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Abstract

The dynamics of cosmic reheating connect inflation to the hot Big Bang and
play a crucial role in determining the thermal history of the Universe and the
production of relic particles such as Dark Matter (DM). A consistent descrip-
tion of this epoch requires the computation of particle production and interac-
tion rates in a thermal environment, where excitations are described by quasi-
particles with medium-dependent properties.

In this thesis, we study particle production during reheating using real-time
non-equilibrium quantum field theory, with a focus on the Closed Time Path
formalism. We show that in-medium interaction rates are governed by the
spectral structure of self-energies, which encode both dispersive and dissi-
pative effects. Using scalar field theories as a laboratory, we investigate the
impact of thermal masses, quantum statistics, finite-width effects, and higher-
order processes, and assess the validity of commonly used approximations. In
particular, we demonstrate that higher-order scattering processes can signifi-
cantly modify the dynamics and remain relevant even when decay channels
are kinematically suppressed.

In a separate part of this work, we investigate Dark Matter production dur-
ing reheating in freeze-in scenarios. We find that finite-temperature corrections
generally have a limited impact on the predicted relic abundance in regimes
where perturbative calculations are reliable, while more complex scenarios can
lead to sizeable deviations. We further show that future Cosmic Microwave
Background observations can provide constraints on the reheating history that
are complementary to collider searches.

Overall, this work provides a systematic framework for particle production
in thermal environments and clarifies the role of medium effects in cosmic
reheating and Dark Matter generation.
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Introduction

The origin and composition of the Universe are governed by a sequence of
dynamical processes that connect fundamental particle physics to cosmologi-
cal observations. Among these, the period of cosmic reheating—the transition
between the accelerated expansion during inflation and the onset of radiation
domination—plays a central role [1-4]. During reheating, the energy stored
in the inflaton field is transferred to the degrees of freedom that eventually
form the hot primordial plasma. This process sets the initial conditions for the
standard hot Big Bang and can leave observable imprints in both the Cosmic
Microwave Background (CMB) and the abundance of relic particles.

A central challenge in describing reheating, as well as a wide class of early-
Universe phenomena, lies in the computation of particle production and inter-
action rates in a hot and dynamical environment. In such settings, the no-
tion of particles as asymptotic states is no longer strictly applicable. Instead,
excitations are more appropriately described as quasiparticles with medium-
dependent properties, including temperature-dependent dispersion relations,
finite lifetimes, and modified interactions. As a result, particle production can-
not, in general, be described in terms of vacuum decay rates alone, but must
be understood in terms of in-medium processes that include both decays and
scatterings.

A commonly used approximation is to relate in-medium interaction rates
to vacuum scattering amplitudes supplemented with thermal phase-space dis-
tributions [5]. While this prescription provides a useful starting point, it is
incomplete beyond leading order. In particular, the presence of a thermal
background allows for qualitatively new processes that have no direct vacuum
analogue, such as medium-induced decays and collective excitations [6, 7].
Moreover, processes that are distinct in vacuum, such as n — m decays and
n + £ — m + ¢ scatterings, become intertwined in a thermal environment and
can interfere with each other [8].

As a consequence, particle production rates are determined by the full in-
medium spectral structure rather than by a simple sum of vacuum-like contri-



butions. This includes multi-particle interactions such as 2 — 2 and 2 — 3
processes, which can compete with or even dominate over lower-order chan-
nels despite being higher order in perturbation theory, due to kinematic en-
hancements and the large occupation numbers in the plasma [9, 10]. Capturing
these effects requires going beyond leading-order approximations and comput-
ing higher-order contributions to the self-energy.

A consistent and systematic framework to address these questions is pro-
vided by real-time non-equilibrium quantum field theory. In this approach,
particle production rates are derived from in-medium self-energies and spec-
tral functions, which encode both the dispersion relations and interaction rates
of excitations in a unified way. As discussed in Chapter 1, this formulation nat-
urally emerges within the Closed Time Path (CTP) formalism, which allows
for a causal and first-principles description of real-time dynamics in a thermal
background.

The first part of this thesis is devoted to the conceptual and technical aspects
of particle production in a thermal medium. Using simple scalar field theories
as a laboratory, we investigate the structure of in-medium self-energies and as-
sess the validity and limitations of commonly used approximations. Particular
emphasis is placed on the role of thermal masses, modified dispersion rela-
tions, finite-width effects, and higher-order contributions to interaction rates.
The results obtained in this part are of a general nature and can be applied
to a wide range of problems involving particle production and dissipation in
thermal environments.

In a separate line of investigation, the second part of this thesis addresses
the production of Dark Matter (DM) in the early Universe. Observations in-
dicate that DM constitutes more than 80% of the matter density in the ob-
servable Universe, yet its microscopic nature remains unknown [11]. While
the simplest production mechanism, thermal freeze-out, is increasingly con-
strained [12, 13], alternative scenarios such as freeze-in [14, 15] provide a vi-
able framework in which DM is produced out of equilibrium through feeble
interactions.

In these scenarios, the DM relic abundance is sensitive to the thermal his-
tory of the Universe, and in particular to the dynamics of reheating. It has
long been recognised that reheating can leave imprints both in the DM abun-
dance [16,17] and in the CMB [18], opening the possibility to combine cosmo-
logical observations with particle physics experiments to constrain or predict
properties of new physics [19-24].



The sensitivity of the CMB to reheating arises primarily from its depen-
dence on the expansion history during this epoch [25-30]. While this allows
one to constrain global quantities such as the reheating temperature 7., it does
not uniquely determine the full thermal history that governs DM production.
In this context, we investigate how thermal effects—including quantum statis-
tical factors, medium-induced modifications of kinematics, and higher-order
interaction processes—can influence the predicted DM relic abundance.

Outline of the thesis:

The overall structure of this thesis is organized as follows:

e Chapter 1: We introduce the theoretical framework of real-time non-
equilibrium quantum field theory, with a particular focus on the Closed
Time Path (CTP) formalism. We discuss its conceptual foundations, in-
cluding the treatment of finite-time expectation values, causal response
functions, and the role of self-energies and spectral functions in describ-
ing particle production and dissipation in a thermal medium.

e Chapter 2: We analyse particle production in a thermal environment
using scalar field theories as a laboratory. The focus is on the spectral
properties of excitations, including thermal masses, modified dispersion
relations, and finite-width effects. We further investigate the computa-
tion of in-medium interaction rates beyond leading order, highlighting
the limitations of commonly used approximations and the importance of
higher-order processes in determining particle production.

¢ Chapter 3: We investigate Dark Matter production during and after re-
heating. In this context, we study how the thermal history of the Uni-
verse and medium effects influence the production rate and the resulting
relic abundance. We assess the extent to which thermal corrections can
modify the connection between cosmological observables and particle
physics parameters.
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Chapter

Real-Time Non-Equilibrium
Quantum Field Theory and the
Closed Time Path Formalism

The processes studied in this thesis, in particular particle production during
reheating, take place far from equilibrium and require a real-time description.
In this chapter, we introduce the Closed Time Path formalism as the appropri-
ate framework to describe these dynamics.

1.1 Nature of the Problem: Particle Production
in the Early Universe

The production of particles in the early Universe, and in particular the gen-
eration of Dark Matter (DM) during and after reheating, exemplifies a broad
class of physical problems that lie outside the scope of conventional perturba-
tive quantum field theory formulated in terms of asymptotic scattering states.
Rather than describing transitions between well-defined in and out vacua, these
phenomena involve the real-time evolution of quantum fields in an expanding
spacetime, continuously interacting with a thermal environment and evolving
far from global equilibrium [32-34].

In this context, the quantities of primary interest are finite-time expecta-
tion values, such as number densities, energy transfer rates, and correlation
functions evaluated along a cosmological background. The central theoretical
question is therefore not the computation of S-matrix elements, but rather

given an initial density matrix at a finite time,

how does the system evolve causally under interactions?
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This places particle production during reheating firmly in the domain of real-
time, non-equilibrium quantum field theory, for which standard in-out or Eu-
clidean approaches are intrinsically inadequate [35, 36].

Dark Matter Production as a Quantum Kinetic Problem

Dark Matter production mechanisms such as freeze-in, production from de-
cays, and scattering processes occur over extended cosmological timescales
and typically involve species that are never in full thermal equilibrium with the
primordial plasma [15,37]. The evolution of the DM abundance is governed
by irreversible processes and depends sensitively on microscopic interaction
rates embedded in a time-dependent thermal background.

From a field-theoretic perspective, this corresponds to the evolution of phase-
space distributions and number densities derived from non-equilibrium corre-
lation functions. In particular, particle production rates are encoded in lesser
Green’s functions and finite-temperature self-energies, rather than in vacuum
decay widths or on-shell scattering amplitudes [38—40]. This reflects the fact
that the relevant degrees of freedom are not asymptotic particles, but excita-
tions of a medium whose properties are continuously modified by interactions.

As a result, particle production must be understood in terms of the full
in-medium spectral structure, which captures both kinematic effects and in-
teraction rates in a unified manner. This already signals the breakdown of
equilibrium methods and highlights the necessity of a real-time formulation
capable of consistently describing causal evolution and memory effects.

Dissipation and Particle Production During Reheating

During reheating, the inflaton field transfers its energy to other degrees of
freedom that form the primordial plasma. This process is inherently dynam-
ical and involves continuous particle production in a time-dependent back-
ground [3,4,41]. The relevant observables include not only particle number
densities, but also energy transfer rates and effective dissipation terms that
govern the evolution of the background field [42—44].

From a microscopic point of view, these effects arise from the same un-
derlying quantum processes encoded in real-time correlation functions and
self-energies [34,45-47]. Dissipation, particle production, and backreaction
are therefore not independent phenomena, but different manifestations of the
interaction between quantum fields in a medium [48-50].

A consistent theoretical description must therefore:
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* treat particle production and dissipation within a unified framework,
¢ ensure causal time evolution,
* properly account for the non-equilibrium nature of the system.

These considerations strongly motivate the use of real-time, non-equilibrium
quantum field theory methods, and in particular the Closed Time Path formal-
ism [34, 45, 46], which provides a first-principles framework to describe the
dynamical and statistical aspects of particle production during reheating in a
self-consistent way.

1.2 Limitations of Standard Quantum Field The-
ory Frameworks

To appreciate the necessity of a different formalism, it is instructive to exam-
ine why commonly used QFT frameworks are not fully adequate for the prob-
lems considered in this work. We emphasize that these approaches remain
extremely powerful and can often be applied within suitable limits. However,
their domain of applicability is restricted when dealing with genuinely time-
dependent and out-of-equilibrium phenomena such as reheating.

In-Out (S-Matrix) Formalism

The in-out formalism of quantum field theory is constructed to compute scat-
tering amplitudes between asymptotic free states. Its central object is the S-
matrix,

S = lim U(ts,t), (1.1)

t;—>—o0
tf—>+oo

where the time-evolution operator is defined as
ty
U(tf,ti) = Texp [—Z/ dtH](t):| y (1.2)
ti

with H;(t) the interaction Hamiltonian in the interaction picture. This formu-
lation assumes the existence of well-defined asymptotic “in” and “out” states
and underlies the LSZ reduction formalism and standard perturbative Feynman
rules [51,52].
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Observable quantities in this framework are transition amplitudes of the
form

(out|Olin) = (in|STOS|in), (1.3)

which are well-defined when interactions effectively switch off at early and late
times. In contrast, during reheating the system evolves in a time-dependent
background, and the relevant quantities are expectation values evaluated at
finite time,

(O@t)) = (in|U(t,t;) OU(t,t;)|in), (1.4)
which cannot be computed consistently within the in-out framework [34, 53].

The inadequacy of the in-out formalism becomes explicit when attempting
to derive effective equations of motion. Integrating out interacting degrees of
freedom leads to an in-out effective action I'iy-out[¢], Whose functional varia-
tion yields

5Fin—out[¢] = 0. (1‘5)

o¢(x)

However, the nonlocal terms appearing in I'j;oy: are governed by time-ordered
(Feynman) correlation functions,

Gr(z,y) = (To(x)d(y)), (1.6)

which possess support both inside and outside the light cone. As a result, the
effective equations of motion take the schematic form

Oe(z) + / dhy Sp(r.y) () = O, (L.7)

where the kernel X (z,y) is not manifestly retarded. The integral therefore
receives contributions from spacetime points with y° > 2, leading to acausal
influence of future events on the present dynamics [34,53].

It is important to stress that this acausality does not contradict relativistic
microcausality, which is a statement about operator commutators,

[#(x),¢(y)] =0 for (x —y)* <0, (1.8)

and remains satisfied in the underlying quantum field theory [51]. Rather, the
problem lies in the use of Feynman-ordered correlators as response functions,
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which are not causal objects and do not describe physical propagation of dis-
turbances [52, 54].

A related point concerns dissipative effects. In non-equilibrium settings,
dissipation is associated with the imaginary part of retarded self-energies. Within
the in—out formalism, such imaginary parts are directly connected to scatter-
ing amplitudes, but their interpretation in terms of real-time evolution requires
additional steps. As a result, extracting effective friction terms or energy trans-
fer rates from in—out quantities can be subtle [34, 55]. Similarly, stochastic
fluctuations are not directly captured in this framework, as it is formulated in
terms of amplitudes rather than expectation values of operators at finite time.
A consistent description of both dissipation and fluctuations typically requires
a formulation in which these effects appear on equal footing.

In summary, the in—out formalism provides a powerful and well-established
framework for scattering processes in stationary settings, and it can often be
used to estimate local interaction rates during reheating, provided that the mi-
croscopic interaction timescale is much shorter than the timescale of the back-
ground evolution [34, 47, 56,57]. However, a systematic description of real-
time evolution, including causal response, dissipation, and fluctuations, mo-
tivates the use of a real-time formulation of quantum field theory, which we
introduce in the following.

Euclidean Finite-Temperature Field Theory

Finite-temperature quantum field theory is commonly formulated in Euclidean
spacetime using the imaginary-time (Matsubara) formalism. In this approach,
thermal expectation values are obtained from the partition function

B
Z=Tre PH = D¢ exp [—/ dT/d?’wEE(gb)] , (1.9)
P/AP 0

where § = 1/T, and fields satisfy periodic (bosons) or antiperiodic (fermions)
boundary conditions in imaginary time 7. Thermal correlation functions are
then defined as Euclidean time-ordered correlators,

Ge(r,x) = (T:¢0(1,%x)9(0,0)), (1.10)

with 7 € [0, 8) [58,59].
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A central feature of this formulation is the Kubo-Martin-Schwinger (KMS)
condition,

G”(t) =G<(t—if), G(w)=e"G(w), (1.11)

which encodes thermal equilibrium and relies on time-translation invariance
[58,59]. As aresult, the Euclidean formalism provides a powerful framework
for computing equilibrium quantities such as thermodynamic potentials and
thermal masses. However, since the formalism is not formulated in real time,
it does not directly provide access to dynamical observables such as causal
response functions or time-dependent expectation values [34, 54].

This becomes particularly relevant when considering dissipative effects. In
real-time formulations, dissipation is governed by the imaginary part of re-
tarded self-energies,

T(w) —l%HR(w), (1.12)

where TI7 denotes the retarded self-energy. In the Euclidean framework, self-
energies are computed at discrete Matsubara frequencies,

wy = 2mnT, (1.13)

and extracting real-time information requires an analytic continuation w,, —
—i(w + ¢0"). While this procedure is well-defined in equilibrium, it becomes
more subtle in time-dependent or out-of-equilibrium situations [54,59].

More generally, Euclidean correlation functions encode equilibrium spec-
tral information, but do not describe the real-time evolution of the system. In
particular, processes such as particle production, decay, and energy transfer
during reheating involve finite-time dynamics that go beyond the scope of the
imaginary-time formulation [34].

In summary, Euclidean finite-temperature field theory provides a powerful
and widely used framework for equilibrium thermodynamics and for estimat-
ing thermal properties of the plasma. However, a direct and systematic de-
scription of real-time dynamics during reheating — including causal response,
dissipation, and time-dependent particle production — motivates the use of a
real-time formulation of quantum field theory, which we introduce in the fol-
lowing section.
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Gell-Mann-Low Theorem and the Limits of Adiabatic Mapping

The standard formulation of zero-temperature quantum field theory is based
on vacuum expectation values evaluated in the interacting ground state. A cen-
tral result underlying this construction is the Gell-Mann-Low (GML) theorem,
which relates correlation functions in the interacting vacuum [{2) to correlators
computed in the free vacuum |0). For a time-ordered product of Heisenberg-
picture fields, it reads [51,52]

(0T ¢u(x1) - pu(wn) expli [ d'z L1(2)] ]0)

(0|7 exp[i [ d*z L;(x)] |0) ’
(1.14)
where ¢ are interaction-picture fields and £; denotes the interaction Lagrangian.

QT da1) -~ d(an)I2) =

The denominator removes disconnected vacuum diagrams and ensures proper
normalization of vacuum correlators.

A key ingredient in the derivation of Eq. (1.14) is the assumption of an adi-
abatic mapping between the free and interacting vacua. This is implemented
by modifying the interaction Hamiltonian as

Hi(t) — e M H(t), e—=0T, (1.15)

such that the interaction is turned on infinitely slowly in the remote past. Under
this assumption, the interacting vacuum can be constructed as

I 010.(0, =000} (1.16)

where U, denotes the time-evolution operator with adiabatic switching. This
procedure presupposes the existence of a stable ground state continuously con-
nected to the free vacuum.

In time-dependent and non-equilibrium settings, such as those encountered
during reheating, these assumptions are generally not satisfied in a strict sense.
The Hamiltonian H(t) is explicitly time dependent, and energy is not con-
served. As a consequence, the notion of a stationary interacting vacuum [€2)
is ill defined [34, 54]. The system does not relax toward a time-independent
ground state, and the adiabatic limit in Eq. (1.15) does not converge.
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A related issue arises in the vacuum persistence amplitude appearing in the
denominator of Eq. (1.14),

Zo = (0]U (400, —00)|0). (1.17)

ceases to be finite in non-equilibrium settings. Continuous particle production
or energy transfer to the background generically leads to

120? = [{(0]U(+00, —00)|0)[* — 0, (1.18)

rendering the normalization procedure inherent in the GML theorem ill de-
fined. This breakdown is not a perturbative artifact but reflects the physical
instability of the vacuum under time-dependent evolution [34].

Furthermore, perturbative expansions based on Eq. (1.14) can develop sec-
ular contributions in time-dependent backgrounds. Loop corrections may gen-
erate terms that grow with time, schematically of the form

S(t,t) ~ g2t —t) -, (1.19)

indicating that perturbation theory organized around a stationary vacuum may
become unreliable at late times. This behavior reflects the persistence of mem-
ory effects and the sensitivity to initial conditions in non-equilibrium sys-
tems [34,60].

More generally, the GML theorem is formulated in terms of vacuum-to-
vacuum amplitudes and a single time-ordered contour. While this is appropri-
ate for equilibrium and scattering problems, it does not directly provide access
to real-time expectation values in evolving systems. In particular, it does not
naturally encode causal response functions, dissipative effects, or the depen-
dence on an initial density matrix. Attempts to extract such information from
in-out correlators can therefore lead to ambiguities or incomplete descriptions
of the dynamics [53,61]. These considerations suggest that, for genuinely
time-dependent problems, it is more appropriate to formulate the theory in
terms of the real-time evolution of a density matrix specified at a finite initial
time, rather than relying solely on vacuum correlators defined via the Gell-
Mann-Low construction.

This perspective is naturally realized in the Closed Time Path formalism.
By extending the time contour and treating forward and backward evolution
on equal footing, it provides a framework in which expectation values, causal
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response, and non-equilibrium effects can be described in a unified and consis-
tent manner. This makes it a suitable starting point for the analysis of particle
production and dissipation during reheating.

Remarks on Kinetic Descriptions

In addition to the quantum field-theoretic frameworks discussed above, par-
ticle production and abundance evolution in the early Universe are often de-
scribed using kinetic or Boltzmann equations. Unlike the in-out or Euclidean
formulations, which are intrinsically quantum field-theoretic, kinetic descrip-
tions operate at the level of phase-space distribution functions and provide an
effective, semi-classical account of non-equilibrium dynamics [56, 62].

Boltzmann equations are widely used in studies of Dark Matter produc-
tion and reheating, where they offer an intuitive and computationally efficient
description of particle number evolution [15, 56, 63, 64]. In this sense, they
can be viewed as an effective approach to the description of non-equilibrium
phenomena. At the same time, their scope and domain of applicability differ
from those of a fully quantum field-theoretic framework. In particular, kinetic
equations are not derived within the Boltzmann approach itself, but rely on
interaction rates that must be supplied externally. Their validity typically rests
on assumptions such as the existence of well-defined quasi-particles, a separa-
tion of microscopic and macroscopic time scales, and approximate locality in
time [34,47]. When these conditions are satisfied, Boltzmann equations pro-
vide an accurate and efficient description of the dynamics, while outside this
regime their applicability requires additional justification.

From a conceptual standpoint, kinetic equations do not directly encode
the full quantum dynamics of the underlying fields. For instance, they do
not explicitly track the causal structure of real-time correlation functions, nor
do they systematically incorporate stochastic fluctuations or backreaction ef-
fects [34,54]. As a result, while Boltzmann equations provide a powerful
phenomenological tool, they are not intended as a fundamental description of
non-equilibrium quantum dynamics. Importantly, it is well understood that
kinetic equations can be obtained as a limiting description of real-time quan-
tum field theory under controlled approximations. In particular, Markovian
Boltzmann-type equations emerge from non-equilibrium quantum field theory
in the quasi-particle and gradient expansion limits [47,49, 65]. A systematic
analysis of this reduction for scalar fields in slowly evolving backgrounds has
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been presented in Ref. [66], where the assumptions underlying the Markovian
kinetic description are made explicit.

In the present work, Boltzmann equations are therefore employed as an
effective tool where appropriate, while the underlying microscopic dynamics
is addressed using a real-time quantum field-theoretic formalism. This per-
spective naturally motivates the adoption of the Closed Time Path formalism,
which provides a unified framework from which kinetic descriptions, linear
response theory, and stochastic dynamics can be consistently recovered as lim-
iting cases [34,54].

Summary

In this chapter, we have examined the limitations of commonly used quantum
field-theoretic frameworks when applied to particle production and dissipative
dynamics in cosmological settings. We have seen that the in-out (S-matrix)
formalism, while ideally suited for scattering processes in stationary back-
grounds, does not directly provide access to finite-time expectation values,
causal equations of motion, or a systematic treatment of dissipation and fluctu-
ations. These limitations are closely related to its reliance on asymptotic states
and vacuum-to-vacuum amplitudes.

We have further discussed that Euclidean finite-temperature field theory,
despite its success in describing equilibrium thermodynamics, is not formu-
lated to address real-time dynamics. Its use of imaginary time obscures causal
structure and does not directly yield dynamical observables such as response
functions or time-dependent expectation values, particularly away from equi-
librium.

At a more general level, we have considered the role of the Gell-Mann—Low
theorem and the assumptions underlying its application. In time-dependent and
non-equilibrium settings, the construction based on adiabatic vacuum mapping
becomes less well-defined, and perturbative expansions around a stationary
vacuum may exhibit secular behavior. This indicates that vacuum-based for-
mulations are not naturally suited for describing real-time evolution in such
systems.

Finally, we have clarified the status of kinetic and Boltzmann descriptions.
While these provide efficient and intuitive effective descriptions under suit-
able assumptions, they are not intended as a fundamental framework for non-
equilibrium quantum dynamics. Instead, they can be understood as limiting
cases of real-time quantum field theory under controlled approximations.
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Taken together, these considerations motivate the use of a framework that
is intrinsically real-time, causal, and formulated in terms of finite-time expec-
tation values. In the following, we introduce the Closed Time Path formalism,
which provides such a description and serves as the basis for our analysis of
particle production during reheating.

Motivation for a Real-Time Formulation

The considerations discussed above highlight a common requirement: a for-
mulation of quantum field theory that allows one to describe real-time evolu-
tion and statistical information in a unified way. In particular, such a frame-
work should be formulated at finite times, allow for the specification of an
initial density matrix, and provide direct access to causal response functions,
dissipation, and fluctuations in time-dependent backgrounds.

While standard approaches can often be applied within suitable approxima-
tions, a more general and systematic description of non-equilibrium dynamics
is provided by real-time formulations of quantum field theory, in particular the
Closed Time Path (CTP) formalism. The key idea of the CTP approach is to
extend the time contour so as to treat forward and backward time evolution on
equal footing. This construction naturally accommodates expectation values
rather than transition amplitudes, and leads to a consistent definition of corre-
lation functions with well-defined causal and statistical properties. Within this
framework, quantities such as response functions, dissipation rates, and fluc-
tuation correlators emerge in a transparent and unified manner, and effective
kinetic descriptions can be derived as controlled limits.

In the following sections, we introduce the Closed Time Path formalism
and develop the tools required to analyse particle production during reheating
within this framework. Particular emphasis will be placed on the emergence
of causal dynamics, the origin of dissipative and stochastic effects, and the
connection between microscopic quantum processes and effective kinetic de-
scriptions.

1.3 Closed Time Path Contour and Doubling of
Fields

The physical problems addressed in this thesis, in particular particle production
during reheating and the generation of Dark Matter, are naturally formulated
as initial-value problems. The quantities of interest are expectation values of
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operators evaluated at finite times in the presence of a time-dependent back-
ground and, in general, a non-trivial initial state describing a thermal or out-of-
equilibrium medium. In this context, the relevant observables are not transition
amplitudes between asymptotic states, but expectation values evaluated at fi-
nite times [32-34].

Expectation values and initial density matrix

Consider a quantum field theory specified at some initial time ¢y by a den-
sity matrix p(¢p). The fundamental observable is the expectation value of a
Heisenberg-picture operator Oz (t) at a later time ¢,

(O(t)) = Tr[p(to) Om ()] - (1.20)

This quantity differs conceptually from the in-out matrix elements familiar
from scattering theory, as no reference is made to asymptotic final states. In-
stead, the system is evolved forward in time from a specified initial state, and
the observable is evaluated at finite time.

To make the time evolution explicit, one may rewrite Eq. (1.20) in terms of
real-time evolution operators,

(O@t)) = Tr [p(to) Ut (t,t0) O1(1) ULt to)} :

t
U(t,tg) = T exp [—z/ dt’ Hj(t’)] : (1.21)
t

0

where Oy is the interaction-picture operator, Hy the interaction Hamiltonian,
and 7 denotes time-ordering. Using the unitarity of the time-evolution opera-
tor, Eq. (1.21) may be equivalently written in the “in-in” form,

(O(t)) = Tr[p(to) U(to, t) Or(t) U(t, to)] , (1.22)
which makes explicit that the computation involves both forward and back-
ward real-time evolution [32, 34, 54].

Closed time path contour and contour ordering

We introduce the contour C, referred to as the Closed Time Path (CTP), or
Schwinger-Keldysh, contour (see Fig. 1.1). It provides a geometric represen-
tation of the forward and backward real-time evolution appearing in the in-
in expectation value (1.22), with C; encoding the evolution operator U (t, ()
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Cy

C_

Figure 1.1: Closed Time Path contour for in-in expectation values. The forward
branch C, runs from ¢y to ¢, while the backward branch C_ returns from ¢ to ¢y. The
small vertical displacement ¢ ensures a well-defined contour ordering at coincident
times.

and C_ encoding its adjoint UT(¢,ty). Contour ordering along C reproduces
the operator ordering inherent in real-time expectation values and allows both
evolutions to be treated within a single, unified framework [32-34].

C=CrUC_, Cq ity — +00, C_ : 400 —ty. (1.23)

Fields and sources are defined on C and ordered by a contour-ordering operator
T¢. The central object is the contour-ordered correlator

Ge(z,y) = (Te ()9 (y))
—Tr [p(t@ Te{ 6(w)6(y) exp| i /c a1 (2)] }] L (24)

where H is the interaction Hamiltonian density [32,33].

Doubling of fields and the (2 x 2) structure

Because the contour has two branches, each field is duplicated,

d(z) — (o4+(2), o—(x)), (1.25)

with ¢ living on C4+ and ¢_ on C_. Consequently, the contour-ordered two-
point function can be represented as a 2 X 2 matrix,

Gab(xay) =—1 <TC ¢a(x)¢b(y)>7 CL?b S {+7 _}7 (1.26)

whose components correspond to time-ordered, anti-time-ordered, and Wight-
man correlators [39, 54, 67].
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Unitarity constraint and normalization

A key consistency requirement of the CTP formalism is the preservation of
unitarity. When the sources on the two branches are set equal, the forward
evolution along C4 is exactly undone by the backward evolution along C_,
implying the normalization condition

Z[Jy =J.] =1, (1.27)

provided Tr p(t9) = 1. This identity is the functional counterpart of
U (to, +00) U(+00,t9) = 1 and ensures that the doubling of fields does not
introduce spurious physical degrees of freedom [34, 54].

Causality: retarded response from the closed contour

One of the principal advantages of the CTP construction is that causal (re-
tarded) response functions arise naturally. Coupling the theory to an external
classical source J(x) via

AS = / d*z J(x) ¢(x), (1.28)

and introducing independent sources (.J, J_) on the two branches, the expec-
tation value of the field is obtained as

1énZ[Jy, J-]
()=~ ——FF7" . (1.29)
(o(2))s = - 5T(1)  |yey
The linear response to a small perturbation ./ is then
S(0() = [ d'y Gale.v) 3710), (1.30

where the retarded Green’s function is given by
Grlz,y) = 0(z° = °) ([o(x), 6(v)]) = GTF (z,y) — G*(z,y). (1.3D)
Equation (1.31) immediately implies
Gr(z,y) =0 for 20 < ¢°, (1.32)

so that the response at x depends only on sources applied at earlier times [34,
53,54].
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The dependence on a thermal or more general medium is encoded in the
initial density matrix p(t¢). For an equilibrium state at temperature 7,

e PH

so that contour-ordered correlators inherit the statistical information of the
medium [34,58,59].

Summary. The CTP formalism reformulates real-time quantum field the-
ory as an initial-value problem on a closed time contour. The doubling of fields
and sources follows directly from the trace structure of expectation values and
preserves unitarity via Eq. (1.27). Most importantly, causal response functions
arise directly from the contour structure, as illustrated by Eqgs. (1.31)—(1.32).
In the next subsection, we introduce the CTP generating functional and define
the various real-time Green’s functions used throughout the analysis of particle
production during reheating and the resulting dark matter abundance.

1.4 From the Breakdown of the Gell-Mann-Low
Theorem to the CTP Formulation

The discussion in the previous chapter highlighted that the Gell-Mann-Low
(GML) theorem is not well suited as a starting point for quantum field theory in
genuinely non-equilibrium and time-dependent settings. This limitation is not
merely technical, but is tied to its formulation in terms of vacuum correlators
and asymptotic time evolution. In this subsection, we outline how the Closed
Time Path (CTP) formulation addresses these issues by reformulating quantum
field theory directly in terms of finite-time expectation values.

A first issue concerns the absence of an interacting vacuum, the GML the-
orem assumes the existence of a unique interacting vacuum state |Q2) adia-
batically connected to the free vacuum. In cosmological and non-equilibrium
systems, where the Hamiltonian is explicitly time dependent and energy is not
conserved, such a state does not exist. As a result, vacuum correlators are ill
defined and the adiabatic limit underlying the GML construction fails [34,54].

The CTP formalism abandons the notion of an interacting vacuum alto-
gether. Instead, the theory is specified by a density matrix p(to) at a finite
initial time, and all observables are defined as expectation values of the form

(O(t)) = Tr|p(to) UT(t, t0) O (t) U(t, to)] (1.34)
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which remain well defined even in the absence of any stationary ground state.
The second related aspect is the role of the vacuum persistence amplitude,
the central ingredient of the GML theorem is the vacuum persistence amplitude

which appears in the normalization of vacuum correlators. In non-equilibrium
systems, continuous particle production or energy transfer generically drives
| Z0|?> — 0, rendering this normalization ill defined [34].

In the CTP formulation, normalization is enforced instead by unitarity of
real-time evolution. The closed contour structure guarantees that forward and
backward evolution exactly cancel when no operator insertions are present,
leading to the condition

ZlJy =J_] =1, (1.36)

provided Trp(tg) = 1. Thus, unitarity is preserved without reference to
vacuum-to-vacuum amplitudes.

Another important point concerns causality. The GML theorem organizes
perturbation theory in terms of time-ordered (Feynman) correlators. While
suitable for scattering amplitudes, these correlators are not causal response
functions and do not directly yield causal equations of motion in real time. As
discussed earlier, this leads to acausal kernels when in-out effective actions are
varied [53].

In contrast, the CTP formalism naturally separates different real-time cor-
relators. Retarded response functions emerge as specific linear combinations
of contour-ordered propagators, e.g.

Gr(z,y) = G (2,y) = G (2,9) = 0(z” — y°) {[¢(2), &(»)]), (1.37)

ensuring manifest causality. This structural distinction between time order-
ing and response is absent in the GML framework but is built into the CTP
formulation from the outset.

A further limitation is associated with secular growth and memory effects.
Perturbative expansions based on the GML theorem generically develop secu-
lar terms in non-equilibrium backgrounds, reflecting the breakdown of an ex-
pansion around a stationary vacuum state. Such terms signal long-time mem-
ory effects and the failure of vacuum-based perturbation theory [68].

The CTP formalism does not assume relaxation toward a vacuum and in-
stead treats time evolution as an initial-value problem. As a result, memory



1.5. Generating functional and one-particle
irreducible effective action 21

kernels and non-Markovian effects arise naturally in the equations of motion
derived from the CTP effective action, without leading to inconsistencies or
secular divergences.

Summary and perspective

The breakdown of the Gell-Mann-Low theorem thus points to a deeper require-
ment: quantum field theory must be formulated directly in terms of real-time
evolution from a finite initial state. The Closed Time Path formalism pro-
vides precisely such a reformulation. By replacing vacuum correlators with
contour-ordered expectation values, vacuum normalization with unitarity on a
closed contour, and time-ordered amplitudes with causal response functions,
the CTP framework resolves the conceptual obstructions identified in the pre-
vious chapter.

In the next subsection, we introduce the generating functional on the closed
time path and develop the practical machinery needed to compute real-time
Green’s functions and effective equations of motion.

1.5 Generating functional and one-particle
irreducible effective action

Having established the closed time contour and the associated doubling of
fields, we now introduce the generating functional of the Closed Time Path
(CTP) formalism. This object provides a unified framework for computing
real-time expectation values and correlation functions in the presence of a gen-
eral initial density matrix, without reference to asymptotic in- and out-states.

CTP generating functional

Consider a quantum field theory specified at an initial time ¢y by a density
matrix p(to). Introducing independent external sources .J (x) and J_ (x) cou-
pled to the fields on the forward and backward branches of the contour, the
CTP generating functional is defined as

Z[J4,J_] = Tr [UJ+(+oo, to) plto) U (+00,t0)],  (1.38)
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where

+00
Uy, (400,t9) = T exp [—z/ dt/d3x (Hj(ac) — Ji(a:)tb(x))}

° (1.39)
Here, 7 denotes time ordering along the corresponding branch of the closed
time contour. The fields appearing in Uy, and U}_ are independent copies
of the same Heisenberg operator, associated with the forward and backward
branches of the contour. All real-time expectation values and correlation func-

tions follow from functional differentiation with respect to the sources.
A key property of the CTP generating functional follows from unitarity of
time evolution. When the sources on the two branches are set equal, J4(z) =

J_(z), one finds

Z[J,J] = Tr p(to) = 1, (1.40)

provided the density matrix is properly normalized. This identity ensures can-
cellation of disconnected vacuum diagrams and guarantees that expectation
values are properly normalized, in contrast to the in—out formalism where vac-
uum persistence amplitudes appear explicitly [34,69].

Beyond generating correlation functions, the CTP formalism admits a natu-
ral generalization of the one-particle-irreducible (1PI) effective action [34,70].
Defining the generating functional of connected diagrams as

W[y, J_| = —iln Z[Jo, J_], (1.41)

the classical fields on the contour are introduced as

ow

da(z) = m, ac{+,—} (1.42)

The CTP effective action is then defined by the Legendre transform

Diow, o) = W)= Y [dadu@one). (43

a==+

The two fields ¢ and ¢_ are treated as independent variables in the Legendre
transform; physical observables are obtained only after imposing the physical

limit ¢4 (z) = ¢_(x).

Functional variation of I' yields the exact real-time equations of motion,
or

dpa ()

=0, (1.44)
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which, when evaluated in the physical limit ¢4 (x) = ¢_(z), are causal by
construction and valid for arbitrary initial density matrices [34].

The second functional derivatives of the CTP effective action define the
exact inverse propagators,

5T
5¢a(l’)5¢b(y)

which form a 2 x 2 matrix in contour space reflecting the doubling of fields on
the closed time path. From these relations, Dyson equations on the closed time
path follow. The self-energy I1%°(x, y) is identified as the interaction-induced
part of the inverse propagator,

=[Gz, y), (1.45)

[G71)" = [6y1]™ — e, (1.46)

where GG denotes the free propagator determined by the initial density matrix
(vacuum or thermal), whose explicit form will be given in Sec. 2.6. In this
sense, the self-energy encodes the effect of interactions on real-time propa-
gation and provides the link between microscopic dynamics and macroscopic
phenomena such as dissipation and particle production [34,70].

This effective-action viewpoint provides the formal foundation for the Dyson
and Kadanoff-Baym equations introduced in the following sections. In the next
section, we make this structure explicit by introducing real-time Green’s func-
tions and their physical combinations.

1.6 Real-Time Green’s Functions and Physical
Observables

The doubling of fields in the Closed Time Path (CTP) formalism implies that
real-time two-point functions naturally acquire a 2 x 2 matrix structure in con-
tour space. This matrix structure encodes both the causal and statistical prop-
erties of quantum fields and provides the natural language for describing finite-
temperature and non-equilibrium dynamics [34, 46, 54,67]. In this subsection,
we introduce the corresponding set of CTP propagators.

The basic CTP propagators for a real scalar field ¢ are defined as

Aab(x7y) =i <TC <ba(ac)<bb(y)>, a, be {+7 _}7 (1.47)
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where T denotes ordering along the closed time contour. Explicitly, one has

AT (z,y) = =i (T ¢(x)9(y)), (1.48)
A~ (z,y) = =i (T ¢(x)$(y)), (1.49)
AT (z,y) = =i (o(y)o(x)) = A (x,y), (1.50)
AT (z,y) = =i (p(x)o(y)) = A~ (2,y), (1.51)

where 7" and T denote time and anti-time ordering, respectively.
The time-ordered and anti-time-ordered propagators can be expressed in
terms of the lesser and greater functions,

AT (2,y) = 0(2° — y°) A (z,y) + 0(y° — 2°) A% (2, ), (1.52)
A7 (z,y) = 0(y° — 2°)A” (z,y) + 0(z° — y°) A< (z,y). (1.53)

It is often convenient to introduce the spectral and statistical functions,

p(w,y) :i(A>(IE,y)—A<(£L’,y)), (154)
F(z,y) = %(A>(x,y) + A<(:v,y)), (1.55)

together with the retarded and advanced propagators,

Az, y) = —i0(z° — ) ([o(x), o(v)]), (1.56)
Az, y) = +i 0y — 2°)([p(2), d(¥)]). (1.57)

The spectral function encodes the causal response of the system, while the
statistical propagator contains information about occupation numbers and cor-
relations.

For a thermal state at temperature 7', the free scalar propagators in momen-
tum space take the form

i

) 2 2
AT = 5 = + 27 fp([pol) 6(p” — m5y), (1.58)
A (p) = ——5——5—— + 27 f5(|pol) 6(p* — m3), (1.59)

pr—my — 1
A*(p) = 2w fB(Ipol) 6(p* — m3), (1.60)
AF(p) =27 [1+ fa(lpol)] 6(p* — m3), (1.61)
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where

1

fB(w) = o 1 (1.62)

is the Bose—Einstein distribution.

Free fermionic CTP propagators

For a Dirac fermion ¢ of mass m,, the free lesser and greater propagators are

S (p) = =27 (p + my) [1 = fr(lpol)] 6(p° — m3), (1.63)
S5 (p) = +2mi (p + my) fr(Ipol) 5(p* — m3), (1.64)

where fr(w) = (e + 1)~! is the Fermi-Dirac distribution.
The corresponding time-ordered and anti-time-ordered propagators read

i(p +my)

Sy ) = m =27 (p+ my) fr(Ipol) 6(p° —m3),  (1.65)

Sy~ (p) = —M — 27 (P + my) fr|pol) 6(p° —m3,), (1.66)
pr—my, —

S}~ (p) = =27 (p+ my) fr(Ipol) 6(p° —m3), (1.67)

S, (p) = =27 (p+my) [1 = fr(lpol)] 6(p* — m}). (1.68)

For fermions, the overall structure mirrors the bosonic case, with Pauli block-
ing and relative minus signs dictated by anticommutation relations.

Interpretation. The CTP propagator structure provides a clean separa-
tion between vacuum dynamics and medium effects. While A™*/S** and
A~™7/S7~ combine both contributions, the physically transparent building
blocks are the retarded and advanced propagators, which encode causal re-
sponse, and the lesser and greater propagators, which encode the statistical
state of the system. This separation is essential for identifying dissipation and
particle production in real-time dynamics.

1.7 Dyson equations and self-energies on the
closed time path

The real-time Green’s functions introduced in the previous subsection encode
the kinematic and statistical properties of quantum fields in a non-equilibrium
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setting. To relate these quantities to microscopic interactions, one must in-
troduce self-energies and establish the corresponding Dyson equations on the
closed time path. This subsection presents these structures in a general form,
emphasizing their causal content and physical interpretation [32-34, 54].

On the closed time path C, the full two-point function satisfies a Dyson—
Schwinger equation of the form

Az,y) = Ao(x,y)+/d4z/d4z' Ao(z,2) (2, 2" ) A(Z,y), (1.69)
C C

where Ay is the free contour-ordered propagator and II denotes the contour
self-energy, defined as the sum of one-particle-irreducible (1PI) two-point dia-
grams on the contour. Equivalently, the self-energy may be identified with the
second functional derivative of the CTP effective action introduced in Sec. 2.5.
The integrals are taken along the closed time path, and all products are under-
stood as contour-ordered convolutions.

Equation (1.69) is formally identical to the Dyson equation in equilibrium
field theory, but its interpretation is fundamentally different: it governs real-
time evolution with general initial conditions and incorporates memory effects
through the nonlocal structure of the self-energy [34,71].

As a consequence of the contour formulation, the self-energy inherits the
same 2 X 2 matrix structure as the propagator,

Hab(w7y)a avb S {+7_}7 (170)

with components IIT", II-—, II"~, and II~ " corresponding to different op-
erator orderings on the contour, in direct analogy with the propagators defined
in Sec. 1.6 [33,34,54].

It is convenient to introduce the lesser and greater self-energies,

O<(z,y) = 1" (z,y), I~ (z,y) =11~ (z,y), (1.71)
as well as the retarded and advanced combinations,

(2, y) = T (2,9) -1 (2,y),  Tx,y) =T (2,9) -1 (2, ).
(1.72)
These combinations ensure that II">4 vanish outside the causal domain.
Projecting the contour Dyson equation (1.69) onto physical components
yields a hierarchy of coupled equations. Of particular importance are the equa-
tions for the retarded propagator and for the lesser Green’s function.
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The retarded propagator satisfies

AB(z,y) = Aéz(:p,y) + /d4z/d4z’ AOR(CC, 2) IR (z,2') AR(Z ),
(1.73)
which is manifestly causal: all time integrals involve only past times due to
the retarded structure of A(If and I17 [34,53]. The imaginary part of II% gov-
erns damping, relaxation, and dissipation, while its real part induces medium-
dependent mass and dispersion corrections.
The lesser propagator obeys a Kadanoff-Baym-type equation

AT = ABAIT<AA + (1 + ABATT) % A+ (1 + TTA%AY),  (1.74)

where x denotes convolution in spacetime. This equation makes explicit that
A< is sourced both by the lesser self-energy II<, encoding microscopic gain
and loss processes, and by the initial statistical correlations contained in A§
[70-72]. Equation (1.74) is fully nonlocal in time and exact; kinetic or Boltz-
mann equations emerge only after further approximations, discussed below.

Physical interpretation

The decomposition of the Dyson equations highlights the distinct roles played
by different self-energy components:

* The retarded self-energy IT? controls the causal response of the system
and determines dissipation rates, relaxation times, and effective masses.

e The lesser and greater self-energies II<'~ encode microscopic gain and
loss processes, such as particle production, absorption, and scattering in
a medium.

In equilibrium, these quantities are related by fluctuation—dissipation relations.
Out of equilibrium, however, IT< and IT~ are independent functions that carry
detailed information about the processes driving the system away from equi-
librium [34, 54].

Connection to later applications

In subsequent sections, explicit expressions for the self-energies IT%<> will
be computed for interaction Lagrangians relevant to reheating and dark matter
production. In this context, the imaginary part of IT* will be directly related
to dissipation rates, while IT< will determine particle production and collision
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terms. The general structure established here therefore provides the link be-
tween microscopic quantum dynamics and macroscopic observables.

Finally, the Dyson equations on the closed time path naturally lead to evolu-
tion equations for the spectral and statistical functions, known as the Kadanoff-
Baym equations. These will be introduced in the next subsection, where their
role in describing memory effects and the emergence of kinetic descriptions
will be discussed [70, 72].

1.8 Kadanoff-Baym equations and memory ef-
fects

The Dyson equations on the closed time path can be reformulated as coupled
evolution equations for the spectral and statistical propagators introduced in
Sec. 1.6. These equations, known as the Kadanoff-Baym (KB) equations, pro-
vide a causal and non-perturbative description of real-time quantum dynamics
and make explicit the role of memory effects and non-Markovian behavior in
non-equilibrium systems [34,70-72].

Starting from the Dyson equations for A4 and A<, and expressing all
quantities in terms of the spectral function p and the statistical propagator F',
one obtains two coupled integro-differential equations of motion. For a scalar
field, these may be written schematically as

0

[Oo +m2)olry) = [t 10,2) ol (175)
yO
[0, +m?] F(z,y) = / 2 (2, 2) P(e.y) / L T (2, 2) plz, ),
to to
(1.76)

where the spectral and statistical self-energies are defined as
I° =4(I1” - 0~), 10F =11 +17). (1.77)

These equations are exact and manifestly causal: the integration limits ensure
that the evolution at time 2" depends only on earlier times [34,70,71].

A key feature of the Kadanoff-Baym equations is the presence of mem-
ory integrals over the full history of the system since the initial time ¢o. Un-



1.8. Kadanoff-Baym equations and memory effects 29

like local equations of motion, the evolution of F'(x,y) and p(x,y) depends
on their values at all intermediate times through convolution with the self-
energies. This nonlocality reflects the persistence of correlations generated by
interactions in quantum field theory. In non-equilibrium settings, such mem-
ory effects can become important when interaction rates are comparable to the
timescale of the macroscopic evolution [34,70].

When treated perturbatively, the memory integrals can generate secular
terms that grow with time, typically as powers of (t — tp). Such behavior
signals a breakdown of naive perturbation theory and indicates that the sys-
tem retains sensitivity to its initial conditions over long timescales [60, 70].
Physically, these terms arise from repeated scattering and decay processes that
are not resummed at fixed perturbative order. The CTP framework makes this
structure explicit and provides a systematic starting point for controlled resum-
mations or for deriving effective descriptions in appropriate limits.

In situations where a separation of scales exists between microscopic inter-
action times and macroscopic evolution times, the Kadanoff-Baym equations
can be simplified. After performing a Wigner transformation and a gradient
expansion, and assuming a quasiparticle form for the spectral function, one
obtains effective kinetic equations of Boltzmann type [70-72]. Schematically,
the evolution of a phase-space distribution function f(k,¢) takes the form

O f(k,t) ~ II%(k,t) — 117 (k, 1), (1.78)

where the lesser and greater self-energies act as gain and loss terms, respec-
tively. The validity of this reduction relies on assumptions such as the existence
of quasiparticles and a clear separation of scales, which will be specified more
precisely in later applications.

The Kadanoff-Baym equations therefore provide a general framework that
connects microscopic quantum dynamics to effective descriptions. Even when
not solved explicitly, their structure clarifies the origin of dissipation, the role
of memory and initial conditions, and the regime of validity of kinetic ap-
proaches. In this work, they serve as the conceptual bridge between the CTP
formulation and the effective descriptions used in the analysis of reheating and
dark matter production.
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Outlook. In the next subsection, we discuss how physical processes such
as decays, scatterings, and Landau damping are encoded in the self-energies
[T~ through cutting rules in a medium, providing a direct connection be-
tween CTP diagrams and particle production mechanisms [34, 54].

1.9 Cutting rules in a medium and physical pro-
cesses

The lesser and greater self-energies introduced in the previous sections encode
the microscopic processes responsible for dissipation, particle production, and
equilibration in non-equilibrium quantum field theory. In this section, we clar-
ify their physical interpretation by discussing cutting rules in a medium and
their relation to decay, scattering, and absorption processes. This provides a
direct link between CTP self-energies and the effective kinetic descriptions
employed in later chapters [32-34, 54].

In the CTP formalism, the lesser and greater self-energies,
I=(z,y), T (z,y), (1.79)

play a role analogous to collision kernels in kinetic theory. When inserted
into the Kadanoff-Baym equations, they act as source and sink terms for the
statistical propagator and, in suitable limits, for phase-space distribution func-
tions [70-72]. In particular, after a Wigner transformation and under quasi-
particle assumptions, the evolution of an occupation number f(k,¢) takes the
schematic form

O f(k,t) ~ TI=(k,t) — 117 (k, ), (1.80)

where IT< describes gain processes (particle production or emission into the
mode), while II~ describes loss processes (decay, absorption, or scattering
out of the mode). This identification follows directly from the CTP structure,
while its interpretation in terms of phase-space distributions relies on addi-
tional quasiparticle and gradient-expansion assumptions [34, 54].

Diagrammatically, IT< and II~ are obtained by applying cutting rules to
self-energy diagrams, generalizing the Cutkosky rules of vacuum field theory
to real-time, finite-density environments [34,73,74]. In contrast to the vacuum
case, cuts in a medium do not correspond solely to on-shell particle production,
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but also account for absorption and stimulated processes due to the presence
of background occupation numbers. Operationally, the CTP cutting prescrip-
tion amounts to assigning propagators on opposite sides of the cut to A< or
A~, summing over all allowed cuts consistent with the contour structure, and
including statistical factors associated with the medium. As a result, a given
diagram generally contributes to both IT< and II~, corresponding to inverse
processes related by crossing and, in equilibrium, by detailed balance [54,74].

The physical content of these cutting rules can be illustrated with simple
interaction topologies. For instance, in a theory with trilinear interactions, the
same self-energy diagram may describe spontaneous decay in vacuum, inverse
decay in a populated medium, or scattering processes involving bath excita-
tions. Within the CTP formulation, these processes are not treated separately
but are encoded in a unified manner in the same self-energy. Their relative im-
portance is determined by kinematics and by the statistical factors appearing
in the Wightman propagators, which incorporate Bose enhancement or Pauli
blocking effects [34, 59].

A characteristic feature of cutting rules in a medium is the emergence of
processes with no vacuum analogue, such as Landau damping. These arise
from cuts involving space-like momentum exchange, which can place internal
lines on shell due to the presence of a thermal distribution, even when on-shell
decays are kinematically forbidden in vacuum [34, 59, 60]. In this way, the
medium opens additional channels for energy transfer and dissipation that are
absent at zero temperature.

The cutting interpretation is closely related to the analytic structure of the
retarded self-energy. Defining the spectral self-energy

I1°(z,y) = i(II7 (z,y) — I~ (z,y)), (1.81)

one finds that it determines the imaginary part of II® in momentum space
and hence the damping rate of quasiparticle excitations. While II< and I~
separately encode gain and loss processes, their difference controls dissipation
through Im I17? [34,54]. In equilibrium, these quantities are related by detailed
balance, whereas out of equilibrium they remain independent, reflecting the
absence of local balance between production and absorption processes.

Taken together, the CTP cutting rules provide a unified and physically trans-
parent interpretation of self-energies in non-equilibrium quantum field theory.
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They allow loop-level calculations to be directly mapped onto physical pro-
cesses such as decays, inverse decays, scatterings, and medium-induced ef-
fects. This connection forms the basis for extracting particle production rates
and dissipative coefficients from first-principles quantum field theory.

1.10 Summary and Outlook

In this chapter, we developed a real-time, non-equilibrium formulation of quan-
tum field theory based on the Closed Time Path (CTP) formalism. Starting
from the limitations of the in—out and Euclidean approaches, as well as the
breakdown of the Gell-Mann-Low construction in time-dependent and open
systems, we motivated the need for a framework capable of describing finite-
time expectation values, causal response, and dissipative dynamics. The CTP
contour, together with the doubling of fields and sources, provides such a for-
mulation and ensures unitarity and causality at the level of real-time correlation
functions, without relying on equilibrium assumptions or analytic continua-
tion.

We introduced the CTP generating functional, the associated 2 X 2 ma-
trix structure of Green’s functions, and their physically relevant combinations.
Dyson equations and self-energies on the closed time path were shown to en-
code dissipation, particle production, and memory effects in a unified man-
ner, with the self-energies providing the link between microscopic interactions
and macroscopic evolution. Reformulating these equations in terms of spec-
tral and statistical propagators led naturally to the Kadanoff-Baym equations,
which make explicit the non-Markovian character of quantum evolution and
clarify the emergence of kinetic descriptions in suitable limits. Finally, we dis-
cussed how cutting rules in a medium provide a direct physical interpretation
of the lesser and greater self-energies in terms of microscopic gain and loss
processes.

The formalism developed in this chapter provides the theoretical foundation
for the applications discussed in the remainder of this thesis. In the following
chapters, we apply the CTP framework to concrete cosmological settings in
which time-dependent and non-equilibrium effects play a central role. In par-
ticular, we will use this formalism to compute dissipation rates from first prin-
ciples, analyze particle production processes in a thermal medium, and study
the resulting abundance evolution in dark matter freeze-in scenarios. These
applications illustrate how the general non-equilibrium structures introduced
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here translate into quantitative predictions for physically measurable quanti-
ties in the early Universe.






Chapter

Inflation and Reheating
Kinematics

The dynamics of reheating are governed by the transfer of energy from the
inflaton field to other degrees of freedom, leading to the formation of a ther-
mal plasma in the early Universe [56,75]. At a microscopic level, this pro-
cess is controlled by the interaction of the inflaton with a surrounding medium
and is therefore intrinsically a non-equilibrium phenomenon. A consistent de-
scription of these dynamics requires a real-time quantum field-theoretic frame-
work capable of capturing particle production, dissipation, and medium ef-
fects [34,54].

A quantitative understanding of reheating relies on identifying the kine-
matic quantities that characterize particle propagation and interactions in a
thermal environment. In this context, spectral functions and self-energies pro-
vide a unified framework to describe quasiparticle properties, decay rates, and
interaction processes in a medium [58, 76]. In particular, the retarded self-
energy encodes both dispersive effects, through its real part, and dissipative
dynamics, through its imaginary part, which determines relaxation and parti-
cle production rates [5, 34].

Recent work has further clarified the role of thermal corrections and non-
equilibrium effects in reheating and particle production, particularly in the con-
text of dark matter generation and its sensitivity to the thermal history of the
Universe [57,77]. These developments highlight the importance of combining
first-principles quantum field theory with cosmological dynamics in order to
obtain reliable predictions.

In this chapter, we introduce the kinematic framework underlying the analy-
sis of reheating and particle production in a thermal bath. We begin by defining
spectral functions and self-energies within the Closed Time Path formalism
and discuss their physical interpretation in terms of quasiparticle excitations
and interaction rates. These concepts provide the basis for the computation
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of decay rates, dissipation coefficients, and particle production processes that
will be carried out in the following sections.

2.1 Spectral Functions and Self-Energies

We consider inflationary scenarios in which the inflaton field ¢ interacts
weakly with additional degrees of freedom forming a thermal bath. In this
work, we focus on interactions that are linear in the inflaton field, which in an
effective field theory description can be written as

Lins = ¢ O[xil, 2.1

where O|x;] denotes a composite operator constructed from the bath fields x;.
Such a structure arises naturally in many models, for instance after integrating
out heavy mediator fields or in portal-type interactions between the inflaton and
the thermal sector. Depending on the microscopic particle physics realization
of the bath, the operator O[y;] may contain products of scalar fields, fermion
bilinears, or gauge-invariant combinations of gauge fields.

Throughout this work we assume that the inflaton self-interactions are neg-
ligible compared to the interactions with the bath, and that the inflaton—bath
coupling is sufficiently weak to justify a perturbative treatment. Under these
assumptions, the dissipation of the inflaton energy into the thermal plasma can
be studied systematically using finite-temperature field theory.

Within the Closed Time Path (CTP) formalism developed in Chapter 2, the
inflaton self-energy can be expressed entirely in terms of correlation functions
of the bath operator . For the linear interaction Ly, = ¢ O, the leading-
order contribution to the inflaton self-energy is determined by the two-point
correlator of O. The greater and lesser self-energies are given by

07 (21, 12) = (O(x1)O(x2)), < (21, 12) = (O(22)O(x1)), (2.2)
where expectation values are defined with respect to the density matrix p,
(Ay =Tr(pA). (2.3)
A useful quantity is the spectral self-energy, defined as

I (21, x9) = 117 (21, x9) — IT™ (21, 72), (2.4)
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which determines the retarded self-energy according to
HR(xl,xg) = 9(t1 —tg) H_(wl,l‘z). (25)

As discussed in Chapter 2, the spectral combination II™ governs dissipative
effects and relaxation processes, while the symmetric combination IT~ + II<
encodes dispersive corrections to the inflaton propagation [34, 54].

Following the strategy adopted in Ref. [44], we restrict attention to the
regime in which the bath fields remain in thermal equilibrium. In this case,
translational invariance implies that the self-energies depend only on the rela-
tive coordinate x1 — x5. We therefore introduce the Fourier transform

I, (w) = /d4($1 — @) et mia AT~ (1) — ). (2.6)

In this framework, thermal masses and widths of the bath fields are incorpo-
rated perturbatively [44].
The inflaton spectral function is defined through the commutator

A7 (1, x9) = il[p(21), ¢(22)]), 2.7
with the corresponding spectral density
pq(w) = —i/d4(m1 — ) ehit) A (ximx) A= () ). (2.8)
A convenient representation of the spectral density, obtained from the retarded
self-energy, is given by [44]

—2Im I (w) + 2we
palw) = ——————————— 9 R ;. Q9)
(w? —q?—m? — ReIl§ ()" + (Iqu (w) + we)

where € — 0T implements the causal prescription.

The properties of excitations in the thermal medium are encoded in the an-
alytic structure of the spectral density pq(w) in the complex w plane. In partic-
ular, poles of pq(w) correspond to propagating quasiparticle modes. Denoting
such a pole by Qq, we define the quasiparticle energy and width as

Qq=ReQq, Tq=2ImQq (2.10)

Both quantities inherit a temperature dependence through the retarded self-
energy 115 (w).
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For weak interactions, the imaginary part of the pole position is much
smaller than its real part,

[y < Q, 2.11)

so that the spectral density exhibits narrow peaks around the quasiparticle
energies w ~ +()q. These peaks admit a quasiparticle interpretation, cor-
responding to screened single-particle excitations or collective modes of the
plasma [38,78]. In the zero-temperature limit, the screened excitation contin-
uously approaches the vacuum dispersion relation Qg — 1/q? + m?2.

In this regime, the quasiparticle dispersion relation is determined predom-
inantly by the real part of the retarded self-energy through the on-shell condi-
tion

w? — q%> —m? —Re HqR(w) =0, (2.12)

while the imaginary part Im Hg‘(w) controls the thermal width of the excita-
tion [5]. In general, {14 exhibits a nontrivial momentum dependence; only in
special cases can it be parameterized in terms of a momentum-independent
thermal mass [76].

Near the quasiparticle pole, the dominant contribution to the spectral den-
sity admits a Breit-Wigner type approximation,

2Zqwlq
(W2 =027+ (Ta)?

+ peont(w), (2.13)

Pa" (W) = a

where pflont (w) denotes the continuum contribution associated with multi-particle

states and medium-induced processes [76]. The residue is given by

1 9 N

w=0q

This formulation provides the basis for computing inflaton decay rates and
dissipative coefficients under different approximations to the bath spectral den-
sity, which will be explored in the following sections.

Using the relation between the spectral and retarded self-energies,

I, (w) = 2i Im T (w), (2.15)

the thermal width of the inflaton excitation can be written as

L (). (2.16)

quzqﬂ q
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For the inflaton field ¢, the residue may be set to Zq ~ 1 due to the small-
ness of the inflaton coupling. For the bath scalar fields x;, however, this factor
must in general be retained. The quantity I'y represents the total relaxation
(or damping) rate of the inflaton mode with momentum q [44]. When the oc-
cupation number of this mode lies below its equilibrium value, I'q plays the
role of a particle production rate, whereas for overoccupied modes it describes
dissipative energy loss, as is relevant during reheating.

More generally, the total rate can be decomposed into gain and loss contri-
butions,

Iy = Fg — F;, 2.17)
with

1

IR -
204

QA

= Zq 115 (Qq), (2.18)
where I'< and I'~ encode microscopic gain and loss processes, respectively
[34,54]. The relaxation rate of the coherent inflaton zero mode corresponds to
I' =T'g=0.

Owing to the very weak inflaton coupling assumed throughout this work,
thermal corrections to the inflaton dispersion relation are negligible. As a re-
sult, only a single type of inflaton quasiparticle is relevant, with dispersion
relation

Qq ~ V2 +m2, (2.19)

while medium-induced corrections to the thermal width I'q remain important.

In the models discussed in the following sections, the inflaton couples to
additional scalar fields x;. The spectral densities for these fields are defined in
complete analogy to the inflaton case. For scalars, one has

Px:(Po, P) = /d4(x1 _ g) eiPolti—t2)=ip(x1—x2)
X ((al@)xi(e2)) = Cule)xi(@a), (2.20)

where the expectation values are taken with respect to the thermal density ma-
trix.

The corresponding scalar self-energies Hi are defined in complete analogy
to the inflaton case, but include all interaction channels present in the bath. In
weakly coupled scalar theories at high temperature, transport phenomena are
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typically dominated by a single quasiparticle excitation [8], which justifies the

use of a one-pole approximation for the scalar spectral density,
2Z Xi sz‘ FXi

p(2) - Q?(z)2 + (pOFXi)2 ‘

pole
Pxi

(po,p) = ( (2.21)

Here, €}, = Re sz- and I'y, = 2Im sz- denote the quasiparticle energy
and thermal width for y; excitations with spatial momentum p. In the simplest
case, the dispersion relation can be parameterized as

Qy, ~\/p?+ MA(T), (2.22)

with momentum-independent thermal masses M;(T").

Beyond the isolated quasiparticle pole, the scalar spectral density generally
contains a broader structure associated with interactions and multi-particle pro-
cesses. In the vicinity of the pole, the dominant contribution can be written in
the Breit—Wigner form

22y, pol'y,
Pg - 9%1)2 + (pOFXi)

cont

2+pX¢

P (po,p) = ( (po, P); (2.23)
where (1, denotes the quasiparticle dispersion relation, I'y, is the thermal
width that characterizes the damping of the excitation in the medium, and
Z,, 1s the wave-function renormalization factor that measures the residue of
the pole. The Breit—Wigner structure describes a quasiparticle peak centered
around the on-shell condition p2 = Qii, whose width is controlled by I'y,.
Physically, the finite width arises from interactions with the surrounding medium,
which allow the excitation to decay or scatter and therefore limit its lifetime.

In the limit where the interactions become very weak, the width becomes
parametrically small and the quasiparticle becomes long-lived. In this zero-
width limit the Breit—Wigner peak collapses to a delta function, recovering the
familiar pole contribution

cont

Pl (po, p) = 27 Zy, sign(po) 6(p§ — Q2.) + 5" (po, P)- (2.24)

pXi

This expression explicitly separates the sharp quasiparticle pole from the re-

maining spectral weight contained in the continuum.

cont
Xi
diate states and off-shell processes. These include, for instance, scattering

The continuum contribution p originates from multi-particle interme-

states and Landau damping contributions that do not correspond to a single
well-defined quasiparticle excitation. In weakly coupled theories, however,
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X

X2

Figure 2.1: One-loop self-energy diagram for the scalar field ¢ in the trilinear interac-
tion g ¢x1 x2. The loop is formed by x (dotted line) and x» (dashed line) propagators.

the spectral weight is typically dominated by the quasiparticle pole, while the

continuum part is parametrically suppressed [76]. For this reason, many prac-

cont

tical calculations employ the quasiparticle approximation and neglect pi>™,

retaining only the pole contribution to the spectral density.

In the following section we apply the formalism developed above to a spe-
cific particle physics realization and derive the corresponding inflaton decay
and dissipation rates in a thermal plasma.

2.2 Effect of Thermal Masses on Tree Level De-
cay Rate

To investigate how thermal corrections affect inflaton dissipation during
reheating, we now apply the formalism developed in the previous subsection
to a simple particle physics model in which the inflaton decays into bosonic
degrees of freedom in a thermal plasma.

We focus on a scenario in which the interactions of the inflaton field ¢
are dominated by its coupling to two additional scalar fields x; (¢ = 1,2),
described by the Lagrangian

1 1 1 1 i
L= 5(8“@2 - §m2¢2+ > [Q(auxj)Q - gmfxf - ﬁx?
=12
— g o x1x2 + Lbath, (2.25)

where Lp.¢n denotes additional interactions responsible for thermalizing the ;
fields through couplings to other bath degrees of freedom that do not directly
interact with the inflaton.

At leading order in the coupling g, the inflaton self-energy is given by the
one-loop diagram shown in Fig. 2.1 (see also Ref. [79]). Evaluating the di-
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agram in the rest frame of the external inflaton, ¢* = (m,0), and using the
definitions introduced in the previous section for the self-energy and the full
spectral densities, the imaginary part of the retarded inflaton self-energy reads

4
My(m) = ~ig? [ 557 (1+ o) + f(m— o)

X p1(po, P) p2(m — po, —p), (2.26)

where
= 1 2.27
fB(po) = T (2.27)

is the Bose-Einstein distribution function, and p; denote the full spectral den-
sities of the x; fields.

We work in the zero-width (quasiparticle) limit, in which the x; excitations
are described by free spectral densities. Using the definition of the free spectral
function given in Eq. (2.24), the imaginary part of the retarded inflaton self-
energy can be expressed in the form

2 3

g ’p 1
I (m) = — L -
m g (m) 8 /(2#)2 wiws

X {(1+f1+f2)[5(m—w1—wg)—é(m—l—wl—i—wg)]

+ (fa— f1) [0(m — w1 +w2) — d(m + w1 — w2)] },

(2.28)

where w; = /p? + mf are the on-shell quasiparticle energies and f; =
fB(w;) denote the corresponding Bose—Einstein distribution functions.

This expression admits a clear physical interpretation. The term propor-
tional to (1 + f1 + f2) d(m — w1 — we) describes the decay of an inflaton
quantum into two bosonic excitations, ¢ — X1 + X2, including Bose enhance-
ment from the thermal population of the final states. The accompanying term
d(m 4 w1 + we) corresponds to the unphysical process in which all energies
flow into the vertex with the same sign and therefore vanishes identically, since
w; > 0 and no on-shell kinematics can satisfy this condition.

The second structure, proportional to (fo — f1), encodes scattering (Landau
damping) processes in the thermal medium, in which the inflaton exchanges
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energy with the bath through absorption and emission, ¢ + x1 < X2 and
® + x2 <> x1. These contributions are purely thermal in origin and vanish in
the vacuum limit, reflecting the fact that they arise from interactions with pre-
existing excitations in the plasma, as first emphasized in the finite-temperature
analysis of self-energies in Ref. [5]. Such thermal scattering contributions to
the imaginary part of self-energies were first systematically analyzed in the
seminal work of Weldon [5].

The imaginary part of the self-energy therefore, directly encodes the mi-
croscopic dissipation channels of the inflaton: vacuum decay, Bose-enhanced
thermal decay, and thermal scattering processes.

Including thermal mass corrections m? — Mi2 (T') in the quasiparticle dis-
persion relations, the momentum integral in Eq. (2.28) can be evaluated ana-
lytically in the zero-width limit. Specializing to the rest frame of the inflaton,
q = 0, one finds

2
I I o (m) = = 2y 07 = M7 [1+ fp(@) + fa(@)]
X [H(m—Ml—Mg)—H(Ml—m—Mg)—Q(MQ—m—Ml)},

(2.29)
where the on-shell energies are given by
2 M2 o M2 2 M2 M2
o= MMy T MEE MY ()5
2m 2m

and M; denote the thermal masses of the y; quasiparticles.

The square-root factor \/@w{ — M7 arises from the phase-space integration
and encodes the kinematic threshold for inflaton decay in the medium. The step
functions implement the kinematic constraints implied by energy—momentum
conservation and determine which physical processes contribute for a given
hierarchy of masses.

The structure of Eq. (2.29) naturally separates the decay and inverse decay

regimes. The first term,
9(777, — M1 — MQ),

corresponds to the standard decay channel ¢ — 1 + X2, which is open only if
the inflaton mass exceeds the sum of the thermal quasiparticle masses. In this
regime, the thermal factors 1+ fg (w1 )+ fB(w2) account for Bose enhancement
from the population of the final states in the plasma.
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Figure 2.2: Comparison of the normalized inflaton dissipation rate T'(T")/T'(0) as a
function of the temperature ratio 7'/m. The blue curve shows the result obtained by
Drewes and Kang [80], while the orange curve corresponds to the result derived in
this work. Thermal masses are included according to MZ(T) = m? + \,T?%/24,
with parameter choices m; = 0.2m,my = 0.4m, A\; = 0.11, and A2 = 0.2. At
high temperatures, the result presented here deviates from the earlier approximation
and exhibits a qualitatively different behavior, reflecting the improved treatment of
thermal effects.

The remaining step functions,
Q(Ml—m—Mz), H(Mg—m—Ml),

enter with opposite sign and encode the complementary kinematic regions in
which direct decay is forbidden but inverse decay processes become possible.
In these regimes, a thermal quasiparticle from the bath can participate in the
process, effectively converting a ; excitation into an inflaton and the other
species.

Whether these channels are open depends sensitively on the temperature
through the thermal masses M;(T'). As the temperature increases, the growth
of M; shifts the kinematic thresholds and can either open or close specific
dissipation channels relative to the vacuum case.

A detailed derivation of Eq. (2.29), including the treatment of the delta
functions and kinematic constraints, is presented in Appendix A. The main
steps involved in handling the delta functions and deriving the relevant kine-
matic constraints for Eq. (2.29) are presented in Appendix A.



2.2. Effect of Thermal Masses on Tree Level Decay Rate 45

In Fig. 2.2 we compare the inflaton dissipation rate obtained from Eq. (2.29)
with the result of Drewes & Kang [80], adopting exactly the same parameter
choices as in their analysis. In particular, the thermal masses are taken as

2 2 i
MA(T)=m; + =T7, (2.31)
24
with A\; = 0.01, Ay = 1, and m; = me = 10~ 3m. This ensures a direct,
like-for-like comparison between the two approaches.

At low and intermediate temperatures the two results are in good agree-
ment. In this regime, the dissipation rate is dominated by the vacuum decay
channel ¢ — x1 X2 together with moderate thermal corrections, and both treat-
ments correctly reproduce the expected enhancement from Bose statistics, and
agree on the onset of thermal effects.

A qualitative difference emerges in the high-temperature regime. While the
result of Drewes & Kang approaches a constant, the dissipation rate obtained
here exhibits a pronounced suppression at large 7. The origin of this dis-
crepancy lies in the implementation of the kinematic constraints governing the
microscopic processes that contribute to the imaginary part of the self-energy.

In the analysis of Drewes & Kang, the dissipation rate is controlled by step
functions proportional to

H(W—Ml —Mg), 9(—w—M1—|—M2),

which encode the decay process ¢ — x1X2 and the inverse decay process
X2 — ¢X1, respectively. However, the complementary kinematic constraint

O(M; —w — My),

corresponding to the inverse process x1 — ¢xa2, is not included.

In the present work all kinematically allowed channels are treated on equal
footing. Although the additional inverse channel contributes only in restricted
regions of parameter space, its inclusion modifies the behavior in the high-
temperature regime. As the temperature increases, the thermal masses grow
as Mf ~ A\;T?, and the relevant on-shell energies entering the inverse decay
conditions shift accordingly. This modifies the high-temperature scaling of the
dissipation rate.
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The suppression observed in Fig. 2.2 reflects this altered kinematic struc-
ture. A detailed analysis of the large-temperature scaling and its physical ori-
gin will be presented in the following subsection.

To further elucidate the role of these kinematic effects and their dependence
on the thermal mass hierarchy, we now extend the analysis to a broader scan
over the coupling Aa.

Figure 2.3 shows the inflaton dissipation rate for several values of the cou-
pling Ao, while keeping all other parameters fixed to m; = 0.2m, mgo =
0.9m, and A\; = 1073. In this comparison only the thermal mass of Y3 is
varied, whereas x1 is kept parametrically lighter throughout. This choice is
deliberate and is motivated by the structure of the kinematic constraints en-
tering the dissipation rate in the analysis of Drewes & Kang, allowing for a
meaningful comparison in the regime where inverse decay processes are ex-
pected to contribute.

Asin Fig. 2.2, both calculations agree at low and intermediate temperatures.
In this regime the dissipation rate is dominated by the vacuum decay channel
together with moderate thermal corrections, and its dependence on Ay is mild.

The differences become pronounced at high temperature. In the result of
Drewes & Kang the dissipation rate generically approaches a constant value,
with only weak dependence on A,. In contrast, the result obtained in the
present work exhibits a suppression at large 7', whose onset and strength de-
pend sensitively on the value of As.

This behavior is directly tied to the temperature dependence of the thermal
mass M3(T) = m2 + \oT?/24. Varying )y changes how rapidly Ms grows
with temperature and therefore shifts the kinematic thresholds that control the
inverse decay channels. For smaller \g, the growth of My with T is slower,
and the temperature at which the inverse decay kinematics begin to probe para-
metrically large on-shell energies is correspondingly delayed. This results in a
visible shift of the suppression region toward higher temperatures.

In the present treatment all kinematically allowed inverse decay channels
are included consistently. Their contribution modifies the asymptotic temper-
ature dependence of the dissipation rate once thermal masses dominate over
the vacuum masses. By contrast, the Drewes & Kang result effectively retains
a more restricted set of kinematic constraints, which leads to a qualitatively
different high-temperature behavior.

The systematic dependence on Az visible in Fig. 2.3 highlights the central
role of thermal mass growth in shaping the asymptotic regime. A quantitative
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Figure 2.3: Comparison of the normalized inflaton dissipation rate T'(T")/T'(0) as a
function of the temperature ratio T'/m for different choices of the coupling Ao. Dashed
curves correspond to the results of Drewes & Kang, while solid curves show the results
obtained in this work. The remaining parameters are fixed to their vacuum values, with
m1 = 0.2m, mg = 0.9m, and \; = 10~3. Thermal masses are included according
to MZ(T) = m? + \;T?/24. Varying A, highlights the sensitivity of the dissipation
rate to the thermal mass of o, particularly in the high-temperature regime.

understanding of this large-temperature scaling will be developed in the next
subsection.

Figure 2.4 provides a compact summary of the differences between the dis-
sipation rate obtained in this work and that of Drewes & Kang by displaying
the ratio

Iva(T)/Tvpk (1)

for the same set of parameter choices shown in Fig. 2.3.

At low temperatures the ratio approaches unity for all values of Ao, con-
firming that both approaches agree in the vacuum-dominated regime and in
the presence of moderate thermal corrections. This agreement is consistent
with the behavior observed in the previous figures.

As the temperature increases, however, the ratio departs systematically
from unity. In particular, for sufficiently large 1" the dissipation rate obtained
in the present work becomes increasingly suppressed relative to the result of
Drewes & Kang. The onset and strength of this suppression depend sensitively
on Ag: larger values of Ao lead to an earlier departure from unity, while smaller
values delay the deviation to higher temperatures.
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Figure 2.4: Ratio of the inflaton dissipation rates obtained in this work, I'yia (7)),
to those of Drewes & Kang, I'vipk ('), as a function of the temperature ratio 7'/m,
shown for several values of the coupling A,. All other parameters are fixed to m; =
0.2m, mg = 0.9m, and \; = 1073, with thermal masses given by M?(T) = m? +
A\;T? /24. This ratio highlights the growing discrepancy between the two results in the
high-temperature regime as A, is varied.

This behavior makes explicit the trend already visible in Fig. 2.3. The dif-
ference between the two approaches is not confined to a specific parameter
choice, but instead reflects a systematic modification of the asymptotic high-
temperature behavior once all kinematically allowed inverse channels are in-
cluded consistently.

The ratio plot therefore isolates the regime in which the kinematic structure
of the self-energy becomes crucial. In the following subsection we analyze the
large-temperature scaling in detail and show how the growth of thermal masses
and the associated on-shell conditions lead to the suppression observed here.

Asymptotic High-Temperature Behavior

The ratio plot in Fig. 2.4 suggests that the dissipation rate exhibits a qualita-
tively different asymptotic scaling at large temperature. We now analyze this
regime analytically.
At high temperature, the thermal masses dominate over the vacuum masses,
Ai

MZ(T) ~ ﬂTQ, T > m;. (2.32)
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In this limit, and for the hierarchy of the parameters Ay > A1 and mo > my;
the on-shell energies entering Eq. (2.29) behave parametrically as

m? — M2+ M2 M3 M?

g = om ~ % X >\QT2, Wy ~ 2 X —)\2T2.
(2.33)
Therefore, in the high-temperature limit 7' — oo, one finds
e/ el 00, /T el 0, (2.34)
The Bose-Einstein distributions thus behave as
1 -z -
fo@2) = o ~e ©2/T , g2 (2.35)
while
_ 1
fB(@1) = 7 L (2.36)

Substituting this into Eq. (2.29), we obtain parametrically

c \2
_ i o -
Iy (m) ~ éﬂgzn e=@2/T, [02 — M2. (2.37)

Although the phase-space factor /@03 — M3 grows polynomially with 7,
this growth is overwhelmed by the exponential suppression arising from the
distribution function evaluated at s /T ~ AT > 1. Consequently,

I (m) o< e=@/T T (2.38)

which vanishes exponentially for large T'.

Physical interpretation. The origin of this suppression can be understood
in simple physical terms. At temperature 7', the bulk of the thermal popula-
tion consists of quanta with energies w ~ 7. However, the kinematics of the
present contribution require an X5 particle with energy

&g ~ NoT?2, (2.39)
so that

% ~ AT > 1. (2.40)
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Thus, the relevant mode lies far in the ultraviolet tail of the Bose—Einstein
distribution. In this regime the distribution reduces to its Boltzmann form,

fe(w) ~= e/, (2.41)

and the occupation number of such hard quanta is exponentially small. The
suppression is therefore statistical in origin.

It is instructive to compare this with the behavior of ordinary scattering
processes in a thermal plasma. Scattering rates are typically dominated by
particles with w ~ T, since these modes are abundant in the bath. Their
temperature dependence is therefore governed by powers of T' arising from
phase space and thermal masses.

By contrast, the contribution under consideration is effectively controlled
by an inverse decay channel: the on-shell condition fixes the participating X2
particle to carry a very specific energy that grows parametrically as 7. The
process cannot proceed unless the plasma supplies a quantum with precisely
this large energy. Since such quanta lie deep in the ultraviolet tail of the distri-
bution, their abundance is exponentially suppressed.

In summary, the exponential suppression of II; (m) at high temperature is
not due to a dynamical cancellation in the amplitude, but rather reflects the
scarcity of sufficiently energetic Xs quanta in the thermal bath. The plasma
simply does not contain enough hard excitations to efficiently trigger the in-
verse process at large 7.

The analysis above relied on the quasiparticle approximation, in which the
spectral densities of the bath fields are treated as infinitely narrow and localized
on their on-shell dispersion relations. In the following section we relax this
assumption and investigate how finite-width effects modify the inflaton self-
energy.

2.3 Finite-Width Effects and Resummed Prop-
agators

In the previous section we evaluated the inflaton self-energy in the zero-
width (quasiparticle) limit, in which the spectral densities of the x; fields were
approximated by delta functions localized on their on-shell dispersion rela-
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Figure 2.5: Leading-order contribution to I'g in the model 2.63. Solid lines denote ¢,
while dashed and dotted lines represent x; and x2. Self-energy corrections to y; are
depicted as circular insertions labeled II.

tions. This approximation reduces the loop integral to a purely kinematic prob-
lem and isolates the contributions from decay and inverse decay processes with
sharply defined energies.

While this treatment captures the leading-order structure of dissipation, it
neglects an important physical effect: in a thermal medium, quasiparticles are
not infinitely long-lived. Interactions with the surrounding plasma generate a
finite lifetime, which manifests itself as a nonvanishing imaginary part of the
retarded self-energy and leads to a broadening of the spectral function [5]. As
a consequence, the strict on-shell kinematic constraints enforced by the delta
functions are relaxed, and processes that are kinematically forbidden in the
zero-width limit can acquire nonzero support.

To consistently incorporate these effects, one must resum self-energy in-
sertions in the internal y; propagators. Diagrammatically, this corresponds to
replacing the free propagators in the loop by fully dressed propagators, repre-
sented by the circled self-energy in Fig. 2.5.

The dressed propagator summarizes the geometric series of repeated self-
energy insertions shown explicitly in Fig. 2.5. These insertions encode medium-
induced scattering processes, including Landau-damping contributions, through
the imaginary part of the retarded self-energy.

The resulting full propagator modifies the spectral density according to
Eq. (2.44). Near the quasiparticle pole, the imaginary part can be interpreted in
terms of a thermal width I';, while away from the pole it describes continuum
(Landau-damping) contributions.

The corresponding spectral densities are then determined by the full re-
tarded propagator,

pi(po, p) = —2Im Df(po, p), (2.42)
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with
1
Py — P2 —mi — 10 (po)

D{(po, p) = (2.43)
In explicit form, the fully resummed spectral densities are derived in Ref. [44]
and take the general form given in Eq. (2.9). In the following we work with
the re-normalized spectral densities

—2Im pr(po) + 2poe

2
p3— Q%p —Re pr (po)} + [Im pr (po) — poe}
(2.44)
where pr denotes the retarded self-energy of the y; field and Q%p = p? +mz2.

i (po,p) = Z; ! 5,

The wave-function renormalization factor is given by

_ d
Zl=1- dT)(g)Re 117, (po) , (2.45)

Po=W;. p

with @; ;, denoting the quasiparticle pole. No assumption has been made at
this stage about the specific functional form of the self-energy; in particular,
the result is more general than a Breit—Wigner approximation and allows for
arbitrary frequency dependence of Re IT¥ and ITm IT.

Including a finite width modifies the imaginary part of the inflaton self-
energy in two important ways. First, the sharp kinematic thresholds present
in the zero-width limit become smeared. Second, off-shell contributions as-
sociated with scattering processes in the medium can acquire support once
the internal lines are broadened. In particular, Landau-damping—type contri-
butions, which were suppressed by strict on-shell kinematics in the previous
section, can now contribute continuously over a range of energies.

In the following, we evaluate the inflaton self-energy using the fully re-
summed spectral densities and analyze how finite-width effects modify the
dissipation rate across different temperature regimes.

The inflaton self-energy evaluated with the fully resummed spectral den-
sities of the ; fields is represented diagrammatically in Fig. 2.5 and is given
by

d4
Iy (w) = —i92/ (2771))4 [+ fB(Po) + fB(W — P0)] P p(P0) P2,—p(w — Po),
(2.46)
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where the renormalized spectral densities p;-:p(po) are defined in Eq. (2.44).
For pg > 0, the spectral function is positive definite, p;:p(pg) > 0.

Quasiparticle approximation and pole expansion. We now work in the
quasiparticle regime, where the retarded propagator is dominated by isolated
poles in the narrow-width limit,

Tip < Qip. (2.47)

To analyze the structure of the integral, it is convenient to make the coordinate
change from (p?, p.u) to (p3, p*), and expand the real and imaginary parts of
the retarded self-energy HZR (po, p) as functions of p% around the quasiparticle
pole W, p, defined implicitly by

Wiip = Qip + Re Tl (Wip). (2.48)
Performing a first-order Taylor expansion around this pole yields
d
Re pr (Po) = Re pr (Wirp) + (05 — W@%‘,p) WRG pr (»p) ;
0 ir,p
(2.49)
d
Im I, (po) = I I (Wirp) + (05 — Winp) ﬁlm I, (p3)
0 ir,p
(2.50)

Atleading order in the coupling governing the x; width (O(g?)), the dressed
propagator exhibits four complex poles,

po=+Qip,  po =0, (2.51)

with
A 1

where j = 1,2, and ; ;, denotes the real quasiparticle dispersion relation and
I'; p the corresponding thermal width.

At the leading order in the coupling O(g?), the thermal width is determined
from the imaginary part of the retarded self-energy evaluated at the pole,

i (S
np:a@<§£;w+%, (2.53)
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where we used the relation I1; (€2 p) = 2:Im pr (Qip). A detailed deriva-
tion is provided in Appendix B.

Keeping the derivative of the imaginary part in the pole expansion induces
a correction to the residue of the propagator. To keep track of the sign struc-
ture associated with the positive- and negative-frequency poles, we introduce
a bookkeeping parameter v = +1, where @ = +1 corresponds to expansion
near po >~ +§2; p and a = —1 near pg >~ —€); .

The generalized residue factor then reads

d
-1 R (2

. R
—ai i 2)Imﬂi’p(pg) .
P=Wip Fo P=Wip

(2.54)

Neglecting the derivative of the imaginary part reduces Z;, to the standard
wave-function renormalization factor appearing in the Breit—Wigner approxi-
mation.

Using these definitions, the renormalized spectral density Eq. (2.44) can be
written in the explicit four-pole form

—2Im I (po) + 2poe
Po — Qi,p) (Po - sz> (po + Qi,p) <p0 + sz)

Performing the pg integration in Eq. (2.46) by closing the contour in the

p%@w=2i< . (2.55)

upper half-plane and summing the residues yields

2 3
_ g d’p
I (w) = — i
0 (W) 5 / (2m)3
1 N

x { |1+ fo(Qup) + (= Qup)| phple — Qup)

Mp
1 [ Ak Ak (s Ak
+ o () — felw+ Ql,p)} P p(w+ Q7 )
1,p
1o, - . , .
+— |fB(Q2p) — fB(w+ sz)} prplw+Sap)
2p -
1 [ Ak A * T Ak
+ Q* 1+ fB(QZ,p) + fB(w - QQ,p):| pl,p(w - QQ,p)}'
2,p

(2.56)

Here the Bose—Einstein distribution is analytically continued to complex argu-
ments when evaluated at the pole positions.



2.4. The Breit—Wigner Approximation 55

Using the definition of the thermal width I'; in Eq. (2.53) we can rewrite
the four-pole spectral density p;(w) Eq. (2.55), as

i1l (w £ po) + 2(w = po)e

2
((w :i:p())2 — Q?7p> + ZQ ( H i.p (Qi,p) + EQi,p>
(2.57)

pr (w + pO) = Zz 2

So, the leading-order O(T';) results of the full self-energy expression in Eq. (2.56),
can be written as follows

3 2 d3
;) =5 [ o
y { 2, (T (w — Q) — 2i(w — Q)e) (1 + f3(N) + fa(w — 1))
2
th <(w —0)2 - Q§> + Z2 (L0, (Q9) + 592)2

(I3 (w + ) — 2i(w + D)e) (f(Q1) — fB(w+ M)

2
(w+07)?2 93) + 23 (311 (Q2) + )’

(T} (w + Q) — 2i(w + Da)e) (fB(Q2) — f(w + D))

2
(W + )2 Q2> + 22 (AT0] () 4 )’
2y (I} (w — Qo) — 2i(w — Q2)e) (1 + f5(Q2) + folw — Q) }
- .
(-2 -08) + 22 (6 (@) + )’
(2.58)

2.4 The Breit—Wigner Approximation

Within the Breit—Wigner (BW) approximation, the renormalized spectral den-
sity in Eq. (2.44) reduces, in the narrow-width regime I'; , < 2; ,, to the
familiar Lorentzian form

polip
P N2 )
<p0 - Qz‘,p) + (poTip)

Here (; ;, denotes the quasiparticle dispersion relation, I'; , the corresponding

Pip (P0) =22 (2.59)

thermal width, and Z; ,, the wave-function renormalization factor.
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Substituting Eq. (2.59) into the full expression for the inflaton self-energy,
Eq. (2.46), one obtains

_ . 9 d4p BW BW
Iy (w) = —ig / Gn) [1+ fB(po) + fB(w —po)] P1p (P0) P2 " p(w — Po)-
(2.60)

Performing the pg integration and retaining the leading contributions in I';
yields an expression structurally analogous to Eq. (2.56),

3 ‘ 2 d3
) =% [ ok

Z
X {Q?’p [1 + fB(Ql,p) + fB((.U — QLP)] pgfg(w — QLP)
P

Z
o o fe(@up) — falw+ Qup)l AR (w + Qup)
7p

Zl,p
Qo p

)

+ [fB(Q2p) — fB(w+ Qop)] PPN (w + Qo p)

Z
+ f [+ fB(Q2p) + fo(w — Q2p)] PP (w — Qz’p)}'
7p

(2.61)

Relation to the generalized pole expansion. It is instructive to clarify the
relation between the Breit—Wigner approximation and the generalized pole ex-
pansion adopted in Sec. 2.3. In the latter, both the real and imaginary parts of
the retarded self-energy are expanded to first order in p3 around the quasipar-
ticle pole. The derivative of the real part determines the usual wave-function
renormalization factor Z; ,,, while the imaginary part evaluated on shell defines
the thermal width I'; j,.

In addition, the derivative of Im pr (po) contributes to the residue of the
complex pole. As a result, the wave-function renormalization factor becomes,
in general, complex. This correction is of higher order in the narrow-width
expansion and does not modify the pole position at leading order; rather, it
refines the normalization of the propagator near the pole.

The Breit-Wigner form in Eq. (2.59) is recovered upon neglecting the fre-
quency dependence of Im pr (po) in the vicinity of the pole, i.e.

Im I (po) ~ Im IR (), (2.62)



2.5. Model Setup and Thermal Masses 57

while retaining only the linear correction from Re pr. In this limit, the
residue becomes purely real and the spectral density reduces to the familiar
Lorentzian characterized by a constant width I'; ;.

The generalized expansion employed in this work therefore operates in the
same quasiparticle regime as the Breit—Wigner approximation, but systemati-
cally retains subleading corrections to the residue arising from the frequency
dependence of Im pr. The Breit—Wigner expression can thus be viewed as a
controlled special case of the more general pole representation.

2.5 Model Setup and Thermal Masses

We consider the dissipation of a real scalar inflaton field ¢ into bosonic degrees
of freedom. As an effective description of the relevant interactions, we adopt
the model defined by the Lagrangian

1 1 1 1
L= 5 90" ) — §m2¢’2 —gPxix2 + 5@53"5 - §m§€2

2
+ Z (;%xﬁ“xz’ — %m?xf — gixi€* — Z;X?) + Lpath,  (2.63)

i=1
where y; are scalar fields with m; < m, \; > g;, and Ly 1, represents all
other degrees of freedom in the primordial plasma that maintain thermal equi-
librium. The field £ is another real scalar which we introduce as an additional
bath degree of freedom coupled to ;. While the thermal masses of the y;
fields are primarily generated by their quartic self-interactions, the coupling to
¢ provides a microscopic origin for the self-energy corrections that give rise to
a finite thermal width of the x; quasiparticles. The field £ is assumed to be light
and in thermal equilibrium, thereby serving as a simple effective description

of the surrounding radiation bath.

Thermal masses and dispersion relations

We compute the dissipation rate I' using the real-time formalism of thermal
field theory. At leading order in the quartic coupling JA;, the real part of the
X: self-energy generates a thermal mass correction. Neglecting higher-order
corrections to the residue (i.e. taking Z; , ~ 1 at this order), the quasiparticle
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dispersion relation becomes [30, 57]

i i
Qp =p* +mi + T+ T (2.64)

where ¢ = (¢) denotes the background inflaton field and m;, is the renormal-
ized vacuum mass. It is convenient to introduce the effective thermal mass

Ai Ai
M? =m? + 5%02 - 4—jT2, (2.65)

so that the quasiparticle poles take the standard form

Qip =1/P>+ M2 (2.66)

Imaginary part of the x; self-energy

In the model (2.63), the imaginary part of the retarded y; self-energy was
computed in Ref. [57] and is given by

2 —w) fp(~w”
I (po) = IGf;!p\ [_ 6(—p’) (po +Tlog (ﬁgliow)f;(ﬁ(— Cfi))

+0(p* — (2m¢)?) T'log <fB(p0 - W+)fB(—W_)> ] ,

fe(=wh)fe(po —w™)

(2.67)

where the Bose—Einstein distribution is written as

1
fB(pO) = m, (2.68)
and
2 2
wt = % + sign(p2)M 1-— (2me)* m;) . (2.69)
p

Numerical Evaluation of the Dissipation Rate

We now evaluate the inflaton self-energy in Eq. (2.58) using the temperature-

dependent dispersion relations 2; , = {/p? + ]\42-2 and the analytic expression
for the imaginary part of the y; self-energies derived above. All temperature
dependence is thus incorporated consistently through the quasiparticle masses
and the thermal self-energies.
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Comparison of Analytical Result with Numerical Data (Log—Log Scale)
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Figure 2.6: Temperature dependence of the decay rate, normalized to its vacuum
value, as a function of T/m. The solid black curve shows the analytical result
Eq. 2.29, while the markers correspond to numerical evaluations obtained using dif-
ferent approximations: full result in one and two dimensions (1D Full Eq. 2.58, 2D
Full Eq. 2.26), and the Breit-Wigner (BW) approximation in one and two dimensions
(1D BW Eq. 2.61, 2D BW Eq. 2.60). The parameters are chosen as m; = 0.2m,
me = 0.4m, m, = 0.03m, A\; = 0.11, Ay = 0.2, and ¢ = 0.1.

The resulting three-momentum integral is computed numerically for fixed
model parameters and varying temperature. This allows us to determine the
temperature dependence of the dissipation rate and to compare the behavior
obtained from the generalized pole expansion with the Breit—-Wigner approxi-
mation discussed in the previous section.

The numerical results are shown in Fig. 2.6, where we plot the decay rate
I" (or equivalently the self energy II; (w)) as a function of 7'/m.

2.6 Comparison Between Full and Breit-Wigner
Results

Figure 2.6 compares the inflaton self-energy computed using the fully resummed
spectral densities and the Breit—Wigner approximation. For each case, we eval-
uate the expression in two independent ways: (i) by performing the full two-
dimensional integral over (pg, p) directly [Egs. (2.46) and (2.60)], and (ii) by
first carrying out the pg integration analytically and subsequently evaluating
the remaining three-momentum integral [Egs. (2.58) and (2.61)].
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In the kinematically allowed regions, all four computations — 2D-Full, 1D-
Full, 2D-BW, and 1D-BW — show excellent agreement with each other and
with the analytic zero-width result where applicable. This confirms both the
numerical consistency of the implementation and the validity of the quasipar-
ticle approximation in these regimes.

In the kinematically forbidden region, however, differences between the
Breit—Wigner and fully resummed treatments become visible. While the direct
two-dimensional evaluation with the full spectral densities provides the refer-
ence result, the reduced one-dimensional expression derived from the full pole
expansion [Eq. (2.58)] reproduces it more accurately than the corresponding
Breit—Wigner approximation. This indicates that retaining the full frequency
dependence of the self-energy in the generalized pole expansion improves the
description in regions where off-shell effects become relevant.

Overall, the comparison demonstrates that the generalized pole representa-
tion provides a controlled extension of the Breit—Wigner approximation, pre-
serving agreement in the allowed regions while yielding a more reliable result
when kinematic suppression or off-shell contributions dominate.
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Figure 2.7: Two-loop contributions to the ¢ self-energy in the trilinear model Li,; =
g ®x1X2: (top) one-loop self-energy insertion on the y; propagator; (middle) one-loop
self-energy insertion on the x2 propagator, and the genuine two-loop vertex correction
(bottom). Solid, dashed, and dotted lines represent ¢, X2, and X1, respectively.

2.7 Two-Loop Self-Energy at Finite Tempera-
ture

In this section, we compute the next-to-leading order (NLO) contributions
to the ¢ self-energy arising from the trilinear interaction

Lint = g dX1X2 (2.70)
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introduced in Eq. 2.25, focusing on the finite-temperature effects relevant for
the thermal plasma generated after inflation. At this order, corresponding to
two-loop corrections, three distinct topologies contribute to the inflaton self-
energy H; (w): the genuine vertex correction, as well as the self-energy inser-
tions on the internal x; and Y3 propagators, as shown in Fig. 2.7. Although
these diagrams differ in topology, they all contribute at the same order in the
coupling expansion, O(g*), and must therefore be treated on equal footing.

From a physical perspective, these contributions encode complementary
effects of the thermal medium. The vertex correction captures, among oth-
ers, genuine two-loop scattering processes, while the propagator corrections
account for the dressing of the intermediate y; states due to their interactions
with the plasma. At finite temperature, this dressing manifests itself through
the emergence of thermal widths, which can significantly modify the kinemat-
ics and open up qualitatively new channels, such as Landau damping.

In what follows, we evaluate each of these contributions within the closed-
time-path (CTP) formalism, expressing the results in terms of thermal propaga-
tors and spectral densities. Particular emphasis will be placed on the imaginary
part of the retarded self-energy, Im IT%, which governs dissipation and particle
production rates in the thermal bath.
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u . Sk

Figure 2.8: Two-loop self-energy correction to ¢ mediated by x; and X2, showing
the momentum routing. Solid lines denote ¢, dashed lines X2, and dotted lines x; .

2.7.1 Two-loop Vertex Correction

We begin by evaluating the two-loop contribution to the self-energy of the
scalar field ¢ arising from the trilinear interaction in Eq. 2.70. The corre-
sponding vertex diagram is shown in Fig. 2.8, where we indicate the Keldysh
contour indices and specify the momentum routing.

Within the Schwinger—Keldysh (closed-time-path) formalism, the self-energy
is given by

'k diq
—ab _ 4
My (@) = ~ig / (2m) (2m)2 "

x Y ed At (k) A (p — B)AL () AT (p — k — )AL (g + k) .
cd
2.71)

We are primarily interested in the lesser component of the self-energy,

—ill5 (w)
ImITZ (w —__op
<1>,p( ) 2fB(w)
which can be written as
4 4 4
9 -1 d’k d'q
ImII? = = —_— . 2.72
m ¢>,0(W) B [ (w)/ (2m)* (2m)4 (2.72)

For convenience, we define the integrand as
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4
1= 1= 3 cd A () A p — k)AL ()AL (p— k — A (g + ).

a=1 cd
2.73)

where the four contributions correspond to the possible assignments of contour
indices,

I = AT (R)AT (0 — B)AT T (@ AT (0 — &k — A5 (g + k),

I = —AF(R)AT (p — K)AS (AT (p — k — 9)A; " (g + k),
I3 = —=ATH(R)AS (p — k)AZ (AT (p—k — q)AS (g + k),
Ii=+AT(R)AT (P — k)AL (@A (p—k—q)A; (¢ +k). (274

The four terms /1—14 in Eq. (2.74) correspond to the distinct cut structures
of the two-loop self-energy diagram shown in Fig. 2.8.

The terms I; and I contain two Wightman propagators and correspond
to vertical cuts through the diagram. Physically, these describe 1 — 2 decay
processes of the external ¢ mode, dressed by an additional loop correction. In
these contributions, the remaining internal lines appear as time-ordered (A1)
or anti-time-ordered (A~7) propagators. These propagators can themselves
be decomposed into dispersive and on-shell pieces (see Eq. (2.87)), allowing
further cut-like contributions once the delta-function part is isolated. We will
analyze these “opened” contributions in detail when discussing off-diagonal
cuts in Section 2.

The terms I> and I3 correspond to diagonal and anti-diagonal (reverse-
diagonal) cuts of the diagram. These encode scattering and inverse decay pro-
cesses and will generate additional kinematic structures that differ from the
vertical cuts discussed above.

Using the identity
A () =[A0 @] (2.75)

a

and performing the change of variables

k—=p—Fk—q, (2.76)
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one finds that both I> and I3 are real, while the remaining two contributions
satisfy

=1 (2.77)

Since we are computing the lesser self-energy I1<(w), which is a real quan-
tity (it is directly related to the decay width and therefore must be real-valued),
it follows that only the combination

I=2Re(l)+L+1I3 (2.78)

needs to be evaluated explicitly.
Next, we exploit the symmetry properties of the propagators. Under mo-
mentum reversal, the Wightman functions interchange,

A%(=p) = A7(p), 2.79)
whereas the time-ordered propagator is invariant,
AT (=p) = A (p). (2.80)

Using these relations, we can establish a connection between the /5 and I3
contributions. Performing the transformation ¢ — —¢q in I3, we obtain

I3jgs—q = —ATT(R)AS (p — K)AS QAT (p =k + QA5 (k—q).
2.81)

We now perform the change of variables
k—p—k, (2.82)

and relabel the internal species 1 <+ 2. This yields

Iy = -A (p = AT (R)AS (@A, (k+9)AT(p—k—q). (283)

We therefore conclude that, after the appropriate change of variables and
relabeling,

Iy=1,. (2.84)

In practice, this implies that to compute the full lesser self-energy of the
vertex diagram in Fig. 2.8, it is sufficient to evaluate Re(/;) and 5. The con-
tribution from /3 then follows directly by symmetry.
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Before proceeding to the explicit evaluation of the remaining contributions,
we can implement further simplifications. In particular, we decompose the
Feynman propagator as

AT (p) = 7z a2 (lpol) §(p* — m3) (2.85)

1
—ip (o ) (2 ) S0 mE) 286
pr—m,

= AT (p) + Ad(p), (2.87)

where P(- - - ) denotes the principal value. The term AZ; (p) represents the prin-
cipal (dispersive) part of the propagator and constitutes the purely imaginary
contribution, while Ag) (p) denotes the on-shell delta-function piece, which is
real and contains the thermal contribution.

Since the lesser self-energy I1<(w) must be real and positive (it is directly
related to the decay width), only specific combinations of propagators can con-
tribute to I; and I». In particular, non-vanishing contributions arise from ei-
ther:

e fully real combinations, where Wightman propagators A~'< multiply
only the delta parts A° of the Feynman propagators, or

* combinations containing an even number of imaginary principal-value
pieces A7, such that the overall contribution remains real.

With this decomposition, the diagonal contribution I can be written as
Iy = ~AF(H)AS (@)AF (p— k — )
< [25p -k A3 +R) + AT -K) AT+ R)] . @88)
Similarly, the off-diagonal contribution Re(/;) becomes
Re(h) = 2{ A}(1)A3(p — K)AL(@AT (p — k — A5 (g + k)
+ AY(R)AL (p— R)AT (9) AT (p— k — ¢) A5 (g + F)
+ AT (R)A(p — K)AT (AT (p — k — AT (g + k)

+ AT(R)A (p— AL @AT (0 — k= A5 (g + k) ). (2.89)
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The purely real contributions in both Re(/;) and I3 are proportional to the
following product of delta functions:

Iy ~5(k* —=mi)s((p — k)* —m3) 6(¢* — m3)
xd((p—k—q)*—m3)d((g+k)*>—m3) . (2.90)

Let us analyze the kinematic constraints implied by these delta functions.
From the first and third delta functions, the y; and ¢ propagators are placed
on shell,

K2 = m%, ¢ = mi (2.91)

The remaining delta functions impose the additional conditions

(p—k)?>=m3 = 2p-k:mﬁ+m%—m%, (2.92)
(p—k—q)*=mi = 2p-q—2¢-k=m}+m3—m3, (2.93)
(g+k)?=m3 = mi+mi+2qk=mj. (2.94)

Combining these relations yields

pk+qk=0, (2.95)
2p-k = mi +m2 —m3, (2.96)
p-q=m3—m?. (2.97)

We now specialize to the rest frame of the external inflaton, |p| = 0, so that
p" = (mg,0). The above constraints then imply

m24+m2—-—m2 1
o 1 p
o — _! 2.98
0 2mg 5 (mg + qo0) » (2.98)
m2 — m2
g =—2—2=. (2.99)
ze

Using the on-shell relation

qo = £/l +mg,

we must consider two possible cases.

Case 1: gy > my.
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In this case,

2 2
m2—m
qOZ%Zm(ﬁ = m%kmi—i—m%. (2.100)
é

However, from the expression for kg we simultaneously obtain
ko >mg = mi>md+m3. (2.101)
These two inequalities cannot both be satisfied, leading to a contradiction.

Case 2: g < —my.

Then
m3 — m?
G =-—"—2><-mg = mi>mi+mj. (2.102)
me
But consistency of kg now requires
ko <0 = mj >mj+mji, (2.103)

which again contradicts the previous condition.

We therefore conclude that the set of on-shell constraints imposed by the
five delta functions cannot be satisfied simultaneously. Consequently, the purely
real (fully cut) contributions in Re(/;) and I5 do not contribute to the inflaton
lesser self-energy H;O(w).

Therefore, for the diagonal cut 5, only the contribution involving the principal-
value parts survives, and we are left with

Iy=—AF (k) AS (@) AT (p—k—q) AT (p—k) AT (g + k). (2.104)
Similarly, for the off-diagonal contribution to /1, we obtain
Re(h) = Af (p— k — q) A5 (g + K){ Al (k) AT (0 — k) AZ(q)
+ AT (k) AY(p — k) AT (q)
+ AT (R) AL (0~ k) Ad(a) } - 2.105)

In the following sections, we analyze these two cut structures in detail and
provide their explicit evaluation.
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Figure 2.9: Diagonal cut of the two-loop self-energy diagram contributing to IT< (w).
The three propagators intersected by the cut are placed on shell, while the remaining
propagators appear as principal-value terms.

Diagonal Cut

We begin by evaluating the contribution from the diagonal cut I, shown in
Fig. (2.9). This cut corresponds to the case where the three propagators on
the right-hand side of the diagram are placed on shell, while the remaining
propagators appear as principal-value contributions.

The corresponding contribution to the lesser self-energy can be written as

4 4 4
9 1 d’k d'q
ImITH (w) = = —_—
mll; (@) =5 /5 (w)/ @2m)t 2m)t
x A (p — k)AT (g + k)AT (k) AS (@) AT (p — k — q),
(2.106)

where the superscript P denotes the principal-value part of the propagator,
while the lesser propagators describe the on-shell thermal excitations of the
fields circulating in the cut.

After inserting the explicit forms of the thermal propagators and rewriting
the resulting delta functions in terms of the corresponding on-shell energies,
the integrand can be written in a compact form. In particular, we obtain

3
I = _w17;&)1 {Z; 55189 F(s,51,50) K(s,51,8) D (s,51), (2.107)
S

where the different factors encode the statistical distributions, the kinematic
constraints, and the remaining principal-value propagators.
The statistical factors are collected in

F(s,81,82) = fp(sw) fe(s1w1) fB(s2t1), (2.108)
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which arise from the thermal occupation numbers of the internal particles. The
product of delta functions enforcing energy conservation along the cut is

K(s,s1,82) = 0(q0 — s@) d(kp — s1w1) 6(w — S1w1 — SW — S2@1) ,
(2.109)

while the remaining propagators contribute
DP(s,51) = ALY (s1w1) AL (50 + s1w1). (2.110)
For compactness, we introduced the shorthand notation
2
Z = H Z , 2.111)
{s}  i=0s;=%£1

with s9p = s. The sign variables arise from the decomposition of the spectral
functions into positive- and negative-energy contributions.
The principal-value propagators appearing above take the form

; 1
AP _ i - 2.112
2 (s1001) QwP (w1 - 81W1> , ( )
; 1
K _ i 2.11
5 (s + s1wq) 2w73 <(3@+slw1) —@2> ’ ( Y

where w1 2 denote the tree-level energies defined in Eq. (2.30).

The kinematic constraints of the self-energy in Eq. (2.106) are encoded in
the delta functions appearing in Eq. (2.109). However, not all possible com-
binations of the sign variables s; lead to a physical contribution. Since all
energies are positive definite, certain combinations lead to delta functions with
strictly positive arguments and therefore vanish identically.

For example, choosing s = s1 = s3 = —1 gives

Slw+wi +@+d), (2.114)

which would correspond to processes in which four on-shell particles are si-
multaneously created from the vacuum, schematically 0 — 4, since all on-
shell energies are strictly positive, such processes violate energy conservation
and therefore cannot occur. Moreover, after a detailed analysis of the kine-
matic constraints (see Appendix B for details), we find that the following terms
(which would correspond a 1 — 3 particle creation process) also do not con-
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tribute to the diagonal cut:

(w—w —0—w1), d(wtw —w+w@), d(w+w +o—w).
2.115)

Using these results together with the delta functions in Eq. (2.109), the
integrations over the energy variables kg and g can be performed straightfor-
wardly. The self-energy then reduces to an integral over the spatial momenta
only,

4 3 3 3
R y_ 9 .1 d°k d’q T A
ImlIy' (w) = 5 Iz (w)/ @ @n) Tndoi, ;:1 Cilk,q) (2.116)

where the three kinematically allowed contributions are

C1 = f(@)f(wi) fe(—@1) A (W)AT (@ + w)d(w — w1 — & + @),

2.117)

Co = fB(@)fa(—w) fB(@1)AY (—w1) AT (& — w1)d(w + wi — & — @),
(2.118)

Cs = fp(—@) fp(w1) fB(01)AY (w1)AY (W1 — @)6(w — w1 +& — &1).
(2.119)

Each of the contributions C; corresponds to a distinct physical process in-
volving interactions between the inflaton and the thermal ) particles in the
plasma. In particular, the first two terms describe scattering processes in which
an inflaton quantum interacts with one of the x particles in the medium. These
contributions arise from different kinematic channels of the same underly-
ing interaction and correspond to the usual ¢- and s-channel scattering pro-
cesses mediated by the intermediate propagators appearing in the principal-
value terms.

The third contribution corresponds to processes in which two inflaton quanta
annihilate into two x particles, as well as the inverse process in which two y
quanta combine to produce two inflaton quanta. Such pair creation and an-
nihilation processes are naturally captured by the thermal statistical factors
appearing in the integrand.

The physical processes corresponding to the contributions Cj, Co, and Cs
are illustrated in Fig. 2.10.
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(a) t-channel: ¢ + x1 — ¢ + x1 (b) s-channel: ¢ + x1 — ¢ + x1

¢ X1

X2,
¢ ‘ X1

(©) ¢ + ¢ <> x1 + x1 (mediated by x2)

Figure 2.10: Representative 2 — 2 processes encoded in the kinematically allowed
contributions C; of Eq. (2.116). Panels (a) and (b) show ys-mediated scattering ¢ +
X1 — ¢ + x1 in the ¢- and s-channels, respectively, while panel (c) illustrates the
x2-mediated pair annihilation (and inverse creation) process ¢ + ¢ <> x1 + Xx1-

Using the delta functions in C;1—C3, the angular integrations can be carried
out explicitly and the original six-dimensional momentum integral in Eq. (2.116)
reduces to a two-dimensional integral over the on-shell energies w; and w,

4 3
Il (w) = — g5 15" (w) [ ddis 3 ©(0) 001 — a1 T, )

(2.120)

where the step functions encode the kinematic support of each channel, and the
quantities x; arise from the angular integration and can be interpreted as the
cosine of the relative angle between k and q. The three channels are defined
by

M =w+o-w, T = fp(@) falw) fB(—=) AT (w1) AT (@ + w1),
2.121)

W=w+tw —@, L= fp@)fa(-w) f5(Q) AT (—wi) AT (@ — wi),
(2.122)
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Figure 2.11: Diagonal-cut (scattering) contributions to imaginary part of the re-
tarded self-energy, ImI[(T") = —ImII*(T)/g*, as a function of T//m. The three
curves correspond to the kinematic channels Z;, Z,, and Z3. The parameters are
mp = 0.01mg, me = 0.1mg, Ay = 0.1, and A2 = 0.5, which determine the
temperature-dependent masses.

W =w+d—w, I3=fp(-@)fpw1) fB(Q3) AF (w1) AT (w1 — @).

(2.123)
The angular integrations further introduce the variables

o= WTEw—w) (2.124)

|al [k
g = W ENwF W) (2.125)

|al k|
2y = WHEw—w) (2.126)

|al k|

which correspond to the cosine of the angle between the loop momenta k and
q. The conditions O(1 — |z;|) therefore enforce the physical constraint |x;| <
1, ensuring that the corresponding kinematic configurations are realizable for
real momenta.

The three channels correspond to yo-mediated scattering ¢ + x1 — ¢ +
x1 in different kinematic topologies and to y2-mediated pair annihilation and
creation ¢ + ¢ <> x1 + X1, as illustrated in Fig. 2.10.
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Figure 2.12: Total diagonal-cut contribution to the imaginary part of the retarded
self-energy, ImI1%, | (T') = —Im I, (T')/g*, as a function of T'/m, obtained by
summing the contributions from the channels Z;, Z,, and Z3. The parameters are
my = 0.01 me, Mo = 0.1 Mg, )\1 = 0.1, and )\2 = 0.5.

Numerical results for the diagonal cut

The temperature dependence of the diagonal-cut contribution to the imaginary
part of the retarded self-energy exhibits a nontrivial structure that can be un-
derstood in terms of the kinematic thresholds of the underlying processes.

In analogy with the discussion of decay and inverse-decay channels, one
can identify two characteristic temperatures 7y, 1 and Tty 2 as the solutions of

mg = Mi(Tin1) + Ma(Tin1), me = |Ma(Tinz) — Mi(Ting)|,
(2.127)

or equivalently by the condition that the common on-shell momentum van-
ishes,

0} (Tin) — ME(Tiny) = 0, i=1,2. (2.128)

The temperature 7}y, 1 marks the closure of the decay channel ¢ — x1 +
X2, while T}y, o corresponds to the opening of inverse-decay processes such as
X1 — ¢+ x2 and x2 — ¢ + x1. Between these two temperatures, all 1 <> 2

processes are kinematically forbidden due to thermal mass effects.
We now consider the numerical evaluation of the diagonal-cut contribution,
Im IIIY(T) = _Iml';éf(T)’ (2.129)

as a function of 7"/m.
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Figure 2.11 shows the individual contributions from the three channels 71,
75, and Z3, which correspond to the processes depicted in Fig. 2.10: the ¢-
channel scattering ¢ + x1 — ¢ + x1 (@), the s-channel scattering ¢ + x1 —
® + x1 (b), and the annihilation channel ¢ + ¢ <> x1 + x1 mediated by x2 (¢),
respectively. A noteworthy feature of Fig. 2.11 is that the channels Z; and Z»
yield nearly identical positive contributions throughout the entire temperature
range, while the annihilation channel Z5 contributes with the opposite sign over
most of the parameter space. The threshold structures near Tty 1 and T}y, o are
clearly visible in all channels and arise from the sensitivity of the phase-space
integrals to the kinematic boundaries defined by 2; = 0 and |z;| = 1.

The total diagonal-cut contribution,

3
Im Hg,tot (T) = Z Im ng (T)u (2 130)
=1

shown in Fig. 2.12, results from a substantial cancellation between the positive
scattering channels Z; and 75 and the negative annihilation contribution Zs.
This cancellation is a manifestation of the quantum structure of the self-energy
and highlights an important difference between the thermal self-energy ap-
proach and a Boltzmann description based on individual reaction rates. While
each channel can be associated with a well-defined scattering or annihilation
process, their sum is not simply a sum of positive-definite transition proba-
bilities. Consequently, the full diagonal-cut contribution cannot, in general,
be interpreted as a classical reaction rate constructed from squared matrix el-
ements, but rather reflects the coherent quantum-mechanical combination of
several processes.

In the interval Tty 1 < T' < Tip 2, where all tree-level 1 <+ 2 processes are
kinematically forbidden, the diagonal-cut contribution remains nonvanishing
and provides the dominant contribution to Im IT®. This reflects the different
kinematic nature of the underlying processes, which involve integrations over
off-shell intermediate states and are not constrained by the same threshold con-
ditions as the decay and inverse-decay channels.

The temperature dependence in this regime is governed by the interplay be-
tween the kinematic boundaries and the principal-value structure of the propa-
gators, leading to a nontrivial integrand even in the absence of open tree-level
channels. Outside this interval, the diagonal-cut contribution persists but does
not qualitatively alter the dynamics, and its most significant role is to provide a
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Figure 2.13: Off-diagonal cut of the two-loop self-energy diagram contributing to
IT<(w). In this case, the two propagators on the right-hand side of the loop are placed
on shell, while the remaining internal propagators contribute through their principal-
value parts.

continuous, nonvanishing contribution across the kinematic gap separating the
two tree-level regions.

Off-Diagonal Cut

We now evaluate the contribution from the off-diagonal cut I, shown in Fig.
(2.13). This cut corresponds to the configuration in which the two x1 2 prop-
agators on the right-hand side of the diagram are placed on shell. As a result,
the diagram effectively factorizes into a decay-like contribution together with
a loop containing an opened leg, while the remaining two propagators in the
loop appear as principal-value contributions.

Using Eq. (2.105), the corresponding contribution to the lesser self-energy
can be written as

4 4 4
1) = ~575'() [ 7 AT =k = 0) AFla-+ b

x {Ad(k) AT (0 — k) AT () + AT (k) Ad(p — k) AT ()

+ AT (k) AT (0 — k) Ad(a) }. 2.131)

Here the superscript P denotes the principal-value part of the propagator, while
the lesser propagators describe the on-shell thermal excitations of the fields
circulating in the cut.

After inserting the explicit expressions for the thermal propagators and
rewriting the resulting delta functions in terms of the corresponding on-shell
energies, the integrand can again be expressed in a compact form. In particular,
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we obtain
(27)3 5z — x2(@)) o ) )
=" \/(LD2 - C‘12)(1)% —m?) S(w, &1, @) fp(@1) fB(@2)
1+ 2fB
x Z Z Ki( (2.132)
i=1 s==1
where
e, ) = 0(cn) [2000) = 1 = 6(@0)0(~0), (2.133)

collects the step functions that determine the kinematic support of the off-
diagonal cut. The index ¢ = 1,2, 3 labels the three possible choices for the
internal line that is placed on shell, with corresponding energies

E1 = w1, EQ = W9, E3 = w. (2.134)

The function

w%—w%—w + w?

2/ — ) (wF — )

(@) = (2.135)
arises from rewriting one of the delta functions that enforces energy conser-
vation in terms of the cosine of the angle between the loop momenta. In this
way, the corresponding kinematic constraint can be expressed as 0 (x — x2(®)),
where x = cos 6 denotes the relative angle between the loop momenta k and
q.

The functions /C;(s) collect the products of delta functions that enforce the
on-shell energy constraints in each channel. Explicitly, they are given by

Ki(s) = (ko — swi) 6(qo + swi — w2), (2.136)
Ka(s) = 0(w — swa — ko) 0(qo + w1 — swa), (2.137)
Ks(s) = 0(qo — sw) d(ko + sw — w2). (2.138)

Similarly, the factors Df(s) contain the remaining principal-value propa-
gators associated with each channel,

DY (s) = AL (@2 — swi) A, (w — swi), (2.139)
Dy (s) = AL (@1 — swa) ATy (w — swa), (2.140)
Dj (s) = ATy (@2 — s) AL, (@1 + 5@). (2.141)
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In this representation, the off-diagonal contribution is naturally organized
according to which internal line is placed on shell. The sum over s = =+1
accounts for the positive- and negative-energy branches of the corresponding
on-shell condition, while the channel-dependent factors KC;(s) and D! (s) sep-
arate the kinematic constraints from the remaining principal-value structure.
This compact form closely parallels the decomposition obtained for the diago-
nal cut and will prove convenient for performing the remaining integrations.

Using the delta functions appearing in the off-diagonal contribution, the
angular integrations can again be performed explicitly, and the original six-
dimensional momentum integral reduces to a sum of two-dimensional integrals
over the on-shell energies. The result can be written in the compact form

4

ImIT(w) = 4(27r)3w

s I5 W) fB(@1) fB(@2) S(w,01,02) T (w), (2.142)

where we defined the integral 7 (w) as

3 3
w=> Ji= Z/dEi do I;(E;, @), (2.143)
=1 =1

where the channel-dependent integrands are defined by

Ti(w1,@) = O(1 = [x2) & (1 +2fp(w1)) Y DI (s), (2.144)
s==1

Ty(ws, @) = O(1 — [x2|) & (1 +2fp(w2)) Y DY (s), (2.145)
s==+1

T3(wa, @) = O(1 — [xa|) wa (1 +2fp(@)) Y DF(s). (2.146)
s==+1

The two—dimensional representation in Eq. (2.143) already provides a con-
venient starting point for numerical evaluation. However, the structure of the
integrand allows one of the remaining integrations to be performed analyti-
cally. In particular, the angular constraint encoded in 6(1 — |x2|) restricts the
kinematic domain in a way that permits an explicit evaluation of the corre-
sponding momentum integral. As a result, the channel contributions 7; can
be reduced further to one—dimensional integrals, which are more suitable for
numerical implementation.
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Final one-dimensional representation

The two—dimensional representation in Eq. (2.143) can be reduced further by
performing one of the integrations analytically. Introducing the momentum
parametrization

k=/w?—m2, wi(k) = \/ k% +m2, i=1,2, (2.147)

the channel contributions J; and 7> can be expressed as one—dimensional
principal-value integrals over the momentum £,

Z P/ dk 1f2f3(wz( ) 1| Gis(R) 2k

s=%1 - Swl(k) ai,s(k‘) —2k\;
(2.148)
where ¢ = 1, 2, and we defined
N = /@i — m?, (2.149)
a; s(k) Dz,s( ) )\12, (2.150)
(k) = (m — & swz(k))2—m2. (2.151)

This representation is valid for wf > m?. If this condition is not satisfied,
the constraint (1 — |x2|) has no support and the corresponding contribution
vanishes, implying II; = 0.

The remaining channel contribution [J3 in Eq. (2.143) can be reduced in a
similar way. Performing the k-integration analytically yields

-y / 1+2fp(@(q)) In (Bi,s — k3)(Bas — k2) '
=11 2(Bi,s(q) = B2,s(q))  |(Bus — k2)(Ba,s — k)
(2.152)
Here we introduced
Bi,s(q) = (w2 — s)* —m7, (2.153)
Bas(q) = (@1 + s@)? — m3. (2.154)

A =of —m?, (2.155)
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Figure 2.14: Off-diagonal contributions to the imaginary part of the retarded self-
energy, Im I (T) = —Im II¥(T") /g%, as a function of T'//m,,. The three components
correspond to the different choices of the propagator entering through its thermal on-
shell part in the vertical-cut configuration. The parameters are m; = 0.01mg, mo =
0.1mg, Ay = 0.1, and Az = 0.5.

the angular constraint §(1—|yz2|) restricts the allowed values of the momentum
k for fixed ¢ to the interval

kelk_(q), ki (q)], (2.156)

where
ki(q) = g+ VA, (2.157)
k_(q) = max{0, |¢ — VAl}. (2.158)

Equations above therefore provide a fully reduced one—dimensional repre-
sentation of the off-diagonal contribution, which is particularly convenient for
the numerical evaluation of the self-energy.

Numerical results for the off-diagonal cut

Before discussing the temperature dependence, it is important to clarify that in
Figs. 2.14 and 2.15 we only display the thermal contribution to the off-diagonal
self-energy results 2.148, and 2.152. More precisely, in the thermal factors ap-
pearing in the principal-value integrals we retain only the Bose-enhanced part
proportional to 2fp, while the vacuum contribution associated with the con-
stant term is omitted. The latter corresponds to the zero-temperature part of the
loop correction and should be treated together with the appropriate renormal-
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Figure 2.15: Total off-diagonal contribution to the imaginary part of the retarded
self-energy, Im I1{%, , (T) = —ImTI{', (T')/¢*, as a function of T'/m, obtained by
summing the three components of the vertical cut. The parameters are m; = 0.01 my,
mg = 0.1mg, Ay = 0.1, and Ay = 0.5.

ization procedure. Since our interest here is the finite-temperature modification
of the self-energy, we focus exclusively on the thermal contribution.

We now turn to the physical interpretation of the numerical result for the
off-diagonal contribution. As shown in Fig. 2.14, the temperature dependence
exhibits a localized structure characterized by two distinct temperature scales.

The temperature dependence closely follows the same kinematic structure
encountered in the tree-level analysis. Atlow temperatures, the condition(mg >
My (T)+ M5 (T)) is satisfied, so that the decay process (¢ — 1+ X2) remains
kinematically allowed. Consequently, the off-diagonal contribution is already
nonvanishing in this regime.

As the temperature increases, the thermal masses grow and eventually reach
the threshold

Tina - mg = My (Tin,1) + Mo (Tin,1), (2.159)

at which the decay channel closes. Between Tty 1 and T}y, 2, the kinematic
constraints encoded in

S(w,@l,wg) (2.160)

together with ©(1 — |x2|) admit no solutions. The off-diagonal contribution
therefore vanishes throughout this intermediate forbidden region, reproducing
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the same kinematic gap that appears in the tree-level decay and inverse-decay
analysis.

As the temperature increases, the result rises and reaches a pronounced
maximum near

Ting : mg = |My(Tin2) — Mi(Tin2)|, (2.161)

which marks the reopening of the available phase space through inverse-decay
processes such as xy;1 — ¢ + x2 and y2 — ¢ + x1. In the vicinity of this
threshold the overlap between the thermal distribution functions and the al-
lowed phase-space region is maximal, producing the pronounced peak visible
in Fig. 2.14.

The off-diagonal cut can be understood as an interference between the tree-
level 1 <+ 2 processes and the corresponding one-loop correction. More pre-
cisely, the vertical cut selects configurations in which one internal propagator
contributes through its thermal on-shell part, while the remaining propaga-
tors appear as principal-value terms. This structure is manifest in Eq. (2.131),
where the different contributions correspond to the three possible choices of
the propagator taken on shell.

A clear hierarchy is observed among these terms. The contribution associ-
ated with the thermal o propagator dominates over the full temperature range,
while the y; contribution is subleading. The term associated with the thermal
¢ propagator is smallest and can change sign, reflecting cancellations induced
by the principal-value structure of the remaining propagators.

For T' > Ty 2, the off-diagonal contribution decreases smoothly. This
behaviour is driven primarily by the thermal factors

fB(w1) fB(@e), (2.162)

which suppress the result as the effective masses and on-shell energies grow
with temperature, together with a reduced efficiency of the phase-space overlap
away from the threshold region.

The total off-diagonal contribution,

3
Im Hftot (T) = Z Im Hﬁ'(T)a (2.163)
=1

is shown in Fig. 2.15. It exhibits two kinematically allowed regions separated
by the forbidden interval Ti,,; < T < Tip 2. The low-temperature branch
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corresponds to the ordinary decay regime, while the high-temperature branch
is associated with inverse decays and contains a pronounced peak near Tij, .

In the summed result, the cancellations present in the individual contribu-
tions are largely reduced, yielding a positive and smooth temperature depen-
dence. In particular, the sign-changing behaviour of the subleading ¢ contri-
bution is suppressed once all channels are combined.

Overall, the off-diagonal contribution follows the same thermal kinematic
structure as the tree-level process, consisting of a low-temperature decay regime,
an intermediate forbidden region, and a high-temperature inverse-decay regime.
The largest contribution arises near T}, 2, where the inverse-decay phase space
first becomes available.
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Figure 2.16: Two-loop contribution to the ¢ self-energy in the trilinear model L;,; =
g ¢x1X2, With a one-loop self-energy insertion on the Yo propagator. The external
momentum is denoted by p, while £ and ¢ label the loop momenta flowing through
the 1 and internal ¢ propagators, respectively.

2.7.2 Self-Energy Insertions

We now evaluate the two diagrams corresponding to one-loop self-energy in-
sertions on the ; propagators, shown in panels (a) and (b) of Fig. 2.7. These
two contributions are related by the exchange x1 <> X2, and are therefore
identical up to relabeling. It is thus sufficient to compute the diagram with the
insertion on the 2 line, shown in Fig. 2.16; the second contribution can then
be obtained by symmetry.

In analogy with the vertex correction, the lesser component of the inflaton
self-energy, II< = IT*, is given by

. d*k  d*
50) = ~is" | 55 ey

x Y abAT (k) AT (p— k) AL (q) AP (p— k — q) AL (p— k).
a,b=+

(2.164)

This expression can be reorganized by factorizing the inner loop involving
the ¢ and y; propagators. One obtains
< - 2 d4k < +a
05(0) = ~ig” [ s AT(H) D2 ab AT~ )
a,b=+

d*q \ab | na _
< |0 [ o At - k- 0] A -1,
(2.165)
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The quantity in square brackets is precisely the one-loop self-energy of the
x2 field,

d4
M-k = ¢ [ LAY A p—k—0). @160

Substituting this result back into II3 yields

dk
M) =¢® Y ab / AT () AP — ) T — k) A (p— ).
a,b=+
(2.167)

It is convenient to express this result in matrix form in Keldysh space.
Defining

X(p—k)=Da(p— k) Ma(p — k) Ao(p — k), (2.168)

the corresponding imaginary part, obtained by inserting the one-loop correc-
tion on Y2, can be written as

2 4
ImlI 5(w) = —i%fB(w)‘l/ (5W§4Af(k) Xt (p—k).  (2.169)

The thermal propagator in the (+, —) basis can be diagonalized as

~ A 0
A(p) =Ul(p) ( ff)(p) A (p)> Ul(p), (2.170)
F
where Ay, (p) denotes the vacuum Feynman propagator. The matrix U (p) is
given by
Ulp) = 1 1+ fB(|pol) sgn(po) f5(|pol)
1+ fa(lpol) \1+sgn(po) fe(lpol) 1+ fa(lpol) /°
(2.171)

with f5(po) = (0 — 1)~ the Bose-Einstein distribution.
Similarly, the self-energy matrix can be diagonalized as

I(p) = U (p) (W(p) O(p)> U~'(p). 2.172)



86 Chapter 2. Inflation and Reheating Kinematics

The scalar function 7(p) is related to the Keldysh components via

Ren(p) = ReIl**(p), (2.173)
B i1~ (p) B i 117 (p)
T P) = 3 0t0) 1 Fa(pol)] ~ 2000—po) ¥ folpo]- &Y

We now compute

Xt (p—k) = (Ao Ag) " (p— k). (2.175)
Using the diagonal representation, one finds
Xt =(UMU)Y™ = -UTTUT [(A})* 7" + A%r] . (2.176)

Using the definition of the Feynman propagator together with Egs. (2.173)
and (2.174), we can rewrite this expression as

t=(p ) = 1 15 (p —

R (e et
+2ind’ ((p — k) — m3) sgn(po — ko) fu(|po — ko|) Re I3 T (p — k).
2.177)

Substituting this result into Eq. (2.169), we see that the self-energy natu-
rally splits into two contributions, arising respectively from the principal-value
term and the derivative of the delta function. We denote these contributions by
Imlly, and ImlIIRe, respectively.

We begin with the contribution Imll;,. After straightforward manipula-
tions, we obtain

Ity = 9 o y*/md 2 —m?
mll;, = ———— fg(m Wiy /WP —m
L 8mg(2m)3 B\ m Ty=1 1

- 1
X Szi [5 fB(sw1) H;_k(m¢ — sw1) P(w) ] .
(2.178)

Similarly, the contribution proportional to Re Il reads

ImlIlg, = fe(my) H{A@) — A(—@1)}, (2.179)

8mi(27r)2
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where

Alor) = blen = mﬂmsgn(mqs — 1) fe(@1)fB(Img — @1l)
x { [2w12 - l(fB(mb — 1) — fB(%))

wi—mi T
}. (2.180)
w1=w1

The real part of the self-energy can be expressed in terms of its imaginary

Reﬂgy,k(m(b — (Dl)

d
+ diwlReHZ*k(md) — wl)

part via the dispersion relation

dew Im Iz, (w)

2.181
T w— ko ( )

Rellg (ko) = P /

To further evaluate Egs. (2.178) and (2.179), we make use of the known
expression for the one-loop self-energy with general external momentum, as

computed in [57],
R —92 2

ImIILY (k) = ———< —0(—k“) k

+

(02 = (s + ) = 8= 2+ (s = )

fa(ko — ) fe(—w;)
x Tlog(fB(_w;r)fB(ko - wj)) ] } (2.182)

with

wz-i = 2—]162 [k:o (mi —m? +l<:2)

+ |k\\/m;l n (mgs — k2>2 —om? (mgﬁ + k2) (2.183)

Discussion

The decomposition of X~ into a principal-value contribution and a term pro-
portional to the derivative of the on-shell delta function admits a simple dia-
grammatic interpretation, illustrated in Fig. 2.17. The two contributions cor-
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Im Iy, Im ITge

Figure 2.17: Diagrammatic interpretation of the two contributions to the imaginary
part of the two-loop self-energy. The contribution Im IIy, corresponds to cuts passing
through the three propagators in the self-energy insertion. The contribution Im IIRr,
corresponds to cutting the two external x; lines while leaving the internal one-loop
self-energy insertion uncut.

respond to different ways in which the self-energy insertion can participate in
the cut diagram.

The contribution Im Iy, originates from the term proportional to f[2<. Since
ﬁ2< itself represents the cut one-loop self-energy of the y» field, the corre-
sponding diagrammatic interpretation is obtained by cutting through the three
propagators that form the self-energy insertion. This is represented by the ver-
tical cut shown in Fig. 2.17. Physically, this contribution describes processes
in which the intermediate states contained in the one-loop self-energy insertion
become on shell and therefore contribute directly to the imaginary part of the
two-loop self-energy.

In contrast, the contribution Im Ilg, is proportional to the real part of the
one-loop self-energy and is accompanied by the derivative of the on-shell delta
function, &' ((p — k)* — m3). Diagrammatically, the self-energy insertion it-
self remains uncut, while the imaginary part is generated by cutting the two ex-
ternal y; propagators attached to the insertion. The two equivalent cuts shown
in Fig. 2.17 correspond to the two possible placements of the cut through these
propagators. Rather than cutting through the self-energy insertion itself, this
contribution originates from the dispersive effect of the one-loop correction
on the intermediate X2 propagator. This is encoded in the derivative of the
on-shell delta function appearing in Eq. (2.177).

The two contributions, Im Ily, and Im IIRe, therefore correspond to dis-
tinct physical effects: on-shell processes encoded in the cut self-energy in-
sertion and dispersive corrections arising from the real part of the one-loop
self-energy. Together, they provide a complete description of the self-energy-
insertion contribution at two-loop order.
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2.8 Summary and Outlook

In this chapter, we have developed a self-contained kinematic and field-theoretic
framework to describe reheating and particle production in a thermal environ-
ment. Working within real-time finite-temperature quantum field theory, we
showed that spectral functions and self-energies provide a unified description
of quasiparticle propagation, interaction rates, and dissipation.

Using a simple scalar model as a laboratory, we analysed how thermal ef-
fects modify inflaton decay and energy transfer to the plasma. At leading order,
the imaginary part of the self-energy naturally decomposes into vacuum decay,
Bose-enhanced decay, and purely thermal scattering (Landau-damping) contri-
butions. Including thermal masses leads to temperature-dependent kinematic
thresholds, which determine the opening and closing of decay and inverse de-
cay channels.

A key result is that a consistent implementation of all kinematically al-
lowed processes qualitatively modifies the high-temperature behavior of the
dissipation rate. In particular, we find an exponential suppression at large
temperature, which can be traced back to the statistical suppression of hard
modes required by inverse decay kinematics. We further showed that going be-
yond the quasiparticle approximation by including finite-width effects smooths
kinematic thresholds and introduces off-shell contributions. In this context,
the generalized pole expansion provides an improved description compared to
the Breit—Wigner approximation, especially near kinematic boundaries and in
regimes where off-shell effects are relevant.

Beyond leading order, higher-order contributions encoded in two-loop self-
energies introduce qualitatively new structures that are not captured by a sim-
ple quasiparticle decay picture. We analysed both the diagonal and oft-diagonal
cuts of the vertex correction and showed that they exhibit markedly differ-
ent thermal behavior. The off-diagonal contribution closely follows the same
kinematic pattern as the tree-level decay and inverse-decay processes, consist-
ing of a low-temperature decay regime, an intermediate forbidden region, and
a high-temperature inverse-decay regime. Its contribution follows the same
kinematic structure as the tree-level 1 <+ 2 processes and remains nonvan-
ishing throughout both the decay and inverse-decay regimes. The magnitude
exhibits pronounced threshold features near Ty, 1 and Ti, 2, but extends over
the entire kinematically allowed regions.

The diagonal contribution behaves very differently. In contrast to the de-
cay and inverse-decay channels, it remains non-vanishing in the temperature
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interval where all tree-level 1 <+ 2 processes are kinematically forbidden. As
a result, it provides the dominant contribution to the imaginary part of the
self-energy in this regime. Moreover, the total diagonal-cut contribution arises
from a nontrivial cancellation between scattering and annihilation channels,
illustrating that thermal self-energies need not admit a simple interpretation in
terms of positive-definite reaction rates. These results highlight the importance
of quantum coherence and the analytic structure of multi-loop self-energies for
a complete description of dissipation in a thermal medium.

We also analysed self-energy insertion diagrams and showed that their con-
tribution naturally separates into a term associated with cuts through the self-
energy insertion itself and a dispersive contribution proportional to the real part
of the one-loop self-energy. This decomposition provides a simple diagram-
matic interpretation of the corresponding two-loop corrections.

The analysis presented here is intended as a standalone investigation of in-
medium kinematics and dissipation in scalar field theories. It highlights the
interplay between thermal masses, quantum statistics, and the analytic struc-
ture of self-energies in shaping particle production rates in a hot plasma.

As an outlook, several important conceptual and technical questions remain
to be addressed. In particular, it is natural to ask to what extent vacuum-based
field-theoretic properties persist in a thermal environment. This includes, for
instance, the investigation of Kinoshita—Lee—Nauenberg (KLN) cancellations
and whether analogous mechanisms operate for inclusive observables in the
presence of a thermal bath. Closely related is the issue of infrared (IR) safety
of the models considered here, and whether medium effects regulate or modify
potential IR sensitivities.

Another open direction concerns the physical interpretation of the different
contributions to the self-energy, especially the various cut structures that ap-
pear in the real-time formalism. While some cuts can be related to on-shell
intermediate states or dispersive corrections associated with lower-order self-
energies, the interplay between the different multi-particle channels and the
possibility of cancellations among them remains to be clarified. Developing a
systematic interpretation of these structures in terms of physical processes in
the medium is an important step toward a fully consistent picture.

Finally, the present analysis has been restricted to scalar degrees of free-
dom. A natural next step is to extend this framework to include fermionic
fields, where quantum statistics, chiral structure, and additional interaction
channels can lead to qualitatively new effects.
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These questions will be addressed in a forthcoming work, where the frame-
work developed in this chapter will be extended and applied to a broader class
of theories, providing a more complete understanding of particle production
and dissipation in thermal quantum field theory.






Chapter

Dark Matter production during
and after reheating

We begin by recalling the physical picture underlying perturbative reheat-
ing and the associated production of Dark Matter during this stage. After in-
flation, the inflaton no longer slow-rolls but instead oscillates around the min-
imum of its potential, gradually transferring its energy into lighter degrees of
freedom. At the macroscopic level, this energy loss can be captured by an
effective equation of motion for the inflaton field of the form!

¢+ (BH+Ty)p+V(p)=0. (3.1)

Here we use the notation f = df /dt and " = df /dp. The Hubble rate is
defined as H = a/a, where a is the scale factor, and V() denotes the effective
inflaton potential. The damping (or effective friction) term is parametrized by
the inflaton decay rate I',,, which can be related to the imaginary part of the
inflaton self-energy.

In the standard picture of cold single-field inflation, the evolution of the
Universe proceeds through a sequence of qualitatively different regimes, sepa-
rated by relatively short transition periods that we neglect in the following: (i)
Initially, the energy density is dominated by the inflaton potential, leading to a
phase of accelerated expansion with @ > 0 and V > pp, which lasts for O(10)
e-folds, denoted by Nj,¢; (ii) as the inflaton exits the slow-roll regime, the ex-
pansion becomes decelerated (¢ < 0), while the potential energy still domi-

"From a microscopic perspective, the inflaton dynamics is in general non-local in time,
involving memory kernels derived from the underlying quantum field theory. The use of a
local, Markovian equation of the form (3.1) therefore relies on additional assumptions, such as
a separation of time scales and the neglect of memory effects. These conditions are satisfied in
the regime relevant for the present analysis; see Appendix C of [81].



94 Chapter 3. Dark Matter production during and after reheating

nates over radiation, marking the reheating phase lasting for N,y e-folds; (iii)
eventually, the radiation energy density overtakes that of the inflaton, V < ppr,
and the Universe enters the radiation-dominated era, during which a < 0.

Reheating is typically assumed to commence when the slow-roll parame-
ters,

M2 V! 2 Y
CBEY wy e

become of order unity?, and it ends when the decay rate becomes comparable
to the Hubble expansion rate, I, ~ H.

If the reheating phase is sufficiently prolonged to leave observable imprints
in the CMB, the inflaton undergoes many oscillations about the minimum of
its potential. In this regime, it is convenient to describe its dynamics in terms
of the oscillation-averaged energy density p, and effective isotropic pressure
P,

(p,
1 ‘2
Po =59+ V(p), (3.3)
1,
P, = 5902 —V(p). (3.4)

In this work, we consider the regime where the inflaton dissipates its en-
ergy mainly through perturbative decays® into relativistic particles. Under this
assumption, the dynamics of the system can be described by a set of coupled
equations governing the inflaton and radiation energy densities, p, and pg.

These read

P+ (3H +Ty)(pp + Pp) =0, (3.5)
pr+4Hpr =T, (pp + Py) . (3.6)

These equations are supplemented by the Friedmann constraint

pp + pr = 3H>M] . (3.7)

This criterion holds at leading order in the slow-roll expansion and is sufficient for our
purposes; see Appendix B of [82].

3We use the term perturbative in a broad sense, referring to quantities that can be computed
as an expansion in a small parameter, irrespective of whether this expansion takes the form of
a simple power series. This includes, in particular, resummed and time-dependent perturbative
approaches.
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If the interactions in the plasma are sufficiently strong to ensure rapid ki-
netic equilibration [83—88] instantaneously —that is, on time scales much
shorter than all other relevant dynamical scales— the particle distributions can
be described by an effective temperature 7. In this case, the radiation energy
density can be written as

7T2

pr = 559", (3.8)
where g, characterises the effective number of relativistic degrees of freedom
contributing to the energy density of the thermal bath.

We further assume that the dark matter species X is produced from this

thermal bath. Its number density nx obeys the Boltzmann equation
nx +3Hnx =Cx, 3.9

where Cx is the collision term encoding production and depletion processes.
For the class of models considered here, it is convenient to express it as [89]

Cx = /FX (f¥—rx) . (3.10)

with ' x an effective interaction rate, in general depending on the phase-space
distribution fx. In situations where the dark matter sector comprises only a
small number of degrees of freedom compared to the radiation bath, its back-
reaction on pr can be safely neglected.

For numerical convenience, it is useful to reformulate the system in terms
of dimensionless variables. We introduce

3 3 4
a x RX nxx
T =mya, @Epw—:p“ﬁ, REpRa4:p4 ., X =nxad® = 3
My mg mg, my,
3.11)

where m,, denotes the inflaton mass at the minimum of its potential. The
normalization is chosen such that z = 1 at the onset of reheating.
The inflaton mass is defined by expanding the potential around its mini-

mum,

_ U " 1 5 5 go 3 Ap 4
V()= igea = gmee’ T T gret he, (B12)

n

with A an appropriate effective field theory scale.
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In terms of the dimensionless variables, the evolution equations take the

form

do T,

— =L 3.13
dx Hx ' (3.13)
drR T,

bk o)) 3.14
1z ¥ ( )
dX Cxz?

—_— 3.15
dx ng, (3.15)

The Hubble rate and temperature are determined self-consistently from

m2 R o X 1/2
H=—72 (54 =+ 5%) (3.16)
\/§mpl T T % my,
1/4
T="¢ <7?;85> . (3.16b)
*

where mp; ~ 2.43 - 10'® GeV is the reduced Planck mass.

In Eq. (3.16a), we have assumed that the inflaton condensate redshifts as
non-relativistic matter, corresponding to an effective equation-of-state param-
eter w = 0. This approximation is justified when the inflaton potential is
approximately quadratic in the vicinity of its minimum.*

Furthermore, we fix the effective number of relativistic degrees of free-
dom to its Standard Model value, g, = 106.75. Under these assumptions, the
system of equations (3.13) and (3.16) forms a closed set, whose solution de-
termines both the expansion history and the thermal evolution of the Universe.

Two quantities of particular interest are the maximal temperature reached
during reheating, T1,,x, and the temperature at the onset of radiation domina-
tion, T1e. The latter is commonly referred to as the reheating temperature and
is defined as the value of " at the time when the radiation and inflaton energy

densities become equal for the last time,

pr=rpy, at T =T,. (3.17)

“The validity of this assumption will be ensured by imposing the condition (3.22b) below.
More generally, describing the post-inflationary Universe as a combination of components with
fixed equations of state w = 0 and w = 1/3 constitutes an idealisation; see, e.g., [90-93].
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This temperature can be related to the duration of reheating through the stan-
dard redshifting relation

Tie = exp|— (3.18)

3(1 +wreh) :| <40 ‘/Yend>1/4
e ,
g%

where Ve,q denotes the inflaton potential evaluated at the end of inflation,
Wyen 18 the averaged equation-of-state parameter during reheating, and penq =~
%Vend accounts for the non-negligible kinetic contribution at that time.

Relating a specific dark matter interaction—potentially testable in collider
experiments—to the observed relic abundance requires detailed knowledge of
the thermal history during reheating. Within the framework adopted here, in-
formation about 7} can be inferred by connecting the quantities appearing
on the right-hand side of Eq. (3.18) to CMB observables. These are typi-
cally expressed in terms of the scalar amplitude Ag, the spectral index ng, and
the tensor-to-scalar ratio 7, using the standard relations summarised in Ap-
pendix D.

Since these observations provide at most three independent constraints,
they can only fix a limited number of model parameters. In most viable in-
flationary scenarios, the inflaton potential 1 depends on at least two parame-
ters [94]. For instance, in the examples discussed in Appendix F.2—namely
a-T, RGI, and MHI—these correspond to the overall scale M of the potential
and a parameter « controlling the ratio m,, /M. As a consequence, at most one
additional parameter, such as a coupling g, can be constrained using CMB data
alone.

The extent to which the full thermal history during reheating can be re-
constructed from CMB observations depends on the strength of the inflaton
coupling. Following Ref. [95], one can distinguish three qualitatively different
regimes:

1. For sufficiently small values of the coupling g, non-perturbative particle
production mechanisms—such as parametric resonance, tachyonic in-
stabilities, or fragmentation of the inflaton condensate—are either absent
or negligible. If the potential V is approximately quadratic near its min-
imum, the inflaton dynamics reduces to that of a weakly perturbed har-
monic oscillator [96]. In addition, the expansion of the Universe keeps
occupation numbers in the radiation bath low, such that their backre-
action on I', can be neglected. In this regime, I', can be computed
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perturbatively throughout reheating from the inflaton mass m, and the
coupling g.

Assuming a constant decay rate, the system of equations (3.13) and
(3.16) admits an analytic solution [17], leading to

90 1/4
The ~ /T = : 3.1
©MpI <W2g*> - (3.19)
and
1/8
Tonasx ~ 0.9 (T2m3 Vena/62) ' , (3.20)

where we approximate the inflaton potential at the onset of reheating by
its value Ve, q at the end of inflation.

In this case, observational bounds on 7}, can be translated directly into
constraints on the decay rate,

T2
‘e V9% (3.21)

mp13’

I, ~

which can in turn be expressed in terms of m,, and g.

. For intermediate values of g, non-linear effects and backreaction from

the produced particles influence I', during the early stages of reheating,
without significantly affecting the time at which I', = H. As a result,
the expansion history remains essentially unchanged, while the thermal
history can be modified. In particular, 7}, continues to be described by
Eq. (3.19), whereas T},,,x may deviate substantially from Eq. (3.20).

Although I', at the end of reheating can still be inferred from Eq. (3.21),
reconstructing the full thermal history requires modelling the effects of
instabilities and backreaction. These effects generally depend not only
on V and g, but also on the properties and interactions of the produced
particles, introducing a dependence on a large set of microphysical pa-
rameters that cannot be constrained by the limited set of observables
{As, ng,r}. Reconstruction remains feasible only in simplified scenar-
ios where the dominant effects depend on a small subset of parameters

For example, the occupation numbers of particles produced in inflaton decays depend both

on their interactions with each other and on their couplings to additional species. These interac-
tions determine their decay rates into secondary products, their thermalisation timescales, and

their effective masses, which in turn influence the available phase space for inflaton decays.
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from the set {g, v;}, or, if the leading effects come from quantum statis-
tics alone.

3. For large values of the coupling g, non-linear effects and backreaction
become sufficiently strong to modify both the thermal and the expansion
histories. While it is in principle conceivable that these effects depend
only on a small number of parameters of the set {g,v;}, which could
be infered from observation, in practice it is difficult to restrict their
impact to such a limited set once they significantly affect T}.. As a
result, I',, cannot be computed reliably over the entire reheating epoch
without additional assumptions about the underlying model even if the
same inflaton coupling g dominates the whole reheating process, and the
thermal history cannot be reconstructed in a model-independent manner
throughout reheating.®

From a methodological perspective, different regimes require different com-
putational approaches for determining I',,. In regime 1, it is well approximated
by the vacuum decay rate when the interaction is linear in ¢, and can otherwise
be computed using time-dependent perturbation theory [102]. Corrections can
be incorporated systematically using multi-scale perturbation theory [96].

In regime 2, an important question is whether the decay products thermalise
faster than the oscillation time scale of the inflaton. If this is the case,’ thermal
corrections to I',, can be computed within finite-temperature quantum field
theory [57, 103, 104], and the system of equations (3.13) can still be treated
analytically [105]. Otherwise, one must solve a set of coupled quantum kinetic
equations, for instance derived within the Closed Time Path (CTP) formalism
[106].

In regime 3, perturbative methods break down altogether. A first-principles
treatment would require solving the coupled dynamics of the condensate and
correlation functions in nonequilibrium quantum field theory [107-110], or
employing analogue systems [111, 112]. In practice, these dynamics are of-
ten approximated using classical lattice simulations, see e.g. [113-117]. Apart

®In regime 3, a reconstruction of the thermal history may still be feasible in minimal models
with only a few (or no) additional free parameters beyond V and g. Examples include Starobin-
sky inflation [97], Higgs inflation [98] (see [99, 100]), and QCD-driven warm inflation [101].

"More generally, it is sufficient that thermalisation occurs on a time scale shorter than 1/ 'y
once effective masses are dominated by forward scattering rather than interactions with the
condensate.
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from the computational challenges, this regime also faces a conceptual limita-
tion: the thermal history depends on a large number of microphysical param-
eters that cannot be fully constrained by observations, even within a specific
inflationary model.

The boundary between regimes 2 and 3 can be estimated by requiring
that perturbation theory remains valid. For a general interaction of the form
gl A*~PO[{X;}], this leads to the conservative conditions [81]

Jj= 4-D
My : [Me [ M My
< min — —= , (3.22a
‘g‘ <§Oend) ( mpi Qbend) ( A ) ( )
J= 4
. e ‘ [Me [ | (Mp\™
il < (%nd) mm( mpy’ ¢end> ( A ) » (3:220)

where O[{X;}] denotes a generic operator of mass dimension D — j con-

NG

ot

structed from fields &} of arbitrary spin. The first condition constrains the
inflaton coupling g, while the second ensures that self-interactions of the infla-
ton do not induce strong backreaction effects such as fragmentation.

In Ref. [20], it was demonstrated that, for a fixed inflationary setup and a
specified dark matter model, collider signatures can be inferred by combining
CMB observations with the measured relic abundance, provided the dynamics
lie within regime 1.3 This approach relies on the fact that in regime 1 the de-
cay rate I',, can be approximated as constant, allowing the full thermal history
during reheating to be reconstructed from Eq. (3.21), once T} has been deter-
mined by relating the right-hand side of Eq. (3.18) to CMB observables (see
appendix D). In the present work, we investigate to what extent this strategy
can be extended beyond regime 1. In general, reconstructing the thermal his-
tory based solely on the limited set of observables {Ag, ng, 7} is not feasible
in regime 3.

The relevant physical scales entering this analysis are the characteristic
scale M of the inflaton potential, the inflaton mass m,,, and the energy density
at the end of reheating, which we parameterise in terms of 7}, via Eq. (3.18).
The scale M is determined by the tensor-to-scalar ratio r. In plateau-type

¥ Although the analysis in [20] employs sufficiently small values of g to justify a perturbative
treatment, the cases with potentials of the form V() o ¢’ with j > 2 violate the condition
(3.22b). This indicates that inflaton fragmentation may lead to additional uncertainties that are
not accounted for [118,119].
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models, one finds®

371'2 1/4
M =~ mp, (2Asr> < 1.5-10'% GeV, (3.23)

where we used A; ~ 2 - 107 and the current bound r < 0.03 [120,121].
As shown in appendix F.1, we derived a general estimate for the inflaton
mass scale in two-parameter inflationary models in the form Eq.(F.1)

V242 A,

mp; ~ 10" GeV (3.24)
Ny

My R
see Eq. (F.5), this relation holds in particular for a-attractor models, and re-
mains a good approximation for several other models, though it can be violated
for certain parameter choices. This is consistent with the explicit treatment of
several benchmark models presented in appendix F.2. Here Ny denotes the
number of e-folds between horizon exit of the CMB modes and the end of in-
flation. Using Eq. (3.24), the inflaton energy density at the onset of reheating
can be expressed as

1% rN}

Given the observational bound » < 0.03, this implies ® < 9 - 10! within the
regime of validity of Eq. (3.24).

Constraints on 7}, can be extracted from CMB data using the standard pro-
cedure summarised in appendix D. Future sensitivity to the tensor-to-scalar
ratio r is expected to improve significantly with upcoming experiments such
as the extended Simons Observatory [122] and the Japanese LiteBIRD satel-
lite [123]. While the current configuration of the Chinese AliCPT-1 array’s
[124,125] is less competitive in probing reheating [95], it offers complemen-
tary coverage due to its location in the Northern Hemisphere and may be up-
graded in the future. In the following, we adopt LiteBIRD as our benchmark
experiment. The projected sensitivities to T, listed in Tab. 3.1 are obtained us-
ing the analytic framework of [126], which has been validated against Monte
Carlo Markov Chain forecasts in [82]. Further details are provided in appendix
D.

This general relation follows from Eq. (D.4) in the appendix; explicit expressions for the
examples considered here are given in Egs. (F.27), (F.47), and (F.60).
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benchmark | model | « Mg On. r o logyo( % )
A o-T | 2 | 0.9651 | 0.002 | 0.00696 | 0.001 13.7132
B RGI | 20 || 0.9607 | 0.002 | 0.0265 | 0.00175 || —0.871
C MHI | 2 | 0.9623 | 0.002 | 0.00947 | 0.0013 6.8750

Table 3.1: Projected 1o sensitivities of LiteBIRD to the reheating temperature 7,
for the three benchmark scenarios A—C. These estimates are obtained following the
method of [126], using the projected LiteBIRD sensitivities reported in [123].

If I', is constant, as assumed in [20], the information contained in Tab. 3.1
can be translated directly into knowledge of the rate I', entering (3.13), and
therefore into a reconstruction of the thermal history during reheating. In gen-
eral, however, the assumption of constant I', can only be justified in regime
1. Nevertheless, as long as I', remains calculable in terms of the parameters
in V' and the coupling g alone, a constraint on 7}, can still be converted into
information on g in regime 2. This in turn makes it possible to compute I',,(7")
throughout reheating. This motivates the following two questions:

* In Sec. 3.1, we examine whether the strategy employed in [20] can be
extended into regime 2, namely whether there exists a parameter range
in which thermal corrections to I', are both relevant for dark matter pro-
duction and calculable. More specifically, we ask whether within regime
2 there is a region of parameter space where I',,(T") can be determined
from m, and g alone using finite-temperature Quantum Field Theory

(QFT).

* Thermal corrections to the DM rate I'x may be relevant in all three
regimes. In particular, they can substantially modify I"x during epochs
in which the temperature greatly exceeds the masses of the particles in-
volved. In Sec. 3.2, we therefore study whether such thermal corrections
can significantly affect the relic abundance in the range of parameters
where they can be computed within finite-temperature QFT.

We find that, in regime 2, thermal corrections to both I', and I' x generically
induce only subleading modifications of the dark matter relic abundance. In
Sec. 3.3, we discuss three exceptions to this general conclusion.
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3.1 Thermal effects on the inflaton decay rate
and related DM abundance

Predicting the relic abundance of thermally produced dark matter (DM) re-
quires a detailed understanding of the thermal history during the epoch in
which production occurs. In what follows, we consider scenarios where the
dissipation of energy from the inflaton condensate into other degrees of free-
dom is governed throughout reheating by a single microphysical coupling con-
stant. Given that realistic inflationary models typically involve two parame-
ters in the potential V — denoted here by M and o — the set of observables
{As,ns,r} can at most determine one additional parameter, namely the cou-
pling g.

Extending the framework of [20] to regime 2, and assessing how finite-
temperature corrections to the inflaton decay rate influence the DM relic abun-
dance, requires three conditions to be satisfied.

1. To begin with, one must ensure that the system does not lie in regime
1, where thermal corrections to I',,, by construction, have a negligible
impact on the DM relic density and the results of [20] remain applicable.
This requirement translates into a lower bound on g, given in (3.27).

For a thermal plasma, a simple estimate for the transition between regimes
1 and 2 is obtained from the condition T1,.x = M. Assuming that dis-
sipation in regime 1 is dominated by perturbative inflaton decays, the
decay rate can be parametrised as!'®

T, =g’m,/c, (3.26)
where c denotes a numerical factor. Using (3.20), one obtains the con-
dition
My My

. 327
e Y’ 420

g>1/¢q

in order to be in regime 2.

For the plateau potentials considered here, one typically has V.pq =~ M*
and M ~ 10'6 GeV (see (3.23)). Assuming a radiation bath dominated

1%In plateau models, @end may be of order mp) (see appendix F), implying that decay products
acquire large time-dependent masses through their coupling to the oscillating inflaton conden-
sate. Although this formally challenges the use of the vacuum decay rate, Eq. (3.26) neverthe-
less provides a reasonable estimate of the averaged decay rate in regime 1 [115, 127].
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by Standard Model degrees of freedom (g, = 106.75), this implies!

3/2

215107 (e 3.28

&~ 103 GeV (5:28)

for thermal effects to become relevant. Combining this with Eq. (3.24)
yields

g>15-1074 (3.29)

2. In addition, avoiding regime 3 requires that the conditions (3.22a) and
(3.22b) are satisfied. For plateau models, these approximately reduce
to [81]

il < (37 A)Y T2 gl < (3n2r4) L (3.30)
Using As =~ 2-107? and r < 0.03, this leads to the upper bound
g <107, (3.31)

This appears to be in tension with (3.29). However, this apparent incon-
sistency should not be overinterpreted: the derivation of (3.30) neglects
numerical prefactors, and the conditions (3.22a) and (3.22b) are con-
servative estimates. Nonetheless, one can conclude that the parameter
region of g in which thermal corrections to I',, significantly impact the
DM abundance, while still allowing for a perturbative treatment without

additional assumptions, is rather narrow.'2

3. Finally, thermal corrections to I';, can only influence the DM relic den-
sity if a substantial fraction of DM is produced during the phase of re-
heating where such effects are relevant.

For renormalisable interactions in the radiation-dominated epoch, it is
well known [128] that the DM abundance is predominantly generated at
late times, since I'x oc 7' while H o T2, implying an increasing ratio
I'x /H. This regime is referred to as infrared (IR) dominated freeze-in.
If freeze-in terminates due to Boltzmann suppression of a mediator or
threshold effects, thermal corrections to I'x are typically small because
T is already well below the relevant mass scales.

"Even in a minimal scenario with g, = 1, the bound is only weakened by roughly a factor
of three.
2This conclusion is supported, for instance, by lattice simulations shown in figure 4 of [115].
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Achieving ultraviolet (UV) dominated freeze-in, where production is
dominated at early times, requires the production rate to grow suffi-
ciently rapidly with temperature. In radiation domination, this implies
I'x oc 7?19 with § > 0.

During reheating, however, the situation is more subtle due to the mod-
ified equation of state wy.. Even for higher-dimensional operators (d >
4), whose interaction strength increases with temperature, DM produc-
tion may still fail to be UV-dominated, i.e., particles generated around
Thax contribute negligibly to the final DM abundance..

For an operator of dimension d, one expects I'x oc T2(@=4+1 and
Cx o< TynSd oc T2A-4)+4 (3.32)

in the relativistic regime.

Taking w0, to be the averaged equation-of-state parameter during reheat-
ing, the dimensionless inflaton energy density ® follows the scaling

O ~ g3 (3.33)
leading to
H ~ % ~ g 304 Te)/2, (3.34)
Using Eq. (3.13), one finds
R~ gGm8me)/2 o g 3ee) /8, (3.39)

Finally, working under the assumption that I', is temperature-independent
in regime 1, and combining Egs. (3.32), (3.34) and (3.35), we get

d _
@X o x(20—3d—3wre(d—4))/4 (336)

Thus, DM production is UV-dominated if'?

i 4(2 +1I)re).

3.37
= (3.37)

BThe criterion (3.37) assumes that w does not vary strongly during reheating and remains
close to its average value Wre.
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For a monomial potential V(¢) oc 7, one has 1wy = (5 — 2)/(j + 2)
[129], which implies d > 6+4/j. In particular, for a quadratic potential
(wye = 0), this gives d > 8 [130], while for a quartic potential (W, =
1/3), one finds d > 7.

The physical origin of point 3 lies in the modified temperature evolution
during reheating. For instance, in the simple case w,e = 0, one might ex-

—3/2 rather than x~2) enhances

pect that the slower expansion rate (H « z
early-time production by reducing dilution. However, this effect is offset by
the altered relation between time ¢ and temperature 7": since 1" redshifts more
slowly than in radiation domination, DM production occurring at later times—
corresponding to lower temperatures—plays a comparatively larger role than in
the radiation-dominated case. This behaviour is captured by the scaling Cx o
T2+ o g=3(d=2)/4 rather than 2(%=2) in the radiation-dominated
case, cf. (3.36). Furthermore, once freeze-in has ceased (I'y < H), the DM
density undergoes additional dilution relative to the radiation bath, since the
inflaton continues to inject energy into the latter—an effect absent during radi-
ation domination.

Enhancing UV production therefore requires either faster temperature red-
shifting or an increased decay rate I',, at early times. Thermal effects can pro-
vide such an enhancement, particularly for bosonic couplings due to induced
emission, whereas fermionic couplings lead to suppression via Pauli block-
ing [57]. However, combining the bounds (3.29) and (3.31) shows that, for
bosonic interactions, regime 2 is either extremely restricted or absent. Con-
sequently, the parameter space (g-values) in which thermal corrections to I',,
both affect the DM relic abundance and can be quantified from next generation
CMB observations is extremely limited.

We therefore conclude that feedback effects from produced particles on I',
typically do not play a significant role for the DM relic density in the regime
where they can be reliably calculated by means of resummed thermal field
theory. Even if such effects enhance I',, at early times of reheating, they ei-
ther act too briefly to overcome late-time production, or they are subdominant
compared to the non-perturbative dynamics characteristic of regime 3.

In Sec. 3.3, we present three scenarios that evade this conclusion, all based
on UV-dominated freeze-in realised in different ways:

* Sec. 3.3.1: Production via operators with high dimension d > 9.

* Sec. 3.3.2: Production of super-heavy DM with Boltzmann suppression
during reheating.
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* Sec. 3.3.3: Threshold effects induced by screening that suppress decays
below a critical temperature.

More elaborate inflationary setups beyond the minimal two-parameter mod-
els considered here may also alter this conclusion. In addition, warm infla-
tion scenarios [131], characterised by significant dissipative effects, modify
the standard relation (3.20) and can lead to different CMB scaling relations,
see [132]. This is particularly relevant in models with very few parameters,
where g could potentially be constrained directly by observations [101].

3.2 Impact of thermal effects on the Dark Mat-
ter production rate

We begin by analyzing how thermal corrections influence the Dark Matter pro-
duction rate itself, while deliberately ignoring finite-temperature effects asso-
ciated with the inflaton sector. Under this simplification, the inflaton dynamics
can be fully characterized by its decay width I, or equivalently by the reheat-
ing temperature 7;... Consequently, there is no need to commit to a specific
form of the inflaton potential in this section. The only requirement we impose
is that, near the minimum, the potential is approximately quadratic so that re-
heating proceeds perturbatively. In practical terms, this corresponds to treating
the inflaton as a damped harmonic oscillator during the reheating phase.

For concrete realizations within fully specified inflationary models, we re-
fer the reader to Sec. 3.1 and appendix F.2. Anticipating the results, we find
that thermal effects modify the final Dark Matter abundance only mildly, typ-
ically at the level of a few tens of percent. This magnitude of correction is
consistent with expectations from standard freeze-in production scenarios oc-
curring during radiation domination.

3.2.1 Dark Matter production via scalar decays

As a first illustrative setup, we consider the scenario analysed in Ref. [20], in
which Dark Matter is generated through the decay of a scalar mediator P. This
particle interacts with a (Majorana) Dark Matter fermion X and a right-handed
Standard Model lepton fr through a Yukawa interaction of the form

Lx Dyx P frX. (3.38)
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In the limit where the decay products are much lighter than the parent par-
ticle, mx, my, < mp, the decay width of P in its rest frame is given by

2

_ Yx
P = 6m mp. (3.39)

This quantity is, in principle, accessible experimentally, for instance through
collider searches targeting long-lived particles. Representative sensitivity pro-
jections for such searches (within a specific realisation of the model) are dis-
played in Fig. 3.2.

In the early Universe, the scalar P may either remain in thermal equilibrium
or depart from it, depending on the strength of its interactions [133,134]. In
both regimes, thermal effects can be treated consistently using the Closed-
Time-Path (CTP) formalism [135]. Here, we focus on the case where P is
part of the thermal bath. Additionally, we assume that the occupation number
of Dark Matter is always small, fy < 1, which allows us to neglect both
quantum-statistical effects and inverse decay processes involving X.

Under these assumptions, the momentum-resolved production rate of Dark
Matter, including thermal corrections, reads [136, 137]

5 miT sinh(Emax/2T) cosh((go — Fmin)/2T)

F =
X9 =YX g olgo ™ | S0 (Bamin/2T) cosh((d0 — B /2T)

] . (3.40)

where ¢ denotes the four-momentum of the Dark Matter particle. The kine-
matic endpoints are defined as

E (= lal (mp 2
max / min — 9 . (3.41)
mx

Since our primary interest lies in the evolution of the total number density,
it is sufficient to consider the momentum-integrated collision term. This is
obtained by averaging over the phase-space distribution,

3
Cx = / g&,mq) “U(g). (3.42)

Adopting the Maxwell-Boltzmann approximation, in which quantum-statistical
factors are neglected, the collision term can be expressed directly in terms of
the vacuum decay width I'p. One finds

2T K, (@) C(343)

T

_ . gp < P _gr_Tp
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where K1 denotes the modified Bessel function of the second kind.

We illustrate in Fig. 3.1 the difference between employing the full momentum-
dependent expression in Eq. (3.40) and its Maxwell-Boltzmann approximation
given in Eq. (3.43). The comparison is performed for a representative set of
parameters, namely fixed values of the coupling yx and masses mp, mx, and
My

The comparison shows that thermal corrections modify the final Dark Mat-
ter abundance only mildly, with deviations typically at the level of 10-20%.
This behaviour is consistent with previous estimates and can be understood
from the fact that, for processes that are not infrared dominated (i.e. those satis-
fying (p) < 7T, the ratio between the Fermi-Dirac and Maxwell-Boltzmann
distributions remains close to unity. More precisely, one finds

0.95 < JEE) (3.44)

~ fus(E)
It is also instructive to examine the temperature range that dominantly con-
tributes to Dark Matter production. In the left panel of Fig. 3.1, the production
rate is maximal for temperatures

T € [mp/5, mp/2] = [100, 250] GeV, (3.45)

which occurs well after the end of reheating (here T}, = 10* GeV) and during
the radiation-dominated epoch.

If instead a lower reheating temperature is considered, for instance 7, =
20 GeV as shown in the right panel of Fig. 3.1, Dark Matter production ef-
fectively takes place during the reheating phase itself. In this regime, thermal
corrections become even less significant. This is because the continued decay
of the inflaton condensate shifts the production towards lower temperatures
compared to standard freeze-in scenarios. Since the relevant temperatures are
smaller, the Maxwell-Boltzmann approximation becomes increasingly accu-
rate.

This trend is further supported by Fig. 3.2, where a broader range of scalar
masses is explored. In particular, one can compare the yellow solid and dotted
curves to see the reduced impact of thermal effects.

We next present in Fig. 3.2 the predicted decay length c7 of the parent
particle P (evaluated in its rest frame), under the assumption that the produced
X particles account for the observed Dark Matter abundance. We compare
results obtained with the full treatment of quantum statistics to those derived
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mp =500 GeV, mx =1 GeV, yx = 3.9-107'1, T}, = 10* GeV

1079
0
E=
g
h2Qy = 0.12 =
e I
3
<
~ =
€|
—— w/o thermal effects
with thermal effects
10-10
2
=t
<
ot

0.8 10‘10 1(‘)12 10‘14 1(‘)16 1615 1(‘)20
X

mp = 500 GeV, mx =1 GeV, yy =3-107%, T, = 20 GeV
10°7

1078,
1079 4

>>f 10104

10711 4

0-12] T w/o thermal effects
with thermal effects

End of reheating

1071

Ratio

0.8

1010 1012 1014 1016 1018 1020
X

Figure 3.1: Comparison of thermal effects on the final Dark Matter abundance for
T.. = 10* GeV (upper panel) and 7, = 20 GeV (lower panel). The lower pan-
els show the ratio of the yield obtained using the fully momentum-dependent rate in
Eq. (3.40) to that computed with the Maxwell-Boltzmann approximation in Eq. (3.43)
(blue curve). The orange curve corresponds to the case where momentum dependence
is neglected but quantum statistics are retained. The parameter choices are indicated
in the figure. We set my, = 0. In the right panel, the dashed horizontal line marks
the observed Dark Matter abundance today, while the vertical dotted line indicates the
end of reheating.
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within the Maxwell-Boltzmann approximation, restricting our attention to the
region of parameter space relevant for collider searches.

A notable feature is that the relevance of thermal corrections decreases as
the reheating temperature is lowered, in particular once Ty < mp. In this
regime, the late-time decay of the inflaton condensate shifts Dark Matter pro-
duction towards temperatures satisfying mp /T > 1, where thermal effects are
suppressed relative to earlier epochs.

We also emphasise that freeze-in production typically occurs in the range
mp/T ~ 2-5. In this regime, corrections arising from thermal masses are
generally subleading compared to those induced by quantum statistics.

Finally, we comment on the interpretation of collider constraints. The
bounds shown above usually rely on additional electroweak interactions of
the scalar P, which enable its efficient production at colliders. Although such
interactions could, in principle, introduce additional channels for Dark Mat-

ter production (for instance via scattering processes),'”

we neglect them here
in order to isolate the role of thermal effects. A complete phenomenological
analysis of specific models should nevertheless include these contributions.

Given that thermal corrections have only a modest impact, it is worth not-
ing that other commonly used approximations can lead to significantly larger
deviations. A typical example is the use of the condition I' = H as a proxy
for defining the reheating temperature in Eq. (3.17), which avoids solving the
full system of Boltzmann equations in Eq. (3.13). This approach allows for an
analytic estimate of Ty [17,105], but generally leads to an overestimate of the
true reheating temperature, especially at low 1.

As an illustration, consider a benchmark point with mp = 500 GeV and
Tie = 100 GeV, where the reheating temperature is assumed to be indepen-
dently determined from CMB observations [82]. Using the approximate ex-
pression instead of the exact definition results in an overestimation of 7} by
roughly 30%, which in turn enhances the predicted Dark Matter abundance by
about a factor of two. Equivalently, this corresponds to underestimating the
decay length relevant for collider searches by a similar factor.

“More recent analyses have refined these bounds, see e.g. [146, 147]. Incorporating these
updates would require a dedicated recast following the methodology of [138], which lies beyond
the scope of this work. In any case, such refinements are not expected to qualitatively alter the
conclusions drawn here.

SDark Matter can also be generated through scatterings mediated by the right-handed lepton
fr. However, for mp /T >> 1 these processes suffer from the same Boltzmann suppression as
the dominant 1 — 2 decay channel and are therefore expected to be subleading.
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Figure 3.2: Upper panel: The contours compare the values of the rest frame decay
length c7 and mass m p accounting for the observed DM relic abundance without and
with thermal corrections, based on (3.43) and (3.42) with (3.40). We compare different
choices of the reheating temperature, chosen as in [20], and the expected decay length
with and without accounting for quantum statistical effects in the DM production rate.
Lower panel: We zoom in on the results for 77, = 10 TeV to highlight more clearly
the impact of said thermal effects. In gray, we highlight the parameter space region
excluded for a muophilic DM candidate X in the muonphilic Majorana DM model
[138], including searches for heavy stable charged particles (HSCP) at ATLAS [139],
searches for disappearing tracks (DT) at ATLAS [140] and CMS [141, 142] as well as
searches for displaced leptons at Atlas [143] and CMS [144,145].'4
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Figure 3.3: Forecast for constraints set on the model parameter space displayed in
Fig. 3.2 by the next-generation CMB experiment LiteBIRD in scenario A, see Tab. 3.2.
In dark blue shaded, we display the region that would be disfavoured at 30 or more.
Since mp < T, the DM production is essentially insensitive to the reheating epoch,
and the region consistent with CMB observation at the 20 level is compressed into
the immediate proximity of the region with instant reheating (N, = 0) indicated
by the white line, making it indistinguishable from DM production in the radiation
dominated epoch. The orange hatched area represents the parameter space region
where the observed DM abundance can never be achieved independently of the value
of the reheating temperature.?’

Moreover, even when adopting the definition in Eq. (3.17), one should keep
in mind that the Universe is not yet in a state of perfect radiation domination
at that stage. Since this assumption underlies the connection between T}, and
CMB observables [82], small corrections are expected. Comparable effects
may also arise in non-standard cosmological histories, such as scenarios fea-
turing an early matter-dominated phase.

Collider predictions from CMB observations

We conclude this subsection by emphasizing, as illustrated in Figs. 3.3-3.5, the
complementarity between constraints from future CMB observations—most
notably from LiteBIRD—and those obtained from laboratory experiments.

2The reason is simply that, within the chosen setup for reheating, a low reheating tempera-
ture can only dilute the produced DM abundance but never enhance it.
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Figure 3.4: Constraints set on the model parameter space displayed in Fig. 3.2 by the
next-generation CMB experiment LiteBIRD in scenario B, see Tab. 3.2. The white,
light blue and darker blue areas correspond to the regions consistent with such obser-
vation at the 1o, 20 and 30 level. Similarly to the previous figure, the orange hatched
area represents the parameter space region where the observed DM abundance can
never be achieved independently of the value of the reheating temperature.

Our analysis is performed for the three benchmark scenarios introduced in
Table 3.1. The corresponding posteriors for 7}, are derived using the method
of [126], cf. (D.9) in the appendix.

Figure 3.3 demonstrates that LiteBIRD observations could shrink the viable
parameter space of inflationary scenario A to an approximately one-dimensional
band in the mediator mass—lifetime plane. A portion of this region is within
reach of heavy stable charged particle (HSCP) searches [139] in the muon-
philic Majorana DM model [138]. It is important to note, however, that in this
scenario the DM production mechanism is largely insensitive to the details
of reheating. This is because the relevant parameter space lies in the regime
mp < Ty, where production predominantly occurs during radiation domi-
nation. Consequently, the improvement expected from LiteBIRD over current
bounds from Planck and BICEP/Keck is rather modest. These existing mea-
surements already imply T} > 10% GeV even when « is treated as a free pa-
rameter [95]. Moreover, neither current constraints nor those anticipated from
LiteBIRD constitute a genuine measurement of the reheating temperature, in
the sense of providing both upper and lower observational bounds. The uncer-
tainty quoted in Table 3.1 instead arises from combining a lower observational
limit with the theoretical consistency condition N, > 0. As a result, the



3.2. Impact of thermal effects on the Dark Matter production rate 115

mx =1GeV, a =2, ny=0.9623

10°
10t
10°
102

10!

et [m]

10°
107"
1072

1073
200 400 600 800 1000

mp [GeV]

Figure 3.5: Constraints set on the model parameter space displayed in Fig. 3.2 by the
next-generation CMB experiment LiteBIRD in scenario C, see Tab. 3.2. The white,
light blue and darker blue areas correspond to the regions consistent with such ob-
servation at the 1o, 20 and 30 level. As in Fig. 3.3, the 1o region is compressed
into the immediate vicinity of the region with instant reheating (/V,, = 0) indicated
by the white line, making it indistinguishable from DM production in the radiation
dominated epoch. However, in scenario C the 20 region is distinguishable from in-
stant reheating. Similarly to the previous figures, the orange hatched area represents
the parameter space region where the observed DM abundance can never be achieved
independently of the value of the reheating temperature.
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posterior distribution is highly non-Gaussian and asymmetric, rendering the
interpretation of the quoted error on 7} nontrivial.

A qualitatively different situation arises in scenario B, as shown in Fig. 3.4.
Here, the posterior distribution of T}, is well approximated by a Gaussian,
allowing for a determination log;((7r./GeV) = —0.871, which places the
coupling y,, firmly within region 1. This scenario corresponds to inflation oc-
curring in a hidden or secluded sector that interacts only very weakly with
the Standard Model. In this case, DM production is dominated by processes
during reheating. LiteBIRD observations could therefore constrain the model
parameter space at the 1o level to a region accessible to long-lived particle
searches at the HL-LHC, given that the sensitivity to the decay length c7 is ex-
pected to scale approximately linearly with the integrated luminosity [148].%!
At the 20 level, however, a substantial portion of the allowed parameter space
remains beyond collider reach. This limitation could potentially be alleviated
by incorporating additional constraints on the spectral index ngs, for instance
from the EUCLID mission or future 21 cm observations [126].

Finally, Fig. 3.5 indicates that in scenario C the parameter space favored
by LiteBIRD spans regions where collider-accessible DM is produced both
during reheating and during radiation domination. Within the 1o range of
Tre, DM production relevant for collider phenomenology necessarily occurs
during radiation domination, since mp < 1TeV < T, in this regime. At
the 20 level, the lower bound on the reheating temperature relaxes to Tye =
40 GeV, opening the possibility for collider-accessible DM production during
reheating. We note that parts of this parameter space can be probed by HSCP
searches at the LHC.

3.2.2 Dark Matter production from an effective four-fermion
interaction

As a second example, we turn to Dark Matter production mediated by higher-
dimensional operators, and examine how thermal effects modify the corre-
sponding rates. For concreteness, we consider an effective interaction de-
scribed by the Lagrangian

Lxint = 2V2G (P, PrX)(¥17" Pr¥y), (3.46)

2'The analytic sensitivity estimates in [148] are most reliable for lepton colliders, but still
provide reasonable order-of-magnitude estimates for the HL-LHC, see Fig. 8 of [149].
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where P and ¥, are taken to be massless fermions, X denotes the Dark Matter

particle with mass mx, and ¥ is a distinct fermion with mass?2 myg, = mx.
2

g
4\/§m2z,
after integrating out a heavy neutral gauge boson Z’, which sets the cutoff scale

The coupling G = represents an effective Fermi constant arising

of the theory. In realistic ultraviolet completions, such as Left—Right symmet-
ric models or U(1) g_1, extensions, several interaction channels involving X
are typically present. However, since our aim is solely to isolate the role of
thermal effects, we refrain from specifying a complete UV realisation leading
to Eq. (3.46).

Within this framework, Dark Matter is predominantly generated via scat-
tering processes in the thermal bath. The full thermal interaction rate in a
Fermi-like theory Eq. (3.46) can be written as [150]

8G> d’p d°p ¢’p
I'x(q) 7fF( )/(27T)321E1/(27T)322E2/(27f)323E3

X{(QW)454(Z?1 +p2 +p3—q)

x (1= fr(E1)) (1= fr(E2))(1 = fr(Es)) T (m1, —ma, ms3)
+(2m) 6 (p1 + p2 — p3 — q)
x (1= fr(E1)) (1 = fr(E2)) fr(Es) T (m1, —ma, —mg)
+(2m) 6 (p1 + p3s — p2 — q)
x (1= fr(E1)) fr(E2) (1 — fr(Es3)) T (mi1, mg,mg3)
+(2m)*6 (p2 + ps — p1 — @)
X fr(E )(1 — fr(E2))(1 = fr(E3)) T(—m1, —mg2, m3)
(

+(2m)%6% (p3 — P2 —q)

X fF(E1)fF(E2)(1 — fr(E3)) T(—m1,ma, ms)
+(2m) 6% (pa — p3—q)

X fF(El)(l - fF(E2))fF(E3) T(—=m1, —ma, —m3)
+(2m)16% (p1 — p2 — p3 — q) (3.47)

x (1= fr(E1)) fr(BE2) fr(E3) T (mi, ma, —ms)},

22This mass choice is made for simplicity, as it avoids the need to include decay processes
explicitly. In practice, an exact degeneracy is not required; a small mass splitting, potentially
lifted by thermal corrections, would lead to qualitatively similar results.
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For comparison, we also employ the Maxwell-Boltzmann approximation,
in which the quantum statistical factors are replaced by their classical expo-
nential form. In this case, the production rate simplifies to

8G% d°p; d’ps d°ps
FX(CI):quFl(_qO)/ (27)32E, / (271')32E2/ (27T)32E3{

(2m)*6*(p1 + pa + p3 — @) T (M1, —ma, m3)
2m) 64 (p1 + p2 — p3 — q)e —EBs/T T (myi, —ma, —ms3)

(2m)76%(
(27T)4(54(p1 +p3—p2—q)e —E2/T T (mqy, mg, ms)
(2m)4 6% (2 + p3 — p1 — @) e BT T(—my, —ma, m3)
(2m)6% (p3 — p1 — p2 — q) e EAFEDT T (g mg, ms)
(2m)76%( )

(E1+E3)/T 7—(

+ o+ o+ o+ o+

21)*6* (pa —p1 —p3 —q) e~ mi, —mg, —ms3)

+ (2m) 16 (p1 — pa — p3 — q) e~ PEEED/T T (1 my, —ms>}7 (3.48)

where the masses are specified as m; = mx and my = ms = 0. The function
T encodes the spin-summed matrix element and is given by

T(m1,ma, m3) = Tr[(g + mx )V Pr(p, + m3)'7VPR}
x Tr [(]ﬁg +ma) v Pr(p, + ml)%PR}

= 8[(1?2 p3)(p1-q) + (p1-p3)(p2 - q)} : (3.49)

The impact of quantum statistical effects is illustrated in Fig. 3.6, where we
compare the final Dark Matter abundance obtained using the full expression
(shown in orange) with the result derived within the Maxwell-Boltzmann ap-
proximation. The parameters of both the inflaton and Dark Matter sectors are
indicated in the figure and have been chosen such that Dark Matter production
is maximal during the reheating phase, while ensuring that the effective field
theory description remains valid throughout.

As can be seen, even in this setup where production occurs predominantly
during reheating, the size of thermal corrections remains modest, at the level
of O(10%). This is consistent with the expectation from Eq. (3.44), since the
process is not dominated by infrared contributions.
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Figure 3.6: Effect of quantum statistical corrections on the Dark Matter yield for a
Fermi-type interaction. In the right panel, the dashed horizontal line indicates the
observed present-day Dark Matter abundance, while the vertical dotted line marks the
end of the reheating period.

3.2.3 General picture

In the two examples discussed above, thermal corrections turn out to be small.
This naturally raises the question of how generic this result is and motivates a
closer look at the underlying physical reasons.

A central assumption in both cases is that the DM particle is the only species
out of thermal equilibrium. In the scenario considered in Sec. 3.2.1, freeze-in
production ceases once the parent particle P undergoes freeze-out, i.e., when
its abundance becomes Boltzmann suppressed. This behaviour is typical for
renormalisable interactions, where dimensional analysis implies 'y oc 7" in
the regime 1" > mp. As a consequence, I'x decreases more slowly than the
Hubble rate (3.16a). Therefore, the dominant contribution to freeze-in arises
at temperatures 7 < mp — in the present model roughly for mp/T ~ 2-5 —
where quantum statistical effects are generally subdominant [135].

Screening effects tend to be even less relevant in this regime. Indeed, ther-
mal corrections to particle dispersion relations scale as ~ ¢7" and only exceed
the vacuum mass mp when T' 2 mp/g. Although thermal corrections to
I'x can become large at higher temperatures, their impact on the final DM
abundance is suppressed for the reasons discussed at the end of Sec. 3.1: the
temperature decreases more slowly than in radiation domination, and the DM
produced at early times is subsequently diluted by particles generated in in-
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flaton decays at later times. In the second example of Sec. 3.2.2, the stronger
temperature dependence I'xy ~ G277 is still insufficient to overcome these
effects, as anticipated from Eq. (3.36). Moreover, the bound (3.44) further
constrains the role of quantum statistical effects for non-IR-enhanced thermal
DM production, even in the ultra-relativistic regime.

We therefore conclude, combining the results of this section with the argu-
ments presented in Sec. 3.1, that thermal corrections to both I' x and I, do not
significantly alter the DM relic abundance in a broad class of scenarios.

There are, however, several ways in which this conclusion can be circum-
vented:

* If DM is predominantly produced from light particles through suffi-
ciently high-dimensional operators, freeze-in becomes UV-dominated
without additional tuning (cf. Eq. (3.37) and Sec. 3.3.1), thereby increas-
ing the sensitivity of the final DM abundance to thermal corrections to
L.

* If DM production involves particles with large effective masses, Boltz-
mann suppression of coannihilating species or phase-space suppression
can enforce UV-dominated freeze-in (cf. Secs. 3.3.2 and 3.3.3). As in
the previous case, this enhances the relevance of thermal effects in I',,.

* A temperature- or field-dependent effective coupling or mixing angle
can lead to resonant conversion, as realised for instance in sterile neu-
trino DM [14,151] or dark photon DM [152].

* If the parent particles or mediators involved in DM production are them-
selves out of equilibrium, the evolution of I'x is controlled by their dy-
namics rather than the bath temperature 7', potentially making thermal
effects relevant at the time of peak DM production.

* If DM is produced non-thermally from a condensate (such as, but not
limited to, the inflaton), the production mechanism depends primarily
on the evolution of that condensate rather than on 7', and may include
non-perturbative processes such as parametric or tachyonic resonance.

Nevertheless, for standard thermal histories with thermally produced DM,
the general expectation is that thermal corrections to both I', and I' x remain
small in regimes 1 and 2. In the following section, we present explicit examples
that evade this behaviour, focusing on the first two mechanisms listed above.
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3.3 Counterexamples to the standard lore

In Secs. 3.1 and 3.2, we have argued on general grounds that thermal cor-
rections to the inflaton decay rate I',, and the DM production rate I' y do not
significantly modify the final relic abundance in the regime where these quan-
tities can be computed within perturbative finite-temperature field theory. This
conclusion was explicitly illustrated with two examples in Sec. 3.2. A key rea-
son is that, in most scenarios, the dominant contribution to the DM abundance
is generated towards the end of reheating or during radiation domination.

In the following, we construct explicit counterexamples based on UV-dominated
freeze-in, in which a substantial fraction of the DM abundance is produced at
early times, rendering it sensitive to the thermal history during reheating. We
stress that these examples are deliberately engineered to evade the general ar-
guments presented earlier and therefore do not invalidate their applicability in
typical situations.

All examples discussed in this section share the same inflationary back-
ground. For definiteness, we adopt the a-attractor T-model potential

4 2 ¥
V(p) = M* tanh [\/ﬁmpj , (3.50)
although our conclusions are not specific to this choice, it serves as a repre-
sentative example of plateau-type inflation. As shown in appendix F.1, many
phenomenologically viable plateau models share the same qualitative inflation-
ary dynamics. We have furthermore verified in appendix F.2 that radion gauge
inflation and mutated hilltop inflation exhibit analogous behaviour for suitable
choices of their parameters.

Constraints from CMB observations tightly constrain the inflationary scale.
In the «-attractor benchmark considered here, and as illustrated in Fig. 3.7,
this implies an inflaton mass of approximately

my, =~ 1.5-10"% GeV, (3.51)

in agreement with the general estimate (3.24). We choose the initial inflaton
energy density as ® = 2 - 1010, close to the maximal value allowed by the
upper bound on the tensor-to-scalar ratio, cf. (3.25). This enhances the impact
of thermal effects during reheating, which is essential for the counterexamples
discussed below.
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Figure 3.7: (Left) Tensor-to-scalar ratio r as a function of the spectral index ns for
the «-attractor T-model and fixed values of the number of e-folds Ny, consistent with
the Planck and BICEP/Keck data. The blue, orange and green lines correspond to
Ny = 46, N = 51, and Ny = 56, respectively. (Right) Inflaton energy density @ at
the beginning of reheating as a function of the inflaton mass m,, assuming the same
choices for the number of e-folds and inflationary scenario. The colour scheme is
identical to the left panel.

Reheating is assumed to proceed dominantly via a fermionic channel de-
scribed by the Yukawa interaction

LoDy, W0, (3.52)

As argued in [95], based on earlier works [108, 153—155], fermionic reheating
can extend the regime of validity of perturbative treatments beyond the bound
(3.30). The underlying reason is that Pauli blocking suppresses the build-up
of large occupation numbers, thereby preventing strong feedback effects such
as parametric resonance. Provided that the condition (3.22b) is satisfied to
avoid early inflaton fragmentation [118, 119], the decay rate I', can therefore
be approximated by the perturbative expression (3.26) with {g, c} = {y,, 87}.

Taking into account the lower bound (3.28), we adopt the benchmark value

Yo =5-1077. (3.53)

In this regime, the perturbative description is expected to provide a reasonable
approximation, although its precise range of validity remains uncertain [115].

The fermionic dispersion relation can in general be momentum dependent
in the presence of gauge interactions [156]. For simplicity, we approximate
the fermionic dispersion relation by

T 2
M2 ~ (my + ypp)? + (g“;> , (3.54)
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which is a good approximation as long as, at any given time, one of the two
contributions dominates the effective mass. In the following, we neglect the
vacuum mass, my < my,, and adopt gy = 0.5 as a representative value.

At early stages of reheating, the contribution induced by the inflaton con-
densate, y,¢, typically provides the dominant mass term. This is because
Yend can be of order mpy, cf. (F.15), whereas the maximal temperature T},
is only moderately larger than m,,. As the system evolves and the temperature
increases relative to the field amplitude, the thermal contribution ~ gg7/2
becomes increasingly relevant.

A more quantitative estimate can be obtained in regime 2. Using prp ~
P ~ m?ag02 together with (3.19), one finds that near the end of reheating the
field amplitude scales as ¢ ~ yimpl, while the reheating temperature behaves
as Tre ~ Yy /TPl This implies that, for y,, < 1072, the thermal contribu-
tion in (3.54) generically dominates over the inflaton-induced term during the
late stages of reheating.

Including thermal corrections, the inflaton decay rate takes the form [57]

2 Mo\ 2 1/2
T,=-2M,|(1-2(=% 1— 2fp(M,/2 3.55
@ ] <p< (Mg(J)) ( fF( so/ ))v ( )
where M2 = m?, + A\yT? /24 + Xpp? /2 denotes the effective inflaton mass.
In regime 1, this expression reduces to the perturbative result (3.26), which
can be used to reconstruct the thermal history via (3.13). However, at early
times the time-dependent mass ¥, can lead to kinematic suppression of the
decay. This effect is conveniently characterised by the parameter [127]

02
R=4dy> . (3.56)
m
©
When R < 1, the standard perturbative expression applies, while for R > 1
the decay rate is suppressed. This can be accounted for by introducing an
effective Yukawa coupling [127]

) vl ifR <1
Yeft = ) 3.57)
0.3852/VR ifR>1

with a smooth interpolation around R ~ 1/7.

The effective coupling in (3.57) is derived within time-dependent perturba-
tion theory and does not capture non-perturbative fermion production. Inter-
estingly, it has been observed that for sufficiently small couplings, e.g. y, =
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Parameter | m, [GeV] P Yo o | M[GeV] N r

Value 1.5-101 | 2-1019 [ 5-1073 | 2 | 9.46-10'® | 0.965 | 6.96 - 10~3

Table 3.2: Parameters characterising the benchmark inflationary scenario used in this
section.

1074, neglecting the time-dependent contribution Y, can yield a better esti-
mate for 71,y than including it, when compared to non-perturbative results,
see Fig. 6 in [115]. However, both the perturbative framework underlying
(3.57) and the non-perturbative analysis of [115] neglect gauge interactions of
the fermions. Such interactions can significantly affect the reheating dynam-
ics, for instance by redistributing the injected energy into additional degrees
of freedom or by generating effective masses through forward scatterings that
may terminate non-perturbative particle production.

These considerations highlight that a quantitatively reliable description of
fermionic reheating in realistic settings is still incomplete. Although this does
not contradict the conclusion of [95] that regime 2 can be extended to couplings
beyond the bound (3.22a) in the fermionic case, it suggests that computing
I, perturbatively during the early stages of reheating becomes questionable
once (3.22a) is violated. This, in turn, introduces an intrinsic uncertainty in
predictions for observables such as DM relic abundances or gravitational wave
spectra that rely on the detailed thermal history.

In the following, we therefore compare the solutions of (3.13) obtained us-
ing the decay rate (3.55) with and without the effective coupling (3.57). While
neither description is fully reliable, the comparison suffices to demonstrate that
the early-time thermal evolution in regime 2 can have a non-negligible impact
on the final DM abundance. At the same time, the spread between the two
results provides a useful proxy for the theoretical uncertainty associated with
fermionic reheating.

All parameters defining the benchmark inflationary setup are summarised
in Tab. 3.2.2% For practical purposes, we set M, ~ m. Moreover, we assume
that DM production proceeds via particles in the thermal bath that are not
directly coupled to the inflaton, such that inflaton-induced mass corrections do
not affect the production mechanism itself.

We choose a > 0.25 to avoid non-perturbative fragmentation of the inflaton field induced
by higher-order terms in the potential [81].
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3.3.1 UV-dominated freeze-in from a dimension-9 operator

As a first counter-example, we consider a scenario in which Dark Matter is pre-
dominantly produced via a higher-dimensional interaction. Specifically, we as-
sume that the production is mediated by a dimension-9 operator involving only
relativistic degrees of freedom, such that all particles in the plasma—except
for the Dark Matter—can be treated as effectively massless over the relevant
temperature range.

A representative interaction takes the form

LD Yx (X\Ill) (\T/Q\I/:;) (‘@4\115) s (3.58)

where yx denotes the effective coupling and the ¥; are massless fermions in
the thermal bath.

In this setup, the Dark Matter production rate is strongly dominated by UV
scatterings and can be parametrised, at the level of momentum-averaged rates,
as

T2(d—4)+1 T11
I'x = Cﬂ%m = Cy%(@ ; (3.59)

where c encodes the phase-space and loop suppression factors. For concrete-
ness, we adopt

yx =3.8-1002 and c¢=10"3 (3.60)

The Dark Matter mass is fixed to mx = my, / 10%, while the cutoff scale is cho-
sen as A = 10 m,, ensuring the validity of the effective field theory throughout
the reheating epoch.

Impact of thermal effects. The resulting Dark Matter abundance as a
function of temperature is shown in Fig. 3.8. Within the benchmark defined in
Sec. 3.3, the relatively large Yukawa coupling y,, implies that quantum statis-
tical effects—most notably Pauli blocking—significantly modify the reheating
dynamics. In particular, the maximal temperature reached by the plasma is
reduced by a factor of O(2) once these effects are taken into account.

While this reduction may appear moderate, it has a dramatic impact on
the Dark Matter abundance. Indeed, because the production rate scales as
I'x o< T'!, the mechanism is intrinsically UV-dominated, and therefore highly
sensitive to the highest temperatures attained during reheating. As a result,
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Figure 3.8: Time evolution (as a function of the scale factor x = am,,) of the plasma
temperature (left) and the Dark Matter yield (right) for production via a dimension-9
operator, cf. Eq. (3.59). In the right panel, the dashed horizontal line indicates the
observed present-day Dark Matter abundance, while the dotted vertical line marks the
end of reheating.

even an O(1) suppression of the maximal temperature translates into orders-
of-magnitude differences in the final Dark Matter yield, as illustrated in the
right panel of Fig. 3.8.

We also observe that thermal corrections to the dispersion relations of the
fermions, encoded in mg (7"), lead to comparatively mild effects on the final
abundance. Their impact becomes relevant only when approaching the strong
(non-perturbative) regime, where the simple perturbative description of reheat-
ing begins to break down.

However, Fig. 3.9 demonstrates that the inflaton-induced contribution y,¢
to the effective mass in (3.54) can play an even more prominent role than quan-
tum statistical effects. The pronounced difference between the results obtained
using the fundamental Yukawa coupling ¥, and the effective coupling y.g de-
fined in (3.57) reflects a substantial modelling uncertainty in the description of
fermionic reheating.

This leads to two main observations. First, thermal effects in I',, — here ex-
emplified by Pauli blocking — can become important and modify the DM relic
abundance by several orders of magnitude in scenarios with UV-dominated
freeze-in. Second, the theoretical uncertainty associated with the treatment of
fermionic reheating can be even larger, and thus constitutes a dominant source
of uncertainty in the predicted relic density.
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Figure 3.9: Time evolution of the radiation bath’s temperature and DM yield assum-
ing a production from a dimension-9 operator, see Eq. (3.59). The solid lines are
identical to Fig. 3.8, the dashed lines use the effective Yukawa coupling (3.57).

3.3.2 UV-dominated freeze-in due to Boltzmann suppres-
sion

As a second counter-example, we consider Dark Matter production mediated
by a Fermi-like four-fermion interaction, following the setup introduced in
Sec. 3.2.2, cf. Eq. (3.46). In contrast to the previous example, the produc-
tion mechanism in this case is controlled by both kinematics and Boltzmann
suppression effects. The possibility of achieving UV-dominated freeze-in via
Boltzmann suppression has previously been pointed out in renormalisable mod-
els, see [17,157].

In order for the production to be most efficient at early times, i.e. close to
the maximal temperature reached during reheating, we require the Dark Mat-
ter particle to be heavy, mx 2 m,. We further impose my, = mx, which
forbids vacuum decays of the Dark Matter particle. This choice also elimi-
nates potential contributions from three-body decays of ¥, thereby isolating
the thermal production channel and enhancing the sensitivity to reheating dy-
namics.

For definiteness, we adopt the parameter values

my ~15-1017 GeV > T, (3.61)

mx = my, = 10m,, . (3.62)

The heavy mediator Z’ can thus be integrated out, leading to an effective
Fermi-like interaction.

A crucial ingredient in this setup is the presence of an additional heavy
fermion W, that is distinct from X but remains in thermal equilibrium with
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Figure 3.10: Time evolution (as a function of the scale factor x = am,) of the
plasma temperature (left) and Dark Matter yield (right) for production via a Fermi-
like interaction. The production rates are given in Eq. (2?). In the right panel, the
dashed horizontal line corresponds to the observed Dark Matter abundance, while the
dotted vertical line marks the end of reheating.

the plasma. This ensures that the production rate of Dark Matter inherits an
exponential Boltzmann suppression at temperatures below m x. If, instead, ¥
were replaced by the out-of-equilibrium Dark Matter particle itself, this sup-
pression would be significantly weakened, reducing the sensitivity to thermal
effects during reheating.

Impact of thermal effects. The evolution of the Dark Matter abundance is
shown in Fig. 3.10. In the present setup, the condition mx = my, < Tmax 1S
satisfied, implying that the dominant production occurs at the highest temper-
atures achieved during reheating. As in the previous example, the mechanism
is therefore effectively UV-dominated.

This feature makes the final Dark Matter abundance particularly sensitive
to modifications of the reheating dynamics. Including quantum statistical ef-
fects in the inflaton decay rate leads to a reduction of the maximal temperature
by a factor of O(2). Despite its modest size, this effect translates into a sub-
stantial suppression of the Dark Matter yield, typically by about two orders of
magnitude, as can be seen in the right panel of Fig. 3.10.

Model-building considerations. It is important to note that the strong
sensitivity to thermal effects in this example relies on a specific set of assump-
tions. In particular, the heavy fermion ¥; must remain in thermal equilibrium
despite having a mass comparable to that of the Dark Matter particle. This
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10! Yo =5-10"% g¢ =05 Yo =5-10"% gy =05
—18
— W0y = Yt 10 r\ w/o thermal correction
---- with y = yes with quantum statistical effects
10° 10-23] 20y = 0.12
o eSS
g “ w/oy = yur R
E 10 AN >~ 10 Ll R— with y = yerr E
ot TRmmmcccmccceeee ]
102 10733 3
w/o thermal correction Lo 5
with quantum statistical effects I/
1073 10-38 K .
10° 10? 10t 10° 10° 10 10t 10°
X X

Figure 3.11: Time evolution (as function of the scale factor x = am,,) of the radiation
bath’s temperature 7' and DM yield Yx assuming a production from a Fermi-like
interaction, see Eq. (??). The solid lines are identical to Fig. 3.8, the dashed lines use
the effective Yukawa coupling (3.57).

requires the existence of additional interactions capable of efficiently coupling
U, to the plasma.

Such interactions, for instance of the form (¥1f) ¢, where ¢ and ¢ are
lighter degrees of freedom (with ¢ a fermion and ¢ a scalar), may introduce
new phenomenological complications. They can open additional production
channels for Dark Matter or even jeopardise its stability through higher-order
decay processes such as X — Wo+/{+@+---. Although it may be possible to
suppress these effects in a carefully constructed model, this example illustrates
that achieving a large impact of thermal corrections within a fully consistent
UV completion can be non-trivial.

This observation reinforces the broader point of this section: while thermal
effects can, in principle, induce sizable modifications to the Dark Matter abun-
dance during perturbative reheating, constructing realistic scenarios in which
these effects dominate requires non-trivial model-building ingredients.

3.3.3 UV-dominated freeze-in from threshold effects

As a final counterexample, we consider a situation in which UV-dominated
DM production arises from kinematic threshold effects that are sensitive to
screening in the thermal plasma. We work with the renormalisable model in-
troduced in Eq. (3.38). In order for the parent particle P to thermalise, it
must have additional interactions beyond those responsible for DM produc-
tion. These interactions modify the in-medium dispersion relation of P, an
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effect which we neglected in Sec. 3.2.1. In the simplest approximation, this
can be described by a momentum-independent thermal mass Mp.

Thermal corrections to the parent mass can have an important impact on the
production rate I'x, as discussed in Sec. 3 of [135]. When DM production is
dominated by the decay P — X fr, increasing M p reduces the lifetime of the
parent particle and can therefore enhance the production rate. If the thermal
mass originates from gauge interactions, however, at least one of the decay
products must be charged under the same gauge group and will also acquire
a comparable thermal mass. In that case, the phase space for P — X fr can
become suppressed at high temperature, and scattering processes may become
increasingly important for 7' > mp.

This conclusion can be avoided if the large thermal correction to Mp is
mainly generated by scalar self-interactions, such as (P P)?, or by additional
Yukawa interactions with other fields. Then the thermal mass of P can be
larger than those of the decay products, so that the decay channel remains the
dominant contribution to I'x even for 7' > mp. In such a setup, the decay
may be forbidden in vacuum,

mp < mx + mgg, (3.63)

but become allowed in the plasma once the masses are replaced by their ther-
mal counterparts,

MP>MX+MfR- (3.64)

This provides a simple way to realise UV-dominated freeze-in.
For illustration, we use the parametrisation

ApT?

Mp =mp+ =5,

(3.65)
and choose

mp =my/5 My, =my/8 ;mx =my/10 ,yx =6-10"" Ap =0.25.
(3.66)

The DM production rate is computed using the full thermal expression in
Eq. (3.40).

The resulting temperature evolution and DM yield are shown in Fig. 3.12.
The left panel shows that DM production shuts off during reheating once the
decay P — X fr becomes kinematically forbidden. Consequently, when Pauli
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Figure 3.12: Time evolution, as a function of the scale factor x = am,,, of the radia-
tion bath temperature 7" and the DM yield Yx . The dotted line in the left panel denotes
the threshold temperature below which DM production is kinematically forbidden. In
the right panel, the dashed horizontal line represents the observed present-day DM
yield, while the dotted vertical line marks the end of reheating.

blocking is included systematically in the inflaton decay rate, the maximal tem-
perature is reduced, the decay channel closes earlier, and the DM abundance
freezes in sooner. The produced abundance then undergoes a longer period of
dilution, leading to a suppression of the final yield by more than two orders of
magnitude.

In this example, the sensitivity of the relic abundance to thermal effects
arises from the combination of Pauli blocking in I';, and the screening correc-
tion to the parent-particle mass. However, as in the previous counterexamples,
the uncertainty associated with modelling fermionic reheating is even larger
than the thermal correction itself. Indeed, Fig. 3.12 was obtained by comput-
ing I', using (3.55); if instead the effective coupling (3.57) is used, the tem-
perature never becomes large enough for Mp to exceed the threshold required
for P-decays into DM, and no DM is produced through this channel.

Finally, we stress that this simplified setup neglects scatterings mediated
by P and fgr, which could either enhance or deplete the final DM abundance.
Although scatterings are usually subdominant to decays in the regime stud-
ied in Sec. 3.2.1, this need not remain true once the decay channel becomes
kinematically inaccessible. Moreover, interactions strong enough to generate
a sizeable thermal mass for P will generally also induce scattering processes,
which may dominate unless the thermal correction to Mp mainly originates
from self-interactions [135]. A quantitative treatment of these effects is left
for future work. This reinforces the broader point that constructing a complete
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UV model of DM production during perturbative reheating in which thermal
effects significantly modify the relic abundance is highly non-trivial.

3.4 Discussion and conclusion

In this chapter, we have investigated the role of finite-temperature effects in
Dark Matter production during cosmic reheating. Our analysis focused on the
impact of quantum statistical corrections and screening effects in the primor-
dial plasma, which modify both the inflaton dissipation rate I' and the Dark
Matter production rate I'y. A key motivation for this study lies in the prospect
of constraining the thermal history of the Universe during reheating with fu-
ture CMB observations, thereby enabling connections between cosmological
measurements and laboratory searches for Dark Matter.

The main result of our analysis, presented in Secs. 3.1 and 3.2, is that finite-
temperature corrections to I' and I'x generally have a limited impact on the
predicted Dark Matter relic abundance in regimes where they can be reliably
computed within finite-temperature quantum field theory. This behaviour is
illustrated in Figs. 3.1 and 3.6. In particular, these corrections remain subdom-
inant in scenarios where the reheating dynamics is sufficiently simple such
that the thermal history can be reconstructed from a small set of parameters
constrained by observations.

We further demonstrated in Figs. 3.2 and 3.3-3.5 how cosmological obser-
vations, especially from next-generation CMB experiments, can provide con-
straints that are complementary to those obtained from collider searches. In
certain scenarios, such as the one shown in Fig. 3.4, CMB data have the poten-
tial to exclude regions of parameter space that are beyond the reach of current
and near-future laboratory experiments.

In Sec. 3.3, we discussed a number of scenarios in which thermal effects
can significantly alter the Dark Matter relic abundance, in some cases by sev-
eral orders of magnitude (see Figs. 3.8-3.12). However, these cases do not
contradict the general conclusion stated above, as they typically lie outside the
regime where a perturbative treatment of reheating is fully reliable. Indeed, our
analysis indicates that even in scenarios such as fermionic reheating, where
perturbative methods are often assumed to be applicable, the determination
of the thermal history can be subject to substantial theoretical uncertainties.
These uncertainties can exceed the quantitative impact of finite-temperature
corrections themselves, thereby limiting the predictive power of perturbative
approaches for relic density computations. This observation highlights the
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need for a more robust and quantitative understanding of reheating dynamics
in realistic particle physics models.

Finally, we derive the estimate (3.24) for the inflaton mass scale in a general
two-parameter inflationary models of the form Eq.(F.1) see (F.5), this relation
holds in particular for a-attractor models, and remains indicative for several
other models (though it can be violated for certain parameter choices).






Chapter

General Summary and
Conclusions

The transition from inflation to the hot Big Bang, known as cosmic reheating,
is one of the least understood epochs in the history of the Universe. During this
period, the energy stored in the inflaton field is transferred to a thermal plasma,
setting the initial conditions for the subsequent evolution of the Universe and
determining the production of relic particles such as Dark Matter. A quantita-
tive description of this process requires understanding particle production in a
hot and evolving medium, where interactions are modified by thermal effects,
collective phenomena, and non-equilibrium dynamics.

In this thesis, we investigate particle production during cosmic reheating
using the framework of real-time non-equilibrium quantum field theory. We
develop the theoretical tools required to describe particle production and dissi-
pation in thermal environments, with particular emphasis on the Closed Time
Path formalism and the role of spectral functions and self-energies in determin-
ing in-medium interaction rates. This framework provides a unified description
of quasiparticle propagation, dissipation, and particle production, and allows
medium effects to be systematically incorporated from first principles.

We then study the impact of thermal effects on inflaton dissipation and par-
ticle production rates. Using scalar field theories as a laboratory, we investigate
the role of thermal masses, modified dispersion relations, finite-width effects,
and higher-order corrections. We show how the spectral structure of thermal
self-energies determines the kinematics of particle production in a medium
and governs the transfer of energy from the inflaton to the plasma. In particu-
lar, thermal masses can kinematically suppress or completely block tree-level
decay channels, while finite-width effects can smooth otherwise sharp thermal
thresholds and reopen regions of phase space that are forbidden in the quasipar-
ticle limit through off-shell contributions. We further show that going beyond
the quasiparticle approximation is essential near kinematic boundaries, where
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a generalized pole expansion provides a more accurate description of the spec-
tral density than the commonly used Breit—Wigner approximation. At next-
to-leading order, scattering and other medium-induced processes can remain
active even when tree-level decay channels are blocked by thermal masses,
thereby providing additional channels for energy transfer to the plasma. More
generally, we find that the thermal medium blurs the distinction between pro-
cesses that are separate in vacuum, causing different contributions to become
intertwined and allowing interference effects to play an important role in de-
termining the net particle production rate. These results demonstrate that the
dynamics of reheating cannot always be understood in terms of vacuum de-
cay rates alone and highlight the importance of the full in-medium spectral
structure.

We further investigate the implications of thermal effects for the production
of Dark Matter during and after reheating in freeze-in scenarios. We quantify
how thermal corrections modify particle production rates and assess their im-
pact on the resulting relic abundance. We find that finite-temperature effects
generally lead to modest corrections when perturbative calculations remain
reliable, but we also identify scenarios in which thermal thresholds, Boltz-
mann suppressions, or higher-dimensional interactions can substantially alter
the predicted Dark Matter abundance. These results clarify when simplified
treatments of reheating are sufficient and when a detailed description of the
thermal history becomes essential for reliable Dark Matter predictions.

Finally, we explore the connection between reheating, Dark Matter pro-
duction, and cosmological observables. We show how future measurements
of the Cosmic Microwave Background can constrain the reheating history and
provide information complementary to laboratory probes of particle physics.

Overall, this thesis develops a systematic framework for studying particle
production in thermal environments and clarifies the role of medium effects in
cosmic reheating, inflaton dissipation, and Dark Matter generation. By com-
bining real-time quantum field theory with cosmological applications, it identi-
fies the physical mechanisms that govern energy transfer in the early Universe
and determines how they influence the production of Dark Matter and the in-
terpretation of cosmological observations.



Appendix

Tree-Level Result

A.1 Reduction of the Energy Delta Functions

In the rest frame of the inflaton we set w = m. The quasiparticle energies are

w1 = y/p% +m3, wo = y/p? + m3. (A.1)

It is convenient to eliminate the momentum in favor of w;, which gives

wo = y/w? —m? +m3. (A.2)

The delta functions appearing in the self-energy integrals constrain the en-
ergies of the intermediate quasiparticles. Their reduction can be performed
using the identity

5(f@) =" ‘m (A3)

i

where z; are the roots of f(x).
A.2 Combined reduction of d(w — wy &= wy)
The two delta functions
(w — w1 —w2), 0(w — w1 +wa), (A4)
can be treated simultaneously. To this end, define
gr(w1) =w —wy Twe =w —wy = /w? —m? +m2. (A.5)
The corresponding root is obtained from the condition

g+(w1) =0 — W —w] = Fws. (A.6)



138 Chapter A. Tree-Level Result

Squaring both sides yields in both cases

(w—w1)? = wi —mi +m3, (A7)
so that the solution is
w1:w1:w2+m%—m%’ w2zw2—m%+m%. (A.8)
2w 2w
The derivative of g4 is
w1
gi(w) =—-14+—. (A9)
w2
Evaluating at the root gives
_ w
g (1) = —, (A.10)
w2

where the sign information is encoded in the kinematic domain of the root.
Using the identity Eq. (A.3), we therefore obtain the unified expression

d(w — wy iwg):%5(w1—w1)9(i(w—w1)). (A.11)

Equivalently, writing the two cases separately,

O(w—wi —w2) = %5(001—@1)9(0)—(01)7 (A.12)

(w— w1 +ws) = % d(wy — 1) O(wy — w). (A.13)

The two step functions distinguish the kinematic regions corresponding to
the decay process ¢ — x1 + X2 and the inverse-decay process x1 — @ + X2,
depending on whether the inflaton energy is larger or smaller than the energy
of the intermediate quasiparticle.

Equations (A.12) and (A.13) allow the energy integrals in the self-energy
to be carried out analytically, leaving only the kinematic constraints encoded
by the step functions.

A.3 Contribution from §(w + w; — wy)
Finally we consider the delta function

d(w + wr —(UQ). (A.14)



A.3. Contribution from é(w + wy — wa) 139
Defining
o(wi) = w 4w — wo, (A.15)
the constraint p(w;) = 0 implies
Wy = w + wq. (A.16)
Squaring both sides yields
(w4 wi)? = wi —m? +ma. (A.17)
Solving for w; gives
oy = B (A.18)

2w

This solution can be written in terms of the root obtained previously as w; =

—w1. Eq: A.8. The derivative of g is

/ w1
=1-—.
o (w1) .
Evaluating this at the root gives
o) = &
lo'(@n)] = Wy

Applying the delta-function identity then yields

S(w+w —ws) = wala,

(5(&)1 — (211) 9(0.)2 — w).

(A.19)

(A.20)

(A.21)

The step function reflects the kinematic condition ws > w required by the

constraint w + wi — w9 = 0.






Appendix

Four-Pole form of the spectral
density

We will start from the renormalized spectral density Eq. 2.44, which reads

1 —2ImIT? + 2pge
(pg — Qg — ReHR)2 + (ImIT2 — pge)

pr =2 5 (B.1)
and derive its four-pole form given in Eq. (2.55). In the following, we suppress
the index ¢, since the derivation applies identically to both spectral densities in
Eq. (2.44). We work in the upper half-plane, corresponding to closing the
contour for positive values of pg. For py > 0, the spectral function is posi-
tive definite, pl(po) > 0. We make the coordinate change from (p?, p.u) to
(pg, p?) and expand the real and imaginary parts of TI* as functions of pg,
around the pole W,

Wi, = Q3 + RellfL(W;,) (B.2)

as follows

d
RIS (n) = ReTTS Oy) + (45 = W) (o RelTE ) vy, (B3

d
ImIL (po) = ImILF(W,p) + (p§ — W5,) T%Imng(pg)ypgzwgp (B.4)
We need to solve

P5 — Qp — Rellfi(po) = i (ImILY(po) — poe) (B.5)

where v = +. Substituting the Taylor expansions (B.3)—(B.4), this equation
can be brought into the quadratic form

P+ iaéapo — Ba =0 (B.6)
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Where

Ba =W}, +iaZo InTIR(W,p) (B.7)
bo =Z20€e, Z,=R+iaD. (B.8)

Here we have introduced

1— -4 Rellf(p})

d(pz) 2_ 2
R — 0 : Py rp 5 (B9)
—_d_ R(p2 d_ R(p2
<1 d(pg)Rer (pO) ng,?p> " <dp(2) Ime (pO) ng3p>
d R ()2
%Imnlp(p[)) T
D 0=V S (B.10)

2
> + (nglmng(pg)

<1 — o ReIE (pf)

pg:W2p>

We denote the two solutions of Eq.B.6 by pg = Q-+, which, using the defini-

PE=W3,

tions above, can be written as

. 1 1 ImHﬁ(WrP) i ImHﬁ(WrP)
Qia = 56 + (er — ime + ? —€* RT

(B.11)

For pg > 0, the physical poles are given by

) D (ImIIE(W,p) i [ ImIL (Wip)
Q_(WTP_2<VVTP_6 _57-\)/ T—E

(B.12)
N D [ ImILF(W,p) i ImITE (W,p)
Q = <er—2 (VVTP_G)> +2R<erp—6
(B.13)

where we defined Q_, = 2, and O, = Q*. For Wip > ImHﬁ(W,«p) and
working at O(g?) we find

O=0+ %F (B.14)
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In the coupling expansion both Imﬂg, Dy ~ O(g?), and we get
Q=W (B.15)

R
I'=-Z2 (ImHS(Q) — e) (B.16)

Therefore, for py > 0 we get

. _, (—2ImITE (po) + 2poe) X
Pp (po)‘p0>0 -4 (p;n - g)po(po —pf(;) .

where, X (pp) is smooth at the pole positions.

Using the antisymmetry property pp,(po) = —pp(—Ppo), the poles for py <
0 are located at

po=—-0Q, —Q. (B.18)

Requiring regularity at pg = 0 fixes the structure of the numerator functions
and leads to the full four-pole representation

—2Im HR(po) + 2pge
(o — Q) (po — %) (po + Q) (po + Q%)

pp(po) = Z7'C (B.19)

The constant C is fixed by the normalization condition | _OOOO C%)popr (po) =1

which yield C; = Z;R;. Atleading Order in the coupling O(g?) we can write

—2ImII%(pg) + 2poe
(po — )(po — %) (po + Q) (po + ©*)

which is the desired 4-pole representation Eq. (2.55).

pp(po) = 2 ; (B.20)
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Derivation of the Diagonal-Cut
Integrand

In this appendix we derive the explicit form of the integrand appearing in the
diagonal-cut contribution discussed in Sec. 2.7.1. Starting from Eq. (2.106),
the relevant combination of propagators is

I} = =AF(R)AY (p— B)AS (AT (p—k — )AF (g + k). (C.D)
The three propagators intersected by the cut appear as Wightman propaga-
tors, while the remaining propagators contribute through their principal-value
parts.
Insertion of Wightman propagators
Using the definition of the Wightman,
A< (k) = 27 sign(ko) f (ko) 6(k* — m?), (C2)

we obtain

13 = =AF(p— k)AY (¢ + k) 6(k* = m)d(q* —m3)s((p — k — q)* — m7)
x (2m)?sign(ko)sign(qgo)sign(w — ko — qo) f (ko) f (q0) f (w — ko — qo).
(C.3)

The three delta functions enforce the on-shell conditions for the particles
crossing the cut.
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Decomposition of the on-shell delta functions

The first delta function can be written as

1
5(k* —m3) = g, [Bko —w1) = d(ko +wr)], (C4)
where w; = \/k? + m3. Substituting this expression into the integrand

yields

12 = -2 en(a0) Flao)d (@ — )
2 21 1gn{qo qo)olqy — W

X {5(7‘30 —w1) f(w1)AF (p — k)AT (g + k)
x sign(w — w1 — qo) f (w — w1 — q0)6((mg — w1 — q0)* — @7)

— (w1 — —wl)}. (CS)

The delta function 6(¢? — mi) can be decomposed similarly,

oas = &%) = 5z [6a0 — @) = (a0 +@)], (C6)

where © = ,/q2% + mi
After inserting this expression we obtain

71.3
17 = @){ﬂ@&%—@

_4(4)1(:.)
x [8(ko = wi) (@) AT (p — K)AT (g + k)

x sign(w — w) — @) f(w — w1 — @)8((my — w1 — @)% — &)

(w1 — —wl)] (&= —@)}. (C.7)

Energy conservation along the cut

The remaining delta function can be decomposed as
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2 ~2 1

- ) = 2%,

5((771(75—001—@) (5(m¢—W1—fD—@'1)

—6(m¢—w1—a)+w1) , (C.8)
which enforces energy conservation across the cut. After collecting all fac-

tors we obtain

3

IJ =—

{f(@)5(QO ) [{5(k0 —wi)d(my —wi —w — @)

wld;d}l
X fw)f@)AT (p— )AL (g + k) = (@ — —a) |

— (w1 — —wl)] — (@ — —az)}. (C.9)

Principal-value propagators

We now evaluate the two propagators that are not intersected by the cut. These
appear through their principal-value parts.
We first introduce the on-shell energies associated with the internal mo-

w1 = /K2 +m2, (C.10)
wo = \/P3 +m3, (C.11)

where p2 = p — k denotes the spatial momentum flowing through the propa-
gator Ay (p — k).
Using these definitions, the principal-value propagator can be written as

menta,

A%’(p—k):ﬁ?( ! 5 2). (C.12)

(mg —w1)? — wj

Expanding the denominator yields

Al (p—k) :m( ! > (C.13)

m% +m? — m3 — 2mywy
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It is convenient to introduce the quantities

mé%—m%—m%

o =—21" (C.14)
2m¢
m2 —m? + m?2
g =0 1 72 (C.15)
2mg
which satisfy
w1 + W2 = myg. (C.16)

These quantities correspond to the tree-level energies of the particles in the
decay process ¢ — x1X2 evaluated in the rest frame of the parent particle.
Using this notation the principal-value propagator becomes

Al(p—k) = iP( ! ) (C.17)
¢

2m w1 — w1

A similar expression is obtained for the second propagator,

Al (g+k) = 2;¢P< ! ) (C.18)

w1+ w—wo
We therefore see that the poles of the principal-value propagators occur at
w1 = Wi, w1 + w = ws, (C.19)

The appearance of these poles has a simple physical interpretation. The quan-
tities w; and @y correspond to the tree-level energies of the particles produced
in the decay ¢ — x1Xx2 in the rest frame of the parent particle. The principal-
value propagators therefore exhibit poles precisely at the tree-level kinematic
configuration of this process. In the present diagram these poles do not cor-
respond to additional on-shell particles, since the corresponding propagators
are not intersected by the cut. Instead, they reflect the analytic structure of
the virtual propagators that mediate the interaction, while the cut propagators
enforce the on-shell conditions of the physical excitations circulating in the
thermal plasma.
For compactness, we introduce the shorthand notation

AF (wr) i(bP( ! ) (C.20)

2m w1 — w1

AT (wy + @) d P( ! > (C.21)
6

2m w1 +w—wo



C.1. Analysis of Kinematic Support 149

Substituting these expressions into Eq. (C.9) yields the compact represen-
tation used in the main text.

C.1 Analysis of Kinematic Support

We now determine which of the delta functions appearing in Eq. (C.9) have
kinematic support. This amounts to checking whether the corresponding energy-
conservation conditions can be satisfied for any values of the loop momenta k
and q.

We use the on-shell energies

w1 = y/k2+m3, (C.22)
O =4/q*+m2, (C.23)
01 =1/ (g + k)2 +m2, (C.24)
which satisfy the inequalities

w1 > [kl w > |ql, w1 > |q + k| (C.25)

1) 6(mgy — w1 —@ — @) This delta function requires
mg = wy +w + wy. (C.26)
However, since all three energies are positive and satisfy
w1 > my, w1 > my, w > my, (C.27)
we obtain
w1 +w+w = mg+2my. (C.28)

Therefore this equality cannot be satisfied, and the delta function § (m¢ —
w1 — @ — @) has no kinematic support.

2) 6(mg + w1 —@ + @) This delta function requires

w=mgy+wi +w. (C.29)
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To analyze this condition we first note that
w1 =/ k2 +m2 > |k, (C.30)
o1 =1/(g+k)2+m2>|qg+k| (C.31)
Therefore
wi+ & > |kl + g + k. (C32)
Using the triangle inequality,
lql = (g + k) — k| < [q + k[ + [K, (C.33)
we obtain
wi + @ > |q|. (C.34)
On the other hand,
@ =/q*+mj < |q| +my. (C.35)
Combining these relations gives
mg +wi + w1 > mg + |q] > @. (C.36)

Hence the equality required by the delta function cannot be satisfied, and
d(mg + w1 — @ + @) also has no kinematic support.

3) §(mg +wy +@ — @) This delta function requires
w1 = my +wy + w. (C.37)
From the definitions of the energies we have
o —wi=(qg+k)?*-K. (C.38)

Using this relation one finds

k|l — |k k k
oo gkl =1k (g + |+ k] 9
w1 + w1

Since

g+ k| — |k < |ql, (C.40)
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we obtain
01 —wi <q|. (C.41)
This implies
w1 < |q| +wi. (C.42)
However, since @ > |q|, we have
mg+wi +w > |q| +wi > @r. (C.43)

Therefore the equality in Eq. (C.37) cannot be satisfied for any values of k
and g, and the delta function 6(m¢ + w1 + @ — @) does not have kinematic
support.

We conclude that the following delta functions do not contribute to the
integral,

5(m¢—w1—oﬁ—(b1), 5(TTL¢+UJ1—C:)+(:}1),

5(m¢—|—w1+@—®1), 5(m¢+w1 +(:)+(I)1), (C.44)

since the corresponding energy-conservation conditions cannot be satisfied for
any kinematically allowed configuration of the loop momenta.

Physical interpretation. The absence of kinematic support for the delta
functions discussed above has a simple physical interpretation. Each delta
function corresponds to a particular assignment of energy flow through the
three on-shell lines crossed by the cut. The combinations that do not contribute
would require the external particle ¢ to produce or absorb a set of excitations
whose total energy exceeds the available energy m,, or whose energy balance
would require negative-energy particles.

For example, the condition

my = w1 + w+w (C45)

would correspond to a process in which the single particle ¢ decays into three
on-shell excitations. Since the minimal energy of these particles satisfies

w1+ &+ @1 > mg + 2ma, (C.46)

such a decay is kinematically forbidden.
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Similarly, the conditions
(I):m¢+w1 + w1, @1:m¢—|—w1+o§, (C4a7

would correspond to processes in which the plasma would need to absorb an
amount of energy larger than that carried by the available on-shell excitations.
In other words, these terms represent scattering channels that violate energy
conservation once the positive-energy dispersion relations of the particles are
taken into account.

Consequently, these delta functions correspond to unphysical energy-flow
assignments and do not contribute to the diagonal cut. Only the remaining
delta functions correspond to kinematically allowed processes, which repre-
sent physical interactions of the ¢ particle with on-shell excitations in the ther-
mal plasma.

C.2 Kinematic Constraints from the Allowed
Delta Functions

We now analyze the delta functions that remain after eliminating the kinemat-
ically forbidden contributions discussed in the previous section. Each of these
delta functions fixes the relative angle between the loop momenta k and q
and therefore reduces the original six-dimensional momentum integral to an
integral over the on-shell energies w; and @.

The angular dependence enters through

of = (a+k)? +mi = wi + &% —m + 2|q| K|z, (C48)
where
x = cosf (C.49)

is the cosine of the angle between the momenta k and q. The angular integra-
tion therefore enforces the physical constraint

|z < 1. (C.50)

Below we determine how each allowed delta function fixes x and restricts
the integration domain in the (w1, ®) plane.
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First Channel: §(mg — wy — @ + @1)
Solving the delta function condition

mg —w) — W = —wWi (C.51)
and squaring both sides yields

m 4 wi + @ — 2me® + 20wy — 2mw; = wi + & — m3 + 2|q|[klz.
(C.52)

Solving for the angular variable x yields

o= (Mo = @)mg —w1) 1. (C.53)
lal k|

Since the angular variable must satisfy || < 1, we obtain the condition

[(my — @) (my —wi)| < |ql[K]. (C.54)
Using
lal* =@* —mg,  |k* =wi—mi, (C.55)
this becomes
(Mg — @)% (mg —w1)? < (&% — mé)(w% —m?). (C.56)
Introducing
Ry(wr) = m, (C.57)

For & > my, the inequality Eq. (C.56) can be written as
O —mg < Ry(w)(@ + mg). (C.58)
Equivalently,
01— Ri(wi)] <mg[l+ Ri(wr)]. (C.59)
Therefore, if

1-— Rl(wl) > 0, (C.60)



154 Chapter C. Derivation of the Diagonal-Cut Integrand

we obtain the finite upper bound

. 1+ Ri(wr)
0 < my——-"—=. (C.61)
¢ 1-— R1 (wl)
Thus
~ (mg —w)? +w? —m?
Wmax(W1) =m . (C.62)
ax(w1) ¢(m¢—w1)2—w%+m%
The condition 1 — R;(wy) > 0 is equivalent to
(mg — w1)? —wi +m3 >0, (C.63)
or
mi + m%
w < — = Q. (C.64)
2m¢
Hence, for w; < Q, the allowed domain is
Mg < @ < Omax(wr). (C.65)

For w1 > Q, the angular constraint does not give a finite upper bound on

Second Channel: 6(mg + w1 — & — @)

Repeating the same procedure for

Mg +w — @ =& (C.66)
yields
my —wW)(Mme +w
= Mo ‘;ﬁkd’ D — 4. (C.67)

The requirement |z2| < 1 gives
(my — @)% (mg 4+ w1)* < (@° — md)(wi —m}), (C.68)
which again leads to an upper bound on @,

w< ‘Dmax(wl)v (C.69)
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with
Omax(w1) = m¢m, (C.70)
where
w2 — m?2
R(wy) = m (C.71)
Third Channel: §(mgy —wi + @ — @)
Finally, solving
my — w1 +w =W (C.72)
gives
_ g+ @)(mp =) _ 7
lal[k|
The constraint |z3| < 1 now produces a lower bound on @,
5 > Grmin(wn). (C.74)
Introducing again
= M (C.75)
2mg
the allowed region separates into two cases:
* For
mp <w < 9, (C.76)
the lower bound reduces to
&> my (C77)
* For
wy > Q, (C.78)
the lower bound becomes
& > Omin(w1)- (C.79)



156 Chapter C. Derivation of the Diagonal-Cut Integrand

Resulting Integration Domain

Combining the constraints obtained above, the allowed kinematic region in the
(w1,w) plane is determined by

(’Dmin(wl) <w< a}max(wl)7 (C8O)
with
w1 Z mi. (C81)

These bounds determine the region of phase space where the scattering and
pair creation processes mediated by the virtual xo particle are kinematically
allowed. Inserting these limits into the reduced integral leads directly to the
compact representation in Eq. (2.120).
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Relation between 7;. and CMB
observables

The connection between 1. and CMB observables is well established and has
been extensively discussed in the literature. For completeness, we summarise
the relevant relations following [158]. The number of e-folds during reheat-
ing, Ny, can be expressed in terms of the number of e-folds Vi between the
horizon crossing of a perturbation mode with wave number k£ and the end of
inflation as

4 k 1 40 1. (1lg.
Nye = — | N, | -1 —1
re 3@6—1[ kF n(aoTO)+4 n<7729*>+3 n( 43 >
1 I <7r2m%1rAS> ]
——In|{————)|.
2 2\/Vend

This expression assumes that the effective numbers of relativistic degrees of

(D.1)

freedom contributing to the energy and entropy densities are equal and ap-
proximately constant, i.e., g,(7") = gs(T") = g.. Here, Ty = 2.725 K denotes
the present CMB temperature and ag is the current scale factor.

The quantity Ny is given by

d)end ¢k
Ny = In (“e“d> :/ Hdg 12/ A6 (D2
ak T o Mpy J¢ 8¢>V

where ¢, and Hj, denote the values of the inflaton field and Hubble parameter

end

at horizon crossing of the scale k. The field value ¢ can be determined in
terms of the observables n; and r by solving

ns=1—6ex + 25, 7= 166 (D.3)
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In the slow-roll approximation, €, 7 < 1, the Hubble scale at horizon cross-
ing is

V(¢k) rAs
2 2,2
H;, = 3m2, = mmp— (D.4)

Substituting (D.1) together with (D.2) into (3.18), one can express 75, in terms
of the observables { A, ns,7}. The value of ¢y, is obtained by solving (D.3),
while Venq and ¢epng follow from the condition € = 1.

Using (D.3), one finds

T ns —1+3r/8
= — =— D.
=15 * > (D.5)
Combining these relations with the definitions of € and 7 yields
V| T 8¢2)V _ ng—1+43r/8 D.6)
V bk N 8m%1 ’ V b N 2m12;)1 ' '

Together with (D.4), these expressions provide three independent relations
linking the inflaton potential and its derivatives to the observables { A, ng,7}.
This allows one to express Wy and Ve appearing in (D.1) and (3.21) in terms
of measurable quantities.

In practice, fixing A to its best-fit value provides an excellent approxima-
tion [82]. The information gain on X = log(Zre/GeV) from observational
data D = {ng, r} can then be quantified through the posterior distribution

p(x|p) = PP, (D7)
where
P(D) = /dX P(D|IX)P(X), (D.8)
and the likelihood is approximated by
P(D|X) = CoN(ns, r|ns, on,; T, 0.)0(7). (D.9)

The normalization constant C is fixed by imposing [ P(D|X)dD = 1. The

function N (ng, r|ns, on,; 7, 0) is well approximated by a two-dimensional

Gaussian [82], characterised by the experimental sensitivities o,,, and o, around
the fiducial values ng = ngandr = 7.
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Expressing T, and N, in terms of X, we adopt a flat prior
P(X) = 0(Nre)0(Tre — ThBN), (D.10)

with TgN = 5.96 MeV to ensure successful Big Bang nucleosynthesis [159].!

"The precise lower bound on T}, depends on the details of the inflaton couplings to the
Standard Model. The quoted bound assumes no coupling to the hadronic sector; relaxing this
assumption is expected to slightly weaken the constraint, see e.g. [160-163] for further discus-
sion.






Appendix

Effective damping equation
from the CTP effective action

In this appendix we briefly outline how a local damping equation for a scalar
background field can be derived from nonequilibrium quantum field theory.
We follow the general strategy of Ref. [164], where the effective equation of
motion is obtained from the Closed-Time-Path (CTP) effective action and sub-
sequently reduced to a local Markovian form.

We consider a real scalar field ¢ and define its expectation value p(t) =
(¢(t)). For a homogeneous and isotropic system, the dynamics is entirely
encoded in the time evolution of ¢(¢). Quantum fluctuations around the ex-
pectation value are described by a field n,

o(z) = »(t) +n(x). (E.1)

The central assumption is that the background evolves slowly compared to
the microscopic interaction time scales of the system. Physically, this means
that the expectation value o(t) changes only slightly during a single micro-
scopic interaction. Under this condition, one may expand the background field
around a given time ¢ as

o(t)" = ()" +n(t' — )(t) ()" + O(H). (E.2)

Inside loop integrals, the field p(t') always appears convoluted with correlation
functions. These correlation functions are strongly suppressed when the time
separation |t — t'| becomes much larger than the characteristic microscopic
interaction time 7i,¢. They therefore act as effective window functions that
restrict the dominant contribution of the memory integrals to the region |t —
t'| < 7int- As a result, the nonlocal dynamics admits a derivative expansion
and can be described by equations that are effectively local in time.
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In the following, we discuss how such an effective quantum kinetic equa-
tion can be derived from the CTP effective action. Under the assumption of a
slowly evolving background, the resulting evolution equation takes the form

oV,
5 rn s L Z7¢ E3
P+ En o Pt g, =0 (E.3)
where ), denotes the effective potential and the friction coefficients I‘fp”) en-

code dissipative effects arising from interactions with the surrounding medium.

To derive Eq. (E.3) systematically, we begin with the CTP generating func-
tional. For generality, we consider a theory containing a set of real scalar
fields ®,. Throughout the derivation, we only assume that the couplings of
the fields @, are sufficiently weak for perturbation theory to be applicable, but
we make no further assumptions about the specific form of their interactions.
Following Ref. [164], we assume that only one of the fields ®, acquires a
non-vanishing expectation value; we denote this field by ¢. Generalizing the
discussion to several fields with non-vanishing expectation values is straight-
forward, but would considerably complicate the notations.

Introducing a local source J,(z) and a bilocal source Rp(z,y), the CTP
generating functional is defined as

Z[J,R] = / D® exp {iS[(I)] + i /C dx Jo(2) @, ()

+% /c d'zd'y <I>a(x)Rab(x,y)<I>b(y)}, (E4)

where repeated field indices are summed over, and all time integrations are
performed along the closed-time contour C. Here, ® = {®,}, and S[®] is the
classical action which we assume is written with the canonical kinetic terms,
S[@] =1 (8,8,)? — V(®), here interaction terms are included in the potential
V(D).

The two-particle irreducible (2PI) effective action is obtained by a double
Legendre transform of the generating functional W[J, R] = —ilnZ[J, R],

lp. A = WILR) - [ gu(a) (o)
_% / @) Rl ) ~ %Tr[AR], (E.5)
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where

Tr[AB] = Z/ Aup(2,9)Bpa(y, x). (E.6)
ab Y

The expectation values and connected propagators are defined by

‘pa(‘r) = W? (E.7)
Agp(r,y) = 2% — Pa(T)pp(y)- (E.8)

The physical theory is recovered after setting the external sources to zero,
Jo(x) =0, Rup(z,y) = 0. (E.9)

The physical configurations therefore satisfy the stationarity conditions

[, A]
Ol Al E.10
5a() (=10
[, Al
— = =0. E.11
TR €10

It is convenient to decompose the effective action into a tree-level contri-
bution S¢], a one-loop contribution I'; [, A], and a remainder containing all
two-particle irreducible diagrams with two or more loops I'2 [, A], so we write

T, Al = S[p] + Tiooplip, Al = S[e] + Tip, Al + Ta[p, Al (E.12)

The one-loop contribution is given by

T1]p, A] = %T&rlnA‘l + %Tr[Gal[cp] Al, (E.13)

where

525[®]

= — E.14
6P (2)0Pu(y) |y B

iG(Icllb [QO] (‘Ta y)
denotes the inverse tree-level propagator evaluated in the background configu-
ration.

The equation of motion for the expectation value follows from Eq. (E.10),

5F[(,D, A] _ 6V[§0] + 5Floop[§07 A]

Soule) P T S @) T bala)

=0, (E.15)
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Similarly, the equation for the propagator follows from Eq. (E.11). Using
Eq. (E.13), one finds

Ay (2,y) = Gy ylel(z,y) = Maule, Al(z, y), (E.16)
with self-energy

e, Al(z,y) = 26 ——.
b[gp ]( y) 5Aab(x7y)

Equation (E.16) is the Schwinger—Dyson equation for the full propagator.

(E.17)

Equations (E.15) and (E.16) form a coupled system for the one- and two-
point functions. Solving Eq. (E.16) determines the propagator as a functional
of the background field,

A= Algl. (E.18)

Substituting this solution into Eq. (E.15) yields an effective equation for the
expectation value alone,

6L [p, A] —0. (E.19)

0pa () |a=afy]

Although Eq. (E.19) is formally exact, it remains difficult to evaluate be-
cause the loop contribution depends on the full propagator A[p]. In principle,
determining the exact evolution would require solving the coupled equations
for both ¢ and A. For the present discussion, however, we do not need the
explicit solution Afp]. It is sufficient to use the fact that the resummed propa-
gator can be regarded as a functional of the background field and that the latter
evolves slowly compared to the microscopic interaction time scales of the sys-
tem. Under these conditions, we can use the expansion (E.2) inside the loop
integrals.

To make this idea explicit, we introduce a reference configuration ¢ and
expand the loop-induced contribution around it as

do(x) B0 () 5

n

+§:;H [/C dx?/d?’xi 5@(%)]

n=1 =1
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X

o" <0F100p [, A[@H)
dp(x1) -+ 0p(an) dp(z)

@
(E.20)

Here the functional derivative with respect to ¢(x) acts only on the explicit
dependence of I'ioop 0n ¢, while the implicit dependence through Afp] has
already been accounted for by solving the propagator equation.

The kernels appearing in Eq. (E.20) are built from correlation functions.
Since these correlation functions are strongly suppressed for time separations
larger than the characteristic microscopic interaction time Ty, the dominant
contribution comes from the region |:1;? —t| < Tint- We therefore choose the
reference configuration to be the constant field equal to the instantaneous value
of the solution at the time appearing in the equation of motion,

@ = o(t), t =20, (E.21)

For a slowly varying background, the field can be expanded around the
local time ¢ as

Pla) = olt) + (2~ 0p(0) + 3~ P+ B2

Using ¢ = ¢(t), the deviation from the reference background is

Sp(xi) = p(a}) — @~ (2] — )P(t), (E23)
where higher-order terms in the derivative expansion have been neglected.
This approximation does not require the total field excursion to be small; it
only requires the field to change little during one microscopic interaction time,
namely 7int 9/ < 1.

Substituting Eq. (E.23) into Eq. (E.20), the equation of motion becomes

G+ TWe"+0,V, =0, (E.24)
n=1

The effective potential is defined by

. 811loop [907 A[@H
Op(z) |5

oV,

S = V()

p (E.25)
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and the friction coefficients are

n

1
rm — = / 0 (0 _ /32-
o o {Cdxl(xl t) | dx

i=1

" o" <8F100p[<p, Alypl] )
dp(x1) -+ - 0p(n) Op()

This is the desired Markovian form of the equation of motion. Keeping only

(E.26)

@

the leading dissipative term gives

¢+ Tup+ a;; =0, r,=1rW, (E.27)

Finally, in an FLRW background, the classical equation also contains the Hub-
ble friction term. The effective equation used in the main text is therefore

0
¢+ (BH +Ty) ¢+ J; = 0. (E.28)
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Plateau models of inflation

The general arguments given in the main text only require the estimates (3.23)
and (3.24), which hold for a broad class of plateau-like inflationary potentials.
The validity of (3.23) follows directly from (D.4), while (3.24) is justified be-
low in Sec. F.1. However, relating the CMB observables to 7} and g requires
specifying the inflationary model. In Sec. F.2, we collect the relevant relations
for three explicit models and verify (3.23) and (3.24) in each case.

F.1 Inflaton mass in two-parameters plateau mod-
els

We consider an inflationary potential of the form
_ gt ¢
V(o) =M"f{——]) . (ED
MCMB

where M and mcmp denote two mass scales. Since the number of e-folds can
be written as

1 [ 4 1
Ny = — / -, (F.2)
mPl ¢end 26
we estimate ¢ ~ mcms, Which gives
m(QZMB
€ ~ NZ2 - (F.3)
kK Mpy

As the example below illustrates, this scaling is accurate up to logarithmic
corrections. Using V/ej, = 247T2A8m%,1, cf. Egs. (D.3) and (D.4), then fixes

M2 vV 247T2A5mp1

MCMB Ny

(F4)
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Consequently, expanding the potential around the origin gives

M2 vV 247r2A5mp1
Mg ~ /OpgV ~ ~

mcmB Ny ’
which reproduces Eq. (3.24) in the main text. It is worth stressing that the di-
mensionless prefactor in this estimate may vanish. In such cases, the inflaton

(E5)

is massless during reheating and Eq. (3.24) is not applicable. This happens,
for instance, in a-attractor models, cf. Eq. (3.50), when the power of the hy-
perbolic tangent is larger than 2.

To illustrate how Eq. (F.5) emerges explicitly, let us consider the class of
plateau potentials

2
V(¢) = M* (1 —cexp (—ﬂ;jm)) , (E6)

where ¢ > 0 is dimensionless. The quadratic power ensures that the inflaton
acquires a mass during reheating. Using the approximation

0V 2
BV V2 exp <—¢> : (E7)
V mcMmB \/imCMB
the field value at horizon crossing follows from Eq. (D.2) as
Pk > s
exp | — ~ . (E.8)
( V2mems ceNiemi,y

_ mpy (9sV 2.
The first slow-roll parameter, €, = —* (T(Qﬁ = qﬁk)) , 1s therefore

2,2 2

c‘m Ok m

~ Pl ~ CMB

€ N —5— exp (—\@ ) N N2 (F.9)
mCMB mcMB kal

Equations (D.3) and (D.4) then imply
M2 vV 247T2A5mp1

MCMB Ny

(F.10)

Thus, we again recover Eq. (F.5), and hence Eq. (3.24) in the main text. As a
useful cross-check, the a-attractor potential (3.50) corresponds to

3
c=2, mews = fﬁmm , E11)

so that Eq. (F.5) agrees with Eqgs. (F.28), (F.48) and (F.62), derived in ap-
pendix F.2, and is consistent with the discussion in [165].
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F.2 Useful relations for specific plateau models

In this appendix, we summarise the CMB constraints on several well-motivated
two-parameter inflationary models. For the benchmark parameter choices con-
sidered here, the CMB normalization implies an inflaton mass of order m, 2
O(10'3) GeV, providing a useful reference scale for the analysis in the main
text.

a-Attractor T-Model Inflation

Originally introduced in [166], a-attractor models form a broad class of chaotic
inflation scenarios [167]. Here we focus on the T-model realisation, whose po-
tential is given by (3.50),

V(¢) = M*tanh? [(b] , F.12
(¢) Joam (F.12)
where M is a mass scale and « > 0.

We begin by deriving the relevant inflationary relations. The slow-roll pa-
rameters are

2 2
e=—|— | = , (F.13)
2 v 3 sinh? (\/gipl)
V2¢ _
L0y 4 (COSh <\/3amp1) 2)
n=m = (F.14)
= Pl V ) 9 \/5(]5 . .
3asinh TRamm

Solving € = 1 gives the approximate field value at the end of inflation,

3 2
=4/ — inh | — | . F.15
Pend = 1/ 5 MPpL arcsin ( m) (F.15)

For o 2 1, this gives Peng ~ v2mp;, while smaller values are possible for
small .
Evaluating the number of e-folds (D.2),

3 V20 4
Ny = — h|] ——— | —4/—+1 F.1
k= gQ (cos ( ﬁSamm) a + ) ; (F.16)
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/3 [ 4 4N,
o = —ampl arccosh — 4+ 1+ . ) F.17)
2 3o 3a

This immediately gives

we obtain

3o
e = : (F.18)
3or+ 4ANZ + 20N /22 49
—a(6— /2
ANi = (6 - /12 +9) o)

M = — :
3o+ ANZ + 20Ny /22 4+ 9

The CMB observables can therefore be expressed in terms of o and Ny as

48y

3o+ ANE + 20N /22 4+ 9

8

ANk — 3o+ ay /249

Over a large part of parameter space, these reduce to the approximate scalings

r = 16¢; = (F.20)

ns=1-— (F21)

12« 2
~ 1 —ne ~ — F.22
,r 13 ) nS Nk b ( )

although we use the exact expressions in the numerical analysis. Matching to
CMB observations [120],! the 20 bound ns > 0.957 implies

Ny 2 46, (F.23)
while the BICEP/Keck constraint [121] r < 0.03 gives

a<3-1073N2 . (E.24)

'Recent results from the Atacama Cosmology Telescope [168] and the South Pole Telescope
[169] indicate a preference for larger values of n, compared to Planck. However, it has recently
been argued [170] that this shift is mainly driven by a tension between the CMB data and DESI
BAO measurements. For this reason, we do not include these results here.
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So far, the amplitude of scalar perturbations has not been used. Evaluating

M* (4Nf + 3a + 2a Ny / % + 9) tanh? %arcsech —da
1% AN+ /2490
e 3o ’
(F.25)
and matching the observed value [120], V/e, ~ 5 - 10*7mi431, fixes M as a

function of Ny and «. Together with < 0.03, this gives the universal upper

bound
Ny <56, (F.26)

corresponding to instantaneous reheating. Using Eq. (D.4), M can be written
explicitly as

372 1/4 Ok
M = — A, tanh ™' [ —— ] | F.27
e ( 2 r) o <v60émP1> ( )

in agreement with (3.23).
Finally, the vacuum mass of the inflaton follows by expanding the potential
(3.50),

M2
~ V3ampr
This can again be regarded as a function of o and Ny. Since Eq. (F.25) shows

that M?/\/a is approximately fixed by the CMB normalisation, there is little
freedom to vary mg apart from changing N. We illustrate this in Fig. 3.7,

me (F.28)

where we show r as a function of ng and ®; = Veynq/ m;ﬁ as a function of
mg. We have also checked numerically that the approximations used above
are accurate. This is shown in Fig. F.1, which displays the full parameter space
in the ®; — my plane consistent with the Planck and BICEP/Keck data at the
20 level. The colour encodes the number of e-folds for each point.

Radion Gauge Inflation

Radion gauge inflation was originally introduced in [171] as a variation of
gauge inflation [172-174]. Its potential is

(¢/mp)” ] |

_ a4
Vig) =M a+ (¢/mp1)”

(F.29)
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Figure F.1: Region of the o-attractor T-model parameter space in the ®; — my plane
consistent with the Planck and BICEP/Keck data at the 20 level. The colour indicates
the number of e-folds Ny of inflation for a given parameter-space point.

Following the same steps as above, we find

2,2
e = 2a7mp, - (E.30)
@ (a+ (¢/me)’)
2am?, (a -3 (¢/mpl)2>
Nk = 5 - (F.31)
@ (o + (¢/me)’)
The condition € = 1 gives
(oﬁd) s _ Q
Pend = Mp (F.32)

\/§(an)1/6 ’
where
a=a+3(V6a+81+9) . (F.33)

As in the «a-attractor case, ¢epg ~ V2mp for a 2 1, while smaller values of
« lead to smaller ¢epg.
The number of e-folds is

4 4 2 2
g[)k* end_'_qsk* end

N =
k Sa 4 ’

(F.34)
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which gives

o = 2mpV N , (F.35)
with
-« a\2/3 a\1/3 a\'?  ra\¥® 1N
N=2 \/<a) +2(5) +2<a> +<a> 433
(F.36)

For large «, one has N ~ Ny, and hence ¢ ~ 2+/Nymp;. The slow-roll
parameters become

2

2N(a+4N)?
— 12N
M = —a~(a ~) ; (F.38)
2N (a+4N)?
leading to
8 2
N(a+4N)?
ny =1 2ola+6N) (F.40)
N(a+4N)?
For large a, these reduce to
2
’["N72’ ]_*TLS’\’i. (F41)
N Ny

Since the scaling of ng is the same as in the a-attractor model, we again obtain

46 < N < 56 (F.42)
For small «, instead,
V2o 3
~ 1 —ne ~ —— . F.43
TR "N (43

k

Thus, the observational range 0.957 < ng < 0.973 can be satisfied in the
broader interval

35 < Nie < 56 . (F.44)

~ ~
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Hence, ns and r do not directly bound «, although « affects the allowed range
of IV k-
The CMB amplitude fixes M through

YV 8M*N?(a +4N)

— = 5 . (F45)
€l «
The condition M < mp; gives the mild upper bound o < 10'°, while for
small - one obtains
Y 8/2MAND?
—_—~ (F46)
€k Va
Using Eq. (D.4), the mass scale M can be written as
372 2 1/4
M = mp, (”ms (1 + amgl)) , (F47)
2 o
and expanding the potential around the origin gives
2M?
my = V2 . (F48)
Vamp

For a > 4N, the CMB normalisation fixes M?/,/a and therefore also Mg, as
in the a-attractor case. Smaller values of «, however, allow different scalings
and can lead to larger my. In Fig. F2, we show r as a function of n, and ®;
as a function of mg. Furthermore, Fig. F.3 displays the full parameter space
in the ®; — my plane consistent with the Planck and BICEP/Keck data at
the 20 level. The colour indicates the corresponding number of e-folds. The
agreement shows that the approximations used in this section work well.

Mutated Hilltop Inflation

Mutated hilltop inflation was originally proposed in [175, 176] as a refined
version of hilltop inflation [177, 178]. Its potential is

1

V(p) = M* |1 - Ty <a$m>

(F49)
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Figure F.2: (Left) Tensor-to-scalar ratio r as a function of the spectral index ng for the
radion gauge inflation model and fixed values of the number of e-folds Ny, consistent
with the Planck and BICEP/Keck data. The purple, red, blue, orange and green lines
correspond to Ny, = 36, Ny = 41, Ny = 46, Ny = 51, and Ny = 56, respectively.
(Right) Inflaton energy density ®; at the beginning of reheating as a function of the
inflaton mass mgy for the same choices of NNy and inflationary scenario. The colour
scheme is identical to the left panel.
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Figure F.3: Region of the radion gauge inflation model parameter space in the ¢; —
mg plane consistent with the Planck and BICEP/Keck data at the 20 level. The colour
indicates the number of e-folds Ny of inflation for a given parameter-space point.
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Repeating the previous analysis, one obtains

1
€ = , (F.50)
202 cosh? (ﬁ;l) tanh? (mfm)
cosh (mﬁpl) -3
M = — 5 5 , (F.51)
402 cosh (ﬁ) sinh (2;;@)
and the condition € = 1 gives [82]
22/3 (3 + 20(2) + 21/3b2/3 + 20{()1/3
Pend = ampjarccosh ( AR ,  (F52)
where
a=+vV4a4r+22a2 -1,  b=3v6a+36a+4a’. (F.53)
The quantity b is real only for
5v5 — 11
Ctexit = *[2 ~0.21 . (F.54)

In the following analytic discussion, we assume « > agrit. The number of
e-folds is then

Nk:a2 21n | cosh & sech (i
2amP1 2ampl

— cosh <¢end> + cosh < Ok )) . (F.55)
ampi oampy

In contrast to the previous two models, solving for ¢ analytically requires an

approximation. Since cosh(z) > 21Incosh(x/2) for the relevant values of =,
we neglect the logarithmic terms and obtain

N
¢r ~ amparccosh <; 1 cosh < ®end >>
«

ampe]

N, 223 (342a%) + 213673 4 2ab1/3
= ampjarccosh ] + TR .

(F.56)

Substituting this expression into Eqgs. (F.50) and (F.51) determines the slow-
roll parameters as functions of Nx. For o < 1, one finds the approximate
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behaviour
8a? 2
TNNilg, ].—nsNFk (F57)
The scaling of ns is therefore again the same as in the previous models, yield-
ing
46 < Ny < 56 . (E.58)
Within the same small-a approximation, the amplitude of scalar perturba-
tions is
vV 2MIN?
€k o

which fixes M as a function of o and V.. More explicitly, Eq. (D.4) gives

. 3m2rAs
M= m”\/ 201 = 1/cosh(gn/ (cmen)] (00

Expanding the potential around the origin gives the inflaton mass,

M2
me = . (F.61)
amp]
Thus, the CMB normalisation implies
1.2-10% GeV
my=—— % (E.62)
Ny

so that, within the approximations used here, m, lies in the narrow interval
between 2.1 - 10" GeV and 2.6 - 10'2 GeV. We therefore cannot reach small
inflaton masses as long as o > ayj;. For this parameter region, Fig. F.4 shows
r as a function of ng and ®; = Vepq/ m;’; as a function of mg. As in the
previous two examples, Fig. F.5 displays the full parameter space in the $; —
mg plane consistent with the Planck and BICEP/Keck data at the 20 level.
The colour indicates the number of e-folds for each point. We note that the
region with large ®; and relatively small m, which appears to deviate from
the analytical estimate in Fig. F.4, corresponds to large values o 2 1, where
the approximations used in this section are no longer expected to be accurate.
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Figure F.4: (Left) Tensor-to-scalar ratio 7 as a function of the spectral index ng for
the mutated hilltop inflation model and fixed values of the number of e-folds Ny,
consistent with the Planck and BICEP/Keck data. The blue, orange and green lines
correspond to Ny = 46, Nx = 51, and Ny = 56, respectively. (Right) Inflaton energy
density ®; at the beginning of reheating as a function of the inflaton mass m, for the
same choices of Vi and inflationary scenario. The colour scheme is identical to the
left panel.
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Figure F.5: Region of the mutated hilltop inflation model parameter space in the
®; — my plane consistent with the Planck and BICEP/Keck data at the 20 level. The
colour indicates the number of e-folds Ny of inflation for a given parameter-space
point.



Appendix

Fundamental coupling of
«-attractors

In the original formulation of the a-attractor T-model, the fundamental action
is given by [179]

S—/d‘*a;\/fg

1 1 1 0 2
x [12( - R+ FOuXO"X = 50up0" 0 — f <x> (x* — ¢?)

(G.1)

Here x and ¢ are two scalar fields. The structure of the action is determined by
two requirements: Weyl invariance and an SO(1, 1) symmetry acting on y and
, which is only weakly broken when f(¢/x) is not constant. After imposing
the gauge condition y? — p? = 6m%l, the action becomes

S = / d*z /=g
1 1 6m}
x |=mbR — PR R 1Py 5 Oupdtp — 36mp, f S S
(G.2)
Introducing the canonically normalised field ¢ through
. ¥
& = V6mp; arcsinh ( > , (G.3)
Vomp)

one obtains

B 1 1 4 ¢
g / Az /g [leal R — 50,00"¢ — 36mp, f (tanh ( \/ng) 2(]} 4)
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For the choice f(z) = Az?", this leads to the inflaton potential

Y = M*tanh™ ( ¢ ) . M=XNYemp . (GS)
V6mp
We recall that the parameter v was not present in the original construction
of [179], but was introduced later in [166].
This formulation also makes clear how to couple the inflaton sector to a
fermion. At the level of the action (G.1), we add

S — S—I—/d4x V=9 | (VDT +hc)+yvx?— ¢3g <i> U | . (G.6)

After gauge fixing and transforming to the canonically normalised scalar field,
the Einstein-frame action (G.4) is supplemented by

S — S—l—/d4x\/—g

(z\I’lD\II + h.c.)—i-\/éymplg(tanh <\/(;Tbnm> )\Tl\ll

(G.7)
To reproduce a Yukawa interaction, we choose g(x) = z, which gives
Ly O V6ymp tanh < ¢ ) A (G.8)
V6mp

By analogy with the generalisation of the inflaton potential to arbitrary o [166],
this suggests!

¢ > =
LsDV6 tanh < LA\ GJ9
® aymp) tan Joamm (G.9)

For the a-attractor model, condition (3.22b) requires sufficiently large o, namely
a 2 0.25. In this regime, the field value during reheating remains approxi-
mately sub-Planckian, ¢ < ¢ena =~ v/2mpy, throughout reheating. Therefore,
the tanh can be expanded around its minimum to good accuracy. The size of
the higher-order corrections to the inflaton—fermion Yukawa coupling is con-
trolled by the same parameter, ¢e,q/v/6cimpy, that governs when reheating
enters the non-perturbative regime. For instance, for the benchmark used in
Sec. 3.3, with a = 2, the relative difference between the full tanh expression
and its leading-order expansion is of order 5%.

"'We note that in inflationary models based on a non-minimal coupling to gravity, the matter
sector is generically strongly modified by the conformal transformation required to obtain the
Einstein-frame action [180, 181].
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