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Abstract

Fredholm determinants associated to deformations of the Airy kernel are closely connected to
the solution to the Kardar-Parisi-Zhang (KPZ) equation with narrow wedge initial data, and they
also appear as largest particle distribution in models of positive-temperature free fermions.

We show that logarithmic derivatives of the Fredholm determinants can be expressed in terms of a
2 x 2 Riemann-Hilbert problem, and we use this to derive asymptotics for the Fredholm determinants.
As an application of our result, we derive precise lower tail asymptotics for the solution of the KPZ
equation with narrow wedge initial data, refining recent results by Corwin and Ghosal [16].
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1 Introduction

The KPZ equation is a stochastic PDE, introduced by Kardar, Parisi, and Zhang in 1986 [33], which
serves as a universal model for interface growth and which has a variety of physical applications, including
liquid cristals, coffee stains, burning fronts, and bacterial colony growth, see e.g. [42, 43, 49, 53, 54]
and references in the review article [26]. The equation is given by

OrH(T, X) = %8§H(T,X) + %(8XH(T, X))? +£(T, X), (1.1)

where (T, X) is space-time white noise. While it is not at all obvious what it means mathematically to
be a solution of this equation, Bertini and Giacomin [5] gave a precise meaning to this via the Cole-Hopf
transformation H (7', X') = log Z (T, X), which relates the KPZ equation to the stochastic heat equation

%ﬂﬂm:%&ﬂﬂm+zmxmﬂm.

More recently, Hairer [25] extended this notion of a KPZ solution without passing through the Cole-Hopf
transformation. One of the physically relevant solutions of the KPZ equations, which can be defined
using the Cole-Hopf transformation, is the one with narrow wedge initial data, formally given by

H(0,X) =1log Z(0, X) with Z(0,X) = dx—o.

We refer to [14, 15] for more details about this solution and to [45] for a general discussion on Cole-
Hopf solutions of KPZ. It was proved by Amir, Corwin, and Quastel in 2010 [1] that the probability
distribution of this solution can be characterized in terms of the Fredholm determinant of a deformed
Airy kernel. Around the same time, Sasamoto and Spohn [46] independently obtained the same result
using similar methods but without rigorously verifying certain steps, and Dotsenko [24] and Calabrese,
Le Doussal, and Rosso [11] predicted and confirmed this using non-rigorous methods. A key element
in the proofs of [1, 46] was the relation between the Cole-Hopf solutions of the KPZ equation and
asymmetric exclusion processes, for which similar connections with Airy kernel determinants had been
established [31, 51].

The Airy point process or Airy ensemble [44, 48] is a determinantal point process on the real line
which describes the largest particles in a wide class of random matrix ensembles and other interacting
particle processes. Correlation functions in this process are expressed as determinants of the Airy kernel

: Ai(u)Ai’(v) — Ai’(u)Ai (v
KAI (U,U) — ( ) ( ) ( ) ( )7 (12)

u—"v

where Ai denotes the Airy function. The Airy point process has almost surely an infinite number of
particles and a largest particle. Denoting (; > (2 > --- for the ordered random points, for any test
function ¢ : R — R which is such that the integral operator with kernel ¥(z) KA1 (x,y) is trace-class,
we have the identity

Ea {ﬁu - w«y»] — det(1 — pEM), (13)

Jj=1

where det at the right hand side denotes the Fredholm determinant associated to the integral operator,
and E,; denotes the expectation with respect to the Airy point process. In particular, the largest par-
ticle distribution is the Tracy-Widom distribution which can be expressed as the Fredholm determinant
F™ () := det (1 - 1($7+OO)KA1) of the Airy kernel operator acting on L?(x, +00).



In order to study the probability distribution of the KPZ solution with narrow we2dge initial data
H(T, X), it suffices to study H(T',0), since the probability distribution of H(T', X) — 2~ is independent
of X (see Theorem 1.1 in [14]). For our purposes, it will be convenient to consider the re-scaled random
variable

H(2T,0) + L

Yr = T3 (1.4)
Borodin and Gorin [8] proved that the results from [1] imply the identity
L I I S 1
Q(s,T) := Expy {e ] = [Eaj ]];_[1 l—l—eTl%Jrs)] , (1.5)

where (;, j € N, are the random points in the Airy point process, the expectation in the middle part
is with respect to the KPZ equation, and the expectation at the right is with respect to the Airy point
process. Q(s,T') can be interpreted as the Laplace transform of the associated solution to the stochastic
heat equation. As a direct consequence of (1.5), we observe that Q(s,T") is the probability that there
are no particles in the thinned Airy point process obtained by removing each particle (i, £ € N, in
the Airy point process independently with position-dependent probability (1 + eT1/3(<k+5)> l, i.e. the
removal probability is close to O for large positive values of (;, and close to 1 for large negative values
of Cj-
Since the limiting density of the Airy point process is given by a square root law, in the sense that
[48]
0 |,[1/2
Ea; {#{j eN:( > —r}} N/ Mdp = 37'3/2, as r — 00, (1.6)

e T 3

one could intuitively expect that log Q(s,T’) can be approximated for large s by

- > 1+ T1/3(Cj+5)
10gQ(S7T) = logEAl [e ZJ:1 Og( e >

N—;[mlog(1+e )I¢12d¢ = — . /m el (S

. . . 1
where we used integration by parts in the last step. For large T, Py

function 1(_;  o)(¢), and this suggests that (s, T') can be approximated for large s,T" by

approximates the step

2T1/3
3T

0 4
log Q(s,T) ~ — [ L (1.7)

This heuristic picture, which had been already described in [35], appears to be accurate when s is large
compared to T' (see Remark 1.3 below), but not in general when s, T — oc.

From (1.3), it follows that Q(s,T") is a Fredholm determinant:

Q(s.7) = det (1 - o1 + NKN (@), olr) = —

= . 1.
14e " (18)

As o (T"/3(x+s)) approximates the step function 1(_s00)() as T — o0, this indicates that the deformed
Airy kernel Fredholm determinant in (1.8) converges to the Tracy-Widom distribution FTW(—s) as



T — oo, which was indeed proved in [1, 32]. There is a second Fredholm determinant representation
for Q(s,T), given by

Q(s,T) = det(1 — K2 ) 12(_s 100 (1.9)

where KA1 is the integral operator associated to the deformed Airy kernel

oo

K& (u,v) = /+ o (TY3r)Ai (u + 7)Ai (v + 7)dr. (1.10)
—0oQ

The equivalence between (1.8) and (1.9) is shown e.g. in [1, Proof of Proposition 5.1] for a general

class of probability distributions o.

The deformed Airy kernel (1.10) appeared also in a model of finite temperature free fermions, which
is equivalent to the MNS matrix model. This model exhibits a critical scaling limit when the temperature
tends to infinity together with the matrix dimension, and the limit distribution of the largest particle in
the model then converges to det(1 — K1)

(added two references )

[18, 32, 41, 38, 40]. The same kernel appears also in the study of the edge scaling limit of the periodic
Schur process [7]. Determinants and Pfaffians of a similar nature as Q(s,T') appear in other models of
statistical physics as well, like the stochastic six-vertex model, half-space KPZ, and asymmetric exclusion
processes [51, 4, 3]. For the case of Pfaffian processes and half-space KPZ, some large deviation results
had been obtained in [36].

The asymptotic analysis of Fredholm determinants det(1 — K) is rather standard in cases where the
operator K has small norm. In our setting, this is the case for Q(s,T) as s — —oo, which encodes
information about the upper tail of the KPZ solution. As s — +o00, the norm of the deformed Airy
kernel operator is not small, and we need more sophisticated methods to analyze Q(s,T) and the
associated lower tail of the KPZ equation asymptotically. A method developed by lIts, Izergin, Korepin,
and Slavnov [28] allows one to express logarithmic derivatives of Fredholm determinants det(1 — K) of
integral operators with kernels of integrable form

¢

K(z,y) := M, (1.11)
where f, h are k-dimensional column vectors such that f*(z)h(z) = 0, in terms of a matrix Riemann-
Hilbert (RH) problem of size k x k. If one manages to compute asymptotics for the solution of
this RH problem, which can potentially be done using Deift-Zhou steepest descent methods [23], this
provides a route towards asymptotics for the associated Fredholm determinants. This method has
been implemented successfully for the determinant of the Airy kernel multiplied with piecewise constant
functions [20, 10, 12], but the effectiveness of the method depends heavily on the situation at hand,
especially when & > 2. It was observed in several works (see e.g. [16, Section 2.1], [52, p2], [17,
p2]) that the kernel (1.10) is a limiting case of an integrable kernel with k& — oo, which could lead
to a representation of logarithmic derivatives in terms of an operator-valued RH problem instead of a
matrix-valued one. Although there has been recent progress on such RH problems [29, 30, 9], extracting
explicit asymptotics for (1.9) as s — oo from an operator-valued RH problem is currently beyond the
state of the art of RH techniques. Surprisingly, it apparently remained unnoticed until now that the
kernel o(T"3(x + 5)) K (x,y) from (1.8) has a much more convenient form: it is also of integrable
type, but now with £ = 2. Indeed, if we set for instance

—io(TY3(x + s))Ai'(z —iAi (x
Jw) = ( a((TTl/S(; ++s);j;\(x() )> M) = ( A;A’(;))> : (1.12)
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then o(TY3(x 4 s)) K (x,y) is equal to (1.11). Based on this observation, we will develop a
2 x 2 RH approach for the determinant Q(s,7"). The RH problem related to this kernel does not
have constant jumps, and for this reason we cannot relate it directly to an isomonodromic deformation
of a linear system (Lax pair), like a Painlevé equation. This is not so suprising, since it is known
[1] that the deformed Airy kernel Fredholm determinants Q(s,T') are connected to integro-differential
generalizations of the Painlevé Il equation, for which no Lax pair is known to the best of our knowledge.
One can in fact deduce this integro-differential Painlevé Il equation from the RH problem, as we will
show in a subsequent publication. Perhaps more importantly, our RH problem is suitable for asymptotic
analysis as s — oo, and allows us to obtain detailed asymptotics for Q(s,T’), which are uniform in the
domain M~ < T < Ms3/2, for any M > 0 (and valid in particular for any fixed T > 0). This will also
yield uniform asymptotics for the lower tail of the probability distribution of the random variable T,
i.e. the rescaled KPZ solution with narrow wedge initial data.

Statement of results
In order to describe the large s asymptotics of Q(s,T"), we define

4 2 1

4
Py) = 156 (1+7%y)*? - 1526 3749~ ﬁyQ- (1.13)

After identifying y with —(, this is the large deviation rate function appearing in
(I added one article )

[17, 47, 52, 38] and it is straightforward to check that this function describes a cross-over between

5/2

cubic behavior 7{—; as y — 0, and 5/2 power-law behavior %y as y — o0.

Theorem 1.1. Let Q(s,T) be defined by (1.5). For any M > 0, the asymptotics

1 2
1+ =

log Q(s, T) = ~T2(sT /%)~ TT/‘; + O(log? 5) + O(T'/3) (1.14)

hold uniformly in M~ < T < Ms3/? as s — +oo.

The above results have straightforward implications for the lower tail of the solution to the KPZ
equation with narrow wedge initial data.

Corollary 1.2. Let Y be as defined in (1.4). There exist functions A(s,T) and B(s,T) such that
A(S,T) < IOgPsz(TT < —S) < B(S,T),

and such that for any e, M > 0, the asymptotics

1 2
B(s,T) = ~T¢(sT /%)~y [1+ % + O(log? s) + O(T'3) (1.15)

1 25
A(s,T) = ~T26(5T )21+ ;Tfs + O(log? s) + O(T/3) (1.16)

hold uniformly in M~ < T < Ms%? as s — 400, where we denoted 5 = s + (3 + €)T~/?log s.

and



Proof. 1. Using Markov's inequality, we have

_eT 3 (rrts)

= eQ(s,T). (1.17)

_eT1/3(TT+s>]

Pkpz (YT < —s) = Pkpz (e > e_1> < eExpy {e
It follows that
log Prpz (Y7 < —s) <logQ(s,T) + 1,

and (1.15) now follows directly from Theorem 1.1.

2. The lower bound (1.16) is obtained in a slightly different way, as in [16, Section 3.1]: for any
5,5 € R, we have

_eTY3 (59

< Ekpz

_eTY3(rp+8)
¢ Lir,qs<oy + v qss01€

Q(3,T) = Expz [e

and this implies

_eT 359

Psz(TT < —S) > Q(g, T) — e (1.18)

Now we choose 5 = 5 + (3 + €)T~'/3log s for € > 0 arbitrary small, such that the second term
is O(e=="""). If we substitute the asymptotics obtained in Theorem 1.1 for Q(3,T) as § — +oo0,
we see that this term is bigger than e~ for some ¢ > 0 and for s sufficiently large, so that this
term dominates the term of order O(e=*""*). In other words, we have

Pxpz (Y7 < —s) > 2Q(5,T),

for s sufficiently large, and the lower bound (1.16) follows after taking logarithms.

Remark 1.3. Let us look in more detail at some particular cases.
1. For any fixed T > 0, the above results imply

AT1/35/2 N T2/3 42 B 2T's%/2 N 2T4/33_ ms'/? _ LT5/381/2 + O(log? 5)

157 o2 33 3mdt 6TV/3  27d =

ATY/3g5/2  T2/342
+

157 om?

log Q(S, T) = -

log Prpz (Y7 < —s) = — + O(s%%1og )

as s — 0o. The leading order term is consistent with the heuristic prediction (1.7).

2. As s, T — oo in such a way that sT~2/3 - o0, we have
4 13502 L o320 2 3/2 2 a3
IOgQ(S’T):_lf,_TrT/S/ —i—mT/s _B?TS/ —i-@T/s

- 2—15T5/331/2 + ! 72— /24 O(T™s712) + O(log? s) + O(T/?),
T

1576°  67T1/3
4 1
log Pkpz (Y7 < —s) = —ETU?’SW2 + WTW?)SZ + 0(53/2 log s).

This improves upper and lower bounds obtained by Corwin and Ghosal [16].



(4= ot ons 1)

0 1—o(TY3(¢ +5)
—(1 = o(TY3(¢+ )7t 0

() 1o

((1 AT (1)>

Figure 1: The jump contour I' and the jump matrices for W. The point (p is a parameter which will be
chosen conveniently later on.

3. Setting y = sT—2/3, we have for any fixed y € (0, +00) that
log QyT**, T) = ~T?¢(y) + O(s"%), logPpz(Yr < —5) = ~T°¢(y) + O(s?*log s),

which strengthens the recently obtained large deviation results by Tsai [52] (proving predic-
tions from [47, 17]) by quantifying the error term.

4. Our results do not cover the regime where s, T — oo in such a way that sT—2/3 — 0. However,
3
we can formally let sT2/3 — 0 at the right hand side of (1.14), which yields -5+ o(s?),
which is coherent with the lower tail expansion of the Tracy-Widom distribution given by
20, 2]
TW 83 1 1 /
logF "% (—s) = logQ(s,00) = 573 log s + ﬂlogQ + ¢ (—1)+o(1), as s — 00,
(where ( is the Riemann (-function) and with the upper and lower bounds from [16].

The rest of the paper is organized as follows. In the second section we express Q(s,T’) in terms of a
2 x 2 RH problem, resulting in Theorem 2.1. Section 3 is devoted to the construction of the g-function,
an essential ingredient for the non—linear steepest descent analysis of the RH problem, which is realized
in Section 4. Finally, in Section 5, we use the results of the second and fourth section to prove Theorem
1.1.

2 RH characterization of Q(s,T)

In this section, we will express the logarithmic partial derivatives 07 log Q(s,T') and 05 log Q(s,T'), with
Q(s,T) defined in equation (1.8), in terms of the solution of the following 2 x 2 RH problem, which
depends on parameters s,(p € R and T > 0.

RH problem for ¥
(a) ¥ :C\I' = C**? is analytic, with

I'=¢o+ ({RUR), (2.1)



where the real line is oriented from left to right, and the two rays (y + iR™ are oriented pointing
to (p, see Figure 1.

(b) ¥({) has continuous boundary values as ¢ € I'\{(y} is approached from the left (+ side) or from
the right (— side) and they are related by

V4 (¢) =T_(¢) (1- U(Tl/;(g + )t (1)> for ¢ € ¢y + iRT,
—o(TY3 s
O=1-O o iy o ))> oro<@ @2
(T 4 s
v(Q=w(op oS ”) for ¢ > G

(c) As ¢ — oo, ¥ has the asymptotic behavior

v(Q = (1+0(g)) cirate i, (2.3)

1 0 0 -1
¢73/* and ¢3/? are taken, analytic in C\ (=00, 0] and positive for ¢ > 0.

where A = (I +i01)/V/2, 01 = (O 1), 03 = <1 0 ) and where the principal branches of

(d) As ¢ — (o, ¥(¢) remains bounded.

The main result in this section relates the logarithmic derivatives of Q(s,7") with the solution
U(¢) = ¥(¢;s,T, ) of the above RH problem. Our general strategy will then consist of deriving
asymptotics for W as s — oo, which we can substitute in the expressions for drlog@Q(s,T") and
0slog Q(s,T) given below. Afterwards, we will integrate these expressions in s and in T in order
to obtain asymptotics for Q(s,T).

Theorem 2.1. The RH problem for W = W((; s, T, (o) is uniquely solvable for any s, (o € R and T > 0.
Moreover, the following formulas hold true for any choice of (y € R:

0108 Q(s.T) = — o [ (C+9) TV +9) (879 (G5, TG (24)
1/3 ~ i~
0,108 Q(s.T) = o [ AT+ 9) (871F) | (G5, TG (25)
where @(C) is given by
R \I/+(C), fOI’C > C(),
() = 1 0 (2.6)
v4(¢) ((1—0(T1/3(C+s)))—1 1> , for ¢ < (o,

and where U s the (-derivative of 0.

The remaining part of this section is devoted to the proof of this result.

The uniqueness part of the theorem follows from standard arguments for RH problems: suppose that
there exist two solutions W, ¥ to the above RH problem, then one shows first that det ¥ is an entire



function using the fact that all the jump matrices have determinant 1 and using condition (d). By con-
dition (c), det U(({) tends to 1 as ( — oo, and then Liouville's theorem implies that det ' = 1. Hence
U is invertible and we can define the matrix-valued function U(¢) = ¥ (¢)W~1(¢). It is straightforward
to verify that condition (b) of the RH problem implies that U has no jumps on I and is hence, also by
condition (d), an entire function. Moreover, by condition (c), U(({) tends to I as { — oco. Again using
Liouville's theorem, we obtain that U = I and ¥ = ¥, which proves the uniqueness of the RH solution.

We will now show that the unique RH solution ¥ exists, and after that we will relate it to Q(s,T).
Recall that Q(s,T") is the Fredholm determinant of an integrable operator, in the sense of Its, lzergin,
Korepin, and Slavnov [28], i.e. the determinant of the identity minus an operator of the form (1.11)
with f and h given in equation (1.12). Following the general theory described in [28] and also in [21],
we can construct the (unique) solution to the RH problem for Y given below using the resolvent of the
operator K. We do not provide details here, but refer to [13, Section 3] where the procedure was carried
out in detail for an Airy kernel with discontinuities similar to the deformed Airy kernel we consider here;
adapting it to our situation is straightforward.

RH problem for Y
(a) Y : C\R — C?*? is analytic.

(b) Y(¢) has continuous boundary values as ¢ € R is approached from above or below, and they are
related by

Yi(Q)=Y-(Q)J(),  J()=1—2mif(Q)h'(C),

or more explicitly by

(M: I modified the RHP )

L+ 2mio(TV3(C + 9))AL(QAI'(Q)  —2ma(TY/3(¢ +5))Ai(()
Y—l—(C) = Y—(C) ( —27['0’(T1/3(< + S))AiQ(O 1 — 27TiU(T1/3(C+ S))Ai (C)Al,(o> .

(c) As ¢ — oo, we have
V() =1+0(¢. (2.7)

To make the connection between Q)(s,T") and the RH solution Y precise, we use [6, Theorem 2.1].
Specializing this result to our particular situation and adapting it to our notations, it states (noting that
the contour C from [6, Theorem 2.1] relevant for us is the real line) that

Orlog Q(s, T) = /]R Tr (Y:l(g)yi(C)aTJ@)J*l(c))%

= [or (Y ©OnO)dc = 21 [ WO ©ork €S ©)dC, (28)
and the same result holds if we replace the T-derivatives by s-derivatives. In the remaining part of this
section, we focus on the T-derivative and the proof of (2.4), but it is directly verified that all identities

below (up to (2.29)) remain valid when replacing T-derivatives by s-derivatives, and that (2.5) follows
from the counterpart of (2.29).

10



In the next step, we transform the RH problem for Y in a way which is analogous to [13, Section
3]. For this, we need the solution to the Airy model RH problem. Define

a1(C) = —V2r (ﬂg ;j?ﬂfj%) , (29)
Pv(¢) = —V2r (i:: E?) fifi}%f) ! (2.10)
@n(¢) = @1(¢) (_11 ‘f) , (2.11)
mi() = Brv(0) (} ‘f) 7 (2.12)

where w := e’5". Next, we fix Co € R and we define ®({) to be equal to ®1(¢) for ¢ — (o in the first
quadrant, to ®1;(¢) for ¢ — (o in the second quadrant, to ®111(¢) for ¢ — (p in the third quadrant, and
to @y (¢) for ¢ — (o in the fourth quadrant. It can be verified using the properties of the Airy function
(similarly to e.g. [22, Section 7]) that ® solves the following RH problem.

RH problem for ®
(a) ®: C\I' — C?*? is analytic, with T" as in (2.1).

(b) ®(¢) has continuous boundary values as ¢ € T'\ {(o} is approached from the left or from the
right, and they are related by

() = ®_(¢) (} ?) , ¢ € o+ iRE, (213)
®4(¢) =2-(¢) (_01 é) ) ¢ < Go, (2.14)
P4 (¢) =2-(¢) (é 1) 7 ¢ > (o, (2.15)

(c) As ¢ — oo, we have
B(C) = (1+0(C2)) ¢/ 1A 1em5¢ s, (2.16)

where the principal branches of ¢?3/% and ¢3/2 are taken. Note that this is precisely the same as
(2.3).

(d) As ¢ — (o, ®(¢) remains bounded.

Remark 2.2. Our choice of jump contour for the Airy model problem is somewhat unusual, for
reasons that will become clear later on in Section 3; it is more common to take half-lines with
arguments :l:%7r instead of ¢y + iR*. However, since equations (2.13)—(2.15) are proven using the
algebraic properties of the Airy function, and since the asymptotics of the Airy function are valid
on sectors of the form |arg(¢)| < m — ¢ with § arbitrary small, the RH conditions are not affected
by this choice of jump contours.

11



Now we define ¥({) = ¥((;s,T,¢o) by

0
1—(1-of Tl/g((H— $)))~! 1) for Re (¢ —¢o) <0, Im (¢ — ¢o) >0

for Re (( — (o) <0, Im (¢ —¢p) <O (2.17)

for Re (¢ — (o) > 0.

X 0
( 1+ 1—0T1/3(C+S))) 1 1)
I

Lemma 2.3. The matrix—valued function ¥ defined in (2.17) satisfies the RH problem for V.

Proof.  (a) To see that ¥ is analytic in C\ T, it suffices to note that Y and @ are analytic in this
domain, and that (1 — ¢(T3(¢ 4 s)))~! is an entire function.

(b) For the jump relations, we start by verifying that

V() = Y(O)P(¢) (2.18)
satisfies the following jump conditions:

Q) =T () (é I‘U(Tlf’““”), (>6 (219)

V(0 = - (Q) (} ?) , CEGo+iRE, (220

T Q) = b-(0) (_ AR N ;gﬁigﬁ;;”) , (<G (221)

Indeed, the first equation (2.19) follows from the relations
PZHOWL(C) = Py (OVZHOYH(Oi(C)
= SR} (O) (1 = 2mif(OR'(C)) D1(C)

and

i 1 . 1 _
7€) = =o'+ )P (C) (O> WO === (0 1)), (222)

together with the jump relation (2.15) for ®. The second equation (2.20) follows from the jump
relations (2.13) for @, since Y is analytic on this part of the contour. Finally, for (2.21), we have

T-HOT4(C) = @1 (QOYHQOYH(O) P (C),

and the result follows after a straightforward computation by (2.11), (2.12), (2.22), and the jump
relation for Y. Now, the jump relations for ¥ together with

(1)> for Re (( — (o) <0, Im (¢ — ¢p) >0

e ?) for Re (( — (o) <0, Im (¢ — ¢p) <O (2.23)

I for Re (¢ — (o) >0

imply the required jump relations for W.
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(c) The asymptotic condition (c) follows by substituting the asymptotics (2.7) and (2.16) for Y'(¢)
and ®(() as ( — oo in (2.18) and then in (2.23). Additionally, we have that

1= (1—o(TY3(C+5)) = —exp(TV3(C +5)),

remains bounded as { — oo with ( — (p in the second or third quadrant, for any choice of {y € R,
such that

—2¢3/244 1 0 i _ _% 3/244
e 3¢ (:I:(l 7 (1 _ U(T1/3(C n S)))_l) 1) = (I+ O(C 1))e e .

(d) As ¢ — (o, ¥ remains bounded because Y and ® do. This completes the proof.
]

The last step in the proof of Theorem 2.1 consists of re-writing the formula (2.8) in terms of of ¥
as defined in (2.6). To this end, observe that, by Y, (¢) = Y_(¢)J({) and by the cyclic property of the
trace, we can write the first term at the right hand side of (2.8) as

dc

21

dg

21

= [T (v OVHOI Q0 (0)) o
_/RTr (J—l(C)Jf(C)J (g)aTJ(c))%. (2.24)

[ (Y OYLQor©I71(Q)
R

Moreover, using the fact that J(¢) = I — 2mif(¢)h'(¢) and again the cyclic property of the trace it is
straightforward to verify that

[m (7T QT QI Q) o = —ami JREGIGEGRGEYS
R YiWA

(this is in fact the content of Remark A.1 in [6], except for a factor 27i that is missing there) and the
right hand side is zero since h does not depend on 7' (nor on s). Hence, in our particular case, we can
re-write (2.8) as

L [or(yon@)ic @)

We now compute explicitly the two terms at the right hand side. From the definition (1.12) of f and
h, we get

L (0 (Y ORO) ) d = [ Dro(T(¢+ 9)(A12(0) = CAI(O)C. (2.26)

For the remaining term, we have

orlog Q(s.7) = [ Tr (YIHOYLOI ™ (©)or ()

T HQ)ArI(C) = —2midro(T (¢ + 5)) (Ai(Q)/Ai’(C) —Ai*(¢) )

AI”(Q)  —AI(QAI'(C)
o 0o (TY3(C+ ) e
= —2mi U(T1/3<C + 8)) f(()h (C)
Now we use once more the cyclic property of the trace, (2.22), and (2.9)—(2.10) to arrive at
[ (Y Qi <<>J1<<>8TJ<4>> -~ (2:27)
= [ oro(@ ¢+ ) (0 1) o7 OV OV (3) = (2.28)
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Finally, we use the fact that U(¢) = Y (¢)®;(¢), which follows from (2.6), (2.17), and (2.11), to obtain

/RTI“ (YJI(C)YL(C)J_l(C)aTJ(C)> o

B 1
 2mi

2
[ oro@ B+ ) (§F) | (©dc+ [ ora(T¢+5) (A2(0) - CAI%(Q) ),
: - (2.29)

for which we also used (2.9). Combining this last equation with (2.25) and (2.26), we obtain (2.4).

3 Construction of the g-function

In this section, we construct and study the g-function, which will turn out to be fundamental in the
asymptotic analysis of the RH problem for . We first, in Section 3.1, motivate the appearance of the
g-function on heuristic grounds, and after that we will explicitly construct the function in Section 3.2.
It will depend on a parameter )y, for which we derive explicit asymptotics as s — oo in Section 3.3. In
Section 3.4, we will derive properties of the g-funciton which will be needed later.

3.1 Heuristics

Our objective in this section and the next one is to derive asymptotics for the solution ¥ = W((; s, T, (o)
of the RH problem for ¥ from the previous section as s — oo, uniform in ¢ and in M1l<T< Ms3/2,
with M > 0 arbitrary large, for a convenient choice of {y. To this end, we will transform the RH problem
for W, in several steps, to a RH problem for R with jumps which are close to the identity matrix as
s — 00, and which is normalized at infinity such that limy_,, R(\) = I. Such a RH problem is often
referred to as a small-norm RH problem, and the general theory of RH problems will then allow us to
conclude that R(\) is close to I as s — 0o, with estimates for the error term which will be uniform in
Aandin M~ <T < Ms%2.

The main obstacles for us to obtain such a small-norm RH problem are:

(i) the fact that the jump matrices for W, given in (2.2), depend on s and T in a rather complicated
manner,

(i) the fact that U is not normalized to the identity matrix as { — oo, see (2.3).

In order to improve on the first issue (i), we will first apply a change of variables ¢ + s = s\, which will
remove the s-dependence in the jump matrices (2.2), at the expense of making the asymptotic behavior
slightly more complicated. Indeed, the exponential factor e3¢ s i (2.3) for instance becomes
e_§53/2()‘_1)3/2"3, which behaves like e~ *(3X/2=A2)as 36 \ s 0. Next, in order to resolve issue
(i), we will need to regularize the asymptotic behavior of the RH solution as A — oo, by introducing a
conveniently defined g-function, and by multiplying the RH solution from the right by es?29Nos The
construction of this g-function is the key to a successful RH analysis, and we devote this section to it.

Although some of the reasons behind our definition of the g-function will become clear only a
posteriori, we attempt to give some heuristics behind it now. First, we will need this function to behave
for large A like %)\3/2 — A2 in such a way that 5”297 can neutralize the factor e~ 35"/ 2(=1*?s
appearing in the large A asymptotics for the RH problem. While this condition still leaves us with a
lot of freedom to define g, we will secondly take the opportunity to construct g in such a way that it
helps for making the jump matrices as simple as possible. To do this, we will need 52973 to be
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analytic except on a half-line of the form (—oo, Ag] and to interact in a suitable way with the function
1- a(sT1/3)\) appearing in the jump matrices of the RH problem. More precisely, it will turn out

. 3/2 1—o(sT/3)
convenient to have the property e® (9+(N+9-(V) = % for A < Ao.

Combining all the above conditions, we are led to the question of constructing a function g(\) =
g(X\; s, T) satisfying the following properties.

RH problem for g
(a) g:C\ (—o0, Ag] — C is analytic.

(b) g(X) has continuous boundary values as A € (—o0, \g] is approached from above or below, and
they are related by

g+ AN) +9-N) =V (N8, T) = V(X s, T), for A € (—o0, Ao), (3.1)
where we denote

V(Ais,T) :=s?log (1 - a(sTl/s)\)> . (3.2)
(c) For fixed s,T > 0, g has the asymptotics
2 V(Xo;s, T

g() = SN2 — a2 Yidoie, T) O;’ g2 p oY) as Ao, (3.3)

for a certain value g1, which may depend on s, T. Here A3/2 and A*1/2 are the principal branches
of the root functions, analytic in C\ (—o0, 0] and positive for A > 0.

We note that V is negative, strictly decreasing in A and tending to 0 as A - —oo and to —oo as
A — 400. Moreover, by the definition (1.8) of o, we have

V(A s, T) = —s 2T 36 (sTV3)). (3.4)

3.2 Construction of ¢’

Instead of constructing g directly, we will first construct a function g’ (which will indeed turn out to be
the derivative of g) solving the following RH problem.

RH problem for ¢
(a) ¢ is analytic in C\ (—o0, Ag].
(b) ¢’ has the jump relation
g N +g-(N) =V (N s,T) for A < Ao. (3.5)

(c) ¢’ has the asymptotics

1
g = A2 A2 %)\_3/2 +o(A32)  as A - .
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Lemma 3.1. The function

d ) = (A= 272 (1_ 1 Vigs,T) dg )

21 oo Vo —E€ E— A
s—1/271/3  rXo O‘(ST1/3§) d¢
o7 Jooo VA0 € ax)’

= (A= X)2 (1 + (3.6)

where (.)1/ 2 denotes the principal branch of the complex square root, \/- Is the positive square root,
and Ao = \o(s,T) is the unique real solution to the equation

—1/271/3 ;A 1/3 —1/271/3 0 1/3
N 1= s FT o o(sT é)df _ s T / o(sT/°(u+ AO))du, (3.7)
T —00 VAo — & T o A —U

solves the RH problem for ¢'.

Proof. It is immediate, using the properties of the Cauchy integral, to prove that ¢’, defined as in (3.6),
satisfies the jump condition (3.5). Then, expanding the right hand side of the last expression in (3.6)
we easily verify that (3.7) needs to be satisfied if we want the coefficient of A~Y2 in the asymptotic
expansion of ¢’ to be equal to -1/2.

Moreover, the left hand side of (3.7) is linearly increasing in Ao, while the right hand side is decreasing
from 0 to —oo as g goes from —oo to +o00. It follows that there is a unique solution to (3.7). O

Remark 3.2. It is easy to see that A\g(s,T") < 1 for any s, T > 0, and that A\o(s,T") decreases as T'
increases.

Remark 3.3. An alternative representation for ¢’, obtained from (3.6) after integration by parts, is

—1/2T1/3 Ao ()\_ A )1/2 _im
"(A) = (A — Ao) Y2 87/ 1 0 0 do(sT/3 3.8
g = 0) 7+ o e 0g A=) 2+ i/h — € o(s £), (3.8)
where log is the principal branch of the complex logarithm.

We now define
A

g(A) = A g'(&)d, (3.9)
0

with ¢’ given by (3.6), and where the path on integration is always chosen within the domain of
analyticity of ¢’. It is straightforward to verify that g defined by (3.9) is analytic in C\ (—o0, Ao],
satisfies the jump relation (3.1), and has asymptotics of the form

2
g(\) = §A3/2 M2 0+ g A2 4 0(AY?) as A — oo,

V(AO;SvT)

for some integration constant C'. This can only be consistent with the jump relation if C' = ——=5=-~,

and (3.3) follows. Hence we have solved the RH problem for g.

3.3 Estimates for the endpoint )\,

We now establish the leading order asymptotics of A\g = A\o(s,T).
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Proposition 3.4. Let \g = \o(s,T") be the unique real solution of the equation (3.7). For any M >0
the following estimate holds uniformly in M~ < T < Ms%? as s — +o0:

T2/3 2
Ao = —3 <\/ 1+ w2sT-2/3 — 1) + O(s722771/3),

TS

In particular, for any M > 0, there exist sy, k > 0 such that \g € (k,1) for any s > s and for any
M~ <T < Ms*2.

Proof. By (3.7), we have

9T1/3
)\0 — 14+ m\/maX{O, )\0}

<

81/2Tl/3/)\0 U(ST1/3£)1(07+00)(§)‘d£

7T —00 \/T_g
T1/6 /sTl/S/\o o(u) — 1(0,+oo)(“)‘

5 Jooo VTN —u

We start by showing that A9 > 0. Assuming by contra-position that Ay < 0, we obtain from the
above inequality and the inequality

(3.10)

‘a(az) — 1(07+OO)(1’)‘ < el z€eR (3.11)
that
T1/6 sTY/3 ) u T1/6 (0 v+sT 3N
1< |ho—1 < / v _ / © dv
TS J—o0 vV STl/g)\o — U TS J—oo Vv

1/6 1/6
o T/ eST1/3)\0 < M /

N = asd/A

where we used \g < 0 and T < Ms3/2 for the last inequality.  This gives a contradiction for s
sufficiently large.
Next, as in (3.10) but now with \g > 0, we obtain by (3.7) that

)\0 1 N 2T1/3 | T1/6 /ST1/3)\0 O'(U/) — 1(07+Oo) (u) du
nsl/2 TS |J—co VSsTY3)\g — u

It is straightforward to show by (3.11) that the contribution of the region |u| > 2,/s)¢ to the latter

, . : . : -1
integral is O(e~V*) as s — oo, uniformly in T'. Moreover, since ff;/jgio Wdu =0 and
s 0

. 16 _ pp1/6 . . . . . . I
since L. < —3;4 is small, we obtain (using once more the inequality (3.11) to estimate the contribution
s T8

of the region u < —24/s)\g in the integral) that

2T1/3

Yo =1+ Vo
1/6 | r24/s\
<= / 0 (U(U) - 1(0,+oo)(u)) ! - ! dul + Lo vEro
TS |J—2v/s)0 \/‘STI/B)\O — \/\3T1/3)\0\
1 2\/§)\0 U _1/2 1
= — 32 - S _ 1 —VsA
s /—2\/5)\0 (U(u) Lo.400) (u)> <(l 3T1/3)\0> 1) du| + 5e™V,
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~1/2

for s sufficiently large. Since ‘sle/L?')\o‘ < \/g%l/;,, and since |(1 — y) — 1| < |y| for y sufficiently

small, we have for s sufficiently large that

27/3 1 +oo
P ke 1 _ —\/5A
=1+ =55V < L TERY /_OO ‘(a( ) = 1 (0,400 (1 ) (du+ ZemViNo, (3.12)

From this, we can first derive that )y is bounded below by a positive constant independent of s, 7.
Indeed, if we suppose by contraposition that Ay — 0, the left hand side would tend to 1 and the second
term at the right is smaller than 1/2, which implies that the first term at the right cannot tend to 0.
In other words, s°/2T/3 )\ remains bounded, and sT/3)\g = O(s~%/2). Substituting this in (3.7), we
obtain

Ao — 1] < dv = O(s73/%),

s—1/271/3 /0 U(ST1/3U+1)d’U,<T1/6 /o c(v+1)
m —oo vV —u TS Jooo VU

which implies the contradiction that Ay would tend to 1.
Knowing that Ag is bounded below by a positive constant, we obtain from (3.12) that

1/3

2T
Ao — 1+ —7 = Vol = O(s7PPT3)

as § — oo uniformly in T', and it is then straightforward to complete the proof (recall that the inequality
Ao < 1 was already observed in Remark 3.2). O

3.4 Properties of g
We start this subsection with a technical proposition which will be crucial in the RH analysis later on.
Proposition 3.5. The following inequalities are satisfied :

‘e—s3/2(2g()\)—V(>\)+V(Ao)) < o 35°2(20)2 for A > Ao, (3.13)

/220N VNV ()| < 9¢= 2§25/ Ao [*/2 for A € Ao + iR. (3.14)

Proof. For the first assertion, we observe after a straightforward computation using (3.6) and the identity

VA=)

/wo——gx

. . B 8—1/2T1/3 Ao 0(8T1/3§) . O'(STI/?')\)
2/ (\) =V (N) = 2VA = A (1 i /_oo Ny vl ERNCEPTREED

for A > Ag. After integration, we obtain by (3.9) that
A 4
20(0) = V() + V() 22 [ VE=Dods = 500 = 20)¥?
0
for A > Ao, and (3.13) follows easily.
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For (3.14), the cases A € iR" and A € iR~ are similar, and we restrict to X in the upper half plane.
By (3.2) and (1.8), we have

‘1 + eSTl/s)\

(A)‘ —‘ L+ o T3

o572 (29(N) =V (N)+V (X))

‘1 — O‘(ST1/3)\0)‘ sz
11— o(sT/3N)| N ‘

‘6283/290\) ‘

T3
< ‘6283/29()‘)’ 1+e ’

253/2g())
esT /30 <2 ’e ’

sTY3 0] ig

where we used, to go from the first to the second line, the fact that the real part of ‘1 +e

‘6253/290\)‘, and the fact that A\g > 0 in the last step. It remains to show that

P

To see this, we use (3.9) and (3.8) and obtain, using the fact that A € Ao + iR™,

sT1/3 A Ao (W—Ao)l/z—im 1/3
R e S <f°°1°g =20 Eri/ng ¢ 1T 7) ) dn

It now remains to show that the last factor in the above expression is smaller than 1, which is true if
we can show that

Re (/AO (n = 2)"* —iv/Ao — €

log

oo o (M=A)V2+ iAo =&

This follows from the observation that, for any £ € R and for any n € \g + iR ™,
‘(77 — )\0)1/2 — v/ Ao —f’ < ‘(77 — /\0)1/2 4+ v Ao — f‘ .

This completes the proof. O

da(sTl/3§)> <0 VneX+iR"

Now we define, for any A ¢ iR (recall that o has poles on the imaginary line),

wA\) =1+ dg. (3.16)

s—121/3 /)‘0 o(sTV3¢) — o (sTV/3))
27 —0o0 V /\0 - f(f - /\)

By (3.15) and the identity theorem, we have
29'(A) = V'(A) = 2(A — Xo)2w(N) (3.17)

for A € C\ ((—o0, Ao] UiR). By taking limits, we obtain for A < A that

29;()\) —V'(\) = 2iv Ao — Mw(N). (3.18)
We also denote
P(A) =2V X0 — Aw(N) = —2ig/, (\) + V' (N), A € (=00, \o), (3.19)
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and observe that, by (3.6) and (3.5), we have

71/2T1/3 Ao U(STl/gf) d¢
=2V - A1+ —PV. 3.20
Vo= (14 Sy [ S0 (320)
where we denote with P.V. the Cauchy principal value integral. By (3.8), we can also write
51T Vi =2+ VAo —¢
=2/ - A+ —~— / log do(sT'/3¢). 3.21
T AT A (321

It is straightforward to verify that /() > 2v/Ag — A for any 5,7 > 0 and for any A < Ao.

Remark 3.6. If s~'/27"/3 — 0, Ay — 1 by (3.7), and using (3.20) we have that gw()\) can be
approximated by éx/l — A or, in terms of { = s\ — s, by % —(, which is the limiting density of
the Airy point process given in (1.6). For general s, T, in analogy to the Coulomb gas picture from

[17], one can heuristically interpret %w()\) as an approximation of the density of the points in the
Airy point process, but influenced by an additional force which pushes the particles to the left,
and which becomes stronger when T increases. Although we do not have a proof of this fact, we

expect that gw()\) can be interpreted as the limiting density of the Airy point process, conditioned
on the event that the thinned Airy point process (recall the discussion below (1.5)) is empty. For
multiplicative statistics associated to an arbitrary choice of the function o, the Coulomb gas picture
of [17] has been extended in [37].

From the representation (3.21), we are able to derive the following estimates which will be needed
later on.

Proposition 3.7. For any M > 0, as s — oo, we have uniformly in M~ < T < Ms3/? that
—1/2T /3
=2y Ao + —————log(sT'/3) + O(s /213, (3.22)
and with the same uniformity, but in addition uniformly in A < \g,

P(0) =1(0) = 2/ R0 = X=2/ A0+ O(s T2 T3N) 4 Oy (72T 2 log (2 + sT3|N))) ), (3.23)

where Oy (s‘1/2T1/3 log (2 + 3T1/3\)\]))) denotes a function of order O (5_1/2T1/3 log (2 + ST1/3]A|)>>
which is moreover symmetric as a function of \.

Proof. We obtain from (3.21) that
s—1/271/3
—2\F+ / log<\ﬁ—|—\/x\0— )da ST1/3£
s—1/271/3
- B [ g elao (o1 %),

The second term at the right hand side is uniformly 0(3_1/2T1/3), and the last term is equal to

—1/2771/3  (sTY/3) —1/21/3 A .
s T / " o [uldo(u) + = log(sT1/?) / " do(sT3)
T —00 7T —00
—1/271/3
_ s T log(sT/?3) + O(s~1/2T1/3).
™
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This yields (3.22).
For (3.23), we have after a straightforward computation that

B B — 2571273 rdo o /Xg =X+ VAo — € 13
P(A) —(0) =2/ Ao — A 2\/)\04-77T /_oolog VoIV, veuy do(sT/°¢)
- ’f —A
§

s—1/2T1/3 X
7/ log

7T —o0

do(sT/3¢).

It is easy to verify that the integral on the first line gives a uniform 0(5_1/2T1/3)\) contribution. Up to
an exponentially small term as s — oo coming from the integration over (—oo, —\¢), the term on the
second line can be written as

£\

§

_1/3
da(sTl/gf):— u=sT7A

~1/21/3  pAo
—ST/ log o’ (u)du.

s “Xo

8_1/2T1/3 sTY/3 )
P

™ —sT1/3 )

This is a symmetric function of \, since o’ is symmetric. For A = O(s~'T~1/3), this is of order
O(s~Y211/3). As sT'/3|\| — oo, it can be estimated as (’)((3*1/2T1/3log(sT1/3])\])), and the
second estimate (3.23) follows from these observations. O

Proposition 3.8. For s sufficiently large and for M~ < T < M s3% with M > 0 arbitrary, there exists
€ > 0 such that w is analytic for |\ — X\o| < €. Moreover, w(X\g) > 1 and

w(X) = w(Xo) + O(X — No),
uniformly in M~ < T < Ms%? and |\ — \o| < € as s — oc.

Proof. The analyticity of w(\) in a neighborhood of )y follows directly from the fact that \o(s,T") >
k > 0 for s sufficiently large and M~ < T' < Ms3/2 (by Proposition 3.4) and it suffices to choose
€ > 0 sufficiently small, such that the disk centered at )y with radius € does not intersect the imaginary
axis. It is also easy to see from the definition (3.16) that w(\) is real-valued for A € (Ao — €, Ao + €),
and that w(\g) > 1.

To prove that w(A) = w(Ag) + O(A — Ag) uniformly in T" and for |\ — Ag| < € as s — oo, it is
sufficient to show that w’(\) = O(1) uniformly. To see this, we write

/ B s—1/21/3  fxo ‘ d¢ _ ‘ B U(STl/Bg) — a(STl/?’)\)
w'(\) = 1+T —ooakh(é’)\)\/Ti—{ with  h(§A) = £—\ )

Separating the contributions to the integral coming from a small neighbourhood of Ay and elsewhere,
we obtain

—1/21/3  rrg—2e d¢ s~ 1/21/3  rXo ¢
’)\:1+87/ NG 4 / ONh(E ) —
w ( ) 2 oo A (5 )\/)\0 —¢ 2 Ao—2¢ A (g ) VAo —§

For & < Ao — 2¢, we have

[OAR(&; A)] <

o(sTV3¢) — o (sTY/3N) s |o/(sTVAN) | 1
(€= A2 N _O(g|+1)’

uniformly in &, \, T, by the boundedness of o and the exponential decay of o/. For \jg —2¢ < £ < )\
on the other hand, Taylor expanding o (sT"/3¢) around X yields

o(sTV3€) — o (sTV3N) — sTV/36' (sTY/3N) (€ — ) < g2q2/3 WA 266 o (sT/3¢)|

[OR(&; A)| =

(€—=2%) 2

21



and this decays exponentially fast in s if € is sufficiently small. Substituting these two estimates in
the above expression for w’()\) and using the fact that 7' < Ms3/2, we obtain that w'()) is uniformly
bounded.

O

4 Asymptotic analysis for ¥ as s — oo

The aim of this section is to obtain asymptotics as s — +o0o for the RH solution ¥, uniformly in
M~ < T < Ms? for any M > 0, via the Deift-Zhou steepest descent method [23]. To achieve this
goal, we will apply two invertible transformations ¥ — S+ R, in order to arrive at a RH problem for R
with small jump matrices and normalized such that limy_, ., R(\) = I. We will then be able to conclude
that the RH solution is uniformly in 7" and X close to I as s — oo, and by inverting the transformations,
we can obtain asymptotics for W. For the first transformation, we will use the g-function constructed in
the previous section. For the second one, we will need to construct two parametrices, a local parametrix
near \g and a global paramerix elsewhere, which will turn out to be good approximations to S.

4.1 First transformation ¥ — S

Given g defined as in (3.6) and (3.9), satisfying the properties (3.1) and (3.3) for some g1, we define
the matrix function S(\) as

: ; _ 1) G 3/2 &3/ v ),
S(\) 1= =S5 V0o <1 i(o1-7)s" > s W(sA — s)e” *(s0+7G2) ) (4.1)
0 1

where the constant (y in the RH problem for W is taken such that sAg — s = (. We will show below
that .S satisfies the following RH problem.

RH problem for S
(a) S:C\I' = C2*2 is analytic, with
T := X+ (RUIR), (4.2)

oriented in the same way as the contour I' for W, i.e. the real line is oriented from left to right,
the vertical half-lines in the upper and lower half plane are pointing to Ag.

(b) S()) has continuous boundary values as A € T'\{)\o} is approached from the left or right and they
are related by

1 0 .
S+(A) = 8- { (9722000 -V 04V 00)) 1) for X € Ao + iR,
si =5 (1] for A€ A+ R~ (4.3)
—$3/2(29(N) =V () +V (A0))
S. () =5-()) (1) © ? . ’ ) for A € Ao + R,

(c) As A — o0, S has the asymptotic behavior

SO = (I+0( ™)) AiA~!. (4.4)
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(d) As A — Ao, S remains bounded.

Proposition 4.1. The function S defined as in equation (4.1) satisfies the above RH problem.

Proof. By construction, S is analytic everywhere except on L. The jump relations (4.3) for S can be
inferred from those of ¥ given in (2.2). On each of the four half-lines in the jump contour T, we
compute the jump matrices S~'S, using (4.1). In this product, we note that the factors in (4.1) in
front of ¥ are independent of A and thus cancel out, and we can conclude that

753/2(9—()\)“1"/(;0))0’3 )683/2(g+()\)+v(;\0))0.3

STHNSL(N) =e Tl (sh — 5)T, (sA— s
for AeT. On Ao+ iR* and on \g+R™, g is analytic, and the required jump relation for S follows from
the jump relations (2.2) for ¥ and the definition of (3.2) of V. On A\g + R, g is not analytic and we
need to use in addition the relation (3.1). The asymptotics for S as A — oo follow from the asymptotics
for ¥ as ( — oo, see (2.3), together with the asymptotics for g given in (3.3) after a straightforward
calculation (note that the factors in front of W in (4.1) are present precisely to make this calculation
work). Finally, it is easy to see that S is bounded near \g, since the same is true for ¥(sA — s) and for
g. ]

We can already make the important observation that, by Proposition 3.5, the jump matrices for
S tend exponentially fast to I as s — 0o, except near Ay and except on (—o0, \g], where the jump
matrix is constant. This the reason why we have to introduce two different parametrices: a local one
to approximate S in the neighborhood of )y and a global one to approximate S elsewhere.
4.2 Global parametrix
If we ignore the small jumps of S and the jumps in the vicinity of Ag, we are led to the following RH
problem.
RH problem for P>

(a) P> :C\(—o00,\o] = C?*? is analytic.

(b) P° has continuous boundary values on (—00, \g) and they are related by

PE(A) = P=(\) (_01 (1)> , A € (=00, o). (4.5)
(c) As A — oo, we have
Pe(\) = (T+ O\ 1)AisA4~L, (4.6)

Without imposing an additional condition near \g, the solution to this RH problem is not unique.
One can also show that it is impossible to construct a solution which, like .S, remains bounded near Ag.
This also shows that we cannot expect P> to be a good approximation of S near \g. The best we can
do, is construct a solution P®(\) = O(X — \g)~ /% as A — )y, and by imposing this, the solution is
moreover unique (but we do not need this). It is easy to verify that P> given by

PX(A) = (A= Ag)T7 A, (4.7)

where (A — )\O)ii is analytic except on (—o0, Ag] and positive for A > X, solves the RH problem.
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4.3 Local Airy parametrix

We will now construct the local parametrix P in a disk around )g in such a way that it has exactly
the same jumps as S has inside the disk, and in such a way that it is close to P°° on the boundary of
the disk. Let us fix a disk U around Ag of radius €, with ¢ > 0 small enough such that the result of
Proposition 3.8 holds. In particular, for A\ € U we have

2900 — VO 4 V) =2 [ (7 M) 2w(n)dn

Ao
= gw()\o)()\ —X)? +2 :(77 = X0)"2(w(n) = w(Xo))dn
_ %w()\o)()\ C)P2 4+ O — Ao)P/2), (4.8)

uniformly in A\, T as s — oo. Since w(\g) > 1, we can choose € small enough such that, in addition,
(2900 = V) + V(2)7?| = ce, for [A—Xg| = (4.9)

and for some constant ¢ independent of 5,7 and A.

From the above expansion, it follows that we can define a conformal mapping  : U — C by
imposing

2 V(Y V(A
5”3/2()\) =g(\) — é) + (2 0) (4.10)
and 1/(Ao) > 0. Now we can define the local parametrix P(X) for A € U by
A=) 7 /2 (g0 -4 0 )
n= ® A 4.11
(A ( ey > k(sp(X))e 7 (411)

where @, k = L ILIII,IV are the functions constructed in terms of the Airy function given in (2.9)-
(2.12), and where we set k = I for Re u(A) > 0, Im (X)) > 0, k = II for Re u(A\) < 0, Im p(A) > 0,
k =1II for Re u(\) < 0, Im p(A) < 0, and k& =1V for Re () > 0, Im p(A) < 0.

Proposition 4.2.

1. P satisfies the same jump relations as S on T NU, given in (4.3).
2. For A € QU, we have uniformly in X\ and T that
PPN =T4+0(s7%?) as s— . (4.12)

Proof. 1. We can compute the jump matrices for P by computing P-'P,. A straightforward
calculation using the relations (similar to (2.13)—(2.15))

1 0 0 1 1 0 1 1
O = Pg , P =Pm , Pur = Pry , P =Pry ,
1 1 -1 0 1 1 0 1

and the relation (3.1) for g shows that P has exactly the same jump matrices as S on I'nuU.

2. We first observe that, by (4.9), |x(A)] is bounded from below by a positive constant independent
of A\, s,T for A € QU, such that su(A) is large and we can substitute the asymptotics for @1, @yp,
@111, Pry (like the ones given for @ in (2.16)) in (4.11). This gives

POVPZ(N\) L= (A= \) T A (I I 0(3—3/2)) AN — )3

as s — oo, uniformly in A € QU and T', and we obtain the result.
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4.4 Second transformation and small-norm RH problem

We now define

SNP(A)™L for AeU,

R(\) = 4.13
» {S()\)PO‘J()\)_1 elsewhere, (4.13)
and show that R solves the following RH problem.
RH problem for R
(a) R:C\I'r — C?*2 is analytic, with
Tp = 0U U (Ao + (RURN)\U).
(b) R has jump relations
Ri(A) =R_-(N)Jr(\), A€Tg,
where Jg takes the form
I+O<e"’sg/2> e (X Eie, +00)) U (o + ¢, +00)
JR()\) _ 2+1 ) 0 ) 0 ) ) (414)
I+ 0O(s73/?), A€o,

as s — oo, uniformly in A\, T, for some 1 > 0.
(c) RA)=T+0\1Y) as A— 0.

Proof. Condition (c) is easy to verify from the asymptotics of S and P°°. Next, since S and P have
exactly the same jump relations inside U and since S and P> have exactly the same jump relations on

(—o00, Ao — €), R is analytic on those parts of the jump contour . On the rays ()\0 + i(6,+oo)), the
jump matrices for R can be computed using the jump relations for .S as

1 0

Tr(N) = PRSZ ()8, P = P() <e53/2(2g(x)—v(x)+v(Ao)) 1) PO

Noting that P°(\)~! and P>°()) are uniformly O(A?3/%), and using (3.14), we obtain the first estimate
in (4.14). A similar computation yields the result on (Ao + €, +00), using equation (3.13) instead of
(3.14). On AU, the jump matrix for R is equal to P(P>°)~!, and the required estimate follows from
Proposition 4.2 . O

Corollary 4.3. As s — oo, R and R’ have the asymptotics

1 , 1
w0 =1+0 (). *0 =0 (e (419

uniformly in A\ € C\ T'g and uniformly in M~ < T < Ms3/% for any M > 0.

Proof. The estimate for R follows from the RH problem for R and standard small-norm arguments in
the theory of RH problems, see e.g. [19, 22]. For the derivative of R, by Cauchy's formula, we can write

for any A € C\ I'g,
gy [ RE) dg
R0 = [ 5y
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where v is a small counterclockwise oriented circle of radius p around A whose interior lies in the domain
of analyticity for R. Substituting the asymptotics for R, we obtain

foyy 1
w0 =0 (g n)

For A not too close to I'g, say dist(\,I'g) > n for some small > 0, this yields the estimate since we
can take p = 1. For dist(A\,T'r) < n, we need to deform the jump contour I'p. As is common in RH
analysis, we can do this by analytically continuing R (to R) across the contour, and in this way we can
obtain a deformed contour I'r and a circle «y of radius 1 whose interior lies in C\ FR, such that

, R(E) de ~ !
RO = [ v R0 =140 ()

as s — oo, uniformly in A and T. We now obtain the same estimate in a similar way as before.

(T: Not sure we need to do something with point 10 of the referee? Seems ok to me like this? J

O]

Since we know the asymptotics for R, we can now obtain asymptotics for ¥ by inverting the
transformations S — R and ¥+ S.

5 Asymptotics for Q(s,T) as s — o0

5.1 Logarithmic derivative with respect to T’

The main result of this subsection is Proposition 5.1, giving explicit asymptotics for 7 log Q(s,T") as
s — oo, uniformly in M-1<T< Ms3?, up to terms of order smaller than or equal to sT~2/3 As a
first step, we prove the following.

Proposition 5.1. As s — oo, uniformly in M~ < T < Ms%/2, we have

aT IOg Q(Sa T)

e (572 I3, (&) de)

TY3\)d\
1277273 | X — Ao a(s )

A

2723 phote 1/3 Ai L 12 1/2 /
= [ AT (KA (s, (0) = 5 2RO p V) ) ()N

0—¢€

+O(T™%3). (5.1)

Proof. We recall from Theorem 2.1 that

_ 1 1o1/3 T-13

OrlogQ(s,T) = T oniT23 /R(C + ) (T72(C + 5)) (‘1’ ‘1’4)21 (¢)d¢,

where U is the boundary value of the analytic continuation of ¥ from the sector 0 < arg(¢ — (y) < /2

to the upper half plane, given by (2.6). The explicit invertible transformations ¥ +— S +— R and the

(uniform in A and in T') asymptotics (4.15) for R, Corollary 4.3, allow us to compute asymptotics for

the right hand side of the above equation. R
Using (4.1) and the change of variables A = % + 1, we express drlog Q(s,T) in terms of S(\),

defined as

S+(N) for A > Ao,

1

0\ . (52)
S+()\) e53/2(2g+()\)*V()\)+V()\0)) 1 or A < )\(].
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In other words, S is the boundary value of the analytic continuation of S from the sector 0 < arg(\ —
o) < /2 to the whole upper half plane. More precisely, we have

Orlog Q(s,T) = / Ao (sTV/3)) (§—1§’)21 (A= Ca+ NV 0D gy (5.3)

6mT2/ 3

By the definition (3.2) of V' and the definition (1.8) of o we easily obtain that
o' (sTV3X) = o(sT/3N)es™ VO,

so that we can write (5.3) above as

8T IOg Q(S, T)

/)\J (sTV/3)) (3_15/) ()\)e—s3/2(29+()\)—V(>\)+V(>\0))d)\.
21

6mT2/ 3

Next, we split this integral in 3 parts,
Or log Q(S,T) =1+ 1+ I,
where

o 1/3 a-14& —53/2(2g, () =V (N)+V (X))
I = 6mT2 o / Ao(sT5) (S 5)21 (Ae + dA, (5.4)

with

Alz(—oo,)\o—e], AQZ()\Q—E,/\()—FE), A3:[)\0—|—6,—|—OO).

Now, we will compute asymptotics for I, I5, I3, which need to be uniform in Ml<T< Ms3/2,

for any M > 0, as s — +0o0. Whenever we write that error terms are uniform in 1" below, we mean
that they are uniform with respect to 7" in this domain. When uniformity in A is also required, we will
specify this.

Asymptotics for I3. By (4.13), we can express S (and hence §) in terms of P> and R, for )\ €
(Ao + €,00). We have
a—-14a/ _ oo\ —1 00/ oo\ —1 p—1 p/ poo
(5 5)21 (\) = ((P )P ))21 () + ((P )'RIR'P )21 )
7

-t O(s™3/2) = 0(1), (5.5)

uniformly in 7" and in A\ > Ao + € as s — oo, where we used the definition (4.7) of P> and the

asymptotics of R(\) (Corollary 4.3) for the second equality. Substituting this in (5.4) and using (3.13),
we obtain the bound

+
1'3 =0 <ST_2/3/ ‘)\‘ _é53/2 A— )\0)3/2d)\> _ 0(8_1/2T_2/3), (56)
Ao+e

uniformly in 7" as s — oo. This bound largely overestimates the contribution of I3, but it will be
sufficient for our needs.
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Asymptotics for ;. We again express S in terms of P> and R, but now for A € (=00, Ao — €).
Using (5.2), (4.7), and (3.19), we have

(5718),, (0) = is?/2p(n)e”*Car -V 00)
1 0 oco\—1 p—1 00 1 0
+ <<e53/2(29+V+V()\0)) 1) (P*)"RTR'P <_es3/2(29+V+V(>\0)) 1>>21 (M)

1 0 00\ — ['S) 1 0
- <e83/2(29+V+V(>\0)) 1) (P <—853/2(29+V+V(A0)) 1))2 W
1

cos (%/ 12 w(€)dg)
B 2(A — Xo)

) o229+ V)=V N+ (2) | 0 (5—3/2) , (5.7)

where this last error term is uniform in 7" as s — oo and also in A < A\g — €. In the above computation,
we used the fact that 294 — V' + V(X\o) is purely imaginary, which follows from (3.9) and (3.18).
Substituting this in (5.4), we obtain

5/2 Ao—€
n=--° /0 o (sTY3 ) (M) AdA

S 6rT2/3 )

e (5° 3 v (©)de)

2 1/3 —1/277—2/3
+ ooz ey o(sT A))\d)\—i—(’)(s T ) (5.8)

uniformly in T" as s — oc.

Asymptotics for I5. For A € (A\g — ¢, \gp + €), we express S in terms of the local parametrix P and
R. If we write P for the analytic continuation of P from the sector 0 < arg(A — \g) < /2, i.e.

Pi()N) for A > Ao,

1 0
Pr(3) (esﬁ/2<2g+(x>V(A>+v<xo>) 1) for A < Ao,

we have by (5.2) and (4.13) that

(5.9)

o-1¢/ _ (p-1pr p—1p—1p/'p
(578, N = (P7'P)_ N+ (P'RTRP), (V).
From the construction of the local parametrix, in particular formula (4.11), we can verify that P(\) =
O(s'/*) uniformly in A and in T as s — co, which yields (using also the explicit expression of the Airy

parametrix, see (2.9))

ala o oae) AL _
(5—15f)21 (A) = 2msp/ (A)e™ > o+ M=V N +V (o)) ((ZAI' Al) <z’Ali”>> (sp(N) +O(s7),
21

with error term again uniform in A\,T as s — oo. In other words,
(S718), () = 2misp/(N)es”*CorOIVAHV QD AT (5pu(\), su(A) + O(s7),  (5.10)
with the same uniformity for the error term, where K41 is the Airy kernel given by (1.2).
Consequently,
$2T—2/3

n o= - /AOJFG)\O‘(STI/B)\) (KA (), s/ (V) dA + O(T23), (5.11)
Ao—€
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uniformly in T" as s — oo.

Summing up the contributions (5.8) of A; and (5.11) of Ay together with the small contribution
(5.6) of As, we obtain

Or log Q(&T)

d
) o(sTY3N)dA

e cos (32 [
= / Ao (STY3N)p(N)dA + —— /A )\COE(S J3o ¥(€)d¢

67TT2/3 127723 A= Xo
=L T ) (KN (0 51D ) — o5 PO ) 0
+O(T7%3), (5.12)
uniformly in 7" as s — co. Moreover, by (4.10) and (3.19), we have ¥(\) = —2iu(\)Y2u/(N).
Substituting this in the above formula, we obtain equation (5.1). O

We now need to compute asymptotics for each of the three terms appearing at the right hand side
of (5.1). Before doing that, we prove a technical lemma, which expresses the fact that o(sT'/3))
approximates a step function in a weak sense as sT/3 — .

Lemma 5.2. Suppose that F : R — R is such that
()]
rRE2+1

1. Suppose that F is Lipschitz continuous at 0, i.e. there exist ¢1,d > 0 such that |F(§) — F(0)] <
c1l| for || < 6. Then, there exist C,r9 > 0, depending only on ci,ca, and F(0), such that for
any r > rg, we have

‘/_;oo F(&)o(ré)dE — /OJFOO F(,g)dg‘ < o2,

dé < o < 00.

2. Suppose that there exist ¢1,d > 0 such that |F(§) — F(0)| < c1 | log |€]| for || < &. Then, there
exist C,ro > 0, depending only on ¢y, c2, and F(0), such that for any r > 1y, we have

‘/+OOF r.gdg/ Pl d§‘<C|log'r|

Proof. We give the proof of the first assertion, the second can be proved similarly. Writing
+oo +oo
I:= F(§)o(ré)dE — ; F()dg,

—0o0

we have
I = By + B + Bs,

with
“+00

Bi=FO) [ " s(re)de,

0
By = [ (F(§) = F0)5(r)dk,
Bi= [ (&)~ FO)s(r)de,
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where 6(z) = 0(2) — 1(0 4o0) (). Since &(z) is an antisymmetric function of x, we have By = 0. Next,
we can estimate |Bs| as follows using the Lipschitz continuity and (3.11),

1 R 5 or R c1 +o00 N
Bal < [ el 16)lds = [N a(Nlar < G [ A ePlax
Finally, for B3 we have again using (3.11) for large enough r,

| B3| < 6(£rd)(r?6% +1) / TS = FON e < (e, 1 7| F(0)])e0" (8% + 1).

oo £2+1
This proves the required estimate. O

We can now proceed with the analysis of the three terms on the right hand side of (5.1).

Lemma 5.3. As s — oo, uniformly in M-1<T < Ms3/?

o(sTY3N)dx = O(s~ /217213,

s Ao—e )\cos (33/2 f;‘o w(ﬁ)df)
127T2/3 /_oo A—Xo

Proof. We start by rewriting

dA

s //\06 /\cos (.93/2 K‘O 1/1(§)d£) (T N)dA = s //\06 cos (53/2 J}f\o ¢(5)df)
127T2/3 ] oo A—Xo 12772/3 Jo A—AXo

s Ao—e 39 [ (o (sTY3X) = 19 rg—ay (V)
. /2 (0,A0—¢)
+ 197723 LOO A cos <s . 7/’(5)615) o d\.

The first term at the right hand side can be written as

1 /Ao—e )\33/2@0(/\) cos (/2 [, ¥ (€)d¢)
0

S dA
12751/2T2/3 (A= Xo)p(N) ’

and bounded uniformly in T by (’)(s‘l/QT_Q/?’) as s — oo after integration by parts and by recalling

that ¥(A) > 2/ — A

Next, we use (3.11) to bound the second term in absolute value by

S Ao—e 1/3 1 +oo
A —sT |>\\d)\ — / —|u| du = O —IT—4/3
127eT2/3 /m [Ale ores i3 |, ¢ luldu=0Cs )
uniformly in T" as s — oco. These two estimates yield the result. O

Lemma 5.4. As s — oo, we have uniformly in T,

SQT—2/3 /)\0+5
A

- A(TN) (KN (50, 5100) = 252 a1 s p ) ) M (A

0—€

= O(T~%?). (5.13)

Proof. To prove the estimate, we need some preliminary considerations on the Airy point process. It
follows from the general theory of determinantal point processes, see e.g. [48], that

p(r) = /T—Iroo KA (u,w)du
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is equal to the average number of particles bigger than r in the Airy point process. It was shown in [12,
page 5] that this average has asymptotics

2
p(r) = 3—]7’|3/2 + O(r| 732 1o0g |r]) as r — —oo0.
T
In other words, if we write
2
F(r) = plr) - o

i 1
3 P21 g (r),  F(r) = —F'(r) = K* (r,r) — =[r[Y21 (o0 (1),
T T
we have that

F(r) = O(|r|*?log|r|) as r — —o0.

Moreover, it follows easily from the asymptotics of the Airy function at +oo that F'(r) is exponentially
small as » — 4-o00. It follows that we can bound F' uniformly as follows: there exists a constant C' > 0
such that

|F(r)| < Cmin{|r[">*,1},  reR. (5.14)

(the exponent 5/4 has been chosen for the sake of concreteness; the equation above is still valid
replacing 5/4 with any positive constant less than 3/2). Now, we proceed with estimating the left hand
side of (5.13). For small enough ¢ > 0, we know from Proposition 3.4 that A\g — € is bounded below
by a positive constant independent of s and T, hence o(sT/3\) — 1 is (’)(e_CSTl/S) for some ¢ > 0 as
s — o0, uniformly in T and in A € [\g — €, \g + €]. It follows that we can estimate the left hand side

of (5.13) as

(s (N dA+O(e™ 25T,

SQT—2/3 )\0+6 S2T_2/3 A0+5
[ o Fn) A (A = - /
3 Ao—€ 3 A

0—€

Furthermore, integrating by parts, we obtain

2—2/3  pAote —2/3
e [ spon A =
3 Ao—e 3
—2/3 —2/3 Ao+e
o= Fs00 — ) — o [
3 3 A

(Ao + €)F (sp(Ao + €))

F(sp(N))dA.

0—€

The integrated terms above are O(s~'/4T—2/3) by (5.14). For the remaining term, we again use (5.14)
and obtain

T—2/3  [lote COsT—2/3 rote
~S [ Pponan < = [T minglsu()| /1, 1)y
3 Ao—€ 3 0—¢€
T—2/3  rlote
< 0‘93/ min{|es(A — Ao)| 74, 1}dA = O(T72/3),

Ao—¢€

uniformly in 7" as s — 0o, where we used in the last line that there is a constant ¢ > 0 such p(\) >

c|A — Aol for X € [Ag — €, Ao + €] (this can be seen from (4.8) and (4.10)). O

Lemma 5.5. As s — oo, we have uniformly in Ml<T< Ms3/? that

$5/2

S e = — T (1 g s 1)
o /_OO o(s Y(A)dA = T < + m2s — 1>
T 4V 4 w2723
— <\/ 1+ 72sT—2/3 — 1) + trs +O(T ' ogs). (5.15)

976 18T
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Proof. We write
85 2 o 1 85/2 o
_ s /3 __ s
S /_ AT PN =~ [T i

$5/2

6rT2/3
5/2

/_/\; A (U(ST1/3)\) — 1(0,+OO)()\)) (0)dA

S

Ao
T /_OO A (U(sTl/B)\) — 1(0,+Oo)()\)) (P(N) — 9(0))dA.

The last line above can be estimated using (3.23) and (3.11): it is bounded in absolute value (uniformly
in T as s — o0) by

5/2
T2/3

S

/ ’)\| —sT1/3])| ’O +O( 1/2T1/310g(2+ST1/3|>\|))’d)\ O( 71/2T 5/3)+O( )

Next, we use (3.22) to conclude that

85/2 Ao
2 [ A (T = 10400 (V) w(0)N
_ ( :T\é/? Qéc;i(;i/g) N O(S2T—1/3)) /_Z Ao (sT3N) = 1(g 4oy (V) ) dX
R T O
3 (S ) o

Ao
It remains to compute —87/ Ap(AN)dA. By (3.20), it is straightforward to show that
6m7T2/3 Jo

455/2 5/2 52 Ao U<8T1/3§) VAo — A

5/2
)P PV )\
45772370 6m2T3 [0 Ao — € ( o §—A

ST
67T2/3 Jo

NN = — d)\> dt.

The Cauchy principal value integral appearing in this expression can be computed explicitly as

pv. [V —§A§/2+2x/70§—2m510g (VA =€+ Vo) + Vo = €cloge.

0 §—A
Substituting this, we obtain

2 /2 3/2 /3
B PN Sl L / (A -V 5) (T 4

6123 Jo 45757T2/370 37271/3 Vo —¢
52 Ao VAo — &+
3W2T1/3/ 7T e ( - \/E f) “

We can now use Lemma 5.2 (part 1 for the first integral, part 2 for the second) to conclude that

5/2 A 5/2 2 o
B W W . L 5 d¢
6mT2/3 A57T2/3 3w271/3 \/AO -
s Ao VAo —§+ \ﬁ -
+W 0 610g< 0 jg 0 d§+O(T 110g8)
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uniformly in T" as s — oo.
Computing the remaining integrals explicitly, we find after a straightforward calculation,

5/2 455/2 52 s2\2

457T2/370 on271/3

S

S -1
TR + O(T " log s)

Ao
/0 AP(N)dA = —

uniformly in T" as s — co. Now we use Proposition 3.4, which yields the result after using the fact that
T < Ms®?2, O

Combining Proposition 3.4, Proposition 5.1, Lemma 5.3, Lemma 5.4 and Lemma 5.5, we obtain the
main result of this subsection.

Proposition 5.6. We have

4T 5 T 4
OrlogQ(s,T) = — 5 ( 1+ 72sT—2/3 — 1) ~5% ( 14 72sT-2/3 — 1)

V14 w2sT2/3
+

18T

+ O3+ 0T ogs) (5.16)
as s — oo, uniformly in T.

5.2 Logarithmic derivative with respect to s

We need similar asymptotics for the logarithmic s-derivative of Q(s,T"), but we will only need those for
fixed T > 0, which simplifies the computations considerably. The analogue of Proposition 5.1 is the
following result.

Proposition 5.7. As s — oo, we have the following asymptotics for any T' > 0:

0s10g Q(s,T)

SRTUS o 713 pro-e cos (552 [ (€)d€)
ks /_ " oI BNA+ /_ . -, o (sT/3\)dA
Ao+e€ .
=T [ o ) (KA (s0),510) = R0 e ) ) ()N
Ao—¢€ m
+0O(sh). (5.17)

Proof. We can write (2.5) in terms of S as follows,

1/3 A
8slogQ(s,T):—T . / o(sTY/3N) (5—15')21 (Ao~ 2o+ )=VIN+V () g
R

211

As before, we split this integral in 3 parts,
OrlogQ(s,T) =1 + I + I,

where

T1/3

2T

j =

1/3 a-1ar —53/2(2g- (V) =V (N)+V (X))
/AU(ST NME S)Ql(/\)e + ) d\. (5.18)

J
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In a similar way as for I3, we obtain using (5.5) and (3.13) that Iy = O(s~'/2), as s — co. For I,
similarly as for I, substituting (5.7) in (5.18), we obtain

J271/3 o /3 o= cos (52 [ (6)d
_f“qﬂg/% J@TV?U¢QNM4—T13/A cos (%72 [, v(€)d¢)

= o (sTY3X\)dA
+0(s7%2), (519)

as s — oo. Finally, for I, we obtain using (5.10) that

=N Aote .
I, = —8T1/3/ a(sTYBN KA (sp(N), sp(N) ! (V) dA + O(s71), (5.20)
Ao—€
as s — 00.
Summing up the above contributions and using the fact that ¥)(\) = —2iu(\)/24/(X), we obtain
the result. O

The following is the counterpart of Lemma 5.3. We omit the proof as it is similar to the one given
in the previous subsection.

Lemma 5.8. As s — oo, we have for any fixed T > 0,

T3 fAo—e COS <33/2 f,\Ao ¢(f)d§)
? /—oo A— )\O

a(sTY3N)dN = O(s73/?).
Instead of Lemma 5.4, we have the following.
Lemma 5.9. As s — oo, we have for any fixed T > 0,

—sT/? /;O+€0(8T1/3A) (K‘“ (si(N), sp(N)) — ;sl/ZW(A)!”Zl(_oo,AO](M) W (N)dx = O(s™/4).

0—€

(5.21)

Proof. With the same notations as in the proof of Lemma 5.4, we need to bound
Ao+e€
STV [ (TN F (s (),
Ao—€

which is equal to —sT/3 ffoof: F(sp(N) ' (N)dX up to exponentially small error terms because o (sT/3))
is exponentially close 1. But

Ao+e sp(Ao+e)
s [ spo ar = =1 [ i
Ao si(Xo—e)
= TY3F(spu(No + €)) — TY3F(sp(Xo — €)) = O(s/%)
as s — 0o, by (5.14). O

Next, we derive the analogue of Lemma 5.5.

Lemma 5.10. As s — oo, we have for any fixed T > 0,

3/201/3 e 4/3 3
- SZT/ i o(sTV3)p(N)d\ = —2§ 1 <\/ 1+ 7m2sT—2/3 — 1)
T oo T
T4/3 2
e (\/1+7T25T2/3—1> —W—FO(S_I logs).

™
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Proof. The proof follows the same lines as that of Lemma 5.5: we start by observing that

3/21/3 0 3/2m1/3 0
S st uonan = - O T () <1 () an
3/21/3 o 3/271/3 )Xo
— I [ (o6 = 10100 ) (#(0) = w(0))dr = S5 [T wnan

The first term at the right hand side is exponentially small, as it can be verified remarking that
JZ2o(0(u) = 1o 4oo)(u))du = 0 and using (3.11). The second summand can be estimated by (3.11)
and (3.23) as
83/2T1/3
o

$3/271/3 rXo
=T [ (o7 ~ 10100 (V)

x (wm — 2R+ O(s T3\ 1 Oy (8—1/2T1/3 log (2 + 3T1/3W)))) X

_ 4 -1
C192s1/271/3 +0(s7)

Ao
/_Oo (“(STU?’)‘) - 1(0,+oo)(A)) ((A) — (0))dA

as s — oo for fixed T'. For this, we used the antisymmetry of o(sT/3X) —1( ;o) (A) and the symmetry

of the last error term, and the fact that \g = 1 4+ O(s~'/?logs) as s — oo for fixed T. It remains to
$3/2T1/3 1xo
compute ————— P(A)dA. By (3.20), we have
m 0

A
o - 3 0 22 o Vo =¢ E— )\
The Cauchy principal value integral appearing in this expression can be computed explicitly as

PV/ \/7d)\—2\/7—2«//\0— log (VAo — €+ v/A0) + VAo — Elogé.

Substituting this, we obtain

3/201/3  pA 3/2m1/3 2/3 A 1/3
- /Owum:?s L0 yaz ST [0 o(TTE) o
0

3/21/3 A 3/21/3 2/3 A 1/3 A =
ST / " pdr = — 2T ey ST R o (5T (P.V. / "V~ d>\> 3
0 0

o 37 0 72 —oo VAo =&
e 1™ ( VAo — & F AO) e
2 o Ve
Using Lemma 5.2 as before and then computing the remaining integrals explicitly, we get
$3/2T1/3 o 2g3/2T1/3 32 T2/3)\0 =
as s — 0co. Now we use Proposition 3.4, which easily yields the result. O

Summing up the different contributions, we arrive at the main result of this subsection.

Proposition 5.11. As s — 0o, we have the following asymptotics for any fixed T' > 0:

oT4/3 3 4/3 2
0s log Q(S, T) = — 1+ 72sT-2/3 1) ——— 14 72sT-2/3 — 1
3t 4

~1/2—1/3
—Sfizﬂ +O(stlogs). (5.22)
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5.3 Integration of the differential identity

In order to derive asymptotics for log Q(s,T) as s — oo which are uniform in M~1 < T < Ms3/2, we
integrate the asymptotics for the logarithmic derivatives obtained in the previous section. To do this,
we note that

Tt S
10gQ(sO,T0):logQ(M’,M_1)+/ ’ 8TlogQ(so,T)dT+/O 0, 1og Q(s, M~ V)ds.  (5.23)
M—l M’

The first term is independent of s and T, and if we take M’ large enough, s is large such that we can
substitute the asymptotics for drlog Q(so,T') (since M-t <T, < Msg’/2 implies that M~! < T <
Msg/2 for any T' € [M~*,Tp]), and the asymptotics for 9; log Q(s, M~1) (since M~' < M s/ for any
s € [M’, so] with M’ large enough).

Recall ¢(y) defined in (1.13). It is straightforward to verify that

_ 4T 5T 4
—Or (T2¢(ST 2/3)) = 156 (\/ 1+ m2sT-2/3 — 1) ~ 9.6 (\/ 14 72sT—2/3 — 1) (5.24)

and that

4/3 3 4/3 2
0, (T2¢(sT~2/%)) = —25 . (\/1 + m2sT—2/3 — 1) i <\/1 + w257 —2/3 — 1) . (5.25)
Y

By Proposition 5.6 and Proposition 5.11, we have

V1 + 7w2sT2/3

_ 2 —-2/3
Orlog Q(s, T) = —0r 16 (sT /%) + T2
s—1/2-1/3
12

as s — oo uniformly in T". Using this, we obtain that

+O(T  og s) + O(T~2/3),

0510g Q(s,T) = —0sT2p(sT~2/3)— +O(s™ ' log s),

7o _ ~3/2) 2 3/2
(‘9T log Q(S(), T) T = TO (]5 SoT + M~ gf)(SoM )

M-1
“ —|—Ol log T +OT/3 5.26
02/3 7‘[ 2/3 OgSO og 0) ( )7 ( )

/ ) log Q(s, M~ Vds = —M2¢(soM>/?) + M‘2¢(M’M2/3)—6§4\/§)/3 + O(log? s0). (5.27)
M/

and that

Substituting this into (5.23), we get

] Ty) = —T26(s0T-¥2)— 2 |14 50 | 010g? o(T/? 5.28
og Q(s0, To) = —T5¢(soly ") — 6 + 2/3+ (log”s0) + O(T"") (5.28)

as sg — 00, uniformly in M1 < T < Msg/2. This completes the proof of Theorem 1.1.
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