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Abstract

Unsupervised dimensionality reduction (DR) aims to preserve input data
structure in a low-dimensional (LD) space based on neighborhood informa-
tion. In contrast, supervised DR intends to improve the learning perfor-
mance, i.e., classification and regression, in an LD representation. Unfor-
tunately, obtaining the complete label outputs of a data set for real-world
applications is hard. Here, we introduce a novel DR framework coupling both
available class labels and input feature similarities to extend the well-known
t-distributed Stochastic Neighbor Embedding (SNE) for semi-supervised sce-
narios. Our proposal, termed Semi-Supervised ¢-SNE (SS.t-SNE), properly
fixes the widths of Gaussian neighborhoods to reveal the salient local and
global data structures in an LD space. Indeed, our approach is presented as
a generalization of unsupervised and supervised versions of ¢-SNE. The re-
sults show that our SS.t-SNE outperforms other semi-supervised DR methods

in data visualization and classification tasks carried out in LD embeddings.
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1. Introduction

Machine learning is a transversal science field in charge of providing
methodologies to obtain relevant information from data in classification, clus-
tering, and regression tasks [10, 46, 52]. Nevertheless, the input data dimen-
sionality, irrelevant variables, the norm concentration phenomenon, and the
high sparsity of samples are important challenges when training machine
learning algorithms [2, 10, 37]. Therefore, dimensionality reduction (DR)
methods have been introduced to solve the abovementioned issues. The
driving principle of DR is to map the high-dimensional (HD) data to a low-
dimensional (LD) space, retaining local and global properties from the HD
representation. The fundamental DR approach resides in the well-known
principal component analysis (PCA) algorithm, which computes a feature
subspace maximizing the preservation of the data variance through a linear
mapping holding an orthonormal constraint [30]. As a dissimilarity-based
DR alternative of the PCA algorithm, the multidimensional scaling (MDS)
technique seeks for an LD space preserving the Euclidean distance-based re-
lationships among instances [14]. Yet, linear mapping encodes the global
data structure but cannot reflect local patterns in nonlinear data [34].

Regarding nonlinear solutions, spectral DR methods involve sparse simi-
larity matrices, which are understood as a sub-manifold preserved in the LD
space [15]. Examples of spectral algorithms are kernel PCA (KPCA) [60],
isometric feature mapping (ISOMAP) [63], locally linear embedding (LLE)
[58], Laplacian eigenmaps (LE) [7], and diffusion maps [47]. Even though



24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

they have a well-supported theoretical framework, these methods fail to out-
perform older iterative techniques in visualization tasks [37, 39, 42]. Lee
and Verleysen (2009) present a review of DR methods and quality criteria,
finding that ISOMAP, LLE, and LE turn out to be equivalent to classical
MDS in neighborhood preservation, as well as iterative methods as Sam-
mon’s mapping (NLM) [59], curvilinear component analysis (CCA) [19], and
curvilinear distance analysis (CDA) [36]. Alike, [25, 42] argue that most
of these techniques cannot retain both local and global data structure in a
single mapping.

Therefore, the well-known stochastic neighbor embedding (SNE) [26] ap-
proach has been introduced as a nonlinear DR method that uses Gaus-
sian probability functions to measure the similarity among instances and
then minimizes the Kullback Leibler (KL) divergence between the HD and
LD distribution to find an LD representation. Indeed, this paradigm was
well received after the publication of variants such as t-distributed SNE (¢-
SNE) [42], neighbourhood retrieval visualizer (NeRV) [66], Jensen-Shannon
embedding (JSE) [39], and its multi-scale versions Ms.SNE, Ms.NeRV, Ms.
JSE, Ms.t-SNE [11, 40]. In this sense, SNE-based approaches outperform tra-
ditional linear and nonlinear DR techniques for data visualization concerning
the preservation of local neighborhoods around each datum [33, 53].

Moreover, some DR methods incorporate the samples’ class membership,
provided as labels per sample, during the embedding within an SNE-based
framework [73]. A more recent publication proposes a modification of t--SNE
(cat-SNE) that employs class labels to adjust the widths of the Gaussian

neighborhoods around each datum instead of deriving those from a perplex-
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ity set by the user and obtaining rather good results in neighborhood preser-
vation assessment [12]. Still, the labels of all data samples are required.
Unfortunately, in real-world applications, labeled data are scarce and hard
to obtain, yielding to semi-supervised DR [61, 74], which is a field aiming at
performing DR on partially labeled data sets. However, most semi-supervised
DR methods do not perform neighborhood preservation assessment to verify
their capability in data visualization because it has been prioritized the clas-
sification tasks [27, 28]. Here, we emphasize that the goals of both tasks are
different and, in some applications, visualization can be misaligned with the
classification; for instance, the boundary between two classes could be fuzzy,
or unrecognized classes could be present by samples that can not be catego-
rized. Notwithstanding, label information may be used to obtain a specific
visualization of data, as the intra-class and inter-class data structure, to try
to understand the latent variables of supervised models [4], even though the
classification stage is not performed.

On the other hand, deep learning and autoencoder-based methods have
become an essential alternatives for classification tasks from DR to process
large-scale data-sets [21, 56]. In this aspect, some alternatives have used
the objective function of ¢t-SNE to regularize the optimization of the LD
coordinates with variational autoencoders and convolutional neural networks
to preserve local data structures [1, 4, 9, 17, 23]. This demonstrates that is
pertinent to continue exploring the foundation of SNE-based methods to be
used in all kind of applications.

This paper introduces a semi-supervised DR approach based on the t-

SNE algorithm, termed semi-supervised t-SNE (SS.t-SNE), which gathers
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accessible label information and input samples similarities in HD space to
support data visualization of partially labeled samples. In particular, SS.t-
SNE adjusts the Gaussian neighborhood’s radius depending on whether the
point is labeled or unlabeled in the HD space. For this purpose, we combine
the Ms.t-SNE preservation of global and local neighborhoods for unlabeled
data and the cat-SNE capability to cluster instances sharing the same label.
Namely, the imposed SS.t-SNE data similarities for labeled points ignore
the probability mass of unlabeled ones to establish a region size where the
same class predominates without affecting the entropy-based neighborhood’s
distribution. Simultaneously, the unlabeled points work with the average
of multiple Gaussian areas with a growing radius. As a result, the labeled
points stretch with other instances of the same class, while the unlabeled
samples support the data structure’s codification. Testing is carried out
on real-world data sets, for which we assess quality based on neighborhood
preservation and recognition rates in LD spaces. From obtained results, the
introduced SS.t-SNE proves to be a competitive method for visualization and
classification tasks compared to other state-of-the-art techniques.

The remainder is organized as follows. Section 2 summarizes related work.
Section 3 describes the theoretical background of t-SNE and its relevant
variants, as well as introduces the proposed semi-supervised DR approach.
Sections 4 and 5 describes experiments and results. Finally, Section 6 draws

the conclusions and future work.
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2. Related Work

To better understand semi-supervised DR methods, let us start with the
big picture of semi-supervised learning. In this light, we deal with real-world
applications where data mixes labeled and unlabeled samples. From a ma-
chine learning perspective, the semi-supervised issue can be cover from a
cluster or manifold perspective [54, 61]. Tthe supervised clustering point of
view assumes that if samples are in the same group, they are likely to be of
the same class. On the other hand, we can assume that the HD data follows
an LD manifold [52]. A manifold can be understood as a data set’s intrin-
sic structure because of the variables’ dependence. Thus, some geometrical
shapes can be induced to represent an object to be recognized in the HD
space [37]. In both cluster and manifold assumptions, the intuitive feature
to be preserved in constructing an embedding space is the observed prox-
imity among data points. The latter can be associated with neighborhoods
formed around each sample. Cluster assumption looks for subsets of spa-
tially grouped points inside a decision boundary; meanwhile, the manifold
perspective concerns preserving the pairwise relationships between points,
being necessary to impose a ”proximity”, i.e. distance criterion. Table 1 lists
the assumption used in some DR methods contrasted against its purpose.

Overall, DR methods quantify proximity as spatial distances [19, 59, 64],
graph distances [36, 63], and as metrics in reproducing kernel Hilbert space
(RKHS) [60]. However, methods based on distance preservation fix a rigid
structure in manifold assumption. Alternatively, other researchers treat the
problem as a topological application, establishing a lattice and representing

proximity through the connection between two vertices. For example, self-
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Approach Perspective Purpose Quality assessment Label information

MDS [64] Manifold Visualization Visual Inspection Unsupervised
Sammon’s mapping [59] Manifold Visualization Visual Inspection Unsupervised
LE [7] Manifold Clustering Visual Inspection Unsupervised

Isomap [63] Manifold Manifold learning ~ Visual Inspection Unsupervised

LLE [58] Manifold Visualization Visual Inspection Unsupervised
t—SNE [42] Manifold Visualization Visual Inspection Unsupervised

JSE [39] Manifold Visualization Rank criteria Unsupervised

Visual Inspection
NeRV [66] Manifold Visualization Mean rank-based precision  Unsupervised
Mean rank-based recall
SNeRV [66] Manifold Visualization Mean rank-based precision Supervised
Mean rank-based recall
Classification error rates
MRE [44] Manifold Feature extraction  Visual Inspection Supervised
SSDR [69] Cluster Clustering Classification accuracy Semi-supervised

and Manifold

SELF Cluster Clustering Average misclassification Semi-supervised
[62] and Manifold
SLDA [67] Cluster Clustering Recognition rate Semi-supervised
ASSDR [45] Manifold Clustering Classification accuracy Semi-supervised
GCDR-LP [18] Manifold Clustering Average accuracy Unsupervised
VLR [51] Cluster Classification Mean accuracy Semi-supervised

or Manifold

SODA [49] Cluster Classification Recognition rate Semi-supervised
GLPP [27] Manifold Classification Recognition rate Semi-supervised
UMAP [43] Manifold Visualization Embedding stability Unsupervised *

Visual Inspection

Interactive t-SNE Manifold interactive labeling Classification accuracy Semi-supervised
[41] Visual inspection
SS EME [75] Manifold Classification Recognition rate Semi-supervised

Table 1: Survey of relevant dimensionality reduction methods.

organizing maps (SOM) [32] set a predefined lattice with centroids as vertices
that mold the data distribution. Moreover, methods like LLE [58], and LE
[7] set a lattice where the same data points are used as vertices. These
two latest techniques belong to the family of spectral approaches because
they use component decomposition and select the principal eigenvectors as
a basis within the LD space. However, even though LLE and LE work
with manifold assumptions, they do not overcome traditional DR methods

in neighborhood preservation for visualization tasks, even though they have
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shown to be helpful for clustering [38, 42].

Alternatively, SNE proposes to measure the proximity as a pairwise simi-
larity in terms of probability distribution functions, bringing the desired flex-
ibility in constructing the embedding space [26]. In more detail, a Gaussian
kernel measures the similarities among points, and each sample’s bandwidth
(length-scale) is set to hold a given entropy within the neighborhood. Each
input point is embedded, and another Gaussian kernel with unitary band-
width measures the similarities among LD points. Finally, the coordinates
of the LD points are optimized to minimize the KL divergence between HD
and LD distributions. The outstanding results of SNE have been improved
in different variations of the original version. We can identify variants in four
aspects from a literature review: i) Setting the similarity measure. ii) Fixing
the divergence function between HD and LD distributions. iii) Optimiza-
tion stage enhancement. iv) Bandwidth computation algorithms. Table 2
shows relevant SNE-based approaches according to their variation perspec-
tive regarding unsupervised, semi-supervised, and supervised learning. We
are interested in highlighting that the method is flexible enough to com-
bine complementary variations simultaneously according to the application’s
requirements. In this sense, it is worth exploring new possibilities of this
paradigm.

Variants concerning the similarity measure tackle the crowding problem
with t-SNE changing the Gaussian kernel in LD for a Student-t distribution
[42]. Multiple relational embedding proposes to combine multiple similarity
matrices weighted by the knowledge provided by the user. SNeRV uses the

learning metric as the distance between samples to increase the similarities
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Approach

Variation

Purpose

Quality assessment

Label information

Multiple relational embeding [44]

Symmetric - SNE [42]
1-SNE [42]
SNeRV [66]

Parametric -SNE [22]

H-SNE [53]
Fast-DSNE [73]
1#-SNE [11
NeRV [66]

Arbitrary divergences [16]

Similarity measure
Similarity measure
Similarity measure
Similarity measure

Similarity measure

Similarity measure

Similarity measure

Similarity measure
Divergence

Divergence

Use of side information

Symmetric similarity
Crowding Problem
Local or global structure preservation

Out-of-sample extension

Accelerating
SNE for classification
Perplexity free variant
Local or global structure preservation

Extension for different divergences

Visual inspection
Visual inspection
Visual inspection
Mean rank-based precision

Rank-criteria

Nearest neighbor error
Recognition rate

Rank - criteria

Mean rank-based precision
Nearest-neighbor error

Rank - criteria

Semi-supervised

Supervised

Unsupervised
Supervised
Unsupervised
Supervised
Unsupervised
Unsupervised

Unsupervised

JSE [39] Divergence Local or global structure preservation  Rank - criteria Unsupervised
KEDR (3] Divergence Information theoretic learning extension  Rank - criteria Unsupervised
f-divergences [29] Divergence Latent structure exploration Precision - Recall curves Unsupervised
JSE [39] Optimization stage Avoiding Local minima Rank - criteria Unsupervised

Tree-based acceleration [65] Optimization stage Accelerating Nearest-neighbor error Unsupervised

Computation time
Interactive +-SNE [41]
Opt-SNE [8]

Optimization stage Interactive labeling Semi-supervised

Optimization stage Early exaggeration accelerating Iteration number Unsupervised

FIt-SNE [33] Optimization stage Accelerating CPU time performance Unsupervised
Nearest neighbor error
Fast-SNE [13] Optimization stage Accelerating CPU time performance Unsupervised

Rank - criteria
Multi-scale SNE-based methods [40]
cat-SNE [12]

Bandwidth computation  Local and global structure preservation ~ Rank - criteria Unsupervised

Bandwidth computation Inter and intra-class structure preservation Rank - criteria Supervised

Table 2: Survey of SNE-based variants for dimensionality reduction.

for neighbors of the same class [66]. Indeed, the unsupervised neighbor re-
trieval visualizer (NeRV) is presented as a second aspect variant, with the
same spirit of JSE [39], KEDR [3], and others [16, 29]. A supervised ¢-
SNE (S-tSNE) [25] uses a dissimilarity measure with a parameter that forces
points of the same class to be but penalizes similarities between points of
different classes. For the divergence function, modified mixtures are studied
to introduce a trade-off that allows independently revealing local or global
structures. The optimization stage has been studied in Opt-SNE [8], FIt-SNE
[33], and variants of the Barnes-Hut algorithm [65], looking for strategies to
accelerate LD space convergence. Likewise, the SeStSNE approach modifies

the gradient of the loss function to follow a descending direction that favors
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189

classes isolation according to label information (the original SeStSNE is pub-
lished in a GitHub web page of Leland Mclnnes, but the method is used
for interactive labeling by [41]). Then, concerning the bandwidth computa-
tion, most variants change the idea of a unique perplexity value to fix the
soft-neighborhood size. Ms.SNE, Ms.JSE, Ms.NeRV [40], and Ms.t-SNE [11]
propose a multi-scale paradigm aiming to preserve local and global structure
of the original data in the same LD embedding. Meanwhile, cat-SNE employs
label information to adjust the bandwidths of the Gaussian distribution to fix
a majority class neighborhood for each datum, obtaining encouraging results
in neighborhood preservation assessment [12]. Fast multi-scale neighbor em-
bedding algorithms accelerate the multi-scale methods, subsampling the data
set at different scales with vantage-point trees and applying the Barnes-Hut
algorithm to evaluate the loss function and its gradient. This variant shows
that the multi-scale approach is better at preserving the HD neighborhoods
than the single-scale schemes, leading to high-quality LD embeddings in a
reduced computation time [13].

Cluster assumption seems to be the preferred choice when label informa-
tion is available. Table 1 shows that most supervised/semi-supervised DR
methods are used in classification and clustering applications. Unexpectedly,
It is unusual to find methods based on the manifold perspective devoted to
data visualization tasks extended to a supervised version. Besides, the quality
assessment of this last group of approaches is related to classification perfor-
mance instead of neighborhood preservation. In turn, plenty of traditional
unsupervised DR methods have been extended to work with label informa-

tion. For example, the supervised principal components approach extracts
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the features with the most substantial estimated correlation to the label and
then applies PCA to the reduced data set [5]. A semi-supervised PCA ver-
sion applies PCA to labeled data, then some of the unlabeled instances are
mapped and classified with the projection matrix. The newly labeled data
set is used again to re-train the model in a self-training sequence until some
heuristic convergence criterion is satisfied [57]. Supervised PCA estimates a
sequence of principal components with maximal dependence on the labels,
including a kernelized version [6]. A discriminant version of Isomap, coined
M-Isomap (marginal Isomap), incorporates a pairwise constraint to cope the
neighborhood graph into ” Cannot-link” and ”Must-link” neighbors to guide
the manifold learning [71]. Later, a semi-supervised extension (SSD-Isomap)
complements the constraints of must-link and cannot-link with a new con-
straint of likely-link to depict the neighborhoods of data points without class
labels [28]. Likewise, LLE for classification [20] and its semi-supervised vari-
ant [70] extend the traditional LLE with a manifold for each class and propose
a new distance measure to impose dissimilarity depending on label informa-
tion. Similarly, other methods use pairwise constraints to set the neighbors
graph [45, 51, 69, 72]. Moreover, semi-supervised orthogonal discriminant
analysis via label propagation (SODA) is a semi-supervised variant of LDA
that propagates the label information from labeled to unlabeled data and
calculates a projection matrix using orthogonal discriminant analysis [49].
Globality-locality preserving projection (GLPP) aims to maintain the mani-
fold using the graph Laplacian of the dynamic and static factors of data [27].
Flexible manifold embedding (FME) uses label information and the manifold

structure of the data in semi-supervised embedding [50]. Discriminative SNE
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(DSNE) and Fast-DSNE (FDSNE) [73], divide the probability function using
inter and intra-class similarities.

Most of the above methods have been developed for the classification
task, but data visualization nor neighborhood preservation. Some exhibit
2D embeddings; nonetheless, when label information is incorporated, the
principal goal seems to be obtaining LD spaces where classes are isolated, no
matter that the data structure is no longer preserved. Remarkably, none of
the above semi-supervised methods contemplate using neighborhood preser-
vation metrics to assess the embedding quality, even though the approach
could be based on the manifold assumption. Recently, uniform manifold
approximation and projection (UMAP) have been developed. UMAP uses
a Riemannian geometry and fuzzy simplicity to set the manifold with sev-
eral nearest neighbors where the points are uniformly distributed over the
manifold in a generalization of LE [43]. The authors report that UMAP
outperforms t-SNE and other widely used methods for unsupervised DR in
visualization tasks. However, Kobak and Linderman [31] argue that there
is no evidence that UMAP has any advantage over t-SNE in terms of pre-
serving global structure. The online user guide documentation for UMAP
software package in Python includes an extension to incorporate label infor-
mation by combining an additional metric defined on the label space. As
S-tSNE, Supervised UMAP rewards and penalizes distances whether or not
two points are of the same class. However, as t-SNE, UMAP is a single-scale
DR method, where the scale is associated with the chosen numbers of near-
est neighbors. Although the authors claim superiority regarding the runtime

performance, the method is based on an initial sub-sampling stage followed
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by the nearest neighbor method to generate the original manifold. This can
be analogous to the accelerated variants of t--SNE based on the Barnes-HUT
algorithm or as FIt-SNE. In consequence, the embedding will be different
from run to run. Moreover, some experiments in [4] show that when UMAP
uses label information, the classification accuracy or the visualization qual-
ity using the features from a good classification model might not be good
enough.

In short, we detect a lack of semi-supervised DR methods to use label
information in neighborhood preservation with a multi-scale paradigm for
data visualization of the intra-class and the inter-class structure. The mod-
ular architecture of the SNE-based algorithms makes us believe that it is the
best choice for a new semi-supervised framework because it can be easily

scalable according to the application requirements.

3. Methods

Since t-SNE is the basis of the proposed method, it is described deeply
below, including its multi-scale variant Ms.t-SNE, and its supervised version

cat-SNE.

3.1. t-SNE and Relevant Variants Fundamentals

Let 2 = {¢& € RM}Y | be a high-dimensional set of N points and M
variables, and let X = {z; € RF}¥ | be its low-dimensional representation in
P variables (P < M). The HD and LD distances between the i-th and j-th
samples are noted as 0;; = [|§; —&;||2 and d;; = ||z; —z;||2, respectively; where
|| - [|2 stands for the L2 norm and 7,5 € {1,2,..., N}. The ¢-SNE algorithm

computes the HD and LD pairwise similarities as follows:
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exp(—m;07;/2) (L+d3)~"

045 = ) Sij = _ ;
T Y exp(—mid/2) T ()

with o5 = s;; = 0, m; € RT is a precision parameter imposing the squared

(1)

inverse radius of a soft neighborhood centered on &;. The latter is fixed based
on a binary search or Newton’s method aiming to reach a user-predefined
perplexity value K, € RT, such that log (K) = — Zjvzl oijlog (0i;) [39, 42].
Of note, t-SNE symmetrizes the HD similarities as 0;; = (0j; + 04;)/2N to
circumvent outliers issues. Then, the vectors o; = [0;;] and s; = [s;;] gather
the non-parametric probability distribution estimation for sample ¢ in the
HD and LD spaces. Therefore, the expected discrepancy between o; and s;
along the studied samples reflects if X is an appropriate embedding of =.
Concerning this, the ¢t-SNE algorithm computes the LD points, minimizing
the following Kullback-Leibler divergence-based loss between the HD and LD

similarity distributions:

EEXKm}) =Y ailog(oij/sis)- (2)

i=1 j=1
The loss function in Eq. (2) can be optimized employing a gradient-descent-

based approach to compute the LD point x; € X, yielding:

OE &
o 4 (o3 — si) (@ — ) (1 + |2 — 25]13) " (3)

i=1

Further, the Multi-scale framework of {-SNE, termed Ms.t-SNE, deals
with more than one neighborhood radius, combining several HD similarities
with increasing perplexities to capture local and global features [11]. In this

way, Ms.t-SNE’s HD similarity function is defined as:

14
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045 = T ; Oij> (4)
where of; € [0,1] is computed as in Eq. (1) fixing its precision parameter
7 € R using an exponentially growing perplexity framework, e.g., K = 2",
with h € {1,2,...,H} and H = |log,(N/2)] (-] stands for the rounding
operation).

In turn, the class-aware t-SNE enhancement, named cat-SNE, includes
the supervised information to compute HD similarities from the set C =
{e; € Z}Y,, where ¢; represents the output label of the input instance &;.
Namely, the cat-SNE approach builds soft-neighborhoods with dominance

class fixing the precision parameter 7; € R as follows:

arg min 7, Q; #0

rheQ, ‘
Ti = Y (5)
argmax y. o, Q =0,
T jile=c
alhj > 0,

where Q; is a set containing the precision values 7 holding iile;=cs

h
ij

is computed using the precision parameter 7, and 6 € [0.5,1) controls

79

o
the required conditional distribution of the i-th instance in class ¢;. Note that
the lower bound value for the # parameter equals 0.5 to ensure the dominance
of the class ¢;. Besides, the upper bound # = 1 is not considered to avoid
the total dominance of the studied class, which can excessively tear classes
in the LD space. Then, the cat-SNE’s precision 7; in Eq. (5) is employed
to compute the HD similarities ¢;; € [0,1] as in Eq. (1). Thereby, cat-SNE
seeks for the largest neighborhood radius centered on §;, that ensures the

class label’s dominance ¢; (ruled by €). It is worth mentioning that both
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Ms.t-SNE and cat-SNE employ the ¢-SNE loss in Eq. (2) to compute the LD

points through gradient-descent-based optimization.

3.2. Semi-Supervised t-SNE (55.t-SNE)

Let £ = {&|c; # 0} and U = {&;|c; = 0} be the supervised (labeled) and
unsupervised (unlabeled) input-output sets, respectively; where |L|+|U| = N
(| - | stands for set cardinality). Besides, aff) (or afjw) is the similarity
for each point in £ (or U) and its neighbors of the entire data set. As
above exposed for the cat-SNE method, soft-neighborhoods’ construction
with a dominant class favors the encoding of points within the same group.
Even though several real-world problems pose a challenge when both labeled
and unlabeled data must be embedded, we can take advantage of a semi-
supervised formulation by adding multi-scale neighborhood preservation from
the unlabeled data to the class-aware embedding. In this way, we want to

(L) _U)

compute the similarities (aij gy ) fixing a single precision 771'(5) € Rt for

each &; € L, and a multiple precision W?(u) € R* with h ={1,2,...,H} for
each &, € U. The single precision for labeled points will preserve the intra-
class similarity as in cat-SNE, whilst the multi-scale precision on unlabeled
samples will preserve the local and global structure of the complete data-set.

Hence, we can write the HD pairwise similarities as follows:

) _ exp(—wl-(v)5z»2j/2)
i = v ;
D ve, e Luuljzi) exp(—62,/2)
where (V) € {(£),h(U)}. The labeled point’s similarity a§f) € [0,1] is

(6)

computed as in Eq. (6) using a precision parameter 7T§£). The unlabeled
@)

point’s similarity, o;;"" € [0, 1], is computed as follows:
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H

w _ 1 h(U)

Tij _Ezgij ’ (7)
h=1

h(U
where aij( )

ht)

€ R" is computed as in Eq. (6) using a precision parameter
s

As seen, agj) does not rely on label information of the neighbors. How-
ever, al(f) does. Now we have to deal with unlabeled data in the neighborhood
of §; € L. For the sake of clarity, Fig. 1 illustrates such a scenario. Fig. la
exhibits a hypothetical partially labeled data-set with four classes. Fig. 1b,
Fig. 1c, and Fig. 1d display three different approaches. The former, Fig. 1b,
establishes that unlabeled data belong to a different class than ¢; to use the
cat-SNE framework. Consequently, neighborhood sizes must be smaller to
find the majority of neighbors of the same group, excluding unlabeled points
that can be similar to &; and bursting the classes in the LD space. Con-
versely, in Fig. 1c, the second approach labels these samples with the class
¢;, producing the opposite effect than the above. Accordingly, ignoring the
unlabeled data, as in Fig. 1d, can produce reliable neighborhood sizes as it
does not need to impose a class. However, removing the unlabeled points
when computing the single-precision of §; € L is not a suitable alternative.
These points must be included to calculate the HD similarities, altering the
normalization factor and each neighborhood’s entropy.

Here, we introduce a novel semi-supervised ¢t-SNE approach, termed SS.t-
SNE, by correctly removing the unlabeled point’s probability mass instead
of the points themselves as in Fig. 1d. This way, we couple unlabeled and
labeled samples when computing the HD precisions. To this end, the non-

parametric probability distribution estimation of sample &; € £ is rewritten
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(c) &; neighborhood considering unla-  (d) €; neighborhood ignoring unla-
beled points that belong to ¢; class. beled points.

Figure 1: Handling unlabeled data in §; € £ neighborhood. Fig. 1a is a hypothetical data-
set with four available classes and partially labeled instances; a question mark represents
the unlabeled samples. Fig. 1b, Fig. 1c, Fig. 1d show three intuitive alternatives to handle
unlabeled samples. The diffuse yellow spot in each figure represents the neighborhood size

for each approach.

and constrained as:

) I TR D T o R RIS URTS

vE;€{Llcj=cs,j#i} V€ E{LlcjF#ci,jF#i} Vg e{u}

The first term on the left side in Eq. (8) corresponds to the sum of the
HD similarities between &; and all labeled points holding ¢; = ¢;, the second
term is related to similarities against labeled instances with c¢; # ¢;, and the
third term corresponds to the relationships between £; and the unlabeled

set U. Next, we remove the total probability mass of unlabeled points by
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subtracting the third term from both sides in Eq. (8). Therefore, to preserve

the probability constraint, the following inequality must hold:

Z JZ-(]-£)>0~ 1-— Z O'gf) : (9)

VEje{L|cj=c;,j#i} Ve e{U}
where # € [0.5,1) allows tuning the portion of considered labeled samples
when computing the HD precisions for points in £. Note that the factor
<1 — ng,- ey ai(f)) allows us to use the same range for the parameter 6 as
in cat-SNE, without having to be aware of the number of unlabeled samples
in the data-set. Again, the lower bound 6 = 0.5 ensures the dominance
of class ¢;, and the upper bound = 1 represents class unanimity in the
neighborhood. As a consequence, Eq. (5) is expanded for semi-supervised

data-sets as:

arg min W?(ﬁ), Q £0
(L) _ W?(L>€Qi (1())
Z RO
arg max .Z_ oy S =0,
™, J#i|cij=c;

h(

where ; is a set containing the precision values 7; £ holding the condition

exposed in Eq. (9). Here, W?(ﬁ @)

) and w? , are computed as in Ms.t-SNE.
Next, we have all the HD pairwise similarities. As in the original t-SNE,
we can achieve symmetric similarities to avoid problems with outliers. If we

represent the similarities in a single variable as:

(L)
0., &65

Gij =4 (11)
oW g eu,

v
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then, the symmetric similarity can be computed as 0;; = (65 + 6;;)/2N. It is
noteworthy that the label information is not used in the LD similarities s;;, so
they can be computed as in Eq. (1). Note that the unsupervised Ms.t-SNE
and the supervised cat-SNE become particular cases of SS.t-SNE. If label
information is unavailable, the similarities are computed with Eq. (6) for the
complete data set as in Ms.t-SNE. Likewise, when all points are labeled, the
factor (1 — D v eu aij) is equal to 1 in Eq. (9) as in cat-SNE.

Of note, SS.t-SNE only appraises label information to compute the HD
similarities. Again, LD similarities remain as in the original ¢-SNE, which
means that Eq. (2) can be used as a loss function, following Eq. (3) to
perform a gradient descent-based optimization. However, as suggested by
[40], Quasi-Newton techniques (as is L-BFGS) are considered an alternative
to reach an optimal solution in fewer iterations, avoiding poor gradient scaling
through second-order derivatives involvement. Although local minima affect
both derivatives-based methods, we can take advantage of the multi-scale
framework. The multi-scale optimization is performed as a cascade process in
[40]. X is initialized with the first P principal components of E; then, the loss
function is minimized with the highest perplexity KZ. After convergence, the
obtained value of X serves as the initialization for a subsequent minimization
of the loss function with a smaller perplexity K~ and so on until reaching
the smaller target perplexity for each point. Similar approaches have been
used in [42, 66], suggesting that bigger perplexities smooth the high-frequency
components of the loss function and decrease the probability of observing
local minima. Additionally, even though the Newton method requires second

derivative terms as the Hessian Matrix, L-BFGS uses an approximation of
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it from the first derivative, avoiding additional computation time. Our SS.t-

SNE algorithm can be summarized as in Algorithm 1.

Algorithm 1: SS.t-SNE.

Data: D =2,C; 0
Result: X
1 Compute multi-scale precisions 7rf @ of U , and W? ) of £ for

perplexities K,, = 2" with 1 < h < H

h(L)

2 Replace ;"™ in Eq. (10) for each & in £, decreasing h from H until

(©)

)

the condition is met to get the single-scale precision m

3 For all & in U, compute multi-scale similarities ot using 7T£L @)

i and

Eq. (7). Then, apply the multi-scale optimization described in [40].
4 For all §; in £ and simultaneously with step 3, compute single-scale

similarities aff’) using 7rz-(£) and Eq. (6). It is possible to perform
multi-scale optimization as described in [40].
5 For all z; in Y U £, compute LD similarities s;; using Eq. 1.

6 Optimize X using the gradient in Eq. (3) for the L-BFGS.

4. Experimental Set-up

Provided experiments aim to test three critical aspects of the proposed
SS.t-SNE. First, we study the influence of hyperparameter 8, within the range
[0.5,1), and the percentage, from 1% to 99%, of unlabeled points to explore
the impact of supervised information on the embeddings. Second, we study
our proposal for neighborhood preservation in two-dimensional spaces com-

pared to state-of-the-art semi-supervised DR methods. Finally, we compute
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the classification rate as a function of the LD dimensions to test the DR
support for separating classes under semi-supervised scenarios. Fig. 2 sum-
marizes the three studied scenarios for SS.t-SNE experimental testing. First,
complete data sets with all samples labeled are used. Then, a percentage
of labels are randomly erased according to each experiment. Next, the DR
method is provided with the data set, the hyperparameter 9~, and the dimen-
sionality P of the LD space. Finally, the output X is compared with the
original data to test the structure preservation performance. Additionally,

the output is classified and compared with the original label information.

E P.erfomnance

n structure

—_ > preservation

= > X
— SS.-SNE
c g:luebcltor - >
Performance in
f f classification task

% of unlabeled {6, P} C —

data

Figure 2: Experimental sketch to test our SS-t-SNE algorithm for data structure preser-

vation and classification performance.

4.1. Data sets

To test our SS.t-SNE DR approach, we carried out experiments that

involve both synthetic and real-world data sets (see Fig. 3), as follows:

— COIL20: 72 images (grayscale is used) sizing 128 x 128 pixels of 20
different objects corresponding to 4-degree rotations. (M = 1282 N =
1440) [48].
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— Fashion MNIST (fmnist): It is a random subsample of 1400 articles of

Zalando. Each sample is a 28 x 28 grayscale image associated with a

label from 10 classes. (M = 282, N = 1400) [68]

— MNIST: This is a random subsample of 1400 scanned handwritten dig-

its in 28 x 28 images. (M = 282, N = 1400) [35].

— Swissroll: 3D synthetic data set of 500 samples following a nonlinear

structure.

(M =3, N = 500) [3]

Figure 3: Data sets collection. COIL20, fmnist

Section 4.1

e e e
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We divide the samples into 5 groups simulating classes.
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4.2. Quality Assessment and Method Comparison

Neighborhood preservation effectiveness is evaluated using two criteria.
First, unsupervised DR uses rank-based criteria to test the local and global
structure preservation. We can set several K nearest neighbors to contem-
plate the intrusion and extrusion of points in a neighborhood for different
scales [38]. Let 9X and ¢ denote the K nearest neighbor sets of £; and z; in
the HD and LD spaces, respectively. In this context, the average normalized

agreement between HD and LD set of neighborhoods can be written as:

N
Qux(K) = == S K ¢k e [-1,1] (12)
=1

A random embedding corresponds to Qnx(K) ~ K/(N —1). In order to

compare different neighborhood sizes independently, @ yx (K) is rescaled as:

(V- 1)Qnx(K) — K
N-1-K '

The Ryx(K) is typically displayed with log-scale for K. Also, the area
under the curve AUC[Ryx(K)] = (Ch—: K~ (N2 Ryx(K)/K) €

Ryx(K) = (13)

[—1,1] increases with the DR quality, quantified at all scales with an em-
phasis on small ones [40]. The same principle is adopted for the second
criterion in the supervised framework known as kNN gain [12], considering

the neighbors of the same class around each point. kNN gain is defined as:

N
GNN(K) _ %Z Hx] € C1K| G = CJH[}H&J € ﬁzK’ C; = Cj}‘. (14)
=1

Eq. (14) averages the gain (or loss, if negative) of neighbors of the same

class around each point after DR. A global score summarizing the curve is
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provided by its area AUC[Gyn(K)] = (S0 K- (N2 Gyn(K)/K) €
[—1,1] [12].

In addition, a straightforward k-nearest neighbors classifier (kNNC) is
applied to the LD space to evaluate the isolation of the classes in each em-
bedding. Note that more sophisticated classifiers can be used, i.e., support
vector machines, random forests, among others; however, the kNNC is pre-
ferred in our experiments to keep the notion of neighborhood preservation
and to reveal the DR benefits for separating classes in LD spaces.

As a benchmark, manifold and clustering-based semi-supervised methods
are used for comparison purposes. First, the SODA approach (clustering
perspective) is a semi-supervised variant of the well-known LDA through a
label propagation scheme. For the experiments, a covariance-based similar-
ity matrix is computed. Besides, the regularization parameter p used for
SODA to avoid over-fitting is fixed as 0.1 [49]. Second, the GLPP algorithm
(manifold assumption) is tested based on a Laplacian graph strategy [27].
Third, the UMAP technique (manifold assumption) is also tested as a gen-
eralization of the LE algorithm [43]. We use the semi-supervised version,
publicly available?, setting the required hyperparameters as recommended in
the UMAP’s user guide. It is worth mentioning that the SODA and GLPP

Matlab implementations are also publicly available 34

’https://umap-learn.readthedocs.io/en/latest/
Shttps://sites.google.com/site/feipingnie/publications
‘https://sites.google.com/site/siteshuang/home-1/publications
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4.3. 88.t-SNE Training Details

For all provided experiments regarding our SS.t-SNE approach, the PCA
method is used to initialize the embedding coordinates X. Algorithm 1 is
employed, holding a line search with backtracking for the step size adjustment
under the strong Wolfe conditions. The search direction is the product of the
gradient with a diagonal estimate of the Hessian, which is polished by the
limited-memory BFGS algorithm. The maximum number of iterations is set
to 1000. As mentioned before, the optimization is multiscale. L-BFGS is run
several times, starting with the highest perplexity value and then switching
to a smaller perplexity until reaching the corresponding target. Our SS.t-
SNE Matlab implementation is publicly available®. Moreover, concerning the
classification experiments, which are carried out on the LD space computed
by the tested semi-supervised DR approaches, we use an indirect evaluation
proposed in [55, 66] to make an unbiased comparison of the performance
of the methods by class prediction accuracy of the embedding spaces. In
more detail, we use a 5—fold cross-validation method. In each fold, we fix
as testing set the unlabeled points (randomly erased as exposed in Section 4
according to the required percentage of unlabeled data) and we provide it
during training. After the methods have computed their LD space, we classify
the testing set by running a k-nearest neighbor classifier (k = 4) on the

embedded data and evaluate the recognition rate of the methods.

Shttps://github.com/wserna/Semi-supervised.t-SNE
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5. Results and Discussion

This section describes the outcomes of each experiment on the proposed

SS.t-SNE method.

5.1. SS.t-SNE Semi-Supervised Capability and Hyperparameter Tuning

The first experiment aims to show the effect of the threshold 0 , as the por-
tion of labeled samples of the same class inside a neighborhood, to compute
the HD precision in our SS.t-SNE algorithm. Besides, we vary the percentage
of unlabeled data from 1% to 99% to test the SS.t-SNE robustness. Fig. 4
evaluates a parameter array, where Y-axis and X-axis represent 6 and the
percentage of unlabeled data respectively. The colormap uses yellow for the
higher and green for lower values of AUC[Ryx(K)] and AUC[Gyn(K)]. In
the first row of Fig. 4 we found a similar behavior for AUC[Ryx(K)] in
the four data sets. The higher the percentage of unlabeled data the higher
the AUC[Rnx(K)], whilst the parameter 6 does not have a significant im-
pact here. However, as we expected, the AUC[Ryx(K)] decays when 6
approaches one because the small bandwidth for class unanimity in a neigh-
borhood bursts the local data structure.

As seen in the second row of Fig. 4, the kNN gain is influenced by 6.
As 6 increases, SS.t-SNE requires smaller neighborhoods to be satisfied, im-
proving the AUC[Gyn(K)| value. Again we find that the AUC[Gyn(K)]
decays for 6 = 0.99. Note that there is not a single value for the percentage
of unlabeled data to maximize the AUC[Ryx]| and AUC[Gny(K)] quality
assessments simultaneously. Nonetheless, even from the results in all data

sets, we can interpret the percentage of unlabeled data as a hyperparameter
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to choose between intraclass or interclass neighborhood preservation. When
label information is unavailable, SS.t-SNE takes advantage to preserve the
data structure at multiple scales, getting high scores for Ryx(K). Eventu-
ally, when we use a considerable amount of labeled instances, the bandwidths
become single, allowing the method to improve the Gy (K) score.

Further, Fig. 5 presents a more detailed evaluation of the above exposed
with the Ryx(K) and Gyn(K) curves for the COIL20 data set as a func-
tion of the K nearest neighbors (X-axis) for different values of § and % of
unlabeled points values as proposed in Section 4.2. The AUC is also com-
puted and displayed in legends. Fig. ba shows that the Ryx(K) curves are
not significantly altered for 6 values between 0.5 and 0.9 for a 50% of unla-
beled data, achieving a similar behavior along X-axis. In general, the loss
of AUC[Ryx] concerning 0 is not representative compared with the gain of
AUC[G yn(K)] reflected in Fig. 5b. In the same analysis, we fix § = 0.9 and
explore the Ry x(K) and Gy (K) curves for different % of unlabeled data.
Again, Fig. 5c shows that the sacrificed score in Ryx (/) is minimal as we
use additional label information compared to the rising trend of the Gy (K)
curves. (All the data sets yield similar, but we only present COIL20 to save
space).

Then, the 6 impact is also studied regarding the classification perfor-
mance. The results are shown in Fig. 6 for COIL20, FMNIST, and MNIST
data sets. As we expect, the recognition rate is better when label information
is available and the hyperparameter 6 ~ 0.9. Regarding visual inspection,
Fig. 7 shows the embedding space for the hyperparameter array of 6 vs. %

of unlabeled data. Here, we make evident how the unlabeled samples (Cross
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mark) are attracted to the labeled samples (dot mark) of the same class and

how this attraction becomes stronger as a greater portion of label information
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Figure 4: SS.t-SNE semi-supervised capability results. First column: COIL20, Sec-
ond column: FMNIST, Third column: MNIST, Fourth column: SWISSROLL. The
AUC|[Ryx(K)] (first row) and AUC[Gnn(K)] (second row) are presented for different
values of the § hyperparameter (Y-axis, the portion of labeled data of the same class inside
a neighborhood to compute the HD precision), vs. the percentage of unlabeled samples in

the input set (X-axis).

5.2. Data structure preservation-based testing in 2D LD spaces

As studied in Section 5.1, a suitable 6 value consists of 0.9 within our
SS.t-SNE approach. Then, we compared our algorithm with state-of-the-art
methods concerning neighborhood preservation-based assessments. Fig. 8
and 9 show the LD embeddings, and the neighborhood preservation curves for
COIL20 and MNIST data sets fixing the LD space dimension as two, and the
percentage of unlabeled data in 30%. As seen, SS.t-SNE improves the rank-
based criteria and the kNN gain assessment for 2D LD spaces over the other

semi-supervised methods, including UMAP. Besides, the SS.t-SNE-based em-
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Figure 5: COIL20 illustrative results, 6 vs. % of unlabeled samples (Unlbl). The Ry x (K)

and Gy (K) curves are shown. The AUC is also presented.

beddings show that unlabeled points (marked as crosses) feel attracted by
their corresponding classes using the multi-scale structure information. The
embeddings show how the unlabeled points, in most cases, are near to labeled
points of the same class, preserving the intrinsic structure of each group. This
tells us that the soft neighborhood size for labeled points computed with our
method includes unlabeled points with a big chance of being of the same
class.

The LD spaces generated with SODA show the isolation of some classes
even better than GLPP. However, SODA is not efficient in preserving the
structure, as seen in the Ryx and Gyy(K) curves. On GLPP, the embed-
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Figure 6: kNNC-based (k = 4) classification accuracy concerning the 0 value (Y-axis)
and the percentage of unlabeled instances (X-axis). The embedding dimension is fixed as
P = 2. The standard deviation of the k—fold is presented numerically for each parameter

pair.

dings are a linear projection of the HD space, so this method is suitable to
preserve the global but local structure as we see in the Ryx curves. Nev-
ertheless, in complex data sets, linear projections increase the probability
of superposing regions of points, producing negative values in the Gy (K)
curves. The above is related to samples of other classes intruding into the
original neighborhood. The UMAP algorithm preserves neighborhoods bet-
ter than SODA and GLPP; even suitable isolation among classes is achieved.
Still, we can see that SS.t-SNE separates the classes related to three kinds
of cars in COIL20 data sets better than UMAP, conserving the interclass
and intraclass neighborhoods. In addition, SS.t-SNE gets the highest scores
for local and global structure preservation regarding the Ryx and Gyy(K)

curves.

5.3. Semi-Supervised DR-based Classification Testing

Figure 10 depicts the semi-supervised-based DR benefits regarding the
classification performance, the LD space dimension, and the percentage of

unlabeled instances. We apply the semi-supervised DR methods to generate
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Figure 7: Visual Inspection results for the Swissroll data set. The X and Y axes represent
6 and the % of unlabeled samples, respectively. Crosses and dots represent the unlabeled

and labeled samples, respectively

LD spaces with 2 < P < 32. Further, we apply a kNNC to classify the
unlabeled samples fixing the number of nearest neighbors as 4. In this way,
Y-axis and X-axis represent dimensionality P and the percentage of unlabeled
data, respectively. The colormap represents the recognition rate, with high
values of accuracy as yellow and low values as green. Here, SS.t-SNE presents
better performance for low dimensions values (P = 2) and stays stable for
the bigger ones. While the other methods must find the lower dimension in
which the accuracy grows.

Results for SS.t-SNE show our new condition’s efficiency to choose the
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Figure 8: COIL20 method comparison concerning the neighborhood preservation-based
assessments with 30% of unlabeled data. From top to bottom: (a), (b), (c), and (d)
show 2D embeddings from SS.t-SNE, UMAP, SODA, and GLPP approaches (crosses and
dots represent the unlabeled and labeled samples, respectively); (e) and (f) present the
Ryx(K) and Gyn(K) curves with the AUC in the legend.

Gaussian distribution’s precision for labeled points without requiring difficult-
to-tune parameters as the perplexity value. Notice that depending on the
amount of unlabeled data, the class ¢; may stop being the majority inside
the neighborhood of ¢; € £. However, as the unlabeled data is being proba-
bilistically ignored to compute the precision for labeled points, the intra-class
structure information is well preserved. In fact, our experiments show that
combining the single-scale forces of labeled points with the multi-scale forces
of unlabeled ones is strong enough to attract unlabeled points of the corre-

sponding class to the &; neighborhood.
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Figure 9: MNIST method comparison concerning the neighborhood preservation-based
assessments with 30% of unlabeled data. From top to bottom: (a), (b), (¢) and (d) show
2D embeddings from SS.t-SNE, UMAP, SODA, and GLPP approaches; (e) and (f) present
the Ry x(K) and Gy (K) curves with the AUC in the legend.

6. Conclusions

A semi-supervised framework for dimensionality reduction based on sim-
ilarity preservation is presented as a general approach to processing unsu-
pervised, semi-supervised, and supervised data. The proposed framework is
called SS.t-SNE and uses the class information to fit the bandwidths of the
Gaussian neighborhoods of labeled data to reach a specified proportion of
neighbors with the same class as the central point, ignoring the centers of
unlabeled data but without excluding it from the probability density func-
tion. On the other hand, the local and global data structure is used to
fit the bandwidths of the unlabeled samples in a multi-scale perspective.

Though it is difficult to preserve all neighborhood relationships, the proposed
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Figure 10: Classification results as a function of the LD space dimensionality P (Y-
axis) and the percentage of unlabeled instances (X-axis). First row: COIL20, Second
row: FMINST, Third row: MNIST. SS.t-SNE (first column), UMAP (second column),
SODA (third column), and GLPP (fourth column) algorithms are studied. The standard

deviation of the k—fold is presented numerically for each parameter pair.

method can decide what information to discard. When labels are available,
the within-class structure is preserved. In the other case, our approach keeps
a multi-scale structure. The experiments developed on four benchmark data
sets reveal that SS.t-SNE outperforms other semi-supervised techniques for
visualizing multidimensional data structure and isolating it by classes in low-
dimensional spaces. Moreover, our approach uses the same cost function as
in the original SNE method using Kullback-Leibler divergences because of
its demonstrated capability of weighting the local structure.

Future work will include constructing an extension to map new samples
from HD to LD space. Regarding this, we will explore matrix projection-
based approaches from a reproducing kernel Hilbert space perspective. Also,
we will couple our SS.t-SNE main ideas within a variational autoencoder

framework to regularize the generation of the embedding space from large
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