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Abstract

Hainaut et al. (2022) showed that boosting can be conducted directly on the
response under Tweedie loss function and log-link, by adapting the weights at each
iteration step. In this short note, we complete the results obtained in Hainaut et al.
(2022) by showing that among the usual link functions, the log-link function is actually
the only one for which boosting can be regarded as an iteratively re-weighted procedure
applied to the original data.

Introduction

Boosting emerged from the field of machine learning and became rapidly popular among
insurance analysts. Broadly speaking, boosting is an iterative fitting procedure using weak,
or base learners. In a regression context, weak learners have rigid parametric forms and
cannot accurately adapt to the data under consideration. In each iteration, boosting fits a
weak learner that improves the fit of the overall model such that the ensemble arrives at an
accurate prediction. We refer the readers to Denuit et al. (2019b, 2020) for an extensive
treatment of boosting in the context of insurance, with applications to tree-based methods
and neural networks.



Boosting requires that the analyst first decides which metric should be optimized for
estimating the score. In the boosting terminology, this metric is usually referred to as the
“loss function”. To ease numerical aspects, boosting is often applied on gradients of the
loss function, that is, on the gradients of the deviance function in insurance applications.
However, Hainaut et al. (2022) showed that there is often no need to boost gradients in
insurance applications. As proved in their Proposition 3.1, boosting can easily be performed
directly with responses under Tweedie loss function and log-link.

In this short note, we show that under Tweedie loss function, the log-link function is
actually the only link function among the common ones for which boosting can be regarded
as an iteratively re-weighted, or re-offseted procedure applied to the original data. Common
link functions can be found in Table 4.3 in Denuit et al. (2019a).

2 Boosting with Tweedie loss functions

In actuarial pricing, the aim is to evaluate the pure premium as accurately as possible. The
target is the conditional expectation u(X) = E[Y|X] of the response Y (claim number or
claim amount for instance) given the available information summarized in a vector X of
features Xy, Xo, ..., X,. The function & — p(x) = E[Y|X = ] is unknown to the actuary
and is approximated by a working predictor @ — [i(x) entering premium calculation.

Lack of accuracy for fi(x) is defined by the generalization error

Err(u) = E[L(Y, 1(X))],

where L(.,.) is the loss function measuring the discrepancy between its two arguments and
the expected value is over the joint distribution of (Y, X). The goal is to find a function
@ — Ji(x) of the features minimizing the generalization error.

The Tweedie family of distributions regroups the members of the Exponential Dispersion
family having power variance functions V(u) = u® for some £. From e.g. Denuit et al.
(2019a, Table 4.7), the Tweedie deviance loss function is given by

(Y - i(X))? if £ =0,
2 (Y —(Y— (X)) ) ife=1,
LY, (X)) = | 2.)
2 —lnﬁ(X 1 ife—2,
max{Y,0}2~¢ Y X)- A(X)%*¢ .
2 (o {6)(2} 3 “(1 — ‘4B 5 )5 ) otherwise (£ > 0).

For £ = 0, we recover the L? loss function whereas £ = 1 and 2 correspond to the Poisson
and Gamma deviance functions, respectively.
Ensemble techniques assume structural models of the form

pla) =g (score(w)) = g (Z T(z; am)) : (2:2)

where ¢ is the link function (assumed to be monotone and differentiable) and T'(x;a,,),
m=1,2,..., M, are usually simple functions of the features «, characterized by parameters
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a,,. In (2.2), the score is the function of features & mapped to p(x) by the inverse of the
link function g.
Let

D= {(Vhylaml)? (V273/27CU2)7 ey (Vn7yn7wn)} s

be the set of observations used to fit the model ji, called training set, where v; denotes the
weight of observation i. Estimating a score of the form

M
score(x) = Z T(x;a,,),
m=1

by minimizing the corresponding training sample estimate of the generalized error

%in Z v;L (yz', g (Z T(2;; am))) (2.3)

is in general infeasible. It requires computationally intensive numerical optimization tech-
niques. One way to overcome this problem is to approximate the solution to (2.3) by using
a greedy forward stagewise approach, also called boosting.

Forward stagewise additive modeling consists in sequentially fitting a single function and
adding it to the expansion of prior fitted terms. Each fitted term is not readjusted as new
terms are added into the expansion, contrarily to a stepwise approach where previous terms
are each time readjusted when a new one is added. Specifically, we start by computing

a, = argminz v; L (yi, g ! (sfcfeg(mi) + T(x;; al))) ,

a -
1 =1

where Scoreg(x) is an initial guess (for instance, just an intercept). Then, at each iteration
m > 2, we solve the subproblem

a,, = argminz v; L (yl-, g ! (SC/O?em_l(CEZ‘) + T (x;; am))) , (2.4)

a -
m =1

with

score,, 1 (x;) = score,,_o(x;) + T(xs; A1)

Boosting is thus an iterative method based on the idea that combining many simple functions
should result in a powerful one. In a boosting context, the simple functions T'(x;a,,) are
called weak learners or base learners.

Hainaut et al. (2022) showed in their Proposition 3.1 that under Tweedie loss function
and log-link, the subproblem (2.4) can be rewritten as

a,, = argmin Z Vi L (Tim,exp (T'(x;;a,,))) ,

a -
m =1

Yi
exp(scorem,—1(x;))

of the boosting procedure reduces to build a single weak learner on the working training set

where v;,,, = v; exp(5core,,_1(x;))?>~¢ and 7, ,,, = . In words, the mth iteration

D = {(Vi, Fimms i), i = 1,...,m}
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using the Tweedie deviance loss and the log-link function. The weights are each time updated
together with the responses.

There is an easy probabilistic interpretation to this boosting algorithm. Recall that if Y
obeys the Tweedie distribution with mean p, power parameter £ and weight v then for any
positive constant ¢, ¢Y is Tweedie with mean cu, the same power parameter and modified
weight v(c)¢~2. One says that the Tweedie distributions are closed under this type of scale
transformation. See e.g. Denuit et al. (2019a) for a proof. Since the essence of boosting
consists in treating sfo?em_l(azi) as a constant to estimate a,,, this means that we can
equivalently work with response 7, obeying the Tweedie distribution with adapted weight
Vi m to perform that estimation. This is a direct application of the result recalled earlier with
c = 1/ exp(score,,_1(x;)). This process can even be performed in an iterative way, by dividing
the response 7; ,,, with exp(7'(x;; a,,)) and multiplying v; ,, with exp((2—¢&)7T'(x;; a,,)) at each
step.

Notice that in the Gaussian case (£ = 0), the boosting procedure described here differs
from the classical gradient boosting algorithm with L? loss, which uses identity link and raw
residuals (current estimate subtracted from the response) whereas here, we work with ratios
under log-link.

At each step of the boosting algorithm, the response is thus Tweedie distributed so that
the loss function selected for the original responses y; (and weights ;) is still the right choice
at iteration m for new responses 7, (and weights v;,,). This is a direct consequence of the
closure property of Tweedie distributed responses Y under scale transformation of the type
cY. The next results shows that the subproblem (2.4) can be rewritten as

a, = ar%iminz vi(h(score,, 1 (z;))**L (h(sc/o?eyi_l(a:-)) (T am))) (2.5)

for some positive real functions h and f if, and only if, the link function ¢ is such that

g Hs+1t) = h(s)f(t). (2.6)

In other words, the following proposition, whose aim is to complete the results obtained in
Hainaut et al. (2022), tells us that the only way to see the boosting procedure as successive
fits of single weak learners on Tweedie distributed responses is to consider link functions
satisfying condition (2.6). Note that the log-link function is such that the latter condition
hold with h = f = g%

Proposition 2.1. We have that

L (yi, g7 (5c0rem () = (h(5c0Tem1(2:))* L (h(myi_l(m)),f<T(wi;5m)>>

for some positive real functions h and f if, and only if, the link function g is such that (2.6)
1s fulfilled.

Proof. Obviously, the Tweedie loss function L(y, s) is 2 — & homogeneous in the sense that
for any b > 0,

L(by,bs)) = b**L(y, s). (2.7)
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Therefore, if

L (yhg_l(sc/or\em(a;i))) = (h(ﬁm—l(mi))Q_gL (h /\yi >f(T(wi§am>>> )

(score,,_1(x;))
we have that
L (yi, g~ (scorém(@:))) = L(ys, h(scoren—1 (@) f(T(®:;8m)))

so that g~!(score,,(x;)) = h(sc/or\em,l(azz)) f(T(x;;a,,)), which is the desired result. Con-
versely, if the inverse link function g~ is such that g~—!(Score,,(z;)) factorizes into

g~ (5core (@) = h(Scoren, 1 (2:)) f (T (i3 am)),
the homogeneity property in (2.7) leads to
L (yug_l(ﬁ?m(iﬂi))) = L (yia h<SC/O?em—1(mi))f(T(mi;am)))

= L(h(sc/o?em_l(:z:i)) — ,h(sc:ﬁ)?em_l(wn)f(T(wi;ﬁm)))

h(score,, 1 (x;)

= ) et (T

which concludes the proof. O]

The only non-trivial inverse link functions satisfying condition (2.6) is necessarily of the
form g~'(z) = exp(az) with a € R; see for instance Aczél (2014). As a result, the boosting
procedure (2.5) with a Tweedie loss function can only be obtained with a log-link function.
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