Chapter 1

Continuous model

Continuous Mechanics as well as Thermodynamics can pafigipe justified by sta-
tistical tools. For example, the exact description of a gakernis very difficult because

of the high number of interacting moleculeg((L0?%) !). Therefore, thermodynami-
cal variables and parameters are statistical objects timtcterize the global effect
of the set of the concerned molecules. The microscopic lievien the molecule
scale and the macroscopic one is defined by statistical tipesa Besides, it is pre-
cisely the choice of a statistical approach which allowsuiables and parameters
to smoothly andcontinuously vary in time and space. This feature results in the use
of classical mathematical tools to solve the equations. cethis finally leads to a
so-calledcontinuous description

In flows in porous media, the Navier-Stokes equations cowddenor less easily be
solved for a single pore. However, the problem descriptimhsolution are consider-
ably more complicated when the whole medium is to be takemantount. Besides
this, experimental comparison is also a hard task.

It is precisely the porous medium complexity which incitesta use a continuous
model. This approach is applied at a larger scale that suipesaall the porous
medium details. The so-called microscopic scale is thenti@amm Mechanics, in

which each individual pore is separately considered andhithwvthe inside flowing

fluid can be observed. The macroscopic scale is defined byaogous method with

Thermodynamics and Continuum Mechanics.

To include microscopic effects into a macroscopic desicnipit is necessary to define
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the concept oRepresentative Elementary VolumegREV) (Fig. 1.1). This volume

represents the observation scale, in other words the mezasuat window. It is deter-
mined by considering all the specific REVs correspondinggithestate variable and
parameter of the problem. If all these individual REVs ar¢hefsame order of mag-
nitude, it is possible to define at each location a uniquelproliREV, common to all

variables and parameters. The REV must (i) be small enoughdh a way that the
spatial distribution of the considered variable is almaststant in the REV and (ii) be
large enough to provide a continuous description of thelprolfl; 8; 9).

Figure 1.1:%1, %2, %3, different examples of REV for a porous medium (1).

The porosity representation (void volume/total volumegdsiressed in Fig. 1.2. On
the curve, three main regions can be distinguished : (1) sergence zone in which
the fluctuations decrease, this smooth effect being linkethhomogeneities and
boundary influence, (2) a quite flat and constant level zdris,lteing the searched
scale which can lead to a continuous medium descriptionfinallly (3) a zone where
the volume is very small and the oscillations grow up in freey and amplitude,
since the volume can consist of solid or fluid only (with theqsity equal to 0 or 1).

The medium description provided by Thermodynamics and iGoatn Mechanics
can also be obtained by means of statistical consideratindsed, another approach
to describe the porous medium behaviour consists in corisgleumerous measure-
ments of a property at any given point and given time and tldgutating the statisti-
cal expected value of this measured property, thereby peifig a so-called ensemble
averaging. Of course an experimental device has to be dabigrorder to measure
the considered property and the experiments must be pegtbseveral times in order
to provide a statistically meaningful average. In this setise expected value can be
practically determined. This approach is besides phyigicaherent in the sense that
it is based on experimental measurements.

Therefore it is highly interesting to here introduce theoelig principle (10). This
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Figure 1.2: REV scale determination for the porosity (c§.Eil). Three main regions
are distinguished. A correct REV lies in the middle zone, igtike calculated porosity
is quite constant when the sample volume varies (1).

principle indeed consists in linking the statistical aparo with the spatial averaging
approach by stating a non-obvious relationship betweenl¢tailed spatial distribu-
tion of a variable and its statistical expected value. Usiggergodic principle when
this is allowed then provides a mathematically coherentrimggto the spatial aver-
aged value of the field. Also this implies a kind of statiotyaoir statistical homogene-
ity of the field.

Finally, it should be noted that this link can be helpful tadedeine the REV scale,
which appears to be in general an uneasy task. Nonetheteissyidl be shown later,
the knowledge of the REV scale is not always necessary to htegleorous medium
behaviour.

An important consequence of introducing the REV conceptpor@us medium study
is that each problem phase is defined everywhere inside tdeimelndeed, consid-
ering a liquid saturated medium, amathematical point still contains both phases
thanks to the definition of the REV, even if treal point is only located inside a single
phase.

To conclude this introduction, the advantages of using sDechtinuum Mechanics
approach are summed up herebelow (1) :
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e The interface description between the different phaseghik usually highly
complex, is not necessary.

e The involved phenomena are described by differentiable@abbes. Classical
mathematical methods can then be used to solve the problem.

e The calculated quantities have a macroscopical meaningamthen be linked
to experimental measurements. A comparison of the developadel with
experiments can be performed.

e Besides this, the equation parameters have also a macioseeaning and can
themselves be measured.

This chapter develops the equations of flows in porous meitiiaam approach based
on continuous modelling. For this purpose, different imtediate objectives are sug-
gested. The first goal is to provide a way to obtain a final egoatet in which all the
primary variables are macroscopic expressions. The seasgadtive pursued is to use
the described method to effectively get the macroscopiatguset. Finally, a third
issue is to present and analyze some typical effects oogurriporous media. These
developments will bring forth some new physical objectshsas thepermeability
tensorand thedispersion tensor

In order to achieve these goals, some preliminaries ardyfistjuired and the av-

eraging process is then presented. The microscopic scatgiens are recalled and
the averaging tools are applied to the mass, motion, energspecies conservation
laws. Constitutive laws are finally proposed and justifiedrider to develop the final

equation set.

This chapter has mainly been inspired by references (1)&nd (

1.1 Preliminaries and notations

Let% denote the domain of voluni¢occupied by the porous mediufy; the domain
of volumeUs occupied by the solid matrix ar&;, the domain of volumé&J, occupied
by the pores (which is filled by gases and fluids) :

The volume filled by the fluid is denoted b, and its domain is denoted i8¥;. The
fluid occupies a part of the poreg; C 7. In the case of a saturated medium, the
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domains are totally and exactly overlapping :
Us = Uy. (1.1.2)

Subscrips labels the solid matrix, whilg stands for the void ané for the fluid.

In our first developments, it is important to be able to actlyadescribe the micro-
scopic medium. The definition of the characteristic funttidthe pores is then useful,
x being the current position :

Xv(X) =

{ 1 if xe %, (= liesin the pores); (1.1.3)

0 if xe % (= lies in the matrix)

Considering a multi-phase medium, a characteristic fonaten be defined for each
phasen :

Xa(X) = { 1 if Xxe %, (=liesin phasex); (1.1.4)

0 ifxe % /% (= lies elsewhere)

After determination of the appropriate REV, the charast&rifunction enables us to
define different kinds of averages. For this purposeZtgbe the REV spatial domain
of volumeUp. Besides, it is also convenient to differentiate macrosropordinates,
noted ax and microscopic coordinates, notedkas-or any fieldB, we can define :

¢ thevolume averageof B :

(B1)) = @/%(m B(X,t) dU(X), (1.1.5)

¢ thevolumetric phase averageof B for the phase :

(Ba(xt) = oy o) BOGY) Xa(X.1) dU(X)

1.1.6
= m‘ﬁ//mx()&t) B(X{,t) dUa(X{), ( )
e thevolumetric intrinsic phase averageof B :
_ 1
(Ba(x,1))* = Wf%a(m) B(X,t) Xa (X,t) dU(X) (1.1.7)

= Uoa (X0 760 (xt) BG ) dUa (X) -

Attention must be paid to the spatial domainf#gq)(xt). This indicates that the
microscopic poink’ belongs at time to (the a-phase of) the REV centered on the
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macroscopic pointk (Fig. 1.3). The characteristic function of tieephase, notegty,
enables us to only take into account the points lying in thesimered phase. Besides,
the average may be calculated on the total REV or only on thé it belonging to
a-phase. The respective meanings of these averages withajppthe following lines.
Finally, it is important to note that all averages are exgkly function of the time
and the macroscopic position vector. This means that theagivey processes bring
forth macroscopic objects from microscopic objectsFor the sake of simplifying the
notations, the field dependence with respe, td andt are omitted in the following
developments.

- ohase within 2/
| fd :] a — phase within
T m All other phases

Figure 1.3: Definition sketch for volume averaging. Diffece between microscopic
and macroscopic coordinates (1).

In order to illustrate the meaning of the different definitp the particular case of
mass density is considered :

e themass density volume average

1 v Mot
= du — et 1.18
(p) Uo /%P Uo ( )

represents thapparent mass densityof the porous medium;

e themass density volumetric phase averag®er phasex

1 M
(pa) == [ pXadU=—-2,

— 1.1.9
Uo J%, Uo ( )

is theapparent mass density of thex-phase;
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e thevolumetric intrinsic phase average of the mass densitfor phasex

1 Mq

L — du = — 1.1.10
{Pa) Uoa Jus, P Xa Uoy’ ( )

is themass density mean average value of the-phase

Another important case to consider is the volumetric avei@gcharacteristic phase
functions. With the characteristimid function, the locaporosity can be defined :

1 Uov
=" =" =g, 1.1.11
(Xv) Uo J Xv Uo v ( )
It represents the local ratio of the pore volume to the tadéime (pores and matrix).
The porosity thus indicates the liquid volume fraction dtesa saturated medium. Such
a ratio can be determined for anyphase and is called fraction volume of this phase.
It is notede, and defined as :

1 UOcr
= — dU=—=¢;. 1.1.12
(o) = [, Xa dU =5 = (L1.12)

In particular, in hydrology, this concept defines the hutyidl, = Ugy/Up as the
ratio between the water volume and the porous medium volun&imning this fluid.
Finally, let us note that this definition provides an obvitink between phase and
intrinsic phase averages :

(Ba) = &a (Ba)” . (1.1.13)

1.2 Averaging process and mathematical results

This process consists in averaging the microscopic equatio order to obtain the
macroscopic equations. The unknowns arertteeroscopic variables The advan-
tage of this approach is to provide a clear understandinigeofrticroscopic causes of
the macroscopic effects. Another method would consistrieatly work with macro-
scopic variables. The risk is to only rely on intuition anddoget some microscopic
phenomena which could however result in non-negligible noseopic effects. Be-
cause of the use of precise mathematical tools, no micraseffpcts will be forgotten
with the averaging method.

Before developing a porous medium model, let us start byemtesy some useful
mathematical propositions :
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Gradient theorem : let B be a scalar field on a voluntg, S;s be the interface inside
this volume between the pores and the matrix, agdtand for the unit normal
from pores to matrix. Then, the averaged gradient can beeegpd as a function
of the mean value gradient :

1
(0Ba) = D<Ba>+U/SV Ba Mvs dS (1.2.14)

Demonstrations can be found in (8; 11). Extensions also wihla first- or
second-order tensor fiefd!:

(0-&)= D~<§x>+ui/ Sy s dS (1.2.15)
Sis

Average phase gradient decomposition let Sys be the interfacial area between the
a-phase and the matrix amgs denote its normal from the phaseto the ma-
trix. The averager-phase gradient of the fiel8 can be rewritten as :

1(Bq) = £a0(Ba) + (Bg)? Leg - (1.2.16)

This property is easily retrieved by using equation (1.1.4:3d the product
derivation rule.

Porosity gradient : finally, the porosity gradient can be rewritten as a funcidn
microscopic details :
Ele\,:—1 nysdS. (1.2.17)
U Jss
Itis demonstrated in (8) by applying the gradient theorethéopore character-
istic function.

Note that the first and the third result can be applied betwleematrix and the fluid
in case of saturated medium. ’pore’ is then replaced by flaidl 'v' by ’ f’ in the
formulas.

A more precise framework is needed to develop the model. eftiar, our main hy-
potheses are developed in the following subsection.

1.3 Basic hypotheses

In a first step, the focus is put on tHew through the medium and the equations are
developed from an Eulerian viewpoint. In some applicati@alid Mechanics will

nevertheless be investigated to establish a non-lineati@i@odel of porous media.
Our basic assumptions mostly pertain to Fluid Mechaniceyre listed herebelow :
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(i) the solid phase is stationary or at least a quasi-stati@biour is assumed ;

(ii) there is no mass exchange between the solid and the fluid ;
(iii) the solid and (assumed incompressible) fluid have tamtsand uniform density;
(iv) the fluid viscosity is independent of shear rate (thedfisiNewtonian) ;

(v) the moving front is sharply defined; ahead of the front¢his no fluid, and
behind the front the pores are fully saturated with fluid ;

(vi) there is no consolidation. Since the matrix can corsfigtbers (as in the case
of Resin Transfer Molding (RTM) or Structural Reaction ktjen Molding
(SRIM) for example), consolidation would concern fluid peaton inside fiber
bundles. For our purpose the fiber bundles are consideredpsiineable and
the fluid cannot flow inside these bundles ;

(vii) the capillary action is negligible ; it can be showntkias is the case for RTM or
SRIM processes (12), contrarily to what happens in caseibfils@tion (13).
Nevertheless, this assumption must be considered with higly attention in
each case. Its formal expression involves the dimensisslBend and capil-
lary? numbers, which relate the gravity force or the viscous ftodbe capillary
force, respectively;

(viii) the only body force is gravity.

At this point, the physical framework is set, the mathenztiools have been pre-
sented and the model derivation can proceed. Microscopiatems are firstly re-

called for each conservation law for each phase. The avegggbcess then follows
before eventual introduction of appropriate constitutaxes in order to close the sys-
tem. Boundary conditions are discussed. Attention is dratven the basic assump-
tions are used while additional hypotheses pertaining foegiic model are clearly

stated.

1.4 Mass conservation

The mass balance equation is also calleddbetinuity equation. Two phases are
taken into account, viz. the solid and the fluid phase.

1Bond number Ng = pgR?/a, wherep is the specific mass of the liquiiis the pore radius and is
the air-liquid surface tension.

2Capillary number Nc, = nV/a, wheren andV are the viscosity and the velocity of the liquid and
is the air-liquid surface tension.
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The first case is very simply treated in our framework. Sideedolid is stationary
(H.i) and its mass density is constant (H.iii), this phaswmatically satisfies conti-
nuity principle.

In classical Fluids Mechanics, mass balance is written as :

9t

ot
wherep; denotes the fluid mass density andts velocity. Let us here recall that the
Fluids Mechanics scale is the microscopic scale. Applylireggaveraging process, the
latter equation transforms into :

+U- (prvr) =0, (1.4.18)

201
ot

Since the REV is assumed not to change with time, the integrarder can be in-
verted in the first term while in the second term, the gradieebrem is applied :

%P0 0. torur) + \%/Sf PsVs -0rs dS=0. (1.4.20)

)+ (- (prvs)) =0. (1.4.19)

ot

As there is no consolidation (H.vi) and the fluid is Newton{ikiv), its velocity van-
ishes on the interfacial area. The last term is then equagto. zFinally, since the
density is constant (H.iii), it can be factored out from thmaining terms and simpli-
fied to provide the equation :

oe

40 (y) =0. (1.4.21)
ot
In a saturated medium (H.v) with no consolidation (H.vie tlirst term is equal to
zero and the equation finally writes as :

O-(v) =0 |. (1.4.22)

This equation has the same form as the classical fluid incessflility equation. A
difference lies nevertheless in the fact that Eq. (1.4.pp)ias on thephase average
velocity. This equation (1.4.22) is the fimalacroscopicequation for mass balance. It
expresses a relationship between macroscopic varialdes e single Darcy veloc-

ity, (v1)).

At this point it is important to recall the physical meaninfgaweraged velocities. For
this purpose, the unidirectional flow represented on Mgslconsidered.

Definitions (1.1.6) and (1.1.7) are then applied on the entlumeUg :
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L
Figure 1.4: Meaning of the phase averaged and the intrifgisgaveraged velocities
; Vi is defined such that S; = Q, S¢ being the surface crossed by the fluid &the
flow rate[m3/s]; Ug = SLis the total volume.

e Thevelocity phase average

= V&5, (1.4.23)

is thefiltration velocity or the so calledarcy velocity. Multiplying (v¢) by
the real are&, the flow rateQ is retrieved.

e The velocity intrinsic phase average

Vi St
StL

(vi)f = E vt dU = =V, (1.4.24)

- Ut Ju

is themean real velocity. In order to retrieve the flow rate, this velocity has to
be multiplied by theeffective areaS; (the area crossed by the fluid). Note that
relation (1.1.13) is also retrieved.

Determination of the effective are is usually not an easy task, contrarily to the
total surfaceS. This clearly shows that the Darcy velocity is easier to rneagxper-
imentally and should better be considered as a primary blaria the model. Then
intrinsic phase averaged velocity is obtained afterwaydsbltiplying Darcy velocity

by porosity.
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1.5 Momentum balance

The classical local momentum equation is written as :

7}
pd—iL+pM- Qv=[1-a+pg, (1.5.25)

whereg stands for the body force ang is the stress tensor. With the use of the
continuity equation, this equation transforms into :

%Jﬂ. (pw) = 0- g+ pg. (1.5.26)

This equation represents the local microscopic expressitile momentum balance
principle. It is valid for the two phases. The liquid is figstonsidered by taking the
phase average of Eq.(1.5.26) :

<f7Pf3Lf

ot T prveve) = (- gr) +(prQ) (1.5.27)

Considering a constant mass density (H.iii), a stationaly hase (H.i), and ap-
plying the gradient theorem and inverting the integratiodeo, the latter equation
becomes:

d(vs)
ot

1 n
pi +pf<El-(fo3Lf)):EL-<c;f)+\7/sf gs - Dfs dS+ (1 Q). (1.5.28)
S
The stress tensor can be rewritten by isolating a isotrapitributionp; and an extra-
stress tensors :
gf=—prd+Ls. (1.5.29)

In this study, the body force is solely due to the gravity (#).end hence derives from
a potential :
g=—0(gh). (1.5.30)

With these assumptions and again applying the gradientehgahe averaged mo-
mentum equation becomes :

pf% +p1(Q- (wrvr)) = Q- (1¢) — O(pr + prgh) +§ Js, Q- s S
—¢ Js, prohnss dS.
(1.5.31)
In the second term of the right-hand side (r.hss);+ psghis usually called thenod-
ified pressureand is noted aB;. Pressure being an intensive variable, it is clear that
during an experiment the measured pressure is usuallinttiesic pressure phase
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average/ps)f, also called thepore pressurg. Eq. (1.1.13) is used in order to intro-
duce the intrinsic variabléPs) ' by decomposing the phase averaged gradient. With
the porosity gradient law Eq. (1.2.17), we finally get :

pr 25 pe(0 (vrve)) = —& (P + 0 (1)

-fr g fo

1 1 1
t ‘nfs dS—= hnss dS+(P f—/ ds
+y /stgf Ofs V/stpfg 0fs dS+(Ps) v stllfs

-y
(1.5.32)

The last term collects all the interfacial interactionswestn solid and fluid. There-
fore f4 represents thdrag force of the fluid acting on the solid along their common
interfaceS;s. Several microscopic features contribute to this macnoisceffect : (i)
the stress distributioffi, (ii) the solid contribution to the fluid buoyandy, and (iii)
the effect of the porosity gradierit (Fig. 1.5). All these terms represent the effects
of the different acting forces : viscous stress, gravity pressure.

- g

Pt

Figure 1.5: Example of a porous medium with a fluid volumeticacgradient. The
hydrostatic pressure in the fluid generates a force on teenat surface which acts in
the direction opposite tbler = —g fs,_Nts dS

Equation (1.5.32) includes all the macroscopic effectscepx the first term in each
side, the equation must nevertheless be transformed in @wedy that each of its
terms is expressed with primary variables. From the laseldgvnents, it becomes
clear that these primary variables will be selected as tles@helocity(vt) and the
intrinsic modified phase pressufie) .
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1.5.1 Inertial term

The so-called inertial term is the second one of the leftdhside (I.h.s.) of Eq.
(1.5.32),p¢ (0 vsVvs). It represents the macroscopic transport of momentum gtrou
the medium. Defining here the pointwise deviationveffrom its intrinsic average
value as :

U =vr — (v)", (1.5.33)

it can be easily shown that, for a saturated porous mediwerawaraged produ i vs )
can be rewritten as :

() = ) )+ (348 (15.34)

Applying the gradient theorem, the inertial term then beesm

pr (@) = prl | L))+ @50)] 1 [ w-nisas @539

As previously, the last term vanishes because the fluid t®uis (H.iv) and there is no
consolidation (H.vi). The first term is called thelk inertia term and represents the
convection of momentum by the average velocity. The secemd s callednertial
dispersionterm. It takes into account the momentum transport due t@asiopic
velocity fluctuations around the average velocity. The agervelocity indeed does
not capture the whole momentum transport effect. Thereraagldlition microscopic
velocity fluctuations which physically transport momentand results in a macro-
scopic mixing effect, which is proportional to the velocitgrm, as it will be seen
later. This effect is analogous to the Reynolds stress toutance. However, in the
present case, momentum mixing takes place even in laminas #md is due to the
heterogeneous and geometric character of the porous metdhase remarks suggest
to express momentum mixing in the following form :

prll- (Wle) = prl1- [MP :(Ofws) +Olwr) )], (1.5.36)

where subscripT indicates the transpose operator and WHgReis a fourth order
tensor, which is a function ofv;) and mostly depends on the medium geometric
properties. The use of a fourth order tensor should enaltie take into account the
geometry and the velocity dependence of momentum mixingp factensorial view
point. This issue is further adressed in Section 1.6.2.

Finally expression (1.5.36) leads us to considering iakdispersion as an additional
viscosity effect. This approach is in agreement with Brikrs theory (Section 1.5.4)
and observations where apparent viscosityseems to act in fluids flowing in porous
media (14).
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1.5.2 Stress term

In the decomposition of Eq. (1.5.29), the extra-stressaiens must be developed by
means of an appropriate constitutive equation. ConsigexriNewtonian fluid (H.iv),
we have :

Ly =0 (Ovs +0vf). (1.5.37)

In order to develop Eq. (1.5.32), the velocity gradient gheagerage is taken :
1
() = Q) +; [ wonesds (15.38)

As previously, the last term is equal to zero. With use of Hgp.37), the extra-stress
termin Eq. (1.5.32) can be rewritten as a relation betweempthmary variables :

O-(te) = 0 [n (Qfxe) + Ofwe) )] (1.5.39)

wheren is the dynamic viscosity (ifkg/mg). If the viscosity is constant, the extra-
term relative to the gradient transpose plays no role andeagliminated, as in the
Navier-Stokes equations. RTM and SRIM processes are stirdiellowings sections.
In these processes, the resin experiences non negligddesity changes during cur-
ing. Therefore, the complete Eq. (1.5.39) is consideredtbadradient transpose is
kept in the final formulation as the viscosity is kept insile tlivergence expression,
its value being discussed later.

1.5.3 Drag force. Darcy’s and Forchheimer’'s models

This theory has not been yet the object of a general agreeémém scientific com-
munity. Therefore, different models exist and will be diseed, among which best-
known are Darcy’s and Forchheimer's models. The isotropit @anisotropic cases
will be addressed.

The objective of this subsection is to propose different ei@dor the drag force g,
as based on specific assumptions. The physical effectgyantthis force have been
previously presented and are used in order to construcbpppte constitutive equa-
tions which solely include the parameters and primary emof the problem. Some
porous medium characteristic fields (mainly the permeghiéinsor) are also intro-
duced.

The first attempts to establish a flow law in porous media wienply performed by
experimental fitting. Explanations were further searchredrder to understand the



18 Continuous model

physics of this behaviour. The present approach is clogagddtter approach. Some
very simple assumptions are proposed and theory is dewkldpés shown that the
two basic Darcy and Forchheimer laws can be retrieved orbtsss.

An interesting historical report on this issue has beenrglye Lage (15), who de-

scribes how these theories were in fact due to several ingpnents brought across
the time by several researchers (Hazen, Poisseuille, KoPerpuit...). For example,

the original Darcy theory included no viscosity dependegmog is slightly different

from what is nowadays his name.

Darcy’s model

The first flow law in porous media was proposed by Darcy, timspecteur Général
des Ponts et Chausséegho related his analysis in a report on the public fountains
of Dijon (1856). An annexe of this report described the fittgrof water through a
packed sand column. From his experiments Darcy deducedlibeing law :

e

k= Vs (1.5.40)

whereU stands for the fluid average speégh for the total pressure difference across

the sandg for the height of the sand layer akds defined as thaydraulic conduc-
tivity .

Hazen then observed a temperature dependence of the higd@nductivity in 1893.
Subsequently, Kozeny showed that it is in fact the thermpéddence of the viscosity
which is hidden behind these observations (1927). The Daweyor isotropic media
was then written in the following form :

u—_Kap (1.5.41)
n e

wherekK is a specific porous medium parameter, which is cgiedneability [m?].

Nevertheless these equations are global in the sense thatake into account the
entire medium. No local law, in the macroscopic sense, ie pesposed. Moreover
these laws only deal with isotropic media.

In order to average equations, let us turn back our attemdianacroscopic develop-
ments and the expression bf in Eq. (1.5.32). We firstly focus on finding the drag
force f4 for isotropic media. We will assume that this force is duedptfie velocity
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difference between the fluid and solid phase, (b) the hymighaf negligible inertial
effects. With these assumptions, the following expressiqmoposed :

fa=R(1,10)[(vs)" — (w)*] = R(n,lo) (vs) ", (1.5.42)

since the solid is rigid. Dimensional analysis provides ¢xpressiorR = r//k’lg
wherelg stands for a local length scale of the porous medium (tylyitla¢ pore aver-
age diameter) ankl is a dimensionless constant. As inertial effects are nigigno
density dependence appears in the expressiéh Defining the permeabiliti as

K = 213K, (1.5.43)
Eq. (1.5.42) becomes :
fa = eF (v = e ws). (1.5.44)
At this point, it is very important to remark that the abowe Isets the solid and fluid
effects apart via the permeability and viscosity respebtjindeed these properties are

exclusively function of their respective phase. Besideskimowledge of permeability
allows us to define a local porous medium sdalsince Eq. (1.5.43) gives :

lo~ VK. (1.5.45)

Finally, the expression (1.5.44) can be inserted in Eq..82) If inertial effect are
negligible (b), the I.h.s. is neglected and if the viscouss# divergence (the so-called
bulk viscosity effect) is also neglected, the following atjan is finally obtained :

oz—sfu<Pf>f+o—sf%<w>. (1.5.46)
Algebraic manipulations finally give :
K
(vf) = —ﬁl:upf)f. (1.5.47)

This equation is similar to Eq. (1.5.41), the main differemging in its local form.
Therefore classical mathematical tools can be used.

The meaning of this law can be understood by a comparison Ratheuille’s law,
which indeed establishes a link between the pressure gialdjgand the flow rate
Qin arectilinear pipe@ = —%Dp) and expresses the effects of the fluid viscosity
and the geometry on the flow rate. Similarly, expression4¥.falso involves viscous
effects (vian) and geometry influence (viQ).

Generalization to the non-isotropic cases is very easynthdesame assumptions as
before, expect isotropy. Similar arguments provide theesgion :

fg =z 10" = (w)] = % L (ve)', (1.5.48)
0 0
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wherer_is a dimensionless second-order resistance tensor. Thadetder perme-
ability tensor is then defined as :

K=e?KI3 1, (1.5.49)

with the same meaning as before except that the medium eopgois taken into
account. Since a vanishing fluid-solid drag implies a vangphiluid velocity, this

tensor is invertible. Moreover itis commonly assumed toymaraetric. This property
has been demonstrated as being valid foroahotropic medium but not for any
porous medium (8). Nevertheless none of the equations wilchv rely on K being

symmetric.

Finally, the non-isotropic expression of Eq. (1.5.47) gittee generalized Darcy equa-
tion in the form :

(vr) = 1K QP |. (1.5.50)

This equation only contains primary variables and reprssiie momentum balance
wheninertial and bulk viscous effects are neglected More precisely, neglecting
the bulk viscous effects means that the divergence of theaged viscous stress is
negligible in comparison with the viscous drag.

Forchheimer’s model

Analyzing Darcy’s equation in the form (1.5.46) shows tle pressure gradient can
be seen as the driving force while the viscous term is thefdrag (as opposed to fluid
motion). From a synthetic view point, the Forchheimer’s lansists in introducing
an additional term into the drag force :

n
fg = &g (ur) +£Cp (wr) [[(wr)]- (1.5.51)
\ —_—
viscous drag form drag

As previously explained, the first term results from fluidfion on the solid boundary.
The second term expresses the form effect of the solid phatieedlow. Hence, the
physical phenomenon responsible for the quadratic termdr=brchheimer equation
is theform stressexerted on the fluid by any solid surface obstructing the flathp
The parameteE [m~1] is related to the geometry of the solid permeable medium.

Under the same conditions as for Eq. (1.5.@6&rtial and bulk viscous terms ne-
glected, except that the form effect is not negligible)the Forchheimer's equation
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writes as :

0=—0(Pt)" — & {us) —Cp (us) [[{v)]| |- (1.5.52)

This macroscopic equation is similar to the expressiomhisilly obtained by exper-
imental fitting. As shown by Lage (15), the quadratic law wasmeously attributed
to Forchheimer. The model was proposed because some ofizesva that time sug-
gested that better fitting so achieved with a quadratic éguaather than with the
linear Darcy law. The quadratic term was however proposeBugyuit (1863) in the
second edition of his report on tlleeoretical and practical studies of water flow in
uncovered channels and through permeable. ddgénce, naming Eq. (1.5.52) as the
Forchheimer equation seems to be unwarranted and hidigticdair to Dupuit.

It is now important to quantify the onset of the non-lineanfiegime in Forchheimer
model. The ratio between the form forBe and the viscous forcB, is physically
meaningful and seems to be appropriate for this purpose :

Df CpVv2 CeK,,

Dy v n 7

(1.5.53)

where a unidirectional problem with fluid velocity is considered for the sake of
simplicity. This ratio depends on the properties of bothgbkd and the liquid phase.
The influence of the velocity is also highlighted. Howevas tlhw has not received
general agreement yet. Commonly, the onset of non-linéectsfis defined by means
of the pore sized Reynolds number :

Rep= pvvK (1.5.54)
n

The switch to Forchheimer’s regime then occurs wRep > 0.1. This rule is mostly
based on observations on flows experimentally performeddadianwith particles of
similar shape, but has no physical meaning related to tihelatween form and vis-
cous effects. It can besides be shown that when porous meéttiigarticles of sim-
ilar shape are used, the form coefficiéhts relatively uniform and of the order of
0 (K~1/2) (15). R, is then proportional to the ratio (1.5.53) and it appears tie
Reynolds based rule is rather coincidental to determinetiset of non-linear effects
while a physical rule based on (1.5.53) with an appropriatéor should be more
correct.

Eqg. (1.5.52) is developed for isotropic media. There arg f&w theoretical devel-
opments relating to the extension of Forchheimer’s law &ahisotropic case. Nev-
ertheless Knupp et al. (16) have constructed a law based aniational principle.

The authors minimize an expression similar to the powerirequo maintain steady
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flow. Anisotropy results from the presence of both the pebiliga(K) and form C)
tensors. Imagine indeed a geometrically isotropic mediuaderof identical spheres
with a small patch of sand roughness attached to their sgfaks the viscous drag
will be isotropic (permeability), the presence of the patgthinduce flow separation
at different surface locations for different flow direct®omhe model proposed is then
roughly :

0=-0(P)"—n |1+ %FK3/2(<w>~ K ue)) 2| K e (1.5.55)
with
K = (detk)'/® et I = (detC)Y3. (1.5.56)

Although, the anisotropy due to the form effect seems to kertanto account by
the presence of the form ten9dy the determinant (det) calculus acts as an averaging
process and seems to eliminate the directional effectseMar this theoretical law
has not yet received an experimental validation. Despitg the reliable variational
principle on which it is based encourages further developsef this theory.

In this subsection the focus was mainly given to providindhggical meaning. Nev-
ertheless the interested reader will find all the requirethemaatical details in (1; 17;
18; 19). In these references averaging procedure has itdegdcarried out to obtain
macroscopic equations containing the quadratic Forchéreienm.

Other models

From our investigations, it turns out that general agre¢roarthe momentum law
is not reached yet in the literature. For example some asifhiapose a cubic head
loss law at low flow rate (20; 21). No physical argument leadthts law, which is
obtained either by experimental fitting (21) or by a homogation technique (20).
Besides this, at high velocity, the Forchheimer regime taslzeen discussed in (22)
where a cubic law is proposed for high flow rates too. Nevégtiss the same author
abandons this idea in the same article and it will no longeatibeussed here. In order
to gather all these informations, the best in our mind is tiousonstruct a function
exhibiting a cubic behaviour at low velocity and a quadragéghaviour at high flow
rate. Therefore, we propose the following complete model :

N 1/2
(ve) <1+ (”Kc<w>||) ) | (15.57)

0=—0(Ps)f - i
(Pr) n

XS
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It can indeed be observed that :

2
- atlow flow rate/| (vr}]| < 1: O~ ~0(Pr)! — 1 (v 1+2 (%2w)

- at high flow rate||(vs)|| >1: Ox fEK ) — pC (vs) || {vs
(1.5.58)

These asymptotic expressions indicate (i) that the tymoaér of magnitude of the
cubic coefficient ist’ (pz/n) for a porous medium with particules of similar shape
(which corroborates the results of (20)) and (ii) that thadyatic coefficient is as in
Forchheimer’s model. Hence, the asymptotic behaviour oleh¢l.5.57) respects
both extreme observations. Moreover it eliminates theges of the norm operator
which is not analytical.

However, it should be noted that the complete model considetropic media only.
In addition, it is a purely mathematical model, without amysical meaning. Finally,
it should be kept in mind that few agreements has been olservéhe cubic loss of
head law.

Hence, in this work, we will focus on the Darcy and Forchheigguations only. The
chapter of Lage (15) seems to bring some understanding §e thguations by gath-
ering all existing informations and justifying the choidelleese laws from physically
correct assumptions.

The Darcy and Forchheimer models have the drawback to camsidy slip bound-
ary conditions at the border. The mathematical equatioa tygeed requires a single
pressure or normal velocity component to be imposed on ttieeetomain boundary
in order to provide a well-posed problem. Neverthelessrablems where an interfa-
cial treatment is important, it may be crucial to impose kbthnormal and tangential
velocity components on determined boundaries. Hence ténkesesting simplified
model has to be examined before summarizing the fluid phassieq. This model,
which is called Brinkman’s model, is able to treat no-slipbdary conditions.

1.5.4 Brinkman’s model

Whenthe form force is negligible and when bulk viscosity effectare important
with respect to inertial term, the Brinkman equation is applicable and is written as :
0= (Pr) " +ernK ™ (ve) + 0 [ (Qwe) + Twe) )], (1.5.59)
Brinkman term

wherefj is themodified viscosity. Several authors consider that this viscosity is the
same as the real viscosity. However, on the one hand, sonegiegntal results have
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shown that the "fitting" viscosity is in fact different frorhé molecular viscosity (14)
(7 = 7.5n). On the other hand, previous developments on the inegtial have high-
lighted the existence of a so-callerbrtial dispersion which could be responsible for
the observed increased viscosity. All this effect can b&ectdd in a fourth-order ten-
sorMP which takes into account the geometry of the porous meditritamvelocity
influence. Let us yet note that Nield has shown that for higlolyous mediag; > 0.6)
this effect is negligible (23).

Another important observation is that the presence of daece term gives to equa-
tion (1.5.59) the adequate mathematical type in such a vaynthslip boundary con-
ditions can be imposed at the border. The equation type thasgiires that stress or
velocity be imposed on the domain boundary. This resultsérekistence of a bound-
ary layer whose thickness is determined by letting the doacgfbe of the same order
of magnitude as the Brinkman term, whose ordWié(ﬁK/ef n)l/z). The latter ex-
pression is usually very small since for common porous nessthe permeability is
about 10°m? ~ 10-8m? (23) and sincéj/n is moderately high (14). Hence, the in-
fluence of this parameter could be very local in the flow solutiNevertheless, it may
have a higher influence on heat transfer.

1.5.5 General equations for the fluid phase

Collecting all the previous informations, a general law @enwritten for the fluid
phase in the isotropic case :

pr 25 4 pr0 [ (u)un)] = e QPO — &1 f{ve) — &Cp (o) | (ue)

+0- [A (D) +Ofve) )]

(1.5.60)
For the anisotropic case, the Forchheimer terms will beautgdl :

pr 75 i [ fun) (ua)] = &P — ek (w)

0 [(nL- pr®) £ () + D))

(1.5.61)
These laws are valid under the very general assumptionglthatan be transient,
while inertia effects are not neglected and momentum déspeis taken into account.
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Before considering the energy equation, the equation gavgthe solid domain must
be developed. This issue is the objective of the followingsagtion.

1.5.6 Solid phase

The solid phase momentum equation provides the associatsdes in relation with
the ambient conditions. Since this phase is stationary,(th& microscopic equation
is written as follows :

0="01-gs+ psg. (1.5.62)

This is in fact an equilibrium equation. Taking the volumei@age of this equation,
with the assumption that gravity is the only body force (l)yone obtains :

0= (gs)+ /Sf G- Dsr dS—0(pgh) — /Sf psghns dS, (1.5.63)
;,_/ ;,_/
f_T f-gs

where

¢ with neglected capillarity (H.vii), the normal stress campnts match on the
solid-liquid interfaceSts, gs- st + g - Dss = 0. The termf is exactly the
same as in Eq. (1.5.32) and represents the total fluid-sukddction ;

e the gravity integraf ;s can be interpreted as the fluid contribution to solid buoy-
ancy (via Archimede'’s force).

Finally, considering a homogeneous saturated porous mmedith no consolidation
(H.vi), the solid volume fractiorgs is constant and the last equation can be rewritten
in the form :

0=0-(gs) +&psg+ fr — f4- (1.5.64)

At this point, a constitutive equation for the solid strégs) is required, together with
a description of the corresponding boundary conditionghémajor part of our work,
we only focus on the behaviour of the fluid phase when studyiagpplication of the
theory to RTM and SRIM processes. In order to completelylesthese processes, a
description of the friction stress between the solid matthednold could additionally
be required.

In order to conclude this section, Table 1.1 summarizesdoet&oons and their partic-
ular applicability conditions.
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1.6 Energy equation

This section describes the establishment of the energytiequa order to predict how
the average temperature evolves in space and time. Stémimgthe same assump-
tions as before (see Section 1.3), we can consider a satypateus medium. Two
options exist for setting up the energy equation. Eitherstiia and fluid phases are
separately treated or the solid and fluid are assumed to #wame local average
temperaturel¢cal equilibrium model). Since this assumption seems to be applicable
to the modeling of RTM and SRIM processes (8), for the sakéngbkcity, only local
equilibrium model will be discussed in this work.

The local equilibrium hypothesis in fact means that, evethéf fluid and the solid
exhibit different temperatures, this difference is negligin such a way that one can
assume that their respective intrinsic phase averagesaat & hese temperatures are
noted as follows :

(TS =(Tp) " =(T). (1.6.65)

Such as pressure, temperature is an intensive variablecetiédn intrinsic average
is physically meaningful and can be used as a primary vaiabherefore both the
fluid and solid phase equations are developed as a functitrebfrespective intrinsic
phase averages, before being put together in a single leatanation by use of the
local equilibrium assumption.

The starting point is again the microscopic energy consienv&quation. For an in-
compressible fluid it is written as :

oT
Pfoa—tf-prCfD (Trys) = —0-gf + Py (1.6.66)
whereCs stands for the specific heat at constant pres§lfiegK], g; for the heat

flux [J/mP?s] and®; for the rate of heat dissipation or supply per unit volujdyens.
Taking the phase average of this equation yields

o

(ptCt a5t

)+ (prCe - (Trve)) = —(0-qs) + (Ps). (1.6.67)
The first term of I.h.s. easily transforms as previously into

JT; a(Ts)

(ptCt W> = piCr—5— = &piCr

a(Tp)"
ot

(1.6.68)

where specific heat variations have been neglected anddesimg a constant fluid
density.
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Applying the gradient theorem, considering a no-slip viscboundary condition and
keeping in mind the previous remarks on specific heat anditgetise second term
becomes:

(psCr - (Trvs)) = prCe - (Trvs) + s TrVs -Dfs S (1.6.69)
=0
As shown in Section 1.5.1, pointwise fields can be decompiosaxkerage and devia-
tions :

v= ()" +% and T;=(Tr) +T. (1.6.70)
The product average is then rewritten in a similar way as in(E.34) :
(Trve) = (Te) " (ue) + (Trle). (1.6.71)
Applying the continuity equation (1.4.22), the divergets@n becomes :
(prCs 0 (Trvs)) = psCr(vs) - O(Ts) " + psCr - (Triy). (1.6.72)

The last term of this equation is similar to the one appeairingg. (1.5.35) and is
thus responsible for thdispersion effect It is important to already note that this
formulation does not allow any dispersion in case of homeges temperature field
(Tt%) = 0, which seems to be physically pertinent. In order to dgwéhe r.h.s.

of Eq. (1.6.67) as a function dfft)f, additional assumptions and hence constitutive
equations have to be introduced.

Firstly the isotropic Fourier law is assumed in both pha3é® heat flux in the fluid
is then written as :
qr = —k¢ Ty, (1.6.73)

wherek; is the fluid conductivity coefficientl/ms’K]. Applying two times the gradi-
ent theorem, the flux term of Eq. (1.6.67) becomes :

k k
—(0-g¢) =0- |:ka.(£f<Tf>f)+—f/ Tt Dfs dS:| +—f/ T -nss dS. (1.6.74)
V st V st

As the radius of the averaging volume is much smaller thamt@eroscopic lengths of
the domain of interest, the second term of the r.h.s. of E§.74) can be transformed
by Eq. (1.2.17) into :

k k o k .
Vf/ Tt nss dS= —f/ (<Tf>f +T¢) nss dS= —f/ Tt nfs dS— kf(Tf>fEl8f .
Sts V st V st

(1.6.75)
Taking this latter equation into account and developingfittsé term of Eq. (1.6.74)
leads to neglecting the term s in Eq. (1.6.75). Finally Eq. (1.6.74) becomes :

Ke [ = k
—(Q-g5) =0 [sfka<Tf>f+—f/ T nfsds} +—f/ 0Tt -ngs dS. (1.6.76)
V Usi V s



Table 1.1: Momentum equation summary for the fluid phase

Equation Applicability Medium type Boundary Drawbacks
conditions conditions (BC)
Darcy Eq. (1.5.50) Inertial forces and bulk Normal velocity | - Non-linear inertial effects missing
0= —-0(P;)f — %I;*L (vs) viscous effects negligible] Anisotropic or pressure - Low BC possibilities
Forchheimer Eg. (1.5.52) Inertial forces and bulk Normal velocity
0=—0(Pr)" — F{us) —Cp (vr) || (vs) viscous effects negligible|  Isotropic or pressure - Low BC possibilities,
but form forces present - Anisotropic ext. missing
Transition model Eq. (1.5.57) Inertial forces and bulk Normal velocity - Low BC possibilities,
o\ 1/2
0=-0(P;)f — %(w} ( ("KC [ {xs )H) ) viscous effects negligible| Isotropic or pressure - Anisotropic ext. missing,
but form forces present - No experimental comparison.
Brinkman Eg. (1.5.59) Forchheimer’s form Velocity Determination of a model
0=¢gr (P +ernK1-(vs) forces negligible Anisotropic or stress for the modified viscosity
+0- [A (D) +0vs)T)] and momentum the dispersion tenspr
General Eq. (1.5.60) Velocity
Jpa=L a(v +prd- [ (vs ><w>} = Isotropic or stress - Highly (too) detailed,
—&r [ Pf 7£f(< epr Vi) [[{us)l - Anisotropic extension missing
Qfvr )]

8¢

[3pOoW snonunuod
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Secondly, the dissipation term can involve chemical reacéind viscosity effects.
In case of RTM and SRIM processes, a resin is injected into lal mwed undergoes
a curing reaction activated either by heating or by chemiaiaing. The reaction
can generate or absorb heat and can be characterizeddxteart of conversionct
whose range is from 0 (no reaction) to 1 (full reaction). Aglaiked in Section
5.3, this variable concentrates all the chemical effeatslired in the transformation
reaction, which is then characterized by a single kinetifion, itself depending on
temperature and on the extent of conversion :

dc
d_tf = fe(cq, Tr). (1.6.77)

If the heat of reaction per unit mass is denotedHay{J/kg], the rate of heat released
per unit fluid volume is then written as :

dcs
[(Df] reaction prRE = piHrfc(cr, Tt). (1.6.78)

This expression is easily averaged to provide the expnessio

[(P6) ] eaction = PrHR(fe(cr, Te)) . (1.6.79)

The developments associated with viscous dissipationetegleld in Annexe A. The
result can generally be written for a Darcy flow as :

[(®6)] yiscous= 1 (ve) - K- (). (1.6.80)

Collecting the results of Egs.(1.6.68), (1.6.72), (1.5.16.6.79) and (1.6.80), Eq.
(1.6.67) becomes:

0 f
erprCr 25 + prCifyr) - (Tr) =

O [erke@(T) "+ fs, Tr s dS| + & f5 0Ty -nys dS (1.6.81)

+prHR(fe(cr, To) T 41 (ve) - K- (wr) — prCrl- (Trie).

The corresponding equation for the solid phase can be gedeos exchanging the

subscriptss and f and observing that botly, and ®s vanish (stationary solid and no

reaction in the solid) :

0(Ts)®
t

k. ~ k
Pt = - (T + 2 [ TanerdS|+ ) [ OTenor dS (1.6.82)
0 ' Sts \ Sts

Therefore, these equations represent the energy balanemipef total volume for
the fluid and the solid phases. They exhibit the usual tratsienvection, conduction
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and dissipation terms. However, as previously shown, dqodat term appears in
the fluid phase, viz. the dispersion term. This energy terbetter understood and
accepted than its inertial counterpart (see Sections aril11.5.4) since it is easier to
observe (1; 8; 9; 17; 18; 24, 2; 25; 26). Hence it must be kefftérdevelopments and
should be modelled as a function of the primary variables.

Noting thatn;s = —ns, the total energy balance is obtained by adding the two phase
equations :

a(my)f
i}

£r01Cr 200 + 6120 1 prCy (wr) - Ty =

k ~ ~
0 [sf ke O(TH) T+ ke TS+ 5 f, Tr s dS+ 1 f Tonseds

1 1.6.83
V Jsis

(%)
+prHR(fe(cr, T1)) T+ (wr) - K (vr) — prCe- (Trl) .

The local equilibrium assumption is here used. Indeed, the strong interphase heat
exchange (expressed by the marked term (*)) prohibits agwifsgtant temperature
difference between the solid and the fluid. Definition (156.6an then be assumed,
where(T) is the volume-average temperature for both phases. Usiadipothe-

sis and requiring temperature continuity on the interfaaiaaS;s, it can besides be
asserted that :

T =Te (1.6.84)

In order to keep heat flux continuity across the interphase,dhe flux exchange term
is assumed to vanish :

1
= /Sf (k¢ OT¢ — kedTs) - s dS= 0. (1.6.85)
These considerations imply that Eq. (1.6.83) transfornws:in

(e1ptCt + SstCs)% +piCr(vs) - [UT) =

kg

0 [(ef ki + eske) (T + 5% [ T nrs ds} (1.6.86)

+psHR(fe(Ct, Te)) T+ (vg) - K1 (vs) — prCr - (Trily)

Expressions are still needed for the temperature deviatidrfor the dispersion effect.
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1.6.1 Effective conduction tensor

Whitaker (27) as well as Nozad et al. (28) suggest to expfesss a the Taylor
expansion of1(T) about the pointl(T) = 0. This idea corresponds to the fact that
(T) experiences reduced changes over the averaging volumsg filfitle

Tr = b(x) - O(T), (1.6.87)

whereb is a vector depending on the REV local space coordinatesamdyis deter-
mined by solving a PDE described for periodic media in (25; 2&is mathematical
feature allows us to define tledfective conductivity tensoras :

k
ke = (1ks + &sKs) 8+ —

*ks/ bnss dS (1.6.88)
Vo s

Nevertheless, in applications such as RTM processes, tteaponedium cannot be
assumed as periodic and it is seldom feasible to calculaipaeature deviations from
micro-mechanical arguments. Therefore a theoreticalrohtation of the effective
conductivity tensor is not always possible. In most casely, experimental measure-
ments can provide good estimates, even if it is not so easgparate the conduction
from the dispersion effect.

1.6.2 Dispersion modelling

As previously explained, dispersion term takes its origimf the combined effects of
the pore tortuosity and the medium network. On the one h&edporous medium is
composed of tortuous pores in which the fluid flows and trartsp@rious physical
properties such as energy as well as momentum. The point@lseity and these
guantities are then usually not equal to their average eopatts. Hence these differ-
ent quantities are transported at a different rate. On therdtand, the porous medium
network is such that pores meet and separate within shaandiss. The transported
quantity can then locally move at a velocity differing fromthe average velocity.
These local transport phenomena then result in a macrasgoging effect which is
calledhydrodynamic dispersion This is a quite same observation as in Thermody-
namics, where the molecule motion (Brownian noise) is resite for the diffusion
effect. The main difference however lies in the fact thatri@dynamical diffusion is
independent of the matter velocity, which is not the casé Wjtdrodynamic disper-
sion. Moreover other pore scale phenomena can increasetrescopic mixing such
as recirculations, obstructions or eddy effects. All theféects should nevertheless be
included in the model (2). In conclusion, hydrodynamic mikis expected to depend
on the medium geometry and the velocity. This assumptioroborates several ob-
servations, where increasing the velocity induces an asg®f the total mixing too
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(Fig. 1.6). This is not the case for usual flows, where the ootidn phenomenon is
independent of the local velocity.

Using Eg. (1.6.87) and assuming that the average gradieahigtant on the REV, the
dispersion term can be written as :

prCr- (Trle) = prCe - (&1 (b)) TUT)) . (1.6.89)
This equation leads us to define the effective thermal dsspetensor as :
K® = —&1p(Ci (1sb)" = £rprCsR°. (1.6.90)
where the dispersion tensbP is defined as :
= (&b (1.6.91)

If the vectorb depends on the medium geometry, the dispersion tdd3ds expected
to depend on the velocity. However, although dispersiorkisyaeffect for the flow in

a porous medium, there is a serious lack of complete modegeftheless Mal et al.
(26) suggest to model the dispersion tensor as :

(1.6.92)

wherelL is called thefourth-order dispersion tensor, whose coefficients depend on
the medium geometry. This model seems to be convenient bed¢toan take into
account the interactions of the fluid velocity and the iné¢porous network.

The same idea can be used to repregeertial dispersion in Eq. (1.5.36), where
an appropriate expression p as a function ol and(vs) should be inserted. By
analogy with temperature dispersion, momentum dispersiaid then be modelled
by a six-order tensoBP. Momentum dispersion should then be rewritten as :

PO (@) = pr0- [MP (L (vr)) « (Qvs) + Ofwe)T)]

(1.6.93)

vi)) :
= pr- [(BD(Q. %\m)) (u<w>+u<xa>T)} .

However, this model has not received any validation yes drily proposed from the
observation that dispersion has the same origin in bothscati®ough this effect acts
either on momentum or on temperature.

Particular cases such as isotropic and transversely otneedia are deeper investi-
gated in Chapter 5. The related models are then justified enelaped.
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Figure 1.6: Relationship between molecular diffusion Seetion 1.7) and convective
dispersion (2) 2 is the molecular diffusivity (equivalent to the condudMensorke)

V dis the Darcy velocity times the particle diameter and tRes-V d/Z is a non-
dimensional numbeB), is the sum of the molecular diffusivity and of the dispersion
diffusivity (equivalent toke + Kp).

A main problem for flows in porous media is to measure the patar of the gov-
erning equations (typically the dispersion tensor as welthee conductivity tensor
coefficients). The difficulty here results from the numbeunknown coefficients and
from the fact that it is very difficult to isolate the influenoéeach individual phe-
nomenon and to elaborate a sufficient number of pertinergraments. In this sense,
only the total effect can be measured whatever the micrésalgghenomena are.

Taking these considerations into account, Eq. (1.6.87to(E£6.90) can be inserted
in Eq. (1.6.86) to provide the final energy balance :

(€1psCr + £5prCs) 25t + prCr (ws) - LUT) =
(1.6.94)

0 [(ke+KP) T)] +prHrfe((ce) ', (T)) +n (ve) - K1 (wr)

where we have considered thag(cs, T¢))  ~ fe((ct)', (T)) is a good approximation.
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Again, following the same approach as for temperature, tietywise concentration
can be expressed as a sum of intrinsic average and deviation :

cr = (ce)f + 6. (1.7.96)
Assuming that Fick’s law is valid, the diffusive flux can beitten as :

Ji = —Dy[cs. (1.7.97)
The flux term of Eq. (1.7.95) can then be rewritten similadyeyg. (1.6.74) :

—0-(J5)=0- [SfoQ<Cf>f+£/ ¢ ﬂfst:| , (1.7.98)
Vs

S

the interphase flux being zero because there is no interphass transfer. As for
temperature, the deviation concentration can be expressg€Lnction of the intrinsic
concentration gradient and a vectoonly depending on the local space coordinates :

& = f(X)-Olcr). (1.7.99)

Considering thall(c¢ ) is constant on the REV, theffective diffusivity tensor De is
defined as :

1
De=Dtd+— fnjsdS=Df3+ 1L, (1.7.100)
Vi Jsis —
where thetortuosity tensor L is expressed as :
1
L= f nfs dS (1.7.101)
Vi Jsis

The dispersive diffusivity tensddP is defined as :

QD:_Vif [ cfav——@D". (1.7.102)
f

Introducing these definitions in Eqg. (1.7.95), the balargqea¢ion becomes :

&5 0<§{>f +(vs)-O(cs)" =0 [er (De+DP) - Ofce) '] + &5 fe((cr) T, (Tr) 1) |

(1.7.103)
where we have again introduced the approximatitwcs, T¢)) ' ~ fo((cs), (Ts) ),
whose accuracy relies on the local variatiopsandTs which are assumed to be very
small compared to the non-linearities of the source fumctio

The mathematical type of the governing equation for spemeservation (1.7.103)
is the same as for temperature. The boundary conditionsiritusand consist in
imposing either the concentration or the species flux albedgbundary.
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1.8 Constitutive equations

Only two constitutive equations are required to close theehoone for the viscosity
and one for the source reaction kinetics term in the energyspecies conservation
equations. For RTM and SRIM processes, this study is lintitetthe dependence of
both functions upon temperature and cure factor :

n= fq (Cf,Tf) and @5 = fc(Cf,Tf). (1.8.104)

In moulding processes, the viscosity undergoes large @sasg that its pointwise
value can be very different from its average. This phenomeises new difficulties
in the establishment of the governing equations. Indeedigesity was assumed
constant in all previous developments. Nevertheless, etie hand we can assume
as for curing that deviations are small compared to the nealities of the constitutive
law. On the other hand, an approximation in the averagingge®is necessary in order
to progress toward a closed equation set. Hence, the vigeatlijust be replaced by
its intrinsic averaged value :

N~ o) = (fg: ()"~ fp((cr,) " (Tr)T) (1.8.105)

Example are illustrated in Chapter 5 for certain resine $ygged in RTM and SRIM
processes.

1.9 Conclusion

In this first chapter, the averaging process has been usevidp a closed set of
equations governing possibly reacting flows in porous medtidhas appeared that
such an approach has the main advantage of taking all re¢leffacts into account.
In this way hydrodynamic dispersion has been shown as @ayimajor role in heat
and species transport. Main hypotheses have been posedffeneind models for the
momentum equation have been discussed together with thespoinding applicabil-
ity conditions. The permeability tensor and its meaningehlagen analyzed, as well
as the modified viscosity and its origin. The energy equatias been developed on
the basis of the local equilibrium model, which assumes dbitl and fluid average
temperatures are equal. Introducing the effective comdtyctensor together with the
dispersion tensor has been needed. Species conservatiatioas for reacting flows
have been introduced in a similar way as for the energy eguatin each case, the
appropriate boundary conditions have been detailed artibEo and non-isotropic
models have also been presented. Finally, constitutive kavd their associated the-
ory have been developed.
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The final set of appropriate governing equations is sumredtizrebelow for the fluid
phase :

Mass balance
U-(v) =0
Momentum balance (isotropic case)

Pf%-ﬂ)fg' {%(\Lfﬂ\iﬁ} =

e P — & W () — £1Cp (we) (x| + - [(Ar) (Qlue) + Qwe)T)]

Motion balance (anisotropic case)

pf%‘f‘l)fg' {é(\ifﬂ\iﬁ} =

Energy balance
(€1P1Cr + £5p1Cs) S5t + prCi (wr) - LU(T) =
0 [(ke+KP) I(T)] +prHrfc((cr) ", (T)) +n () - K (wr)

Species concentration balance

der)’

1 =g+ (vr) - dler) T =T [&r (Re+DP) - T(cr) ] + e fe((cr)f, (Tr)F)

Constitutive laws

n=fy(cs,Tr) and &¢ = fe(ct,Ty)

(1.9.106)
The solution of this equation set provides the velocitysptee, temperature and cur-

ing state mean fields in the fluid phase as a function of timespade. This equation
set must obviously be adapted to the application concefnegeneral , dimensional
analysis allows us to neglect some effects and thus to diyripé equations. Examples
for RTM and SRIM processes can be found in (8).



38 Continuous model

In order to handle the solid phase system, constitutivetempsamust be added. This
problemis addressed in Chapter 6 where the behaviour diggras a porous medium
is studied. Indeed, at the present stage, we have two eqaatoour disposal, viz.

the energy equation (assuming local equilibrium) and tresstequilibrium equation.

Hence at this point, the solid phase equation set is :

Stress equilibrium
0=10-(gs)
Energy balance
(1.9.107)
cf. the fluid phase

Constitutive laws

cf. Chapter 6

The following chapter investigates another technique ¢&léathe study of flows in
porous media, viz. the micro-macro approach.



