ON FIBRATIONS BETWEEN INTERNAL GROUPOIDS

P-A. JACQMIN, S. MANTOVANI, G. METERE, E.M. VITALE

ABSTRACT. In order to deduce the internal version of the Brown exact sequence
from the internal version of the Gabriel-Zisman exact sequence, we characterize fibra-
tions and x-fibrations in the 2-category of internal groupoids in terms of the comparison
functor from certain pullbacks to the corresponding strong homotopy pullbacks. A simi-
lar analysis in the category of arrows allows us to give a characterization of protomodular
categories using strong homotopy kernels.
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1. Introduction

In [7], Gabriel and Zisman constructed a my-m; exact sequence starting from a functor
F: A — B between pointed groupoids. The Gabriel-Zisman sequence involves, as first
and fourth point, m; and 7y of the strong homotopy kernel of F. A similar my-m; exact
sequence is obtained in [4] by Brown, but now the functor F is assumed to be a fibration,
and the sequence involves, instead of the strong homotopy kernel of F its categorical
kernel. Both exact sequences have been generalized in [10], replacing pointed functors
by functors between groupoids internal to a pointed regular category A with reflexive
coequalizers. In order to deduce the internal version of the Brown sequence from the
internal version of the Gabriel-Zisman sequence, one needs the fact that, if the internal
functor F' is a fibration, then the comparison functor J: Ker(F) — K(F') from the kernel
to the strong homotopy kernel is a weak equivalence (so that the induced arrows mo(F)
and 71 (F) are isomorphisms).

The first aim of this note is therefore to prove that, if F' is fibration, then J is a weak
equivalence. Since the converse implication is not true, we work out a more complete
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analysis of the situation getting the following results. In Section 2, we review some basic
facts on homotopy pullbacks in a 2-category with invertible 2-cells, in order to conclude
that Grpd(.A), the 2-category of internal groupoids, has strong pullbacks and strong
homotopy pullbacks. In Section 3, we assume the base category A to be regular and we
prove that F' is a fibration if and only if the comparison functor from a suitable pullback
to the corresponding strong homotopy pullback is a weak equivalence. Here, the pullback
and the strong homotopy pullback are those of F' along the embedding of By, the object
of objects of B, into B. In Section 4, we assume that A is regular and pointed, and
we characterize *-fibration, that is, those functors F' such that the comparison from the
kernel to the strong homotopy kernel is a weak equivalence. Thanks to the regularity of
A, any fibration is a x-fibration, so that we get as a corollary the result needed to compare
Gabriel-Zisman and Brown sequences.

The normalized version of Brown and Gabriel-Zisman sequences are the snake and snail
sequences, studied in the context of regular protomodular categories in [2, 13, 9]. In this
context, the condition of being a fibration is replaced by the condition that a certain
arrow is a regular epimorphism. In order to have an analysis as complete as possible of
the situation in the normalized context, in Section 5 we compare the notions of fibration, *-
fibration and weak equivalence in Grpd(.A) with suitable notions of fibration, *-fibration
and weak equivalence in Arr(A), the category with null-homotopies whose objects are
arrows in A. We show that, if A is pointed, regular and protomodular, the normalization
process N': Grpd(A) — Arr(A) preserves and reflects fibrations, x-fibrations and weak
equivalences. Moreover, we show that, if A is pointed and regular, the expected implication
“fibration = *-fibration” in Arr(A) is in fact equivalent to the condition that A is
protomodular.

2. Strong pullbacks and strong h-pullbacks

2.1 Let B be a 2-category with invertible 2-cells, and B its underlying category. We
adopt the following terminology :
1. A 1-cell F: A — B in B is fully faithful if, for any X in B, the induced functor

— . F: B(X,A) = B(X,B)

is fully faithful in the usual sense.
2. Consider 1-cells F': A — B and G: C — B in B. A strong homotopy pullback (strong
h-pullback, for short) of F' and G is a diagram of the form

F’ F

~—~

G !
_—
Y
——
G

E<~—>

@

satisfying the following universal property :



(a) For any diagram of the form
X~ A
N

K F

G
there exists a unique 1-cell T: X — P such that T-G' = H,T-F' = K and T-p = p.
(b) Given 1-cells H, K: X = Pand 2-cellsa: H-F' = K-F' and §: H-G' = K-G', if

H-F . G2%K.F.G

i s

H~G’~Fﬁ>K~G’~F

commutes, then there exists a unique 2-cell yu: H = K such that pu- F' = « and
w-G = p.
3. We say that a pullback C xgr A of F': A — B and G: C — B in the category B is
strong (in B) if

C XG,FAgA
|
F = F
C—7s—B

satisfies condition (b) above.

2.2 Another way to express the universal property of the strong h-pullback is to fix an
object X in B and to construct the comma-square of groupoids (which precisely is the
strong h-pullback in the 2-category of groupoids)

(= G[—-F) B(X, A)
B(X,C) B(X,B)

-G

Now the universal property of the strong h-pullback means that, for any X, the canonical
comparison functor

BX,P) = (=G| - F)

is bijective on objects (condition a) and fully faithful (condition b), that is, it is an iso-
morphism of categories. This makes evident that a strong h-pullback is determined by its
universal property up to isomorphism.

A weaker universal property consists in asking that the canonical comparison functors
B(X,P) — (— -G | — - F) are equivalences of groupoids. In this way one gets what is



sometimes called a bipullback, which is determined only up to equivalence.

Intermediate situations between strong homotopy pullbacks and bipullbacks are consi-
dered in the literature. For example, in [8] the comparison functors are required to be
bijective on objects but not fully faithful (the name of h-pullback is used in this case),
and in [7] the comparison functors are required to be surjective on objects and full.

2.3 Among strong h-pullbacks, the following one plays a special role

B——B
Jl B=> ild
IB%?d B

Indeed, if for a category A we denote by Arr(A) the category having arrows of A as
objects and commutative squares as arrows, then the universal property of B gives an
isomorphism of categories

B(X,B) — Arr(B(X,B))
so that to give a 1-cell X — B is the same as giving a 2-cell X @IB% .
2.4 Pasting together two strong h-pullbacks, in general one does not get a strong h-

pullback. The main interest of the notion of strong pullback relies on the following fact :
given a diagram in B of the form

D X 0 P P ¢ A

if the left-hand part is a strong pullback and the right-hand part is a strong h-pullback,
then the total diagram is a strong h-pullback.

This fact has an interesting consequence on the existence of strong h-pullbacks : assume
that B has strong pullbacks and that the strong h-pullback

B——B
Jl 6=> ild
IB%?d B

exists in B for any object B. Then, for any pair of 1-cells F': A — B, G: C — B, a strong



h-pullback of F' and G exists and can be obtained by the following limit in B

\/\/

together with p =¢-3: F'-G=¢- 0= ¢p-v=G - F

2.5 Later, we will use the following facts on strong pullbacks and strong h-pullbacks.
1. If the pullback in B and the strong h-pullback in B of F' and G exist,

\

then the pullback C x ¢ p A is strong iff the canonical comparison 7" is fully faithful.
2. Consider the pullback in B and the strong h-pullback in B of F' and GG

F

5

—_—
s

—_—
G

E<~—»

@

(CXG’FAAA PLA
ﬁl lF F’l = iF
C G B CHG B

Clearly, if F' is fully faithful, then F” is fully faithful. Moreover, if the pullback C x¢ r A
is strong and if I is fully faithful, then F' is fully faithful.

2.6 Now we specialize the previous discussion taking as B the 2-category Grpd(.A) of
groupoids, functors and natural transformations internal to a category A with pullbacks.
The notation for a groupoid B in A is

d )
BI(Bl Xc7dBll>Bl<;8f>Bo , BléBl)

where
T
By X¢q By ——= By

i id

By By




is a pullback. The notation for a natural transformation a: FF = G: A = B is

Fy

Al Bl
G1

o o7 |
Fo

AO BO

2.7 Following 2.4, to prove that Grpd(A) has strong h-pullbacks we need two ingre-
dients. The first one is easy, the second one is the standard construction of the groupoid
of “commutative squares”, and we recall it from [12] or [11].

1. Since pullbacks in Grpd(.A) are constructed level-wisely, it is straightforward to check
that they are strong.

2. For every internal groupoid B, the strong h-pullback

B——B
6\L '8:> lld
B*)m B

where

— m2
B, By X¢q By

ml im

B, Xed B

m

is a pullback, and CZ ¢ and € are defined by

—

— mi 1 2 T2
d: Bl >Bl Xc,dBl4>Bl C: Bl4>B1 Xc,dB14>Bl

m



The groupoid B is equipped with two functors ¢: B — B and v B— B given by

— d1=mo T — y1=m1-T2

B——Db; B, B,
e el )
B So—=d By By o= Do

Finally, the natural transformation 5: 6 = v is simply g =idp,: B1 — B;.
To help intuition, let us point out that when A is the category of sets, an element of the
object Bj involved in the above description of the strong h-pullback is a commutative

square
bll ibQ

-

with m1(S) = (b1, fo), m2(S) = (go, b2), d(S) = by, (S) = ba, 01(S) = go, 11(S) = fo.

go
—_

S
—_—

fo

2.8 Putting together 2.4 and 2.7, we can conclude that the 2-category Grpd(.A) has
strong h-pullbacks. Moreover, a strong h-pullback

A:

Py
F/ G/
1 \@1\\ 1
Cl Bl Al
& Y-’]TQ 7
Bl d c Bl
d mi1-Ty | | M2 T2 dl|c
C

32
s
IS8
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2.9 In Grpd(A), as in any 2-category, the notion of equivalence makes sense. Moreover,
in Grpd(A) we also dispose of the notion of weak equivalence. From [5, 12], recall that a
functor F': A — B between groupoids in A is :

1. fully faithful if and only if the following diagram is a limit diagram

Ay
/ J/Fl\
AO B1 AO
N ANl
By By

2. essentially surjective if the first row in one (equivalently, in both) of the following
diagrams is a regular epimorphism (the squares are pullbacks)

Ao Xpya 31&31%&) Ay X Ry e B1ﬁ>31—d>Bo
adl ld acl ic
AO Fo BO A[) o BO

3. a weak equivalence if it is fully faithful, and essentially surjective;
4. an equivalence if and only if it is fully faithful and 34 - ¢ (or equivalently, f, - d) is a
split epimorphism.

3. Fibrations and strong h-pullbacks

In this section, we assume that the base category A is regular.

3.1 Let us recall the terminology for fibrations : consider a functor F': A — B between
groupoids in A, and the induced factorizations through the pullbacks as in the following
diagrams

\/ \/

Ao XFOdBl d Ay XFocBl

0 Fo BO AO

Fo By

1. F'is a fibration when 7, (equivalently, 7.) is a regular epimorphism.

2. Fis a split fibration when 74 (equivalently, 7.) is a split epimorphism.



3. F'is a discrete fibration when 74 (equivalently, 7.) is an isomorphism.

In the next characterization of (split) fibrations, we use the functor N: [Bylg — B with
domain the discrete groupoid on By. Explicitly,

By—2= . B,
iduid du
By No=id By

Proposition 3.2 Consider a functor F: A — B between groupoids in A, and the compa-
rison functor T from the pullback to the strong h-pullback, as in the following diagram

[Bo]o XN A N

[Bolo N B

1. F is a fibration if and only if T is a weak equivalence.

2. F is a split fibration if and only if T is an equivalence.

In fact, we are going to prove a more precise statement : the arrow attesting that T is
essentially surjective is the same arrow 7, attesting that F'is a fibration.

Proof. Since pullbacks in Grpd(.A) are strong (2.8), we can apply point 1 of 2.5 and we
know that 7" is fully faithful. Now we have to compare Tf - ¢ with 7.

TI

Ay X740 V(F)1 —>V(F); —==V(F), A,
d’l id / lTX
Ag T V(F)o Ao ~an Ay X pye B A By



The diagram giving the strong h-pullback V(F') is

V(F)
d* \v( - VI(F)
N
BO Bl Al
e / my-my £
Bl d c B1
id | |id m1-Ty | | M2-T2 dl|c
dl|e alle
Ao X pye B1
/ ¢ \\
BO AO
BQ BO
so that Tj is the factorization through the pullback as in the following diagram
e Bl
\ s
AO XFO c Bl c

Now we construct an arrow f: A; — V(F); in three steps

A1 d-Fo-e,F1)
dFoeF1

Ao Xea B1 —> B By Xcq By
l l l (d F() eFl
Fy ™1 d mli lm
BO e Bl c BO Bl Xed Bl Bl
V(F Ay
vEn d V(F)™ Ay

{ my o /
Py

By

10
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Finally, we get the following diagram

Te

Al — V(F)l AO ><Fo,c Bl

dlf Jo

AO T()) AO ><Fo,c Bl

c

and we have to check that it is commutative and that the square is a pullback. Once
this done, the commutativity of the upper region immediately gives both parts of the
statement.

Commutativity of the upper region :

7~g-a0:f-V(F)1-c:c:Tc-&c

frcBe=f-v(F)-myg-my=f-mg-m=F =105
Commutativity of the square :

fda=fVFE))-d=d=d Ty-a.

fdBe=f-v(F)-m -m=fm -m=d Fy-e=d-Tp- B
Universality of the square : consider the factorization of the square through the pullback

A d V(F),
(d.f)
b2
d P d
o

AO AO X Fo,c Bl

and the arrow

Since f is a (split) monomorphism, in order to prove that (d, f) and py -V (F); realize an
isomorphism, it is enough to check the conditions py- V (F);-d = py; and py- V(F)1- f = pe.
The first one is easy :

po- V()i d=py-d-ac=p1-To-a.=p
For the second one, we compose with the three limit projections :

pr-V(E)-f-V(F) =po-V(F)-id =py- V(F)



12
p2'd1:p2‘d'5c'd:pl'To'ﬁc'd:pl'FO'e'd:pl'FO:pl'TO'CVc'FOZ
=pod-ac- Fy=py-V(F)-d-Fy=py-V(F);- f-d"

and, when composing with v(F);: V(F); — By, we still have to compose with the four
pullback projections out from Bj:

pz'V(F)l‘f'U(F)l'ml'Wl :Pz'V(F>1'f'm1'771 ZPQ'V(F)l‘d'FO'e =py-d-o.-Fy-e =

=p1-To .- Fo-e=pr-Fo-e=p Ty -B.=py-d-Bc=pa-v(F)1-my-m
p2‘V(F)1‘T'U(F)1'm1'7T2:p2'V(F)1'f'm1'7T2ZPQ'V(F)l'Flsz'U(F)l'ml'Wz
poV(E)1-f-v(F)1-mo-mo=po-V(F)1-f-ma-ma=ps-V(F);-Fy =
=p2-{d-ac-Fo-e, V(F) - Fi) -m =77 =py - (0(F)1 - mq - m,0(F)1 - my - Ta) - m =
:p2'U(F)l-ml-m:pg-U(F)1~m2~m:p2-<U(F)1-m2-7T1,U(F)1'm2-7T2>-m:
=pa-(d" e, v(F)y-my-ma) - m = py - v(F)y-mg -7

where in the? 7-step we use ps - d- .- Fo- e = po - v(F); - my - m from the first equality.
As far as the last equality is concerned, observe that

v(F)-my -my-d-e=v(F)-my -m-c-e=d -e-ce=d-e=uv(F)  -my-m.

Therefore, using the third equality, we have

p-V(E) - f-v(F ) -mo-m=pp-V(F)-f-v(F)-mg-my-d-e=

:p2~U(F)1-m2~7r2'd-e:p2~v(F)1'mg-m

and the proof is complete. [

4. x-Fibrations and strong h-kernels

In this section, we assume that the base category A is regular and pointed.

4.1 Since A is pointed, as a special case of 2.7 we get a description of the strong h-kernel
of a functor F': A — B between groupoids in A

K(F) K(F)
k(F
=

N
0 F

[0]o 5 B
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Once again, let us make explicit the diagram in A giving the strong h-kernel K(F):

K(F)
/ k(F)1 K
0 gl Al
N gt N
Bl d c Bl
0[]0 mi-my | | M2T2 dl|c
dl|c alle
K(F
0 —
L k K(F)o_| |

— —
X/\A

4.2 Now we introduce fibrations and *-fibrations. Consider a functor F': A — B between
groupoids in A, and the induced factorizations 7, and 7. through the pullbacks

Ker(F; - Ker(c) Ker(F; - Ker(d
Ay X gy koa Ker(c) Ay X gy ke Ker(d

] T ] |

Ag 2 By Ag 2 By

where Ff and F{ are determined by the conditions Ff-k, = kp,..- ) and F{-kg = kp,.q-F).
1. F'is a x-fibration when 7; (equivalently, 7..) is a regular epimorphism.
2. Fis a split x-fibration when 7, (equivalently, 7.) is a split epimorphism.

4.3 In order to justify the fact that in 4.2 one can equivalently use 7; or 7., consider the
isomorphisms K (i) and K (i) obtained by

kr ¢ P

Ker(c) i) Bl — BO Ker(F1 . C) Al Bl = BO

Wl

Ker(d) e Bi —— By Ker(F; - d) Ay By

kr,.q F
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and then use them to build up the commutative diagram

Ker(F; - ¢) L Ay X gy koa Ker(c)
K(l)l iide(i)
Ker(F; - d) Ay X py iy Ker(d)

4.4 Since in the diagram

Ker(F; - ¢) e, Ay X gy koa Ker(c) N Ker(c) —2=>0

kpl.cl (1) idxkci () kcl ®3) lo

Ay Ao Xpy.a By 0 B B,

Td c

part (2) and part (3) are pullbacks and the whole is a pullback (because 7,4 - 84 = F}), it
follows that part (1) also is a pullback. This proves that any (split) fibration is a (split)
*-fibration.

Proposition 4.5 Consider a functor F: A — B between groupoids in A, and the compa-
rison J from its kernel to its strong h-kernel as in the following diagram

Ker(F) Kp

K(F)

K(F) A

\L k(F) = iF

[0]o 0 B

1. F is a x-fibration if and only if J is a weak equivalence.

2. F is a split x-fibration if and only if J is an equivalence.

Similarly to what we did in Proposition 3.2, we are going to prove a more precise state-
ment : the arrow attesting that J is essentially surjective is the same arrow 7, attesting
that F' is a x-fibration.

Proof. Since pullbacks in Grpd(.A) are strong (2.8), we can apply point 1 of 2.5 and we
know that J is fully faithful. Now we have to compare J) - ¢ with 7,

g} [ Te
Ker(Fp) X, a K(F); —=K(F); —=K(F)o Ker(F; - d) Ao Xy ke Ker(d)

/

Ker(Fyp)
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From the explicit description of the strong h-kernel K(F), we see that
K(F)o = Ay X gy e Ker(d) , K(F)o=a., k(F)o=5e-ka
Moreover, the universal property of Ker(Fy) gives the following factorization d:

kr.a "

Ker(F1 . d) I Al I Bl

L

Ao By

ISH|

Ker(Fp)

kF,

0 Fo

Now we construct an arrow f: Ker(F} - d) — K(F); in three steps

kp,.
Ker(Fy - d) — %> A4, FI Ker(F, - d) 0k, a-F1)
\ o \ \\
(Okry.a-FL)
\

T2 — m2
By X¢q Bi — By B By X¢q By

mi J/d (0,kpy.a-F1) mli lm
B, - By B X4 By — By
K(F), Ker(F; - d)
z RS
0 ; k(F), B,l f K, A,
mo-T1 \ml‘ﬂ'Q
0 / \ I3t
Bl Bl

AO X Fykq-c Ker(d)

l
~
-
Y

KeI‘(Fo) T A() X Fo,ka-c Ker(d)

and we have to check that it is commutative and that the square is a pullback. Once
this done, the commutativity of the upper region immediately gives both parts of the
statement.

Commutativity of the upper region :

fc-K(F)y=f K(F)-c=kpqg-c=7-0c=7-K(F)
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7'Q'k(F)0:7'k( )1 mo Ty = f mso - 7r2—1€F1d Fy = Fld'kd:?c'gc'kd:?c'k(F)O
Commutativity of the square :
fd-K(F)y=f-K(F)-d=kp.q-d=d-kp=d-Jy K(F)
Tc_lk(F)():?k(F)lml7T1:fm17r1:0230:3J0k:(F)0

Universality of the square : consider the factorization of the square through the pullback

e
|

Ker(F

K(F)

Ker(F

K(F)o

Moreover, since
pz'K(F)l'Fl'd = pz'K(F)l'd'Fo = pQ'QZ'K(F)O'Fo = pl'JO'K(F)O'Fo =p1-kr,-Fo =0
the universal property of Ker(Fy - d) gives the following factorization p:

K(F)1

By d

P L K(F)l Al B1 BQ
\ Tkpl.d
Ker(F; - d)

Since f is a monomorphism (because f- K (F); = kp,.q), in order to prove that (Zl_ﬂ and
p realize an isomorphism, it is enough to check the conditions p-d = p; and p- f =
The first one is easy, just compose with the monomorphism kg, :

p-c_l~l<:F0 =p-kpa-d=py- K(F)1-d=py-d-K(F)o=p1-Jo- K(F)o=p1-kp,
For the second one, we compose with the limit projections K (F); and k(F); and, when
composing with k(F )L : K(F); — Bi, we still have to compose with the four pullback
projections out from By :
p-f-K(F)=p-kp.a=ps- K(F)

P‘?'k(F)l'mrﬁ = p-frmym = p0=p1-0=p-Jok(F)o=p2dk(F)o=pak(F)-mi-m
p-fk(F)i-my-mo=p-f-mi-m=p-kpa Fi=ps- K(F)1-Fy =ps-k(F)-my -7
P 7 k(F)l'mz'WlZP'7'0:p2'0=p2'k(F)1'm2'7T1
p- 7 E(E) -mg-mo=p-f-mg-ma=p-kpqg F1=py- K(F)-F =
= (0,p2- K(F)1-F1)m = pa-(d-k(F)o, K(F) F1ym = po-(k(F)1-my-m, k(F)1-my-ma)-m =

=p2 - k(F)1-mi-m=py-k(F)1-ma-m=ps (k(F)1-ma-m, k(F)1-ma-m2) -m =
=p2 (0, k(F)y - mg-ma) -m=py - k(F)1-my- 7
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From 4.4 and Proposition 4.5, we get the following result, announced in Proposition 4.4
of [10] :

Corollary 4.6 Let F: A — B be a fibration between internal groupoids. The canonical
comparison J: Ker(F) — K(F) from the kernel to the strong h-kernel is a weak equiva-
lence. If F' 1s a split fibration, then J is an equivalence.

4.7 Thanks to Proposition 4.5, we can slightly improve Proposition 5.6 in [10] : assume
that A is a pointed regular category with reflexive coequalizers and consider a *-fibration
F: A — B in Grpd(A), with A,B and K(F') proper. There exists an exact sequence

m (Ker(F)) — m(A) = m(B) — mo(Ker(F)) — m(A) — mo(B)
where 71 (A) is the internal group of automorphisms on the base point of A and 7y(A) is
the object of connected components of A. (Here, the exactness at B of
Atsp-tsc

means that f factors as a regular epimorphism followed by the kernel of g). Indeed, since
J: Ker(F) — K(F) is a weak equivalence, the arrows mo(F'): mo(Ker(F)) — mo(K(F))
and 7 (F): m(Ker(F)) — m(K(F)) are isomorphisms (Lemma 5.5 in [10]). Therefore,
the above exact sequence immediately follows from the exact sequence

m(K(F)) = m(A) = m(B) = mo(K(F)) — mo(A) — mo(B)
established in Section 4 of [10].

4.8 Corollary 4.6 can be obtained also from Proposition 3.2 without using the notion of
x-fibration. Indeed, consider the comparison functors L and I as in the following pullback
and strong h-pullback diagrams

Ker(F') KF K(F) K(F)
\ \\

[Bo]o XN,F A

0 ﬁi LF

[Bolo

We get a commutative diagram
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which in fact is a pullback and where : K(F') — V(F) is a discrete fibration. Now, the
fact that J is a weak equivalence if F' is a fibration (or an equivalence if F' is a split
fibration) follows from Proposition 3.2 and the following general lemma on pullbacks in

Grpd(A).
Lemma 4.9 Consider a pullback in Grpd(.A)

F

X —>¢
| o
A—>B

F

and assume that G is a discrete fibration.
1. If F' is a weak equivalence, then F is a weak equivalence.

2. If F is an equivalence, then F is an equivalence.

Proof. Since in Grpd(.A) pullbacks are strong (2.8), we know from point 2 of 2.5 that,
if F'is fully faithful, so is F.

Now, the universal property of the pullback Ay X, 4 B1 gives a unique arrow A making
the following diagram commutative

N Yd
XO XF07d 01 Cl

Consider the following commutative diagrams
X() XﬁmelLCI XO Xﬁdel%'Cl Xg Xﬁo’d01*A>A0 XFO,dBl
”dl (2 ld A\L (4) lGl W\L (4) lﬁd
X() o CO Ao X Fo,d Bl & Bl Cl @ Bl
é‘)l 0 iGo adl ®) ld l (5) l
Ag 7 By Ay o By Co ; By

Since (1) and (2) are pullbacks, then (1)4(2) also is a pullback. But (1)+(2) = (3)+(4)
and (3) is a pullback, so (4) also is a pullback. Since (5) is a pullback (because G is a
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discrete fibration), we conclude that (4)+(5) is a pullback. The proof is now obviuous :
- If B4 - ¢ is a regular epimorphism, so is 74 - ¢, and this proves part 1 of the statement.
- If By - ¢ is a split epimorphism, so is 74 - ¢, and this proves part 2 of the statement. =

5. Normalized fibrations and normalized *-fibrations

5.1 From [8], recall that a category with null-homotopies B is given by

— a category B,

— for each morphism f: A — B in B, a set H(f) (the set of null-homotopies on f),
— for each triple of composable morphisms f: A — B, g: B— C, h: C — D, a map

fo—oh:H(g) =H(f-g-h), p—= fouoh.

(If f =1idp or h =id¢, we write pwo h or f o p instead of fo o h.)
These data have to satisfy

1. the identity condition : given a morphism f: A — B, one has idy o p o idg for all
neH(f),

2. the associativity condition : given morphisms

aLeatoptoctep e p

one has (f' - f)opo(h-h)=fo(fouoh)oh for any u € H(g).

5.2 The structure of category with null-homotopies is not rich enough to express the
notion of strong h-pullback, but still, following [8, 13|, we can express the notion of strong
h-kernel : let B be a category with null-homotopies and let f: A — B be a morphism in
B. A triple

Ker(f), K(f): Ker(f) = A, k(f) € H(K(f) - f)
1. is a h-kernel of f if for any triple D, g: D — A, u € H(g - f), there exists a unique
morphism ¢': D — Ker(f) such that ¢’ - K(f) = g and ¢’ o k(f) = u,
2. is a strong h-kernel of f if it is a homotopy kernel of f and, moreover, for any triple
D, h: D — Ker(f), p € H(h-K(f)) such that po f = hok(f), there exists a unique
A € H(h) such that A o K(f) = p.
Note that in [8], the identity condition have been omitted. We think it should not, in order
(for instance) to be able to prove that h-kernels and strong h-kernels are determined up
to isomorphism by their universal properties.

5.3 For a category A, we consider the arrow category Arr(A): the objects are the
arrows a: A — Ap in A and the arrows (f, fo): @ — b are commutative squares of the
form
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From [13], recall that Arr(.A) is a category with null-homotopies : a null-homotopy for an
arrow (f, fo) is a diagonal, that is, an arrow d: Ag — B such that a-d = f and d-b = fj.
If A has finite limits and a zero object, then Arr(A) has kernels and strong h-kernels.
The kernel of (f, fo) is just the level-wise kernel

Ker(f) >4 -1

w o]

Ker(fo) TO> A(] T‘ BQ

To construct the strong h-kernel of (f, fy), consider the factorization through the pullback

N 1

Ao XfobB

%%

Ao

fo Bo

The strong h-kernel is then

A

a(f,fo)o 1o b

A() Xfo’bBT)AOT)BO
Moreover, we can consider the normalization functor
N: Grpd(A) — Arr(A)

which sends a functor F': A — B in the commutative diagram

Ker(d) 2 Ker(d)
Ay B
AO BO
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5.4 In order to define fully faithful arrows in Arr(A), let us look more carefully to the
situation in Grpd(A). For a functor F': A — B in Grpd(.A), consider the following strong
h-pullbacks

v

A—A R(F) A
a l a(F)

19 = 1d (F) = F

A—A A————B

and the unique functor (F): A — R(F) such that (F) - 6(F) = 8, d(F) - v(F) = v and
O(F)-a(F) = a- F. The 0-level of the functor J(F') is precisely the unique arrow making
commutative the following diagram

9(F)o

Ay Ao Xry.d B1 Xem, Ao

o ¥(F)o

a(F)o

F)o ¢
B Ap
% \ /
By

0

5(

Ay
AW
B

Therefore, we can say that the functor F': A — B is :

1. faithful if O(F')o is a monomorphism ;

2. full if 9(F) is a regular epimorphism ;

3. fully faithful if O(F)y is an isomorphism (accordingly to 2.9).

5.5 Now we imitate the previous argument using strong h-kernels in Arr(A). For an
arrow (f, fo): a — bin Arr(A), consider the following strong h-kernels, together with the
induced comparison arrow O(f, fo):

K(Id) — a —9~

a a
3(f7f0)l Idl l(ﬁfo)
K(f, fo) —=a K

The 0-level of O(f, fo) is precisely the factorization (f, fo)o: A — A X, 5 B through the
pullback, as in 5.3. This suggests part of the following terminology.

5.6 Consider an arrow (f, fo): a — b in Arr(A) together with the induced factorization
O(f, fo)o: A — A%y, B through the pullback, as in the description of the strong h-kernel
in 5.3. The arrow (f, fo) is :

1. faithful if O(f, fo)o is & monomorphism ;



22

2. fullif O(f, fo)o is a regular epimorphism ;
3. essentially surjective if fy and b are jointly strongly epimorphic;
4. a weak equivalence if it is full and faithful and essentially surjective;

5. a fibration if f is a regular epimorphism.

In order to compare the above terminology with the terminology for internal functors
(2.9, 3.1 and 5.4), we need some intermediate steps. The first one is the version for strong
h-pullbacks of the elementary fact that two opposite arrows in a pullback diagram have
isomorphic kernels.

Lemma 5.7 Consider the following diagram in Grpd(.A), with the bottom square being a
strong h-pullback, the right region being a strong h-kernel and the top square commutative.

K(F) 9 K(F)
<0K<F>>l K(F)i \
p—=—p " o
l @
F = F /
C—B

Then the left column is a kernel.

Proof. Using the description of the strong h-pullback (see 2.7) and of the strong h-kernel
(see 4.1), we get arrows

(0, K(F))o = (0,k(F)o, K(F)o): K(F)o — Fy
(0, K(F))1 = (0,k(F)1, K(F)1): K(F)1 = P
satisfying the conditions
(0,k(F)o, K(F)o)-Fy =0, (0, k(F)o, K(F)o)-¢o = k(F)o, (0,k(F)o, K(F)o)-Gy = K(F)o

(0,k(F)1, K(F)1)-Fy =0, (0,k(F)1, K(F)1)-¢1 = k(F)1, (0,k(F), K(F)1)-G} = K(F);

It is now a straightforward diagram chasing to check that in the following diagram both
rows are kernels

F/
K(F), (0,k(F)1,K(F)1) J i Se)
b e
K(F)o —gmmermmn - Fo = Co



23

Lemma 5.8 The normalization functor N': Grpd(A) — Arr(A) preserves kernels and
strong h-kernels.

Proof. Preservation of kernels is an obvious argument of exchange of limits. Consider now
a strong h-kernel in Grpd(.A) and the canonical comparison T' = (¢, o) with the strong
h-kernel in Arr(A)

N(K(F)) N(F)
N(K(F) ——=N(A) —= N(B)
X T
KWN(F))
More explicitly, we get the following diagram in A
Ker(d) t Ker(d) “ Ker(d)
d e
K(F)l Ker(d) Al B1
Ci OWN(F))o Cl lc
K(F)
K(F)o - Ay ——5—Bo

Ao X Fykg-c Ker(d)

where
Ao X 5y e Ker(d) —2% Ker(d)

Ag By

Fo

is a pullback, and (N (F))o, top and t are determined by the conditions
ON(F))o- B =kq-c, ON(F))o- fo=KalF)

to-B'=K(F)o, to-fo-ka=k(F)o, t-ka=ky K(F)

Clearly, ¢ is an isomorphism (just look at the construction of K(F')y in 4.1). It remains
to show that t also is an isomorphism. Since ky- Fy-d = kg-d- Fy =0-Fy =0 = 0-c¢, there
exists a unique arrow (0, k, - F1): Ker(d) — By X4 By such that (0,k4 - F1) - m = 0 and
(0,kq - Fy) - 9 = kq - F1, and therefore there exists a unique arrow o: Ker(d) — B, such
that o-my = (0, kg F1) = 0-ms. Now, observe that o-mgy-m =0 and o-my-m = kq- Fi,
so that there exists a unique arrow s: Ker(d) — K(F'); such that s - k(F); = o and
s- K(F); = kg. Moreover, s -d-k(F)y = s-k(F);-my-m = o0-mp-m = 0 and
s-d-K(F)y=s-K(F)-d= kg -d = 0, which implies that there exists a unique
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arrow 7: Ker(d) — Ker(d) such that 7 - k; = s. Now we check that ¢ and 7 realize an
isomorphism :
T‘t'k’d:T'k’d'K(F)l:S'K(F)l:k’d
t-7 kg K(F)y=t-7-t-kg=t-kqg=kq K(F);

tor kg k(F) =t-s-k(F) =t o

so that we still have to prove that ¢ - o = kg - k(F');. For this, we compose with the four
pullback projections :

t-oc-my-m=t-0=0=kg-d-k(F)o=kg-k(F)-my-m
t-o-my-mo=t-kg-Fy=ky K(F),-Fy =kgq-k(F)-my-my
t-o-mg-m=t-0=0=kg-0=4ky-k(F)-mg-m
t-o-mg-mo=t-kg-Fy=kg - K(F)-Fy=kg-k(F)-my-m=

=kg-k(F)1-my-m=kg-k(F)-mg-m=kg k(F);-mgy-m

Lemma 5.9 Let F: A — B be a functor in Grpd(A). Consider the following diagram
(notation as in 5.4)

0,K (Id .
K(1d) (0,K(Id)) i 5 A
<0,K(Id)>l 8(F)l lld
K(F) (0,K(F)) R(F) 3(F) A

Then the rows are kernels and the left-hand square is a pullback.

Proof. Thanks to Lemma 5.8, (0, K(Id)): K(Id) — K(F) is sent by N to
ON(F)): N(K(1d)) = K(Idwa)) = KWV (F)) = N(K(F)).

The fact that the rows are kernels is a particular case of Lemma 5.7. The last part of the
statement now follows easily. [
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We are ready to compare the terminology in Grpd(.A) and in Arr(A). (See [1] for the
notions of protomodular and homological category. Compare also with [6] for points 9 and
10 of the following result.)
Proposition 5.10 Let F': A — B be a functor between groupoids in A.
1. If F s faithful, then N'(F) is faithful.
If F is fully faithful, then N'(F) is fully faithful.
If A is reqular and F is full, then N'(F) is full.
If A is protomodular and N (F) is faithful, then F is faithful.
If A is protomodular and N (F) is fully faithful, then F is fully faithful.
If A is regular and protomodular and N (F) is full, then F is full.

If A is protomodular and F is essentially surjective, then N (F) is essentially sur-
jective.

NS S oo

8. If A is reqular and N(F) is essentially surjective, then F is essentially surjective.
9. If A is reqular and F is a fibration, then N (F) is a fibration.
10. If A is reqular and protomodular and N'(F) is a fibration, then F is a fibration.

Proof. From 1 to 6. The 0-level of the diagram in Lemma 5.9 gives the following diagram

in A:

kq

Ker(d) Ay : Ao
a(N(F))oi B(F)oi lid

Ao X Fy ke Ker(d) Aog X pya B1 Xery Ao A,

(0,K(F))o
Thanks to Lemma 5.9, the rows are kernels and the left-hand square is a pullback. The-
refore :

1. If 9(F)g is a monomorphism, then (N (F)), is also a monomorphism.

2. If O(F)g is an isomorphism, then (N (F'))p is also an isomorphism.

3. If 9(F)p is a regular epimorphism, then 9(N(F'))o is also a regular epimorphism be-
cause the category A is regular.

4. If O(N(F))o is a monomorphism, then 9(F)y is also a monomorphism because in a
protomodular category, pullbacks reflect monomorphisms (see Lemma 3.13 in [3]).

5. If O(N(F))o is an isomorphism, then O(F') is also an isomorphism because in a proto-
modular category, the Split Short Five Lemma holds (see Lemma 3.10 in [3]).

6. If O(N(F))o is a regular epimorphism, then 9(F), is also a regular epimorphism by
Proposition 8 in [2] (see also Proposition 2.4 in [13]), which can be applied here because
A is regular and protomodular and d: A; — Ag is a split and then regular epimorphism.
7 and 8. Consider the following commutative diagram

<id,F()~8> AO XFO7d Bl <07kd>

x e

By

Ao

Ker(d)
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7. If B4 - ¢ is a regular epimorphism, it is a strong one. Therefore, it suffices to prove
that (id, Fy - ) and (0, kg) are jointly strongly epimorphic. This is the case since A is
protomodular and (0, k;) and (id, Fj - €) are respectively a kernel and a section of ag (see
[2, 3]).

Ker(d) Oky Ay X pya By

l y‘(dF )
Qg | 1 (id,Fp-e
| 0
0 Ao

8. If Fy and kg - ¢ are jointly strongly epimorphic, ;- ¢ is a strong epimorphism and so a
regular epimorphism since A is regular.
9 and 10. Consider the commutative diagram

ka

Ker(d) Al d AO

Kd(F)\L le lid

Ker(d) m A() XF(),d B1 ?d AO

Since id: Ag — Ap is a monomorphism, the left-hand square is a pullback. Therefore :

9. If 74 is a regular epimorphism, then K;(F') is also a regular epimorphism because the
category A is regular.

10. If K4(F') is a regular epimorphism, then 74 is also a regular epimorphism by Proposition
8 in [2]. "

We have not yet discussed x-fibrations in Arr(A). For this, we need a last preparatory
step.

Lemma 5.11 In the category with null-homotopies Arr(A), kernels are strong : for any
arrow (f, fo): a — b, the canonical comparison J: Ker(f, fo) — K(f, fo) is full and faith-

ful.

Proof. Using the descriptions of the kernel and of the strong h-kernel given in 5.3, the
comparison J turns out to be the left-hand square in the following diagram

k
Ker(f) — 2 ~4—1 . p
K(G)l a(f:fo)ol lid
Ker(fo) m AO Xfo,b B T{)) B

Since both rows are kernels and id: B — B is a monomorphism, the left-hand square is
a pullback, which means that J is full and faithful. [
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5.12 Having in mind Proposition 4.5, we could now define a x-fibration in Arr(A) as
an arrow (f, fo): @ — b such that the canonical comparison J: Ker(f, fo) = K(f, fo) is
essentially surjective (and then, by Lemma 5.11, a weak equivalence). Thanks to Propo-
sition 5.10, if A is homological, with such a notion of *-fibration we have that a functor
F is a -fibration in Grpd(A) if and only if the arrow N (F) is a *-fibration in Arr(A).
Now that we dispose of the notions of fibration and *-fibration in Arr(A), we can ask
if every fibration is a *-fibration (this is the case in Grpd(.A), as observed in 4.4). The
surprise is that not only the answer is negative, but the expected implication “fibration
= x-fibration” is in fact equivalent to the condition of protomodularity.

Proposition 5.13 The following conditions on a pointed regular category A are equiva-
lent :

1. A is protomodular (and then homological).
2. For every fibration (f, fo): a — b in Arr(A), the canonical comparison

J: Ker(f, fo) = K(f, fo)

18 a weak equivalence.

Proof. 1 = 2. Suppose A is homological and (f, fo) is a fibration in Arr(A). Thanks
to Lemma 5.11, we already know that J is full and faithful. Consider now the following
diagram where id x f is a regular epimorphism since so is f.

<k 70> (a,id
Ker(fy) — 2" Ay Xgyaugy A<V 4
(e gy.0) iidxf B(f.fo)o
Ao X fo.b B

Thus, in order to prove that J is essentially surjective, it suffices to notice that the
protomodularity of A implies that (kg,,0) and (a,id) are jointly strongly epimorphic since
they are respectively the kernel and a section of the second projection Ay X, 4.5, A = A.
2 = 1. Firstly, let us prove that if the kernel of a morphism f; : Ag — By is the zero object,
then it is a monomorphism. In order to do so, consider the fibration (id, fo): id — fo in

Arr(A).

Ay —25 4, 0 Ao
idl lfo J/ l(id,id)
A()?Bg 0*>A0 Xfmfo AO

The diagram on the right represents the canonical comparison J: Ker(id, fy) — K(id, fo).
By the assumption, we know that 0 — Ay Xy, 5 Ao and (id,id) are jointly strongly
epimorphic. This is equivalent to the fact that (id, id) is a regular epimorphism. Since it is
also a split monomorphism, it is an isomorphism, which means that f is a monomorphism.
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Let us now prove that the Short Five Lemma holds in A. Consider the following diagram
where both rows are kernel of regular epimorphisms and K(a) and b are isomorphisms.

Ker(f)LA$>B

| l lb

Ker(fo) o Ao == Do

Since b is a monomorphism, the left-hand square is a pullback. Hence, K(a) and a have
isomorphic kernels. Since K(a) is a monomorphism, this kernel is the zero object. But, by
the first part of the proof, this means that a is a monomorphism. So, it remains to prove
that it is a regular epimorphism. The morphism (f, fy): @ — b is a fibration in Arr(A).
Thus, the comparison morphism J: Ker(f, fo) — K(f, fo) is a weak equivalence. Since b
is an isomorphism, this implies that ks and a are jointly strongly epimorphic. But since
K(a) is an isomorphism, ky, factors through a, so that a is a regular epimorphism. n
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