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Abstract

ω-limit set can be used to understand the long term behavior of a dynamical system. In this paper, we use the Lyapunov
function PDEs method, developed in our previous work, to study the relation between ω-limit points and boundaries for
chemical reaction networks equipped with mass-action kinetics. Using the solution of the PDEs, some new checkable criteria
are proposed to diagnose non ω-limit points of the network system. These criteria are successfully applied to verify that non-
semilocking boundary points and some semilocking boundary points are not ω-limit points. Further, we derive the ω-limit
theorem that precludes the limit cycle of some biochemical network systems. The validity of the results are demonstrated
through some abstract and practical examples of chemical reaction networks.
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1 Introduction

Chemical reaction networks (CRNs) are widely exist-
ing in the fields of chemistry, biology, and medicine, etc.
The related studies have been applied to many fields, be-
sides the above mentioned ones, even including those not
seemly related to chemical reactions, such as electricity
(Samardzija et al., 1989). Mass-action kinetics is one of
the most commonly used kinetics to describe the reac-
tion rate of chemical reactions, and the induced systems,
termed as mass-action systems (MASs), often give rise
to a family of nonequilibrium ordinary differential equa-
tions (ODEs). The ODEs are generally highly nonlinear,
and also contain many parameters, such as the rate con-
stants of all reactions. Due to difficult/inaccurate mea-
surement problem to these parameters, it often requires
to study the dynamical behaviors of MASs only depend-
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ing on the topological structure of networks, but inde-
pendent of the system parameters. Here, the dynami-
cal behaviors mainly relate to stability, persistence, etc.
The pioneering work on this topic was made by Horn
and Jackson (1972), and Feinberg (1979). They defined a
class of complex balanced MASs with weakly reversible
network structure, and addressed well the issues on num-
ber of equilibria, locally asymptotic stability, etc. How-
ever, the globally asymptotic stability is still far from be-
ing solved. In practice, it is unnecessary to directly tackle
this issue itself, but may address another issue of per-
sistence instead. A complex balanced MAS will be glob-
ally asymptotically stable if it has persistence. Hence,
the persistence study has become quite active in recent
decades (Anderson, 2008; Angeli et al., 2007), but the re-
lated issues are still open problems in the field of CRNs.
Certainly, persistence, as a kind of dynamical behavior,
is often used to model the reaction phenomenon that no
species will be used up in the course of reaction if it is
present at the reaction start. The study on this topic is
also interesting from the viewpoint of dynamic analysis.

In this work, we will not follow the line of studying per-
sistence of complex balanced MASs, but launch some
preparatory work about persistence of CRNs with any
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structure. As one might know, ω-limit set is a positively
invariable set of the trajectory, and may be used to re-
flect the dynamical property of system. AMAS is persis-
tence if the intersection of its ω-limit set and boundaries
is empty. The studies on the relation between ω-limit set
and boundaries of MASs are thus rather significant from
the viewpoint of control theory as well as of dynamic
analysis. As early as 1970s, Vasil’ev et al. (1974) proved
the ω-limit set of each trajectory of a detailed balanced
system to be only a single positive equilibrium or a set
of boundary equilibria. Siegel and Maclean (2000) gen-
eralized this result to complex balanced MASs and use
this property to derive the global asymptotic stability
of a subclass of complex balanced MASs. In characteriz-
ing dynamical behaviors, Lyapunov function is a power-
ful tool (Blanchini and Giordano, 2014). When the net-
works are complex balanced, there is a canonical choice,
i.e., the well-known pseudo-Helmholtz free energy func-
tion as the Lyapunov function (Horn and Jackson, 1972).
However, in other cases, there is no general method to
obtain a Lyapunov function, and no understanding of
the space of possible Lyapunov functions for a given re-
action network. Although Anderson et al. (2015) showed
that the pseudo-Helmholtz free energy function can be
derived from an appropriate limit of the stationary dis-
tributions for the stochastic mass-action systems, this is
not a practical construction method since for almost all
reaction network systems, the stationary distributions
are prohibitively hard to obtain. Our early work (Fang
and Gao, 2019) followed up this issue, and by connect-
ing the microscopic and the macroscopic levels, thermo-
dynamics and potential theory, proposed a PDE and a
boundary condition for a mass-action system, referred
to as the Lyapuonv Function PDEs. When the PDEs are
solved, the solutions are conjectured as Lyapunov func-
tions for the network attached. This conjecture has been
proved true when the network is complex balanced, of 1-
dimensional stoichiometric subspace, and a combination
of the other cases, respectively. Some special networks
with dimension of the stoichiometric subspace more than
2 also support the conjecture.

In this paper, we continue to utilize the Lyapunov Func-
tion PDEs, but to study the relation between ω-limit
set and boundaries of each trajectory of MAS. The main
contributions are listed below:

• For a MAS, based on the solution of its Lyapunov
Function PDEs, two sufficient conditions are pro-
posed to say any boundary point of system to be
not ω-limit point.

• Any non-semilocking boundary point and some
semilocking boundary non-equilibrium points are
proved not ω-limit point.

• Theω-limit set of someMASs, especially of complex
balancedMASs, is proved a set of positive equilibria
or a set of boundary equilibria.

• Some practical biochemical systems are proved to
have no limit cycles.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces some preliminaries about CRN theory
and Lyapunov Function PDEs. Section 3 presents the
checkable technical criteria for the ω-limit set under the
framework of the Lyapunov Function PDEs, and some
concrete examples are also illustrated. In Section 4, we
apply our results to some kinds of real biochemical net-
works. Finally, Section 5 concludes the paper.

Notations: Rn,Rn
≥0,Rn

>0 denote n-dimensional real
space, non-negative real space, positive real space,
respectively; C i denotes the function set whose el-
ements are ith continuously differentiable; su x
denotes the support set of a vector x defined as
su x = {Sj |xj ̸= 0}, ∀x ∈ Rn

≥0.

2 Preliminaries

In this section we will introduce some backgrounds on
CRN (Horn and Jackson, 1972; Feinberg, 1979) and the
Lyapunov Function PDEs (Fang and Gao, 2019).

2.1 CRN

A CRN consists of several chemical reactions Ri, i =
1, · · · , r as shown below:

n∑
j=1

νjiSj −→
n∑

j=1

ν′jiSj . (1)

Sj , j = 1, · · · , n are all the species involved in the chem-
ical reactions. νji, ν

′
ji represent the stoichiometric coeffi-

cients of Sj in the reactant and product of the i-th reac-
tion, respectively. Thus the reaction Ri presented in (1)
is equivalent to ν.i → ν′.i where ν.i, ν

′
.i ∈ Zn

≥0 are the vec-

tors of νji and ν′ji called reactant and product complex

of reaction Ri. Let S =
⋃n

j=1{Sj}, C =
⋃r

i=1{ν·i, ν′·i},
and R =

⋃r
i=1{Ri|Ri : ν

′
·i → ν·i}. The triple (S, C,R)

is usually used to represent a CRN. ν′.i − ν.i called the
reaction vector represents the concentration change of
each species when the reaction Ri occurs.

The dynamics of a CRN system capturing the change of
concentration of every species Sj (j = 1, · · · , n), identi-
fied by xj , is given once the reaction rate is specified as
a function V : Rn

≥0 7→ Rr
≥0 of x = (x1, · · · , xn)

⊤. The
most frequently-used model to specify the reaction rate
ismass-action kinetics, under which the reaction rate
follows power law with respect to the concentration of
every species in the reactant complex, with the stoichio-
metric coefficients as the power. For example, for the ith
reaction ν·i → ν′·i, the reaction rate Vi(x) is evaluated by

Vi(x) = kix
ν·i ≜ ki

n∏
j=1

x
νji

j , (2)
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where ki ∈ R>0 is the reaction rate constant.

Definition 2.1 (MAS). A CRN (S, C,R) equipped
with mass-action kinetics is called a MAS, usually rep-
resented by the quaternary (S, C,R, k).

The dynamical equation of a MAS (S, C,R, k) can be
written as

dx

dt
≜ ẋ(t) =

r∑
i=1

kix
ν·i(ν′·i − ν·i). (3)

For a CRN (S, C,R), the phase space is Rn. When
studying dynamical properties of a MAS, we of-
ten need to consider the stoichiometric subspace
S spanned by all reaction vectors, denoted by
S = span{ν′·1 − ν·1, · · · , ν′·r − ν·r}. Actually, the dy-
namical equation presented in (3) is contained in the
stoichiometric subspace, thus the trajectory is uniquely
determined by the initial point, and can only move
within the stoichiometric compatibility class containing
the initial point. The stoichiometric compatibility class
is defined as follows:

Definition 2.2 (stoichiometric compatibility class).

Let x0 ∈ Rn
≥0, the sets S (x0) ≜ {x0 + ξ|ξ ∈ S },

S (x0) ∩ Rn
≥0 and S (x0) ∩ Rn

>0 are called the stoichio-
metric compatibility class, non-negative stoichiometric
compatibility class and positive stoichiometric compat-
ibility class of x0, respectively.

Definition 2.3 (boundary point). For aMAS (S, C,R, k)
governed by (3), any species concentration vector
x̄ ∈ Rn

≥0 but x̄ /∈ Rn
>0 is called a boundary point.

Remark 1 Given a boundary point x̄, let W represent
the set of species with 0 concentration in x̄. We define
the set of boundary points with the same W as:

LW = {x ∈ Rn
≥0|xi = 0 for Si ∈W ; xi > 0 for Si /∈W}.

Thus LW is a boundary of Rn
≥0 and ∂Rn

≥0 =
⋃

W⊂S LW .
For each stoichiometric compatibility class Sx0 , the
boundary of Sx0 is denoted as FW = S (x0) ∩ LW .

Definition 2.4 (equilibrium and boundary equilib-
rium) For a MAS (S, C,R, k), a concentration vector
x∗ ∈ Rn

>0 is called an equilibrium if

r∑
i=1

ki(x
∗)ν·i(ν′·i − ν·i) = 0n (4)

and further a boundary equilibrium if x∗ is also a
boundary point.

Definition 2.5 (complex balanced equilibrium). For a
MAS (S, C,R, k), a concentration vector x∗ ∈ Rn

>0 is

called an equilibrium if

r∑
i=1

ki(x
∗)ν·i(ν′·i − ν·i) = 0n, (5)

and a complex balanced equilibrium if∑
{ν·i=C}

ki(x
∗)ν·i =

∑
{ν′

·i=C}

ki(x
∗)ν·i , ∀ C ∈ C. (6)

Remark 2 At the complex balanced equilibrium point,
the inflow and outflow of each complex are equal. A com-
plex balanced equilibrium must be an equilibrium, but not
vice versa. If a MAS admits an (complex balanced) equi-
librium, it is called (complex) balanced MAS. If there ex-
ists a complex balanced equilibrium in a MAS, any other
equilibrium (if it exists) in this MAS is also a complex
balanced equilibrium (Horn and Jackson, 1972).

For any complex balanced MAS, it requests that the
network should have a weakly reversible structure,
which is defined as follows.

Definition 2.6 (weakly reversible CRN). A CRN
(S, C,R) is called weakly reversible if for any reaction
ν·i → ν′·i ∈ R there exists a series of reactions starting
from ν′·i and ending with ν·i, i.e., ν

′
·i → ν·i1 ∈ R, · · · ,

ν·im → ν·i ∈ R, m < r.

Finally we present definitions related to ω-limit set.

Definition 2.7 (ω-limit point). The set of ω-limit
points for the trajectory x(t) with positive initial con-
dition x0 ∈ Rn

>0 is

ω(x0) := {x ∈ Rn
≥0 | x(tN )→ x, for tN →∞}. (7)

Definition 2.8 (semilocking set and locking set (An-
derson, 2008; Angeli et al., 2007)). For a CRN (S, C,R),
a nonempty set W ⊆ S is said to be a semilocking set if
one species of W is in a product complex ν′·i, there must
exist a species of W in the reactant complex ν·i. If for
any reaction ν·i → ν′·i there exists a Sj ∈W in reactant
complex ν·i, then W ⊆ S is called a locking set.

Now we use a simple example to illustrate the above
definition.

Example 1 Consider the following CRN

2S1 → S2, S2 + S3 → 2S3.

The phase space is R3, and the corresponding boundaries
are

⋃
LWi , i = 1, · · · , 7, where

W1 = {S1},W2 = {S2},W3 = {S3},W4 = {S1, S2},
W5 = {S1, S3},W6 = {S2, S3},W7 = {S1, S2, S3}.
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Now considering W4, the species S2 in W4 is in-
cluded in the product complex of the first reaction,
the reactant complex of R1 also contains the species
S1 in W4. Thus W4 is a semilocking set. Other sets
can be verified similarly. So we have the semilock-
ing set to be {W3,W4,W5,W7}, the locking set to be
{W3,W4,W5,W7}, and the nonsemilocking set to be
{W1,W2,W6}.

Compared with the general boundary, the semilocking
boundary has the following property:

Proposition 1 (Anderson, 2008) A nonempty setW ⊆
S in a CRN (S, C,R) is a semilocking set iff the boundary
FW is positively invariant for the dynamics (3).

ω-limit set plays an important role on the analysis of
long-term dynamical properties, like persistence, global
asymptotic stability etc. In this paper, we use the
method of Lyapunov Function PDEs to derive some
checkable criteria for ω-limit points.

2.2 Lyapunov Function PDEs

By bridging the microscopic and the macroscopic lev-
els, and thermodynamics and potential theory, the Lya-
punov Function PDEs are yielded from Chemical Mas-
ter Equation (Fang and Gao, 2019). Their main use is to
produce a Lyapunov function for capturing the asymp-
totic stability of MASs. For any MAS (S, C,R, k) gov-
erned by (3), they include a first-order PDE

r∑
i=1

kix
ν·i −

r∑
i=1

kix
ν·i exp{(ν′·i − ν.i)

⊤▽f(x)} = 0, (8)

and a corresponding boundary condition

lim
x→x̄

∑
su ν′

·i⊆su x̄

kix
ν·i exp{(ν′·i − ν·i)

⊤▽f(x)}

= lim
x→x̄

∑
su ν·i⊆su x̄

kix
ν·i .

(9)

Note that in the above two equations f ∈ C 1, x ∈ Rn
>0,

and x̄ ∈ Rn
≥0 represents any boundary point satisfying

x − x̄ ∈ S , and su x̄ denotes the support set of x̄. For
example, for vector (2, 0, 1)⊤, su (2, 0, 1)⊤ = {S1,S3}.

Remark 3 The following boundary condition is
straightforward if (9) is subtracted from (8),

lim
x→x̄

∑
su ν′

·i⊈su x̄

kix
ν·i exp{(ν′·i − ν·i)

⊤▽f(x)}

= lim
x→x̄

∑
su ν·i⊈su x̄

kix
ν·i , x ∈ Rn

>0.
(10)

(9) and (10) are referred to as the boundary condition
(a) and (b) in the context, respectively.

The following proposition suggests that the solutions
(if exist) of the PDEs (8) and (9) has the property of
dissipation (Fang and Gao, 2019).

Proposition 2 For a MAS (S, C,R, k) described by (3),
let f ∈ C 1 be a solution of its Lyapunov Function PDEs
(8,9), then

df(x)

dt
≜ ḟ(x) ≤ 0, x ∈ Rn

>0 (11)

with equality to hold if and only if ▽f(x) ⊥ S . Further,
assume that f ∈ C 2 is a solution of the PDEs. If ∃ D ⊂
Rn

>0 such that ∀x ∈ D and ∀µ ∈ S there is

µ⊤▽2f(x)µ ≥ 0 with equality to hold iff µ = 0n,

then for all x ∈ D, ḟ(x) = 0 if and only if x is an
equilibrium of the MAS.

Fang and Gao (2019) proved that the Lyapunov Func-
tion method is valid for complex balanced MASs, all 1d
MASs and some special MASs with dimension beyond
1. Here, we will use it to analyze the ω-limit points of
some MASs.

3 Main results

In this section, we present our main results on the rela-
tion between ω-limit set and boundaries of MASs. The
Lyapunov Function PDEs (8) and (9) might serve for
analyzing any boundary point to be an ω-limit point or
not. From the solution of dynamical equation (3), Rn

>0
is the positive invariant (Siegel and Maclean, 2000),
wich means it impossible for arbitrary trajectory with
positive initial point to enter into a boundary of Rn in
a finite amount of time. So we consider the situation
when the starting point is on the boundary. Note that
we move all proofs to lemmas to the Supplement Mate-
rials due to room limitation.

Lemma 3.1 For a MAS (S, C,R, k) given by (3), the
trajectory starting from a boundary point will stay in
the positive stoichiometric compatibility class for infinite
time or zero time.

In the following, we use the Lyapunov Function PDEs
method to derive the relationship between the ω-limit
points and boundary points.

Theorem 3.2 Consider aMAS (S, C,R, k) described by
(3). Assume that f ∈ C 1 is a nonnegative solution of its
Lyapunov Function PDE (8), and x̄ ∈ Rn

≥0 represents
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any boundary point. x̄ is not aω-limit point if the solution
f(x) satisfies

lim
x→x̄

ḟ(x) = −∞ or lim
x→x̄

ḟ(x) ≤ −M, (12)

where x ∈ Rn
>0 ∩S (x̄) and M is a positive constant.

Proof. See Appendix A. □

In the case of the non-semilocking boundary points, we
have

Lemma 3.3 Consider a MAS (S, C,R, k) with f ∈ C 1

as a solution of its Lyapunov Function PDEs (8) and
(9). Let x̄ ∈ Rn

≥0 represent any boundary point of this

MAS. If the set W ≜ sucx̄ is not a semilocking set, then
lim
x→x̄

ḟ(x) = −∞ where x ∈ Rn
>0 is bounded and satisfies

x− x̄ ∈ S .

Theorem 3.4 Given a MAS (S, C,R, k) in (3), f ∈ C 1

is a solution of its Lyapunov Function PDEs. For each
boundary point x̄ in non-semilocking set LW , x̄ can not be
the ω-limit point for arbitrary trajectory of this system.

Proof. The result directly derives from Theorem 3.2.□

Example 2 A MAS takes the reaction route as

2S1
k1−→ S1 + S2, 2S2

k2−→ S2 + S3, 2S3
k3−→ S3 + S1.

where the reaction rate constants are k1 = k2 = k3 = 1.
It is not difficult to check that for this MAS any nonzero
boundary point is a non-semilocking boundary point. The
origin is excluded since it is not likely to be an ω-limit
point due to mass conservation of this network. (Fang
and Gao, 2019) has proved that the following function
given by

f(x) = 2x⊤Ln
( x

x∗

)
− 21⊤

3 (x− x∗), x ∈ Rn
>0,

is a nonnegative solution of the Lyapunov Function PDEs
of the MAS, where x∗ = (1, 1, 1)⊤ is an interior equilib-
rium. Attached to the current MAS, we can compute the
limit of its time derivative

lim
x→x̄

ḟ(x) = lim
x→x̄

2[
(
−x2

1 + x2
3

)
lnx1 +

(
x2
1 − x2

2

)
lnx2

+
(
x2
2 − x2

3

)
lnx3]

Clearly, for any nonzero boundary point x̄, if x̄ − x∗ ∈
S , we have limx→x̄ ḟ(x) = −∞. This means that each
boundary point can not be the ω-limit point of an arbitrary
trajectory of this MAS.

Above results illustrate that non-semilocking boundary
points cannot be ω-limit points from the perspective of

Lyapunov Function PDEs. The following part is dedi-
cated to the study of semilocking boundary points.

Lemma 3.5 Given a MAS (S, C,R, k) with the dynam-
ics of (3), let its Lyapunov Function PDEs (8) and (9) ad-
mit a solution f ∈ C 1. Then for any semilocking bound-
ary point x̄ ∈ Rn

≥0 we have

lim
x→x̄

ḟ(x) = lim
x→x̄

r∑
i=1

kix
ν·i(ν′·i − ν·i)

⊤▽f(x)

≤ lim
x→x̄

∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν·i(ν′·i − ν·i)

⊤▽f(x)

︸ ︷︷ ︸
F1(x)

+ lim
x→x̄

∑
su ν·i⊆su x̄
su ν′

·i⊈su x̄

kix
ν·i(ν′·i − ν·i)

⊤▽f(x)

︸ ︷︷ ︸
F2(x)

+ lim
x→x̄

∑
su ν·i⊈su x̄

su ν′
·i⊆su x̄

kix
ν·i(ν′·i − ν·i)

⊤▽f(x)

︸ ︷︷ ︸
F3(x)

+ lim
x→x̄

∑
su ν·i⊈su x̄

su ν′
·i⊈su x̄

kix
ν·i(ν′·i − ν·i)

⊤▽f(x)

︸ ︷︷ ︸
F4(x)

= F1(x) + F3(x) + F4(x).

The above result may simplify the computation of
lim
x→x̄

ḟ(x) when x̄ is a semilocking boundary point.

We then use it to analyze the non-equilibriums in the
semilocking set and further derive the ω-limit set theo-
rem of some kinds of chemical reaction systems.

Theorem 3.6 For a MAS (S, C,R, k) governed by (3),
assume its Lyapunov Function PDEs (8), (9) admit a
nonnegative solution f ∈ C 2. Then for any semilocking
boundary non-equilibrium point x̄ ∈ Rn

≥0 of this network,

x̄ is not an ω-limit point if the Hessian matrix of f(x) is
a positive definite diagonal matrix.

Proof. See Appendix B. □

Theorem 3.7 (ω-limit Theorem) Consider a MAS
(S, C,R,K) given in (3). If the solution f of its Lya-
punov Function PDEs is a positive definite diagonal
matrix, then the ω-limit set of each bounded solution
of this system is a set of positive equilibria or a set of
boundary equilibria.

Proof. f(x(t)) along the trajectory x(t) begins with x0

is monotone decreasing, but it is also bounded below,
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thus lim
t→+∞

f(x) = F0. ω(x0) ∈ {x|f(x) = F0} is con-

tained in a bounded, closed set(compact). Thus ω(x0)

is invariant and connected. Because ḟ(x) = 0 iff x is
an equilibrium, the ω-limit set only contains equilibria.
From the connected property, the ω-limit set can not
contain both positive equilibrium and boundary equil-
biria. Thus ω-limit set is a set of positive equilibria or a
set of boundary equilibria. □

Note that the direct application of Theorem 3.7 is to
complex balanced MASs which can derive the result in
(Siegel and Maclean, 2000).

Corollary 1 Assume a MAS (S, C,R, k) described by
(3) is complex balanced. Then the ω-limit set of each tra-
jectory is a single positive equilibrium or a set of bound-
ary equilibria.

Proof. It has been proved (Fang and Gao, 2019) that
the well-known pseudo-Helmholtz free energy function
(Horn and Jackson, 1972), given by

f(x) =

n∑
j=1

xj

(
lnxj − lnx∗

j − 1
)
+ x∗

j , x ∈ Rn
>0

is a nonnegative solution of the corresponding Lyapunov
function PDEs, where x∗ ∈ Rn

>0 is an equilibrium in the
complex balanced system. Note that the eqilibrium x∗

should be chosen such that x∗ − x̄ ∈ S , which must be
existing since each positive stoichiometric compatibility
class must contain and only contains an equilibrium
(Horn and Jackson, 1972). Clearly, f ∈ C 2 and its Hes-
sian matrix, written as ▽2f(x) = diag{1/x1, · · · , 1/xn},
is a positive definite diagonal matrix. The result is
straightforward based on Theorem 3.7. □

But it can also be used in non-complex balanced net-
work as the following example.

Example 3 A MAS follows

S1
k1−→ S2, 2S2

k2−→ S2 + S1, 2S1 + S3
k3 / 2S3
k4

o .

By setting k1 = k2 = k3 = k4 = 1, we can verify that the
function

f(x) = x1 lnx1−x1+2(x2 lnx2−x2)+x3 lnx3−x3+4

is a nonnegative solution of its corresponding PDE. Its
time derivative is

ḟ(x) = (−x1 + x2
2 − 2x2

1x3 + 2x2
3) lnx1

+2(x1 − x2
2) lnx2 + (x2

1x3 − x2
3) lnx3,

and Hessian matrix is ▽2f(x) = diag(1/x1, 2/x2, 1/x3)
which is obviously a positive diagonal matrix in R3

>0.

Fig. 1. Chemical stoichiometric compatibility classes and tra-
jectories of the system in Example 3.

Hence, from Theorem 3.6 all semilocking boundary non-
equilibrium points in this MAS are not ω-limit points.

We exhibit more details here. For simplicity, con-
sider a representative semilocking boundary point x̄ =
(x̄1, x̄2, 0)

⊤, where x̄1, x̄2 > 0 and W ≜ sucx̄ = {S3},
then we have

lim
x→x̄

ḟ(x) = lim
x→x̄

(−x1 + x2
2 − 2x2

1x3 + 2x2
3) lnx1

+ lim
x→x̄

2(x1 − x2
2) lnx2 + (x2

1x3 − x2
3) lnx3

= −(x̄1 − x̄2
2)(ln x̄1 − 2 ln x̄2).

Therefore, if x̄1 ̸= x̄2
2, which suggests x̄ is not a bound-

ary equilibrium from the dynamical equation, then
lim
x→x̄

ḟ(x) < 0. x̄ is not an ω-limit point. Because this

network is a conserved network with a conservation law
(1, 1, 2), each trajectory of this network is bounded. So
Theorem 3.7 tells us the ω-limit set of each trajectory is a
positive equilibriums set or a boundary equilibriums set.

Figure 1 shows two stoichiometric compatibility classes
with eight different trajectories. The small and large
triangles are non-negative stoichiometric compatibility
classes

SCC1 : {(x1, x2, x3)|x1 + x2 + 2x3 = 2, xi ≥ 0};
SCC2 : {(x1, x2, x3)|x1 + x2 + 2x3 = 6, xi ≥ 0};

respectively. In Fig. 1, the black and green trajectories
start from different boundaries, while the red and blue
ones begin with positive initial points. All the trajectories
with positive initial points converge to positive equilib-
riums. These dynamical behaviors shown in the figure
is consistent with the result in Theorem 3.7. Thus from
the Theorem 3.7, there does not exist limit cycle in this
system.
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4 Applications

In this section, we apply our results to some real bio-
chemical networks which are obviously not complex
balanced even not weakly reversible.

Example 4 (PAK-1 network) p21-activited kinase
1(PAK-1) is involved in a variety of biological processes
such as tumor cell proliferation, apoptosis and inva-
sion(Hong et al., 2021). The following network can be
seen as a simplified model of PAK-1:

2E
k1−→ E + P1, E

k2←− P1
k3 / P2
k4

o . (13)

Let x1, x2, x3 denote the concentration of species
E,P1, P2, the following function

f(x) =
∑
2,3

(xi lnxi − xi − x∗
i lnx

∗
i + x∗

i )

+ 2(x1 lnx1 − x1 − x∗
1 lnx

∗
1 + x∗

1)

with x∗ = (x∗
1, x

∗
2, x

∗
3) =

(√
k2k4

k1
, k4, k3

)
is the solution

of its corresponding PDE. The Hessian matrix of this
function

▽2f(x) = diag

(
2

x1
,
1

x2
,
1

x3

)
(14)

is a positive diagonal matrix. The ω-limit points of all
trajectories can only be equilibria.

Above biological system is actually a CBP net-
work(complex balanced produced network) proposed
by us in (Wu et al., 2020; Lu et al., 2022). Each
CBP network can be generated by a correspond-
ing complex balanced network and diagonal matrix
Q = diag(q1, · · · , qn). CBP networks are generally not
weakly reversible structure. Actually, not only the PAK1
network satisfies the theorem 3.7 conditions, but all
CBP networks satisfy. See Remark 4 below for details.

Remark 4 PAK-1 network (13) can be produced by the
following network

2E
1
4k1 / P1
k2

o k3 / P2
k4

o , (15)

And the corresponding matrix Q = diag(2, 1, 1). The
solution of Lyapunov Function PDE of CBP networks
is generalized pseudo-Helmholtz free energy(Wu et al.,
2020) in the following form:

f(x) =

n∑
j=1

qjxj

(
lnxj − lnx∗

j − 1
)
+ x∗

j , x ∈ Rn
>0.

Clearly, f ∈ C 2 and its Hessian matrix, written as
▽2f(x) = diag(q1/x1, · · · , qn/xn) is a positive definite

diagonal matrix. Then we can derive that all bound-
ary nonequilibria are not ω-limit points straightforward
based on Theorem 3.6.

It should be noted that the Lyapunov functions for
PAK-1 network, and also for networks in Examples 2
and 3 are all the logarithmic Lyapunov function. They
have similar form to the Lyapunov function used for
Lotka Volterra systems. The result is actually not sur-
prising due to the closeness of the two classes of systems.
Essentially, they are closely related to polynomial sys-
tems. Besides PAK-1 network, many practical networks
also satisfy the conditions in Theorem 3.7, thus being
precluded to have the limit cycle.

Example 5 Now we consider the following simple au-
tocatalytic network

2S1 + S2
k2,3 // 3S1 , S1 + 2S2

k1,3 // 3S2 ,

S1

k1,1 / S2
k2,1

o , 2S1 S1 + S2
k2,2oo k1,2 // 2S2 .

Such networks are often used to simulate the foraging
process of ants (Khaluf et al., 2017). Choosing reaction
rate constants as k1,3 = k2,3 = k1,2 = 1, k2,2 = 3, k2,1 =
2, k1,1 = 4, it is easy to verify that the following function
is the solution of its Lyapunov function PDE

f(x) =

∫ x1

1

ln
6s

s2 + 3s+ 2
ds+

∫ x2

1

ln
6s

s2 + s+ 4
ds.

The Hessian matrix of above f is also positive diagonal
in chemical stoichiometric compatibility class {x1+x2 =
2}, thus the ω-limit points in this stoichiometric compat-
ibility class can only be the positive equilibria (1, 1)⊤ or
the set of boundary equilibria from the Theorem 3.7.

5 Conclusion

This article has made a systematic study on the relation
between ω-limit points and boundary points of MASs
through the Lyapunov Function PDEs method. Based
on the solution of the PDEs, we develop some criteria
(sufficient conditions) to say the boundary point of the
MAS to be not ω-limit point. Furthermore, we prove the
sufficient conditions are valid in ruling out two types
of boundary points, i.e., any non-semilocking boundary
point and some semilocking boundary non-equilibrium
points, to become ω-limit points. As a complementary
result, we also present the ω-limit theorem that charac-
terizes the ω-limit set of some MASs, especially of the
well-known complex balanced MASs, only likely to be a
set of positive equilibria or a set of boundary equilibria.
All of the results indicate that the Lyapunov Function
PDEs method is a powerful and practical tool to diag-
nose the relation between ω-limit points and boundaries

7



of MAS. Note that ω-limit points are often used to char-
acterize persistence, so the PDEs method is exhibiting
large potential in capturing the dynamical behaviors of
MASs, not only stability (Fang and Gao, 2019; Wu et
al., 2020; Lu et al., 2022) but also persistence.
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Appendix: Detailed proofs of some results

A. Proof of Theorem 3.2

Proof. For any initial point x(0) ∈ Rn
>0∩S (x̄), we have

f(x(0)) ≥ 0 and

f(x(t)) = f(x(0)) +

∫ t

0

ḟ(x(s))ds. (16)

In the following, we use rebuttals of evidence to continue
the proof. Assume that x̄ is a ω-limit point under the
given initial conditions. Under this assumption and the
conditions of f ∈ C 1 and lim

x→x̄
ḟ(x) = −∞ (or −M), we

can find a positive constant M0 and a ϵ-neighbourhood
of x̄ (ϵ > 0), denoted by Nϵ(x̄), for any trajectory x(t)

starting from x(0) such that ḟ(x) < −M0,∀x ∈ Nϵ(x̄),
and its residence time in Nϵ(x̄) is infinite, i.e.,

Tϵ = lim
t→+∞

∫ t

0

1{x(s)∈Nϵ(x̄)}ds = +∞. (17)

If we cannot find such a Nϵ(x̄) supporting (17), con-
sider another ϵ′-neighbourhood of x̄ (ϵ′ > ϵ), denoted

by Nϵ′(x̄), in which lim
x→x̄

ḟ(x) < −M ′
0 (M ′

0 > 0), and de-

note the residence time for the trajectory x(t) to stay in
Nϵ′(x̄) by

Tϵ′ = lim
t→+∞

∫ t

0

1{x(s)∈Nϵ′ (x̄)}ds.

If Tϵ′ = +∞, then replace ϵ in (17) by ϵ′. If Tϵ′ is finite,
then from the infinite time that the trajectory x(t) stays
in the positive stoichiometric compatibility class of x(0),
we get that the time for x(t) to stay out of Nϵ′(x̄) is
infinite. Define an area Ω by

Ω ≜ {x ∈ Rn
>0|ϵ ≤ ∥x− x̄∥ ≤ ϵ′},

which is obviously a bounded region. Since x̄ is assumed
to be a ω-limit point of the trajectory x(t), for any

t1 > 0 we can find t2 > t1 such that x(t2) ∈ Nϵ(x̄).
This together with the trajectory staying out of Nϵ′(x̄)
for infinite time suggests that the trajectory will pass
through the region Ω infinite times. Note that g(x) is a
continuous function about x and the trajectory x(t) is
bounded, so g(x) is bounded and ∃ M1 > 0 such that
∥g(x)∥∞ ≤M1,∀x ∈ Ω. Denote the time for the trajec-
tory to enter into Ω at a certain time by ta and to leave
Ω by tb, then we have

ϵ′ − ϵ ≤ ∥x(tb)− x(ta)∥ = ∥
∫ tb

ta

g(x(s))ds∥ ≤ (tb − ta)M1

⇒ tb − ta ≥
ϵ′ − ϵ

M1
,

where g(x(t)) = ẋ(t). This means that it at least needs
the time of (ϵ′ − ϵ1)/M1 for the trajectory to stay in
Ω. Since the trajectory passes through Ω infinite times,
so its residence time in Ω will be infinite if the time
trends to infinity. This is inconsistent with Tϵ′ being
finite. Therefore, if we assume x̄ ∈ ω(x(0)), there must

exist a Nϵ(x̄) such that lim
x→x̄

ḟ(x) < −M0 and Tϵ = +∞.

By taking limit on both sides of (16), we get

lim
t→+∞

f(x(t)) = f(x(0)) + lim
t→+∞

∫ t

0

ḟ(x(s))ds

≤ f(x(0))−M0 lim
t→+∞

∫ t

0

1{x(s)∈Nϵ(x̄)}ds = −∞,

where the second inequality holds since ḟ(x) ≤ 0(See
Proposition 2). This result is contrary to f(x) ≥ 0.
Hence, the assumption x̄ ∈ ω(x(0)) is not true. □

B. Proof of Theorem 3.6.

Proof. Since x̄ ∈ Rn
≥0 is a semilocking boundary non-

equilibrium point in the MAS, from Lemma 3.5 we have

lim
x→x̄

ḟ(x) ≤ F1(x) + F3(x) + F4(x).

In addition, we have

lim
x→x̄

∑
su ν·i⊆su x̄

kix
ν·i = lim

x→x̄

∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν·i +

∑
su ν·i⊆su x̄
su ν′

·i⊈su x̄

kix
ν·i

= lim
x→x̄

∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν·i

= lim
x→x̄

∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν·i + lim

x→x̄

∑
su ν·i⊈su x̄

su ν′
·i⊆su x̄

kix
ν·i

= lim
x→x̄

∑
su ν′

·i⊆su x̄

kix
ν·i ,
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which together with the boundary condition (a) (9)
yields

lim
x→x̄

∑
su ν′

·i⊆su x̄

kix
ν·i

= lim
x→x̄

∑
su ν′

·i⊆su x̄

kix
ν·i exp{(ν′·i − ν·i)

⊤▽f(x)}

By performing the Taylor expansion of expΛi ≜
exp{(ν′·i − ν·i)

⊤▽f(x)} with respect to zero, we get

lim
x→x̄

 ∑
su ν′

·i⊆su x̄

kix
ν·iΛi +

∑
su ν′

·i⊆su x̄

kix
ν·i

eαi

2
Λ2
i

 = 0

where αi ∈ R lies between 0 and Λi. Further, we obtain

lim
x→x̄

∑
su ν′

·i⊆su x̄

kix
ν·iΛi ≤ − lim

x→x̄

∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν·i

eαi

2
Λ2
i

︸ ︷︷ ︸
H1(x)

− lim
x→x̄

∑
su ν·i⊈su x̄

su ν′
·i⊆su x̄

kix
ν·i

eαi

2
Λ2
i

︸ ︷︷ ︸
H2(x)

,

i.e., F1(x)+F3(x) ≤ H1(x)+H2(x).Obviously,H1(x) ≤
0 and H2(x) ≤ 0.

We are only concerned with H1(x) to follow the proof.
DenoteW = suc x̄, which is a semilocking set. Naturally,
under the conditions of su ν′·i ⊆ su x̄ and su ν·i ⊆ su x̄,
ν′ji − νji = 0, j ∈ W . For simplicity but without loss
of generality, we assume W = {m + 1, · · · , n} where
m < n. Then under the mentioned conditions, we have

(ν′·i − ν·i)
⊤▽f(x) =

m∑
j=1

(ν′ji − νji)▽jf(x).

Since ∆f(x) is a diagonal matrix, i.e.,

∂2f

∂xj1∂xj2

= 0 =
∂▽j1f

∂xj2

,

▽j1f(x) does not contain xj2 if j1 ∈ W while j2 /∈ W .
By letting x⊥ and x̄⊥ denote the first m components of

x and x̄, respectively, we thus get −H1(x) equal to

= lim
x⊥→x̄⊥

∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν·i
⊥

eαi

2

 m∑
j=1

(ν′ji − νji)▽jf(x⊥)

2

=
∑

su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix̄
ν·i
⊥

eαi

2

 m∑
j=1

(ν′ji − νji)▽jf(x̄⊥)

2

.

If H1(x) = 0, which implies ▽f(x̄⊥) ⊥ (ν′·i − ν·i) for all
su ν·i ⊆ su x̄ and su ν′·i ⊆ su x̄, we obtain

lim
x→x̄

∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν·i

= lim
x→x̄

∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν·i exp[(ν′·i − ν·i)

⊤▽f(x)]
(18)

Combining the boundary condition (a) (9), we further
have

lim
x→x̄

∑
su ν·i⊈su x̄

su ν′
·i⊆su x̄

kix
ν·i exp[(ν′·i − ν·i)

⊤▽f(x)] = 0. (19)

This result also applies to other semilocking boundary
non-equilibrium points, denoted by x̄∗, satisfying su x̄ =
su x̄∗. The main reason is that the change of exp{(ν′·i −
ν·i)

⊤▽f(x)} from x → x̄ to x → x̄∗ in (19) will not
change the limit value, which can be easily verified when
we make the following decomposition

(ν′.i − ν.i)
⊤▽f(x)

=

m∑
j=1

(ν′ji − νji)▽jf(xj) +

n∑
j=m+1

(ν′ji − νji)▽jf(xj)

Clearly, the second term in the right hand of the above
equation will keep unchanged from x → x̄ to x → x̄∗

since the last n − m entries of x̄ and x̄∗ are the same.
Although the first term will change, both x̄j

∗ and x̄j are
specific positive bounded values for j = 1, · · · ,m, which
will lead to f(x̄j) and f(x̄j

∗) bounded. Therefore, the
first term will keep bounded for any boundary points
satisfying su x̄ = su x̄∗. Namely, (19) holds for any x̄∗

with suc x̄∗ = W . We thus can generalize (18) into

lim
xj>0,j=1,··· ,m

xj→0,j=m+1,··· ,n

∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν·i

= lim
xj>0,j=1,··· ,m

xj→0,j=m+1,··· ,n

∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν·i exp[(ν′·i − ν·i)

⊤▽f(x)],
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which is actually equivalent to∑
su ν·i⊆su x̄
su ν′

·i⊆su x̄

kix
ν̃·i
⊥ − kix

ν̃·i
⊥ exp[(ν̃′·i − ν̃·i)

⊤▽f̃(x)] = 0.

Here, ν̃·i, ν̃
′
·i and ▽f̃(x) are the first m entries of ν·i, ν

′
·i

and ▽f(x), respectively. Now we define another MAS

(S̃, C̃, R̃, k̃) with S̃ = {S1, · · · , Sm}, R̃ = {ν·i →
ν′·i| su ν·i, su ν′·i ⊆ {1, · · · ,m}}, C̃ = {complexes in R̃}
and k̃ as the projection of k ∈ RR into RR̃. Then,
according to the new MAS, (5) may be rewritten as∑

R̃

k̃ix
ν̃·i
⊥ =

∑
R̃

k̃ix
ν̃·i
⊥ exp{(ν̃′·i − ν̃·i)

⊤▽f̃(x)}.

Note that △f(x) is a diagonal matrix, so ▽f̃(x) is in-
dependent of xj when j = m + 1, · · · , n. Denote the

function whose gradient with respect to x⊥ is ▽f̃(x) by
f̃(x), then f̃(x) is only related to x⊥. Therefore, f̃(x)
is a solution of (5), i.e., the Lyapunov Function PDE

of the MAS (S̃, C̃, R̃, k̃). Also, note that △f̃(x) is pos-
itive definite, which together with the assumption of
H1(x) = 0 suggests that x̄⊥ is a positive equilibrium

point in (S̃, C̃, R̃, k̃) (based on Proposition 2). There-
fore, x̄ is a boundary equilibrium point in the MAS
(S, C,R, k), which is contradict to the condition that
x̄ is a boundary non-equilibrium point. We thus have
H1(x) < 0, i.e., ∃M > 0 such that F1(x)+F3(x) < −M .
From the proof of Lemma 3.3, we have F4(x) ≤ 0, so

lim
x→x̄

ḟ(x) ≤ −M . Further from Lemma 3.2, we get that

x̄ is not an ω-limit point. □
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