing 7, and 5_ such that

C(F+ N Dz 7)) C T RY,

(- N D(z1,7)) C e 3 RT.

In this way, if E' is analytic in D(z1,7), P has its jumps precisely on the jump
contour for S. Using (3.3.54), one verifies moreover that P has exactly the
same jumps than S inside D(z7,r).

In order to have the matching condition (3.3.48), we now define E as
nmigos |z < 1 1 1 o
ThTR9 ] < 1.7 1 i
E(z)=P™()xd ¢ X | —=n"59((z)" 1 )
(2) (2) { enTigos |z] > 1 2y/m ¢) -1 g

with g(z)*1/4"3 analytic except for Z(z) € R™, or z € 5. Using the jump
relations satisfied by P(°) it is straightforward to check that E is analytic in
D(z1,7)). In this way, P satisfies the RH conditions needed near z7. In D(z1,7),

the local parametrix is directly constructed as P(z) = P(Z).

3.3.7 Final transformation S — R

Define

Ry — { SOPET 2 € Do) UD(G 1) U DG, r) U DY)
S(z)P) ()=, elsewhere.
(3.3.56)

P was constructed in such a way that it has exactly the same jump relations as
S in the four small disks, and as a consequence R has no jumps at all inside
those disks. Moreover, from the local behaviour of S and P near zg, Zg, 21, 21,

it follows that R is analytic at these four points.

If we orient the circles in the clockwise sense, the jump matrices for R are
given by

R_(2)"'Ry(2) = P(2)P™®)(2)~!,  for z on the four circles, (3.3.57)
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YR

Figure 3.5: The jump contour for R.

and by
R_(2)"'Ry(2) = PP (2)S_(2)718, (2) P (2)7L, (3.3.58)

for z € ¥g \ supp 4 and z outside the four disks, where Xg is the jump contour
for S. Notice that R is analytic on the part of v U~ outside the four disks. By
the fact that the jump matrices for S converge to the identity matrix rapidly
outside the four disks, by the uniform boundedness of P(°®) away from the four
edge points, and by the matching conditions (3.3.36) and (3.3.48), the jump

matrices for R become small as n — oo.

In conclusion, we have the following RH problem for R:

RH problem for R

(a) R:C\ Xr — C?*2 is analytic, where X consists of the four circles and
the part of Xg \ supp p outside the four disks, as in Figure 3.5.

(b) As n — oo with 0 < = < z., R satisfies the jump conditions

Ri(2)=R_(2) ({+0O(n™")), for z on the four circles,
(3.3.59)
Ri(z) =R_(2)(I+0O(e™ ")), for z elsewhere on Xp,

with ¢ > 0 a constant independent of n.

(c) R(z) =1+ 0(z71) as 2 — <.
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From the standard theory for small-norm RH problems [27, 28], it follows that
R(z)=1+0(n™1), R'(2)=0(n™1), n — o0, (3.3.60)

uniformly for z € C\ ¥g. The asymptotics (3.3.60) hold uniformly as long
as z lies in a compact subset of (0,x.), or if s is in a region of the type
e (@e=0)n < ¢ < 6_5”, with § > 0 a fixed constant.

3.3.8 Asymptotics for the orthogonal polynomials

We can now use the RH analysis to obtain large n asymptotics for the orthogonal

polynomials ¢,, = Y71, valid for § < & < 2. — §, for any & > 0.

The outer region

For any € > 0, if |[2] <1 —€ or |z| > 1 + €, we can take the lenses sufficiently
close to the unit circle and the disks for the local parametrices sufficiently small,

such that z lies in the region outside the lenses and outside the disks.

Inverting the transformations Y — T +— S +— R, we can express Y in terms
of R, and obtain the identity

nwi

Y(z)=e>

n

‘736_%1{“3R(2)P(°°) (z)e” 51030 % 03 n9(2)7s (3.3.61)

By (3.3.33), this leads to
bn(2) = €"9) (Pf;”)(z)Ru(z) + P2(1°°>(z)312(z)) . (3.3.62)

Since P(*®)(z) is uniformly bounded in n for z in this region and by (3.3.60),

we get

bn(2) = €"9) (Pff")(z) + O(nfl)) . asn— oo (3.3.63)

For the norming constants h,,, we have h,, = Y15(0) by (3.3.1). Using the

fact that g(0) = i and the identity 3(0) — 871(0) = —2isin (££L), we obtain

hn = Yi2(0) = e P35V (0) (1 + O(n 1))

— e sin (L‘;T) 012(0) (1+0(n™ ), (3.3.64)
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as n — 00, where we note that ©12(0) is real since u(0) — d € R and satisfies

0(1/2)
6(0)

0(0)?
9(1/2)2"

< 012(0) < (3.3.65)

Inside the lenses away from edges

In this subsection, we will only consider the cases where z is outside the disks
near the edge points. For z on the unit circle, or close to it, we need to use the
formula for S valid inside the lens-shaped regions, see (3.3.11). This leads to

different asymptotic expressions for ¢,.

Inside the lenses around =, for |z| > 1, we have

on(z) = O3 Riy(e) (P () - e B ()
j=1,2

, (3.3.66)
en9(2) (Pl(fo)(z) _ efnaﬁ(z)eanPl(QOO)(z) + O(n71)> ’

as n — oo, since Re (¢(z)) > 0 for z inside the lenses and P(°*) = O(1) in this

region.

Similarly to (3.3.66), we obtain asymptotics for ¢,, in the other regions. For

|z] < 1, inside the lenses around -y, we have

bn(z) = ™9 (Pl(loo)(z) + e_"d’(z)e_””mPl(goo) (2) + (’)(n_l)) as n — +0o0.
(3.3.67)

For z inside the lenses around 7, we obtain similar expressions:

Pn(z) = ™9 (Pl(loo)(z) - efng(z)efnmnpl(;o)(z) + O(nil)) as n — +oo
(3.3.68)

for |z| > 1 and

Pn(z) = ™9 (Pl(fo)(z) + 67”¢(z)e”“iQPf§°)(z) + O(nil)) as n— 400
(3.3.69)

for |z| < 1.
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Near the hard edges

Inside the disk D(zg,r), for |z| > 1 and z inside the lenses, inverting the

transformations in the RH analysis, we obtain the identity

nmi

nwi nt 1 0 nt
_ o3 —%g ng(z)os , %o ,—
Y(z) = 75 E o R () P(2) (_e_wwemm 1>eg ¥ o

(3.3.70)

Taking the 1,1 entry, we have

() = "9 [(Pn(z) - e*"¢<z>emmpm(z)) Rui(2)

+ (Pgl(z) - e—”¢<z>emﬂp22(z)) Rm(z)} . (3.3.71)

where P is the local Bessel parametrix (3.3.45). Similar expressions hold near

Zp; they can easily be obtained from the equation ¢, (Z5) = ¢n(20).

Near the soft edges

Near z7, we can express ¢, asymptotically in terms of the Airy parametrix. For
|z| > 1, z inside the lenses around 7, and z € D(Z7, ), we obtain after a similar
calculation than in Section 3.3.8 that

bn(2) = 9 [(Pn(z) - e*"$<z>e*mfmpl2(z)) Rii(2)

n (Pgl(z) . e*”?5<z>efmﬂpgg(z)) ng(z)] . (3.3.72)

where P is the local Airy parametrix (3.3.54).

3.4 Proofs of main results

In this section, we use the asymptotics obtained for the orthogonal polynomials
®n, to prove our main results, Theorem 3.2.1, Theorem 3.2.5, and Theorem 3.2.8,

corresponding to Case IV where s = e™*"

with  in compact subsets of (0, z.).
Afterwards we will also indicate how one can prove the corresponding results in

Cases I-111I, without giving full details.



104 Thinning and conditioning of the CUE

3.4.1 Zeros of ¢,

()
J
Un,s,L = % Z;-lzl 6Z;n) the normalized zero counting measure of ¢,,, we have by
definition that

If we denote by z; 7, j = 1,...,n the zeros of the polynomial ¢,(z) and by

n n D) _
¢n(z) = H(Z - Zj(n)) = 62.7':1 log(z=2;") = enflog(z w)dun,S,L(w).
1

J

We know from the general theory for orthogonal polynomials on the unit circle
that all the zeros lie strictly inside the unit circle. It follows from Helly’s
theorem that there exists a subsequence (vp,, s,1,)x Which converges weakly to
a probability measure v, 1, supported on a subset of |z| < 1. From (3.3.63), it
follows that

lim - Re(log (=) = [ log|z — e’ldusu(e”),  ¥ze T\,

n—oo

In particular we have for any converging subsequence v, s 1 that

klim /log |z — w|dvy,, s, (W) = /log 1z — €\ dpuy. 1. ("),
e el

for all z off the unit circle. By the unicity theorem [57, Theorem I1.2.1], this
implies that v, s .1 converges weakly to p, 1. Hence the entire sequence v, s 1,

converges weakly to p 1. This proves a first part of Theorem 3.2.5.

We can also prove a result about the location of the zeros of ¢,,: for n large
enough, there cannot be zeros which are not close to the unit circle or to a point

wy, on the real line, as stated in the following proposition.

Proposition 3.4.1 Let 0 < L < m and s = e " with 0 < x < x.. There
exists a real sequence (wy)nen such that for any € > 0, there exists ng € N such
that for every n > ng, ¢n(2) has no zeros in {z € C: |z| <1 —€, |z —wy,| > €}.

Proof. We can use (3.3.63) for |z|] < 1 — ¢ and n sufficiently large, which
implies that ¢, (z) has, for sufficiently large n, no zeros if |P1(1°°)(z)| > ¢ > 0 with
¢ independent of n. Since 3(z)+ B71(2) and (u(z) +d) both are bounded away
from zero in this region, Pl(fo )(z) vanishes only at the zeros of 6(u(z) + d — nf).
Since the Riemann surface X is of genus one, u(z) is a bijection from X to the
Jacobi variety C/A, A = {n+ 7m,n, m € Z}, implying that 6(u(z) + d — nQ)
vanishes in at most one point which we denote by w,,. For any n, the point w,

is necessarily real because of the symmetry P(>)(z) = P(>)(z). This relation
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follows from the fact that P(>) (%) satisfies the RH conditions for P(°*) and
the uniqueness of the RH solution. a

3.4.2 Limit of the mean eigenvalue density
We first prove that the mean eigenvalue density 1, s, r(e?) = %Kn(eie,eia)
converges to 0 for e on S\ supp pz 1.

For z in the exterior region of ¥, we have (3.3.63). If we let z approach a
point ¥ € S'\ supp ., = ¥1 U Xo, we obtain

$n(e?) = 9= P () (14 O(n™Y),  n— oo,

where we note that Pl(lOO ) (¢%) is bounded away from 0. A direct calculation
shows that

3, () () — (65) (¢9) () = 2 Re-(DO(n), 0 — oo

By equations (2.3.16) and (2.3.21), it follows that

MRe(g_ () = 2 / log |¢® — e|du(e®) < — +x

—T

for € in ¥; U ¥y. Combining this with (3.1.12) and (3.3.64), we obtain

Yns.r(e?) = exp ((2/ log e — ' |du(e’®) 4 ¢ — ;C) n) O(1), n— oo.

—T

(3.4.1)

This shows that 1, s 1,(€??) tends to 0 uniformly for ¢’ in any compact subset
of 21 @] EQ.

0

Next, we show that ¥, s 1.(e") — 1,1 (e?) uniformly for ¥ in compact

subsets of v, where v, 1 is given by (3.2.12). Taking the limit as z — € in
(3.3.66), we get

bn(e?) = eng- () Q) +0(n™1)), n — 00, (3.4.2)

where Q(e?) = P1(1<><>l (e') — 67"¢*(ei9)6"“iﬂpl(§?_) (ei?).
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Now, (3.1.12) can be rewritten as

I CE 57522 [—n|¢>n(ew)|2+2Re (eif’qs;(ei")%(ew))] (3.4.3)

Substituting (3.3.64) and (3.4.2) in (3.4.3), taking into account that Re(g_ (e?)) =
—£ and f(e") =1 for e’ € v, we obtain

wms,L(eiG) = 27TP(1°°)(0) [|Q(€i9)‘2 (2Re(ei9gi (ew)) - 1)

+ 2Re <€i9¢i (eiG)e—n¢7(ei9)enwiQP1(20fl) (eiﬁ)m) + O(n—l)] ,

as n — oQ.

Equation (3.3.8) together with the properties

9+(2) +9-(2) = logz+im—¢, for z € ~,
i . 4.4
g+(2) —g-(2) = 27m'/ du(e?), for z € S*, (34.4)
arg z

where —7 < arg z < m, implies
2Re(e"gL (")) =1 = e’ (") = 2wy (")
We thus have, as n — oo,

1P (€92 — [P (69))
P57 (0)

'l/)n,s,L(eie) = ¢m,L(€i0) < + O(Tll)> . (345)

The convergence of ¥, 5 1, to ¥, 1, then follows from the following identity.

Proposition 3.4.2 For all z € y U7, we have

P2 () = P52 ()] = P (0). (3.4.6)
Proof. We recall the relation P(>)(z) = P(2°)(%) (see the proof of Proposition
3.4.1). This allows us to rewrite the left hand side of (3.4.6) as

)

PR ()P () = P2 () P (7). (3.4.7)
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By another argument of uniqueness of the solution of the RH problem for P(>),

we have the relation

P (2;Q) = 0, P (0; Q) T P (27 — Q) (3.4.8)
where we have now explicitly written the dependence on the parameter § of P(°°)
0 1 o .
and o1 = (1 0). Noting from (3.3.33) that P2(1 ) (0; —-0) =— 1(2 )(O;Q) and

using (3.4.8), we obtain

P (0;0) = P37 (7 )P (5 Q) - PO (75— ) P (5,.9).
From (3.3.33), for |z| # 1,
P (2 —) = P (%0)  and  PSO(z-Q) = —PSY(2,Q). (3.4.9)

We are then led to an expression involving only P(*)(z; Q) (so we omit again
the dependence in ):

P3Y(0) = PEY (2P (2) + PO (2P (), for [2] # 1.

Taking the limit of the above expression as z — ¢ € y U7, |z| > 1 and noting
that

lim P (=71 = PE2)(e7) = — P (),

z—e'? I+
[im, P (N = P (e ) = PRI (e,

we obtain that Pl(go)(O) is equal to (3.4.7), which proves the proposition. O

The convergence of 1, s .(€??) to ¥, 1,(e?) for € on 7 is obtained in a similar

way.

To complete the proof of Part 1 of Theorem 3.2.5, we still need to show
weak convergence of fiy, ¢ 1, t0 tz 1. To that end, let h be a continuous function
on the unit circle. For any € > 0, we can take a compact subset A of the unit

circle which does not contain the points zq, Zg, 21, 21 and which is such that

€

oL(A) >1— o
fa, . (A) 3max,cg1 [h(2)]
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Because 1, s 1, converges uniformly to v, ;, for e € A, we then have

[ ) () = an ) 8| < 3 (3.410)

for n sufficiently large. We also have

< max |h(2)|(1 — re,(4)) < ¢/3. (34.11)

/ (e )by, (e")db
e S\ A
Since pin 5,1,(A) converges to piy (A) as n — oo, we also have

< max [R(2)|(1 — pin,s,.(A)) < €/3, (3.4.12)

/ B )b 1 (c?)d8
et ST\ A

for sufficiently large n. Combining (3.4.10)—(3.4.12), we obtain

/0 ! h(e™) (Vn,s,0.(€") — ¥a 1. () d@‘ <e (3.4.13)

which proves the weak convergence of fi, 5,1, t0 iz 1.

The asymptotics (3.2.28) for the average number of eigenvalues are obtained

in a similar way: we have

E#HONEC) =n [ bun(e)as,
eif cye
Repeating the same argument as above, but now with h the characteristic
function of v¢, we obtain (3.2.28).

For the variance, we use (3.1.14), and obtain (3.2.29) after differentiating
(3.2.28) with respect to s = e *". This can be justified using a standard
argument in RH analysis: first, it follows from the RH analysis that (3.2.28)
holds not only for real 0 < x < x., but also uniformly for = in a small complex

neighbourhood of (0, z.). Next, using Cauchy’s integral formula

9 (0, 10g Dy (e, L)) = — /

T 2mi

Oy log Dy (e™"' L)
(z —2')?

dz’,

where the integral is over a small circle in the z-plane. Using (3.2.28) and the
fact that the error term is uniform on the little circle, we obtain (3.2.29).
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3.4.3 Proof of Theorem 3.2.1
Since
1 1 ,
- 505 log Dy (8, L) _poun = EE(#(G Ny9)® Cy) <1,

we can integrate (3.2.28) with respect to x and use Lebesgue’s dominated
convergence theorem. From the point-wise convergence (3.2.28) for 0 < = < z,,
we obtain

n—oo N

1 z 1 z
lim 7/ 9¢ log Dy (¢€", L)d¢ = — lim 7/ 595108 Dy (5, L) _,—en d€
n—oo n2 J, 0
=—/YMJM&
0

for z € [0, z].

3.4.4 Bessel kernel limit

Let u, v be two positive real numbers and ¢ a positive constant. To simplify
the expressions we will use the following notations:
U v

O EM AR ™

(3.4.14)

Using (3.3.64) in (3.1.11), we obtain as n — oo,

b
(en)?

ein(un*v")(bn(e*m")qﬁn(eiv") o d)n(eiun)(bn(efivn))
2me=¢ P (0)(u — v)
x —i(14+0(n™1)). (3.4.15)

Kn(eiun ) 6ivn) =

We can also use the asymptotic expression (3.3.71) for ¢, (e®“). Noting that

n?¢(en) = —n?(z)e'r (CZ::)Q (1 +0 (%)) ,

and that

1 0 wlzo— =
C/(ZO):feﬂLeﬂgVo allz Zl|7
|20 — Zol

we obtain

v

ni(e) = -4 (1+0 (%)) R (1+0 (%)) , (3.4.16)
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as n — oo, if we choose ¢ = ,/%. This implies by (3.3.45) and

(3.3.46) that P_(e™) = O(n'/?) as n — oo uniformly for v in a compact subset
of (0,00), and similarly for v,. By (3.3.60) and (3.3.71), we thus have

P (i) = en9- (") (Pu (etn) — e o= (" Menmpy,  (¢fun) 1+ O(n 1/2)> ;
(3.4.17)

as n — o0.

The definition of ¥ and one of the connection formulas for the Bessel

functions (see [53]),
H§V (2) + HS? (2) = 2Jo(2),
imply by (3.3.45) that, for § <z < z. — 4,
Py ()= -y (i) = e80T pleie) £ O(e),
as n — 0o, where

F(2) = E11(2)Jo(2y/—n?¢(2)) + 2im\/—n2((2) E12(2) J (24/ —n2((2)).

Using (3.3.8) and (3.4.4), we also have the following relation,

g_ (') — %qb_(ew) +7rz‘% = ,g + i ;_ W), for —L<6<L, (34.18)

which allows us to rewrite (3.4.17) in a more explicit form in terms of the Bessel
function of the first kind:

D () = e % % (untm) ( (™) + O(n 71/2)) , n—oo. (3.4.19)

Substituting (3.4.19) in (3.4.15), we get

1 ) ) -1
K (ezun’ GW") —
(en)2™" 7P (0)(u —v)

I (F (e )F(e)) + O(n~2),
(3.4.20)
as n — oo. We now compute F(e?r)F(eivn): we have

F(eiu”)m = I+ Fy+ F3+ Fy,
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where

Fi = En(en)Ep(en)Jo(2¢/—n2((etun)) o (24/—n2C (ein)),
Fy = 4r*n®\/((e™n)((e™n) Bra(e™n) Erz(ein)

X J§(2y/=n2C(e7)) I (2/=n2((en)),
F3 = —2im\/-n2((e")En(e™)Erz(e)

x Jo(2y/=n2¢(en)) Jg(2y/=n2C(e)),
Fy = 2im\/—n?((en)Erp(e™n) Eyy (e?n)

X Jo 2/ =REC(e0)) Ty 2/ =n¥C ().

Here, we have used the fact that Jo(x) is real for = > 0. It is straightforward
to see that the imaginary parts of F} and F5 tend to 0 as n — +oo. More

precisely, one has

Im(F;) =0 (|u|+|v|) , ji=1,2, n — oo. (3.4.21)

n

The computation for F3 and Fy is slightly more involved. Using (3.3.46) and

Proposition 3.4.2, we have
Im(Fy) = =2 Jo(Va) Vol (Vo) P57 (0) (1 + O(n 1)) (3.4.22)

and
Im(Fy) = 2 o(Vo)Vulh(Va) P (0) (14 O(n™)). (3.4.23)

as n — oo. Note that it follows from Proposition 3.4.2 that Pl(go)(O) is real.
Putting everything together in (3.4.20), one gets

L g (et givey _ PWDVER(VD) — Jo(/D) V()

(cn)? 2(u — v) +0(™),

(3.4.24)

as n — oo, uniformly for u, v in compact subsets of (0, c0).
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3.4.5 Airy kernel limit

For convenience, we make use of the following notations:

v
(cn)2/3’

v

un:—W+T+ (Cn)2/3.

vy =—m+T +

Even if (3.2.30) is true for any u, v real, we will only provide explicit computation
for u,v < 0. Other cases can be dealt with in a similar manner (and are in fact
easier). Using (3.3.64) in (3.1.11), we obtain

et =0, (€71 )5 (€77) — (e ) (e~
27T€_"€P1(;O)(0) (u—v)
x ie”™(1+0(m %), n— oo (3.4.25)

If we choose ¢ = ,/%7 we have n?/3¢(e™n) = u(1 + Oy )

as n — oo. With this choice of ¢, it is straightforward to see from (3.3.54) and
(3.3.55) that P_(e'*n) = O(n'/%). Taking the limit as z — e in (3.3.72), we

obtain the large n asymptotics

1 Uy VR
(o (o) =

gbn(eiu") _ 9 (efum) (P117_(eiu"’) _e_n¢_ (eiun)e_nﬂ'iflf)lz_(eiun)_i_(g(n—5/6))7
_ en(97(eiun)_%$7(eiun)_%wiﬂ) (K(eiun) + O(n—s/ﬁ)) ;

L4 Uy,

_ on 4T nitm (K(em)+0(n—5/6)), (3.4.26)

where K is defined by
K(2) = En(2)Ai(n*?((2)) + Era(2)Al' (n*3((2)).

Note that we have used the analogue of (3.4.18) for € € 5 with —7 < 6 <
—7m + T, namely

xz  i(0—m)
2 2

g (") — —m <0< —7m+T, (3.4.27)

and the Airy function relation yo(2) + y1(2) + y2(2) = 0 (see [53]) which implies
by (3.3.53) that, for —7 < argz < f%’r,

(1)11(2') — <I>12(z) AI(Z)7
(1)21(,2) - (I)QQ(Z) = AI/(Z)
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Inserting (3.4.26) in (3.4.25), we have as n — oo,

1 K (eiun eiv”) o ei%(unfvn) Im(K(ezun)m)_’_O(n72/3)
(cn)2/3™ " 7 7P (0)(u — v) '

Using the fact that Ai(z) € R for x real, we have

K(e")K(efvn) = Ky + Ko + K3 + Ky, (3.4.28)
with
Ky = En(e™)Epi(e)Ai(n?/3(e"))Ai(n?/3{ (")),
Ky = Ena(e™)Eip(en) Al (n?/3{ (™)) AT (n?/3(e")),
Kz = Eu(e™)Ep(en)Ai(n?/3((e)) AT (n?/3((e")),
Ky = Enp(e™)Epi(e™)Al' (n?3((e" ) Ai(n?/3{ ().

Analogously to (3.4.21), (3.4.22) and (3.4.23), we have

Jul + |v] :
Im(K;)=0 ( o) j=12, n — 00, (3.4.29)

and

I (K (") K(e™) = (Ai(w)A¥ (v) — Al (w)Ai(v))Im(By (51) Era (7))
+O((u — o)1/,

as n — oo. Using the explicit expression for E given by (3.3.55) and Proposition
3.4.2, one gets

I (B (277) Era (1)) = 7P (0), (3.4.30)

and we obtain the Airy kernel limit (3.2.30).

3.4.6 Sine kernel limit
For the sine kernel, we use the notations

U v
U, =w+ — and v, =w+ —,
cn cn

and in this section we will complete the computation only for w € (—L, L); the

case w € (m —T,m +T) is similar. In this case, the expression for the kernel
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takes the asymptotic form as n — oo,

(i (Un —vn) —iun, ivn) i —ivy,
%Kn(em",ei”") _ il Onle - )fn(((j) ) = Pn(e™)pn(e”"))
2me=n P57 (0)(u - v)
x (1+0(n ). (3.4.31)

Starting from (3.3.66) and taking the limit as z — ¢ € ~, one has
() = emo— () (f((ew) + O(n—l)) , (3.4.32)

where K (¢') = Pl(loo) (e') — e*mﬁf<e”>emi9Pf§fl(ei9). Using (3.4.4) we imme-

diately obtain for e* € ~ that

eng,(eiu”) _ 6—%[6%(un+7") exp (_nr]ri/ dﬂ(eia)> . (3433)

n

Substituting (3.4.33) and (3.4.32) in (3.4.31), we have

1 U [ e%j’(un—vn)
7Kn(€ n7€ n): )
cn TPy (0)(u —v)

Im (eanf?(ewn)f?(ewn )) +OnY),

(3.4.34)

as n — 0o, where a;, = g(qb, (en) —g_(e™n)) = nm'/ du(e®). An explicit

computation shows that

K )R () =e o (2 PG (e ) P (er0n) e~ P52 (e ) P (eive)

_eﬁ’ne—nﬂiﬂpl(lo?z (eiun)Pl(g?z (eivn) — e~ Bn emriflpl(;’o_) (eiun)Pl(i)?_)< ivn)) ’

where 8, = % (¢_(e™") + ¢_(e™n)). If we choose ¢ = 1, 1(e™), then e*n =
e (=) (1 4+ O(n1)) as n — oo and we obtain finally

Im (e"”lN((ei““)IN((ei””)) — Im (ewi(u—v)|Pl(10’0_) (eiw)|2+e—ﬂi(u—1))|P1(;>7C’_) (ez’w)|2)
+O((u—v)n™1),
= sin(r(u — v))P{3”(0) + O((u —v)n "),

as n — oo, where we have again used Proposition 3.4.2. Using this in (3.4.34),

we obtain

)

1 . “
lim —K, (el(w"'ﬁ)

n—o00 CNn

o)) SRR
m(u—v)
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which corresponds to (3.2.19) with ¢ = 1, 1, (e™).

3.4.7 Cases I-111

Zeros of ¢,

In Case III, it was shown in Chapter 2 that for any e > 0 fixed, if |z] > 1+ € or
|z] <1 — € we have

i i —\ 1/4 —\ —1/4
i nf log(z—e®®)dpoo 1. (€'?) 1 zZ— 20 Z— 20
on(z) = e 2 Z— 2y + Z— 20

X (1 + O(nil)) ,

as n — 00, where the branch cuts are chosen on +. In a similar way as in
Section 3.4.1, one has

1 . )
lim —Re(log ¢, (2)) :/ log |z—€% |dpoe 1. ("), |z| #1, (3.4.36)
noeon Supp(fioo,r.)

and one shows exactly as in Section 3.4.1 that v, s 1, converges weakly to fioo, r.
In Case I, one can use [24, formulas (4.1), (4.7), (4.56)] to prove that

loglz], [2[>1 1

1
lim —Re(log ¢ (2)) = = —
n 0, |z <1 27

2
/ log |z —e'|df. (3.4.37)
n—oo 0
The same holds in Case II by results from [21]. This implies, by similar
arguments as in Section 3.4.1, that v, 1 converges weakly to the uniform

measure on the circle.

Similar to Case IV, we have the following stronger result in Case I and in
Case II, illustrated in Figure 3.6.

Proposition 3.4.3 1. Fir 0 < s <1 and 0 < L < 7. For any e > 0,

there exists ng € N such that for n > ng, ¢n(2) has at most one zero in
{zeC:|z] <1—¢€}.

2. Fitr 0 < L <mandlets=e ™, x> x. Foranye >0, there exists
ng € N such that for n > ng, ¢n(z) has no zeros in {z € C:|z| <1 —€}.
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Figure 3.6: Zeros of ¢14(%) on the first row and of ¢22(z) on the second one,
with L = 27” The first column corresponds to Case I with s = 1/2, the second
column to Case III with x = 2z, and the third column to Case IV with x = z./2.

Proof. 1. In the first case, we have for |z| <1 — € by [24, formulas (4.1),
(4.3), (4.7), (4.8), (4.54), (4.56), (4.71)] that

1 2n—L 1 -
bn(2) = —exp (— ngs/ dw) ( ¢ + C)
2 Jp, w— 2z zZ—20 Z—2p

x % (1+0(n™),

as n — 0o, where

c:z{f‘”ﬂor((ﬂ;))z — 75| 2Popn 2P0, Bo = ﬁlogs

Since this expression has just one root for sufficiently large n, the conclu-
sion follows.
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2. Here, we can use the asymptotics analysis done in Chapter 2 to obtain,

asn — oo for 2] <1 —c¢,

; ; ==\ 1/4 .\ —1l/4
bn(z) = S 0ale—e e () ((Z - ZO) + (Z - ZO) >
2 Z =z Z— 2

X (1 + O(nil)) ,

where the branch cut lies on 7. We easily verify that this expression

vanishes nowhere for sufficiently large n.

Limiting mean eigenvalue density and correlation kernel

Asymptotics for the mean eigenvalue density and for the correlation kernel can
be obtained in Cases I-III using similar straightforward but lengthy calculations
as in Section 3.4.4, Section 3.4.5, and Section 3.4.6, based on the asymptotic
results in the papers [24], [21], and Chapter 2. In this way, one can prove
for example formulas (3.2.18), (3.2.19), (3.2.22), and (3.2.23). For the sake of

brevity, we do not present details here.

A Proof of identity (3.2.11)

Recall the definition of the equilibrium measure p; 1 in (3.2.12), and the related
quantities O, ;, = f:jg du(e?) given in (3.2.9) and £, 1, given in (3.2.16). We
will use the identity ¢ = —2log sin% (see Chapter 2 for a proof of it).

Proposition A.1 Let 0 < L < 7 and 0 < © < x.. There holds a relation

between Q 1., the Euler-Lagrange constant £ 1, and x:

0y 0 O | ler (2 [

(A

Proof. We consider the following meromorphic differential of the third kind
on the Riemann surface X,

5= oA dz
“ (z—20)(z — %) iz (A.2)
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By the Riemann bilinear identity we have
/ w/\CJ :A1§1 7121\1317 (A3)
X

where w is given by (3.3.16), and

Alz/wzl, Blz
A

/,
A\l = / @ = —22‘%, El = / @ = _47TQ;E’L.
A B

w=T,

As z — 0 on the first (respectively, second) sheet of X, we have

D=+ (1+0()dz,  w=TFeo(l+0O(2))d. (A4)

i
z
In terms of the local coordinate & = 271, as £ — 0 on the first (respectively,
second) sheet of X, we have

@:igrumm&, w = Feo(l + O(E))de. (A5)

The left hand side of (A.3) can now be computed using Stokes’ theorem and
e
the residue theorem. After a long calculation, we get fX WAW=—8r f1<1) w,

where the notation 19) means that we start the integration path from 1 on the
first sheet at the side |z| > 1. We obtain

JNCH .
1T
Q. =2 i A
. /1(_1) wt g (A.6)

Now a direct computation shows that

6Qz,L _ 8Qw’L87T o T

w. (A7)

it Oen _ 0nOT /‘X’“)
Oz oT Oz 2w or 9T 9z =)o

This proves the first equality in (A.1). Now, note that

O | loor [\ [! N ot
_%F2 Q)‘ﬂ“mﬁ'—ﬂw

Tc

dg

u:%

Oy, L

Te ()
u,L u
x/ —QMdu,
- U
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where we proceeded by substitution and used the first equality in (A.1). Inte-
grating by parts, we obtain

T Q, Q Fe 100,
/ Loy, = %L —|—/ 78 L.
. U2 x . u Ou

This proves the second equality. a

Corollary A.2
e —L L
—/ Q. pde = —228 — log sin — (A.8)
. 2 2

Proof. It suffices to integrate (A.1) from 0 to z. and to note that ¢y ;, = 0. O

B Extension of the RH analysis as © — 0: shrink-
ing Airy and Bessel disks

In this section we extend the RH analysis, up to now justified for x in compact

subsets of (0, x.), to the case of small z. This is the intermediate regime between

Case IV and Case I. We first have a closer look at the behaviour of T' = T'(x)
as x — 0.

Proposition B.1 Asa:=7—T — L — 04, we have

x = ga +0(a?),

T = —% log(ar) + O(1).

Proof. It was shown in the proof of Proposition 2.3.1 that

I/LJra\/cos@cos L+Oz)d0. (B.2)

cos L — cosf

The equation for z in (B.1) is therefore straightforward, since for any a < b,

b fy—a ™
/a b—ydy = §(b— a). (B.3)
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To prove the second one, one starts from (3.3.17), which gives

27— (L+a) do
/L+a Vcos L — cos f/cos(L + a) — cos §

T=1

(B.4)

/L-i-oz de
L Vcos L — cos 0/cos 0 — cos(L + )
Since for any a < b < ¢,

b dy B
a VO—yyy—a

™

and

b
dy
———— = —log(c—b) + 2log(vVb—a++Vc—a),
B e ( ) 8% V )

the denominator in (B.4) is 2+ +O(a) and the numerator is —2 log(a) + O(1)
as a — 04, and the result follows. a

If we choose the radii of the disks of the four local parametrices to be, say,
r = 5, it follows from Proposition B.1 that the disks do not intersect if x is

sufficiently small.

We now estimate the jump matrices for R as * — 0.

Proposition B.2 We let r = =, and we let R be as constructed in Section

2w’

8.8.7. Asmn — oo and x — 0 in such a way that xn — oo, we have

Ri(2)=R_(2) (I—|— O(xilrfl)) ,  forz ondD((,r), ¢ = 20,70, 21, 21,
(B.5)

Ri(z)=R_(2)({ 4+ O(e™ ™)), for z elsewhere on X,
(B.6)

and ¢ > 0 is a constant independent of x and n.

Proof. By (3.3.57) and (3.3.45)—(3.3.54), the jump matrices for R are

I+ POIEO () PO, for = € 0D (o)
) (B.7)

I+ Pe(2)0 ( ) PEI(2)71, for 2 € 9D (71, 7),

ne(z)
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and similarly on D(Zg,r) and dD(z1,r). Uniformly for
2 € Dy = Ui_,y 55, 7 9D(C, 1), we have from (3.3.8) and (3.3.9), as z — 0,

that there exists e > 0 such that |@| >€e>0and \@| > € > 0. To obtain
(B.5) from (B.7), it is now sufficient to prove that P(°)(z) is uniformly bounded
for n large, x small and for z € Xp.

For z outside the four disks, since the zero of 8(u(z) — d) is cancelled by the
one of B(z) — 71(2), it is straightforward to see that P(>)(z) = O(1) outside of
a neighbourhood of the four edge points, as n — oo and 2 — 0. On 9D (zg, 1),
from (3.3.27) and (B.1), we have

2p+r r
1B(2)* < 25— =10 and 1B(2)7 1t < 25— =3 (B.8)

A similar computation shows that 8 and 8! are also bounded on the other
disks.

By (3.3.33), we still need to show that

sup O (z), with 1 < k,1 <2, (B.9)
2ED,

are uniformly bounded for n large and = small. From Proposition B.1, we have
that |7| — oo as  — 0. It is clear from (3.3.18) that

lim sup|f(y;7) — 1] =0, (B.10)

T—100 yER

0(0;7)
0(nS;T)

and it follows that —lasn— oo, x — 0.

A next important observation is that there exist o > 0 and 0 < € < i such

that for all x < z¢ and z € D, we have

wvease -G (- (o
U Ki - e) 71, (i + e) |T] (B

From the periodicity properties (3.3.19) of 8, we have also that for any y € R,

|0(u(z) —d+y)| _ |0(u(z) —d+y—7)|
10(u(z) - d)] 0(u(z) —d -7

(B.12)



122 Thinning and conditioning of the CUE

Combining these two facts with the following estimate for any 0 < 6 < 1,

s 26—27r|‘r\
sup 10(z;7)—1| < 2~ 7ITIA=0) 4
—slzl<tm (2)<s 17!

W%O, aST—>iOO7
_67

we obtain that (B.9) is bounded, which leads the first estimate in (B.5). By
(3.3.58), we similarly obtain (B.6). O

If we choose x such that x — 0 and zn — oo as n — oo, we thus have that

R exists for sufficiently large n and satisfies
R(z)=1+0(x 'n™), R(2) = Oz 'n™1h). (B.13)

This allows one to generalize Theorem 3.2.1 and Theorem 3.2.5 to the case where
x — 0 and n — oo in such a way that xn — oco. From these asymptotics for R,
we can obtain asymptotics for the orthogonal polynomials ¢,,, for the Toeplitz
determinants, the mean eigenvalue density, and the eigenvalue correlation kernel.
In particular, as * — 0 and n — oo in such a way that xn — oo, we have that the
zero counting measure v, s 1, of ¢, and the mean eigenvalue distribution py, s 1,
converge weakly to the uniform measure on the unit circle. For the eigenvalue
correlation kernel K,,, we have convergence to the sine kernel everywhere except

near the points el



Chapter 4

The ratio probability of the
smallest eigenvalues in the

Laguerre Unitary Ensemble

Abstract !

In the n x n Laguerre Unitary Ensemble, we study the distribution of the ratio
probability between the smallest and second smallest eigenvalue. The limiting
distribution as n — oo is found as an integral over (0, 00) containing a function
v(x). This function is related to solutions of a system of ODEs associated to a
Riemann-Hilbert problem. We also compute asymptotic behaviours of v(x) as

x —ooand z — 04.

4.1 Introduction and main results

The Laguerre Unitary Ensemble (LUE) consists of the space of n x n complex

positive definite Hermitian matrices endowed with the distribution

1
—— (det M)%e " TMgpy, a>—1, (4.1.1)

n,o

IThis chapter is joint work with Max Atkin and Stefan Zohren.
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where Zn’a is the normalisation constant and dM is the Lebesgue measure

dM = [[dMi ] dReM;;dimM;;. (4.1.2)

i=1 1<i<j<n

The probability measure (4.1.1) is invariant under unitary conjugation and
induces a joint probability distribution on the eigenvalues Mg, ..., A, on (RT)"
given by

n

1
= An (N2 TT e A8 xmer (Ni)ds, (4.1.3)
N:lin,a i=1

where A, (A\) denote the Vandermonde determinant

A=A = J[ =) (4.1.4)

1<i<j<n

The normalisation constant En,a, also known as the partition function, is given
by

R 1 o e} n
Zpo = 7/ / A, (V2T T e ™%, (4.1.5)
nl Jy 0 21;[1

The theory of random matrices has enjoyed a growing interest and study for
a number of decades in part due to the surprising number of connections between
it and a priori unrelated fields. Probably the earliest appearance of random
matrix theory dates back to Wishart in 1928 in the context of multivariate data
analysis [70]. He was studying matrices of the form X*X, where X is an m x n
matrix (m > n) whose entries X;; are independent and identically distributed

complex Gaussian variables

Re X;j,ITm X;j ~ N <0,02 = 21n) : (4.1.6)
and X* is the conjugate transpose of X. Such positive semi-definite matrices,
called Wishart matrices, possess eigenvalues which are also distributed according
to (4.1.3), where « = m —n is an integer. Since then, the LUE has been studied
a lot, and has found applications in different areas, for example in finance (see
e.g. [5], Section 12.2).
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Some known results

The limiting mean eigenvalue density function is given by the Marchenko-Pastur

law

1 4 —x
o x

(4.1.7)

supported on the interval [0,4]. The most well-known extreme value statistics
in the field of random matrix theory is the Tracy-Widom distribution [63] which
describes the properly rescaled fluctuations of the largest (or smallest) eigenvalue
of a matrix from the Gaussian Unitary Ensemble (GUE). This distribution
is given by Fy(z) = exp (= [ (s — 2)¢*(s)ds) and g is the Hastings-McLeod
[40] solution of the Painlevé II equation ¢”(s) = sq(s) + 2q(s)? satisfying the
boundary condition g(s) ~ Ai(s) as s — 0o, where Ai is the Airy function. For
the case of the LUE, the distribution of the rescaled fluctuations of the largest

eigenvalue at the soft edge 4 is also given by the Tracy-Widom distribution F.

In this chapter we focus on the hard edge 0, where the distribution of the
smallest eigenvalue (denoted by Apmin) is given by another distribution F,(z) in
terms of a transcendent of the Painlevé V equation, also proved by Tracy and
Widom [64]. More precisely, one has

Fo(z) = lim Pp(4nAmim > @) = exp (—i /0 log (Z) q2(§)d§> (4.1.8)

n—oo

where ¢(§) is the solution of the Painlevé V equation

E ~ V(Y = aled)? + 3~ 0P + 16 ~2), (4.1.9)

with boundary condition q(§) ~ Ju(\/€) for € — 04, and J, is the Bessel
function of the first kind of order a.

Another quantity of interest is the gap probability
Gn,oé(T) = Pn,a ()\smin - )\min > T)y r> O, (4110)

between the smallest and second smallest (denoted by Agmin) eigenvalue of the
LUE. Some results were obtained in [38], where it was shown that the density
of Go(x) = limy, y00 Gn,a(g=) exists and is characterised by the solution of
a Painlevé III equation and its associated linear isomonodromic system. For
results on the gap probability but at the soft edge, see [54] and [71]. In [55],
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using heuristics arguments and numerical simulations, the authors generalized

the results obtained in [54] to a more general context.

The main focus of this chapter is the distribution of the ratio

>\smin
Qn,a(r) =Pna ()\ > r> , r>1, (4.1.11)
between the smallest and second smallest eigenvalue of the LUE. Note that
the ratio distribution @), o cannot be straightforwardly related to the gap G, o
and the distribution of the smallest eigenvalue, since the three variables Apin,

Asmin — Amin and A}\— are not independent.
min

Our techniques differ from the techniques used in [38], [54] and [71]. We
express the ratio probability in terms of a Hankel determinant and then ap-
ply well-known rigorous techniques from Riemann-Hilbert analysis to derive
asymptotics. We obtain a description of this quantity in terms of a solution
to a special system of non-linear ODEs arising from a Lax pair associated to a

Riemann-Hilbert problem.

Statement of results

We begin the calculation of the gap probability between the smallest and second
smallest eigenvalue for general o > —1 by writing the quantity @, (r) as an

integral over a Hankel determinant. For r > 1, by definition of (4.1.3) we have

Qn,a('r) =

[e%e] n—1
w [ e ( / [ 21 A2 T e s - y>2dAi> dy
T yr .

=1

By changing variables n)\; = (n — 1)), we can then write

(n—=1)(n+1+a) o]
1 n—1 n
n,a = = o _nyan a ; d )
@n,a(r) ZW( - ) /0 yte 1, <n_1y7‘> y

(4.1.12)

where we defined Z,, (y;r) by

Zn,a(y;T) = 5/ / An (A2 TTO8 = 9)2Afe ™, (4.1.13)
Uy yr i=1

T
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Note that Z,, o (y;r) is the Hankel determinant with respect to the weight w(zx)
defined by

w(z) = (z — y)?2%e " Xyr00) (@), (4.1.14)

and X[yr,o0)(2) is the characteristic function of [yr, c0), i.e. we have

T

oy o(yi7) = det ( /y h xiﬂ‘w(x)dx) . (4.1.15)

Before stating our results, we associate to each r > 1 the following set of coupled

non-linear ODEs,
1 2V (x)  V'(z)? a? 20§ (x)
4 —
( ' " ") Tol)
1 <4r V(@) | V'(2)? +4> 20" () 2 _ 0, (4116)

:0’

5 Vi) | V()2 Ui(x) | Uh(a)

V(2) = 5 = Up(@)? = Ur(a)?,

where Uy, Uy and V are three analytic functions of z on (0, c0) depending on

the parameter r with boundary conditions as x — oo

Uo(x) = ENG O(z™),
Ui(z) = — Tl_ =+ O(z™1), (4.1.17)
L N A A

As z — 04, we have
Uo(z) = O(z=/?), Up(z) = O(x™Y?)  and V(z)=0(z""). (4.1.18)

Our main results concern asymptotics for the Hankel determinants Z,, o (y;r)
and the limiting distribution as n — oo of the ratio probability Qpn o (7).

Asymptotics for the Hankel determinant Z, ,(y;7)

Theorem 4.1.1 For a >0, as n — co and x = x(n) lies in compact subset of

[0, 00) we have,

10g Zn o (% r) —10g(Zn.asa) = I(w;7) + O (n71), (4.1.19)
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where
Hawr) = 3 [ biagn —oo) G
= 2/0 log (€> V' (4&; 1) dE (4.1.20)

1
with v(0) := §(4(oz +2)? — 1) independent of r and

2
o' (2% r) = —M. (4.1.21)
Here Uy and V are special solutions of the system (4.1.16), satisfying the
boundary conditions as x — oo and x — 04 given by (4.1.17) and (4.1.18). The

function v satisfies

w(zr) = _gw+(2\/ﬁ+aﬁ)\/§+(’)(l), as T — 00,
(4.1.22)

v(xz;r) = v(0)+ O(x), asx — 0.
Limiting distribution of the ratio probability Q,, .(r)

Theorem 4.1.2 For o > 0, as n — oo, the limit Qo (r) := lm @, (1) exists
n—oo

and is given by,

— 1 = agl(@n)
Qu(r) = Tat (e +2) /0 e T dg (4.1.23)

with I(x;r) given in Theorem 4.1.1.

Remark 4.1.3 The reason we could only treat the case o > 0 and not o > —1

is technical and will be explained later in Section 4.3.

Remark 4.1.4 In [36], the authors obtain an exact identity for the density
pé")(/\min, Asmin) Of the first two smallest eigenvalues, for finite n and in the
special case where « is an integer. Therefore, it could be interesting to compare

the result we obtain with their result by the relation

Qn,a(r) = /Ooo </TOO s (y,yz)dm) dy. (4.1.24)

Y
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Outline

In Section 4.2, we introduce a family of monic orthogonal polynomials in terms
of which the Hankel determinant Z, ,(y;r) can be expressed. We also use the
Riemann-Hilbert problem for orthogonal polynomials introduced by Fokas, Its
and Kitaev [34] and derive a differential identity in y for Z, o (y;r).

We apply Deift/Zhou steepest descent method [29] on this Riemann-Hilbert
problem in Section 4.6 to obtain large n asymptotics of Z,, o (y;r) uniformly in
y small enough.

In the analysis we will need a non standard model Riemann-Hilbert problem,
which we introduce in Section 4.3. We derive a system of ODEs using a Lax
pair in Section 4.4 and show asymptotic properties of solutions of these ODEs
for £ — oo and x — 0 in Section 4.5.

Finally we give a proof of Theorem 4.1.1 and Theorem 4.1.2 in Section 4.7
and 4.8 respectively, by integrating the differential identity and (4.1.12).

4.2 Differential identity for Hankel determinants

In this section we relate the Hankel determinant Z, (y; ) to a Riemann-Hilbert
(RH) problem by making use of the orthogonal polynomials. We consider a
family of monic orthogonal polynomials p; of degree j characterised by the
relations

/OO pi(x)pm (z)w(z)dz = h;Gjm, (4.2.1)

where the weight w is defined in (4.1.14) and h; is the squared norm of p;, given
by

Zis1a(y;m)

h: =
’ Zj,a(y;r)

v Zoalyr) =1 (4.2.2)

It will prove useful for the later analysis to consider Y (z) = Y, (z;y,r) the

matrix valued function defined by,

pn(2) qn(2)
Y(z)= 2mi 27i ) (4.2.3)

Tha
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where g; is the Cauchy transform of p; defined by

q;(z) = L/Oc pi(@yu() (4.2.4)

- 2mi ), T —Z
The function Y can be characterised as the unique function satisfying a set
of conditions [34], known as the RH problem for Y, which are as follows,

RH problem for Y

(a) Y : C\ [yr,00) — C2*2 is analytic.

(b) The limits of Y as z approaches (yr,o0) from above and below exist,
are continuous on (yr,c0) and are denoted by Y and Y_ respectively.

Furthermore they are related by

1 w(x)

Yi(x) =Y_(z) (0 )

) , x € (yr, o). (4.2.5)

(¢) Y(2)= (I +0O(z71))2"7 as z — o0.

) Lol
(d) Y(2) = Yo(2) é oar L f(y )

a neighbourhood of yr and the principal branch of the logarithm is taken.

as z — yr, where Y} is analytic in

Having introduced the above objects we are now in a position to state the
following lemma which is central for the asymptotic analysis of Z, o (y;7).

Lemma 4.2.1 The following identity holds,

n? + (a+2)n

Oylog Zy, o(y;7) = )

+2£yReS (ZTr (Yﬁl(z; y, 7)Y (29, r)a3) ; oo) .
(4.2.6)

Remark 4.2.2 Since Y is not analytic in a neighbourhood of oo, by "Res" we

mean

Res (2Tr (Y1 (2)Y/(2)03) ;00) = RILmOO —% /C(O o 2Tr (Y (2)Y!(2)03) dz,

(4.2.7)

where C'(0, R) is the circle oriented counter-clockwise, centred at 0 and of radius
R.
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Proof. We begin by making the substitution x; = y&;, which gives,
2 ~
Znalysr) =y" PO Z, o (yir), (4.2.8)

where

n

j=1
The above quantity may be computed by introducing monic orthogonal polyno-
mials p; satisfying

/ Do) (2)W(2)dx = hebpm,  @(z) = (x —1)22%e ™. (4.2.10)
Analogously to (4.2.2), we have

7 Z a\lY; 7
Ry = Zennalyin) gy 1 (4.2.11)

Zj,a(y; T)

Recalling the orthogonality conditions for p,, given in (4.2.1), we easily obtain

Pu(@) =y "pulyx),  hy =y C"TeTIn,, (4.2.12)

A similar calculation for the Cauchy transform ¢, appearing in (4.2.3) shows
that

an(z) = 1 /OO Mdax =y~ (et (y2). (4.2.13)

- 2mi T —z
Summarising, if we define
= pn(2) dn(2)
Y(Z) = <_ 271 27w~ (Z) 9 (4214)

’}‘L’ ﬁn—l(z) _“h“ qn—1

n—1 n—1

we obtain the relationship

Y(2) =y "y~ Y (y2)y ST (4.2.15)

We now use the well known relation, which can be straightforwardly deduced
from (4.2.11),

Znalysr) =[] b, (4.2.16)
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from which it follows that,

n—1 8 iL
Ay log Z o(y;7) = Clkcy 4217
108 Zn o (y:7) Z r (4.2.17)
=0
Now note that,
ayhi:/ Pi(x)?0y 0 (x)dx, (4.2.18)

where in the above line we have used the fact that p and J,p are orthogonal.

Combining the above expressions then yields,
Oyhi = fn/ xp;(x) 20 (x)d. (4.2.19)

Using the above in (4.2.17) we have,

=

~ o0 nol s )2
Oylog Zy, o(y;7r) = —n/ xw(m)z l%x) dzx. (4.2.20)

1=

The summation can now be removed by use of the Christoffel-Darboux formula

in the form,

5 ()2 5 3 . .
() A piz)” _ —L_ (Tr (Y N (2)Y (z)o3) — Tr (YN (2)Y (z)03)) ,

(4.2.21)

where Yy correspond to the limiting values of ¥ above and below (7, 00). We

now obtain,
Oy log Zn,a(y; r) = % / z (Tr (Y_‘__l(x)l?_{r(x)a?,) —Tr (Y- Y (z)Y” (z)o3)) d.
a T
(4.2.22)
Combining the above with the fact that

Tr(Y (2 9,7)Y (259,7)03) = yTe(Y~H(yz;9,7)Y (yz;9,7)03)  (4.2.23)

gives

0y log Znya(y; 7) /OO z (T (Y N 2)Y ] (z)o3) — Tr (YN (2)Y! (z)03)) da.

- dmiy Sy,
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Cog

Qr

Figure 4.1: The contour used in establishing a differential identity for the
partition function Z(y,r,t).

(4.2.24)

Consider the integral of zTr (Y*1 (z;9,m)Y'(2;y, r)crg) over the contour C shown
in Figure 4.1. As C does not enclose any singularities this integral is zero and

therefore we have,

/00 z (Tr (Y N 2)Y ] (z)o3) — Tr (YN (2)Y (z)03)) dz

T

= —/ 2T (YN (2)Y/(2)03) dz
Co+Coo

Using the property (d) in the RH problem for ¥ we see that there is no
contribution from the integration along Cy and we are therefore left with only

the contribution coming from C,, which yields,
Oy log Zy, oly;r) = ;Res (2T (Y (259, 7)Y (239, 7)03) 500),  (4.2.25)
Y

The result follows from (4.2.8). O
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Figure 4.2: The jump contours appearing in the Riemann-Hilbert problem for
®. The arcs ¥;, j = 1,2,3,4 depend on x and a. For convenience, they are
chosen such that they do not contain —ax, —x and 0.

4.3 A Riemann-Hilbert problem related to the
system of ODEs

We first introduce some notations for the sake of convenience. We define the

piecewise constant function

o -{ 5 @
and for x > 0, we define
I, for f%”<arg(z+ax)<%”,
Hy(z) = felm (1)> o for 5 <arg(s+az) < (43.2)

1 0

e—ﬂ'la 1

2m
) ,  for —m <arg(z +ax) < -

In the course of computing the asymptotics for the above Hankel deter-
minants Z, (y;r) one is led to consider a model RH problem, which we will
denote by ®. The matrix-valued function ® is defined as the unique solution of
the following RH problem, depending on parameters > 0 and a > 1. As we
will see later, z is related to y and a is related to r.



4.3 A Riemann-Hilbert problem related to the system of ODEs 135

RH for ®(z) = ®(z;z,a)

(a) @ : C\ B, — C>*Z analytic, with ¥, , = UL, %; U {—ax, —z,0} as
illustrated in Figure 4.2.

(b) @ has continuous boundary values ®4(z) as z € ¥, , \ {—az, —x,0} is
approached from the left (+) or right (—) side of £, ,, and they are related

by
B ()=o) (1 g), ces.  (33)
By (z) = D_() (_01 é) , ce (4.3.4)
By (z) = D_(2) (efm ?) , N (4.3.5)
D, (2) = D_(z)e™72, z € Xy (4.3.6)

(¢) As z — o0, there exist functions p(z), ¢(x), v(z), g2(x), v2(z), r2(x), P2(x)
depending also on a, such that ® has the asymptotic behaviour

() = (I $o81(0) + (o) + 0(23)> A nete (137)

where

1
N = %(I+i01), with o1 = (? 0).

(d) As z — —ax, ® has the asymptotic behaviour

(=) = O(1) <(1) 7 log(lz * ““”) O (). (4.3.8)

As z — —x, ® has the asymptotic behaviour

B(z) = O(1)e 5 0=)73 (5 4 1), (4.3.9)
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As z — 0, ® has the asymptotic behaviour

aogy

B(z)=0(1)7". (4.3.10)

Remark 4.3.1 It can be verified that the O(1) terms in asymptotics (4.3.8),
(4.3.9) and (4.3.10) are analytic functions.

Remark 4.3.2 The existence of ® has been proved for @ > 0 in [3] (our

situation corresponds to I = (—o0, —ax), B = {—x,0}, &_, =1, & = § and
Too,0 = —3 in the language of [3]).
4.4 The Lax pair and the system of ODEs
We begin by making the transformation,
O(z;2,0) = ! 0 27 ei™7 P (222,22, a). (4.4.1)
Y —r lw(2?) 1 T

The jump contour for &3(2) is ¥ 4 and is independent of z, while its asymptotic

expansion as z — oo is given by

~ 1 0 1~ 1~ _ Tig, —Llg wz%U
d(z) = (—”@2) 1) (I+Z<I>1(x)+Zz<I>2(x)+O(z 3)) eTI8LT TN,

(4.4.2)

where

~ q(w;’) _v(@?) ~ qz(f) _vz(ﬂ;z)
(I)l(l') = p(mzz) q(iz) and @2($) = p2?$2) r2(£2) . (443)
Tz 22 5

3 z2 T z4

By standard argument in RH analysis, ® is analytic in 2 € (0, 00). The Lax
pair (A, B) = (A(z;x,a), B(z;x,a)) is defined by,

0,P(z) = A(2)®(z), (4.4.4)
0:P(2) = B(2)®(2). (4.4.5)
Since the jump matrices for &)(z) are independent of z and x, A and B are

analytic on C\ {—a,—1,0}. Using the asymptotic behaviour at z =0, z = —1,

z = —a and z = o0, it is easy to show that A(z) is meromorphic on C with
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single pole at —a, —1 and 0 while B(z) is an entire function. One has

A(2) = Aooo(@) + Ao 1 (2)2z7 + A1 (2) (2 + 1)+ A1 (2) (2 +a) 7,

(4.4.6)
B(z) = ( 0 1) : (4.4.7)

where u = 20, (v(z?)z71), Ag1(x), A11(x), As1(x) are analytic matrices in
0 0
x € (0,00) and Asco(z) = | .
5 0
We now turn to the compatibility condition,
0.0, = 0,0,9, (4.4.8)
which upon rewriting the derivatives in terms of the Lax matrices becomes,

0,A—0.B+AB—BA=0 (4.4.9)

If we parameterise A as

) _ (d(z;7,0)  b(z;2,0)
A(z;z,a) = (c(z;x,a) —d(z;x,a)) , (4.4.10)
then (4.4.9) is equivalent to three coupled ODEs,
d(z) = —%&Cb(z), (4.4.11)
c(z) = (z —u)b(z) — %851)(2), (4.4.12)
0c(2) = 14 2(z — u(x))d(2). (4.4.13)

The first two equations provide d and c in terms of b. Taking the determinant
yields,

det A — —%(b’)Q (@) + i(b‘l)”, (4.4.14)

where primes denote derivatives with respect to z. From (4.4.6) we have that
b(z) is of the form,

b(z) =boz ' +bi(z+ 1) +ba(z+a)7, (4.4.15)
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where by, by and be depend on x and a. Equation (4.4.15) together with (4.4.14),
allow us to compute the asymptotics of det A at z =0, z = —1, 2 = —a and

z = 00 in terms of by, by and bs.

Alternatively, we may compute det A at these four points using the asymp-
totic expansion of @ there. Equating these asymptotics with those expressed in
terms of by and b; we reach the equations,

a2

i bo(x)?u(x) — ibg(x)z + %bo(x)bg(x) =0 (4.4.16)
bi(2)*(u(z) +1) — ib'l(x)Q + %bl(x)b’{(x) +1=0 (4.4.17)
bo(2)2(a + u(x)) ib;(x)Q + %bg(az)bg(x) ~0 (4.4.18)
T (bola) + b @) +ba(e))* =0 (4.4.19)

These equations can be simplified by changing variables,

bo(z) = U(x)?, (4.4.20)
bi(z) = U (x)?, (4.4.21)
ba(z) = V(z), (4.4.22)

after which we obtain the first two equations in (4.1.16). On the other hand,
by expanding the expression Aj2(z) = b(z) in a Laurent series about z = oo,
we get these following identities:

bo@) + h@) b)) = g

bi(x) + aby(z) = —av'(z?), (4.4.23)

201 (z) + 2a2ba(z) =

(4.4.24)
The first two equations in (4.4.23) can be rewritten in terms of Uy, Uy and V
which correspond to (4.1.21) and the third equation in (4.1.16).

If we follow the same idea for B using the fact that this is an entire matrix

function, we can express all the quantities involved in (4.4.24) in terms of v and
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Vg
o) = (200 (x) +7(@) —v(a),
pa) = —ua(@) +v(x)q(x) + 22¢ (x) — 2q(), (4.4.25)
@(x) —ra(z) = v(z)va(x) — 3va(x) + 2205(x).

4.5 Further properties of the special solutions

Our main goal in this section is to get asymptotics for Uy(x), Ui (x) and V (z)
as x — oo and x — 0.

Note that (4.4.23) and (4.4.25) allow us to express bo(x), bi(z) and ba(x)
(and therefore Up(x), Ui(x) and V(x)) in terms of v(x), v'(z), v"(z), va(z),
vy ().

4.5.1 Asymptotic analysis when r — oo

Re-scaling of the model problem

In order to have a jump contour independent of x, we make the transformation
C(z;z,a) = zi”“ﬁ(zx; x,a). C is the solution of the following RH problem:

RH Problem for U

(a) C:C\ 81,4 — C**? is analytic.

(b) C has the following jumps

Co(z) = C_(2) (eﬂlm ?) , sevy, (4.5.1)
Co(z) = C_(2) (_01 é) , 2, (4.5.2)
C+(Z) =C_ (Z) (e—iia (1)> R z € X3, (453)

Cy(2) = C_(z)e™ 73, z € Xy. (4.5.4)
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(c) As z — o0,

1 1 . 1 3
Cz) = (I +-C1(a) + 5 Cale) + O(ﬂ) e ATNEVE, (45.5)

where
g(z)  iv(a) g2(z)  iva(m)
Cy(z) = <z—p2) _x%) and  Cy(z) = (;:Zfz) %) . (4.5.6)
x3/2 T 25/2 2
(d) As z = —a, C has the asymptotic behaviour
C(z) = O(1) ((1) 2w logl(z + “)> eSO gy (), (4.5.7)
As z — —1, C has the asymptotic behaviour
C(2) = O(1)e 30735 4 1), (4.5.8)
As z — 0, C has the asymptotic behaviour
C(z) = 0(1)z"2". (4.5.9)
Normalisation at co of the RH problem
We define the g-function by
g(z) =vz+a (4.5.10)

where the principal branch is taken for the square root. As z — oo, g has the

asymptotic behaviour

2
9(2) = 224 g2 24 gz 24 O(2702), g = g go = f%. (4.5.11)
Now we define
W(z) = o C(z)e V*9(2)os, (4.5.12)
ivzgr 1

RH Problem for W

(a) W:C\ 21, — C**? is analytic.
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(b) W has the following jumps:

1 0
Wi(z) =W_(2) (e”O‘GQﬁQ(z) 1) , z € ¥, (4.5.13)
0 1
Wi(z) =W_(2) (_1 O) , z € Yo, (4.5.14)
W =W ! 0 b 4.5.15
+(Z) - ,(Z) e_ﬂiae_gﬁg(z) 1 ’ zZ € L3, ( <. )
W, (2) = W_(z)e™s, z € Xy. (4.5.16)

(¢) As 2z — o0,

Wi(z) = (I + éWl(w) + %Wz(x) + 0(23)) 27N, (4.5.17)

where

(Wi (2))12 = i:)/(? +igiV (4.5.18)

and

7
(Wa(z))12 = 6xfj/z(Gglxq(m) + g}f’x?’ + 6go2® + 3g%x2v(az) + 6ua(z)).
(4.5.19)

1 log(z—‘!—a) ie
W(z) =0(1) ( i) e AT (2)e VEI)s (4.5.20)

0 1
As z — —1,
W(z)=0(1)(z+1)%2. (4.5.21)
As z — 0,

(4.5.22)

On X; U X3, we observe that Re(g(z)) > 0 and therefore these jumps are
exponentially small when x — co. Nevertheless, this convergence is not uniform

as z approaches —a and therefore we will have to construct a global parametrix
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which will be a good approximation of W as z stays away from a neighbourhood

of —a, and a local parametrix around —a.

Global parametrix

Ignoring exponentially small jumps and a small neighbourhood of —a, we are
led to the following RH problem.

RH Problem for P(>)
(a) P):C\ R~ is analytic.

(b) P(*) has the following jumps on R™:

P (2) = PO () (_01 é) , € (—o0,—a),  (4.5.23)
P (z) = P (z)emios, z€(—a,0)\ {—1},  (4.5.24)
(c) As z — o0,
P)(z) = <1 + %P{‘X’) + Z%p;w) + O(ZS)) AN, (4.5.25)
(d) As z — —1,

P (2) = O(1)(z + 1), (4.5.26)

(4.5.27)

We can check that the solution of this RH problem is explicitly given by

) (z) = 1 0 Z4a)
P ()_<i(a\/6+2s/a—1) 1>< TaIN

y <W+f> <ﬁ+ﬁ
Vita—+a Veta—a—1

)03 . (45.28)
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Note that

(P*)12 = i(av/a +2v/a—1),

(PN, = 112 (aa3/2(2a2 +19) + 6av/a — 1(2a2 + 1) — 24av/a — 24va — 1).
(4.5.29)
Local parametrix near —a

We want to construct a function P(~%) defined in a fixed open disk D_, around

—a which satisfies the following RH conditions.

RH Problem for P(—%

(a) PC9 D, \ ¥ ,q is analytic.

(b) P(=%) has the following jumps:

(~a)(,y _ p(-o) 1 0
P,V (z) =P "(2) <eﬂia62ﬁg(z) 1) , z€X1ND_g,,
(4.5.30)
—a —a 0 1
Pi )(z) = pt )(z) <1 O) , z2€YoND_g,,
(4.5.31)
(~a)(,y _ p(-0) 1 0
PV (z) =P "(2) <6m.a€2ﬁg(z) 1) ,  2z€3X3ND_,,
(4.5.32)
P_([a)(z) = Pfa)(z)e”o“”, z€X4ND_,.
(4.5.33)
(c) As z — o0,
PED(2) = (I 4+ Oz /?))P)(z) (4.5.34)

uniformly for z € dD_,.

(d) As z — —a,

1 log(z—",-a) ie
P9 (z) = 0(1) (0 e 0103 [, (2)e V97 (4.5.35)
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The solution of this RH problem can constructed in terms of the Bessel RH
problem of order 0. Because we will need later of the Bessel RH problem for

general «, we present it here.

The Bessel model RH problem of order «

(a) T =T :C\ X is analytic.

(b) Y has the following jumps on ¢ \ {0}:

T ()= T_() (_01 é) , ce, (4.5.36)
To(2)=T_() (ejm ?) , sew, (4.5.37)
T ()= T_(2) (61”.& ?) , N (4.5.38)

(c) As z — o0,

1 1 1 1/2
T(z) = (I +-T1+ 5T+ (’)(z_3)> Zmios Ne?"os, (4.5.39)
z z

(d) As z — 0,

(i) fa=0T() =0 <10g 2l log |Z>.

log|z| log|z|

(iii) If o > 0,

S g
O \z|a 2] - |, for — %’T < arg(z) < 2?”,
() 2[2 [2]72
Z) = a a
=% |z—%
19) g N | |7g , for arg(z) € (—m,—2F) U (3, m)
2[72 |2]72
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The solution of this RH problem is explicitly given in terms of the Bessel

functions (see [49] or [4]), one has

1 0 I(:1 LR (212
e = (i ] I DY E)
§(4a +3) 1 wizl/QI('I(zl/z) 721/2K(/¥(21/2)
(4.5.41)
and
(Y1), = §(2a—1)(2a+1),
(Ta)12 ﬁ(m — 5)(2a — 3)(2a — 1)(2a + 1)(2a + 3) (20 + 5).

(4.5.42)

Construction of the local parametrix near —a

We can therefore construct the local parametrix using the model RH problem
T one has

P9 (2) = B(z)Y© (If(z))e“%e(z)mefﬁg(z)os7 (4.5.43)

where

™

f(z)=g(2)?=2+a and E(2)= P(Oo)(z)e* ;ae(z)ﬂN*lf(z)%gm%“.
(4.5.44)

A direct check shows that E is analytic in D_,.

Small norm RH problem

Define

W(2)P(>®) ()=, for z€ C\ (D_,U%; UXy),

Blz) = { W(z)P=9 ()71, for 2 € D_,. (4.5.45)

On dD_, by (4.5.34), we have R_(2) 'R, (2) = I+O(z~'/?) and by (4.5.13)
and (4.5.15), on (3, UX3)\ D_a, R_(2) 'Ry (2) = I+ O(e~°V?) where ¢ > 0 is
a constant. From (4.5.17) and (4.5.25), as z — oo one has R(z) = I + O(z~1).
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By the small norm theory for RH problems, it follows that R(z) = I +
O(z~'/2?) uniformly in z € C\ ((0D_,U %, UX3)\ D_,) and as z — oo,

Ri(z) n Ry(z)

R(z)=1+ . z

+0(z73). (4.5.46)

We have in particular that Ry = O(27/2), Ry = O(x~/?). One can also

prove by a more detailed analysis that

D R(z) = O(z3/?), O2R(z) = O(z~5/?). (4.5.47)

For z € C\ (D_, UX; UX3), we have W(z) = R(z)P(>)(z) and therefore

Wi(z) = Ry(z) + P> = P 4+ 0(a~1/?), (4.5.48)

Wa(z) = Ry(z) + Ry(z) P + P = P 4 0(a=1/?). (4.5.49)

Using (4.5.18), (4.5.19), (4.5.48), (4.5.49), (4.5.47) and the system (4.4.23)
we have finally that

v(z) = “Srt (2Va — 1+ ay/a)yz + O(1),

bo(x) = ;% Lo Y,
bu(e) = a1_ o), (4.5.50)
0=} e o

If we express (4.5.50) in terms of Uy, Uy and V, we get (4.1.17) with a = r.

4.5.2 Asymptotic analysis when z — 0

In order to have a jump contour which doesn’t depend on x, we make the

following transformation on :

W(z2) = ®(2)Hy(2) " Ho(2). (4.5.51)

It is easy to verify that W satisfies the following RH Problem.
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RH Problem for W

(a) W:C\ 0,0 — C?*2 is analytic.

(b) W has the following jumps

Wo(z) = W_(2) (ejm (1’> arg(z)z%”, (4.5.52)
Wo(z) = W_(2) (_01 é) 2 € (—o0,—az), (45.53)
W, (z) = W_(z2) (eim ?) arg<z)=—%”, (4.5.54)
Wo(z) =W (2) (ej; e?m.a), 2 € (—az,0)\ {—z}. (4555
(c) As 2 = o0,
1 1

W(z) = (I+ ;@1(1‘) + < Po(x) + O(z_3)> z_%”NeZ%”i‘. (4.5.56)

22

(d) As z — —ax, W has the asymptotic behaviour

— 1 lesCztamyo

W(z) = O(1) (o 21” ) e 2 0o [ (2). (4.5.57)
As z — —ux,

W(z) = O(1)e™#* )73 (5 4+ 2)73 Hy(2). (4.5.58)
As z — 0,

W(z) = O(1)z" 2" Hy(z). (4.5.59)

In equations (4.5.73), (4.5.74) and (4.5.75), the O(1) are analytic functions
in a neighbourhood of their respective point.

Global parametrix

As x — 0, the length of (—ax,0) tends to 0 and the two poles at 0 and —z are
merging together. Therefore, for z outside of a neighbourhood of 0, we expect

that the Bessel parametrix of order o + 2 will be a good approximation of W.
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Of course this is not true in a small neighbourhood of 0 and we will construct a

local parametrix around the origin.

RH Problem for P(>)

(a) P():C\ Xy is analytic.

(b) P(*®) has the following jumps on Y00t

1
P (z) = PP(z) ( 01 0) : 2 €Y, (4.5.60)
1
P (z) = P(2) ( i ?) 7 z€X, (4.5.61)
e
P (z) = P(2) ( e 1) : z €%, (4.5.62)
&

P (z) = (T+0(z7")) 27173 Ne7' 775, (4.5.63)
(d) As z =0,
|Z|uTJr2 |Z‘_QT+2 21 21
O FENEC R for — 5F <arg(z) < F,
P(OO)(Z) = | |,L+2 | _at2
z 2 z 2
|Z|_“T+2 |Z_(1;—2> , for arg(z) € (—m, f%ﬂ) U (%’r,ﬂ').
(4.5.64)
The only solution of this RH problem is
P (2) = Toya(2). (4.5.65)

Note that if we don’t specify condition (d) in the RH problem for P(>) the
solution is not unique. From a mathematical point of view, we remark that T,
or Y4 for example could have also been a suitable choice for P but )
is the only one which allows us to create a local parametrix around 0 respecting
the matching condition (4.5.72).

In the construction of the local parametrix for W near 0, we will need a more
explicit knowledge of the behaviour of P(°°) at the origin. It can be verified
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(see [4]) that

P (z) = P (2)2"2 75 <(1) h(lz)> Hy(2), (4.5.66)

where Péoo)(z) = Péff) (z) is an entire function in z for every a while

1
— Z
h(z) :{ F o) e (4.5.67)

L(—1)**log %, a€ L.

Local parametrix near 0

We want to construct a function P(®) defined in a fixed open disk Dy around
0 which satisfies exactly the same RH conditions than W on Dy and matches
with P(>) on 9Dj.

RH Problem for P

(a) PO : Dy \ %o, is analytic.

(b) PO has the following jumps

PJ(rO)(Z) = PEO)(Z) (ewlm (1)> , z € {arg(z) = 2;} N Dy,
(4.5.68)
P(O)( ) = PSO)( ) (_01 (1)> , z € (—o0, —ax) N Dy,
(4.5.69)
PJ(FO)( )=PY(2) (eim (1)> , Z € {arg(z) = —2;} N Dy,
(4.5.70)
P (z) = P(2) (e:“ e?ﬂ‘a> , z € (—az,0)\ {~z}
(4.5.71)

PO (2) = (I +O(x)) P> (z) (4.5.72)
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uniformly for z € 9Dy.

(d) As z — —ax, P(®) has the asymptotic behaviour

R CaI )
PO(2) = O(1) (0 21” ) e 207 [ (7). (4.5.73)
As z = —x,
PO (2) = 0(1)e™2* )7 (2 4+ 2)73 Hy(2). (4.5.74)
As z — 0,
PO(2) = O(1)2 77" Hy(2). (4.5.75)

We can check that the solution of this RH problem is explicitly given by:

ooy (2T (1 f(za)) esz,, (1 R(2)
PO(2) = Py (2) (Z) (O ) )z <O ) )Ho(z) (4.5.76)

where

—Z

2 0 gl
f(zz) = —/ Ld.s. (4.5.77)

2 f g 85— %

Small norm RH problem

Define

W (2) P (2)~ or z Dy
R _{W( )P)(2)~1, for z € C\ Dy, (45.78)

B W(z)PO(2)~!, for z € Dy.

The only jumps of R are on D and we have R_(2) 'R, (z) = I + O(x) as
x — 0. From (4.5.63) and (4.5.56), as z — oo we have R(z) = I + O(z71).

By the small norm theory for RH problems, as x — 0 we have that R exists
and R(z) = I + O(z) uniformly in z € C\ 9Dy and as z — oo,
R1 (33) Rg (JJ)

_l’_
z 22

R(z) =1+ +0(z7%). (4.5.79)

We have in particular that Ry (z) = O(z) and Ry(z) = O(z).



4.6 Steepest descent analysis of YV 151

For z € C\ Dy, we have W (z) = R(z)P(*)(z) and therefore, in the same
way we proceeded in Section 4.5.1, we obtain as z — 0

v(x) = v(0)+0(x), bo(x) =O(x™ ), bi(x) =0z ") and by(z) = Oz 1),
(4.5.80)
with v(0) := §(4(a +2)* - 1).

We need explicit expression for R;(z) and Ra(x) to get more precise asymp-
totics for bg(x), by(x) and ba(x) as  — 0. If we express (4.5.80) in terms of U,
Uy and V, we get (4.1.18).

4.6 Steepest descent analysis of YV

Define the spectral curve as

y(z) =/ - S (4.6.1)

together with the density,

1 1 /[4—z
= — = — 4.6.2
p(x) = 5—y(@)+ = 5[ —— (4.6.2)
supported on S, where S := (0,4). We now introduce the measure p with
density d‘;gf) = p(z).

This measure p is the unique measure which minimizes

/ / log — - dji(x)dii(y) + / ydi(y), (4.6.3)
R+ xR+

|z — vy R+

among all Borel probability measures fi on Rt and is therefore called the

equilibrium measure.

The equilibrium measure p satisfies the following identities, known as the

Euler-Lagrange variational conditions:

2/ log|lz —ylply)dy —xz=1¢, xz€S8, (4.6.4)
S

2/ log |z — ylp(y)dy —z < ¢, ze€RT\S, (4.6.5)
s

where ¢ is a constant.
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We define the g-function by

o) = [ 1og(z = 2)du(o)

(4.6.6)

where the principal branch of the logarithm is taken, meaning ¢ is analytic on

C\ (—00,4]. The g-function has a number of properties we will make use of, in

particular

g4(2) +g-(2) —a— L =0,

2g(x) —ax -0 <0,
4
9+(2) ~ g-(z) = 2mi [ pls)ds
94(2) — g_ () = 2mi,

where / is a constant. Let us also define,

1

£(z)=—= /: y(s)ds for z € C\ (—o0,

2

z €S,

re€RT\S,

z €S,

x € (—00,0).

4],

(4.6.11)

where the integration path does not cross (—oo, 4]. By (4.6.9) we have,

g+(x) —g-(z) =264 (), wE€S,

and using (4.6.7), we obtain the identity

26(2) =2g(z) —z— ¢, z€C\ (—00,4].

The jumps of ¢ follow from those of g,

reS,
r e RT\ S,

z €S,

x € (—00,0).

4.6.1 Transformation to constant jumps

Defining ¥(z) = Y (2)w(z) 3 we have,

(4.6.12)

(4.6.13)

(4.6.14)
(4.6.15)

(4.6.16)

(4.6.17)
(4.6.18)
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RH Problem for ¥
(a) W:C\ [yr,o0)\ (—00,0] \ {y} — C2*2 is analytic.
(b) Let jy(2) := ¥_(2)"1W¥, (z). Then,
Ju(z) = <(1) 1) , z € (yr,00). (4.6.19)
Ju(z) = €™, z € (—00,0). (4.6.20)
(c) W(2) = (I+ O(z71))z(nFa/2HNose=5 03 a5 » 5 o0.
(d) As z =0,
U(z) =0(1)z2 (4.6.21)
As z =y,
U(z) =01)(z—y)” (4.6.22)
As z — yr,
1 —loslyr—z)
U(z) =T, 0(2) (0 i’” ) : (4.6.23)

Here ¥, ( is analytic in z in a neighbourhood of yr.

4.6.2 Opening of the lenses

We now perform the standard step of opening the lens. The difference here is

that, since the jumps on the lens contours are constant, the lens contours are

unconstrained. In a subsequent transformation we will use the g-function to

normalise at infinity, at which point the lens contours will be required to stay

within a region in which they converge to the identity as n — oc.

Let Dy and D, denote small and fixed open discs centered at 0 and 4

respectively and U = Dy U Dy. We require the discs to have a radius greater

than yr. Let us define v = (yr,4). We now make the transformation S(z) :=
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o
—_— 0 ¢
Oy yr 4
EW

Figure 4.3: Jump contours for the S Riemann-Hilbert problem. The lens
contours are labelled ¥J and ¥ while the upper and lower lens regions are
labelled Q7 and Q7.

U(z)K(z) where K is a piecewise function designed to open the lens,

I, for e C\ QL \ Q7,
10 , for z € QF,
K(z)={ \-1 1 (4.6.24)
1
O) , for € Q7.
1 1

The regions 7 are shown in Figure 4.3. They consist of contours in the upper
and lower half planes joining yr to 4.

The function S satisfies the following RH problem.
RH Problem for S

(a) S:C\[yr,00)\(—o0,0]\{y}\E? — C2*? is analytic, where X7 = £ UX? |
see Figure 4.3.
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(b) Let js(z) := S_(2)"1S,(2). We have,

js(z) = (01 (1)> , z €7, (4.6.25)
, 11

Js(z) = (0 1) , z € (4,00), (4.6.26)
js(z) = €™, z € (—00,0), (4.6.27)
. 10 ,

js(z) = <1 1) ; zeX. (4.6.28)

(c) S(z) = (I +0O(z71))znta/2HDose=F0s a5 » — 0.

(d) Near the endpoints, the behaviour of S takes the form

S(z) =0(1)z273, as z — 0,
S(z) = 0(1)(z —y)”, as z =y,
1 _log(yrfz) (4629)
S(z)=0(1) 0 i’” K(z), asz—uyr,
S(z) =0(), as z — 4.
4.6.3 Normalisation at infinity
The next transformation takes the form,
o —n&(2)os if » e C\ U
T(z) = e “F5(x) x  © » ifzeCAD, (4.6.30)

1, if ze U.

The above transformation has the effect of normalising the problem at infinity.

RH Problem for T

(a) T:C\ [yr,00) \ (—=00,0]\ {y} \ 7\ OU — C?*? is analytic.
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(b) Let jr(z) :=T_(2)"'T4(z). Then,

]T(z) :jS(Z)’ S ((yT‘,OO)U(—OO,O)UZPY)ﬂU,

mz):(o 1>, 2eN\T,
1 eQnE(z) _
jT(Z):< >’ ZE(yT,OO)\W\UZ

. 1 0 _
jr(2) = <€2ng(z) 1) , 2€XM\U,
jr(z) = ™3, z € (—00,0),
jr(2) = e 378, z € U,

where the orientation of QU is clockwise.

(c) As z — o0,

a+2

T(z)=(1+0(z"1)z"2 %, (4.6.31)

(d) Near the endpoints, the behaviour of T takes the form

T(z) = O(1)22°, as z — 0,
T(z) =0()(z —y)”, as z =y,
1 _log(yrfz) (4632)
T(z)=0(1) 0 im K(z), asz—yr,
T(z) = 0O(1), as z — 4.

4.6.4 Global parametrix

Finally we define the global parametriz as a function P(>) satisfying the following
RH problem,

RH problem for P(>)

(a) P(>®):C\ (—o0,4] — C?*2 is analytic.
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(b) P has the jump relations

P (z) = P (2) ( 0 1) ., z€8

Pioo)(z) = P (z)emioos, z € (—0,0).

(c) As z — o0,

a+2
2

P> (z) = (I +0(z"))z

(d) As z — 2 € 0S8 = {0,4}, we have

_ 23
((X:) _ 1 z—4 4 E _ =2 03
P () =N ( ) Ne (2 1) ,

z

where p(z) = z + V22 — 1 is analytic in C\ [-1,1].

(4.6.33)

(4.6.34)

(4.6.35)

(4.6.36)

(4.6.37)

We now need to defined local parametricies valid in the fixed open discs Dy

and D4 around 0 and 4.

4.6.5 Local parametrix near 4

RH problem for P*)

(a) P® : D4\ B7\ R — C?*? is analytic.

(b) P™ has the jump relations

)

= = O =
= O = =

(c) As z — 4, PW(2) = O(1).

(4.6.38)
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Figure 4.4: The jump contour ¥4 for Y.

(d) Asn — 0o, PW(2) = (I +O(n~")P(>®)(2)e"s(*)7s uniformly for z € dD,.

The solution P® can be constructed in term of the well-known Airy

parametrix, the construction of which is standard and now briefly review.

We first introduce the matrix-valued function

Ai(z)  Ai(w?z)
Ai'(2)  w?Ai'(w?2)
Ai(z)  Ai(w?2)

- Ai'(2)  w?Ai'(w?2)

=) = Max Ai(z) —w?Ai(wz)
Ai'(z)  —Ai'(w2)
Ai(z) —w?Ai(wz)
Ai'(z)  —Ai'(w2)

2mi

with w = e™3, Ai the Airy function and

xi [ 1
V2me's < 0,) .
0 —2

MA:

T O<argz<2§,
i 1 0 9
I3 . 1) , 3 <argz<m,
s 1 0
6 93 1 1) R —7r<argz<—2§,

—%ﬂ <argz <0,

(4.6.39)

(4.6.40)

The function T solves the following RH problem, see [20].
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Airy model RH problem

(a) Y(z):C\ L4 — C?*? is analytic where ¥ 4 is shown in Figure 4.4.

(b) T has the jump relations

-1 0
=16,
=T, )
To=Te,

(¢) As z — oo, we have

T(z) = 2 EN (I + %Tl + 0(2_3)> e’ 3
z

with

(d) As z = 0, T(2) = O(1).

The local parametrix inside D4 can then be written as

P(2) = B2 T (0 f(2),

where f(z) is the conformal map at 4 given by

F(2) = (—25<z>)2/3

and F is defined in D, by

of2

E(z) = PN f(2) 0,

. 1
T =T () ) onR™,
, on RT,
on e’s ‘RT,

_ 2z,
, on e~ 3 ‘RT,

(4.6.41)

(4.6.42)

(4.6.43)

(4.6.44)

(4.6.45)

(4.6.46)

where the principal branch is taken for ()i It can be easily verified that E is

analytic in Dy.
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4.6.6 Local parametrix near 0

Inside Dy we require a local parametrix satisfying the following RH problem.

RH problem for P

(a) PO : D\ [yr,00) \ (—o0,0] \ {y}\ 87 — C?*? is analytic.

(b) P© has the jump relations

1
PO(z) = POz ) on (yr,00) N Dy,

-1 0
(0) _ pl0) TiQo3 _
PO () = PO(2)emieos, " on (—00,0) N D, (4.6.47)
1 0
PJ(FO)(Z) = PSO)(Z) <1 1) ) on X7 N Dy.

(c) As z — 0, PO (2) = O(1)2% 3.
As z — y, PO)(2) = O(1)(z — )3

1 _los(yr—z)
As z — yr, PO 0 27” K(z).
(d) Asn — oo, PO)(2) = (I+0O(n~1)) P> (2)e"(2)7s uniformly for z € dDy.

The explicit construction of P(©) in terms of the model RH problem ®
introduced in Section 4.3 is given in the following Lemma.

Lemma 4.6.1 As n — oo and simultaneously y — 0 in such a way that
n%y — x € [0,00), the function

PO(2) = E(2)o3®(—n?f(2),n*f(y), f(yr)/f(y))oge%‘g(z)‘73 (4.6.48)
satisfies the RH problem for P(O), where E is the analytic function in Dqy given
by

Tic

E(z) = (=1)"P) (2)e™ =

020735, N~ Log(—f(2) Tn'F, (4.6.49)
f is the conformal map
fz) = —(&(2) - €(0))? (4.6.50)

satisfying f'(0) = 4 and ®(z;x,a) is the model RH problem introduced in Section
4.3
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Proof. The asymptotics (4.3.7) is valid as long as x = n? f(y) lies in a compact
subset of (0,+00). By developing equation (4.5.78), we have that (4.3.7) still
holds for = small, i.e. (4.3.7) remain valid for = in a compact subset of [0, c0).
The rest of the proof consists to check that

PO ()eneR)os p(o) ()=t — [+ O(n™1), (4.6.51)
uniformly for z € Dy as n — oo and that f is conformal and F is analytic. O

Finally, we now define R(z) as,

T(2)P(>)(z)~', for 2 € C\ Dy U Dy,
(2)PO) (2 for z € Dy, (4.6.52)
(2) PP (z for z € Dy.

R(z) =qT )7
T )~

Using the above definition we can derive the following RH problem for R.

RH problem for R

(a) R:C\ X — C**? is analytic, where X = ((4,00) UXY UdDg UdDy) \
(DO UD4).

(b) Let jr(z) := R_(2)"'Ry(2). We have

1 0 -
jr(z) = P)(2) (6_2n5(z) 1) P>¥)(z)7!,  zeX7T\DyUDy,
(4.6.53)
) 1 e2né(2) .
jr(z) = P©)(2) (0 ) P ()71, z e (4,0)\ Dy,
(4.6.54)

. e E(z) 0
in(z) = PY(2) < 0 encr | PO 2 € 0Dy,
(4.6.55)

) e—né(2) 0
ir(z) = PO(2) < 0 encr | PO 2 € 0o
(4.6.56)
(4.6.57)

(c) As z — 00, R(z) =T+ 2 + O(272).



162 The ratio probability of the smallest eigenvalues in the LUE

(d) As z—be{0,y,yr,4}, R(z) = O(1).
From (4.6.37), (4.6.44) and (4.6.48), as n — oo we have

jr(2) =I+O(n™'), uniformly for z € Dy U Dy,
(4.6.58)
Jr(z) =1+ 0(e "), uniformly for z € ¥ \ (0D¢ U 0Dy),

where ¢ > 0 is a constant independent of n. It follows from standard theory for
small norm RH problem that R exists for n sufficiently large and satisfies

R(z)=1+0(n™1, uniformly for z in compact subsets of C\ Xg.
(4.6.59)

4.6.7 Computation of R,

The quantity Ry can be computed via a perturbative calculation. From (4.6.58)

we can write for z € X,
) 1 9
Jr(z) =1+ EJl(Z) +0(n™7), n — 00, (4.6.60)

where the matrix Ji(z) is non-zero only on 9U. By developing (4.6.59), the
large n behaviour of R has the form

R(z)=T1+RY()n 1 +0n2), 2eC\Zp (4.6.61)

The quantity R()(z) may be expressed in terms of .J;(z) by substituting (4.6.60)
into the jump relation R (z) = R_(z)Jr(z), from which we obtain the following
RH problem for RW.

RH problem for R

(a) RY :C\ U — C**? is analytic,
(b) R (2) = RY(2) + Ji(2) for z € 9Dy U Dy,

(c) RM(2) = 0as z — occ.

The above RH problem can be solved explicitly in terms of a Cauchy transform,

Wy L J1(§)
R (2) = 5 /8DOU8D4 % (4.6.62)
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where the integral is taken entry-wise. To obtain an expression for the leading

R
term of R; we merely need to compute lim (2) z, one has
Z—$00 n
1 -2
Ry = —— J1(8)dE + O(n™7), n — 00. (4.6.63)
2min Jop,uoD,

Explicit computations using property (d) from (4.6.6) and (4.3.7) gives for
FAS 81)0,

v(n? S f(r _ _je—imad(z)
7(e) = LT pro (_iemie(z) 1 >P<°°><z>1,

(4.6.64)

The function v(x;a) is the special function appearing in the model problem ®.
J1(z) on 0Dy is given by,

]' oo
Ji(z) = Ni)mP( )(2) (

<. O

_1
6

) ploo) ()~
T >P (2)7* (4.6.65)

Putting this together and using the above in (4.6.63) gives,
nTr(Ryo3) = v(nf(y); F(ry)/ f(y)) —v(0) + O(ny) as n — 0o, (4.6.66)

where v(0) = %(4(a +2)? — 1).

4.7 Proof of Theorem 4.1.1

In order to utilise Lemma 4.2.1 we require large n asymptotics for the quantity
Y uniform in z. The outcome of the steepest descent analysis is that for z
bounded away from {0,4}, as n — oo and y — 0 in such a way that n’y is a

compact subset of [0, 00) we have,

néog o3

Y(z;y,1) = e 2 R(z;y,T)P(m)(z)eng(z)JSw(z)*T. (4.7.1)

Using the above expression for Y we first compute,
Tr(Y 1(2)0.Y (2)o3) = —0.logw(z)+ 2nd.£(2)
+Tr (P (2)719, P (2)03)
+Tr(P)(2) 1 R(2) 10, R(2) P> (2)a3),

—~~ o~
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into which the explicit expression for the functions on the right hand side must
be substituted.

We now consider of the above expression as z — co. Using (4.6.37) one can

show,

a+2 2a+4
+

Tr(P)(2)719, P (2)03) = 5+ O(z7%) (4.7.2)

z

as z — oo. Finally, we have also,

1 1 2 2
-0, logw(z) + 2nd.£(z) = 2n(- + — ot Y

z 22 z 22
as z — 0o. Using the above expressions in Lemma 4.2.1 gives,
n

2yTr(R1 (y,r)os). (4.7.4)

Oylog Zn o(y;7) =1+

By using (4.6.66) in (4.7.4) and rewriting it in terms of x := n?y, we have as

n — oo and x in compact subsets of [0, 00) that

0,108 7o (i) = L (v <n2f(wn_2); W) - v(o)> oY,

21:E flzn=2)
= 5 (v(4z;7) — v(0)) + O(n™1),

(4.7.5)

where the O(n™!) term is uniform in = in compact subsets of [0, 00). Integrating

this from 0 up to a constant x and noting that

Zn,a(oﬂa) = 2n,a+2a (4.7.6)
we have
Zn.a(zn=2r) e _ d¢ 4
log (m) = 5/0 [v(4¢; ) — v(0)] e + O(azn™"). (4.7.7)

This can be rewritten as

~

Zn.oan™257) = Zyy oy pe! @) (14 0(2n™1)), (4.7.8)

where the notation I(x;r) has been introduced in (4.1.20). We remind the
reader that the above expression is valid when « is in compact subsets of [0, +00).

This completes the proof of Theorem 4.1.1.
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4.8 Proof of Theorem 4.1.2

From (4.1.12) with the change of variable y = xn~2, we obtain
B Z\nilya+2 n—1 (n—1)(n+14a) o
Qna(r) = 2ot (=) n
e © 1
></ xae_FZiZn,lya (nnl;;’r> dx. (4.8.1)
0 n—1,a+2 o
It is known that (see [52])
~ 1 —n?—an & . .
Zna = —n 117G + ), (4.8.2)
! e
and therefore we have
Zn-tase _ (n=1)"MTntatl) [ n \"5"
70w  (n=DT(a+ DI (a+2) \n—1 ’
’ 2
n2o+2 n \" ten »
= NCESNCES) <n—1> (1—|—O(n )), as n — 0o.
(4.8.3)
We can thus simplify expression (4.8.1) as
1+0(n™ 1)
n,o - I I 5 4.8.4
Q,(T) F(O(—|—1)F(Oé+2)(1+ 2) ( 8 )
where
M 00
o 1 n
I = o, —2 I(w,r)d I :/ a = e - d
1 /0 x%e " ne x 2 M;ve Za¥2 il et K2
(4.8.5)

and M > 0 is a constant.
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Furthermore, we can derive the following inequality

Zn—l a(%; T)

— - / / An 1 (51
anl,a+2 n 1,a+2 1

i=

IN

2 r -
Pa+ (Amm > ;) <e Caxr

) epersdg,

/ An 1 )2 H §?+2e—n£id§i
n 1,a+2 — TT i=1

(4.8.6)

where C' > 0 is a constant and x and n are sufficiently large. We thus have

oo

_z _ _C

I, < / 2% e Oy < e s Mr
M

if M is chosen big enough. Therefore we obtain,

1
lim Q%(r) =
A Qn ) = 5 T

Letting M — oo in (4.8.8) finishes the proof of Theorem 4.1.2.

Y (w37)
e @ dy + O(e 2
(a+2) /0

(4.8.7)

Mry (4.8.8)



Conclusion

We proved two new results concerning asymptotics for Toeplitz determinants
associated to a symbol which tends to zero on an arc of the unit circle at a

certain rate:

« we generalized the asymptotic expansion proved by Widom [67] for this
symbol when the rate is sufficiently fast (Theorem 1.5.1),

o we found the leading order term of these asymptotics in the slower regime
(Theorem 1.5.2), which interpolates between asymptotics of Toeplitz
determinants associated to a symbol with Fisher-Hartwig singularities

[24] and a symbol supported on an arc [67].
We proved a new result about Hankel determinants:

o we found asymptotics for Hankel determinants associated to the weight
w(z) = (x — y)2x*e" " X [yr.00) (@) (Theorem 1.5.5), which correspond to

the Laguerre weight of order a + 2 if y = 0.
In random matrix theory, we proved the following results:

e in the thinned CUE, we found asymptotics for gap probabilities, when
the thinning parameter decays sufficiently fast (see (3.2.7)), and in the

slower regime (Theorem 1.5.2)

¢ in the conditional CUE, we obtained asymptotics for the expected number
of eigenvalues lying on 7€, and the variance of this quantity, both when
the thinning parameter decays sufficiently fast (see (3.2.25) and (3.2.26))

and in the slower regime (Theorem 1.5.3).

¢ in the LUE, we obtained the limiting ratio probability between the smallest
and second smallest eigenvalue in terms of a function related to a Lax
pair of a model RH problem (Theorem 1.5.6).
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We also proved a result for orthogonal polynomials:

« we obtained asymptotics for orthogonal polynomials ¢, (z) associated to
the symbol f given in (1.1.5) in different region of the complex plane, in
the double scaling limit n — oo and s — 0. Its zero average counting
measure vy, j, s converges weakly to the uniform measure on the unit circle
if s € (0,1) is fixed. If s = s(n) — 0 sufficiently rapidly, v, s converges
weakly to the measure o, 1, which is independent of s. If s = s(n) — 0
in the slower regime, v, 1, s converges weakly to the measure p, ; which
depends on s (Theorem 1.5.3 and Figure 3.6).
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