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Abstract

This work is devoted to an inverse problem of identifying a source term depending
on both spatial and time variables in a parabolic equation from single Cauchy data
on a part of the boundary. A Crank—Nicolson Galerkin method is applied to the least
squares functional with a quadratic stabilizing penalty term. The convergence of finite
dimensional regularized approximations to the sought source as measurement noise
levels and mesh sizes approach zero with an appropriate regularization parameter is
proved. Moreover, under a suitable source condition, an error bound and a correspond-
ing convergence rate are proved. Finally, several numerical experiments are presented
to illustrate the theoretical findings.
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1 Introduction

The problem of identifying a source in a heat transfer or diffusion process has got
attention of many researchers during last years. This problem leads to determining
a term in the right hand side of parabolic equations from some observations of the
solution which is well known to be ill-posed. For surveys on the subject, we refer
the reader to the books [5,21,28,29,36], the recent papers [22,37] and the references
therein.

Although there have been many papers devoted to the source identification problems
with observations in the whole domain or at the final moment, those with boundary
observations are quite few. Furthermore, the sought term depends either on the spatial
variable as in [4,6-10,12,19-21,48,54,55], or only on the time variable as in [23].
In this paper, we consider the problem of determining the right hand side depending
on both spatial and time variables by a variational method. Indeed, let 2 be an open
bounded connected subset of RY, d > 1 with boundary dQ and T > 0 be a given
constant. We investigate the problem of identifying the source term f = f(x,t) in
the Robin boundary value problem for the parabolic equation

z—l:(x, t)+ Lu(x,t) = f(x,t)in Q7:=2 x (0, T],
du(x,t)
on
u(x,0) =¢g(x)in Q

Fo(x, Dux, 1) = g(x, 1) on S:=dQ x (0, T], (.1

from a partial boundary measurement zs5:=zs(x, 1) € L%(%) of the solution u(x, t)
on the surface X:=I" x (0, T') C S satisfying

1Z —zsllz2s) =6, (1.2)

where Z:=u |y, I is a relatively open subset of d€2 and the positive constant § stands
for the measurement error level.

In (1.1) £ is a time-dependent, second order self-adjoint elliptic operator of the
form

d

Lu(x,t):=— Z i ( i (x, 1) Bua(i,t)) 4+ b(x, Hu(x, 1),

Bxl-

J

i,j=1

——.dxd . . . . C
where A:= (“"./)1 <ij<d € c@r) ™ “isa symmetric diffusion matrix satisfying the
uniformly elliptic condition

d d
AGe, 0§ &= ) aj(x,nE& = a Yy &7 inQr (1.3)
i,j=1 i,j=1
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for all & = (&)1<j<4 € R? with some constant ¢ > 0 and b(x,7) € C(Qr) is a
non-negative function. The vector 71:=7i(x, t) is the unit outward normal on S and

du(x,t) -
—:=A(x,t)Vu(x,t) -n
on
with Vu(x, 1):=Vu(x,t) = (a“a(jl”), e, a”a%”)). In addition, the functions g €

HY(Q), g € C(S)and o € C(S) witho(x, 1) > 0in S are assumed to be given. The
source term f = f(x,t) is sought in the space L2(Q7).

The contents of this paper are as follows: For any fixed f € L*(Qr) let u =
u(f) € W(0, T) denote the unique weak solution of the system (1.1), see Sect. 2 for
the definition of related functional spaces. Adopting the output least squares method
combined with the Tikhonov regularization, we consider the (unique) minimizer of
the minimization problem

. . o . 2 %2
Lmin T with Js(D=1u(h) = aolam, + oIS = S Ny Poo)

as a reconstruction, where p € (0, 1) is the regularization parameter and f* is an a
priori estimate of the exact source which is identified. We mention that f* plays the
role of a selection criterion. In practice it is not easy to estimate f*, however an a
priori knowledge of the identified source improves the quality of reconstructions (cf.
[13,32]).

For discretization we employ the Crank—Nicolson Galerkin method, where the finite
dimensional space Vg::{(ph eC (5) | onir € Pi(T) forall T € ’]}1} of piecewise
linear, continuous finite elements is used to discretize the state with respect to the
spatial variable. Further, to discretize the state with respect to the time variable, we
divide the time interval (0, T) into M equal subintervals and introduce a time step
7:=T /M together with time levels

t":=nt withn € Ip:={0, 1, ..., M}. (1.4)

As aresult, the state u(f) is then approximated by the finite sequence (U, ;’ll,r @D)) ,’l"’: 0
in which for each n € Ij the element U ;ZJ (f) e Vfl . With these notations at hand, we

examine the discrete regularized problem corresponding to (Pp’g) i.e. the following
strictly convex minimization problem

min  J, s, Ppo.s.n
Fel2@p) 0,6, r(f) ( 0,98, ,r)

with
z a 2 2
Josne(f)=) / UL () = 2alaydt + 21 F = F 1720,
n=1 "
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which admits a unique solution f, 5 ;. obeying the relation (see Sect. 3)
Foshtigwunt o =TI =0 " PI (Fosnc) (1.5)

forany n € I:={1, ..., M}, where (P,f’r(f))fl"":0 is the approximation of the adjoint
state p(f). Using the variational discretization concept introduced in [24], the mini-
mizer automatically belongs to the finite dimensional space

e {cb e L? (o T vh) | Bl it gnyi=0) € V) foralln 1}

T

thus a discretization of the admissible set L2(Q27) can be avoided.
As 8, h, T — 0 and with an appropriate a priori regularization parameter choice

p = p(8,h,t) — 0, we show in Sect. 4 that the whole sequence (fp,,g,h,r)f»o
converges in the L?(Q27)-norm to the unique f*-minimum-norm solution f* of the

identification problem defined by

fM=arg min If = frll2p)- (IP)
fe{fel?2Qr) | u(f)x=2}

The corresponding state sequence then converges in the L>(0, T'; H'(2))-norm to the
state u(f T).

Section 5 is devoted to convergence rates for the discretized problem, where we first
show thatif f € {f € L*(Qr) | u(f)|x = Z} and there exists a function w € L*(X)
such that f = F(w) + f*, where F(w) is the unique weak solution of the parabolic
equation

oF .
- E(x, t)+ LF(x,t) =0in Qr,

oF (x,t

%JrO(x,t)F(x,t) =wyg onS, (1.6)
n

F(x, T)=0inQ

with xy being the characteristic function of ¥ C S, then f = f7. Furthermore, if the
data appearing in the system (1.1) are regular enough the error bound

||fp,5,h,‘( - fT”LZ(Q y = <C <h3;0_1 + T2h ! _1 +36+ o+ 82,0_1>
is established, that yields the convergence rate

I fosme — f 2y = O(E)

with the suitable choice of the parameters 4, T and p.
For the numerical solution of the discrete regularized problem (P, s5.5,:) we in
Sect. 6 utilize a conjugate gradient algorithm. Numerical studies are presented for
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several cases where the sought source is smooth and discontinuous as well, that illus-
trates the efficiency of the proposed approach.

To conclude this introduction we wish to mention that to the best of our knowledge,
although there have been many papers devoted to source identification problems for
parabolic equations, we however have not yet found investigations on the discretiza-
tion analysis for those with boundary observations—which is more realistic from the
practical point of view, a fact that motivated the research presented in the paper.

Regarding the identification problem in elliptic equations utilizing boundary mea-
surements, we here would like to comment briefly some previously published works.
In [51,53] the authors used finite element methods to numerically recover the fluxes
on the inaccessible boundary I'; from measurement data of the state on the accessible
boundary I',, while the problem of identifying the Robin coefficient on I'; is also con-
sidered in [52]. In [25-27,40] some source and coefficient identification problems have
been investigated, and in [39] the problem of simultaneously identifying the source
term and coefficients from distributed observations. A survey of the optimal control
problems for parabolic equations can be found in the book [47], where distributed data
is also taken into account.

Throughout the paper we use the standard notion of Sobolev spaces H' (), H>(S),
Wk P (Q), etc. from, for example, [1].

2 Problem Setting and Preliminaries

To formulate the identification problem, we first give some notations [50]. Let H!(2)*
be the dual space of H 1(Q), we use the notation

0
W0, T):= {w c1? (o, T Hl(sz)) | 8—'“: cL? (0, T Hl(Q)*)}.
It is a Banach space equipped with the norm

ow
lwlwio.r:= (nwnizm,w(m) + ”W

2 1/2
. 2.1
L2(0,T; H' (2)*)

We note that, since W(0, T') with respect to the norm (2.1) is a closed subspace of the
reflexive space L? (0, T; HI(Q)) x L? (O, T: H! (Q)*), it is itself reflexive.

2.1 Direct and Inverse Problems
For considering Eq. (1.1), we set

a(v, w)

::f A(x,)Vu(x) - Vw(x)dx +f b(x, Hv(x)w(x)dx —l—/ o(x,Hv(x)w(x)dx
Q Q

aQ
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where ¢ € (0, T] and v, w € H'(Q). Then, for each f € L*(Qr) Eq. (1.1) defines
a unique weak solution u:=u(x, t; f):=u(f) in the sense that u(f) € W(0, T) with
u(x,0) = g(x) for a.e. x € Q2 and the following variational equation is satisfied (cf.
[47,50])

Frid +au,¢) = (.02 + (& V2o (2.2)

(5-¢)
(HY(Q)*.H(Q))
forall ¢ € H! (2) and a.e. t € (0, T']. Furthermore, the estimate

lulwo.ry < € (1f 12r) + 18l2s) + 1912@) 2.3)

holds, where C is a positive constant independent of f, g and g. Therefore, we can
define the source-to-state operator

u: L*(Qr) —> WO, T)

which maps each f € L%(Q7) to the unique weak solution u:=u(f) of Eq. (1.1). The
inverse problem is stated as follows:

Given the boundary data Z = u|s of the exact solution u, find an element
f € L*(Qr) such that u(f)x = Z.

2.2 Variational Method

In practice only the observation z5 € L?(X) of the exact Z with an error level
||Z_Z8||L2(2)§8, §>0

is available. Hence, our problem is to reconstruct an element [ € L?(Q7) in (1.1)
from noisy observation zs of Z. For this purpose we use the standard least squares
method with Tikhonov regularization, i.e. we consider a minimizer of the minimization
problem (P, 5) as a reconstruction.

Remark 2.1 In case inf(x )eq, b(x,t) > 0 orinf(, Heso(x,t) > O the expression
a(v, w) generates a scalar product on the space H'(2) equivalent to the usual one,
i.e. there exist positive constants C1, Cy such that (cf. [34,38])

Cillell g < @@, @) < Calleli g, (2.4)

forallp € H'(Q) and r € (0, T].
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Now we assume that b = o = 0. A change of the variable u = ¢'v, Eq. (1.1) has
the form

v 0 ov(x,1t) _ .
E(X,f)—iglfm(aij(%l‘) o, >+v(x,t):etf(x,t)1nQT,
v, t
vg{ ) —eg(x.)onS and v(x,0) = g(x) in Q.

n

In the sequel we thus consider the case inf (y y)eq, b(x, 1) > Oorinf( Heso(x,1) >0
only. All results in present paper are still valid for the case b = o = 0.

Remark 2.2 If the sequence (f;) C L*(27) weakly converges in L>(27) to an ele-
ment f, then the sequence (u( fx)) weakly converges in W(0, T) to u(f).

For each f € L*(Q27) we now consider the adjoint problem

0
- 8—15()6, t)+ Lp(x,t) =0in Qr,
ap(x,t)
on
px,T)=0in 2,

2.5)

+o(x, 0)px,t) = (ulx,t; f) —z5(x, 1) xz on S,

where xy is the characteristic function of ¥ C S, i.e. xx(x,t) = 1if (x,7) € ¥ and
equals to zero otherwise. A function p € W(0, T) is said to be a weak solution to this
problem, if p(x, T) = 0 for a.e. x € Q and

0
—<—p,<p> +a(p, ¢) =/(u(x,t; ) —zs(x, ))ex)dx  (2.6)
Jat (HI(Q)*,HI(Q)) T

for all ¢ € H'(Q) and a.e. t € (0, T]. Since u € W(0, T), the boundary value
(u(x,t; f) —zs(x, 1)) xx belongs to L*(%) and by changing the time direction we
see that (2.5) attains a unique weak solution p(x, t; f):=p(f) € W(, T).

We close this section with the following result.

Theorem 2.3 The minimization problem (Pp,g) attains a unique minimizer f, s which
satisfies the equation

fos = 1" =07 p(fp.0)- 2.7)
Proof Let ( fx) be a minimizing sequence of the problem (P, s), i.e.

lim J = inf J .
Pargt p,S(fk) Fel2@p) p,é(f)

The sequence (fr) is then bounded in the LZ(QT)—norm. A subsequence not rela-
beled and an element f € L2(Q7) exist such that ( fr) weakly converges to f in
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L*(Q27). Due to Remark 2.2 and the continuity of the mapping L>(0, T; H(Q)) —
L%(0, T; L*(I")) = L?(X), it follows that u( f;) weakly converges to u( f) in L2(Z).
And since the L2-norm is weakly lower semi-continuous, is so the functional J, 5(-).
Furthermore, it is clear that J, 5(f) is strictly convex, hence it attains a unique
minimizer. Meanwhile, the Eq. (2.7) follows directly from the first order optimal-
ity condition, which finishes the proof. O

3 Crank-Nicolson Galerkin Discretization
In this section we present the Crank—Nicolson Galerkin method (see, e.g., [46]) to
discretize the regularized minimization problem in finite dimensional spaces.

Let (75)g<p<1 be a regular family of quasi-uniform triangulations of the domain
Q with the mesh size & (cf. e.g., [3]). We first consider the finite element space V}}
and recall the Clément interpolation operator ITj, : L!(Q) — V}l which satisfies the

following properties
%ig%) lv — Mpvll gr(qy = 0 forall k € {0, 1} 3.1
and
lo = Tl gr(gy < CR 7 0]l gy 3.2)

forO <k <1 <2 (see[2,11,45]). We also mention that for all v € V!, the inverse
inequality

ol g1y < CR M vll2 ) (3.3)
holds true. Further, forall v € H'(2) and T € 7}, there holds the local estimate ([35])
o2y = € (K20l 2y + B2V 0l (3:4)
To discretize the state functions with respect to the time variable, we consider the
partition (1.4) of the interval (0, 7). For a continuous function ¢ : [0, T] — R and
t" € [0, T'], we denote by
¢h=c ).
Then, we set
a (v, w)
= /QA"(X)VU()C) -Vwx)dx + /Q " (x)v(x)wx)dx + /asz o "(x)v(x)w(x)dx

forall v, w € HY().
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Linking to the above partition, we introduce the constant piecewise, discontinuous
interpolation operator

7 L*(0,T) > V?:: {(p e L*(0,T) | 9|1 ) = constant, Vn € I} 3.5)

which is defined for each n € L?(0,T) by

"

1
ntn(t)‘(ln_l,t”]:znf(t)|(t”_1,[”]:=; /

"=

n(s)ds:=n", Vnel.
1
By Proposition 9 of [41, pp. 129], we get the limit
lim || — Nellz2o,r) =0 (3.6)
=0

and the estimate (cf. [33, Proposition 5.1])

dn

- (3.7)

Im = nellz20,r) = Ct
L2(0,T)

incase n € H'(0, T).

For a sequence (w*) € L?(R) we respectively introduce the backward difference
quotient and the mean as follows

k k—1 k k—1

wh —w — w" +w

owh:=——— and Jwfi=——— .
T 2

We are in the position to present the Crank—Nicolson Galerkin method applied to
(1.1). Let gj:=Tq € V. find U"(f):=U}! (f) € V} such that U°(f) = g, and

(aun(f)7 @h)Lz(Q) + an(gun(f)v @h) = (7”5 (ph)LZ(Q) + (gn7 wh)Lz(dQ) (38)
for all ¢, € Vﬁ,n el.

Definition 3.1 The mapping uj ; : L2(Qr) — (V;)M defined for each f € L%(Q7)
by

e (D= (U UM ) € ()

is called the discrete source-to-state operator.

The operator uy, , is Fréchet differentiable on LZ(QT).for each f € L*(Qr) in
the direction £ € L*(Qr) its differential u), ()& is (U'(€),..., UM (€)), where
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on (& ):=l7 }’:’T &) e V}ll is defined by the variational equation

(00" ), 1) 21 +a"QU" ), 1) = € o) 12y Yon €V, nel

- (3.9)
0°) = 0.

The adjoint problem (2.5) is discretized via the process that for n € Iy the element
P"(f)::Pg”r(f) € Vﬁ satisfies the system

"

—T (AP"(f), #n) ) + 7" @P" (), 0n) = / (U = 2, m) 2yt
"=
(3.10)

for all ¢, € V,} with PM(f) = 0. Note that from PM(f) = 0 we can compute
PM=1(f) due to (3.10), and so PM=2(f), ..., PL(f), PO(f).
To begin, we recall the discrete Gronwall inequality.

Lemma 3.2 Assume that (Y,)n, (Xn)n, and (a,), are non-negative sequences such
that

n—1
Yo < Xy + Y oYy forall n>0.
m=0

Then

n—1
n—1
Yo < Xp+ D o Xppeoimmsr o

m=0
foralln > 0.

Lemma 3.3 (i) There holds the estimate

2 2 2 2
E’lIlezi]i){ ||Un(f) ||HI(SZ) = Cc <||6]||H1(Q) + ||g||L°C(0,T;L2(3Q)) + ||f||L2(QT)) .
(3.11)

(i1) The inequalities

M M
Z/,n_l ‘(BU"(f),G)Lz(Q)‘dt
n=1

= C (gl @ + 18l 0.7 208) + £l 2@ ) 1002207301 ()
(3.12)
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forall6 € L? (0, T; H'(Q)) and

St swp ‘(3U"(f)’ ¢)L2<sz>‘2

= el g =]

= C (a1 g + 181 0 72200 + 113260 (3.13)
hold true.
(>iii) The limit
M
h,lifon; /ZH (U"(f) — Ui, 9),,1(9) dt =0 (3.14)

is satisfied for all 0 € L* (0, T; H'(Q)).
Proof (i) Taking ¢, = 2t23U"(f) in (3.8), we have
201U (f) — U"‘l(f)lliz(g) +7a"(U" (), U"(f))

— 2" WU, U ) + 20 (LU = U (D) e
+2t (" U"(f) = U (M)r2pa)-

By (2.4), we thus get
200" () = U (D2 + CrelU (D g

< CotllU" (Dl gy + 2817 2@ 10" () = U (D2
+2t01g" 2o U () = U (Dl2pe)-

For an arbitrary € > 0, an application of Young’s inequality yields that
20/ 2@ 0" () = U (D2

2
_ 7 —
<elU"() = U (D2 + ;uf"niz(m
t)’l

_ T
< U ()~ U Py / NS gyt
-
Meanwhile, we have

21018 2o lU™ (F) = U (Pl 200
< Ctligll oot m: 1206 (U (Nl g1y + ||Un_l(f)||Hl(Q))

Clr _
< oIV DBy + €7 (10" (s g + 181 ot 1200 )
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We thus arrive at

tn
<Ct <||U"‘(f)||imm+ / 1||f||iz(mdt+||g||im(,n1,,,,;Lz(m>)> (3.15)
M-

as € is small enough with C independent of n. Since ||U0(f)||H1(Q) = Tagllgr (g <
Cliq |l g1 (q)> we deduce from (3.15) that

”Un(f)”Hl(Q)

= C <||q||%.11(9) + ”g”ioo(O’T;LZ(aQ)) + ”f”iZ(QT)) Z am”Um(f)HHl(Q)

forall n > 1, where ¢g = - - - = ;> = 0 and «;,—1 = C. Therefore, an application
of the discrete Gronwall inequality implies (3.11) for all n > 0.
(ii) By (3.8), for all 6 € L? (0, T; HI(Q)) we rewrite

@U"(f), )12y = QU"(f), Ty0) 12y + QU"(f), 0 — T110) 12(q)
= (f", TI0) 120y + (8", TIA0) 1250 — @" QU™ (f), T116)
+ QU (), 0 — Th0) 20y (3.16)

We have that

1/2 m 12
Z /t"l(f Hhe>Lz<Q>dr<Z</ ||f||L2(Q)dr) (/t 14010 )

= Clifli2@p 912 (0.7; 11 (9))

and

M m
Z/ (gn, H/’lQ)LZ(dQ)dt
o =1
"

M 172
) 1/2
S Z (T”g”Loo(tnfl,tn;LZ(aQ))) i ”HhQ”LZ(dQ)

n=1

= Cliglze(o.r:.202) 191 22(0.7: 11 (2))-

Using (3.11), we further get that

M
Z/ a"QU"(f), T,0)dt
- tnfl
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<c Z f (10 + 10 Dl ) IO e
M "
<CY [ WDl @ 10l
n=171""

M 12 " 2
cz(rnU"(f)llHl(Q)) (/ ,||9||311<9>d’>
th—

n= (Z/ - )uz

M
C (Zr |U"(f)||,,l(m>
<C (I|Q||H1(s2) + 18l 0.7:1200)) + ||f||L2(S2T)) 10122 0.7: 11 (2))-

1/2

IA

n=1

Next, we deduce from (3.15) that

M
D IUH = U P

n=1
< C (N1 g + 188 0 7. 120000) + 1 12200)) (3.17)

Utilizing (3.2), we have that
M t'l
> [ Um0~ Mo gdr
n=1

u 12, o 1/2
s(Zrnaun(f)niz(m) (Z /ZH 16 = T4013 5 g, d )
n=1

n=1

M 1/2
<cC (Z hzrnaU”(f)niz(m) 10112 0.7: 11 (22))

n=1

= C (gl @ + 18l 0.7 20m) + £l 2@ ) 100207201 ()

by (3.17)as h?t~! < C.Therefore, (3.12) follows from (3.16) and the above estimates.
Furthermore, in the same manner we also get (3.13).

(iii) We consider the piecewise constant function with respect to ¢ defined as follows
Pt o =U"(f) = U"'(f) forall nel.

Due to (3.11), the sequence (Pj.), , is bounded in the L?(0,T; H'(Q))-norm.
Therefore, there exist a subsequence denoted by the same symbol and an element
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® e L? (0, T; H'(R)) such that forall & € L* (0, T; H'(Q))

T T
lim (Ph,r.0) iy dt = /0 (®,0) 1(q)dt

h,t—=0 Jo

and ||<I>||L2(QT) < liminf, ;¢ || Dy . ||L2(Qr)’ by the continuity of the embedding
L?(0,T; H'(Q)) < L?*(Qr). On the other hand, it follows from (3.17) that

M M
|®ne a0, = D f ncliag =2 T = U DIz, = O
n=1 " n=1

as h, T — 0, which finishes the proof. 0

Lemma 3.4 Assume that the sequence ( f) weakly converges in L*(S27) to an element
f. Thenforany fixedn € Iy, the sequence (U" ( fi)) convergesto U™ (f) inthe H'(Q)-
norm.

Proof The proof is based on standard arguments, it is therefore omitted here. O

Theorem 3.5 The problem (Pp,(;,h,,) attains a unique solution f:=f, s p ¢ satisfying
the equation

fiaxa1m = =p ' P"N(f) (3.18)
foranyn € I.
Proof In virtue of Lemma 3.4, it is straightforward to show the unique existence of a

solution f to (P, s,5,). We now show the Eq. (3.18). We have I s (s =0 for
all¢ € Lz(QT). By (3.9)—(3.10), we get

M "
J;/),5,h,t(f)$ = ZZ\/tn—l (Un(f) — 24, Un/(f)g)LZ(F) dt + Zp(f - f*7 S)LZ(QT)
n=1

—2)" / (U = 20, 076 gy i+ 200 — 7 )12y,
n=1 "
M R M B .
=2ty —(0P"(f), U"(®) 2 +27 Y _a" (3P (/), U" ()
n=1 n=1

+20(f = [, é)LZ(QTy
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Using the identities

M M

Z(an _an—l)ﬂn — OtM,BM _aOﬂO _ Z(ﬁn _ ﬂn—l)an—l’

! o (3.19)
Z(an +an—l)‘3ﬂ — otMﬂM _a()ﬂ() + Z(ﬂn +ﬁn—l)an—l

n=1 n=1

together with PM(f) = Uo (¢) = 0, we obtain

M M
e = 23 (0070, 70),,, 433 (10707 )
n=1

n=1

+20(f = 5 ) 2@

M
=2t ) (PN ED e +20(f — [ 82y (3.20)

n=1

For any fixedn € I andforallp € L2(Qx "L, ") we consideré::goxgx(ln_l,,n] €
L?(Q27) and then have Ek =0ask # nand

M
T Z(Pk_l(f), §k)Lz(Q) (PN EN 2

k=1
I
=r/ P"il(x;f)—/ o(x, t)dt | dx

Q T n—1

tVl
=/ I(Pn_l(f),@)LZ(Q)df

1t

as well as

"

(f = 582 = /,H(f — [* 9 gdt.

Thus, we arrive at

tn
[ (i o= ), o de =0,
n—1

L2(Q)

where ¢ € L2(Q x (", "]) is arbitrary. This implies (3.18). The proof is finished.
O

Remark 3.6 For any fixed f € L?>(Q2r), denote by

Gy(x.t; f)igupm-t m=P" ' (x,t; f) with nel.

@ Springer



2304 Applied Mathematics & Optimization (2021) 84:2289-2325

In view of the identity (3.20), the L2-gradient of the cost functional at f is given by
Vipsnex,t; f) =2Gy(x, t; ) +2p(f = f) (3.21)
i.e. the equality
J,/,,a,h,f(f)f = (VJp,B,h,r(f)a E)LZ(QT)

holds true for all £ € L2(Q7).

4 Convergence of Finite Dimensional Approximations

The aim of this section is to show finite dimensional approximations, i.e. solutions of
(Pp,(g,h,r), converge to the sought source. To do so, we state some auxiliary results.

Lemma4.1 (i) Forall ¢ € L? (0, T; H*(Q)) with k € {0, 1} there hold

}EI_T)T}) ¢ — l_Ih(ls”ﬂ(o,T;H"(Q)) =0, TIEH) ¢ — ¢r||L2(0,T;Hk(Q)) =0 and

i - _0 4.1
ey |¢ — Mag: ”LZ(o,T;Hk(sz)) =4
(ii) Assume that ¢ € L*° (Qr), then
T
lim / / (p: — P)uvydxdt =0 “4.2)
=0 Jo Q

forall u € L*(Q7) and any bounded sequence (vy)- in L*(Q7).

Proof (i) The first and second statements of (4.1) follow directly from (3.1) and (3.6),
resectively, and the Lebesgue’s dominated convergence theorem. Meanwhile, for a.e
int € (0, T), since
”4’ — Hnoe ” HEQ) = ||¢’ - Hh¢” HA@) T ” Iy (¢ — ¢f)” HK(Q)
< ¢ - o HE@) T Clo —¢| HE(Q)
the third assertion follows from the first and second ones.

For (ii) we take an arbitrary € > 0 and u¢ € C(Q7) such that ||u — u€|| L2(Qr) <€
Then we have

T
‘ / / (0 — $uvedxds
0 Q

T T
5/ / s —¢||uf||vf|dxdt+/ / b — Bl — u|[ve|dxds
0 Q 0 Q

= ”“e”C(QiT)”vr ||L2(QT)||¢I - ¢||L2(QT) + (2||¢||L°°(QT)||UI ||L2(QT)) €.
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Sending T to zero, we thus have that lim,_,¢ ’fOT Jo (b — ¢)uv,dxdt‘ < Ce for

all € > 0 with the constant C independent of €, which yields (4.2). The proof is
completed. O

Lemma 4.2 Assume that lim_oo hx = limg_oo Tx = 0 and the sequence (z5,) C
L*(%) converge to zg in the L?(X)-norm. Let the sequence (fx) C L*(Q7) weakly
converge in L*(Q27) to f. Then,

hmmfZ / 1Uf  (f) = 2,22yt = u(f) = 25l2ary). (43)

where My = T/t and U,’Zk,rk (fx) defined by (3.8).

Proof For convenience of exposition we denote by U,?'—U;Zk o (fx). Let & =
®y(x, t) be the piecewise linear, continuous interpolation of ( )n —0... M, with

respect to ¢, e, T

Dy (x, 1):=(t — " Houp + U

with U = 7, '(UP — UP Y and (x,1) € @ x ("1, "], n = 1,..., My. We first
note that for all 7 € (¢"~ L, ")

a¢ t)l _
3_tk = BU]? and f Opdt = ‘L'kaU,:l. 4.4)
ln—]

Thus, (&) C H! (0, T; V}%) c H! (0, T; HI(Q)) C W(0, T). Further, the inequal-
ities (3.11) and (3.13) yield that the sequence (®x) is bounded in the reflexive space
W(O0, T). There exists a subsequence of (®;) denoted again by (Py) and an element
u € W(0, T) such that (®y) weakly converges in W(0, T') to u.

We show that u = u(f). In fact, for all ¢ € L? (0, T, HI(Q)) we have

T PYo) T
/<—k,¢> ar+ [ aww pyar
0 at (HI(Q)*,HI(Q)) 0

My g T
= Z/ (U, 8) 120 dt+f f AV - Vodxdt
i 0 JQ

T T
+ / / bdrpdxdt + / / o drepdxdt. (4.5)
0 Q 0 Q2

Forall t € ("~!, "], we have

(OUF, ) 120y = OUF T ") o) + (OUF ¢ = T @") 12y (46
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and, by (3.12) and (4.1),

My i
Z/IH (0Ur. ¢ — Hhk¢n)L2(Q) < Clé — My ¢, ||L2(0,T;H1(sz)) -0 @7
n=1

as k — oo. Using the estimates (3.11) and (3.12) as well as the equalities (4.1), (4.2),
we decompose the remainder in the right hand side of (4.5) as follows

T T T
/ / AV<I>k~V¢dxdt+/ /b¢k¢dxdt+/ / o Orpdxdt
0 Q 0 Q 0 Q2
My n
My yn -
+Z/ / 0" O Ty, ¢ dxdt + Ry
el m=1JaQ

My,
= Z a” (5U]:', l'Ith") + Ry, (48)

n=1

"

My
/A”V¢k-vnhk$"dxdt+z /b"<1>knhk$”dxdt
Q =1 Q

m=1

by (4.4), where

Ri

My

My M.
+Z[ f(b—b")v¢k~v¢dxdt+z

n=I =t JQ n=lI

m

My .
/ (A — A"V - Vodxdt + Z/ / AN Dy V(P — T ¢ )dxdt
Q U

"

/ bV - V(p — Ty, @ dxdr
LJjQ

-

My My
+ Zf (6 — 0™V - Vodxdt + Z/ / "V V(¢ — Ty, @ )dxdt.
e Y o =t Jaq

We remark that due to the continuity of data and (4.1), the relation limg_, oo Ry = 0
holds true. Therefore, we obtain from (4.5)—(4.8) that

T ou T
/ <—,¢> dt +/ a(u, d)dt
o\ (g @ H (@) 0

) T a@k T
= lim / — ¢ dt—i—/ a(Sy, ¢)dt
k— 00 0 dt (HI(Q)*,HI(Q)) 0

M
= kll)rgO’; Tk ((BU,Z’, Hhk¢n)L2(§z) + a”(aU,?, Hhk¢n)>
My
. —n —n —-n
= kli)ngoz Tk ((fk s Hhk¢ )L2(Q) + (g", Hhk¢ )L2(39)>

n=1

= (fsDr2o.r:02@) + (& P r20,7:12000)
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here we used (3.8). Further, with standard arguments it can be shown that u(x, 0) =
g (x). Thus, we get that the sequence (®;) weakly converges in W(0, T) to u(f).
Next, for each & € C' ([0, T]; H'(£2)) we will show that
My

t)l
lim Z/ (®1 = UL 0) 1 gyt =0, 4.9)
t)l*

k— 00
n=1

which then holds true for each 8 € L2 (O, T: H! (Q)), by the density argumentation.
We have that

tn
/IH (®k — UL 0) 1 ) dt

1 tll B
= Eftn_l (UL, 0) 1 dt — 1"~ = )?

"

do

2
Tk -1 1 / -1 2 il

= ou;, 61" - t—1" — ouy, dt
2 ( k ( ))HI(Q) 2 1( tk) ( k dt)Hl(Q)

-

and so

Z/H (Px = UL, 0) 1 gyt
n=

1 My o ] |
=3 Z/M (U = U 06" ) 1 gyt
n=1

My
+ Crellflicro. 111 (@) Z T2 d U} e

n=1

— 0 as k — oo,

by (3.14) and (3.11).

Finally, using the continuity of the mapping L> (0, T; Hl(Q)) — L? (O, T; LZ(F))
and the fact ||z5, — zsl;2(x) = 0 as k — oo, we arrive at (4.3), which finishes the
proof. O

Next we introduce the notion of the f*-minimum-norm solution of the identification
problem.

Lemma 4.3 The problem

in | f— f* 7P
ffenIl(nZ)Hf Flz@p P
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attains a unique solution, which is called the f*-minimum-norm solution of the iden-
tification problem, where

7(2) ::{feLZ(QT)]u(f)p: =z}. 4.10)

Proof Due to Remark 2.2, 7 (Z) # ) is a close subset of L?(27). Furthermore, it is a
convex set. Therefore, the minimization problem has a unique solution, which finishes
the proof. O

We now show the main result of this section on the convergence of finite dimen-
sional approximations f, 5.5, Of (P 5,17 ) to the f*-minimizing-norm solution of the
idendification problem (ZP). For any fixed f € L%(Q7), let u(f) and U"(f) define
by (2.2) and (3.8), respectively. We recall the convergence of the Crank—Nicolson
Galerkin method for linear parabolic problems

M m
hlimoa)h,f(f) =0 with a)h,f(f)::Z/ 1 “Un(f)_”(f)“ill(ﬂ) dt. (4.11)
T = Jin-

Theorem 4.4 Let [ be the unique f*-minimum-norm solution of the identification
problem (L'P). Let (hy), (tx), (8x) and (pr) be any positive sequences such that

82 i
hy >0, 1w —>0, pr—0, —k—>0, Ma
Pk Pk

0 (4.12)

as k — oo. Furthermore, assume that (ng) C L*(X) is a sequence satisfying

lzsy — Zl 2y < 6k
and fi denotes the unique minimizer of (P, s, .hy.w) for each k € N. Then:

(i) The sequence ( fi) converges to f T in the L*(Qr)-norm.
(ii) The following equality holds true

My
i 012 B
klif‘;o; / U7 o (fe) = uCf D31 q)dt = 0.

Proof Forn = 1,..., My we write U}’ and U,gﬁ instead U,’Zk rk(fk) and U;Zk tk(f'l')
for short, respectively. Since fj is the solution of (P, s, i,z ), We have

Mk tn
> [ 00 = Bt + il =
n=1

My m
<> / NUF = 25 adt + ol T = f* g,y @13)

n=1
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We get

My " My i

] 2 ] 2
> / ARSI ANTEDS / NUET = u(f )+ Z = 25,117yt
n=1 n=1

"

My, " My
nt Ty 12 2
<2y ft NUZT = u(f DIy dt + ZZ/ﬂH 1Z = 21172y dt
n=1 n=1

=2 (0nn (N + 7). (4.14)

It follows from (4.13) and (4.14) that

My mn

> f U = 25,0320t + o6l fi = 2

171"
<2 Ty 4+ 82 T )13 4.15
= whk,'[k(f )+ k +pk||f f ”Lz(QT). ( )

Therefore, by (4.12), we have

My M
: n 2 _
klféo,;/tnl U = 28,172 ydt = 0 (4.16)
and
timsup || fe — f*ll 2 < 1/ = F¥l2@p)- (4.17)
k—o00

Applying Lemma 4.2, we deduce from the boundedness of (fx) due to (4.17) that
there are a subsequence of it denoted by the same symbol and an element f € L*(R2)
such that

fo— f*=~F — f* weaklyin L*(Qr)

likm inf || f = ¥z = 1F = 2
e (4.18)

My i
s n_ 2 N 2
lggggle / UZ = 25132yt = 1) = Z1325)-
n=

We thus obtain from (4.16) and (4.18) that
wu(His=2 or fel(Z).

Further, combining (4.17) with (4.18), we also obtain
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f—f* < liminf || f; — f*
If =l = im in I/ — 2

<limsup || fi — f*l20m < IfT = 2

k— 00

and so, by the uniqueness of the f*-minimum-norm solution f T
Fo gt ~ t -
S=/" and kll)ﬁgo I fx = [ lz2@p = 0.
Next, by (3.8), for all ¢y, € Vﬁk and n € I we have

Uy - aUI?T’ ‘Phk)LZ(sz) +a" (AU — 5U1?T’ Pny) = (ﬁn - Fn ¢hk)L2(sz)'
(4.19)

Denoting by e}:=U;! — U ,Lﬁ and taking ¢p,, = 2‘L’k dej in the above equation, we can
estimate the left hand side of (4.19) by

U — 00", on) 2y + @ (OUF — 30", 1)

=2 (ek —e ! e — e;‘l_l)LZ(Q) + 7a” (e,'(’ + ez_l, e; — eZ_1>
>afe — e[ Cru || Crnefler!|” 4.20
Z |6 — e 12() +Cin ”ek ”Hl(gz) — 2Tk | ¢k H() (4.20)

and the right hand side by

t"l

n o N !
—_ fT = —
(e = f 7¢hk)L2(Q) /Q(Tk /rn-‘
—> / ( / (fk(t)—f*(t))dt) (et =i ") ax
Q =1

12

(i) = f"'(r))dr) (2rtef et dx

n 2 1
t 2 /2
<2 / </ (fk(t)_fT(t))dt> dx (/ (eZ—eZ—1> dx)
Q \Jrm-! Q
2 C
seld—a | L T - / / (fi@&) = 1)) drdx (4.21)

for any € > 0. We then get from (4.19)-(4.21)

ol a7 4 crm ||
k k L2(Q) LT 1€k Nl g1 ()
_11? C‘L’k ,
=€ fer e I‘LZ(Q) f /tf (o) = f1 @ drdx + Co ‘ 3 IHHI(SZ)
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that yields

n—1

tn
”elrcl“%il(ﬂ) = /Q/,n—l C(fe) — fT () dtdx + Z Otm||€/'("||%11(9),
m=0

where g = --- = a,_» = 0 and «,,_; = C. Since e,? = 0, applying Gronwall’s
inequality, we obtain

" tnfl
Iy =€ [ [ = riwpaascc [ [ o — e
tn* m—

and so that

My
Y wllef g < Cllfe = 32, = O

n=1

as k — oo. Therefore, we in view of (4.11) conclude that

My o

N2
Z;/ U7 = u(f D131 g dt
n=

My, M My i
<2 Z/ NUE = U g dt + ZZf NUET = (N gydt = 0
n=1 "= n=1 "
as k — oo, which finishes the proof. O

5 Convergence Rates
To obtain convergence rates for the Tikhonov regularization, some additional assump-
tions are required. We here assume that the data appearing in the system (1.1) are

regular enough such that the following error bound of the Crank—Nicolson Galerkin
method for linear parabolic problems is fulfilled, see, e.g., [46].

Lemma 5.1 Let u(f") and U™(fT) be the solutions of (2.2) and (3.8), respectively.
Then, the estimate

tn
10" (fY) — u (f D)l ps @) < Ch* (nqnm(m + /0 ||ul(f*>||Hz<Q)dt)

ll‘l
+Cr?h* /0 (||um<f'>||Lz<Q>+ ||Au,t(f*>||Lz(m)dt (5.1)
holds true for alln € I, where s € {0, 1}.
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We note that, due to the regularity theory for the parabolic equations (see, e.g., [14,
Theorem 6, pp. 365]), there exist the high order derivatives Au,t(fT) and um(fT) if
e 120, T; L2(Q)) and £}, € L2(0, T; H=2(R)), respectively.

To obtain the convergence rates of the regularized solutions to the identification,
some smooth assumptions on the sought source f T and the exact data u(f¥) should be
addressed. We first assume they are such that the estimate (5.1) is fulfilled, and have
the following result.

Theorem 5.2 Assume that f € Z(Z) and there exists a function w € L*(X) such
that

f=Fw+ f* (5.2)

where F(w) is the weak solution of the Eq. (1.6). Then:
() f = f7, i.e. it is the unique solution of the identification problem (ITP).
(i1) The estimate

1/ = gy, < € (B + 220 ™ 5+ +6%7")

holds, where [ denotes the unique minimizer of (Pp’g,h,f).
(ii1) With the noise level 8, the choice h ~ §, T ~ 832 and p ~ & leads to the
convergence rate

1f = fTllz20p) = OW0).

Assume that the coefficients appearing in the elliptic differentiable operator £ and
the domain €2 are smooth enough. Then the solution F'(w) to (1.6) has the regularity
property F(w) € H*(0,T; L2(Q) with £0EW ¢ 1200, 7; H-'(Q), k = 0,
provided w has the similar regularity (cf. [14,50]). Therefore, with an a priori smooth
estimate f* the identification fT = F(w) + f* and the exact u(f") satisfy the
inequality (5.1). We also wish to mention that the adjoint approach in the present
paper yields the convergence rate O(+/8) for the Tikhonov regularization under the
source condition (5.2). Other source conditions may provide different convergence
rates or even the optimal-order one O(8%/3), which are unfortunately still open to us.

Proof (i) For all 6 € Z (Z) we rewrite

16 = 1720, = If = G2,y = 10 = 2, +2(f = £50 = Dz
>2(f — £*.0 = D2y

and so need to show that (f —f*, 60— f)Lz(QT) = 0. In fact, by (2.2), we have

f = 50— Drrapy

T T
:/ /GF(w)dxdt—}—/ f gF(w)dxdt
0 Q 0 191
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T T
—/ / fF(w)dxdt—/ / g F(w)dxdt
0 Q 0 I
fr<a (u(e) - u(f))
0

3 , F(w)> dt
! (H' (@) H' ()

T ~
+f a (u®) — u(f). Fw)) dr
0

Since F(x,T; w) = u(x,0;60) —u(x,0; f) = 0, we thus have that

(f =150 - Drrap

=_/ <ag(w) (9)—u(f)> dr
0 (H'(@*, H' ()

T ~
+/ a (Fw),u®) — u(f)) dr
0

:/ wu(8) — u(f))dxdt =0,
p)

by 7.0 € I(2).
(i1) By the optimality of f, we get that

M n

2 / 1" () = 252 ydt + 21LF = f¥ 1720,

"~ M i

<> / 0" = 2120yt + 0Uf T = g, (5.3)
n=1

with
M n i , M " 2
;/tnl 10" (f) = zsll72pydt = Z/;H G —u(fH+z - 25yt

=¢ (Z f, 10" (F7) = (T2 rydt +32> .

(5.4)

Furthermore, by (3.4), we get that

Z / o — u(f*>||Lz(r)t<ChIZ f U™ (1) = (D72t
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M m
wCh Y [0~ u( DIy gyt
n=1
(5.5)

Due to (5.1), the first term in the right hand side of (5.5) is bounded by
M "
=) / UG — B g
n=1 "
M "
<ch™ (Z f U =" (E D gt
n=1
M m
ne ety Ty112
+ Zlf " (f) — u(f )||L2(Q)dt)
n=

M 1"
<ch! <h4 + 4 Z] /[H lu(fF) — u(fT)lliz(Q)dt)
n=

< Ch_l <h4 + T4 + fz'lut(fT)”%oo(o’T;LZ(Q)))

<Cch +n + 0, (5.6)

where we used the estimate

M " M M
S [ D —u DR = Y [ o) =i g
n=1 n=1

< Pl (FIN o 0.7 1200
Likewise, we have that
M
) / U = (D12 gt
-

S Ch <h2 + T4h_2 + .[2”ut (fT)”iOO(O’T’Hl(Q)))

<Ch + ' + ). (5.7)

We deduce from (5.3)—(5.7) that

M "
> / 10" (f) = 2120 ydt + p1F = £ 122,
n=1
<C (h3 +2h 4 32) +20(f = 5 T = Pz (5.8)
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Since fT — f* = F(w), we have

=15 = Prear
=/Ew(u(f*)—u(f))dxdr

=f w(u(f*)—za)dxdm/ (Z/ w(zs —U"(f))dt) dx
) n—1
/ (Z/ w(U"(f) — u(f))dt) dx. (5.9)
m— 1

We bound for each term in the right hand side of the above equation. First, we get

/2 w(f") — zo)dxdt < w2y lu(f1) = zsll2z) < Iwl2eyd  (5.10)

and

[ ea)
R ) ([ rne)
(L) L) )
(NEL) (HEL o)

1 t"
< plwliag, + v Z f, 10" () = 2172y dt- (5.11)
n=1

1/2

Further, as the above estimates (5.5)—(5.7), we get

M "
/ (Z/ w(U"(f) — u(f))dt) dx < C (h3 + rzh_1> . (5.12)
r el tn—l
It follows from (5.9)—(5.12) that

20(f" = f* T = Pz
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M n
_ 1 !
<C (h3 +22h 7 4 p8 + pz) +5 > /,n_. U™ (f) = zsll2ydt. - (5.13)
n=1

We therefore conclude from (5.8) and (5.13)

"
1

M

1

5 Zl / UM = 2l oIS = T2
n=
< C(h3+r2h*‘ +p8+p2+82),

which completes the proof. O

6 Numerical Examples
In this section we employ the conjugate gradient (CG) method (cf. [31]) for reaching the

unique minimizer of the finite dimensional minimization problem (P, s 5, ;). Starting
with an initial guess fy, the iterative process is given by

fie1 = fx +agdy, k=0,1,... 6.1)

where dy is the update direction and oy is the update step size until it meets a stopping
criterion of the form

IV (O < Ta + T IV Ip 5.0, (fOl- (6.2)

The update direction is computed as

-VJ if k=0,
di = 0.8t (fi) i 6.3)
—Vdosnc(fi) + Brdr—1  if k>0,
where the coefficient S is computed using the Polak—Ribiere formula
(Vo507 (fi)s Vi s.ne (fi) — VJp,s,h,r(fk—l))Lz(QT)d
= v/ 5 . (6.4)
IV Ip.6.n,c (fe=Dll72 g,
To compute oy, we consider the quadratic minimization problem
argmin J,, 5 5. (fi + oudy). (6.5)
a>0

It is shown that the unique minimizer of (6.5) is given by
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Suli St (U0, U (fo) = 25) oy i + (s fi = )12y
Sl UG @y + Pkl 2,

o = —

’

(6.6)

where for each n € I, Ug (dy) € Vﬁ is the unique solution of the equation

(U @), 91) 20 + " @U@ o) = (& n) ,  You € Vi,

Ud(f) =0,

2(Q)

in which (U" (f¢)) 2/1:1 is defined by the system (3.8). Practical steps can be summarized
in Algorithm 6.1.

Algorithm 6.1 CG method for minimizing the cost functional (’Pp,a, h,f)

Require: fj, -, T4, kmax

Ensure: An approximate of the minimizer to (Pp,a,h,r)
1: Calculate VJ, 5 5. ¢ (fo) and setdy = —VJ 5 4, (fo)-
: Compute «( using (6.6).

: Update f1 = fo + apdp.

: Setk = 1 and compute VJ, 5 5z (fi)-

- while k < kmax and (6.2) does not hold do

Compute By, using (6.4).

Update the direction, using (6.3).

Compute ay, using (6.6).

9:  Update the minimizer, using (6.1).

10:  Setk =k + 1 and compute VJ,, 5 5.7 (fx)

11: end while

For numerical implementations below, a common setting is used, unless stated
otherwise. We consider a spatial two-dimensional case of (1.1), where Q7 = (—1, 1) x
(—1,1) x (0, 1] and

31
A:Lz]bzhazL 6.7)

We denote by fieqn the mean value of the exact source f and f;... the recovered
source. For initial iterate and predicted source, we respectively choose fo = 0 and
f*=f+02(f — fmean)- To mimic the noise measurement, we set z; = u(f)|x +
CwZrand Where z,4,4 1s produced by MATLAB command ‘rand’ and ¢, is chosen such
that the measurement error [lu(f) — zs|l;2(x) is equal to the prescribed noise level 6.

We generate the mesh using the MATLAB function ‘generateMesh’. All figures
presented hereafter correspond to the mesh size 2 = 0.05, meanwhile the use of
different ones aims at computing the experimental order of convergence (EOC). Choice
for other constant parameters conceptually follows from Theorem 4.4

1=025-h, p=0.01-h &§=05-h°
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Fig. 1 Time dependent source: comparisons of the recovered source froc. and exact source at
P1(=0.1, —0.5) and P»(0.5, 0.6) in different cases: f (1) = (21 — 1) sin(2r — 1) (a), £(t) = 0.5—10.5—1|
(b), f(t) =0.5H(t —0.5) (c), where H is the Heaviside step function

6.1 Time Dependent Source f(t)

In this subsection, we specify the right hand side f(¢#) independent of the spatial
variables, the initial value u(-, -, 0) = 0.4, and boundary condition g = 0.4. Then the
state is numerically computed by solving the corresponding forward problem. We will
refer to this source function and the resulting numerical state as the exact source and
the exact state, respectively. To generate the noise data z5, we simulate the forward
problem with the aforementioned data but on a finer grid with % ;. = 0.025 to
prevent the so called inverse crime (cf. [49]). The derived solution is then interpolated
on the grid with mesh size 4 and perturbed. The observation boundary part is ¥ =
[—1,1] x {—1} x (0O, 1] and the result is checked at P; and P,, defined as the closest
nodal point to (—0.1, —0.5) and (0.5, 0.6), respectively. In Fig. 1 one can see that at
both P; and P,, the recovered source matches the exact source quite well in various
cases.

We would like to mention that for this special case, the considered inverse problem
has a unique solution (cf. [18,44]). That is, wherever we choose an a priori estimate
f*, the algorithm should always yield a good approximation of the exact source. In
practice, a poorly predicted source may however reduce the quality of the result. In
Fig. 2 we perform the same test as in Fig. 1 but with f* = 0 for all cases. One can see
that the obtaining numerical solutions are not so good, compared with the previous
simulations (cf. Fig. 1).

6.2 Space-Dependent Source f(x, y)

This implementation is constructed similar to that of Sect. 6.1, where the source
function is independent of the time variable and chosen as

05 if (x,y) € B(0,0.5):={(x,y) : x> + y? < 0.5%},
Sy, 0= {0 otherwise

for all #. We note that if the source term depends on the spatial variables, certain space
observations are required to guarantee the uniqueness of the identification problem,
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Fig. 2 Time dependent source with f* = 0: comparisons of the recovered source and exact source at
P1(—0.1, —0.5) and P»(0.5, 0.6) in different cases: f () = (2t — 1)2 sin(2r—1) (a), f(t) = 0.5—0.5—¢|
(b), f(t) =0.5H(t —0.5) (c), where H is the Heaviside step function

I
A

(a) (b) (©) (d)
Fig. 3 Space-dependent source at instant # = 0.5: the exact state (a), recovered state (b), exact source (c¢)

and recovered source (d)

Table 1 Space-dependent source: refinement level /, mesh size &, measurement error §, regularization

parameter p, and errors

l h 3 P [l — urec.”LZ(QT) [l — urec.||L2():) ”f - fr@C.”LZ(QT)
1 0.8 0.32 0.008 0.2160 0.2762 1.1199
2 0.4 0.08 0.004 0.0534 0.0727 0.3262
3 0.2 0.02 0.002 0.0132 0.0190 0.1083
4 0.1 0.005 0.001 0.0029 0.0049 0.0556

for example, the additional final data measurement. For this subject we mention to
[15-17,30,43] and references given there for detailed discussions.

We assume that the measurement z;s is available on the whole boundary ¥ =
a2 x [0, T]. In Fig. 3 we compare the recovered state/source with exact state/source
with respect to the spatial variables at the time level + = 0.5.

We also present the test on different mesh sizes and the numerical result is shown
in Table 1 with its corresponding EOC being given in Table 2.

The convergence history given in Table 1 and Table 2 shows that the algorithm

performs well for our identification problem.
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Table 2 Space-dependent source: EOC

! lu = ttrec.ll 2y lu = trec.l 25 If = Free N 20
1 _ _ _

2 2.0161 1.9257 1.7795

3 2.0163 1.9360 1.5907

4 2.1864 1.9551 0.9619

Mean of EOC 2.0729 1.9389 1.4440

e
——
sttt
s
*o (P
1P,

6 ©
0 01 02 03 04 05 06 07 08 09 1 -1 08 06 04 02 0 02 04 06 08 1 -1 08 -06 04 02 0 02 04 06 08 1
t vy

(a) (b) (©)

Fig.4 General source: the recovered source and exact source at Py along ¢ (a), x (b), and y (c)

6.3 General Source f(x, y, t)

We here consider a general case, where f depends on both space and time variables
but with a somewhat simplified setting. We set A = I, the 2 x 2 identity matrix,
b=0,0 =0and ¥ = 9Q2x (0, 1]. Moreover, we choose the exact stateasu(x, y, t) =
t(x? — 1)>(y?> — 1)%. With this setting, it is straightforward to verify that the initial
condition ¢, boundary condition g and exact data Z are all zeros. The exact source is
then

fite,y, 1) = @2 =127 = D? —t(x? = D2(12y% — 4) — r(12x% = H(y* — D%

We in Fig. 4 compare f] and f... at nodal point P;, while in Fig. 5a and b respectively
perform them at ¢ = 0.5. The numerical result shows that our reconstruction method
produces a good approximation of the sought source in the general case.

We would like to discuss the role of the predicted source f* in the numerical
solution to the identification problem. In principle, the CG method converges to the
f*-minimum-norm solution f¥. Therefore, for those inverse problems having more
than one solution, the obtaining numerical solution approximates the one that is nearest
to f*. For the case considered here, we can easily observe that it accepts fo = 0
(corresponding the state uo = 0) as another solution. With the setting f* = 0.5
to imitate the situation where we have no information about the sought source, the
algorithm converges to an approximation of f> as shown in Fig. 5c.
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Fig.5 General source at t = 0.5: the exact source f (a), recovered source (b), and recovered source with
respect to the predicted source f* =0

Table 3 Identified source satisfying the condition (5.2): refinement level /, mesh size &, measurement error
8, regularization parameter p, and errors

l h s o lu — urec. ”LZ(QT) llu — urec. HLZ(E) If— freC.”LZ(QT)
1 0.8 0.32 0.008 0.2199 0.2709 1.0994

2 0.4 0.08 0.004 0.0543 0.0699 0.3038

3 0.2 0.02 0.002 0.0136 0.0175 0.0842

4 0.1 0.005 0.001 0.0032 0.0042 0.0237

5 0.05 0.00125 0.0005 0.000745 0.000929 0.009616

6.4 ldentified Source Satisfying the Condition (5.2)

The last example aims at illustrating the convergence rate of the regularized approxi-
mations to the identification given in Theorem 5.2. To do so, the setting is similar to
the previous subsections with the observations taking on the whole boundary instead.
For generating the exact source, we start with the constant function w = 0.2 on ¥
and then solve (1.6) for the solution F(w). As w and the coefficients given in (6.7)
are constant functions, it deduces that F(w) € C°°(§ x [0, T]) (ct. [14,50]). Let
f* = (x% + y)t, we then have T = F(w) + f* € C®(Q x [0, T]).

In Tables 3 and 4, we show the errors corresponding to different hierarchical mesh
sizes and the resulting EOC, respectively, where all errors and noisy levels get together
smaller. Figure 6 shows the comparison between the exact source and recovered one
which match each other so well, as expected from our convergence result.

To close this section we wish to discuss the Gibbs phenomenon that possibly appears
during numerically recovering of discontinuous functions considered in this section,
say Figs. lc, 2c, and 3d. We observe that Gibbs phenomenon slightly happens in
Figs. 1c and 3d, but it seems to be not in Fig. 2c. These facts might be explained
as follows. First, the use of differentiable regularization terms, e.g., the quadratic
stabilizing penalty term, may smoothen the recovered solutions. We mention that
to reconstruct such discontinuous functions one usually employs the total variation
regularization, which was originally introduced in image denoising [42]. And second,
by setting, in Fig. 2c the a priori estimate f* = 0, while in the other cases, it is
discontinuous. Also, obtaining numerical solutions performing in Fig. 2b seem to be
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Fig. 6 Identified source satisfying the condition (5.2):

03
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exact source f (d), recovered source (e) att = 0.5

Table 4 Identified source satisfying the condition (5.2): EOC

04
4 08 06 04 02 0
t

()

02 04 06 08

1

comparisons along 7 (a), x (b), and y (c) at Py; the

! lluw — urec.”LZ(QT) lu — urec. ”LZ(Z) If- frec.”LZ(QT)
1 _ _ _

2 2.0178 1.9544 1.8555

3 1.9973 1.9979 1.8512

4 2.0875 2.0589 1.8289

5 2.1028 2.1766 1.3014

Mean of EOC 2.0513 2.0470 1.7093

smooth, where the a priori estimate is differentiable; meanwhile we in Fig. 1b utilize
a non-differentiable one.

7 Conclusion

In this paper we investigate the inverse problem of identifying the source function in
the parabolic equation
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z—b;(x, 1)+ Lu(x,t) = f(x,t)in Q7:=Q2 x (0, T],
ou(x,t)
on
u(x,0) =¢g(x)in Q

+o(x,Hu(x,t) = g(x, 1) on S:=3dQ x (0, T,

from a partial boundary measurement z5 € L%(%) of the solution u(x, ) on the
surface X:=I" x (0, T) C S, where L is a time-dependent, second order self-adjoint
elliptic operator, I is a relatively open subset of €2 and § > 0 is the error level of the
observation.

The Crank—Nicolson Galerkin method is employed to fully discretize the parabolic
equation. As a result, the state u(f) is then approximated by the finite sequence
(U}'l’ﬁr( f ))24:0 in which for each n € Iy the element U;:,r( f) € V}l—the space of
piecewise linear, continuous finite elements, where 4 and 7 is respectively the mesh
size of the space discretization and the time step.

The least squares method combining with the quadratic stabilizing penalty term is
utilized to tackle the identification problem, we then consider the unique minimizer
fo,5,n, of the minimization problem

M

tll
min Ul () = 25012 2,mdt + pll f — I (Pp.s.hc)
feLz(QT); ft UL = 2zl + 0 f = T2y, o 5T

as a reconstruction, where p > 0 is the regularization parameter and f* is an a priori
estimate of the identified source.
We show that with 8, &, T approaching zero and an appropriate a priori regulariza-

tion parameter choice p = p(§, h, T) the whole sequence (fp,a,h’f)po converges in

the L2(27)-norm to the unique f*-minimum-norm solution f* of the identification
problem as p tends to zero. The corresponding state sequence then converges in the
L2(0, T: H'(€2))-norm to the state u( f Y. Furthermore, the convergence rate

I fo5me — f 2@y = OWE)

is established for an additional suitable source condition and an appropriate choice of
the parameters /4, t and p coupling with §. The numerical experiments are presented
to illustrate the efficiency of the theoretical findings.
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