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Executive Summary

For many large-scale convex optimization problems, when requirements on the
solution accuracy are not too high, first-order methods are methods of choice
due to their cheap iteration cost and global convergence properties. However,
the proven efficiency of a first-order method is classically based on some impor-
tant assumptions:

© exact first-order information for the objective function is obtainable at
each iteration

© the objective function satisfies specific properties such as smoothness or
strong convexity

© projections on the feasible set can be computed efficiently at each itera-
tion.

The goal of this thesis is to extend the analysis and scope of first-order meth-
ods of smooth convex optimization beyond this comfort zone. We review three
challenging difficulties directly related to the above three assumptions: inexact-
ness in the first-order information, lack of smoothness of the objective function
and presence of linear constraints (that complicate projections on the feasible
set).

1 Inexact first-order information

One of the main contributions of this thesis is an extended analysis of the ef-
fect of inexact first-order information on existing first-order methods of smooth
convex optimization, together with the development of new methods exhibiting
a better behavior with respect to errors.



EXECUTIVE SUMMARY

We introduce the novel notion of (d, L)-oracle. It can be seen as a generaliza-
tion of the exact oracle of a smooth convex function that allows now an error
0 in the first-order information. Such kind of oracle naturally appears when the
first-order information of a smooth convex function is computed approximately,
at a shifted point or when we solve approximately the subproblem defining
a max-type smooth convex function in the context of smoothing techniques,
Moreau-Yosida regularization and Augmented Lagrangians.

Our analysis of existing first-order methods of smooth convex optimization when
used with such kind of inexact oracle reveals two very different behaviors: the
classical Gradient Method (GM) is slow but robust, whereas the Fast Gradient
Method (FGM) is fast but sensitive to errors. More specifically, error accumula-
tion in the FGM implies that solution with small target accuracy are sometimes
impossible to obtain, which then forces the use of the slow GM. In addition,
we prove that this link between speed of convergence and sensitivity to errors
is unavoidable: the faster a first-order method is, the worse its robustness must
be. There is no hope to develop a perfect method which would be as fast as
the FGM and as robust as the GM.

In reaction to this observation, we have developed a novel method, the Inter-
mediate Gradient Method (IGM). This method can be seen as a smart hybrid
between FGM and GM and can exhibit a whole range of intermediate behaviors.
The main benefit is that the IGM is able to reach target accuracies unreachable
by the FGM in a significantly smaller number of iterations compared to what is
needed using the GM.

We also consider the situation of a stochastic oracle, where the first-order
information is affected by stochastic noise. This situation is in some sense
more favorable compared to the deterministic one (at least when the oracle is
unbiased, otherwise the bias plays the role of a deterministic error). Taking
into account the stochastic nature of the first-order information, we show that
it is possible to modify the GM and FGM in a way that decreases the stochastic
noise effect up to zero. This cannot be expected in the deterministic case for
which worst case analysis gives an essentially adversarial flavor. Furthermore,
the rate of decrease of the stochastic noise effect does not depend on the speed
of the method: the faster convergence rate of the FGM does not prevent us to
decrease the stochastic noise at the same optimal rate as the GM.

2 Lack of Smoothness

Surprisingly, the notion of (9, L)-oracle can also be used to represent lack of
smoothness in the objective function: the exact first-order information of a
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nonsmooth or weakly smooth convex function can be seen as a particular case
of (0, L)-oracle. As a consequence, first-order methods initially developed for
smooth convex problems can also be applied to functions with weaker levels
of smoothness, resulting in some sense in universal first-order methods. This
breaks the wall that seemed at first sight to exist between smooth and nons-
mooth convex optimization. In particular, we show that the FGM, when used
with well-chosen stepsizes (that depends on the level of smoothness of the ob-
jective function), can be seen as a universal optimal first-order method, that
reaches optimal complexity in the smooth, weakly smooth and nonsmooth cases.

3 Linearly constrained problems

Finally, we consider a situation where projections on the feasible set cannot be
computed efficiently, namely the case of a convex feasible set, possibly infinite-
dimensional, constrained by a set of linear inequalities. This complication makes
the usual first-order methods non applicable. A natural approach consists in
dualizing the linear constraints, obtaining an unconstrained dual problem that
can be solved using a first-order method. However, the dual function being
typically non differentiable, we can only guarantee relatively slow convergence,
both for the primal and dual problems.

We propose a new efficient approach, the double smoothing technique, in or-
der to solve such kind of problems. Instead of applying a first-order method
directly to the nonsmooth dual function, we modify this function to make it
smooth and strongly convex. On the one hand, the smoothness of the objective
function allows us to solve efficiently the smoothed dual problem with a Fast
Gradient Method. On the other hand, the strong convexity property allows us
the reconstruct, from this nearly optimal dual solution, a nearly optimal and
nearly feasible primal solution with the same level of accuracy.

This dual approach is particularly efficient when the linear constraints can be
seen as the only coupling constraints between the variables. In this case, after
dualization of the linear constraints, the dual objective function typically be-
comes separable and therefore easy to compute.
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Chapter

Introduction

Making decisions in an optimal way is a natural human desire. In many sit-
uations, we are looking for the best solution (the solution that minimizes or
maximizes a given criterion) satisfying some constraints:

& An investment banker tries to buy and sell assets in order to maximize
his expected return while keeping the corresponding risk reasonable.

¢ An airline tries to allocate airplanes and crews most effectively, given a
flight schedule and limitations on duty periods.

o A PNA device tries to find a feasible route from A to B that minimizes
the total length or the total duration of the journey.

¢ A food product company tries to determine how many products to ship
from each factory to each warehouse in order to minimize total ship-
ping cost while not exceeding factory supplies and satisfying warehouse
demands.

¢ An engineer in electronics tries to design electronic devices with maximum
performance while satisfying some technical and budget constraints.

© An e-commerce company provides suggestions of new products to its
current clients, that maximize the estimated 'likelihood’ that these new
products will meet the centers of interest of the client.

When the criterion and the constraints can be described quantitatively, such
kind of problems can be translated into a mathematical form. The quantities
that we want to choose in an optimal way are the decision variables ©z =
(21,22, ...,x,) € R™, the criterion that we want to minimize (or maximize)
is the objective function f and the constraints are described by the condition
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x € @ where Q C R” is a feasible set. Mathematically, an optimization problem
can be written in the general form

min f(x). 1.1
i f(2) (11)
Let us note that an optimization problem can always be put under a minimiza-
tion form w.l.o.g. since max,cq f(x) = —mingeq —f(x).

Problem (1.1) is very general and encompasses very different types of objective
functions and feasible sets. Even restricting to differentiable objective func-
tions, solving such a problem globally, i.e. finding a point x in @ for which f is
minimal, is in general very difficult. For a majority of problems, there is no hope
to solve the problem at hand (i.e. to find a closed-form optimal solution) and,
more annoyingly, there is also no hope to design a universal numerical method
able to solve every optimization problem of the form (1.1) in a reasonable com-
putation time. Indeed, for any numerical method, it is possible to construct
problem instances (see section 1.1.3 in [58]), even with moderate dimension,
that are intractable, i.e. that need huge computational time. In some sense,
without additional well-chosen assumptions on the objective function and on
the feasible set, the general global optimization problem (1.1) is unsolvable.

However, it is possible to define subclasses of problems for which much more
can be expected, for which we can design specific efficient algorithms that can
reliably solve even large optimization problems with good accuracy. The class of
convex optimization problems is perhaps the best example of such good family
of problems. A convex optimization problem is nothing else than a problem
of the form (1.1) where f is a convex function and @ is a convex set. These
problems exhibit some very good properties: any local optimal solution is also
a global optimal solution, necessary and sufficient optimality conditions can be
obtained and these properties allow us to design efficient numerical methods,
able to solve large instances of such problems in reasonable computational time.

Furthermore, the class of convex problems is far from being only of theoretical
interest, many practical optimization problems are convex or can be rewritten
as convex problems. A huge literature exists about problems arising in control,
signal processing, machine learning, statistics, finance or medical science that
can be modeled as convex optimization problems and solved efficiently using
the corresponding methods of convex optimization. For the reader interested
in the applications of convex optimization, we refer to the introductory books
[19, 9] and to more specialized references [18, 70, 76, 69].

In this thesis, we are interested in large-scale convex problems i.e. problems
where the number of variables n is large enough so that we have to develop



numerical methods for which the number of iterations required to solve the
problem (up to a given target accuracy) and the individual cost of each itera-
tion depend only weakly on the problem size.

For solving large-scale convex optimization problems, first-order methods (i.e.
numerical methods using only the value of the function and its gradient at
each search point) are methods of choice in view of their cheap iteration costs.
Indeed, the iteration cost of interior-point methods grows (too) quickly with
the problem size (see for example [54, 9, 58]). Therefore, when the size of the
problem increases significantly, interior-point methods become impracticable, a
single iteration requires a huge amount of computation time. First-order meth-
ods, in spite of a slower (sublinear) convergence rate, present a significantly
cheaper iteration cost.

The study and the development of first-order methods for convex optimization
problems, in the smooth and nonsmooth cases, have attracted a lot of attention
in the last decades (the Bibliography of this thesis illustrates this phenomenon
in a non exhaustive way). The reasons for this interest lie in a growing demand
for efficient numerical methods for very large-scale convex problems in various
fields of engineering (for example in machine learning or for compressed sensing
problems in signal processing) as well as a number of recent important break-
throughs. Two very good examples of such breakthroughs are the development
of smoothing techniques ([59, 60, 61]) and of efficient gradient methods for
composite function ([62, 4]), allowing in both cases to solve some types of
nonsmooth problems more efficiently using their structure.

When the objective function is differentiable, the simplest first-order method
to be considered is the classical gradient method also known as the Primal
Gradient Method (PGM). However, it is well-known that the complexity of
this method is not optimal ([55, 58]). In smooth convex optimization, optimal
first-order methods have been developed for different classes of problems since
1983 ([56, 57, 59, 77]). These numerical schemes, also called Fast Gradient
Methods (FGM) outperform theoretically and often in practice (see for example
[4,5, 6, 7, 79]) the classical gradient method.

However, the proven efficiency of these first-order methods is based on some
important assumptions:

1. Standard analysis of first-order methods assumes availability of exact first-
order information. Namely, the exact values of the function and its gra-
dient must be available at each search point.

2. First-order methods are typically designed for a specific problem class,
defined by a specific level of smoothness and a specific level of convexity of
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the objective function. The convergence analysis of first-order methods is
valid only when the objective function belongs to the appropriate problem
class.

3. First-order methods are originally designed for unconstrained problems.
They can be adapted relatively easily and without complexity modification
to constrained problems provided that projections on the feasible set can
be computed easily (it is the case for example when this set is a ball, a
box or the positive orthant).

In this thesis, we consider different situations where such assumptions cannot
be made:

1. only approximate first-order information is available
2. objective function is not as smooth as expected
3. additional constraints are present in the problem.

We study the consequences of these new situations and propose different ap-
proaches in order to remedy the newly encountered difficulties (modification of
the existing methods, development of new methods and techniques).

This thesis consists of two parts.

In the first part, we assume that exact first-order information is available. This
part contains two chapters. Chapter 2 is a survey about existing first-order
methods in convex optimization and their behaviors when used with exact first-
order information. It recalls basic notions and existing results needed for the
thesis. Chapter 3 considers the situation where first-order information is exact
but where the presence of linear constraints makes projections on the feasible
set very expensive and therefore the classical first-order methods not efficient.

The second part of the thesis considers different situations where the available
first-order information is inexact. We consider different kinds of errors (de-
terministic or stochastic) and different kinds of problems (smooth convex or
smooth strongly convex objective functions):

& Deterministic inexact first-order information for smooth convex problems:
Chapters 4 and 6.

¢ Deterministic inexact first-order information for smooth strongly convex
problems: Chapter 5

¢ Stochastic inexact first-order information for smooth convex problems:
Chapter 7.



Despite its length, an accelerated reading of the thesis is possible. The end of
Chapter 2 lists the different questions that we try to answer in this thesis. At
the beginning of each chapter, we review the relevant subset of these questions
and provide summarized answers, emphasizing in this way the main results of
the chapter. In the final Chapter 8, we propose an extended summary of the
thesis content, with emphasis on the main messages, the core results and the
links between chapters. We conclude the thesis by suggesting different direc-
tions for further research.

The reader can also find after the conclusion, a table of methods, emphasizing
the new schemes that have been developed in this thesis.
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CHAPTER 2. FIRST-ORDER METHODS IN CONVEX OPTIMIZATION

2.1 Convex Optimization Problems

Optimization is an important field of applied mathematics. Given a finite-
dimensional linear vector space F, a feasible set ) C FE and an objective
function f : @ — R, we are looking for a point in Q where f is minimum.
Mathematically, an optimization problem can be described as follows

;rgélf(x) (2.1)

Remark 2.1. Space E is endowed with a norm ||-||; and E*, the dual space of E,
with the corresponding dual norm ||g||; = sup,cp{(g,v) : [lyllz < 1} where (.,.)
denotes the dual pairing. Most results in this thesis are proved for an arbitrary norm.
In some cases, we need to restrict ourselves to a Euclidean norm, defined by a given
arbitrary positive definite self-adjoint operator B : E — E™* as

Ihlly = llhll, = (Bh,h)'"? VheE (2.2)
Islly; = llsllz = (s,B~'s)"/* vse E". (2.3)

For the optimization problem (2.1)

© The problem dimension is defined by the dimension of F.

<&

A feasible solution is any point  that belongs to the feasible set Q.

<&

A global optimal solution is a feasible solution z* such that

f@) < fz), Vred.

<&

A local optimal solution is a feasible solution x* for which there exists
r > 0 such that

f(z*) < f(x), VxeB',r)NnQ

where B(z*,r) ={z € E| ||z — ™|z < r}.

<&

The optimal value of the problem is defined as f* = inf,cq f(z).

o The optimal solution set is defined as X* = {z* € Q|f(z*) = f*} which
is nothing else but the set containing all the global optimal solutions of
problem (2.1).

In this thesis, we are interested in convex optimization problems i.e. problems
of the form (2.1) where f is a convex function and @ is a convex set.

Before presenting in more details the properties of convex optimization problems
and some examples of such problems, let us recall the notion of convex set and
convex function:

10



2.1. CONVEX OPTIMIZATION PROBLEMS

2.1.1 Convex set
Definition 2.1. Aset Q C E'is convex if for any z,y € @ and for any A € [0, 1],
Az +(1—- Ny € Q.

Geometrically, the convexity of () means that, taking two arbitrary points x and
y in @, the segment between these two points must also lie in this set.
Let us now give some examples of typical convex sets (see for example [58, 19]):

o (0, R™, R, R%_, any linear vector space F
o Half-space: {z € E|{g,z) < 3} where g € E* and 8 € R

o Ballss B(z,r) = {z € E|||lz—T||gp < r} and B[Z,r] = {z € E|
|z —Z||z < r} for any norm ||.||; on E

o Ellipsoid: £ = {z € E|(A(x — %), (x — 7)) < B} whereT € E, § € Ry
and A: F — E* is a positive definite operator

o Lorentz cone: L, = {z € R*|\/(z@)2 + ... + (2(M)2 < 2V}

o The positive semidefinite cone: S;" = {X € 5,|X = 0} where S, is the
space of symmetric n X n matrices

o Unit Simplex: A, = {z e R?| Y1 2 =1}
o Unit Spectahedron: 3> = {X € S,,|X > 0, Trace(X) = 1}

In addition to these basic convex sets, it is easy to construct more sophisticated
convex sets using mathematical operations that preserve convexity. If Q1 C E
and Q2 C F are two convex sets and A : E — F'is a linear operator then (see

[58])

o the intersection Q1 N Q2 is convex (with F = FE)

o the Minkowski sum Q1 + Q2 is convex (with F' = E)

o the Cartesian product 1 X Qo is convex

o the conic hull £(Q1) = {z € E|z = fz,x € Q1,8 > 0} is convex

o the convex hull Conv(Q1,Q2) ={z € E|lz=Xx+(1-N)y,z € Q1,y €
@2, € [0,1]} is convex (with E = F)

o the affine image A(Q1) = {z € Flz = A(z),z € Q1} is convex

o the inverse affine image A71(Q2) = {z € E|A(z) € Q2} is convex.

11



CHAPTER 2. FIRST-ORDER METHODS IN CONVEX OPTIMIZATION

2.1.2 Convex function
Convexity
Denote by dom f the domain of function f.

Definition 2.2. A function f : dom f — R is convex if its domain dom f is
convex and for all z,y € dom f and A € [0, 1], we have

fOz 4+ (1 =XNy) <Af(z) + (1 =) f(y)

Geometrically, the convexity of f means that the straight line linking the points
(z, f(x)) and (y, f(y)) is above the graph of f on the interval [z, y].

Remark 2.2. By convexity of dom f, we have that Az + (1 —\)y € dom f and
f is therefore well-defined at this point.

Remark 2.3. When — f is convex, we say that the function f is concave.
Different equivalent definitions of the convexity of f can be given:

Proposition 1. (see for example Theorem 3.1.2 in [58]) A function f : dom f —
R is convex on dom f iff its epigraph

epi f = {(z,t) € dom f x R|f(z) < t}
is a convex set.

Proposition 2. (see for example Section 3.1.3 in [19]) Assume that dom f is
convex and that f is differentiable (i.e. that its gradient V f exists at each point
in dom f, which is open). Then f is convex iff for all z,y € dom f

fy) = f(2) +(Vf(x),y — ).

Geometrically, this equivalent definition means that a differentiable function is
convex iff all its linear approximations (i.e. its first-order Taylor expansions) are
below the graph of f.

Proposition 3. (see for example Section 3.1.4 in [19]) Assume that dom f is
convex and that f is twice differentiable (i.e. that its Hessian V2 f exists at
each point in dom f, which is open). Then f is convex iff for all x € dom f

V2f(z) > 0.

A twice differentiable function is convex iff its Hessians only have non negative
eigenvalues.

Let us give some examples of simple convex functions (see [19, 58]):

12
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o Linear function: f(z) = (g,z) +  for any g € E*, any S € R

¢ Quadratic function with positive semidefinite operator: f(x) = (Az, x)
where A : E — E* is positive semidefinite

o Norm function: f(z) = ||z 5
o Exponential: f(z) = e* (with £ = R)
o Power function: f(z) = |z|P (with E =R and p > 1)

and of simple mathematical operations that preserve convexity (see [19, 58]):
© Nonnegative Multiple: If f is convex then a.f is also convex for any a > 0
o Sum: If f1 and fy are convex then f; + f5 is also convex

o Composition with affine operator: If f is convex and A is an affine oper-
ator then f(A(z)) is convex

o Pointwise Supremum: If F(x,y) is convex in z for all y € Y (where Y is
an arbitrary set) then f(z) = sup,cy F(,y) is convex.

Strong Convexity

In some cases, assuming that f is convex is not sufficient and we have to
consider a stronger notion:

Definition 2.3. A function f : dom f — R is strongly convex if its domain
dom f is convex and if there exists a constant 1 > 0 such that for all z,y €
dom f and A € [0,1], we have

O+ (1= Ny) < M (@) + (1= NI ) = M1 =N = yllz-

For a strongly convex function, p is the parameter of strong convexity.
When the function is differentiable or twice differentiable, the following equiv-
alent definitions can be given

Proposition 4. (Section 2.1.3 in [58, 33]) Assume that dom f is convex and
that f is differentiable on its domain. Then f is strongly convex with parameter
w >0 iff for all x,y € dom f

) = f@) + (Vf @)y —a)+ 5o =y}

13
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Proposition 5. (Section 2.1.3 in [58]) Assume that dom f is convex and that f
is twice differentiable on its domain. Then f is strongly convex with parameter
w > 0 iff for all x € dom f

(V2f(x)h,h) > u|h|%, VheE.

In particular if ||.|| ; is the usual Euclidean norm of R™, the strong convexity of
f is equivalent with the condition

VQf(:E) = ply
for all x € dom f.

Of course, any strongly convex function is also convex and a convex function
can be seen as a strongly convex one but with parameter x = 0. Contrarily to
the notion of convexity, the strong convexity, more precisely the parameter of
strong convexity, also depends, on the choice of norm |||/ .

Let us now give some examples (see [58, 36]) of strongly convex functions
(we assume here that E = R™) and an important property of strongly convex
functions

o flz)=1% |x||§ is strongly convex with parameter p = 1 with respect to

any Euclidean norm ||.||,

o f(x) = (Az,z) where A = ul, is strongly convex with parameter p with
respect to the usual Euclidean norm ||z||, = (z, z)'/?

o f(x) =In(n)+3 1 @ In(z™) is strongly convex with parameter 1 = 1
with respect to the 1 norm ||z||, = Y1 | |2(]

Proposition 6. (Lemma 2.1.4 in [58]) Assume that f; is strongly convex with
respect to ||.|| ; with parameter p; > 0 (i = 1,2) then fi+ f> is strongly convex
with respect to ||.| ; with parameter 11 + pia.

In particular, the sum of a strongly convex function, with parameter u, with a
convex function (i.e. with parameter p = 0) is strongly convex with parameter

L.

Subgradients of a nonsmooth convex function

For a differentiable function f, the convexity can be characterized by the in-
equality
This inequality, satisfied by the gradient of a convex function, leads to the
notion of subgradients that generalizes the gradient for nondifferentiable convex
function.

14
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Definition 2.4. Let f be a convex function. A vector ¢ € E* is called a
subgradient of f at point z € dom f if for any y € dom f, we have

fly) > f(x) + {9,y — x).

The set of all subgradients of f at x, 0f(z) is called the subdifferential of
function f at point z.

For a differentiable function, the subdifferential 0f(x) contains only one ele-
ment g(x) = V f(x). But this definition makes sense also for nondifferentiable
functions. For example, the absolute value function f(z) = |z| is such that
of(0) = [-1,1], Of(x) = {—1} for all x < 0 and Of(x) = {1} for all z > 0.
The following result guarantees the existence of subgradients for a closed convex
function (a convex function being closed if its epigraph is a closed set):

Proposition 7. (see Theorem 3.1.13 in [58]) Let f be closed and convex and
x € int dom f. Then Of(x) is a nonempty bounded set.

2.1.3 Properties of convex optimization problems

Let us look at the properties of a convex problem i.e. an optimization problem
mingeq f(x) where both the objective function f and the feasible set Q are
convex.

The most important property of convex optimization problems is certainly the
global optimality of any local optimal solution

Theorem 2.1. (see for example Proposition 3.1.1 in [10]) Let f be a convex
function on a convex set @ and let x* € @ Ndom f be a local minimizer of f
on @, then x* is a global minimizer of f on Q. Moreover, the set X* of all
minimizers of f on @ is convex.

For strongly convex functions, we can also guarantee that the optimization
problem (2.1) has at most one optimal solution

Theorem 2.2. (see Proposition 3.1.1 in [10]) If f is strongly convex, then the
optimal solution set X* is either empty or a singleton.

Concerning the existence of an optimal solution, we have the following result:

Theorem 2.3. (see Proposition 3.2.1 in [10]) Assume that f is convex, that
Q is closed and convex and that for some v € R, the set {z € Q|f(z) <
~} is nonempty and compact, then the optimal solution set X* is nonempty,
compact, and convex.
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In particular if f is a differentiable strongly convex function and @ is a closed
convex set, this condition is satisfied (see Theorem 2.2.6 in [58]) and we can
guarantee the existence and uniqueness of an optimal solution.

Another crucial property of convex problems is the existence of simple, necessary
and sufficient optimality conditions. Let us start with the easiest case when f
is differentiable and @ is the whole space E:

Theorem 2.4. (Theorem 1.2.1 and 2.1.1. in [58]) Assume that ) = E and
that f is convex and differentiable. Then x* € E is a (global) optimal solution
for the problem min,cg f(x) iff

V(") =0. (2.4)

Remark 2.4. In the nonconvex case, V f(z*) = 0 is only a necessary condition
for being a local optimal solution. Thanks to the convexity, this condition is
also sufficient and guarantees global optimality.

When the problem is constrained, the condition V f(z*) = 0 is no longer valid.
The necessary and sufficient optimality condition becomes:

Theorem 2.5. ( Theorem 2.2.5 in [58]) Let f be a differentiable convex func-
tion and Q be a closed convex set. Then x* € Q is a (global) optimal solution
for the problem min,cq f(x) iff

(Vi(a"),a—a") >0, VreQ. (25)
Remark 2.5. When @) = E, (2.5) is equivalent with (2.4).

For nondifferentiable problems, we cannot use the gradient in the optimality
condition, but equivalent results can be obtained replacing the gradient by an
arbitrary subgradient. More precisely, we have

Theorem 2.6. (Theorem 3.1.15 in [58]) Assume that Q = E and that f is con-
vex. Then x* € E is a (global) optimal solution for the problem min,cg f(x)
iff

0€df(z") (2.6)

and

Theorem 2.7. (Theorem 5.4.7 in [10]) Let f be a convex function and Q) be a
closed convex set. Then x* € Q is a (global) optimal solution for the problem
mingeq f(x) iff there exists g € Of (¢*) such that

(g —a") >0, VreQq. (2.7)
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2.2 Numerical Methods for Convex Optimization
Problems

Few optimization problems can be solved at hand (i.e. have a closed-form opti-
mal solution). In order to solve an optimization problem (the exact meaning of
solving an optimization problem will be explained carefully in subsection 2.2.2),
we have to use a numerical method. Its goal is to generate a sequence of ap-
proximate solutions that converges to an optimal solution.

Let us now explain what kind of information can be used by a numerical method
in order to solve the problem, what is the generic form of an optimization nu-
merical method and how we can measure the efficiency of a particular method.

2.2.1 Oracle associated with an optimization problem

When we want to solve a particular convex optimization problem using a nu-
merical method, this problem is of course characterized by the convex function
f that we want to minimize, the convex set (Q on which we want to minimize f
but also by the kind of information about f that can be used in the numerical
method for solving this problem.

At each iteration k of a numerical method, using the current search point
T € @, the method collects some new information about the problem and
uses it (sometimes with the previously accumulated information) in order to
construct the new search point x4 € Q.

This process of collecting information about the problem is typically described
using the notion of an oracle.

Definition 2.5. An oracle O is a unit that computes for the numerical method,
at each call, information about the problem.

An optimization problem P is therefore characterized by the triplet (f, @, O).
A standard assumption for the oracle is that it is black box and local i.e.

1. Black-box: The only information available for the numerical method is
the answers of the oracle. The method has no access to the particular
structure of the objective function f.

2. Local: A small variation far enough from the current search point zy
does not change the answer.

For most of the problems considered in the thesis, the local black-box assump-
tion is satisfied. However, we will also see some situations where it is preferable
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to use the explicit structure of the objective function (see section 2.5.3 and
Chapter 3).

Typical oracles are black-box units that, given a search point xj, compute at
this point the value of the function and of its derivatives up to a given order.
Depending on the maximum order of derivative computed, we can define dif-
ferent kinds of oracle:

1. A zero-order oracle is a unit that, given a search point xy, computes the
value of the function at this point: Og(z1) = f(zk).

2. If the function is differentiable, a first-order oracle is a unit that, given a
search point xj, computes the value of the function and the gradient at
this point: O1(z1) = (f(zx), Vf(zx)). For a non differentiable convex
function, a first-order oracle computes the value of the function and an
arbitrary subgradient at the search point: Oy (zx) = (f(zk), g(zx)) where

g(xx) € Of ().

3. If the function is twice differentiable, a second-order oracle is a unit that,
given a search point xx, computes the value of the function, the gradient
and the Hessian of f at zy: Oa(zx) = (f(xk), Vf(x1), V2 (21)).

Related to the kind of oracle used by the scheme, we can define different fam-
ilies of numerical methods.

A (black-box) zero-order method is a method that uses, as only information
about the particular problem instance, the answers of a zero-order oracle i.e.
the value of the objective function at some search points.

Similarly, a (black-box) first-order method is a method based on the answers
of a first-order oracle. The only information used by the method about the
problem is the value of f and one of its subgradients at the search points.
More generally, a first-order method (not especially black-box) is a method that
performs computations based on the function value and its (sub)gradient(s) (not
the Hessian).

Similar definitions can be given for second-order methods (black-box or not).

2.2.2 Performance of a numerical method

When we want to solve an optimization problem P = (f,Q,O) using a nu-
merical scheme, it is typically hopeless to expect obtaining an exact optimal
solution z* (i.e. such that f(a*) = f*) after a finite number of iterations.
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A more realistic goal is to obtain an approximate solution. More precisely, given
a target accuracy € > 0 and an optimality measure Opt(z), we want to obtain
after a finite number of iterations an e-solution i.e. an approximate solution
yr € @Q such that Opt(yx) <e.

Different optimality measures can be considered. We can measure the accuracy
of a feasible solution = € @

¢ by the non-optimality gap in term of the objective function Opts(z) =
fl@) =1~
o by the distance to the optimal solution set Opty(x) = dist(x, X*) where

X ={z" €Q[f(z") = f}or
o if f is differentiable, by the norm of the gradient Opt4(z) = ||V f(2)| % -

For every optimality measure, we have clearly Opt(z*) = 0 for any z* € X*
(assuming however that Q@ = E for Opt,).

Typical black-box numerical methods update (at least) two sequences of points:

1. a sequence of search points {z};>0 where the oracle is called, i.e. where
the information is computed

2. a sequence of approximate solution {y }x>0 for which an accuracy guar-
antee can be certified i.e. for which an upper-bound on Opt(yx) can be
given.

Remark 2.6. The two sequences can be equal, i.e. z;, = yy, for some numerical
methods.

Every black-box method M considered in this thesis can therefore be put under
a generic form. Let k£ be the iteration counter of the method and Z; the
information set after k iterations that contains all the information collected by
the oracle over the problem during the k first iterations.

Algorithm 1 Generic Numerical Scheme
1: Choose g € @, independently of the problem instance.

2 LetZ_; =10

3: fork=0:... do

4:  Call oracle at xy, obtaining O(zy)

5. Update the information set: Z;, = Zy,_1 U (zx, O(xy))
6: Using Z;, generate a new approximate solution yy,

7. Using 7y, generate a new search point zj41

8: end for
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In this generic scheme, the number of iterations that we have to perform is not
specified. Two different approaches can be considered:

o Checking at the end of each iteration if Opt(yx) < € i.e. if the desired tar-
get accuracy is reached. However, such stopping criterion can be checked
only if the optimality measure Opt(y) can be computed in practice with-
out the knowledge of the optimal solution set. This is possible for Opt,(.)
but not for Opts(.) nor Opty(.). Furthermore, without an extra analysis
of the scheme, we have no idea a priori of the needed number of iteration
for reaching the stopping criterion.

o Establishing an a priori upper-bound K on the number of iterations after
which we have the guarantee to obtain a solution with accuracy € (i.e.
such that Opt(yx) < e€).

This latter approach requires that we study theoretically the behavior of the
method M on the problem P. This leads us to the related notions of conver-
gence rate and complexity of a particular method M on a particular problem
P.

Definition 2.6. Given an optimality measure Opt(.), the convergence rate of
the method M applied to the problem P = (f, Q, O) is defined by the function
N — R : k — ConvRate(P, M, k) := Opt(yy)(where {yx } >0 is the sequence
of approximate solutions generated by M on P).

Definition 2.7. Given an optimality measure Opt(.) and a target accuracy
e > 0, the complexity of the method M on the problem P: Compl(P, M,¢)
is defined as the number of iterations needed for solving the problem P up to
accuracy e i.e. for finding an iterate yj, such that ConvRate(P, M, k) < eis
guaranteed.

If we have a particular optimization problem P that we want to solve up to
accuracy e, it could be natural to look for the best method M for P, i.e. the
method having the smallest complexity on this particular problem.

However, this question is not well-posed. Indeed, let us consider the method
that outputs, for any problem, the point 7 € Q. When applied to a problem for
which % is not an optimal solution, this method is completely wrong but in the
contrary case (i.e. when § € X*), this method is unbeatable since it solves the
problem (exactly!) in a single iteration. For any particular problem P, there
exists a trivial optimal method but we are not able to find this method without
knowing a priori the optimal solution set.

Furthermore, numerical methods are usually developed for solving many dif-
ferent problems with similar characteristics, not for a particular problem. It is
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therefore natural to measure the efficiency of a numerical method M by the per-
formance of this method on the class of problems for which it has been designed.

Let P be a class of problems sharing similar characteristics. (We will consider
four important classes of convex problems in Section 2.3.)

We can introduce the notion of convergence rate and complexity of a method
M on the class P.

Definition 2.8. Given an optimality measure Opt(.), the convergence rate of
the method M on the class P is defined as the worst-case convergence rate of
the method M when applied to problems P from the class P:

ConvRatep(M, k) = suppepConvRate(P, M, k).

Definition 2.9. Given an optimality measure Opt(.) and a target accuracy
e > 0, the complexity of the method M on the class P is the worst-case
complexity of the method M on the problems P € P:

Complp(M, €) = sup Compl(P, M, ¢)
PeP

corresponding to the minimal number of iterations after which M is able to
solve any problem from P with accuracy e.

Now we can look for the optimal method on the class P. Let M be a family of
numerical methods.

Definition 2.10. We define the optimal complexity of the family M on the
class P as
C [ = inf C ) ,€).
omplysp(e) = inf Comple(M, ¢)

Definition 2.11. A method M € M is an optimal method of the family M on
the class PP if

Complp(M, €) = O(Comply p(e)), Ve > 0.

The notion of complexity that we have considered for the moment, also known
as the analytical complexity, takes only into account the number of iterations
that we have to perform to reach a target accuracy, not the individual cost (i.e.
the needed number of basic arithmetic operations) of each iteration.

The arithmetical complexity that counts the total number of basic arithmetic
operations performed by the numerical method in order to reach a given target

accuracy (i.e. the analytical complexity time the cost of each iteration) seems
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perhaps a better way to estimate the real efficiency of the method.

However, estimating the cost of each iteration is not an easy task. It depends
on the particular structures of f and @, on the way the oracle and the subprob-
lems used in the scheme are implemented... Furthermore, for methods of the
same family (like first-order methods), the cost of each iteration is generally
similar. Therefore, when we want to compare different methods from the same
family, we can restrict ourselves to the notion of analytical complexity.

We will only use the arithmetical complexity in order to justify the choice of the
family of first-order methods (instead of second-order methods for example) for
large-scale convex problems.

2.2.3 Large-scale assumption and consequences

In this thesis, we are interested in first-order methods for solving large-scale
convex problems. Let us explain what we mean by large-scale and the reasons
for the choice of this particular family of methods.

In [65], Nesterov suggests the following subdivision of convex optimization prob-
lems depending on the maximum dependence of the iteration cost on the prob-
lem size n that we can accept:

1. Small-size problems
A small-size problem is as problem for which the problem dimension n
is sufficiently small such that we can consider methods with iteration
cost proportional to n%. In this situation, we can therefore use very

sophisticated schemes like the Inscribed Ellipsoid Method (see [38]).

2. Medium-size problems
For medium size problems, we can accept an iteration cost proportional to
n3 and therefore, to compute a matrix inversion or solve a linear system
at each iteration. Such kind of problem can therefore be solved using
efficient second-order methods like the polynomial interior-point methods
(see [54]).

3. Large-scale problems

For large-scale problems, we can at most accept iterations with cost pro-
portional to n?. The polynomial interior-point methods have attractive
analytical complexities of order /vlog(1) (where v is the parameter of
the self-concordant barrier and ¢ the target accuracy) but each iteration
requires to solve a linear system. When the matrix is not sufficiently
sparse, such operation has a cost proportional to n3 which is too costly
for such scale of problems.
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Whereas we can no longer solve linear systems, matrix-vector multipli-
cations are still allowed. This leads us to consider first-order methods.
Indeed, the computation of the gradient, at least for quadratic functions,
has a cost similar to the cost of a matrix-vector multiplication. First-
order methods (more precisely the gradient-type methods that we will
describe in details in Sections 2.4 and 2.5) exhibit worse analytical com-
plexity (the dependence in the target accuracy is no longer logarithmic)
but cheaper iteration cost. Therefore, when the target accuracy is not
too high, first-order methods are often the methods of choice for solving
large-scale problems.

4. Huge-scale problems

When the number of variables n becomes huge, even a matrix vector
multiplication with cost proportional to n? is too costly, and we have to
consider methods with cheaper iteration cost of order n or even logn. Ex-
amples of such methods are the coordinate descent schemes (see [64, 71]),
special subgradient methods with sparse updates (see [65]) or with ran-
domization of the matrix-vector product (see [34]). However, for such
methods, the total number of iterations necessary for obtaining an ap-
proximate solution of the problem, is typically higher than the correspond-
ing number of iterations of the gradient-type scheme. They must be used
only in order to reach relatively poor accuracy for huge-scale problems.

Even if the first-order methods can be slow for obtaining solutions with high
accuracy, they share a lot of significant advantages when dealing with large-scale
problems:

1. They need a small amount of information at each iteration. The cost of
the oracle (computation of the gradient) is more reasonable as compared
to the case when we have also to compute the Hessian.

2. They need a reasonable amount of auxiliary computations at each itera-
tion. Providing that the feasible set @ is simple (we will come back to
this point in the next subsection), first-order methods are based on cheap
auxiliary subproblems solved at each iteration.

3. Their analytical complexity is typically independent on the problem dimen-
sion. Whereas the cost of each iteration can increase when the number
of variables grows, the needed number of iterations is not modified.

Remark 2.7. In fact, the analytical complexity depends indirectly on
the problem scale via the initial distance to the optimal solution set (i.e.
dist(xo, X*)). Often, it becomes more difficult to guarantee a small
initial distance to the optimal solution set when the problem size grows.
But this dependence is indirect and in general weak.
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We conclude that the first-order methods are very suitable for large scale convex
problems when high accuracy is not crucial. As in many large-scale problems,
the data is anyway corrupted or known only roughly (by the way, the behavior
of first-order methods when used with such inexact information is one of the
central subjects of this thesis), it makes more sense to look for solutions with
moderate accuracy and therefore to choose a first-order method for solving such
kind of problem.

2.2.4 Setup for a first-order method

The theoretical and practical performances of the main first-order methods de-
pends on the a priori choice of a setup for the method.

A setup consists in the choice of
1. anorm |.| on E

2. a prox-function d(z) i.e. a differentiable and strongly convex function on
Q (with respect to ||.||5)

Let x¢ be the minimizer of d on ). By translating and scaling d if necessary,
we can always ensure that

d(zg) =0, d(z)> % |z — 960||2E7 Va € Q. (2.8)
We define also the corresponding Bregman distance:
V(z,z) =d(x) —d(z) — (Vd(z),z — z). (2.9)
Due to the strong convexity of d(x) with parameter 1, we have clearly:
V(z,z) > % |z — 2|3, Vz,z€Q. (2.10)

All the first-order methods that we will consider are based on subproblems of
the form

ggg{@, x) + fd(z)}

with ¢ € E*, B € Ri. In order to have iterations with moderate cost, the
prox-function must be chosen such that this kind of auxiliary subproblem can
be solved easily.

On the other hand, the analytical complexity of first-order methods using d
as prox-function, depends directly on d(x*) (where * is an arbitrary optimal

solution) or on V(z*,z0). In order to have a method with good complexity,
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the prox-function must be also chosen such that these quantities are as small
as possible.

Finding a good setup for which it is easy to minimize functions of the form
(g9, ) + d(z) (with g € E*) and for which the quantity d(z*) (or V(z*,z¢)) is
reasonably small, is only possible if the feasible set is sufficiently simple.

Typically, constrained problems can be solved by first-order method without
modification of the (analytical) complexity compared to the unconstrained case.
However, in order to avoid that the auxiliary subproblems become intractable
or too costly, we must restrict ourselves to simple sets for which a good setup
can be found.

Example 2.1. When E = R", two classical setups are:
1. The Euclidean setup: ||.||z = [|.|l; = /> i1 (z(®)? and

d(z) =3z — x0||§ with 29 € Q. In this case, the prox-center is xy and
V(z,2)

I N

- z||§ . Furthermore, problems of the form (with g € R™)

1 2
i = ||z — 2.11
min{(g, z) + 5 llv — 2[5} (211)
can be solved in closed-form with optimal solution:
Zopt = TQ(2 — 9)
where 7 denotes the Euclidean projection operator on the set Q.

2. When @ = A, = {z € R?, 37 2(9) = 1}, the 1 setup (see for example
n i n [ [
BI): g =1L = >iey ‘a:( )| and d(z) =1In(n) + >, z{ )ln(a:( ))

(entropy distance). In this case, the prox-center is 2o = (%, e %)T and
Viz,z) =31 2@In (”Z”E;) . Furthermore, problems of the form (with
g €R")

min {{g, ) + d(x)} (212)

can be solved in closed-form with optimal solution:

i _ exp(—g")
N exp(—g?)’

In the same way, problems of the form (with g € R™ and z € A,,)

T i1=1,...,n.

min {(g, z) + V(x, 2)} (2.13)

TEA,
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can be solved in closed-form with optimal solution:

i __ Zew(=g)
P YT A exp(—g7)’

x i=1,..,n. (2.14)

2.3 Classes of Convex Problems

In this thesis, we are interested in first-order methods i.e. methods that solve
optimization problems using information coming from a first-order oracle. The
classes of convex problems that we consider must be therefore defined by some
conditions on the function f that we want to minimize and on its gradient (or
its subgradients when the function is non-differentiable).

More precisely, we consider classes of convex problems that are defined using
two kinds of assumptions:

1. An assumption on the level of convexity of the function f.

2. An assumption on the level of smoothness of the function f.

2.3.1 Convexity assumption
We consider, mainly, two different levels of convexity:

o f is convex on ). When the function is differentiable, the convexity of
f is equivalent to the condition

For a nonsmooth function, we have by definition of the subgradients the
same kind of inequality

fy) > f(x) +(9(x),y —x), Va,yeQ,Vg(x) € df(x).

It means that using the answer of a first-order oracle for f at the point
x ie. O1(x) = (f(x),9(x)), we can construct a linear function y —
f(z) + {g9(x),y — =) which is a global lower bound for f.

o f is strongly convex with parameter x > 0. When the function is differ-
entiable, the strong convexity of f is equivalent with the condition

f) = f@) + (V@).y—a)+ e —yl}, VoyeQ.

For a nonsmooth function, the same kind of inequality is satisfied with
the gradient replaced by any subgradient

1) 2 @)+ (g@).y - + S lle —ylG, Ve,y € Q.Vg(e) € 0f(@).
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It means that using the answer of a first-order oracle at the point x
ie. O1(z) = (f(x),g(x)), we can construct a quadratic function: y —
flx)+ (g(x),y —x) + § ||lo — y|%, which is a global lower bound for f.

Remark 2.8. The convexity assumptions (f convex or strongly convex) can be
seen as a way to ensure the possibility to construct, more or less strong, global
lower bound on f using the answer of a first-order oracle.

Remark 2.9. Other levels of convexity can be also considered. The function f
is uniformly convex on ) with convexity parameters p > 2 and k > 0 if

FO@ + (1= Ny) < M (@) + (L= N f) = FML =) |2 = yll7

for all 2,y € @ and for all A € [0,1]. This condition leads to the following
inequality:

f0) 2 f@) + (ga)y —a)+ 5 e —yllp, Va.y € QVg(e) € Of ().

When p = 2, we retrieve the strong convexity. We will come back to the notion
of uniform convexity in Chapter 5.

2.3.2 Smoothness assumption

We consider two different levels of smoothness:

¢ The subgradients of f are bounded i.e. there exists a constant M <
~+o00 such that

lg(@)llp < M, Vo€ Q,Vg(x) € 0f(x).
This condition implies that the subgradients have bounded variations

lg(z) = 9W)lIp < 2M, Va,y € Q,Yg(z) € 0f(x),9(y) € 0f(y)

which implies the inequality:

fy) < f@)+(g(@), y—2)+2M ||z — yll 5, VYaz,y € Q,Yg(x) € Of(z).

It means that, using the answer of a first-order oracle at a point x € @,
we can construct a global upper-bound for f of the form linear function
+ norm. A function with bounded subgradients is not necessarily dif-
ferentiable. This condition is mainly used in the context of nonsmooth
optimization.

27



CHAPTER 2. FIRST-ORDER METHODS IN CONVEX OPTIMIZATION

Remark 2.10. The boundedness of the subgradients is the most used
condition for nonsmooth convex problems (see [74, 68, 55, 58, 63]). An-
other possible condition is the bounded variation of the subgradients. If
a function has bounded subgradients with constant M then these sub-
gradients have bounded variations with constant (at most) 2M. Indeed
l(x) = 9W)ll5; < l9(@)Il;; + lg(w)|l;; < 2M. On the other hand, when
the unconstrained optimization problem min,cg f(x) has an optimal so-
lution 2* (and therefore 0 € 9f(x*)) then the bounded variation of the
subgradients with constant M implies the boundedness of the subgradi-
ents with the same constant M. Indeed ||g(z)||5 = [lg(z) — 0]z < M.

The gradient of f is Lipschitz-continous i.e. that there exists a constant
L < oo such that

IVf@) =ViWle < Llz—ylg, VryeQ.

This condition implies

L
f@) < f@) + (V@) y—2) + 5z =ullp, Yoyeq,

meaning that the the answer of a first-order oracle can be used in order
to construct a global quadratic upper-bound for f, of the form linear
function + squared norm. A function with Lipschitz-continuous gradient
is necessarily differentiable. This condition is classical in the context of
smooth optimization.

Remark 2.11. The smoothness assumption can be seen as a way to ensure
the possibility to construct global upper-bound on f using the answer of a
first-order oracle.

Remark 2.12. We could also consider intermediate levels of smoothness

When
o
o

&

We w
4.

lg(z) — g5 < Lu |z -yl -

v =0, f has subgradients with bounded variations
v =1, f has a Lipschitz-continuous gradient
0 < v <1, f has a Holder-continuous gradient.

ill come back to these intermediate levels of smoothness later in Chapter
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Using the convexity and smoothness assumptions, we are now able to define
four classes of optimization problems:

Nonsmooth Convex Problem: min,cq f(x) where
o (@ is convex

o f:Q — R is convex
¢ f has bounded subgradients with constant M

Notation: f € NCy(Q)
Oracle: First-order oracle O(z) = (f(x), g(x)) (where g(x) € df(x)) such
that

0< f(y) — flx) = (g(x),y —z) <2M ||z — yll5, Yy € Q.

Nonsmooth Strongly Convex Problem: min,cq f(x) where
o @ is convex

o f:@Q — R is strongly convex with parameter u > 0
¢ f has bounded subgradients with constant M

Notation: f € NS, m(Q)
Oracle: First-order oracle O(z) = (f(x), g(x)) (where g(x) € df(z)) such
that

Slle=yll} < £() = f@) = g@)y —2) S 2M e —yll5. Wy e Q.
(2.15)

Remark 2.13. In view of inequality (2.15), the class N'S,, 1/(Q) is empty when
Q is unbounded.

Smooth Convex Problem: min,cq f(z) where
o @ is convex

o f:Q — R is convex
¢ f has a Lipschitz-continuous gradient with constant L

Notation: f € SCL(Q)
Oracle: First-order oracle O(z) = (f(z),Vf

—~

x)) such that

0< f(y) — f(x) = (Vf(x),y—2) < =z —yla, Yyeq.

N |
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Remark 2.14. In the literature, the class SC1(Q) is often denoted by F;'(Q)
(see [58] for example). For a better consistency with the litterature, we use this
second notation in the thesis.

Smooth Strongly Convex Problem: min,cg f(z) where
o @ is convex

o f:@Q — Ris strongly convex with parameter p > 0

o f has a Lipschitz-continuous gradient with constant L
Notation: f € 55, 1(Q)
Oracle: First-order oracle O(z) = (f(x), Vf(x)) such that

Bl — i3 < £) ~ 1)~ (Vi@hy - ) < 5 le -l WeQ.
(2.16)

Remark 2.15. In the literature, the class S'S,, 1.(Q) is often denoted by Si}:(Q)
(see [58] for example). For a better consistency with the litterature, we use this
second notation in the thesis.

Remark 2.16. In view of the inequality (2.16), the class S;}:(Q) is empty
when p > L. The Lipschitz-constant of the gradient L is always bigger than or
equal to the strong convexity parameter . The condition number Cond :=

is always bigger than or equal to one.

As strong convexity is a particular case of convexity, smooth convex problems
and smooth strongly convex problems form together the world of smooth convex
optimization. Similarly, nonsmooth convex and nonsmooth strongly convex
problems form the world on nonsmooth convex optimization.

min__, f(x)

/N

f with bounded subgradients V7 Lipschitz-continuous
with constant A7 Wl}th?sg
[ convex [ Strongly convex [ convex [ Strongly convex
with parameter /¢ with parameter

World of smooth convex optimization

‘ World of non-smooth convex optimization
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2.4 First-Order Methods in Smooth Convex Op-
timization

In this section, we are interested in first-order methods in the context of smooth
convex optimization i.e. numerical methods developed in order to minimize a
smooth convex (or smooth strongly convex) function using a first-order oracle.
The goal of such methods is to generate a sequence of approximate solutions
{yx } x>0, constructed by using only first-order information (f(xy), Vf(zx)) at
some search points {z } >0, such that the accuracy Opt(yx) converges to zero
as quickly as possible.

Before introducing three important first-order methods of smooth convex op-
timization, let us study what kind of performance can be expected from such
methods.

2.4.1 Optimal complexity
Convex case

Let us start with smooth convex problems. For a fixed L < oo, we consider
Psc (L), the class of optimization problems of the form min,cq f(z) where Q
is any convex set in E, E is any finite-dimensional vector space and f is any
function in FLM(Q) endowed with an exact first-order oracle.

For solving such class of problems, we consider Mg (L, R) the family of black-
box first-order methods applicable to any problem in Pgc(L), such that when
applied to a problem P € Pgco (L), it starts with an initial point x satisfying
dist(zg, X*) < R (where X* is the optimal solution set of problem P).

Remark 2.17. When the Euclidean setup is used, we have

d(z*) = L |lzo — 2*||3 < LR (where z* is the point in the optimal solution set
closest to ). In general, we have only the inequality d(z*) > 1 ||lzg — ||
By abusing the notation, for the analysis of our first-order methods, we denote
by %RQ the quantity d(z*) that represents in some sense the squared distance
between the initial point zg (which is the minimizer of the prox-function) and
the optimal solution x*. As d(xo) = 0 and (Vd(zo),x* — zo) > 0, we have:

1
V(z*, x0) < d(z¥) = §R2.

Remark 2.18. When the feasible set Q) is bounded and d(z*) = 1 ||z — )% =
%RQ, the initial distance to the optimal solution set can be of course bounded
by the diameter D of @, such that we have always R < D.

31
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The behavior of a black-box first-order method in Mg (L, R) cannot be arbi-
trarily good. The best performance that we can expect is given by the following
lower bound on the optimal complexity of first-order methods for smooth convex
problems:

Theorem 2.8. ([58, 55]) Using the optimality measure Opts(y) = f(y) — f*,
the complexity Complp,(ry(M,¢€), of a first-order method M in Msc(L, R)
on the problem class Psc (L) cannot be better than

LR?

€

o)

where O(1) denotes an absolute constant factor independent of L, of R and of
€.

Remark 2.19. Since there is no assumption on the dimension of the problem in
the definition of our problem class, any complexity bound must be dimension-
independent. When the dimension of E is fixed, it is possible to obtain lower
complexity bounds with a better dependence in € but with a direct dependence
on n, the dimension of E. As we are interested in solving large-scale problems
(problems for which it is impossible to perform a number of iterations of the
same order as the problem size), we restrict ourselves by numerical methods
having an analytical complexity independent of the problem dimension.

As a consequence of the previous Theorem

Theorem 2.9. [58, 55] The convergence rate ConvRatep,(1)(M,¢€), of a
first-order method M € Mgc (L, R), on the problem class Psc (L), cannot be
better than

0() =
where O(1) denotes an absolute constant factor independent of L, of R and of
k.

We conclude that the optimal complexity of Mgc (L, R) on Pgc(L) is such
that

LR?

Comlesc(L,R),Psc(L)(e) Z O(l) c .

We will see later that this inequality is in fact an equality: it is possible to
develop a first-order method (the fast gradient method, see subsection 2.4.5)
belonging to Mgc (L, R) and that exhibits exactly such optimal complexity

LR?
€
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Strongly convex case

For fixed 0 < u < L < +00, we consider Pgg(L, 1), the class of optimization
problems of the form min,cq f(x) where @ is any convex set in E, E is any
finite-dimensional vector space and f is any function in Si:lL(Q) endowed with
an exact first-order oracle.

For solving such class of problems, we consider Mgg(L, 1, R) the family of
black-box first-order method applicable to any problem in Psg(L, u1), such that
when applied to a problem P € Pgg(L, ), it starts with an initial point zg
satisfying ||zo — 2*|| ; < R (with z* the unique optimal solution of problem P).

When the function is strongly convex, we can expect from a first-order method,
a significantly better behavior than what is possible when p = 0:

Theorem 2.10. ([58, 55]) Using the optimality measure Opts(y) = f(y)— f*,
the complexity Complp(r,.)(M,€), of a first-order method M ¢
Mggs (L, 1, R), on the problem class Pss(L, i), cannot be better than

01) | Z10g (“R2>

I €

where O(1) denotes an absolute constant factor independent of L, of u, of R
and of €.

This lower-bound on the optimal complexity depends on € only logarithmically.
For a method exhibiting such complexity, the target accuracy can be chosen
very small without big effect on the needed number of iterations. We will see
that such method exists (see subsection 2.4.5), implying that

L uR?
Complyigg(L,u,R) Pss (L) (€) = O(1) " log (€> .

We conclude that for the complexity of a first-order method on smooth strongly
convex problems, the central quantity is not the target accuracy € but the
condition number of the problem Cond := %

2.4.2 Primal Gradient Method (PGM)
Convex Case

The (primal) gradient method is certainly the most natural and the most well-
known, first-order method for smooth problems. For the moment, let us work
with the Euclidean setup. In the unconstrained case (i.e. when @ is the whole
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space E), the principle of the gradient method is to go, from the current search
point x, along the direction of the anti-gradient, the direction of steepest-
descent:
w1 =2k — WV (k)

where {v;}x>0 C RT is a sequence of stepsizes. Various stepsizes strategies
can be used in the PGM: constant or decreasing sequence chosen in advance,
line search with a full relaxation or using for example the Goldstein-Armijo rule
(see for example section 1.2.3 in [58] and chapter 3 in [66]).

In the context of smooth convex optimization, the behavior of the function is
much more predictable that in the nonconvex or nonsmooth cases. In term of
worst case behavior, we can restrict ourselves w.l.0.g. to constant stepsize ( i.e.
v = v for all k > 0). When f € Fé’l(Q), the optimal stepsize choice (i.e.
the choice minimizing the complexity of the method) is given by v = 1 (see

section 2.1.5 in [58]), for which the gradient step becomes
1
Tk+1 = Tk — ZVf(:ck) (217)

Remark 2.20. When the objective function belongs to ;"' (Q) but the Lipschitz-
constant of the gradient is not known, the Primal Gradient Method can be used
with an initial optimistic estimate of the Lipschitz constant Ly < L coupled
with a backtracking procedure (see Section 3 in [62]).

The gradient method can be easily generalized to the constrained case. Indeed,
in the unconstrained case, the gradient step (2.17) is nothing else but the
minimizer on E of the quadratic function

L
Qe (#) = (o) + (Vf (wr), 2 — 2x) + 5 o — 2l
(which is a global upper bound on f since f € F;"'(E)).

Therefore, it is natural to generalize the gradient step in the constrained case
by

w1 = Tr(zx, V (k) (2.18)
where

Ty(z.9) =argmin{f(:) + (g0 - 2) + 5 o =23} (219)

forany z € E and g € E*.

Furthermore, working with the Euclidean norm, simple algebra shows that

2

Qun@) = 5 |2 = (o = £90@0)|| = 57 VSl + Fw)

2
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which implies that the minimizer of this function on @ can be also obtained as
the orthogonal projection of the gradient step on @

1
T+t = 1@k — 7V (2k))
where 7 denotes the orthogonal projection operator on Q.

We are now able to give the complete scheme of the (Euclidean) primal gradient
method:

Algorithm 2 Primal Gradient Method (PGM): Euclidean version
1: Choose zg €
:fork=0:... do
Obtain O(ax) = (f(ax), V1 (k).
Compute x41 = Tr (x5, Vf(2r)) = mo(zx — £V f(21)).
end for

g s e

During the execution of the scheme, we generate only a sequence of search
points {xy }r>0 that can be updated independently of any other sequence. But
if we want to establish a convergence rate for this method, we have also to
define a sequence of approximate solutions {y, }r>0 for which a converging be-
havior can be proved for Opts(yi) = f(yx) — f*.

An important property of the gradient method is that, if the first-order oracle is
exact, the sequence Opt(xy) is decreasing to zero. We can therefore choose
for the sequence of approximate solutions y = xj. Another choice, more robust
when the first-order information given by the oracle is affected by some noise
(see Chapter 4 and 7), is to choose an averaging of the search points

Ye = Zf:l Li
ST
It is well-known (see for example [58, 61]) that both choices lead to a conver-

2
gence rate of the form © % . More precisely, we have

Theorem 2.11. Assume that f € Fi’l(Q) is endowed with an exact first-order
K

i=1

oracle. Then the sequence y;, = TZ (or yi, = argming, ., f(x;) = x1)
generated by the Primal Gradient Method satisfies
w12
L|zo — 2*|l5
2k ’
Proof. See for example Theorem 4.3 of Chapter 4 with 6 = 0. O

flyr) — 7 <
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In view of this convergence rate, obtaining an e-solution with the Primal Gradi-
ent Method (PGM) takes O (LR2> iterations. Comparing this complexity with

€

the optimal complexity given by Theorem 2.8, we conclude that the PGM is
not an optimal first-order method for smooth convex problems. For such kind
of problems, it is possible to develop more efficient first-order methods as we
will see in subsection 2.4.5.

In some cases, the Lipschitz-constant of V f can be smaller when working with
another norm than the Euclidean one. Furthermore, the set Q can be such
that it is difficult to minimize quadratic functions of the form Qp ., (z) =
f(@e) + (V ),z —zp) + £ |lz — ka%E over this set. Therefore, it could be
interesting to generalize the PGM to non-Euclidean setups, keeping the same
complexity and adding a degree of freedom for the choice of the norm and the
choice of the prox-function.

Let us choose a norm ||.||; on E and a prox-function d(.). Inspired by non-
Euclidean subgradient methods in nonsmooth convex optimization (see [3, 36]
and section 2.5.2), we propose here a generalization of PGM to non-Euclidean
setup:

Algorithm 3 Primal Gradient Method (PGM): Non-Euclidean version
1. Compute xp = argmingeg d(z)

2. fork=0:... do

3 Obtain O(zy) = (f(xk), V().

4:  Compute zp41 = argmingcg[(V f(ak),x — xx) + LV (z, z1)]
5: end for

The convergence rate of this non-Euclidean gradient method is also of the form
O (LR2 ) .
— )

Theorem 2.12. Assume that f € F,f’l(Q) is endowed with an exact first-

A
order oracle. Then the sequence y;, = Zigl o generated by the non-Euclidean
Primal Gradient Method satisfies
W LV(x*,x
fl) - g7 < L)

where x* is any optimal solution or problem P.

Proof. See the proofs of Theorems 7.1 and 7.2 in Chapter 7 with ¢ = f, § =0,
o=0and = 7 forall . O
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When the Euclidean norm is used with the prox-function d(z) = 1 [z — x| ;

we have V(z,z) = 1 ||z — z||§ We retrieve the Euclidean PGM and the con-
vergence rate given by Theorem 2.11 .

In view of the non-Euclidean PGM and of its convergence rate given by Theorem
2.12, we conclude that the setup must be chosen such that

o the Lipschitz-constant of V f with respect to the norm ||.|| ; is small

o the value of V(z*,z) is small where x* is an arbitrary optimal solution
of problem P

¢ subproblems of the form argmin,cq[(g9,z — z) + V(x, 2)] are easy to
solve for any z € E and any g € E*.

Remark 2.21. To the best of our knowledge, it is the first time that the Primal
Gradient Method is explicitly generalized to the non-Euclidean case. The reader
can find after the conclusion, a table of methods, emphasizing the new schemes
that have been developed in this thesis.

Strongly Convex Case

Let us now look at the smooth strongly convex case i.e. when the function to
be minimized belongs to SilL(Q) (with 0 < p < L < 400). In this strongly
convex case, we restrict ourselves to the Euclidean setup.

One important property of the PGM is that the strong convexity parameter p
does not need to be used explicitly in the scheme. The Primal Gradient Method
for strongly convex problems is exactly the same scheme as in the convex case.

However, even if the scheme is the same, strong convexity can lead to a signif-
icant acceleration of the method. Let us choose for the approximate solution
yr = argming, ., f(zx) (= zx since the method is monotone when the ora-
cle is exact). The convergence of the PGM in the smooth strongly convex case
is given by

Theorem 2.13. Assume that f € SilL(Q) is endowed with an exact first-
order oracle then the sequence {yi}r>0 = argmin,, ., f(x) generated by
the Primal Gradient Method satisfies

Lljzo — z*|3
Hx02 z ||2exp (_k%)

Proof. See for example Theorem 5.4 of Chapter 5 with 6 = 0. O

flyr) =17 <
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We see that the optimality measure decreases exponentially with the iteration
counter k, leading to a much faster convergence rate than in the non-strongly
convex case (at least when p is not too small). In term of complexity, an
e-solution can be obtained after

o (Lw(“7) 0

iterations. Even when p is not known, the strong convexity can be exploited

and we obtain a complexity which is significantly better (at least when £ is not

2
too small) than O (%) obtained in the smooth non-strongly convex case.

However, the complexity of the PGM in the strongly convex case
0] (% In (LTR2>) depends linearly on the condition number % This dependence

is not optimal in view of Theorem 2.10. The optimal complexity of first-order

methods on smooth strongly convex problems, i.e. O( l%log (“1:‘2)), de-
pends on the square root of the condition number, not on the condition num-
ber itself. We conclude that the PGM is not an optimal first-order method for
smooth strongly convex problems: it is possible to do better, as we will see with

the fast gradient method in subsection 2.4.5.

Remark 2.22. When the strong convexity parameter p and the number of
iterations k are small, the convergence rate f(yi) — f* < %Rzexp (k%)
obtained in Theorem 2.13, assuming that f € S;:lL(Q), can be worse that the
convergence rate f(yg) — f* < %—122 obtained in Theorem 2.11, assuming that
fe Fi’l(Q). However, as the scheme is exactly the same in both cases and as

SilL(Q) C FLM(Q) the second bound is also valid in the strongly convex case
and we obtain the convergence rate

LR 1
flye) — f* < - min <exp (—k%) , k) )
2.4.3 The machinery of estimate functions

The most recent and efficient first-order methods in smooth convex optimiza-
tion are based on the machinery of estimate functions (see [58, 59, 62]).

The principle of this approach is to construct progressively, using two sequences
of coefficients {c; };>0 and {B;}i>o0,

1. a model Uy (x) of the function using typically all the previously accumu-
lated first-order information,
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2. a sequence of approximate solutions y;, (for which we obtain the conver-
gence rate)

such that the two following inequalities are satisfied:

Apflyg) < ¥ = ggg Up(z) and Ug(z) < Apf(x) + Brd(z), VreQ

where Ay = 3% a; and d(x) is the prox-function chosen in the setup.
The convergence rate depends directly on the two sequences of coefficients.
Indeed, A f(yr) < U < Up(a*) < A f* + Brd(z*), and therefore: f(yx) —
f* < 5kd(r*)'

— Ak‘,
Remark 2.23. The fact that the model W (x) is based on all previously accu-
mulated first-order information during the k first steps of the scheme does not
mean that we have to store all these data in memory (like what is needed for
classical bundle methods in nonsmooth optimization). Typically, we only have
to store and update a weighted sum of the accumulated gradients.

The methods based on this principle typically update different sequences of
iterates:

¢ a sequence of search points xx, where we compute the first-order infor-
mation,

o the sequence z, = argmingeq Vi (x) of minimizers of the estimate func-
tions Uy (),

¢ a sequence of approximate solutions yy, for which we obtain the conver-
gence rate,

© sometimes, one or more additional sequences, often obtained using gra-
dient steps.

The easiest way to implement the idea of sequences of estimate functions is the
Dual Gradient Method (DGM) introduced by Nesterov in [62]. This method
shares the same behavior as the Primal Gradient Method (PGM). A more so-
phisticated implementation of this machinery leads to the Fast Gradient Method
(FGM), developed by Nesterov in different versions [58, 59, 62] and that can
reach the optimal convergence rate for smooth convex problems and smooth
strongly convex problems.

Remark 2.24. In the deterministic case (i.e. when the information given by the
first-order oracle is deterministic), S is typically chosen equal to L, at least
when this Lipschitz-constant of the gradient is known. When the objective
function belongs to Fé’l(Q) but the Lipschitz-constant of the gradient is not
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known, the Dual Gradient Method and the Fast Gradient Method can be used
with an initial optimistic estimate of the Lipschitz constant Ly < L coupled
with a backtracking procedure (see Section 4 in [62] and [72] ).

Remark 2.25. When the first-order oracle is stochastic, we will see in Chapter
7 that this constant coefficient policy 8; = L is not the best choice anymore.

Let us now look at the Dual Gradient Method and Fast Gradient Method in
details.

2.4.4 Dual Gradient Method (DGM)

Convex Case

The Dual Gradient Method (DGM) is the easiest way to implement the idea
of estimate functions. This method has been introduced in [62] for smooth
convex problems, using a Euclidean setup. In the DGM, the model, updated at
each iteration, has the form

k

Uy (x) = Zai[f(xi) +(V (i), — )] + g lz — 2ol (2.21)
i=0

where {z;};>0 is the sequence of search points generated by the method and
{a@;}i>0 is a sequence of coefficients satisfying «; < 1 for all ¢ > 0.

The new search point 41 is simply chosen as the minimizer of the model

= in ¥ .
Thi1 argggg k()

The sequence {zy}r>0 can therefore be updated without the help of any
other sequence of iterates (a property shared also by the PGM). However,
in order to define a sequence of approximate solutions for which an upper-
bound on Opts(yx) can be guaranteed, additional work must be done. From
each search point z; (0 < i < k), separately, let us take a gradient step
w; = Tr(x;, Vf(x;)). Averaging the obtained points, we can define the ap-
proximate solution

_ Yo @iwi

Yk = A,
where A, = Zf:o ;.

Remark 2.26. At each iteration 7, we must compute the search point x; and
the additional point w;. The approximate solution y; must be only computed
when we stop the scheme.
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We are now able to describe the complete scheme of the Dual Gradient Method:

Algorithm 4 Dual Gradient Method (DGM): Euclidean version

1: Choose zg € @
:fork=0:... do

Obtain (f(zx), Vf(xk)).
Compute wy, = T, (zx, Vf(zk))
k
Compute .11 = arg min > ail(Vf (i), — 2] + 5z — zol3|.
z =0

2w

a

6: end for

The sequences {¥(z)}r>0 and {yx}r>0 define a sequence of estimate func-
tions (see [62]) and the DGM exhibits therefore the convergence rate
Ld(z*)

Ag

flyk) =7 <

* (|2
where 4}, = Zf:o a; and d(z*) = M(since the Euclidean setup is used).
In view of this result and of the condition a; < 1, we conclude that the optimal

coefficients choice is given by a; = 1 for all ¢ > 0. With this choice, we obtain

Theorem 2.14. Assume that f € F}''(Q) is endowed with an exact first-order
k

oracle then the sequence y; = Z%:“w? generated using the Dual Gradient
Method with «; = 1 for all i > 0, satisfies

)
Lllzg — =z Hz
2(k+1)

This convergence rate is completely similar to what we have obtained for the
Primal Gradient Method. Like the PGM, the DGM exhibits the same non-

2
optimal complexity O (%) on smooth convex problems.

flyr) — [ <

Similarly to what we have done for the PGM, we propose now, for the first
time in the literature, a generalization of the Dual Gradient Method to non-
Euclidean setups. The idea is to replace the squared norm term in the model
by a prox-function

k
Ui(z) = Zai[f(fl?i) +(Vf(@i),z — x:)] + Ld(x) (2.22)
i=0

and the gradient step defining wj by the generalization already used for the
PGM

wy = argir.leig{LV(x,xk) + (Vf(xg),z —xp)}
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In order to initialize the recurrence Ao f(yo) < ¥§ = mingeg Yo(z), wo must
be defined in a slightly different way:

= in Wo(z).
wp = argmin o(z)

Our generalization of the Dual Gradient Method to non-Euclidean setup is
therefore given by

Algorithm 5 Dual Gradient Method (DGM): Non-Euclidean version
1. Compute x¢ = argmingeg d(z)
+ Obtain (f(z0), Vf(zo))
3: Compute wy = argmingeg{Ld(x) + ao[(V f(z0),z — x0)]}
4: fork=1:... do
5. Compute x, = argmingeq{Ld(x) + Zi':ol a;[((Vf(zi),z —x)]}
6:  Obtain (f(zx), Vf(zk))
7. Compute wy = argmingeo{LV (x,zx) + (Vf(zk), z — xk) }.
8: end for

N

Here also the sequences { ¥ ()} x>0 and {yx } x>0 define a sequence of estimate
functions (see the proof of Lemma 7.3 in Chapter 7 with § =0, 0 =0, ¢ = f
and 3; = L for all ¢ > 0) and therefore

Ld(z*)

flyr) — 7 < AL

Here also the optimal choice for the coefficients is o; = 1 for all ¢ and we obtain

the convergence rate

Ld(z*)
— f* < .

flye) = 7 < )

When the Euclidean setup is used, we retrieve the Euclidean DGM with its
convergence rate given by Theorem 2.14.

Strongly Convex Case

Contrarily to the PGM, the DGM must be adapted in order to take advantage of
the strong convexity of f. We propose here, for the first time in the literature,
such modification of the DGM to the strongly convex case (restricting ourselves
to the Euclidean setup). We use the strong convexity parameter

1. In the choice of the coefficients {c;};>0. The sequence is chosen such

that I
Qo = - (L — pagsr = Ap(p)p + L (2.23)
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where A (p) = Zf:o o;. When g = 0, we retrieve the choice o; = 1 for
all ¢ > 0.
2. In the choice of the model of the function:

k

L
Wi(a) = D aalf (@) + (V@) 2 =2+ 5w — il 3]+ o —woll
=0

When 1 = 0, we retrieve the choice used in the previous subsection.

With these modifications, we obtain the following Dual Gradient Method for
smooth strongly convex problems

Algorithm 6 Dual Gradient Method (DGM) for strongly convex problems

1: Choose zg €
2. fork=0:... do

3:  Obtain (f(xg), Vf(xg)).
4: Compute wy, = T (xk, Vf(xk)
5. Compute

k
. L
Thi1 = argmin Z%KVJC(I@)J — ;) + ngE — zil|] + Fllz = wol|%

6: end for

Theorem 5.5 with § = 0) that the sequences {¥j(z)}r>0 and {yi}r>0 define
a sequence of estimate functions. The convergence of the method is therefore
given by
w12
Lo — 2™y
245 (n)

This rate seems at first sight to be exactly the same than the one in the non-
strongly convex case but the strong convexity allows the coefficients to grow
much more quickly with the iteration counter. Indeed, we have {Ax ()} x>0 =

Zf;l (ﬁ) (see Lemma 5.6 in Chapter 5) and therefore

flyr) — 7 <

OAk:Ak(O):k—l—l,VkZOif,u,:O
k+1
oAk:Ak(u)z<ﬁ) VE >0 if i > 0.

We obtain finally the following theorem
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Theorem 2.15. Assume that f € SllLlL(Q) is endowed with an exact first-order

>
— =g XiWi

oracle. Then the sequence y, = <=={—— (or yx = argming,, .., f(z;))
generated using the Dual Gradient Method satisfies

Lz — z*|3

- *< 'f =
flye) = 7 < 20k + 1) , ifp=20
and
oo Lllzo—ally ¢ p\kt _ Lo — 2" %
_ < 70 7 12 < 20 7 12 _ Lt
flyw) = f7 < 5 (1 L) < 5 exp( (k+1)L)
if > 0.

We conclude that our generalization of the Dual Gradient Method in the smooth
strongly convex case exhibits the same non-optimal complexity

O (L1og (L)) as the PGM.

Remark 2.27. We have Aj(p) > Ag(0) for all k& > 1 (see remark 5.9 on

Chapter 5). Therefore the upper-bound f(gjx)—f* < % is also available
in the case i > 0 and we have

The methods that we have studied for the moment exhibit a complexity O (LTRz)

; €Xp (—(k +1)

~l=

2

F = k+1

2.4.5 Fast Gradient Method (FGM)

for smooth convex problems and O (L log (LR )) for smooth strongly convex
problems. In both cases, such complexities are not optimal.

We are interested now in first-order methods that are able to reach the optimal
2
complexities O ( LERQ) in the smooth convex case and O (\/%bg (Lf ))

in the smooth strongly convex case. These methods have been developed since
1983 by Nesterov under various variants (see [56, 57, 58, 59, 62]) and are known
under the generic name of fast gradient methods (the appellation optimal first-
order methods or Nesterov optimal methods are also used).

In this thesis, we consider the version of the Fast Gradient Method introduced
by Nesterov in [59]. This method is based, like the Dual Gradient Method, on
the machinery of estimate functions but uses it in a more sophisticated and
smarter way. Let us start with the smooth convex case.
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Convex Case

The Fast Gradient Method introduced in [59] is designed for solving smooth
convex problems using an arbitrary setup. Let us therefore choose a norm on
E, ||| g and a prox-function d(.).

The method is based on a sequence of positive coefficients {ay } x>0 that must
satisfy

k
a € (0,1, a2 < A4, & S, E>0. 2.24
k =0

Let us define also 7, = Z’ZJ: k>0.
Like in the DGM, the model of the function is constructed as
k
Ui(z) = Ld(z) + Zai[f(l‘i) +(Vf(zi),z — x)] (2.25)
i=0

where {x;};>0 is the sequence of search points generated by the method.

However, contrarily to the DGM, the new search point is not defined as the
minimizer of the model but as a convex combination

1 = Teze + (1 — 7)Yk
between

1. The minimizer of the model

k

o = argmin{Ld(x) + 3 ol f(z:) + (Vf (@), 7 = 23)]}
=0

2. A gradient step taken from zy: yr = Tr(zk, Vf(zk)).

This method can be seen as a smart mix between the PGM (where 511 = yi)
and the DGM (where z;41 = z).

We are now able to describe in details the fast gradient method:
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Algorithm 7 Fast Gradient Method (FGM)
1. Compute xo = mingeq d(x)
2. fork=0:... do

3:  Obtain (f(xg), Vf(xg))
4. Compute y = T (xk, Vf(xg))

k
5.  Compute z; = arg glelél{Ld(l') + :X:Oai[<Vf(xi),x — )]}

X411

6: Compute xy11 = T2k + (1 — 7 )y Where 7, = y v

7: end for

Since the sequence {¥(z) }x>0 together with {yx } x>0 define a sequence of es-

timate functions (see [59]), we obtain the convergence rate f(y;)—f* < %ﬁ'j*).
At first sight, this seems completely similar to what we have obtained for the
DGM. However the condition (2.24) allows us to consider growing coefficients
{a@;}i>0. A simple choice for the sequence {a; };>o consists in letting «; = %

(k+1)(k+2)
4

for which we have A;, = and therefore

_ 2
L o

Theorem 2.16. [59] Assume that f € F}''(Q) is endowed with an exact first-
order oracle. Then the sequence yj, generated by the Fast Gradient Method
with o; = “1 for all i > 0, satisfies

ALd(x*
flu) — I < (k;l)g

With coefficients growing proportionally to the iteration counter, the fast gradi-

2
ent method is able to reach the optimal convergence rate O <L,§ ) and there-

fore the corresponding optimal complexity O (\ / LERZ> on smooth convex prob-

lems. The FGM is therefore an optimal first-order method in smooth convex
optimization.

This method can be used with any norm ||.|| ; and any prox-function d (which
must be chosen such that d(z*) is small and subproblems based on d are
easy). However, in this scheme, the subproblem min,cq{f(zr) +(Vf(x), z—
zp) + £z - xk||?3} defining yy, is not based on the prox-function but on the
squared norm. Such kind of subproblems can be difficult to solve. In view
of this potential difficulty, Nesterov also proposes in [59] a variant of the fast
gradient method which use only subproblems based on the prox-function or the
corresponding Bregman distance. The scheme looks as follow:
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Algorithm 8 Fast Gradient Method (FGM) using Bregman distance
1: Compute x¢ = argmingeg d(z)
: Obtain (f(zo), V f(z0))
: Compute yo = argmingeq{Ld(z) + ao(V f(z0),x — zo) }
:fork=0:... do
Compute z;, = argmingeq{Ld(z) + Zf:o ai(Vf(z),z—x;)}
Compute zx11 = T2k + (1 — 7)Yk
Obtain (f(zk+1), V.f(%k+1))
Compute &1 = argminge{LV (2, 2k) + k41 (V f(Th+1), ¥ — 21) }
Compute yx11 = Ti@r+1 + (1 — ) Ys-
end for

W ooNIO RN

—
e

This method seems at first sight more complicated but uses only subproblems
based on the prox-function d(z) (or equivalently on the corresponding Bregman
distance V(z,z)). This property can be crucial in some situations, reducing
significantly the cost of each iteration. Furthermore, this modification does not
change at all the convergence rate, the Theorem 2.16 remains valid.

Remark 2.28. As an example, let us consider the situation where Q = {z €
R7 [ 327, () =1} and the [; setup is used (see subsection 2.2.4). In this case,
subproblems of the form mingeq{f(zx) + (Vf(2k), 2 — z1) + & [lz — a:k||ij}
need O(nlog(n)) operations (see section 5.1. in [59]). On the other hand,
subproblems of the form min,cq{LV (z, z,) + ar+1{Vf(xk+1), T — 2x)} are
much cheaper since they can be solved in closed-form (see equation 2.14 in
subsection 2.2.4).

Furthermore, this modification does not change at all the convergence rate, the
Theorem 2.16 remains valid.

Strongly Convex Case

In the smooth strongly convex, the generic denomination fast gradient method
: : L LR?
denotes any method able to reach the optimal complexity O (\/;log (T))

instead of O ( £ 1log LE®)) for the PGM and DGM). Such kind of methods
nw €

have already been developed (at least with the Euclidean setup) and are typi-
cally obtained as a slight modification of existing fast-gradient methods in the
non-strongly convex case (see for example [58]).

We develop here a generalization to the strongly convex case of the fast gradi-
ent method introduced in [59], that we have studied in the previous subsection

in the smooth convex case. As it is the case for all the existing fast gradient
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methods for smooth strongly convex problems, we restrict ourselves to the Eu-
clidean setup.

In order to take advantage of the strong convexity, this scheme must be modi-
fied:

1. In the choice of the coefficients, that takes into account the existence of
a strong convexity parameter i > 0. The sequence of coefficients must
now satisfy the recurrence

L+ pAg () Lag,, 1 -
=3 7y %= .

pAk) = 5= ag

where A (p) = Z?:o a;. (When g = 0, we have the condition O‘iﬂ _

Ag41(0), similar to a; = HL.)

2. In the choice of the model which, using the strong convexity of f, becomes

k

Uy (x) = Ld(x) + Zai[f(l’i) +(Vf(wi),z —xi) + g |z — CUZH%E]

(When 1 = 0, we retrieve the model (2.25).)

With these modifications, we obtain the following fast gradient method for
smooth strongly convex problems:

Algorithm 9 Fast Gradient Method (FGM) for strongly convex problems
1: Choose zg € @
2: fork=0:... do

3:  Obtain (f(xg), Vf(xg)).
4. Compute yp = T (xk, Vf(xg))

k
5:  Compute z;, = arg meiS{Ld(x)—i— >oai[(Vf(x),z—x)+ 5 |lv — xl||2E]}
z i=0

6: Define 2341 = Thzi + (1 — ) yi.-
7: end for

As in the non-strongly convex case, the sequences {U(z)}x>0 and {yx}r>0
define a sequence of estimate functions and we obtain the general convergence
rate (see Theorems 5.8 and 5.9 in Chapter 5 with § = 0)

flye) — f7 < A0

The difference with the non-strongly convex case only comes from the faster
growth of the sequence of coefficients {ay }x>0. The sequence { Ay, }>0 defined
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by the recurrence (2.26) satisfies (see Theorems 5.10 and 5.14 in Chapter 5 with

§=0)
2k
1 /p k [u
> ~JE) > . E > 0.
Ak_(l-i-Q L) _exp(2 L) Vk >0

Furthermore, the behavior of the Fast Gradient Method when & > 0 is never
worse than in the case = 0. Indeed, we have (see remark 5.11 in Chapter 5)

Ar(p) = Ak(0),Vk > 0
and (see remark 5.12 in Chapter 5)
]422
A(0) 2
We conclude that the fast gradient method designed for smooth strongly convex

problems exhibits the following convergence rate:

Theorem 2.17. Assume that [ € SilL(Q) is endowed with an exact first-order
oracle. Then the sequence y;, generated by the Fast Gradient Method satisfies

flyr) — f* < Ld(z*) min (ljz,exp (—]; Z)) .

We obtain, as expected, a method reaching the optimal complexity

0 ( %log (%122)) for smooth strongly convex problems.

2.5 First-order Methods in Nonsmooth Convex
Optimization

Let us now have a look at the world of nonsmooth convex optimization. Here
also, we are interested in first-order methods i.e. methods developed for solving
such kind of problems using a first-order oracle. The main difference with the
smooth case is the fact that the oracle cannot provide us anymore a gradient
at the current search point xj, since the gradient may not exist.

Hopefully, when the function is convex, we can replace the gradient V f(z) by
a subgradient of f at zy, i.e. a vector g € E* such that

f(y) > flzx) + {9,y —xx), Vy€E.

As we have seen in section 2.1.2, a nonsmooth convex function can have dif-
ferent subgradients at a same point z;. In the context of nonsmooth con-
vex optimization, a first-order oracle answers at a search point xj, the value
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of f at this point and an arbitrary subgradient g(xy) of f at this point:
O(zx) = (f(zk), g(zx)). A (black-box) first-order method is therefore a method
that updates a sequence of search points {zj}r>0 using as only information
about f, the value of f and a subgradient of f at the different search points.

Before looking at the main family of first-order methods for nonsmooth convex
problems, let us look at what we can expect from such kind of methods.

2.5.1 Optimal complexity

Let us start with the weakest level of convexity, assuming that the function is
convex but not necessarily strongly convex. We are interested here in lower
complexity bound for first-order methods on nonsmooth convex problems.

Convex Case

For a fixed M < oo, we consider Pyc (M), the class of optimization problems
of the form min,cq f(z) where @ is any convex set in E, E is any finite-
dimensional vector space and f is any function in NCj;(Q) endowed with an
exact first-order oracle.

For solving such class of problems, we consider My (M, R) the family of
(black-box) first-order methods applicable to any problem in Px¢ (M), such
that when applied to a problem P € Py (M), it starts with an initial point
satisfying dist(xg, X*) < R (where X* is the optimal solution set of problem
P).

The behavior of a black-box first-order method in My (M, R) cannot be arbi-
trarily good. The best performance that we can expect is given by the following
lower-bound on the optimal complexity of first-order methods for nonsmooth
convex problems:

Theorem 2.18. ([58, 55]) Using the optimality measure Opts(y) = f(y) — f*,
the complexity Complp ., (nr) (M, €), of a first-order method M in Myc (M, R)
on the problem class Pyc (M) cannot be better than

M?R?
2

o)

€

where O(1) denotes an absolute constant factor independent of M, of R and
of e.

We conclude that the optimal complexity of the family is such that
M?R?

2 .

Complye (v, R) 2y (m)(€) = O(1)—
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Furthermore, there exists a family of first-order methods for nonsmooth convex
problems (the family of Subgradient/Mirror-descent methods, see [55, 58, 36]
and the next subsection) that exhibits such complexity. Therefore, the optimal
complexity for first-order methods on nonsmooth convex problems is given by

M?R?

3 .

Complyc (v, R 2yc () (€) = O(1) —

We see here the big drawback of the lack of smoothness, the best complexity
that can be expected is significantly less good than in the smooth case. The

difference between O (1/ Lfiz) and O (AfQR) is huge even for moderate target

accuracy e.

As a consequence of the previous theorem, the best convergence rate that we
can expect for a first-order method on nonsmooth convex problems is slow, in
ﬁ instead of % in the smooth case:

Theorem 2.19. [58, 55] The convergence rate ConvRatep . (1)(M,¢), of a
first-order method M € M ¢ (L, R), on the problem class Py (L), cannot be

better than
MR

Vk

where O(1) denotes an absolute constant factor independent of M, of R and
of k.

o(1)

Strongly Convex Case

If we assume that the function is strongly convex instead of being only convex,
a slightly better complexity can be expected. Let us look at a lower complexity
bound for first-order methods on nonsmooth strongly convex problems.

For a fixed M < oo and a fixed p > 0, we consider Png(M, ), the class of
optimization problems of the form min,cq f(z) where @ is any convex set in
E, E is any finite-dimensional vector space and f is any function in NS, 3/(Q)
endowed with an exact first-order oracle.

Let us define Miyg(M, u, R), the family of (black-box) first-order methods ap-
plicable to any problem in Py g(M, ) such that when applied to a problem in
this class, it uses an initial iterate o satisfying ||zg — 2*||z; < R.

Exploiting the strong convexity, it is possible to expect a slightly better com-

plexity from a first-order method compared with the nonsmooth, non-strongly
convex case :
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Theorem 2.20. ([58, 55]) Using the optimality measure Opts(y) = f(y)— f*,
the complexity Complp, . (n,u)(M,€), of a first-order method M €
Mns(M, u, R) on the problem class Py g(M, i) cannot be better than

M2

o=

where O(1) denotes an absolute constant factor independent of M, of u, of R
and of .

Here also, there exists first-order methods (see for example [36]) reaching this
complexity, such that

M2

OomleNS(J\'{ﬂﬂvR)vaS(Mvﬂ) (6) - 0(1) ,uE

The strong-convexity allows us to improve the optimal complexity from O (%)
to O (%) However, in comparison to the smooth strongly convex case where

a complexity O (\/%log (%)) can be obtained, again the difference is huge.

Using only the optimal complexity bounds, we can already conclude that the lack
of smoothness for a function f is clearly a bad news when we want to minimize
it using a first-order method. The world of nonsmooth convex optimization is
not easy and we cannot expect too much from a first-order method on such kind
of problems, at least without additional assumptions on the particular structure
of the problem.

2.5.2 Subgradient/ Mirror-descent methods

Let us now look at the most classical family of first-order methods for non-
smooth convex problems.

Assume first that we work with an Euclidean setup and that the optimization
problem that we want to solve is unconstrained. The principle of the subgra-
dient method is simple, it mimicks the (primal) gradient method, replacing the
gradient at the current search point by an arbitrary subgradient at this point

Try1 = Tp — Vg (Tk)
where {~;}x>0 denotes a sequence of positive stepsizes and g(xy) € 9f (z).

This method can be easily generalized to constrained problems. The principle
is the same as for the gradient method and we obtain the projected subgradient
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method:

o1 = argminlFles) + (VF(@).o - o) + 5= o - aul;)
= 7mq (vx —kg(TK)) -

For a given choice of the stepsizes {~x}r>0, the subgradient method becomes

Algorithm 10 Subgradient Method
1: Choose zp € @
2. fork=0:... do
3. Obtain O(zy) = (f(zx), g(zxk)) where g(zy) € Of ()
4 Compute wgi1 = T (wx, 9(r)) = 7@ (wr — g (2k))
5. end for

At this point, the subgradient method seems completely similar to the gradi-
ent method and we could expect similar behavior. However, due to the non-
smoothness of the objective function, we need to use much smaller stepsizes
compared to the smooth case where the coefficients 7; can be chosen equal
to % The stepsizes length must be very small from the beginning or must
decrease with the iteration. This drawback is a direct consequence of the non-
smoothness of the function, we cannot use too aggressive stepsizes policy in

view of the less-predictable behavior of the function.

Theorem 2.21. [58, 36] Assume that f € NC(Q) is endowed with an exact
Zf:() ViTq

oracle. Then the sequence y, = argming, ., f(z;) or y, = S
i=0 '*
generated using the subgradient method with stepsizes {7, };>o satisfies
.12 k k
|zo — = ”2 + M? Zi:o%’z < R? + M? Zizo'YiQ
k = k :
2 Zi:o Vi 2 Zl‘:o Vi

We see here that constant stepsizes y; = =y leads to

flyr) =17 <

) R? M?y
fo) = 1" < g5+ (2.27)

The first term is exactly the same as what we have obtained for the Primal
Gradient Method in the smooth case (where v = %) The second term comes
from the nonsmoothness of the function, and due to this term, the method
cannot be convergent when used with constant stepsizes.
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If we know a priori the number of iterations that we want to perform, N, we
can minimize the upper-bound (2.27) with respect to v . The optimal constant
stepsize is given by v = YYES for which we have the accuracy guarantee

MR
VN +1

We conclude that the number of iteration N (that we must fix a priori) needed
for reaching a target accuracy ¢ is given by

flyn) =" <

M?R?
= 2

N -1

€
This complexity has a bad dependence in € but, in view of Theorem 2.18,
we cannot expect more for a black-box first-order method on nonsmooth con-
vex problems. The subgradient method is slow but is optimal for a first-order
method in Myc(M, R). This slowness is an intrinsic property of the class
Mpyc (M, R).

R
MV/N+1'
also use a sequence of decreasing stepsizes which is not based on an a priori

Instead of taking very small stepsizes from the begining v = we can

. . . o R
knowledge of the number of iterations to perform. Choosing v; = oISV
we obtain (see [36])
MR
— < ——1 +In(k +2)).
We obtain in this case a convergent method (f(yx) — f* — 0) with, up to
a logarithmic factor, optimal convergence rate O (% and therefore optimal

complexity O (M;RQ) .

The subgradient method can be easily extended to a non-Euclidean setup. The
non-Euclidean version of the subgradient method is known under the name of
mirror-descent method (see [36, 3] for example). The principle is completely
similar to what we have done for the PGM in the smooth case. The step
Tpy1 = Ti (zk, g(xk)) is simply replaced by

prr = argmind o) + (o). o =) + —Viz,20)}

and the initial point x( is chosen as the minimizer of the prox-function d (or
the prox-function d is chosen such that zg is its minimizer).
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The mirror-descent method is therefore given by:

Algorithm 11 Mirror-descent method
1. Compute xo = argmingeg d(z)

2: fork=0:... do

3:  Obtain O(xr) = (f(zk), g(zk)) where g(zi) € Of (xy)

4:  Compute 41 = argmingeg{ f(zr) + (9(zk), x — k) + ,Y%V(:E,fk)}
5: end for

and its convergence rate by

Theorem 2.22. [36] Assume that f € NCy(Q) is endowed with an exact
k
oracle. Then the sequence y, = argming, ., f(z;) or yp = Zli¢
i=0 Vi
generated using the mirror-descent method with stepsizes {~;};>o satisfies

* 2k
V(ZCOJC ) + % Zizo %2
k
Zi:o Vi

flyr) = 7 <

When used with the Euclidean setup d(z) = 1 |20 —:c||§ we retrieve ex-
actly the subgradient method and its convergence rate. All our discussion
with respect to the stepsizes choice in the subgradient method remains valid

for the mirror-descent method, with R representing now an upper-bound on

2V (z*, ).

Remark 2.29. The Subgradient method/Mirror-descent method can also be
adapted to the nonsmooth strongly convex case. This modification, based on
multiple restarts of the method with decreasing initial distance to the optimal
M2
He

solution, can reach the optimal complexity O ( ) for a first-order method on

Pns(M, ). For more details, see section 1.4 in [36].

Remark 2.30. In nonsmooth convex optimization, the easiest scheme (the sub-
gradient method) that we can imagine exhibits already the optimal complexity.
However, the practical performance of a first-order method on Py (M) can
be improved passing to a bundle method (see for example [46, 47, 48]) that
uses explicitly both the latest and the previous first-order information, or using
a primal-dual scheme (see [63]).

The optimal complexities and corresponding optimal methods for our four
classes of convex problems can be summarized as follows:

55



CHAPTER 2. FIRST-ORDER METHODS IN CONVEX OPTIMIZATION

Class Optimal Complex- | Optimal Methods
ity

NCn(Q): f convex S) (A'{;RQ) Subgradient/

Bounded Subgradients Mirror Descent
Method

NS, m(Q): f Strongly convex | © (%:) Subgradient/

Bounded Subgradients Mirror Descent
Method

F}'N(Q): f convex S) <\/LER2) Fast Gradient
Method

V f Lipschitz-continuous

Slltle(Q): f Strong. convex 6)( l%ln (“TRQ)) Fast Gradient

' Method
V f Lipschitz-continuous

2.5.3 Using the problem structure: looking inside the black-
box

The previous subsections provide us with two bad news: the most natural first-
order method for nonsmooth convex problems, the subgradient method, is slow
and furthermore, we cannot expect more for a black-box first-order method able
to solve any problem in Px¢(M).

The slowness is an intrinsic property of the family of black-box first-order meth-
ods M ¢ (M, R), it is impossible to obtain a method in this class with a better
MQRQ)

62

complexity than O (

In view of such optimal complexity, it seems therefore hopeless to solve in a
reasonable time a nonsmooth convex problem with good target accuracy. This
is true if we want to use a first-order method

1. which is ‘universal’ i.e. applicable to any nonsmooth convex function f
with bounded subgradients

2. which is based on a local black-box first-order oracle i.e. a method using
only, as information about the particular function f to minimize, the value
of f and one of its subgradients at some search points {z }>0.
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If we want to keep such level of generality, there is no hope to do better than
the slow subgradient method. However, if we accept

1. to restrict ourselves to a particular subclass of nonsmooth convex problem

2. to use explicitely the structure of the problem (i.e. to look inside the
black-box)

it is possible to develop much faster first-order methods.

The use of the problem structure in nonsmooth convex optimization has at-
tracted a lot of interest in the last decade (see for example [59, 60, 61, 4, 62])
and allows us to solve some classes of nonsmooth convex problems efficiently,
without being limited by the bad complexity bound proportional to O (}2) .

We describe here two different situations where, looking inside the black-box,
we can use the problem structure to develop first-order methods with better

complexity.

Smoothing Technique

Let us consider the following convex optimization problem

;Igcrzlf(a:) (2.28)

where @ is a bounded closed convex set and the function that we want to
minimize exhibits the following max-structure

f(x) = max{(Au, z) — $(u)}. (2.29)

uelU

In this definition, U is a bounded convex set in a finite dimensional space F,
A : F — E* is a linear operator and ¢(u) is a continuous convex function in
U.

This function f : @ — R is convex but typically nonsmooth. Indeed, using
Danskin's Theorem, we have

0f (z) = {Auj|(Auj, z) — d(u}) = f(x)}.

As nothing prevents the subproblem defining f(z) at a given = from having
multiple optimal solutions, the subdifferential df(x) contains typically more
than one element and the function is therefore non-differentiable.

Therefore, if we want to use a black-box first-order method for nonsmooth
convex problems, like the subgradient method, we cannot expect to solve the
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optimization problem (2.28) with a better complexity than O (}2) .

However, using the particular max-structure of f, it is possible to develop a
first-order method with complexity O ().

First, let us construct a smooth approximation of f using a prox-function dy(.)
on U and a strictly positive parameter y:

fulw) = max{{Au, z) — $(u) — pdy (u)}.
With this modification, the subproblem defining f,,(z) at a given z

(i.e. maxyep{ (Au, z) — d(u) — pdy (u)}), becomes a strongly concave problem
in u. This subproblem has therefore only one optimal solution u}. We conclude
that 0f,(x) contains one and only one element for all z € E and the function
fu(.) is therefore differentiable.

More precisely, we have that the function f,, has a Lipschtz-continuous gradient
(see [59])

Vfu(x) = Auy, where u} = arg meaa({(Au, ) — ¢(u) — pdy (u)}

with constant )
2
L, = ﬁ ”A”FE

where [[Allp p. = max, o {(Au, 2), | [|2] g = 1 [Ju]l p = 1}.

Furthermore, the smooth function f, is a good approximation of the original
nonsmooth function f (see [59]) in the following sense

fulz) < f(2) < fu(x) + pDy (2.30)

where Dy = max{dy(u) : u € U}.

Therefore, in order to find an e-solution for the original problem (2.28), we can
apply the fast-gradient method to a smooth approximation f,(z). It remains
to choose the value of the parameter p and the number of iterations of the
FGM that we have to perform.

In view of Theorem 2.16, if we apply N iterations of the fast gradient method
to the function f,(z), we obtain an approximate solution yx such that

" 41, D
fu(yN) _fu < ﬁ
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where f = min,cq fu.(7), Do = max,eq dg(r) and dg(.) is a prox-function
on Q. Therefore in view of inequality (2.30), we have
4L, D
o 2R p
flx) = f* < (N+1)2+ UM
As we are looking for an e-solution for the optimization problem (2.28), we can

€

1. Choose p such that Dyu = 5 ie. p = 5Dy

2
2. Choose N such that ?161]:1))% =5 As L, = [l4] ;E = %
this conditions gives us
4(DoDu )2 || Al - o
v ADaD0) Al

€

It means that using the smoothing technique, we are able to solve, up to target
accuracy € > 0, the nonsmooth convex problem (2.28) with max-structure
(2.29) in O (1) iterations (instead of O (%) with a black-box subgradient
method). We see here clearly the interest to use explicitly the problem structure
in the scheme.

Remark 2.31. Seeing the problem (2.28) with max-structure (2.29) as a convex-
concave saddle point problem min,eg max,cy ®(x,u) where ®(.,.) has a
Lipschitz-continuous gradient, it is also possible to obtain the complexity O ()
using the mirror-prox method (see [51, 37]).

Composite Objective function

Let us now consider another case of nonsmooth convex problems where the
problem structure can be used to obtain an efficient first-order method. Assume
that the objective function that we want to minimize on a closed convex set )
has the following composite structure

f(z) = fi(z) + fa(x)
where

¢ f1 is a smooth convex function belonging to Fi’l(Q) endowed with a
black-box first-order oracle

o fois a closed convex function (typically nonsmooth) assumed to be easy.

For a particular setup choice, the fact that f5 is easy means that for all g € E*,
subproblems of the form

géig{(g, x) + Cd(z) + fa(z)},
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with C > 0, are easy to solve.

Remark 2.32. In this case, as V(z,2) = d(z) — d(z) — (Vd(z),z — z), for all
z€ F and g € E* and C > 0, subproblems of the form

Lngig{(g, z)+ CV(z,z) + fa(x)},

are also easy to solve.

When f; is nonsmooth, the whole function f can be seen as a nonsmooth con-
vex function endowed with a first-order oracle. We could therefore minimize it
using the subgradient/mirror-descent method. However such a black-box ap-
proach suffers from a bad complexity proportional to O (6%) and does not use
the particular structure of f, in particular the fact that f5 is assumed to be easy.

Another approach can be used. Developed in [62, 4], it consists of applying the
methods of smooth convex optimization like the PGM, the DGM or the FGM
to the composite function f(z) = f1(z) + fo(x) but with f2 kept intact in the
subproblems.

More precisely, in these three methods, subproblems of the form

&
arg géig{Ld(m) + Z ailf(zs) + (Vf(2i), 2 — z4)]},

i=0
arg miél{LV(a:, xr) +H(Vf(zr),z — z)}
zE
becomes respectively

k

argmin{Ld(r) + 3 eulfile) + (VA(r)z )] + Ache)) (231
i=0
arggéig{LV(x,xk) + (Vfi(zg),x — zk) + fo(z)} (2.32)

Furthermore, the presence of f5 does not affect the complexity of these meth-

ods i.e. O (LTRZ> for the Primal and Dual Gradient Methods and O ( LRQ)

€

for the Fast Gradient Method.
It means that, even if the whole function f is nonsmooth (since f is nons-
mooth), we can solve the problem as efficiently as a smooth problem. However,

such approach is possible only when the nonsmooth part f5 is sufficiently easy,
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otherwise the subproblems (2.31), (2.32) become intractable and even one it-
eration cannot be performed.

An important example is the [1-regularized problem

min {f1(z) + Allz[l; } (233)

where f; € F,f’l(R") and A > 0 is a regularization parameter. Using the
Euclidean setup, the nonsmooth convex function fo(x) = A ||z||; can be seen
as an easy function. Indeed, we have

) L
wy = argggg{(Vﬁ(xk),x—xw—i—§||l’—$k||§+)\||x||1}
L 1 ’
= argggg{g l‘—(l'k_fvfl(xk)) 2+/\||37H1}

= Tk (l‘k — %Vfl(xk))

T

where T4 (x); = (|z;|—a)+sgn(x;) is the shrinkage operator (see [4]). Similarly,
we have

k
. L
2 = argmin{(} iV il@i) @) + 5 o = woll” + Aol }
TER S0

k
im0 @iV fi(2;
= Tap (m — 2z VA,
T L
The subproblems of the PGM, DGM and FGM can be solved in closed-form,
the presence of the [; term does not affect the (analytical) complexity of these
methods. Even if the objective function f(z) = fi(x) + A||z||; is nonsmooth,

LR?
€

an e-solution for the problem 2.33 can be obtained after only O

iterations using the Fast Gradient Method.

Remark 2.33. In [62, 4], this efficient approach for composite convex problems
has been developed using an Euclidean setup. These results can be easily
extended to a non-Euclidean setup as proved in Chapter 7 of this thesis.

2.6 First-order Methods beyond their comfort
zone

In this thesis, we want to extend the scope of the first-order methods beyond
the comfort zone described in this chapter. The three challenging difficulties
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we consider in this thesis are inexactness in the first-order information, lack of
smoothness for the objective function and presence of linear constraints (mak-
ing computationally difficult the projections on the feasible set).

The main contributions of this thesis in these three directions can be summa-
rized as the answers (that will be given chapter after chapter) to the following
questions:

1. Inexactness in first-order information:

o What is the effect of (deterministic or stochastic) inexact first-order
information on the existing first-order methods of smooth convex
optimization, namely the Primal Gradient Method (PGM), the Dual
Gradient Method (DGM) and the Fast Gradient Method (FGM) ?
Answers in Chapters 4, 5 and 7.

o lIs it possible to develop a first-order method which is a the same
time fast and robust with respect to oracle errors ? Or is there an
intrinsic link between the speed of convergence of a method and its
sensitivity with respect to errors 7 Answer in Chapters 4 and 5.

¢ Can we exploit the strong convexity of an objective function in order
to reduce the sensitivity of first-order methods with respect to oracle
errors 7 Answer in Chapter 5.

o lIs it possible to develop new methods with optimized behavior in
view of the level of errors in first-order information ? Answer in
Chapter 6.

o Is the case of a stochastic inexact oracle in some sense more fa-
vorable compared to the deterministic one ? Answer in Chapter
7.

o Is it possible to modify existing first-order methods of smooth convex
optimization in order to reduce the effect of a stochastic noise to
zero 7 At which rate 7 Answer in Chapter 7.

2. Lack of smoothness:

o Is it possible to apply first-order methods, initially designed for
smooth convex problems, to objective functions with a weaker level
of smoothness 7 Answer in Chapter 4.

o What is the behavior of the PGM, DGM and FGM when applied
to a nonsmooth or weakly smooth function ? How to choose the
stepsizes, taking into account the lack of smoothness, in a optimal
way 7 Answer in Chapter 4.
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<

Is it possible to obtain a universal optimal first-order method, ex-
hibiting an optimal complexity on smooth, weakly smooth and non-
smooth convex problems ? Answer in Chapter 4.

Is it possible to apply first-order methods, initially designed for
smooth strongly convex problems, to strongly convex functions with
weaker level of smoothness or with different level of convexity? What
is the complexity of the PGM, DGM and FGM on these different
classes of problems? Answer in Chapter 5.

3. Presence of linear constraints:

<&

How to apply a first-order method to a linearly constrained problem
for which projections on the feasible set are intractable ? Answer in
Chapter 3.

Why isn't a simple dualization of the linear constraints sufficient to
obtain an efficient approach ? Answer in Chapter 3.

Is the smoothing technique useful in order to improve the dual con-
vergence rate 7 Answer in Chapter 3.

How to reconstruct a nearly optimal and nearly feasible primal so-
lution from a nearly optimal dual solution ? Answer in Chapter
3.

Why is a double smoothing of the dual function needed to have
the same fast convergence for the dual and the primal processes ?
Answer in Chapter 3.
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Chapter

Double Smoothing Technique
for Linearly Constrained
Convex Optimization Problems

This chapter corresponds to the paper [23]:

O. Devolder, F. Glineur and Y. Nesterov. Double Smoothing Technique for
Large-Scale Linearly Constrained Convex Optimization. SIAM Journal of
Optimization, Volume 22, Issue 2, (2012)

Chapter 3 in four Questions/Answers.

o How to apply a first-order method to a linearly constrained problem for
which projections on the feasible set are intractable ?

A classical approach consists of dualizing the linear constraints, obtaining
an uconstrained dual problem. This dual approach is particularly inter-
esting in the situation where the linear constraints are the only coupling
constraints between the variables. In this case, after dualization of the
linear constraints, the dual objective function typically becomes separable
and therefore easy to compute.

o Why is a simple dualization of the linear constraints not sufficient in order
to obtain an efficient approach 7

After dualization of the linear constraints, we obtain an unconstrained
dual problem that is typically non differentiable. We can therefore only
apply to this dual function a first-order method of nonsmooth convex
optimization, such as the subgradient method, and obtain an unattractive
complexity of order O (Z) both for the primal and dual convergence.
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o Is the smoothing technique useful in order to improve the dual conver-

gence rate 7

Using the structure of the dual nonsmooth function, it is possible to apply
the smoothing technique developed by Nesterov in [59], that transforms
the nonsmooth convex dual function into a smooth convex approxima-
tion and applies to this function a fast gradient method. This approach
allows us to solve the dual problem with a significantly better complexity
proportional to O(1).

Why is a double smoothing of the dual function needed 7

The complexity improvement obtained with the classical smoothing tech-
nique is lost during the process of reconstructing a primal solution from
the dual one. Because we cannot guarantee a fast decrease of the norm
of the gradient, primal convergence (the one in which we are really inter-
ested) reduces to a complexity not better than using the basic subgradient
approach.

The double smoothing technique consists in going one step further in
the smoothing process, making the dual objective not only smooth with
a Lipschitz-continuous gradient but also strongly convex. Applying a
fast gradient method for smooth strongly convex functions to this doubly
smoothed dual objective function, we can solve the dual problem with
accuracy € in O (Xlog (1)) iterations and from this nearly optimal dual
solution, reconstruct a nearly optimal primal solution with the same level
of accuracy.
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In large-scale convex optimization, first-order methods are often the methods of
choice due to their cheap iteration cost. In particular, constrained problems can
be solved provided that performing projection on their feasible set is computa-
tionally easy. In this chapter, we assume that both the convex objective function
J, defined on the Hilbert space U, and the convex feasible region S C U are
sufficiently simple so that the problem min,cg J(u) can be solved efficiently, or
even in closed-form. However, the situation becomes completely different when
adding the constraint Au € T', based on a linear operator A : U — V*, where
V is a finite-dimensional Euclidean space and T" a bounded closed convex set in
V* (the dual space of V). Indeed, the problem may become difficult because
projection onto the new feasible set {u € S : Au € T} may be computationally
very expensive, or even intractable.

A natural approach is therefore to dualize this difficult linear constraint, obtain-
ing the primal-dual pair of problems

P* = min{J(u) + max[(Au, ) - or ()]}
D* = I;’lea‘a({—O'T(Z) + 1522[‘““) + (Au, 2)]}

where o7 (2) = sup,cr(z, z) denotes the support function of set 7', defined on
V.

In this chapter, we assume that the dimension of set V' (i.e. the size of the linear
constraints) is small compared to the dimension of set U, the latter being al-
lowed to be infinite. Due to this asymmetry, we are led to consider a purely dual
algorithmic scheme, generating its iterates only in the low-dimensional space V.
The only operation we need to be able to perform in the infinite-dimensional
or high-dimensional space U is the computation of the value of dual objective
function at a given point z € V, which requires solving the optimization sub-
problem min,ecg J(u) 4+ (Au, z) over the simple set S.

Example 3.1. As a first motivation, consider the purely linear
infinite-dimensional problem:

B B

f@)u(t)dt / a;(t)u(t)dt =b;Vi=1,...,m

* = inf /
uweL?([e,]): M1 <u(t)<Ms> J, o
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where we seek a function u in Hilbert space L?([a, 3]) and data consists of
functions a; (1 < i < m) and f in L?([a, 3]). Since we are working in L2,
inequalities on u(t) are to be understood as to hold almost everywhere. It is
straightforward to define

U=L*a,8]), S={uclU:M <u(t) < Ms,tc A},

J(u) = /5 fut)ydt, V=R™ T={b}CV,

A U=V 04— (/ﬂ ay (H)u(t)dt, ..., /B am(t)u(t)dt>

so that the problem fits our formulation min,cgs J(u) : Au € T. Dualizing the
linear equality constraints, we obtain the dual function:

B m B
/ f(t)u(t)dt—i—Z( / ai(t)u(t)dt>zi](3.l)

- —izibﬁ-irellg / B(f(t)+iai<t>zi)u<t>dt. (32)
=1 @ i=1

Due to the fact that only pointwise constraints M; < wu(t) < Ms are sill
present in this problem, we can solve it in a pointwise way, minimizing u for
each value of ¢ separately. Indeed, any solution u, € S satisfying u,(t) = M;
when f(t) + >, ai(t)z; > 0 and w,(t) = My when f(t) + > 1% a;(t)z; <0
is optimal for problem (3.1).

Since we are able to compute the value of ©(z) in closed form for any value
of z, we can apply a first-order method to the finite-dimensional problem
max.cy O(z).

O(z) =- Z zib; —l—;relg
i=1

Our goal in this work is to show that it is possible to solve the dual problem
efficiently and reconstruct from this process a nearly optimal and feasible pri-
mal solution. We develop to that effect a new double smoothing approach,
which is a variant of the smoothing techniques described in subsection 2.5.3
and in [59, 60, 61]. This technique uses the problem structure to regularize
the dual objective function into a smooth strongly convex function with Lips-
chitz continuous gradient. These modifications allow us to minimize the dual
function with an optimal gradient scheme in O (£ In (1))iterations, where € is
the desired accuracy. From the dual minimization sequence, we reconstruct a
nearly feasible and optimal primal solution, whose accuracy can be controlled
by parameters of our algorithm.

The structure of this chapter is as follows. In the Section 3.1, we recall briefly
two standard approaches for solving a nonsmooth convex optimization problem
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with a first-order method: subgradient-type schemes and smoothing techniques.
We also present the first-order methods that can be used to solve efficiently the
smoothed problem obtained by the smoothing technique. In particular, we recall
the optimal method [58] for smooth and strongly convex functions and describe
its rate of convergence. In Section 3.2, we present in a more general form our
problem class and derive the corresponding dual problem. Using Danskin's
Theorem, we show that the dual objective function is in general nonsmooth.
Section 3.3 presents two simple examples of problems (one finite-dimensional,
the other infinite-dimensional) with separable structure that fit our problem
class. The double smoothing is described in Section 3.4, where we apply two
regularizations to the dual objective function in order to make it smooth and
strongly convex. We also explain the necessity of requiring both properties. In
Section 3.5, we study under which regularity conditions strong duality holds
and how it is possible to bound the size of the dual optimal set. This bound
will be useful in the convergence analysis of our scheme. In Section 3.6, an
optimal first-order method is applied to the modified dual objective function
and a nearly feasible and optimal primal solution is reconstructed from the
dual minimization sequence. Accuracy of the primal and dual solutions can
be adjusted by parameters of our algorithm. In Section 3.7, we discuss the
practical implementation of our method, in particular when the size of the dual
optimal set is unknown. In Section 3.8, we consider applications of our double
smoothing technique to optimal control problems. We conclude this chapter
with a comparison between our results and the existing literature.

3.1 Subgradient method vs Smoothing techniques

Consider the convex optimization problem minycy f(y) where f : V. — R
is a convex function defined on the finite-dimensional space V. If f is non-
differentiable, we know that the complexity of a black-box first-order method
that does not use the problem structure cannot be better that O () iterations,
where ¢ is the desired accuracy for the objective function (see [55, 58]). This
lower bound is achievable by various first-order methods for nonsmooth convex
problems, such as subgradient methods (see e.g. [58, 63]). These schemes
can therefore be applied directly to a nonsmooth convex function, albeit with
a relatively slow convergence rate.

When the nonsmooth function has a particular saddle-point structure:
f(y) = max{g(u) + (Au, y)} (33)

where g : U — R is concave on the finite-dimensional space U and S C U
is closed and convex, another approach can be used. In the smoothing tech-
nique developed in [59, 60, 61], this nonsmooth function is approximated by a
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smooth one and an optimal first-order method of smooth convex optimization
is applied to the smooth approximation. With this approach, we can solve the
original nonsmooth problem up to accuracy € in only O (1) iterations (instead
of O (%) with a subgradient scheme).

In the smoothing approach, we want to minimize the original nonsmooth func-
tion with an accuracy e. We construct a smooth approximation of f belonging
to FLl(t) with constant L(e) = ©(1). Applying a fast gradient method for Féé)
to this smoothed function, we can solve the original problem with the desired
accuracy in O(2) iterations. In our work, the function that we optimize using
a first-order method, with saddle-point structure (3.3), is the dual objective
function. However, our goal is to solve efficiently the primal problem, not the
dual one.

In order to reconstruct a good primal solution from the iterates of the numerical
scheme applied to the dual problem, we will need to apply a second smoothing
to the dual function before we apply the fast gradient method. Its purpose will
be to ensure strong convexity of the resulting dual objective function. Fast gra-
dient methods that are optimal for smooth strongly convex objective functions
are also known (see for example subsection 2.4.5 and [58]), and we will use
such a method to minimize the doubly smoothed dual objective function.

For the reader's convenience, we conclude this section with a presentation of
the simplest optimal method for minimizing smooth strongly convex functions
on the whole space (see subsection 2.2.1 in [58]). Let function f € SilL(V) and
consider the problem: min,cy f(y). We assume that this problem is solvable.
Denote by f* its optimal value and by y* the optimal solution.

Algorithm 12 Simple Fast Gradient Method (FGM) for S} (V)

1: Choose wyg =yg €V

2. fork=0:... do

3. Compute Y11 = wi, — £V f(wy)
4

5

L—
Compute wi 1 = Yr4+1 + \\/FE ﬁ(yk-&-l — Yk)-

. end for

By Theorem 2.2.3 in [58] we have

Fo0) =1 < (Fo) = 1+ Sy — '} ) € *VE < 2(f (o) = e HVE.
(3.4)
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Since V f is Lipschitz-continuous, in view of Theorem 2.1.5 in [58] we have

(3.4 ]
SIVF@lZ. < Fl) — < 2f(wo) - e VE

Therefore,

< AL(f(yo) — f*)e MVE. (35)

IV (i) l13-
Finally, since f is strongly convex, by Theorem 2.1.8 in [58] we have

(3.4) =
Sl - < flm) - S 2(f(wo) — fr)e*VE,

Using this inequality and additional arguments, we conclude that

e =1 < min{llyo — o713, £(Fo) — e VEL (36)

3.2 Problem formulation and dual approach

As described in the introduction, we consider in this work optimization problems
of the form:

P = ing J(u): Au e T. (3.7)
ue
where U is a Hilbert space endowed with the Euclidean norm ||-|[, = \/(:|")v,

S is a bounded, closed, convex set in U, V is a finite-dimensional Hilbert space
endowed with the Euclidean norm ||-||;, = /(-] )v, T is a bounded, closed,
convex set in V*, the dual space of V, J : U — R is a closed and convex
function defined on S and A : U — V* is a bounded linear operator. Space U
is allowed to be infinite-dimensional, but the approach used in this chapter is also
efficient for large-scale finite-dimensional problems, i.e. when dim U > dim V.

Remark 3.1. Note that problems with multiple linear constraints also belong
to problem class (3.7):

P*:ireng(u):AiueTi Vi=1,...,m. (3.8)

Indeed, assume that V = V] x V5 x --- x V,,, where V; is a finite-dimensional
Hilbert space for i = 1,...,m. For each ¢, A; : U — V;* is a bounded linear
operator. Let T =T x 15 x --- x T, where T; is a bounded closed convex
set in V;*. Defining the linear operator A : U — V* such that (Au,z) =
St (Aiu, z;) for every uw € U and every z = (21, ..., zm) € V, the constraint

Au € T is clearly equivalent to A;u € T; Vi =1,...,m. Finally, we have:
m
lAll = max (Au, z) = max Z(Am,z,)
llully=1,l1zl,,=1 llull;=1, ZZ Nzl =15=

Ty {Z” 1“‘V*} 5{;”«41”2}
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Our assumptions on J, S and T' are motivated by the following classical result
(see for example [78]):

Theorem 3.1. If X js a reflexive Banach space, M C X is a bounded, closed,
convex set and F' : X — R is a closed, convex function, then optimization
problem ming,e s F(x) is solvable. Furthermore, if in addition X is an Hilbert
space and F' is strictly convex, then the optimal solution of this problem is
unique.

We conclude that subproblems of the forms

inf {J(u) + (Au,2)} and  inf (z,2)

are solvable for each z € V' and that subproblems of the form:
inf {J(u) + (Au,2) + £ ullg} and  inf {(z,2) + Zlle)5.}
ucsS ’ 2 U zcT ’ 2 v
have a unique optimal solution for every z € V', u > 0 and p > 0.

In our setting, it is natural to dualize the linear constraint Au € T and to
consider a dual method, working only in the small-dimensional space V. Since T’
is a closed convex set, inclusion Au € T is equivalent to (Au, z) < o7 (z) Vz €
V, where or(z) = sup,cp(x,2) denotes the support function of 7', which
allows us to dualize the linear constraints. We obtain the primal-dual pair of
problems:

P*=inf[J (u)+§gg(<¢4u7 z)—or(z))], D*=§1615 [~or(2)+ inf (J(u)+{Au, 2))].

Thus, the Lagrangian dual problem (in minimization form) is given by

~D*=0" = inf[or(2) + 6(2)] = inf 6(z) = —P" (3.9)
where we define ¢(z) = sup,cg[—J(u) — (Au,z)], we recall op(z) =

sup,er(z, z) and we let 8(z) = or(2) + ¢(2).

We made the initial assumption that it is easy to optimize a function over simple
set S, so that it is easy to compute the value of §(z) for every z € V'; however
this function is typically non-differentiable. Indeed, using Danskin's Theorem
([22, 8]), the subdifferentials of o and ¢ are given by

dorp(z) = {xeT:(x,z)=0r(2)}
09(z) = {—-Au:—-J(u) — (Au,z) = ¢(z),u € T}.

As the optimization problems defining or(2) and ¢(z) can have multiple op-
timal solution, the above subdifferentials may contain several elements and
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function 6(z) can be nonsmooth. Dualization of problem (3.7) therefore results
in a nonsmooth convex problem.

As explained in the previous section, instead of relying on subgradient-type
schemes with relatively slow convergence, we will solve the dual problem with
a smoothing technique [59, 60, 61]. In the smoothing approach, using the
specific structure of the problem, we apply some regularization to the objec-
tive function and obtain much faster methods (which are not pure black-box
schemes anymore). We develop in this chapter an algorithm able to solve the
dual problem with accuracy € and to reconstruct, from a nearly optimal dual
solution, a nearly optimal and feasible primal solution in O (£ In (1)) iterations.

3.3 Examples of problems with separable struc-
ture

Before we go into the details of the double smoothing, we provide two examples
of problems with separable structure (one finite-dimensional, the other infinite-
dimensional) that belong to our problems class.

3.3.1 A finite-dimensional example

Consider the case where

o U=RN=RM x RN2 x ..x RNm and S = 81 x Sy X ... X S, where
SiCRN"’,

o V = R™ whith n < N and T is a bounded closed convex set in R™,

o J(u) =>"", Ji(u;) where u; € RN and J; : R¥i — R is a closed and
convex function,

o A= (A; Ay -+ A,) € RN where A; € RN:,

Our problem becomes min ", J;(w;) = Y.iv, Au; € Tou; € S; Vi =
1,...,m. This problem has a specific structure that we want to exploit. When
the coupling constraint Y. | A;u; € T is dropped, we obtain a separable prob-
lem that we can solve separately for each w;. With this property, it seems
natural to dualize the coupling constraint and to consider the dual problem:
minegn 0(z) = mingegn or(z) + ¢(z) in the small-dimensional space R™.
For each z € R", the dual objective function can be computed in a pointwise
way: solving the subproblem max,cs{—J(u)— (Au, z)} is equivalent to solving
separately for each i the subproblems max,,, s, {—J;(u;) — (A;us, 2) }, which
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we assume to be computationally easy. The modified dual objective function
. . 2 . A
obtained after smoothing max,cs{—J(u) — (Au,z) — 5 ||ulz~} is similarly
easy to compute with independent subproblems, since squared Euclidean norm
. 2 2
lul| g is also separable: [lulpy = ity [Jwillz, -

3.3.2 An infinite-dimensional example
Consider the case where:

o U=L*[0,T],R™) and S = {u € U : u(t) € S(t) Vt}, where S(t) is a
closed, convex set in R™ for each ¢ € [0, 7] and U,co,715(t) is bounded,

o V = R"™ and T is a bounded, closed, convex set in R",

o J(u) = fOTF(t,u(t))dt where function F': [0,7] x R™ — R is convex
and continuous,

o A:U — R™is defined by Au = [) A(t)u(t)dt where [;| |A(t)|[3dt <
+oo and A(t) € R™*™ Vt € [0, T].

Our problem becomes:
T T
inf / F(t, u(t))dt : / A(t)u(t)dt € T,u(t) € S(t) Ve [0,7]. (3.10)
0 0
When the linear coupling constraint is dropped, we obtain a separable problem
that we can solve independently for each ¢ € [0, 7]: miny)es) F(t, u(t)).
Hence, dualization of the linear coupling constraint is here also a natural ap-

proach. For each z € R™, the dual objective function can be computed in a
pointwise way. Indeed, solving the maximization problem involved in ¢(z)

-
¢(2) = sup{—J(u) = (Au,z)} = sup —/0 F(tu(t) = (A()u(t), z)dt

ues u(t)ES(t) V[0, T]

is equivalent to solving independently for each value of t € [0, T, a subproblem
over S(t) C R™: max,eg()[—F(t,v) — (v,A(t)T2)], which is assumed to
be easy to solve or even computable in closed form. The same separability
property holds after smoothing, since minimizing the smoothed dual objective
function sup, ¢ g{—J(u) — (Au, z) — § \u||?]} is equivalent to solving pointwise
subproblems max,c s {—F(t,v) — (v, A(t)"z) — & ||v] 2R}

3.4 Double Smoothing Technique

We propose to solve the dual problem (3.9) using a new primal-dual smoothing
technique. Note that, as shown above, its objective function is in general not

74



3.4. DOUBLE SMOOTHING TECHNIQUE

differentiable and not strongly convex. However, we can ensure these properties
by a double primal-dual regularization of 6. The goal of the first regularization is
to obtain an objective function with Lipschitz-continuous gradient, for which we
can apply much more efficient algorithms of smooth convex optimization. The
goal of the second regularization is to obtain a strongly convex dual objective.
This property is necessary to allow us to reconstruct efficiently a nearly feasible
and optimal primal solution from a nearly optimal dual solutions.

3.4.1 First Smoothing

Let us start by ensuring smoothness of the dual function. Dual objective (%) is
a sum of two functions, both of which can be nonsmooth. Their nonsmoothness
comes from the fact that the optimization problems defining or(z) and ¢(z)
can have multiple optimal solutions at a given point z. A natural way to obtain
a smooth approximation of 6 is to modify these optimization subproblems in
order to ensure the uniqueness of optimal solutions for each z € V. For any
p > 0, we can approximate o (z) = sup,cr(x, z) by a modified function

P 2
ap1(2) = sup{(z, z) — 5 |2l }. (3.11)
zeT
In the same way, for any p > 0, we modify function ¢(z) as follows

¢u(2) = sup{—J(u) — (Au, z) — g el 3 (3.12)
u€S

The following result can be seen as an easy generalization of Theorem 1 in [59]:

Theorem 3.2. Let Hyi, Hy be two Hilbert spaces. Assume that the linear
operator A : Hy — Hj is bounded and that the function G : H; — R is closed
and strongly convex with parameter k. Let Q C dom (G) be a closed, convex
set. Then the function

F(z) = sup{—G(u) — (Au, 2)} (3.13)

ueqQ
is smooth with Lipschitz-continuous gradient VF(z) = —Au, where u, Is
the unique optimal solution of the optimization problem defining F(z). The

Lipschitz constant of the gradient is equal to w where ||A|| = sup{(Au, z) :

u € H, ||u||H1 =1,z € Hy, ||Z||H2 = 1}'

Choosingnow Hy =U, Q =S5, Hy =V, A= Aand G(u) = J(u) + § ||u||2U
we conclude that ¢,, is smooth and convex with a Lipschitz continuous gradient
equal to V¢, (z) = —Au, ., where u, . denotes the unique optimal solution of

the problem (3.12). Its Lipschitz constant is given by L(¢,) = w. Similarly,
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if we choose H1 = V*, Q =T, Hy=V, A=1:V*— V* and G(z) =
£z ‘2/ Theorem 5.1 shows that o, r is smooth and convex with Lipschitz-
continuous gradient Vo, r(z) = x, ., where z, . denotes the unique optimal
solution of the problem (3.11). The Lipschitz constant of this gradient is given

by L(o, 1) = %.

Remark 3.2. When the function J(u) is strongly convex with parameter x, we
do not need to apply the first smoothing to ¢(z), which is in this case already

2
smooth with a Lipschitz-continuous gradient with constant w.

If we denote Dy = max{3 ||z %, :z € T} and Dg = max{3 Hu||?] cu € S},
it is easy to check that o, 7(2) < or(z) < o,71(2) + pDr for all z € V
and ¢,(2) < ¢(2) < ¢u(2) + pDg for all z € V. Therefore, if we define the
regularized function

Opu(2) = 0p1(2) + dp(2)

1,1 - 1 A2
we have 997# S FL(p M)(V) Wlth L(p7 /’[’) T op + “w and

0pu(2) <0(2) <0,,(2) + uDs + pDp VzeV. (3.14)
Applying a fast gradient method to the function 6, , will generate a point
ze € V such that 6(z) — 6% < e in O (1) iterations (see [59]). However, our
aim is not only to solve the dual problem efficiently but also to generate a nearly

optimal and nearly feasible solution for the primal problem. We will see that a
single smoothing is not enough in order to achieve this goal.

Let us first show how it is possible to reconstruct a good primal solution from
a dual iterate. Let z € V, we have:

Opu(2) = 0p1(2)+ du(2)

P
= <xp7z,z> 9 ||37;)72|

2 1% 2
v J(“;m) - <Auu,Z7 z) — 9 ||uu,Z||U-

Let us find the conditions that z must satisfy in order to guarantee that u, .
is nearly optimal and nearly feasible for the primal problem. We have:

* 1Y 2 H 2 *
J(U;L,Z) - D= <33p.,2a Z>_ 9 ||mp,Z| Vv _ep,u(z) - <Auu,2a Z> Y ||uu72||U +6

* 14
= <V9p,u(z)a z) + (0" — ep,u(z)) ) ||xp,Z| |uu,Z||?] .

2 _g|
% 2

Therefore, since J(u,,.) > P* > D*, we have J(u,,.)—D* > J(u, ) —P* >
0 and

J(up,z) = P* < [(VO, 1(2), 2)| +10,,u(2) — 07| + pDr + pDs

76



3.4. DOUBLE SMOOTHING TECHNIQUE

and, as we also have that |0, ,(z) — 6% < |0(z) — 0*| + pDg + pDr, we
conclude that

J(up,.) < P*+[(VO,,.(2),2)| + (0(2) — 67) + 2pDr + 2uDs.

If we apply the fast gradient method to the function 6, , with constants p
and p chosen to be of order O(3), we already know from [59] that the kth
iterate zj, generated by this algorithm satisfies 6(z;) — 0* < O(). However,
unfortunately, the norm of the gradient of the smoothed function ||V, .(zx)]l,,
does not decrease at the same rate, which negatively affects the above estimate
of the rate of convergence of J(u, ). Indeed, as §,,, € Fi’l (V), we have

(o)
(see Theorem 2.1.5 in [58])

IV 00z 15 < 2000, 1) (Op,pa(21) = 05,

As the fast gradient method is applied to the function 6, ,, we also have ([59])

4L(p, p) |20 — 25|

_0* <
bon(ek) = 0o = =i 2)

where z% denotes any optimal solution of the smoothed dual problem
min.cv 0, ,(2), and we see that choosing L(p, 1) of order O(k) guarantees
convergence of the smoothed objective of order O(%) Therefore

_ 2V3L(p, p) /T — 23]

VO, (z0) Iy < (k+1)(k+2)

and, due to the fact that L(p, i) is of order O(k), we cannot guarantee that
the norm of the gradient ||V8, ,(zr)]|, . is decreasing with respect to k.

V*

In principle, this can be remedied with a minor modification of the scheme. It
is indeed possible to obtain in 2k iterations a point Z such that V6, ,(2)],,.
is of order O(ﬁ) Indeed, after k steps of the fast gradient method have been
computed, we can apply k additional steps of the classical gradient method
with constant stepsize ﬁ i.e.

1
Zk4i = Rk+i—1 — m

Vepyu(szri,l) 1= 1, ey k.
We have then (see Theorem 2.1.14 in [58])

1

CYAP) V0, (ztim) e < Opp(Zhrict) = Oppu(zies) Vi=1,... k.
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and summing these inequalities gives

k

1 2
E - _ < -
= 2L(p, ) ”ng»#(ZkJrz)”V* < 0p7#(zk) Qp_’#(zmg)

IN

Op,p(2k) — 9;,/,1,

AL(p, 1) |20 — 2513
- (k+1)(k+2)

If we denote by Z the iterate with the smallest norm of the gradient, we conclude
that

IV, (D3. = min V6, (2| <8L2(P»/~L)||Zo—zg||%,
Pyl V* =1,k P\ ~k+i v k(k T 1)(k T 2)

In conclusion, after 2k iterates, we are able mixing fast and classical gra-
dient method, to obtain a point Z such that 6,,(2) — 65, < O(3) and
V0,2l = O(ﬁ) However, this convergence is very slow, as it im-
plies we need at least k = O(e%) iterations in order to have a primal solution
Up,z, € S with accuracy € (i.e. J(uy, 2, ) < P*+¢€). This is not better than the

result of the classical subgradient approach.

Furthermore, we must also examine the feasibility of the reconstructed primal
iterate u, z. The norm of [|V6, ,(Z)|,. also provides an upper bound for the
non admissibility measure of u,, ;. Indeed, denoting d(-,T) the distance to set
T, we have

d(Auy,z, T) < [ Aupz = 2pzlly = 1V, ()l -

In conclusion, we have shown why requiring a good convergence rate for 6(z;) —
0* alone is not sufficient to obtain a nearly feasible and optimal solution for
the primal problem. The same good rate must also be ensured for the norm of
the gradient ||V, ,(zx)|,,- We now show how applying a second smoothing
to the dual objective function, making it also strongly convex, will achieve this
goal.

3.4.2 Second Smoothing

In order to obtain a strongly convex dual objective function, we simply add the
strongly convex function & ||z\|%/ to the function 6, ,,. This gives us a new dual
objective function:

K
Op.un(2) = 0p1(2) + Pu(z) + B} ”Z”%/ )
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which is strongly convex with parameter . If we denote by B=B*:V — V*
(with B > 0) the duality map between V and its dual space, i.e. (Bz,%z) =
(2|2)v Vz,Z € V, we have V0, ,, .(2) = z, . — Au,, . + £Bz. This gradient is
2

Lipschitz- continuous with constant L(p, u, k) := %—f— @ +#, hence this func-
(V). Denote by 0% ik
min.cs 0, ,..(2). Applying a fast gradient method for the class sht
function 6, ,, .., we generate a sequence 2, satisfying

tion belongs to S the optimal value of problem

K L(p 1K)

w,L(p,p),K to

. (3.4) K .
GP»M»K(ZIC) - ep,,u,n < exp <_k L(pﬁ%”)) 2(9%#,”(20) - ep”u,ﬁ)
and

(3.5) . K
90l 2 AL R) Ope) = ) (e [

Ps Hs K
i.e.
k K
0 L <2 Op..r L(p, p, k)
||V \/T\/ P, ZO /’”Kexp( 2 L(Pyﬂ»ﬁ))

and we have the same rate of convergence for ||V, ,, (2x) |+ as for 0, . «(21)—

0, .- This property is crucial in order to obtain a nearly feasible and opti-

mal primal solution in O (% In (%)) iterations (instead of O (}2) with a simple
smoothing).

3.5 Strong duality and norm of dual optimal so-
lutions

Before we apply the fast gradient method to the doubly smoothed dual function,
we study in this section under which condition strong duality, i.e P* = D*, holds
and how it is possible to bound the size of the optimal solution set of the dual
problem (3.9) . Such bound will play a role in the convergence analysis of our
scheme, as we will see in the following section.

Theorem 3.3. If there exists r > 0 such that
BO,r)cQ:={zr—Au:ueS,zxecT}CV" (3.15)
then

© there is no duality gap, i.e. P* = D*, and
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© the optimal solution set of the dual problem (3.9) is a nonempty, bounded,
closed and convex set in V.

Furthermore, if we define A(J') := maxy ves J'(v,u — v), where J' (v, u — v)

is the directional derivative of J at point v in direction u — v, we have the
following upper-bound for the norm of the dual optimal solutions

A(J)

1%y < :

r

Proof. Applying Theorem 2.165 in [11] to the primal problem min, ey {f(u) =
J(u) + Is(u) : G(u) = Au € T} (where Is denotes the indicator function of
S), we conclude, using our assumptions on .J, A4, S and T and the regularity
condition (3.15), that there is no duality gap between this problem and its La-
grangian dual (3.9). Furthermore, as the primal optimal value P* is assumed
to be finite, we have that the optimal solution set of the dual problem is a
non-empty, bounded, closed and convex set in V.

It remains to obtain the bound ||z*||,, < < AUD A the subproblems
sup,cr(z, z) and sup,cg{—J(u) — (Au, z)} are solvable for all z € V,

09(2) = {z.—Au.€V" iz, € T, (.,2) = o7 (2),u. € S, —J(u.)—(Aus, z) = ¢(2)}

is non-empty for all z € V. Let g, = z, — Au, be any element in 96(z). By
the optimality condition of the problems defining or(z) and ¢(z) we write

(x—2,,2) <0 Ve eT —J(u,u—u,)—{Alu—u,),z) <0 Vues.
This can be rewritten

(Ty,2) > (x,2) Ve eT —(Au,z2)>—J (uz,u—u,)+(—Au,z) YueS
and therefore

(g2,2) = (x, — Auz,2) > (z,2) — J (uz,u —u,) + (—Au, 2)
= (v—Au,2) — J (uz,u —u,).

We obtain:
(x — Au, z) < J'(uzyu —uy) +(g.,2) Yu€esS, VzxeT
and therefore

_ < J’ _ < J’ _
uggiéT(x AU,Z>_IIILl€a§( (uz,u uz)+<gz,z>_52}ae)é (v,u—v)+(g,, 2)

As B(0,r) C {z —Au:u € S,z € T} C V*, we have maxycgzer(T —
Au, z) > r||2||y, and therefore

|zl < %%%J’(U,u —v)+(gs,2) VzeV. (3.16)

80



3.5. STRONG DUALITY AND NORM OF DUAL OPTIMAL SOLUTIONS

Consider now an optimal solution z* of the dual problem. By the optimality
A(T)
==

O

condition of this problem, we have: 0 € 06(z*) and therefore |z*||,, <

Remark 3.3. As J is convex, we have J(u) > J(v) + J'(v,u —v) Yu,v € S
and

max (J(u) — J(v)) = max J(u) — min J(v) > max J'(v,u — v).

u,vES uesS veES u,vES

The condition max,, yes J'(v,u — v) < 400 is therefore satisfied as soon as J
has bounded variation on S, i.e. max,eg J(u)—min,eg J(v) < +00. However,
our condition is strictly weaker, as the following example shows. Consider the
function

() = /O (1 — u2(2))dt

defined on S = {u € L*([0,1]) : =1 < u(t) <1 a.e in [0,1]}. Clearly
maxyes J(u) —ming,eg J(v) = 400, and this function can be seen as as barrier
function for S. However we have:

Hioe )= [ 202000,

and A(J') = maxy yes’ J' (v,u —v) < 2.

Remark 3.4. If the primal problem is feasible, it is clear that there exist © € S
and T € T such that Au =7, i.e 0 € Q. In order to have B(0,r) C @ with
r > 0, one of the following extra assumptions is enough:

¢ The set T has a non-empty interior and there exists © € S such
that Az =T € int T (generalized Slater condition).
As T € int T, there exists r > 0 such that: T+ B(0,7) C T and therefore
B(0,r)=7 — Au+ B(0,r) C Q.

¢ The set S has a non-empty interior, A : U — V* is surjective and
there exists © € int S such that Au =7 € T.
Indeed in this case, asu € int S, there exists # > 0 such that B(u,7) C S.
By the Banach-Schauder theorem, the image of any open subset of U
by A is an open subset in V*. Therefore, there exists r > 0 such that
Au+B(0,r) C A(B(u, 7)) C A(S). We conclude that T— Au+B(0,r) =
B(0,r) C Q.
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3.6 Solving the primal-dual problem in O(!1n (1))
iterations

Denote by 27,4 the unique optimal solution of the doubly smoothed dual prob-
lem

1;%‘1;1 O,k (2), (3.17)

and by z* one of the optimal solutions of the original dual problem (3.9). We
assume that the upper bound

l=*lv < Dp (3.18)

is available. As we have just shown, this can be ensured under very natural
assumptions on S, T and J using Theorem 3.3.

If we apply the simple fast gradient method presented in subsection 3.1 to the
doubly smoothed dual problem with starting point zg = 0, we obtain a sequence

{21} verifying

* * k)t
9P7#7,{(zk) - 9,),#7,{(2135) <2 (9p7/_L7;§(0) - QP,H,,{(ZDS)) e Llows k) |
x kT
||Vep,u,n(zk)| %/* < 4L(p, p, ”)(‘gp,uw(o) - epww(ZDs)) € Lo k) |
* . * * _k S K
llzx — 2psl %/ < min {HZDS" %/*v % (0p,1.k(0) =0, un(2Ds)) € Lot ) }

(3.19)

3.6.1 Convergence of 0(z;) to 0*
(

ep,u,fi(o) - GP,M,H(Z*DS)

Since 0,1 (0) = 0,,,,(0) and 0, ..« (2Ds) = Op,u(2Dpg) + 5 HZBSH%/ we have
2
Slzbsly <

* K * 2
1) 0p,(0) — 0, .(2D5) — 5 I2Dslly (3.20)
3.4
* * *k\/+
lzx —2hslly < 2(0,,,(0) = 0,,.(2hg))e Llpwn)
Note that
. (3.4) . Y - —
Op,u(2) — 0p,u(2Ds) < 2(05,u(0) — 05,.(2Ds))e Elospore)

K * 2 2
+5(l2bslly = llzelly)-

On the other hand,

I2pslly = lzelly < lzhs — zellv(12hsllv + llzxllv)
< lzps — zkllv2llzpsllv + [l2x — 2phsllv)
(3.6)
< 3llzbs — zllv - I2hsllv
(3.20) . T - b oE
<3 s v/ L0pu(0) — By u(zhg))e 2V w0
(3.20) [ —
< %(apw(o) - ep,u(Z*DS))e 2V Leops) |
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and therefore
Op.u(zk) = 0pu(2hs) < 5(65,u(0) — eﬂ,u(zf*ps))‘;% VTG,
We also have 6, ,,(0) < 6(0) and
0pu(2ps) = 0(zps) — pDr —puDs > 0(2*) — pDr — puDs.
Therefore,
0,,(0) —6,,.(2hs) < 0(0)—6(z*)+ pDr + uDs. (3.21)
Finally, since 0., (zhs) + 5 [2hsl? < 6u(=") + 122, we have

.14)
0pu(2bs) < Opu(z)+ 512515 < 0(") + 5lz*IR7,
and therefore
* (3.14) * K * |2
Opulze) = Opu(2ps) = 0(zr) — pDs — pDr — 0(z") — 52"y

In conclusion, we have

0(zr) — 0(z*) < uDs + pDr + 5D7,
k

2 3.22
+5(6(0) — 0(z*) + pDp + pDg) e 2V TG (322)

Now it is clear how to choose the smoothing parameters. Let us fix some € > 0.
In the upper bound for the residual 6(zx) — 8(z*), we have four terms. In order
to ensure accuracy 0(zi) — 0(z*) < ¢, we force all of these terms to be less or

equal than . This leads to the following values:

p=me) = g55, P=p€) =157 K=r6)= g5z (3.23)
Under this choice we get

O(z) — 0(2*) < 345(0(0)—0(z*)+ 5) e Vimmm,  (3.24)

The last term in the estimate (3.24) defines the number of iterations needed
for reaching the accuracy e. Clearly, we ensure

5(0(0) —6(z*) + %) e SV TGumm < ¢ by taking

ko> 2\/m1n 20(0(0)70(2*)+§). (3.25)

It remains to note that

Lowr) = 14 Ly 142 2 14 8 [Dr 4+ D A2] D3,
(3.26)
Thus, we need at most k = O(11In 1) iterations.
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3.6.2 Convergence of |V, ,(z)] -

In our approach, we want to be able to reconstruct a nearly optimal and feasible
primal solution efficiently. In Section 3.4, we have seen that the accuracy of
this primal solution depends not only on the rate of convergence for the dual
objective function, but also on the rate of convergence of the norm of its
gradient. We provide now an upper bound on the number of iterations needed
to reduce this norm below a certain level. We start with

VO, n(ze)llve < VO, un(zk) — KB2gllv-

< IV sz lve + &l Billve
= VO unzi)llve + &llzillv

(3.19)
< IV s (zi)lve + 26 1255y -

Note that
(3.19),(3.20) Y —
m HVQp,u,n(Zk)H\z/* < (0.u(0) = 0p,u(2Ds))e o)

(3.21)
< (0(0) — 6(=") + puDs + pDr)e "V T

P2 00) — o) + eV T

At the same time,

)+ 5112 S () 51212 2 Bpulzhe) + 5 [2hs?
P} 1% (3—14) Pl 2 VvV = Ypu\*DS 2 DSIlv

: 2

> 0(zpg) —uDs — pDr + 5 ||2pslly

v

* K * 2
0(z*) — pDs — pDr + 5 [[2Ds 5 -

Hence,

(3.23) 3.23
lebsly < I+ 2Ds+ 2D, < w2 /5 2 3D,
(3.27)
and we obtain:

1905, (z0)llv- < v/AL(p, 11, RY(B10) — 0(z) + e ¥V +2y/3xDp.

l\’)\m

Taking into account (3.23), we can see that in k(e) = O(2 In 1) iterations, we
can ensure

H(Zk) - 9(2*) <e ||V9p ;L(Zk)”\/* S D (3.28)

D’
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3.6.3 Constructing an approximate primal solution

The possibility to construct a nearly feasible and optimal primal solution from
a nearly optimal dual solution with the same level of accuracy is the crucial
advantage of the double smoothing technique compared to a simple smoothing.
In this section, given a target accuracy € > 0, we will see how to obtain from
the dual iterate zj(.) an approximate primal solution () € S such that

|J(Uke)) — D*| < 2(1+2V3) ¢ (3.29)
~ 2
A Ao, T) < 55 (3.30)

Since D* < P*, inequality (3.29) implies J(ak(é)) < P* 42 (1 +2\/§) - €,
and 4. satisfying (3.29), (3.30) can be seen as a nearly optimal and feasible
primal solution with accuracy proportional to e.

Consider Uy () = Up(e), ey the unique optimal solution of the optimization
problem defining ¢,,()(2(c)). We have

Op(eu(e)(Zh(e) = Tp(e),7(2k(e)) + Ppu(Zh(e)) 2
= (o000 () — 5 ‘xp@),zk(s) o~ k)
~ (€) |~ 2
~( AT, 2100 = 45 [[Tkco |y -
Therefore,
- . -~ p(e) 2
() = D" = (Zpe) 200y — Alli(e)s Zrie) — 55 H%(e),zk(ﬁ) .
€) ||~ 2 *
— 24 k(o) |y = oo o) (o)) +O(=%).
(3.31)

Since Hp(e))u(e)(zk(e)) —0(z*) < 9(2’;9(6)) —6(2*) <, and

(3.14)
Op(e)u(e)(Zu(e) = 0(2*) > 0(zre) — p(e)Ds — ple) Dy — 0(2%)

(3.23) .
=7 0(zhge) — 0(27) — 3¢ > —36,

we have [0, u(e) (Zre)) — 0(2%)| < €. Therefore,

|J(ak(e)) - D < pr(5)7fk(e) - Aak(e) v sz(f)HV
+p(e)Dr + p(e)Ds + €
(3.23)
< Vim0 Gr) - 2000 ||y + 2€
(3.28)

< 55 ek lly + 26
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establishing (3.29). On the other hand,

(3.19) (3.27)
lz@olly < 2w = 2bslly +l1zbslly < 2l2hslly < 2v3Dp

and we obtain | J (i) — D*| < 2(1+2V3)-e. Finally, we have iy €

S and
(3.28) 2
2 2e
Vo* S (DD> 9

2
HA“’“E) = Tpenio ||y = IVOp@ 0 (o))

Vo

where z € T, which proves (3.30).

p(€),2k(e)

3.7 Practical Implementation of the Double
Smoothing Technique

The double smoothing technique presented in the previous section relies on a
choice of the smoothing parameter k that requires knowledge of the size of the
dual optimal set, or at least an upper-bound Dp on this quantity (given for
example by Theorem 3.3).

Even when we have no initial estimate of the size of ||z*||,,, we can still ap-
ply a simple modification of the double smoothing technique. The procedure
we propose is based on a initial estimate Dp of ||z*||;, (we do not require
llz*|l,, < Dp). It consists in successively applying the fast gradient method to
a sequence of doubly smoothed dual objective functions 6, ,, .(-) with decreas-
ing smoothing parameter &, restarting from scratch at each application, until
condition [|V@, ,,(zk)ll,. < € is satisfied. This procedure will ensure we obtain
a primal iterate u € S that is both nearly feasible for the linear constraints,
i.e. d(Au,T) < O(e), and nearly optimal for the primal objective function, i.e.
J(u) — P* < O(max(||z*||;, , Dp)e). Moreover, when compared to the ideal
situation where the norm of the dual optimal solution is known, the total num-
ber of iterations required by this procedure only grows by a small logarithmic

multiplicative factor of order O(max(1,log, (%)))

Let € > 0. The proposed global procedure goes as follows.
Initialization:
g

Let Dp be an initial estimate for ||2*||y,. Choose k(1) = — and j =1
D

jth attempt
Apply (from scratch) the fast grgdient method to the doubly smoothed dual

function 0, ,, ..(.) with p = ﬁ;m and p = ﬁ;m until the following
stopping criterion is met

V0,1, (21) |

ve < (3.32)

NS
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If this last iterate satisfies
HWp,u(Zk)llw <eg, (3.33)

terminate and output u; = argmin,ey {J(u) + (Au, z) + 5 Hu||?]}
Else let x(j + 1) = $(j) and start the (j + 1)th attempt.

First, we note that since the stopping criterion (3.32) checked at the jth attempt
is the norm of the doubly regularized function being minimized, it is guaranteed
to be met after at most

g2 g2 €

k= \/1+ 128Dy 128Ds log (16&(3’)(14_ 18Dz | 12805 (9(0) _ g 1 6;)>

iterations, see bound (3.5).

We need now to estimate the number of attempts needed to reach the termi-
nation condition (3.33), and consider two cases:

1. When Dp is chosen smaller than the true norm of the dual optimal solution
l|z*|ly/, our global process stops for sure with criterion (3.33) when

€ €
o SR < (3.34)
16 |||y, 811z*[ly,

Indeed as soon as k(j) satisfies this condition we have

V0,1 (20) |y < VO, (20) Ly + 2kl
(3.6),(3.27) 2u 2
< VO (zR)llye + 2ff\/llz“*llv + st + pDT
< VO, i (20) |y + 26127y,
+2\f2\/fw7Ds+ 2v/2\/kpDr

(3.32),(3.34)
< €.

As k(1) = 8[% and k(j) = $k(j — 1), the number of attempts carried out
before condition (3.34) holds satisfies log, (H ”V)—H < j <log, (HZ Iy )—|—2

When this global procedure stops, primal iterate uy is nearly feasible
A A T) < [Aw, = ey = V8, (0] < 2
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and nearly optimal

(3.31)
J(ug) — P~ < [(VOp,u(2k)s 2} + 07 = 0p, ()
< V0o, (zi)lly- 126l + pDr + pDs
(3.6),(3.27),(3.33) 2uD 25D
< 25\/||z*||2v+ “H S +%+pDT+,uDS
(3.34) 25 .
< T 12"l -

2. If Dp is chosen bigger than [z*|,,, the global procedure stops after the

: - se L el - -
first attempt since || VO, . (zx)|l,. < 5 + o, S¢© and we obtain a pri-

mal iterate uy satisfying d(Aug,T) < ||[V0, . (21)[l,. <€ and J(ux) — P* <
2e\/||2*|2 + 2D + 222 < (2V3 + 1) Dpe.

In conclusion, when the global procedure stops, we have an approximately fea-
sible solution with d(Aux,T) < € and a guarantee on the accuracy of the
objective function of order O(max(||z*||;,, Dp)e). Although this last bound
cannot usually be computed in practice, since ||z*||;, is not known, an a pos-
teriori guarantee on the objective accuracy can be easily computed from the
right-hand side of inequality J(uy) — P* < [(V0, .(2k), 2&)| + pDr + pDs.

Remark 3.5. A potential drawback of the suggested scheme is that while it
allows the user to choose a guarantee € on the feasibility of the final iterate, it
does not allow the same with the objective function accuracy. Indeed, our bound
for that accuracy O(max(||z* ||y, , Dp)e) involves the unknown size of the dual
optimal solution!. However, this is unavoidable, as all known methods for
convex optimization require at least some information of this type to guarantee
absolute accuracy of the solution. For example, the standard analysis of the
primal gradient method, which produces inequality f(zy) — f* < %kx)
requires knowledge of the initial distance to the primal optimal solution set X*,
whose nature is similar to the size of the primal optimal solution.

3.8 Applications of the Double Smoothing Tech-
nique in Optimal Control

In this section, we will study optimal control problems (OCP) that can be writ-
ten in the form (3.7) (more precisely in the form (3.10)). In particular, we

1For comparison, when Dp is known, the objective accuracy can be chosen as €, and the

feasibility guarantee becomes O(DED ), as done in the analysis of Section 3.6.
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3.8. APPLICATION IN OPTIMAL CONTROL

consider OCP governed by a system of linear differential equations with convex
objective functional, convex constraints on the state variables at finite num-
ber of inspection moments, and point-wise convex constraints on the control
variables. In order to motivate our choice of problem class, in particular the
linearity of the differential equations, we first show that OCP with a nonlinear
system of differential equations are NP-hard.

Consider the following OCP with convex objective function:

{H Wi+ (e, z(1))? s &= -z (z,u) +u, 2(0) =0 }.
(3.35)

uEL2

We assume that vector ¢ has integer coefficients.

Lemma 3.4. Let ||zo||3 = 1. Then, finding an approximate solution to problem

(3.35) with absolute accuracy higher than é o W is NP-hard.

Proof. In view of the system of differential equations in (3.35), we have (&, z) =
0. Hence, by condition of the lemma, ||z(t)||2 = 1. Note that by an appropriate
control u we can move the starting point zg to any position at the unit sphere.
Hence, the problem (3.35) is equivalent to the following finite-dimensional min-
imization problem:

def
Find £ = min, {€w) = lylli + e} (3.36)

Let us show that this problem is equivalent to solving the equation {c,y) =0
with Boolean variables (which is a well-known NP-hard problem).

If this equation has Boolean solution y. with coefficients y{”) = +m~1/2,
i=1,...,n, then & = % On the other hand, note that for any y € R™ with

1

2
unit Euclidean norm we have |y|li = L + Z ()2 - L), If we manage

to find such a point y with £(y) — & < ¢, then in the case £(y) > % + € we
guarantee the absence of Boolean solutions. If £(y) < L-+¢, then|(c,y)| < é'/2
and max [(y(")? — L| < &!/2.In this case, we can define the Boolean vector

1<i<m
ul? = e -sign(y®), i =1,...,m. For this vector we have
el = le)+ (eu—g)
< [ey)l+ ’Z e - sign(y®) (Ly — [y@])
i=1
< @4 el max | i — g
< ar+mdh) = b
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Since vector ¢ has integer coefficients, we conclude that {(c,u) = 0. O

3.8.1 Class of optimal control problems and reformulation

Consider the following optimal control problem:

1
igf{of F(t,u(t))dt . i(t) = A(t)z(t) + B(t)u(t), x(0) = xo,
x(t;) €Ty i=1..,N, (3.37)

u(t) € S(t) a.ein|0,1]},

with variables z(¢t) € R™ and u(t) € R™, ¢t € [0,1] and where sets S(t) C
R™, t € [0,1], are closed and convex with bounded graph S def Usefo,1)5(t).
We assume that function F : [0,1] x S — R is bounded and continuously
differentiable and convex in the second argument. We measure control variables
with the norm ||u||3 = fol |lu(t)||3dt. We assume that A(t) € C([0, 1], R™*™)
and B(t) € C([0,1], R™*™). In problem (3.37), we have a finite number of
inspection moments ¢; € (0,1}, i =1,..., N, and we assume that each subset
T; C R™ is a closed bounded convex set. Let us rewrite the problem (3.37) in
terms of control u. Denote by ®(¢,7) the transition matrix of the system, i.e.
the unique solution of the following matrix Cauchy problem

%(I)(t,r) = A@®)®(t,7), t>T1, O(r,7)=1I

Remark 3.6. When the system is time-invariant, i.e. A(t) = A and B(t) = B
for all t € [0, 1], transition matrix ® is the usual matrix exponent

[ee]
@(t, 7_) — e(th)A =7 + kz:l Ak(tkTT)k .

From classical optimal control theory (e.g [40]), we know that the state tra-
jectory x(t), generated by the system of differential equations under the con-

trol u(t), is defined by a(t) = ®(t,0)zo + [) ®(t,7)B(r)u(r)dr, t € [0,1].
Therefore, the constraint 2(t;) € T; can be expressed as A;(u) € T; for each
i=1,...,N using

t; o
Aiw) € (@, 1)B(r)u(r)dr and T; < T, — &(t;,0)z0, (3.38)
0

where ®(t;,0)xg is the value at time ¢; of the unique solution of Cauchy problem
z(t) = A(t)x(t), =(0) = xo.
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Linear operator A; : L?([0,1], R™) — R" can also be written as

1
o def [ ®(t;,7)B(7), when 7 € [0,¢;],
Azuf/Al( Ju(T)dT where A;(7) = { 0. when  clt:, 1],
0
Defining now J(u fo ))dt and S = {u € L3([0,1],R™) : u(t) €

S(t) a.e. in [0, 1]} the optlmal control problem (3.37) can be rewritten in the
form (3.8), and therefore in the form (3.7), if we define the convex set T =
Ty x Ty x ... x Ty € RNV*™ and the linear operator A : L%([0,1], R™) —
RN*" such that Au : RN*" — R satisfies (Au, z) = SN (Aiu, z;) for all
u € L?([0,1], R™) and z = (21,...,z5) € R™. Hence, we can solve it by the
double smoothing technique. This approach assumes that we are able to solve
the following problems easily in a pointwise way

maxyes( {~F(tu) = LI, A7) = & Jull3}

where A;(t) depends directly on the state transition matrix. However, in
practice the state transition matrix ®(¢;,t) is often not known explicitly. In-
stead, we can compute the function A;(¢)7 2% as a solution of some system
of differential equations. Indeed, we have (see e.g. Theorem 1.2 in [42])
%@T(ti,t) = —A(t)T®T (t;,t). Therefore ®(t;,t)T is the state transition ma-
trix of the system ©(t) = —A(t)Tv(t). Hence, A;(t)T2" = B(t)Tv(t), where
v(t) is the unique solution of Cauchy problem

o(t) = —A@)To(t), vt;) =2z tel0,t], (3.39)
extended by zero for t € [t;, 1].

Remark 3.7. At first glance, it seems that we are restricted to objective func-
tionals depending only on the control w(t) and not on the state variable x(¢).
In fact, using the state transition matrix, we can also consider any convex func-
tions depending on linear functionals of the state. Such a functional can be
defined as

t

(J ®(t, 7)B(T)u(r)dr, a(t))dt

(®(t, 7)B(T)u(r), a(t))drdt

@) = [(a(t),a(t)dt =

o Lo .
HH
Oft—

Il
\“o

(u(7), B(r)T®(t,7)Ta(t))drdt

[oH}
=

Il
O —tr0o
V— s

{(u(t), B(t)T®(t,7)Ta(t))dtdr = Ofl<u(7),h(7')>d7',
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1
with h(7) = [ B(t)T®(t,7)"a(t)dt. Another possibility is as follows:

T

Wz) = (2(t:),a) = <z¢(ti77)B(T)U(T)dT,a>

with h(7) = B(r)T®(t;,7)Ta.

3.8.2 Evaluation of |4,

In order to solve the primal-dual problem (3.7)-(3.9) by a double smoothing
technique, we need to bound the norm [Alls < [N, [l A:[12]'/2. Moreover,
from the estimates (3.25), (3.26), it is clear that this norm is an essential
element in the global complexity bound of our problem. In this section, we
first derive a closed-form representation for the norm ||.A4;||, using the reach-
ability Gramian of the dynamical system. However, this quantity is not easily
computable (it needs the knowledge of the transition matrix). Moreover, its
dependence in the length of time interval is not very transparent. Therefore,
in the next section, we obtain some simple upper bounds for the norms ||.4;]
which can be easily computed by solving Linear Matrix Inequalities (LMI).

21

Let us derive first the exact expression for ||A;||,. By definition,

[Aill, = sup {IAsull2 = [JullL2(o),mm) =1} -
weL2([0,1),R™)

Since the vector A;u does not depend on values of u(t) for ¢ € (¢;,1], we can
consider the restriction of A; on L2([0,t;], R™) : u — fot O(t;, 7)B(T)u(r)dr.
Then

[ Aill, = sup {IAwullz = llullL2(o,),mm) =1},
weL2([0,t:], ™)

and the operator A} maps y € R™ into function B(t)T®(t;,t)Ty € L?([0,t;].

For all t; >0,i=1,..., N, define the reachability Gramians
ti
W (0,t;)) = [®(t;,7)B(r)B(r)T®(t;,7)Tdr = AAL,
0
which are symmetric positive semidefinite matrices. Recall the following defini-
tion:
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Definition 3.1. The system

z(t) = A@®)z(t) + B(t)u(t), =(0)=0 (3.40)
is called reachable on [0,] if for any # € R™ there exist a control u(t) such
that z(f) = #.
Reachability is closely related to the reachability Gramian (e.g. Corollary 2.3 in
[1])-
Theorem 3.5. The system (3.40) is reachable on [0, t] if and only if the Gramian
W,.(0,%) is positive definite.
Let us come back now to the definition of the norm |A;[[,. We have:

IAdy = s Al ol = 1)

u€L?([0,t;],R™
—1

wereBE o Uullzzqo.mmy = [Msullz = 1}

If the system is reachable on [0,¢,], then Im A;(L?([0,t;], R™)) = R™, and we
have

i f 2 7YL . — 1
“eLz(%(lJ’l,ti],Rm) {HUHL ([0,t:],R 2| A; u||2 }
— mf {HU”Lz [Ot R"L AU—iCZ}

@, €R™ ||z ll2=1
weL2([0,4;],R™)

In order to solve this minimization problem, we will use the following simple
result:

Lemma 3.6. Let H be a Hilbert space and the linear operator A : H — R
be nondegenerate: AA* = 0. Then for any b € R™ and f € H, the Euclidean
projection m,(f) of f onto the subspace L, = {g € H : Ag = b} corresponds
tom(f) = f + A*(AA*)~L(b— Af).

Therefore

: _ * CA*—1,.. _ CA* =1, .\1/2
ueL2<[loI,l£],Rm>. l[ully = A7 (A A7) " il = ((AiAT) ™ s, @) /=
Aju=x;
Therefore,

{lull 2o, mmy + [Awulla =1} = . ((AA7) Mg, )/

inf
weL2([0,t;],R™)

= A ((AA) Y,

min

and we conclude that

Al = AntZ((AAD ™) = Adae(AAD),

n’lll’l

where A; A* = W,.(0,t;) is the reachability Gramian.
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3.8.3 Bounding the growth of norms ||.A4;||, with time

In the previous section, we have shown that the norm ||A;||, is equal to the
square root of the maximal eigenvalue of the reachability Gramian on the inter-
val [0,¢;]. Simple examples show that this norm can grow exponentially with
t;. However, for stable systems, the situation is much better.

In this section, we derive the bounds for the growth of the norms ||.A;]|, from
the stability characteristics of the linear time-varying system:

z(t) = A@)z(t), t=>0, (3.41)
where the matrix A(t) depends continuously on time.
Recall that the state x = 0 is always an equilibrium of the system (3.41). It is

the unique equilibrium if A(t) is nonsingular for all ¢ > 0. The following facts
are standard (e.g. [1]):

Theorem 3.7. The equilibrium x = 0 is stable if and only if the solutions of the

linear systems are bounded, that is sup |®(t, 7)l5 ef k(1) < o0, Vr>0.
t>

It is uniformly stable if and only if sup k(7) = sup,>q sup;s, [|®(t,7)]l, o

T>0
t
ko < oo. Finally, it is is exponentially stable if [ ||<I>(t,7')||§ dr < Cforallt >0
0
where constant C' is independent on t.

Using these stability results, we can obtain some estimates for the growth of

(Al

Theorem 3.8. If the equilibrium x = 0 is stable and k; o sup;>q || B(t
0o, then

M <

t; 1/2
[Aill2 < kl[ofk%)df] . (3.42)

Proof. For all u € L2([0,t;]R™), we have

t; t;
Il = |[JotnBeumr]| < flewnsol e
¢, 1/2
< [Ofn@ b ) BB () 3 - J"Hu ||%df}
" 1/2
<k W(ﬂdT] lull,
hence inequality (3.42). O
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This upper bound depends on the growth of integral f(f k2(7)dr with respect
to t;, which can be very fast. Moreover, it can happen that function k(-) does
not belong to L?([0,¢;]), in which case bound (3.42) gives no information.
However, if we assume uniform stability of the equilibrium z = 0, we can get
much better bounds.

Theorem 3.9. If equilibrium x = 0 is uniformly stable and k1 < oo, then

| Ailly < kokiv/E.

The proof of this theorem is the same as that of Theorem 3.8. However, now
we can ensure a sublinear bound for the growth ||A;]|, with respect to t;. If
we strengthen again the stability assumption, we can obtain an upper bound
independent on t;.

Theorem 3.10. Let equilibrium x = O be exponentially stable and ki < oo.
Then H'AZ||2 < k‘1\/€

Again, this fact can be easily derived from the arguments of the proof of The-
orem 3.8. In some cases, we can obtain a computable upper bound for the
norm || A;||,. Recall the following well-known sufficient condition for the global
exponential stability.

Theorem 3.11. [1] Let the linear system (3.41) be time-invariant, and assume
there exists a matrix P = PT = 0 such that ATP+PA < 0. Then equilibrium
x = 0 is globally exponentially stable.

Under conditions of this theorem, there exists 77 > 0 such that the following
LMI
ATP+ PA<—mP, P=PT 0,

admits a solution. Matrix P and constant 77; can help us to obtain an explicit
upper bound for the norm || A;||,. Indeed, by definition, A;u is the position at
time t; of the point z(t) of the unique trajectory defined by the linear system

#(t) = Ax(t)+ Bu(t), z(0)=0.
Therefore, we have ||z(t)||3 = (z(t;), z(t;)) < <P§(f7)(§3()tl)> - /\figfgl);), where
we have introduced function R(t) e (Px(t),z(t)). Its derivative can be
bounded as follows:
Rit) = (Pa@®)it) +it)zt)h)

= (P, z(t)(Az(t) + Bu(t))" + (Az(t) + Bu(t))z(t)")

= (P(Az(t) + Bu(t)),z(t)) + (Px(t), Az(t) + Bu(t))

= ((PA+ ATP)x(t),z(t)) + 2(Px(t), Bu(t))

< —m(Px(t),z(t)) + 2(Pz(t), Bu(t)) < X (PBu(t), Bu(t))
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Since (0) = 0, we get

ti . ti
R(t;) = g“R(t)dt < n%éf(PBu(t),Bu(t»dt
< (P fIIBu W dt < Edmax(P) | Bl3 [lull; -

2 Amax (P max (P)
Hence, || A;ull} < 252LE (| BII3 lull3, and therefore [|A; |5 < 22227 || B3,

If we want to obtain the best upper bound for ||.A4;||,, we need to solve the
following optimization problem in the variables 1, 72, 13, and P:

min {2 : ATP+PA=—mP, il <P =gl mmpms >0}

nin2
(3.43)
Although this problem is non-convex, we can provide an upper bound for its
optimal value that is computable with a convex LMI. Indeed, we note that

A4i]l5 < min{ﬁ i AP+ PA= —mnsl, mel <P =3l ni,me,ms > 0}
17/2

since the feasible set in the right-hand side is smaller than that of (3. 43)
Furthermore, if we introduce new variables: P = o My = mg and 7j3 =
we obtain a convex problem that can be solved in ponnom|a7 time

mln{n3 ATP+ PA=< 1, il <P<igl, ﬁQafI?)ZO}'
72

3.9 Comparison with the literature and conclu-
sion

The subject of this chapter can be summarized as the development of an ef-
ficient first-order method (obtained using the double smoothing technique) to
solve partially finite (or finite) convex optimization problems with linear con-
straints.

Partially finite convex problems have been extensively studied in a theoretical
way with duality results, weak constraint qualification ([13, 14, 16, 17, 31, 32])
and applications for example to maximum entropy ([12, 15]).

On the other hand, it is not the first time that the smoothing technique is
used for solving finite-dimensional convex problems with linear constraints by
first-order methods. As our approach can be also interesting for solving finite-
dimensional problems, we briefly mention these results here, and discuss the
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differences with our approach.

In [43], the authors consider the case of a conic problem with linear objective
function, i.e. J(u) = (c*,u), with ¢* e U*, T ={b*} CV*and S=LCU
a closed convex cone. Using the rich duality theory for such kind of conic
problems, they consider a primal-dual approach. The main idea is to reformulate
the primal dual optimality conditions A*y + s* —¢* = 0, Au —b* = 0, (c*,u) —
b*,y) =0, (u,y,s*) € L XV x L* as a nonsmooth convex problem:

f=min{f(z) =Bz —e|.} = ggg”ggl?;@z e, w) (3.44)
where |.| denotes a norm on U x V x R, ||-|, its dual norm, z = (u,y, s*)7,
e = (c*,b*,0)7T,
0 A I
E=1 A 0 O
ct =b* 0

and Z = L x V x L*. Applying the smoothing technique to the function f,
they are able to find a primal-dual solution z. such that ||Ez. —e||, < € in
O (1) . This primal-dual approach does not work in our case for two reasons.
First, primal-dual optimality conditions cannot be expressed as a linear system
Ez = e (subject to a conic constraint). Furthermore, we do not want to work
in the primal-dual space but preferably in the dual one due to our asymmetry
assumption (the problem (3.44) can be infinite-dimensional in our framework).

The approach considered in [6] is more comparable to what we are doing. Their
problem class is composed of problems of the form (3.7) with J a (not neces-
sarily smooth) convex function, S = U and T = K — b, where K is a closed
convex cone. Dualizing the constraint Au+b € IC, they obtain a dual problem
with conic constraint: max,ci+ g(z) where g(z) = inf, J(u) — (Au + b, z).
They apply the smoothing technique to the dual objective function and com-
pare different optimal first-order methods of smooth convex optimization for
solving the smoothed dual problem. They are able to solve the dual problem
with accuracy € in O (1) iteration. To reconstruct a nearly optimal primal solu-
tion u. from a nearly optimal dual solution z, they suggest to choose u. as the
minimizer of the optimization subproblem defining the smoothed dual objec-
tive function at the point z.. However, this suggestion is not supported by the
analysis of the convergence rates (see our discussion at the end of Section 3.4.1).

In the framework of separable convex problems, the smoothing technique has
also been applied in [49] to convex problems with linear coupling constraint.
Dualizing the coupling constraint, the authors obtain a dual objective function
that can be computed in a separable way. Applying a simple smoothing to this
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dual objective function, they obtain a smooth dual objective function keeping
the separability structure. Here also, this approach allows them to solve the
dual problem with accuracy € in O (1) iterations. Averaging of the minimizers
of the subproblems defining the smoothed dual objective function at the dif-
ferent dual iterates is proposed to reconstruct a primal solution. It is proved
that the quality of this primal solution is also of order €. It also depends on the
norm of the dual optimal solution (which is typically unknown).

The approach considered in this chapter also allows us to exploit the separability
structure of decomposable problems with linear coupling constraints (see the
two examples given in Section 3.3). In our work, we apply a double smoothing
that gives us a possibility to reconstruct more easily a nearly optimal primal
solution from a nearly optimal dual solution, without averaging. The price that
we pay for this simplicity is a logarithmic term log (%) in the complexity. For
the level of accuracy we are interested in, the logarithmic factor is not distin-
guishable from an absolute constant. Furthermore, whereas we use also in our
analysis the norm of the dual optimal solution, we are able to provide an explicit
upper bound for this quantity.

More generally, to the best of our knowledge, this work is the first one where
the smoothing technique is applied for solving infinite-dimensional problems. In
particular, the double smoothing technique can be applied to optimal control
problems governed by a system of linear differential equations with the con-
straint that the trajectory crosses some convex set at certain moments of time
(see section 3.8).
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Chapter
First-Order Methods

with Inexact Oracle:
the smooth convex case

This chapter corresponds to the paper [24]:

O. Devolder, F. Glineur and Yu. Nesterov. First-order Methods of Smooth
Convex Optimization with Inexact Oracle. Mathematical Programming,
Serie A, Accepted, (2013).

Chapter 4 in four Questions/Answers.

o What is the effect of (deterministic) inexact first-order information on
existing first-order methods of smooth convex optimization, namely the
Primal Gradient Method (PGM), the Dual Gradient Method (DGM) and
the Fast Gradient Method (FGM) ?

Two very different behaviors appear. On one side, the PGM/DGM are
slow but robust. They have a slow convergence rate proportional with
O(%) but do not accumulate the errors done at each iteration. On the
other side, the FGM is fast but sensitive to errors. It exhibits a fast
convergence rate proportional to O(k%) but suffers from an accumulation
of errors at a linear rate k¢, where ¢ is the individual error in each first-
order information.

o Is it possible to develop a first-order method which is at the same time
fast and robust with respect to oracle errors 7 Or is there an intrinsic
link between the fastness of a method and its sensitivity with respect to
errors ?

101



CHAPTER 4. INEXACT ORACLE: SMOOTH CONVEX CASE

There is no free lunch and no hope to develop a perfect method which
would be as fast as the FGM and as robust as the PGM/DGM. The
fastness of a first-order method and its sensitivity to errors are linked:
the faster a method is, the higher its sensitivity to errors must be also.
Accumulation of errors of the FGM does not come from our analysis or
from a specific problem of this method, it is an intrinsic property of any
fast first-order method.

o Is it possible to apply first-order methods, initially designed for smooth

convex problems, to objective functions with a weaker level of smoothness
?

Yes! The notion of (4, L)-oracle, that we introduce in order to model
errors in the first-order information, can be also used in order to represent
a lack of smoothness. The exact oracle of a nonsmooth or a weakly
smooth convex function can be seen as a particular case of (¢, L)-oracle.
As a consequence, the first-order methods initially developed for smooth
convex problems (i.e. the PGM/DGM and FGM) can be also applied to
nonsmooth and weakly smooth convex functions, obtaining in some sense
universal first-order methods. These results break the wall that seems at
first sight to exist between smooth and nonsmooth convex optimization.

o What is the behavior of the PGM/DGM and FGM when applied to a non-
smooth or weakly smooth function 7 How to choose the stepsizes, taking
into account the lack of smoothness, in a optimal way ? In particular,
is it possible to obtain a universal optimal first-order method, exhibiting
an optimal complexity on smooth, weakly smooth and nonsmooth convex
problems 7

The PGM/DGM are only optimal in the nonsmooth case where the PGM
is nothing else that the subgradient/mirror-descent method. On the other
hand, the FGM, when used with well-chosen stepsizes (depending on
the level of smoothness of the objective function), can be seen as a
universal optimal first-order method, reaching the optimal complexity in
the smooth, weakly smooth and nonsmooth cases.

For the detailed choice of the stepsizes and the corresponding complexi-
ties, we refer the reader to section 4.7.
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Standard analysis of first-order methods assumes availability of exact first-order
information. Namely, the oracle must provide at each given point the exact
values of the function and its gradient. However, in many convex problems,
including those obtained by smoothing techniques, the objective function and
its gradient are computed by solving another auxiliary optimization problem.
In practice, we are often only able to solve these subproblems approximately.
Hence, in that context, numerical methods solving the outer problem are pro-
vided with inexact first-order information. This led us to investigate the behavior
of first-order methods working with an inexact oracle.

We introduce in Section 4.1 a new definition of inexact first-order oracle and list
a few simple examples. In Section 4.2, we show how our concept is applicable
to situations when the inexact oracle is computed by an auxiliary optimization
problem. In particular, we consider convex-concave saddle point problems, aug-
mented Lagrangians, and Moreau-Yosida regularization.
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In Sections 4.3 and 4.4, we consider classical (primal and dual) and fast gradient
methods, designed for the class of convex functions with Lipschitz-continuous
gradient. We obtain efficiency estimates when these methods are used with
an inexact first-order oracle. We also study the link between desired accuracy
for the objective function and necessary accuracy for the oracle. We observe
that the superiority of the fast gradient methods over the classical ones is no
longer absolute when an inexact oracle is used, because FGMs suffer from error
accumulation. In particular, fast methods require first-order information with
higher accuracy than standard gradient methods to obtain a solution with a
given accuracy. Therefore, the choice between these methods depends on the
availability and relative cost of an inexact oracle at different levels of accuracy,
as is explained in Section 4.5.

In Section 4.6, we compare our approach with other definitions of inexact ora-
cle, as applied to the smoothed max-representable functions typically obtained
by the smoothing techniques [21, 2]. We show that our definition can give
better complexity results.

Our definition of inexact oracle is applicable to nonsmooth and weakly smooth
convex problems. Section 4.7 shows how to apply first-order methods designed
for smooth convex optimization to functions with a weaker level of smoothness.
For that, we show that (exact) first-order information for a nonsmooth problem,
such as subgradients, can be viewed as an inexact oracle, so that the methods
of Sections 4.3 and 4.4 can be applied. We obtain in this way “universal” first-
order methods possessing optimal rates of convergence for objective functions
with different levels of smoothness.

Finally, in Section 4.8, we obtain lower bounds on the rate of error accumulation
for any first-order method using an inexact oracle, which shows that all methods
discussed in this chapter have the lowest possible rate of error accumulation.
In particular, it appears that while slower standard gradient methods are able
to maintain an error comparable to the oracle accuracy, any optimal method
must suffer from error accumulation.

4.1 The (0, L)-oracle

4.1.1 Motivation and definition

Consider Fé’l(Q), the class of convex functions on convex set ) whose gra-
dient is Lipschitz-continuous with constant L. It is well-known that functions
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belonging to this class satisfy

0 < f)~ (F) +(Vilha—u) < 5 e~ iy forall o,y € @, (41)

see the top of Figure 1. Moreover, it is easy to check that, for a given y,
quantities f(y) and V f(y) are uniquely determined by this pair of inequalities.
Therefore, membership in FLM(Q) can be characterized by the existence of
an oracle returning for each point y € @ a pair (frL(y),9.(y)) € R x E*,
necessarily equal to (f(y), Vf(y)), satisfying

0 < flx)— (fly) + {gr(y),z —y)) < gl\x—yu% forall z € Q

(both zeroth-order and first-order information are included in the oracle). Our
definition of an inexact oracle simply consists in introducing a given amount ¢
of tolerance in this pair of inequalities (see bottom of Figure 1).

Definition 4.1. Let function f be convex on convex set (). We say that it is
equipped with a first-order (4, L)-oracle if for any y € @) we can compute a pair

(f5.0.(v),95.0.(y)) € R x E* such that
0 < f(x) = (fs.(y) + (952(y),z—y)) < g | —y||% + 6 for all 2 € Q.
(4.2)

Constant § will be called the accuracy of the oracle. A function f belongs to
F}'N(Q) if and only if it admits a (0, L)-oracle, namely (fo.1(y),g0..(y)) =
(f(y),Vf(y)). However, the class of functions admitting a (d, L)-oracle is
strictly larger, and includes nonsmooth functions, as we will see later.

4.1.2 Properties
We list here a few important properties of (¢, L)-oracles.

o A (6, L)-oracle provides a lower d-approximation of the function value.
Indeed, taking x = y in (4.2), we obtain

fsn(y) < fly) < for(y) + 0. (4.3)
o A (9, L)-oracle provides a d-subgradient of f at y € Q, i.e.

95,.(y) €0sf(y) ={z € E": f(z) > f(y) + (2,2 —y) = Vze€Q}.

Indeed, using the first inequality in (4.2) and (4.3), we have for all z,y €
Q

f@) > for)+{gs.L).x—y) > fy)+{g95L(y),xz—y)—0. (4.4)
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Exact oracle (f (y),Vf(y)) for F-X(Q)

L
f(y)+Vf(yJ(y—><)+;IX—ylz

FW+VEYY-X)

(.f(y)

Inexact oracle (fsL(Y),9s5,.L(Y))

L
f5L(N+85L (N(Y—X)+ E\X—y\%

LN+ (N(Y-X)
(. fsL(Y)+6)

. f5L(9)

Figure 1: lllustration of lower and upper bounds (blue lines) implied by the
definition of an exact (top) and inexact (bottom) oracle.
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Methods of nonsmooth convex optimization based on §-subgradients have
a long history (see e.g. [74, 68, 20, 50] for subgradient methods, and
[20, 29, 41] for proximal point and bundle methods). We will show later
that a standard subgradient can also satisfy the second inequality in (4.2),
which opens the possibility of using the concept of inexact oracle in the
context of nonsmooth convex optimization.

A (0, L)-oracle can certify that an approximate solution has accuracy .
Indeed, assuming g¢s 1 (y) satisfies (g5 1(y),z —y) > 0 for all z € Q,
we have that f51(y) < f(z*) = f* and therefore, using (4.3), we have

fly) < fr+6.

If f admits a (9, L)-oracle, then cf admits a (c¢d, cL)-oracle for any value
of the constant ¢ > 0. If f; admits a (9;, L;)-oracle, i = 1,2, then f1+ fo
admits a (81 + d2, L1 + Lo)-oracle.

When ) = FE, the difference between gs5 1 and any subgradient g, €
Of(y) is bounded as follows

lgy = g5, W)l < [26L]7. (4.5)

Indeed, for any = € Q we have f(z) > f(y) + (gy,x — y) > fs..(y) +
(gy, x —y). Subtracting this inequality from the second part of (4.2), we
get that

L
(9 = gs.0.(y). 2 —y) < e =yl +0

holds for all z € Q. If z € E is such that

9y — 95,z = [{9y — 95.L(y), 2)| and [[2]|z = 1 and if we choose
x € Q such that © —y = t sign((gy — 95,1, 2))# with ¢ > 0, we obtain

. L . L §
tllgy — 95, (W)l < 752 +0< gy — 95 (W) < Sty (4.6)

This upper bound attains its minimum [26L]2 when ¢ = [%]%. In par-
ticular, when @Q = E, parameter ¢ is free to take any real value, and we
obtain inequality (4.5). For constrained problems, a similar bound can be
obtained in terms of the distance d(y, Q) between y and the boundary

of Q: letting
d(y, 0Q) = max{r|[|z —y|p <r =z € Q}

we have that (4.6) holds for all ¢ such that 0 < ¢ < d(y, 9Q), so that

Ld(y,0Q) + q555;  when 0 < d(y,0Q) < [%]*

19y =95, ()l < {[ng when d(y, Q) > [2]* .
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o When FE is endowed with a Euclidean norm (2.2), i.e. with Hx||§ =
(Bz, ), the distance between exact and inexact gradient mappings can
be bounded by the same quantities as the distance between exact and
inexact
(sub)gradients. Recall that for any v > 0, ¢ € E* and y € E, the
gradient mapping M., (y, g), which replaces the gradient for constrained
problems, is defined by

T,(y.0) = agmin{(g.z—y)+ e —uli}  (47)
My(y.9) = Ay —T5(y.9)) (4.8)

If f is subdifferentiable at point y, the exact gradient mapping for any
subgradient g, € 0f(y) is equal to M,(y,g,). Similarly, if an inexact

(6, L) oracle returns (fs.1.(y), g5,1.()) for point y, we call M, (y, g5...(y))
the inexact gradient mapping. We are going to prove that the following
holds

1M (y, 9y) = My (y: 95, WD < llgy =952z (49)
(recall that the dual norm ||z||; is defined in the Euclidean case by (2.3)).

First-order optimality conditions for (4.7) can be written as
(g+7B(Ty(y,9) —y) o —Th(y.9)) > 0 VoeQ.  (410)

Applying those to T (y, g,) and T, (y, g5,.(y)) leads to

<gy - BMW(y,gy),x - T’y(yagy)>
(95,..(y) — BMy(y,95,.()), * — T5(y, 95,..(¥)))

and specializing respectively to © = T,(y, ¢s...(y)) and = = T, (y, gy)
gives

(9y — BMy(y,9y), Ty (y, 95, () — Ty (y,94)) >0
(95,.(y) — BM,(y, 95,.(Y)), Ty (v, 9y) — T (y, 95, (y))) >0

Using now (4.8) in the inner products, multiplying by v and summing,
we obtain

(9y—BM~(y, 9y)—3gs,0.(y)+BM, (y, 95,0.(v)), My (y, 9y) — M (y, 965,2.(y))) > 0
which gives
(v — 95.L.(y), My (y, 9y) — My (y, 95..(1))) = || My (y, 9y) — My (y, g5..(w)|3

from which the desired inequality (4.9) follows by Cauchy-Schwartz.
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Characterizing the class of functions that can be endowed with a (d, L)-oracle
is an interesting open question. We provide below some necessary conditions in
the simple case where Q = F and F is endowed with an Euclidean norm (2.2).
First of all, we establish the following inequality:

Theorem 4.1. If f is equipped with a (J, L)-oracle, we have

%(II%,L(»’U) =95, W)5)* < F(y) — fsn(2)—{gs.r(@),y—2)+0 Va,y € E.

Proof. Let us fix first z € E and y € E, and assume a (¢, L)-oracle for
function f returns (fs..(2),9s.(2)) for any z € E. Introduce auxiliary func-
tions h(z) = —(gs,.(x), 2) and F(z) = f(z) + h(z). It is easy to check that
(—({gs,1.(2), 2), —g5,.(x)) is a (0, 0)-oracle for h(z), and hence (F5 1 (z), Gs.1.(2)) =
(f5,0(2) — (95,0.(z), 2), g5..(2) — g5,.(x)) is a (J, L)-oracle for F'(z).

The lower inequality valid for this oracle implies Fj 1 (w) + (G5 .(w), z — w) <
F(z) for all w,z € E. Applying thisto z =y — %B_lG(;’L(y) and w = z, and
noticing Gs,1(x) = 0, we find Fs ,(z) < F (y — 1 B~'Gs,.(y)). We now use
the upper equality for the oracle F'(z) < Fj (w) + (Gs,p(w), z — w) + 5|z —
wl|3 + 0 for all w,z € E. Applyingitto z =y — + B 'G5 1(y) and w =y we
derive

Fsp(z) < F<y—iBlG(;,L(y))
1, Lt , ?
< Faal)+ Gaslh 3B Gost) + £ || 187 Gasto)| +9
2
= Fou(y) +(Garly) ~7 B Gonlw) + 57 (1Gs2)]3)’
= Fouly) - 57 (IG5 )l) +9
which allows us to obtain
57 (l952) — 052 @) < f52(0) — fo2(2) — lgs.(e)oy — ) +9
< fy) = fo.n(x) = {gs.L(x),y —x) +0.
O

As a Corollary, we have:

Corollary 4.2. If f is equipped with a (0, L)-oracle, then we have for all x,y €
E

l95.0(2) = 5.3 < V22 2 =yl +4L5
and for any g, € 0f(x) and any g, € 0f(y)

gz = gyll; < 2V2+2)VLS + Lz = yll, -
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Proof. Our first claim directly follows from the previous theorem:

1

57 (lgs@) —gs.@3)” < F@) = Foule) = (gs(e)y —a) +3

(42 I
< 5l =yl +26.

Furthermore, for any g, € 0f(x) and g, € 0f(y), we have by (4.5):
192 — 95,0.(x)[l3 < V20L,
gy — g5.L(Y)ll < V20L,

and therefore

gz = gylly < Ngw = go..(x)|5 + lgs,0(x) = g5,.(W)l5 + lgs..(4) — gyll5
< WL+ /L2 o — y|2 + 4L
< (V24 2VOL+ Lz —yl,.

where we used inequality va? + b2 < |a| + |b| inequality on the last step.
O

We conclude that the variation of subgradients of f is locally bounded:
lge — gylls < (2V2+2)VLS+ LR Vx,yst |z —ylla <R (411)

Note however that this property is true for any subdifferentiable convex function
defined on the whole space F.

Assume now that, for a given function f, we can choose the oracle accuracy
arbitrarily. This means that for any § > 0, there exists a constant L(d) such
that a (0, L())-oracle is available for f. We now apply inequality (4.11) to the
following two situations:

o
lim L(6) = L < +o0
6—0

In this case we have ||g; — gyl < L[z —yll, so that f must be a
smooth convex function with a Lipschitz-continuous gradient.

lim L(6) =0 and lim L(6)6 = C < +oo,
d—00 d— 00

which is the case for example when L(¢§) = g. We have then ||lg; — g,|5 <

(2\/§+2)\/5 so that f must be a convex function with bounded variation
of subgradients.
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Note that unless f is linear, L(0) cannot decrease faster than the inverse
of the oracle accuracy §. Indeed we would have in that case C' = 0 and

g2 = gyl < 0.

4.1.3 Examples

To conlude this section, we consider five simple examples of inexact oracle.
More sophisticated examples will be given in Section 4.2.

a. Computations at shifted points. Let function f € F,;'(Q) be endowed
with an oracle providing at each point y € @ the exact values of function and
gradient, albeit computed at a shifted point ¢ different from y. Let us show
that such an oracle can be converted into a (4, L)-oracle with

§=Mly-gly, L=2M.
Convexity of f implies the following inequality for any = € Q
f@) = f@)+ (Vi@ z -9

F@) + (V@) y = 9) + (V@) x —y).

Therefore, to satisfy the first inequality in (4.2) we can choose f51(y) def

(@) +(Vi@),y—19), and g5 1(y) . Vf(§). In order to prove the second
inequality in (4.2), note that we have for all z € Q

(4.1) N . R M 2
flx) < f@)+ V@), =9+ F llz -9z

= )+ (V@) y— 9+ (V@) —y) + Lz —gII%.

Since || - ||% is a convex function, we have

1 1 2
lz=9lE = ||5@@-y)+5(2u-9)

2 2 5

A

1 2 1 12 .
< SR =ylls+ 512 -9l = 2lly - 9% + 2llz -yl
Therefore,

F@) < fon)+ (sn(y),m—y)+ M|z —yll%+ My —a]%.

We can therefore choose L = 2M and § = M|y — §||% to satisfy the (§, L)-
oracle definition.
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b. Functions approximated by a smooth function When a function f
can be well approximated by a smooth convex function f, in the sense that
their difference is bounded, the exact values of f and its gradient provide an
inexact oracle for f. Indeed, assume that there exists a smooth convex function
fe F,f’l(Q) such that f is a d-lower approximation of f on all Q, i.e.

0< fly)—fly) <6 VyeQ.

We conclude that

f(x) > fx) > fly) + (Vf(y),z—y) Vz,yeQ,

(using convexity of f), and

F(@) < F@) 46 < F) + (VF@)z -+ 5 e —yl5+6 VayeQ

(using Lipschitz continuity of V f), which shows that (f(y), Vf(y)) is a (4, L)-
oracle for f.

One might wonder whether all inexact oracles can be obtained in that fashion,
i.e. whether any inexact oracle can be seen as an exact oracle for a smooth ap-
proximation f. It turns out that is not the case: indeed, as we have seen earlier,
when f has subgradients with bounded variation, its exact function values and
subgradients can be seen as a (9, L)-oracle (for arbitrary value of §). Clearly,
such an oracle cannot be at the same time equal to the exact function values
and gradients of any smooth function f.

Finally, note that the above result can be readily extended to the case when
the d-lower approximation f is not necessarily smooth but is equipped with
an inexact (¢, L) oracle: we can then show that the inexact oracle of f also
constitutes an inexact (6 + &', L) oracle for f.

c. Convex problems with weaker level of smoothness. Let us show that
the notion of (4, L)-oracle can be useful for solving problems with exact first-
order information but with a lower level of smoothness. Let function f be
convex and subdifferentiable on Q. For each y € @, denote by g(y) an arbitrary
element of the subdifferential df(y). Assume that f satisfies the following
Holder condition:

lg(x) —gWlly < Lollz—yly, Va,yeq, (4.12)

where v € [0,1], and L, < 4+00. This condition leads to the following inequal-
ity:

f@) < f@)+ o), e—y) + &5 e -yl VryeqQ. (413)
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Denote the class of such functions by FLl:’(Q) When v = 1, we get functions
with Lipschitz-continuous gradient. For v < 1, we get a lower level of smooth-
ness. In particular, when v = 0, we obtain functions whose subgradients have
bounded variation. Clearly, the latter class includes functions whose subgradi-
ents are uniformly bounded by M (just take Ly = 2M).

Let us fix v € [0,1) and an arbitrary 6 > 0 . We are going to find a constant
A(0,v) such that for any function f € Fé;”(Q) we have

f@) = fy) = (gly)e—y) < 28Dz _y|2 46, Va,yeQ.

(4.14)
Comparing (4.13) and (4.14), we need choose A(d,v) such that
L, 14v A(0,v) 2
_ < - .
o le—vle™ = —5—lle—ulp+0

. 2 .
Since t = ||z — y||; can take any nonnegative value, we may choose

1—v

Ly 4— -2 _ L, 1-v|™F
A, v) = QI?ggi{H_—yt v 6t 2}fL,,[25~}+—Z]

(the latter expression is obtained after straightforward computations, the opti-

1
. .. . . _ T 1t
mal value of ¢ in the maximization being . = [% . h—z

that the exact first-order information (f(y),g(y)) also constitutes an inexact
(6, A(6,v))-oracle. We will therefore be able to apply the methods from Sec-
tions 4.3 and 4.4, initially devoted for smooth problems, to the minimization of
the non- or weakly smooth objective f.

). This means

For example, for functions with bounded variation of subgradients (v = 0) we
have ,
A(6,0) = Lo (4.15)

2
so that a (4, ;—g)—oracle is available for all values of § > 0.

Note that parameter ¢ does not represent an actual accuracy: it can be chosen
arbitrarily, independently of the answer of the oracle. In particular, 6 can be
chosen as small as we want, at the price of a larger value for Lipschitz constant

L of the (4, L)-oracle, which grows as O (5_%).

The application of first-order methods of smooth convex optimization to nons-
mooth or weakly smooth functions will be be further investigated in Section 4.7,
where parameter § will be tuned to minimize the overall complexity of the con-
sidered methods.
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Remark 4.1. This analysis can easily be extended to the case where d-subgradients
with bounded variation are used instead of exact subgradients. We obtain in
this case a (26, A(4, v))-oracle.

d. Function smoothed by local averaging. Another way to apply first-order
methods of smooth convex optimization to a nonsmooth function consists in
smoothing the function by averaging first-order information. Assume that F is
endowed with an Euclidean norm and consider a nonsmooth convex function
fe Fj/}O(E). Let » > 0,y € E, and define

O AR CL
Vi) =g.(y) = L 9(z)dz

Ve Jiz—yl,<r

where V,. denotes the volume of a Euclidean ball with radius 7, and {g(z) :
llz — yll, < r} is a measurable selection of subgradients of f in this ball. As f
is convex and Lipschitz-continuous with constant M we have

0< f@) = f(z) = (g(z)a—2) < Mo —zll, Va,zeE
and therefore

fl@) > f(z)+(9(2),z —y) +{9(2),y —2) Va,y,2€E
f@) < f(z) +(9(2),2 —y) + (9(2),y — 2) + M |lx — 2[|, Vz,y,2 € E.

Averaging now these two inequalities with respect to z over the ball {z :
llz —yll, < r}, we obtain for all z,y € Z

flx) = foly)+{9:(y),z —y) — Mr

M
xz s T y L — Mr ey xr—z 2dZ
f0) = B oG Mg [ e

N

r

(where we used that [{g(z),y — 2)| < |lg(2)|l5]ly — z||2 < Mr). Furthermore,
we have

2 2
2|z —yll; + 2|z — yll; 4T
2r 2

(where the second inequality comes from the arithmetic-geometric inequality),
and therefore

(4.12) 5 5
Jo—zlly = /2l —yl2+ 20|z -yl <

3 c—yly M
f@) < 5@+ o)+ b a2V ML g,

lz=yllo<r

fr(y) + {gr(v), 2 —y) + ng VS ] Y

IA
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Fina”y, choosing fs5,.(y) = fr(y) — Mr, g5.(y) = g-(y), 6 = I~ and
L =2 we obtain a (6,L) = (X, 2M) = (5, ™2 )-oracle. Note that the
dependence of L in M and ¢ is similar to that of the previous example, where

subgradients are used directly instead of being averaged.

e. Approximate function value and approximate gradient Let function
fe F;l’l(Q) be endowed with an oracle that provides us at each point y € @
with an approximate function value |f(y) — f,| < A1 and an approximate gra-

dient ||V f(y) — V||, < Ao

When the set @ is bounded (with diameter D), this very natural definition of ap-

proxmate first-order information is a particular case of (4, L) oracle: (f5,1(y) =
fy— A1 —AsD, gs.1.(y) = Vf,) is a (6, L) oracle with § = 2A; +2A,D and
L= M.

Indeed, we have:

f(x) fy)+(Viy),z—y)

>
> fy— A1+ (Vg2 —y) — DD = f51.(y) + (95.0(y), 7 — y).

L
f@) < @)+ (V@) e =)+ 5 e -yl
- - L
< fy A+ (Vi —y) + 8D + 3l
L
= for() +{o5.(W)w —v) + 5 Il =yl + 281 + 289D,

Remark 4.2. The fact that an approximate gradient is a particular case of
(6, L)-oracle, is only true in the bounded case. In the unbounded case, it is easy
to construct an example of approximate gradient which is not a (4, L)-oracle.

Indeed consider f(x) = 1‘2456%1) + 222 and @ = R? endowed with the classical

Euclidean norm on R2. This function is cIearIy in F);' (R?) and for aII y € R?,
the approximate gradient ny = (Myy, — ) satisfies Hny ||2 <A.

However there exists no f, € R,L > 0 and 0 > 0 such that (fy,ny) is a
(6, L) oracle. Indeed, the condition

f@) = fy +(Vfyo—y), VreR
is equivalent with

M -

7(3/(1) —zm)® = Alye) —z@) + (fy — fy), VzeR.
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Taking y(1) = x(1), we obtain the condition

Az@) —y@) = fy— fy), VYo eR
which is clearly impossible to satisfy when A # 0.

Remark 4.3. We have seen in equation (4.5) that when Q = E, the reverse
implication holds: a (4, L)-oracle is always an approximate gradient.

4.2 (0, L)-oracle for functions defined by an opti-
mization subproblem

4.2.1 Accuracy measures for approximate solutions

In this section, we consider smooth convex optimization problems of the form
(2.1) whose objective function f € FLI(;)(Q) is defined by another optimization
problem:

fz) = max¥(e,u), (4.16)

uelU

where U is a convex set of a finite dimensional space F' endowed with the norm
||.||  and for any z € @ function ¥(z, -) is smooth and (strongly) concave with
concavity parameter k > 0 . Computation of f and its gradient requires the
exact solution of this auxiliary problem. However, in practice, such a solution
might often be impossible or too costly to compute, so that an approximate
solution has to be used instead.

We will measure the accuracy of an approximate solution w,, for problem (4.16)
in three different ways:

Vi(ug) = InaIi((VQ\Il(x,ux),ufuz),

ue
Vo) = max [l w) — w4 5 e —ulE] . (@a7)
Va(ug) = max [P (z,u) — U(x,u,)].

Since ¥(z,-) is (strongly) concave, we have:
U(z,u) < W(z,ug) +(Vol(z,ug), u —ug) — 5lu— ugl|%, Vuel.
Therefore our three measures are related by
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For a given level of accuracy § > 0, the condition V7 (u,) < J is the strongest,
and condition V3(uy) < J is the most relaxed.

We describe below three classes of max-type functions for which the approx-
imate solution of subproblem (4.16), when satisfying one of the conditions
Vi(uz) < 4, allows the construction of a (4, L)-oracle.

Let us show first how to satisfy stopping criteria (4.17) in practice. The most
common criterion is the third one. It amounts to estimating the optimality
gap in the value of objective function. Many optimization methods offer direct
control of this criterion. Other criteria might be more difficult to handle. There-
fore, let us describe a “brute force” approach designed to satisfy the strongest
V7 criterion. We assume here that F' is endowed with an Euclidean norm,
that the set U is bounded with diameter Dy and that ¥(z,.) has a Lipschitz
continuous gradient with constant Ly. Denote h(u) = —¥(z,u) and @ an
arbitrary point in U. Then, after a gradient step from %, we obtain a new point
v =Ty, (u, Vh(w)) such that

(Vh(u)+ Ly(v—1u),u—v) >0, VYueUl.
Therefore:

(Vh(v),v —u)

(Vh(D) — Vh(u),v — u) + (Vh(n),v — u)
Ly v =7l Dy + (Ly (v — @), u — )
2Ly ||v —al| Dy

2||Mr,, (u, Vh(u))| Du

IAINA

where My, (u, Vh(u)) = Ly(a — Tr,, (u, Vh(u))) denotes the gradient map-
ping of h at .

We obtain that the quality of the point ¥ for the criterion V; can be bounded
by:

i) = Iglg&{(VQ\IJ(x,ﬁ),u — )
= max(Vh(0),7 —u) < 2||Mr, (w, Vh(n))|| Dy.

uclU
The upper-bound V4 (7) < 2| My, (@, Vh())| Dy

1. is computable in practice, hence the quality of v for the criterion V; can
be checked directly ;

2. is decreasing to zero for any convergent optimization scheme applied to
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h. Indeed, we have (see Corollary 2.2.1 in [58])

M, (@, Vh@)|| < v/2Lu(h(@) - h(©))

< V2Ly(h(u) — h*).

If we apply the fast gradient method to the function h(u), generating
the sequence of iterates ug, and if we take one gradient step from uy,
obtaining v, then Vi (vi) goes to zero with the rate O (%) .

4.2.2 Functions obtained by smoothing techniques

Let U be a closed, convex set of a finite dimensional space F' endowed with
the norm ||| z, and

U(z,u) = G(u) + (Au, z),

where A : F' — E* is a linear operator, and G(u) is a differentiable, strongly
concave function with concavity parameter x > 0. Under these assumptions,
optimization problem (4.16) has only one optimal solution u%. Moreover, f
is convex and smooth with Lipschitz-continuous gradient V f(z) = AuX. The
corresponding Lipschitz-constant is equal to

L(f) = A% e (4.18)

where ||A|| p_, g« = max{||Au| . : ||ul| = 1}. The importance of this class
of functions is justified by the smoothing approach for nonsmooth convex op-
timization (see subsection 2.5.3 in Chapter 2, Chapter 3 and [59, 60, 61, 23]).

Suppose that for all y € @) we can find a point u, € U satisfying condition
Va(uy) = W(y,up)—V(y,u,) < 3. (4.19)

Let us show that this allows us to construct an (J,2L(f))-oracle. Indeed, since
U(-,u) is convex, for all uw € U, we have
f(@) = ¥(z,up) U(z,uy)

U(y, uy) + (V1¥(y,uy),z —y) (4.20)

Jo.L( )+<967 ( ), —y),

v IV

where f51(y) def U(y,uy), g5,.(Y) def Vi¥(y,uy) = Auy, and L will be
specified later. Further, note that

(Vi¥(y,uy), v —y) = (g50(y),x—y) + (Aluy —uy),z —y). (4.21)
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Since f has Lipschitz-continuous gradient, we have:
f@) < f@)+ (Ve —y) + P eyl

= fly) + (VU (g ),z —y)+ E -yl

(4.21) .
= f) g —y) + B e —yllh + (A — ),z —y).

On the other hand, we have
Ay —uy) e —y) < luy =yl AT @~ )|

(4.18)
< Sl -+ B2 -yl

(where we used Vab < ‘%H’) Therefore,

sl
’LLy Uy P

f@) < f@)+ sz —y) + L)z —ylly + 5|
Since W is strongly concave, & Huy - uZHi < V(y,uy) — ¥(y,uy). Thus,

f@) <Oy, uy) +2(0(y,up) — U(y,uy) + (95.0(y), 2 —y) + L(f) |z =yl -

In view of conditions (4.19) and (4.20), we have proved that the pair
(¥(y,uy), Auy), satisfying condition (4.19), corresponds to a (9, L)-oracle with
L =2L(f).

4.2.3 Moreau-Yosida regularization
In this section, we consider functions of the form

. def
f@) = min{L@u) < h+5lu-al3},  (422)
u

where h is a smooth convex function on a convex set U C R™ endowed with the
usual Euclidean norm Hx||§ = (z,x). The function f is convex with Lipschitz-
continuous gradient V f(z) = k(x — u}), where u} denotes the unique optimal
solution of the problem (4.22). The Lipschitz constant of the gradient is equal
to k.

Instead of solving exactly problem (4.22), we compute a feasible solution w,
satisfying

Va(ur) = max{L(w) ~ L)+ § lu-wl3) <6 (423)
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(Since L is convex in u, we inverted the sign in the definition of V3 in (4.17).)
Let us show that for all z € @) the objects

for(m) = Ll@u) =0 = h(ug) + 5 llus — 2[5 =,
(4.24)
g.(x) = Vil(z,ug) = k(z—uy)

correspond to an answer of an (4, L)-oracle with L = k. Indeed,

fl) = Lz,uy) > L(y,u;) + Ky —uj, v —y)
(4.23)
> Ly, uy) + Sllus —uylls =0+ 5y —x,2uf —x —y)

Ly, uy) + Ky —uysw —y) + 5 luf —uyll; =6
+5(y — =, 2u} — 2uy +y — )
= E(Z/a“y)*’f@*uy:x*w*é
K * 2 2 %
5 (Il =yl + lly = 2l + 20y — 2,05 — )

> L(y,uy) + Ky —uy, . —y) — 9.

Thus, we satisfy the first inequality in (4.2) with the values defined by (4.24).
Further, for all z,y € QQ we have

f(x)

* K * 2
h(uz) + 5 lug — |,

2
< h(uy) + 5 fluy =zl

K 2 K
h(uy) + 5 lluy —ylly + 5 —y, 2 +y — 2uy)

K 2
= Ly, uy) +rly —uy,z —y) + 5 |ly ==l

Thus, in view of definition (4.24), we have proved the second inequality in (4.2)
with L = k.

4.2.4 Functions defined by Augmented Lagrangians

Consider the following convex problem:

max {h(u): Au =0}, (4.25)
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where h is a smooth concave function on the convex set U C F', F is a finite-
dimensional space, and A : FF — E* is a linear operator. Let F be endowed
with the Euclidean norm ||.||,.

In the Augmented Lagrangian approach, we need to solve the dual problem

min (@), (4.26)
where
@) = max [w(zu) S h) + (Au,2) - 5(1Aul3?] . (427)

It is well-known that f is a smooth convex function with Lipschitz-continuous
gradient

Vi(x) = Au}

xT?

where u} denotes any optimal solution of the optimization problem (4.27). The
Lipschitz constant of the gradient is equal to %

Assume that, instead of solving (4.26) exactly, we compute an approximate
solution u, € U such that

Vilug) = max (VaU(x,uy),u — uy)
(4.28)
= max (Vh(uz) + ATz — kATB= Y Auy,u — u,) < 6.
Let us show that the objects
fé,L(I) = \Ij(xaum)v QJ,L(I) = Vllll(x, ur) = Aug, (429)

correspond to a (4, L)-oracle with L = 1. Indeed, for all 2,y € E we have

fl@) = max{h(u) + (Au, ) — 5(||Aull3)*}

uelU
> R(uy) + (Auy, x) = 5(||Auy[|3)* = U(y, uy) + (Auy, = — y).
Thus, in view of definition (4.29), the left inequality in (4.2) is proved. Further,
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f@) < mas(hn) + (Vhluy), u—uy) + (Au,2) - 5| Aul2)’}
meagf({h(uy) —(ATy — kATB~ 1 Auy,u — uy)
+H(Au, z) = 5(||Aull3)*} + 0

+max {(A(u =), ) = §(1A(u —w,)[3)?} +9

= W(y,uy) + (Auy,z —y) + 55 |z — yll3 + 6

Thus, in view of (4.29), we have proved the right inequality in (4.2) with L = 1.

4.3 Gradient Methods with (¢, L)-oracle

Consider the convex optimization problem mingcq f(z), where f is endowed
with a (¢, L)-oracle. In this section, for the simplicity of the analysis, we use
the Euclidean setup.

4.3.1 Primal gradient method

The classical (primal) gradient method (see subsection 2.4.2) can be adapted
in a straightforward manner to accept first-order information from an inexact
oracle: it is enough to replace the true gradient by its approximate counterpart
gs5,1.- We obtain

Algorithm 13 Primal Gradient Method (PGM) with (§, L)-oracle
1: Choose zg € @
:fork=0:... do
Obtain (f(;’L(xk),gg}L(l‘k)).
Compute @p11 = Tr(k, gs,1.(Tk)).-
end for

AN

Lemma 4.3. Fork > 1, we have
k—1 .
Z:O[f(xiﬂ) — fx")] < Fllwo — x*|3 + k. (4.30)
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Proof. Denote 1, = ||z — 2*||2, fx = fs,0(xk), and g = gs..(zx). Then

rier = T4 2B(@rg1 — k), Thgr — ) — g1 — 2[5

< i+ gk, " — wpg1) — |k — 73

= 12+ Z(grx" — ) — 2[{gk, Trgr — k) + S @ks1 — zill3]

(4.2)

< ri 4 2If@) = ful = 2L () — fr — 0

Summing up these inequalities for i = 0,...,k — 1, we obtain (4.30). O

When exact first-order information is used (6 = 0, L = L(f)), it is well-known
that sequence {f(z;)};>0 must be decreasing. This is no longer true when an
inexact oracle is used. Therefore, let us define

Zk

Ty
ye = == € Q.
Since f is convex, we obtain the following convergence rate

Theorem 4.4. Assume that function f is endowed with a (J, L)-oracle. Then

k
the sequence Yy, = Zigl = generated by the PGM satisfies
L|xo — *|3 LR?
—f* < < . 4.31
flye) = < 5% +o< o +0 (4.31)

Thus, there is no error accumulation, and the upper bound for the objective
function accuracy decreases with k& and asymptotically tends to §. Hence, if an
accuracy € on the objective function is required (with € > 0), k = 2("‘671325) itera-
tions are sufficient. In particular, we see that PGM allows the oracle accuracy
to be of the same order as the desired accuracy for the objective function.

Remark 4.4. The same convergence result can be obtained for the non-Euclidean

PGM with M replaced by V(z*,x¢). See Theorems 7.1 and 7.2 in Chap-
ter7with¢:f,0:0and%:%forallz'z().

4.3.2 Dual gradient method

When used with a (4, L) oracle, the Euclidean DGM, developed in [62] and
described in the subsection 2.4.4 of this thesis, becomes
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Algorithm 14 Dual Gradient Method (DGM) with (9, L)-oracle

1: Choose zp € @

cfork=0:... do

Obtain (fs..(zx), gs5..(zk))-

Compute wy = T (zk, g5, (k)
k

Compute zj11 = arggleig Y95, n(xi), @ —xi) + %Hx —xol3].
i=0

2N

o

6: end for

Lemma 4.5. For any k > 0 we have
SUw) -1 < Hao-wl3+ G0 (3)
Proof. For k> 0, denote f = fs.r.(zk), gx = gs5,0.(xk), and
wle) = Ml o — e+ Ele—molf 6i = mineno)

In view of the first inequality in (4.2), we have for all z € Q
Ui = @) £ Eiof@) + 5 llz— ol (4.33)

k
Let us prove that ¥} > > f(w;) — (k+1)d. Indeed, this inequality is valid for

=0
k=0:

(4.2)
flwg) < fo+<go,w0—l’o>+%||w0—330||§+5=¢3+5~

Assume it is valid for some k > 1. Since ¥y (z) is strongly convex with param-
eter L, we have:

Ye(x) > vp+Slr -zl e
Therefore,

V1 = 5%15 {r(x) + [fr41 + (Grt1, T — Teg1)]}

> Y+ 211615 {frt1 + (grs1, 2 — Tpp1) + 2l — 2|13}

(4.2)
> p+ flwgyr) — 6.

k

Hence, using our inductive assumption, we have proved that ¢; > > f(w;) —
i=0

(k+1)0 for all k > 0. To conclude, we combine this fact with inequality (4.33)

for x = z*. O
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Like in the exact case, we define the approximate solution as

k
Zi:o we c Q7

Y = kot 1
and obtain the same kind of convergence rate:

Theorem 4.6. Assume that f is endowed with a (6, L)-oracle. Then the se-

k
quence Yy = Z,;:folw generated by the DGM satisfies
zo—z*||2
Fw) - < Heetlb g5 k>0 (4.34)

Remark 4.5. The same convergence result can be obtained for the non-Euclidean

DGM with M by d(x*). See Lemma 7.3 and Theorem 7.4 in Chapter 7
with o = f, 0 =0, a; =1 and 8; = L for all i > 0.

Since we obtain the same convergence results for both primal and dual gradient
methods, we will refer to both as Gradient Methods (GM) in the rest of this
chapter.

4.4 Fast Gradient Method with (4, L)-oracle

4.4.1 Convergence analysis

Let {ax}72, be a sequence of reals such that

ok
a € (0,1, o2 < A, ¥ S, k>0 (4.35)
=0
and {7y }r>0 be defined by 75, = Z’;—ﬂ.

Let us choose a setup and consider the FGM, developed in [59] (see section
2.4.5), but used here with a (4, L) oracle:

Algorithm 15 Fast Gradient Method (FGM)
1: Choose ag € (0, 1] and zp = mingeg d(z)
2. fork=0:... do
3. Obtain (f5 (), g5.0(7k))

4. Compute yx, = Tp(wk, g5,.(7k))

k
5.  Compute z; = arg mig{Ld(m) + > ailgsn(xi),x —a;)}
z€ i=0 '

6: Compute xyr1 = Tp2x + (1 — T ) Yk-
7: end for

Denote 1} = ;Ileiél{Ld(l‘) + Z?:o ailfs.(xi) + (gs.0(x:), x — )]}
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k
Lemma 4.7. For all k > 0, we have Ay f(yx) < ¢j + Ex with E,, = 3 A,0.
i=0

Proof. Denote fi, = fs.(z1), and g = gs5,.(x). For k =0, we have

vy = ggg {Ld(x) + ao[fo + (g0, — z0)]}

(2.9 , 5 Ly (42
> g min {fo+ g0,z —mo) + %z — x|} > aof(yo) — 6.

Assume now that the statement of the theorem is true for some k > 0. Opti-
mality conditions for the optimization problem solved defining z; imply

(LVd(z) + Zf:o a9, —zp) > 0, VreqQ.
Hence, in view of strong convexity of d,
Ld(z) > Ld(z)+ (LVd(z),2 — 2k) + £z — 2%
> Ld(zr) + Yig @ilga 2 — @) + 5 lle — 25

Thus, we have for all x € Q

k

+

i fi + (i, 20 — 24)]

7

M»&M

> Ld(zp) +

.
I

e Zle||2E + a1 [ o1 + (Grt1, T — Tig1)]-

We have obtained

% . 2
Vo1 = Vit ggg{% |2 — 2l 5 + arsr[forr + (grr1, T — 2ry1)]}-

On the other hand, using our recurrence assumption Ay f(yx) < ¥ + Ej, we
have

Vi + apr1[frorr + (Grs1, T — Thga)]

> Arf(ye) — Ex + apr1[frorr + (grs1, 7 — Trg1)]

(4.2)

Y

Aplfetr1 + (Grs1, Uk — Trg1)] — Ex + a1 [for1 + (Gut1, T — Tpg1)]
= Appifrrr + (Ghr1, Ak(Yr — Tiy1) + a1 (z — p41)) — By
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Taking into account that
Ar(yr — Tps1) + apgr (T — Tpg1)

= Apmi(yr — 2) + 01T — Qg1 TR2k — g1 (1 — T6)Ys = g1 (T — 21),

we obtain

Vi + arr1[frorr +(grt1, T — Thg1)] > Apgr frr1 + arr1(grt1, © — 21) — B

Therefore,
Vi1 = Arsiferr — B + 31615{% o — 2|l % + qrr1(gr1, @ — 21)}
. 2
= Apn [fk+1 + glelél{ﬁ & = 2kl + Th(grr1, 2 = Zk)]’} — B
(4.35) . 2L 2
> Ag [fk+1 +mingeq{%~ |z — 2kl + 7w (gr+1, 2 — Zk)ﬂ — Ej.

For x € Q, define y = 7z + (1 — 7%)yx

. Since y — 41 = (T — 21), We
obtain

. 2L 2
min { %% [l = 2/l + 7elgiin,o - ) }

myin {% ly — @1l + (Grr1sy — Trtn) © Y € TQ + (1 — Tk)yk}

Y

. L 2
min {5 |y = zxs1llp + (grs1,9 — wk+1>} .

(4.36)
Therefore,we have:

2
Ui, > Arp [fkﬂ +£n€18{% |$_Zk|2E+Tk<gk+1ax_Zk>}’:| - By

(4.2),(4.36)
> A1 f(Wrr1) — By — Arp10ng1,

and we get Ak+1f(yk+1) < \I/,*H_l + FEg41 with Expq = B + Ag410k41. O

Theorem 4.8. For all k > 0, we have f(yx)—f* < A%c (Ld(a?*) + Zf:o AZ-<5>.
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Proof. Denote f; = f5r(x;), and g; = g5 .(x;). Then

v = min{Ld<x>+iai[fwgi,x—xm}
TEQ i=0

< Ld)+ ‘_Z’, clfi+ (gia* —x)] < Ld(x) + Auf(a®)

The proof now simply follows from the recurrence established in Lemma 4.7. [

A simple choice for the sequence {«;} consists in letting «; = % for which
we have A = %M, T = ﬁ and therefore

Fge) - f* < ) SNG4 2)s
Yk = DT T DGR & '

Since 0 (i +1)(i +2) = L(k +1)(k + 2)(2k + 6), we obtain

Theorem 4.9. Assume that f is endowed with a (6, L)-oracle. Then the se-
quence vy, generated by the FGM satisfies

* Ld(z” 2
f) = £ < G T 52k 00 < @5+ 5(+3)8 (437)

where R % 2d(x*).

Remark 4.6. The same result can be obtained for the variant of FGM using
Bregman distance. See Theorem 7.8 in Chapter 3 with ¢ = f, 0 =0, 8; = L
and a; = 52 for all i > 0.

4.4.2 Error accumulation

Contrarily to the classical gradient methods, the use of inexact oracle in FGM
results in error accumulation. Indeed, while the first term in (4.37) decreases as
O(k%) the second term is increasing in k, and this FGM used with an inexact
oracle is asymptotically divergent. Section 4.8 will prove that error accumula-
tion and divergence are unavoidable for all fast first-order methods.

We now study the non-asymptotic behavior of FGM, and consider two cases.

a. Oracle accuracy § is fixed. In this case, we can find the number of
iterations k* that achieves the minimal guaranteed residual for the objective
function. Denote accuracy achieved after k iterations with

e(h) = T4 L(k+1)5+ 20
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4.5. COMPARISON CLASSICAL AND FAST GRADIENT METHODS

Function e(k) is convex in k and its minimum is reached at iteration k*

k* - 9 3/ 3Ld§(w*) 1

for which the guaranteed accuracy for the objective function is

€(k*) _ @(L1/3R2/352/3).

b. Oracle accuracy § can be chosen. Let us assume that parameter L of
the inexact oracle is independent on §. If we need to reach accuracy ¢ for the
residual f(yx) — f*, it is enough to perform k iterations, with & satisfying two
inequalities:

4Ld(z*) <
k+D2 =

Lk+3)5<§.

8Ld(z*)

~—— — 1, and the second one gives

The first inequality gives us k >
k< g—g — 3. Therefore attaining both § accuracies is possible if and only if

363/2

< 2./8Ld(x*)+4+/c (4.38)

In conclusion, if we choose the oracle accuracy satisfying relation (4.38), then

after
k(ﬁ) _ ISLdﬁ(w*) _ 1

iterations, we obtain a point y () € @ satisfying f(yp)) — f* < e

d

We observe that, compared to GM, FGM requires a higher-order accuracy for
the oracle (O(e3/2) versus O(e) for GM).

4.5 Comparison between classical and fast gradi-
ent methods

When an exact oracle is used, FGM is an optimal method for the class FLM(Q).

It reaches an objective function accuracy € after O (\/gR) iterations while GM
2

requires O (%) iterations for the same result.

Performing such a comparison becomes more complicated when an inexact first-

order oracle is used. Contrary to GM, FGM suffers from error accumulation. In
order to compare their efficiency, we consider two cases.
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4.5.1 Oracle accuracy § can be freely chosen

In this case we assume that L is independent from the oracle accuracy ¢ (see
examples in Section 4.2). If we need to reach € accuracy for the objective func-
tion, GM will work using an inexact oracle with § = ©(¢). However, it will then

2
need O (%) iterations.

For FGM with inexact oracle, error accumulation forces the use of a more

. . 3/2 . .
accurate oracle, i.e. with § = © (\E/ER)' However only O (\/§R> iterations

are needed. Thus, the choice between two methods depends on the complexity
of the inexact oracle. Denote by C(§) the cost associated with computing
an answer (fs 1 (z),9s.(x)) for a (§,L) inexact oracle. We see that GM is
preferable to FGM if the following holds (up to constant factors in the arguments

of C() B
(z7r)

which leads us to consider the following situations:

LLR*C(e) <

o Oracle for which higher accuracy is very expensive: C(d) = (%) (e.g.
C(8) = 35). In this case, it is preferable to use GM.

o Oracle for which higher accuracy is moderately expensive: C'(d) = © (%)
For such an oracle both methods are equivalent.

o Oracle for which higher accuracy is cheap: C(8) = o(3) (for example,
C(0) = 517, or even C(8) =1In$). FGM is here better than GM.

4.5.2 Oracle accuracy ¢ is fixed.

In this case, the sequence of iterates generated by GM satisfies inequality

Fw) - < HE 4y,
whereas the sequence obtained by FGM satisfies inequality
* 2L R? k43
fm) =" < GG T 50

Figures 2, 3 and 4 depict these two rates of convergence for three different
values of the oracle accuracy parameter ¢ (with L = R =1 in all cases).

The higher the accuracy of the oracle, the larger the threshold in number of
iterations after which FGM is better than GM. For example, on Figure 4, we
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Figure 2: Convergence rate of GM and FGM with § =1le—2, L=1and R =1
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Figure 3: Convergence rate of GM and FGM with § = 1le—3, L=1and R=1

see that when the oracle accuracy is sufficiently high (6 = 1e — 4), FGM out-
performs GM accuracy at least for the first hundred iterations. In the exact
case, i.e. for oracle accuracy 6 = 0, FGM outperforms GM for any number of
iterations.

On the other hand, when oracle accuracy is low, accumulation of oracle errors
in FGM becomes so prevalent that GM is better than FGM, except for the first

131



CHAPTER 4. INEXACT ORACLE: SMOOTH CONVEX CASE

0.4 —FGM i
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40 50 80
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Figure 4. Convergence rate of GM and FGM with d =1le—4, L=1and R=1

few iterations. Figure 2 (with 6 = 1e — 2) depicts this situation.

For intermediate values of accuracy (such as on Figure 3, where § = le — 3),
the situation is more complicated. During the first iterations, FGM reduces
errors much better than GM, because of its better convergence rate. For FGM,

the error attains its minimum value after Ny = © [ ¢{ L?‘z) iterations, with

corresponding accuracy €pcy = @(L1/3R2/352/3). It is not interesting to per-
form further FGM iterations since the gap can then only increase due to error
accumulation.

Note that there exists an iteration threshold N (> Ni) after which GM pro-
vides better accuracy than FGM. However, this does not mean that GM is
superior to FGM as soon as we reach that number of iterations, because FGM
already achieved a lower accuracy €7, after Ny iterations. If we wait further
until we reach N3 = © (SLQ—}?;) (> Nz) iterations, the accuracy of GM finally
becomes better than €}, the best reachable accuracy with FGM. Final ac-
curacies € between €}, and 0 can then only be reached by GM (they are

inaccessible by FGM), and require © (ffR;) iterations.

In conclusion, FGM is the method of choice when we need accuracy not better
than epaoy, = O(LY3R?*/352/3). Indeed, accuracy €f,, is reached by the
FGM after V7 iterations whereas the GM needs N3 iterations in order to obtain
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the same error. In order to obtain accuracy better than €j,, GM must be
used since the FGM cannot decrease the error below €%y,

4.6 Comparison with other types of inexact ora-
cle

Fast-gradient methods using inexact first-order oracle have been recently stud-
ied in [21] and [2]. These works assume that set @ is bounded and that the
oracle provides at each point y € @ an approximate gradient g(y) satisfying
condition

g(y) =V f(y),z—2)] < & Va,y,z€Q. (4.39)

Let us compare this definition with (4.2), taking into account both their appli-
cability and the results obtained. First of all, the existence of an inexact oracle
satisfying (4.39) require more assumptions than our definition:

o Set @ must be bounded (this is not needed for (4.2)).

¢ Objective function f must be differentiable. The existence of the gradient
at all points is necessary since it must be compared with the approximate
gradient. Our approach is also able to consider non- or weakly smooth
convex functions.

Furthermore, even in the smooth case f € Fi’l(Q) with bounded @, we argue
that condition (4.39) is strictly stronger than (4.2). Assume f € F}''(Q).

1. Any approximate gradient g(y) satisfying (4.39) also satisfies our defini-
tion. Indeed, in view of (4.1) and (4.39), we have for all 2,y € @

fW) =+ W),z —y) < fl@) < fF@) +E+ (gw)z—y)+ £ |z —yl% .

and therefore taking fs.1(v) = f(y) — & and ¢s..(y) = g(y) satisfies
(4.2) with § = 2¢ and the same value for L.

2. On the other hand, our condition (4.2) does not imply (4.39) with any
& = 0(0). Indeed, consider the function f(z) = max,cv ¥(x,u), where

V(w,u) =~ fuly + (@u), Q={yeR :|yl, <1}, U=R"
(4.40)
Let us assume the answer of oracle for x = 0 is obtained for some point
ug satisfying ||ug|l2 = 6'/2. Since u}j = argmax,cy ¥(0,u) = 0, and
£(0) = W(0,u0) = & ||uoll3 = 3, the pair (£5,£(0),5..(0)) = (=5, uo) is
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an acceptable answer for a (d, L) inexact oracle with L = 2 (see subsection
4.2.2). However we can check that

max [(V(0) = g5.2(0),y = 2)| = 2maxyeq |(uo, y)| = 251/2.

We now compare efficiency estimates of FGM based on these oracles. FGM
using oracle (4.39) converges as follows:

flye) — f+ < CERE® 43¢

where C' is an absolute constant. This bound does not feature error accumu-
lation, meaning the accuracy £ of the oracle can be chosen to be of the same
order as the desired accuracy € of the solution. This result seems at first sight
to be better than what we obtained with our (4§, L)-oracle.

However, we noted that for the same level of accuracy, condition (4.39) is
much stronger than (4.2). Let us look at important example. Consider the
class of functions with explicit max-structure: f(z) = max,cy V(z,u), where
set U is closed and convex, and ¥(x,u) = G(u) + (x, Au), where G(u) is a
differentiable, strongly concave function with concavity parameter x. Assume
that we want to solve the primal problem min,cq f(z) with accuracy e. With
our definition of inexact oracle, the oracle accuracy & corresponds directly to
the (objective function) accuracy required when solving the dual problem (see
subsection 4.2.2).

In the case of an approximate gradient satisfying definition (4.39), we can also
use an approximate dual solution u, ~ u,

Vi) = Au}

However, we need to satisfy the following relation:
[(A(ul —ug),y—2)] < € Va,y,z€Q. (4.41)

(We can take & = € since the condition (4.39) avoids accumulation of errors).
For that, we need to have u, close to u} according to

lue = willr < FmriaTe

Since W is strongly concave, i.e. U(z,u}) — V(z,u;) > § [|ue — u}”% a suf-
ficient condition for (4.39) is then as follows

2
U(z,ul) — V(z,uy) < & (m) = O0(&%).

Compare this to our approach, for which it was enough to solve the dual problem
up to accuracy €3/2 (see (4.38)) in order to avoid accumulation of errors.
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Remark 4.7. In some cases, inequality ¥(z,u}) — ¥(z,u,) < €2/8 is also a
necessary condition for (4.41). Indeed, consider again the saddle point problem
defined by (4.40). We have f(0) — ¥(0,up) = %||u0||§ In order to satisfy
condition (4.41) we need to ensure

¢ = 2max|{u,y)| = 2[Juoll2 = 24/2(f(0) — (0, uo))-

Remark 4.8. The definition of inexact oracle used in [2] is slightly different from
(4.39). The author considers functions that are not necessarily differentiable,
and assumes that his first-order oracle g(y) satisfies the following conditions:

f(z) Fw) + {9,z —y) = ¢ Yo €domf
f(z) f) +{9(y),r—y) =&z —y| Vrecdomf

and that the set @ is bounded.

(AVARAYS

He also shows (see Lemma 5.4 in [2]) that the above second condition implies
lg(y) — gy|I* <&, where g, € Of(y). It is easy to see that this implies (4.39)
with € = D€ (where D¢ denotes the diameter of Q), possibly replacing V f(y)
with a subgradient when function f is nonsmooth.

4.7 First-order methods of smooth convex op-
timization applied to functions with lack of
smoothness

4.7.1 Solving weakly smooth problems

Let f be a convex function satisfying the Holder condition (4.12). This class
includes nonsmooth convex functions with bounded variation of subgradients
(v = 0), and smooth convex functions with Holder continuous gradient (v €
(0,1]). We have shown in subsection 4.1.3, that for all § > 0 these functions
can be equipped with a (d, L)-oracle with

[

—v

L = A(5,v) :Ly[%.}%}””.

This observation allows us to apply first-order methods of FL“(Q) to functions
with weaker level of smoothness, replacing the gradients by subgradients and

1—v
using a Lipschitz constant L that grows as O 5*147) in terms of the § pa-
rameter of the oracle.
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This parameter §, which does not correspond to the actual accuracy of the
oracle, will have to be properly tuned in numerical methods, with a trade-off
between the “accuracy” of the oracle, and the Lipschitz constant L.

For the sake of simplicity, we assume in the rest of this section that a fixed
number of iterations NN is performed.

Let us apply GM to a weakly smooth function f with an inexact (8, L)-oracle.
In view of (4.31), after N iterations we have

1—v
* _, | TV 2 def 1—5
fow) =1 < Lu[%‘ifu} awto = Oy (5)7 +0

Denote 7 = 1_—5 Then the optimal accuracy 6y can be found from the

X 1+
equation
Cnyi= = L
N

Thus, we come to the following bound:
fow) = < o (S +1) = B (4.42)

Note that

oN = (TON)H'T

1—v 5
— v 1 |Ly. lov v R?

- 1+v v 2 1+v 2N
1—v . L,R't"

i— T+
1+v 2U-N e

and
LVN 1;”
1

Thus, we come to the following upper bound:

14v 1tv
fyn) = < BE—- (%)

For functions with bounded variation of subgradients (v = 0), we get:

(4.43)

Fluw) — f* < LoR- (%)%,

which is the optimal rate of convergence (see [55, 58]). However for functions
with Hélder continuous gradient (0 < v), the obtained rate is not optimal (it

should be O(N—), see [53, 39]).
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Let us now apply FGM to a weakly smooth function using an (¢, L)-oracle. In
view of (4.37), after N iterations we have:

* v —v T+ z*
fon)—f < AL B3] T dE R e+
1—v
R 2
< oLy (B 4] e 6 (N )
def e

= On(35)™ +30-(N+1).

The equation for optimal d5 now becomes C’N(Sl% = N + 1. Therefore, we
N

get
flyn) = f* < on (;}I;%—%thl) = 2 (N +1).
Note that
14+v
1—v >
_ A T \T— 1—v L, 1-u]TFv R2
N = (ONN+1>1+T = (1+u'2LV [71+7yj| W)
- 1-v L,R't” v
- 14v (N+1)%(1+”)
and "
I— L,(N+1)"=
T 9l-vRl-v
Thus, we obtain the following upper bound
1+4+3v
* v RMY Tz
flyn) =+ < i (ﬁ) , (4.44)

For functions with bounded variation of subgradients (v = 0), we get

1

1 2
flyn) — f(z*) < 2LoR (m)
In all cases, we obtain the optimal rate of convergence. Therefore, FGM can
be seen as a universal first-order method simultaneously optimal for smooth,
weakly smooth and nonsmooth convex functions provided that the steplength

H . 1 _ 217uRl—u
is chosen according to + = —— 55—y

Lo(N4+1)~ 2

The applicability of first-order method of smooth convex optimization to non-
smooth convex problems, justified by the notion of (9, L)-oracle, has several
further interesting consequences. We describe two of them below.

o We can apply GM and FGM to objective functions composed of a sum
of smooth and nonsmooth components.

© We can get lower bounds on the rate of accumulation of errors in the first-
order methods based on (§, L)-oracle. It appears that error accumulation
is an intrinsic property of any fast gradient method.
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4.7.2 Solving composite optimization problems

Consider the composite convex objective function:

f(z) = fi(z) + fa(2),

where f; is a smooth convex function with Lipschitz continuous gradient (con-
stant L(f1)), and fa is a nonsmooth convex function with subgradients whose
variation is bounded by constant M (f2). We assume that the standard exact
first-order oracles are available for both f; and fs.

Note that function f; is equipped with (0, L(f1))-oracle, and by (4.15) function
f2 has (8, 35 M?( f2))-oracle. Hence, we conclude that the pair

(fi(y) + f2(v), Vily) +92(v), g2(y) € Ofa(y), (4.45)

is a (8, L)-oracle for function f with L = L(f1) + 55 M?(f2). Assume again
that the number of iterations N for our methods is fixed.

Let us apply now GM to function f using the inexact (0, L)-oracle (4.45). Then,
after N iterations we have:

(4.31) 2
Fuw)— f 2 (L) + A M2(f) £ 44

M(f2)R

Minimizing this expression with respect to § > 0, we obtain ¢* = S35

Therefore, the best upper bound for the residual is

* L(f1)R? M(f2)R
flyn) — fr < KR | MUE

This method has the optimal rate of convergence for nonsmooth part of the
problem, but not for the smooth one.

Let us check now the performance of FGM as applied to the composite problems.
In view of (4.37), we have after NV iterations of the scheme

Fux) =1 < AL + HMP(f) s +0- (5 + 1)
< 2(L(h) + 5% M3(f2)) ez +6 - (N +1).

Minimizing this function in § > 0, we obtain: §* = (%4(_%)32.

The upper-bound
therefore becomes

" 2L(f1)R? 2M(f2)R
flyn) =7 < (1\(/];1%)2 + (N+(1§1)/2'

For such a composite objective function, this method is optimal both for the
smooth and nonsmooth parts of the problem.
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Remark 4.9. Our analysis is in a certain sense similar to that of [44], where the
author applies a version of FGM to a stochastic composite optimization problem.
In the deterministic case, the author applies a variant of FGM, replacing the
gradients by subgradients in the nonsmooth part of objective, and the Lipschitz
constant by a quantity of order O(M (fo)N3/2). This method appears to be
optimal both for the smooth and nonsmooth parts of the composite function. In
our approach, N = ©((M(f2))*?), and we get M(f2)N3/? = (1 M?(f2)),
which is, up to a constant factor, the quantity that replaces the Lispchitz
constant for our method.

4.8 First-order methods and error accumulation

Applicability of first-order methods of smooth optimization to nonsmooth prob-
lems, based on the notion of inexact oracle, opens a possibility to derive lower
bounds on error accumulation. This is the main subject of this section. We
recall first the lower bound for the complexity of any first-order method for
nonsmooth convex problems:

Theorem 4.10. (see [55]) Let M be a first-order method able to solve any
nonsmooth convex problem of the form min,cq f(z) with f € Fy°(Q).

Then the complexity of the method M cannot be better than M:2R2 —1 ( where
R = ||zo — x*||) i.e. the general convergence rate of a first-order method for

MR
nonsmooth convex problems cannot be better than NGESE

Using this lower-bound, we are able to obtain the following result, linking rate
of convergence and rate of error accumulation:

Theorem 4.11. Consider a first-order method with convergence rate LR*Z (k)
when exact first-order information is used. Assume that the bounds on the
performance of this method, applied to a problem equipped with an inexact
(6, L)-oracle, are given by inequality

flyr) — f* < LR?Z:(k) + 6Za(k) (4.46)
where k is the iteration counter. Then the inequality

1
>
~2(k+1)

must hold for all k > 0.

Proof. Let f be a nonsmooth convex function, whose subgradients have vari-
ation bounded by constant M. We have seen that for such a function, the
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standard oracle can be treated as (9, Ag—;)—oracle for any § > 0. Therefore, by

our method we can ensure the following rate of convergence:

flye) = 7 <
Optimizing the right-hand side of this inequality in §, we get

flyp) = [* < V2MRA/Z, (k)Zs(k).

From the lower complexity bounds for nonsmooth optimization problems (see
Theorem 4.10), we know that black-box methods cannot converge faster than

\/f‘%. Hence, we conclude that =; (k)= (k) >

1
3k+1)"
O]

This result show us that the rate of convergence Z1(k) and the rate of error
accumulation Eg(k) are linked: Z5(k) must grow with a rate at least of order

o (=lm).
C1

Considering the particular case where Z;(k) = 7+ and Z3(k) = Cak9, we
obtain:

Theorem 4.12. Consider a first-order method for Fi’l(Q) with convergence

2 . . . .
rate O(kag ) when exact first-order information is used. Assume that the

bounds on the performance of this method applied to a problem equipped with
an inexact (6, L)-oracle are given by inequality

2
Flge) — f* < Cl,ff + Caks, (4.47)

where C1, Cs are absolute constants. Then the inequality ¢ > p—1 must hold.

In the exact case, when minimizing a function in Fil(Q) any first-order

method with convergence rate @(Lﬁ?) is optimal (e.g. FGM), and any method

with convergence rate G)(LTRZ) is suboptimal (e.g. GM). In the case of inexact
(6, L)-oracle, the situation is more complicated.

Total performance of the method also depends from the way it accumulates
successive errors coming from the oracle. In this situation, the superiority of
FGM over GM is not completely clear anymore. As we have seen in the previous
sections, FGM suffers from accumulation of errors, but GM does not.

From Theorem 4.12, we know that this accumulation is a direct consequence
of the fast convergence of the scheme. Any method with complexity estimate

@(\/gR) must suffer from this instability. It appears that in the inexact situ-
ation, both FGM and GM are optimal, but in different senses.
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oqg=0=p<1:
It is impossible to have a first-order method without accumulation of
2
errors, which has better complexity than GM, that is @(%) )

op=2=qg>1:
On the other hand, if we have a first-order method with complexity

@(\/gR), then it must be accumulating errors, which grow at least as
O(kd) .

The next theorem relates the rate of convergence of the method with the
required accuracy of the oracle.

Theorem 4.13. Let parameter L of inexact oracle (4.2) be independent from §.
Under assumptions of Theorem 4.12, accuracy € in the residual of the objective
function requires at least the following accuracy of the oracle:

q-€

pe
0 = (p+4q)C2 [(p-&-q)ClLR2

}q/p

Proof. In order to guarantee accuracy e by the estimate (4.47), we have to
choose k£ and ¢ such that:

CI%F <ae, C2k%5 < (1-—a)e

1/p
for some a € [0,1]. The first inequality gives us k > [%fﬂ} , and using

the second inequality, we obtain

Cy [M] q/p5 < (1-aw)e.

«e -

/p.(p+a)/ . . . . .
Thus, § < % It remains to maximize the right-hand side of this
inequality in a. O

Corollary 4.14. If a first-order method has efficiency estimate © L—RZ), then

it can be applied to a (d, L)-oracle, with accuracy at least Q(qugzq) or higher.
For methods optimal with respect to accumulation of errors (¢ =p—1=0),
like the GM, we can choose 6 = Q(e).

Corollary 4.15. If a first-order method has efficiency estimate © (\/ZR> then

it can be applied to a (9, L)-oracle, with accuracy at least §)( Lq/zl/%q) or higher.
For methods optimal with respect to accumulation of errors (¢ = p—1 = 1),
E3/2

like the FGM, we can choose § = Q(m).
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Remark 4.10. These different theorems linking the fastness and the sensitivity
to errors of any first-order method depend of course on our definition of inexact
information, the (8, L)-oracle. Different results (more optimistic or pessimistic)
can be obtained using other definitions of inexact oracle. Our choice of the
(6, L)-oracle is motivated at the same time by the various natural examples of
inexact first-order information that fit with this definition (see subsection 4.1.3
and section 4.2) and by the fact that its effect on first-order methods does not
depend on the boundedness of the feasible set.

Remark 4.11. Using the notion of approximate gradient

ie [|[Vf(z) - @wa*E < A (see subsection 4.1.3) instead of the (4, L)-oracle,
the gradient method is convergent in the bounded case but divergent in the
unbounded case in the absence of reliable stopping criterion.

Indeed, when the feasible set is bounded, an approximate gradient is a par-
ticular case of (4, L) oracle and the gradient method is therefore convergent.
When the feasible set is unbounded, it is possible to show that the gradient
method can diverge. An easy example is given by f(z) = L(z(1))? + Sz (2),
Q=R x [0,00[ and Vf, = (La(1), —5).

These very different behaviors between the bounded and unbounded case is
an important drawback of the notion of approximate gradient. The definition
of approximate gradient, contrarily to the (9, L)-oracle does not take into ac-
count the geometry of the feasible set and cannot therefore guarantee a specific
behavior for a method independently of the feasible set boundedness.
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Chapter

First-Order Methods
with Inexact Oracle:
the smooth strongly convex case

This chapter corresponds to the paper [26]:
O. Devolder, F. Glineur and Yu. Nesterov. First-order methods with inexact
oracle: the strongly convex case. CORE Discussion Paper 2013/16.

Chapter 5 in two Questions/Answers.

o Can we exploit the strong convexity of the objective function in order to
reduce the sensitivity of the first-order methods with respect to oracle
errors ?

Even in the presence of strong convexity, fastness and sensitivity to errors
are linked. As in the smooth convex case, the simple gradient methods
(PGM/DGM) can be seen as robust but slower, whereas the FGM is
faster but more sensitive to oracle errors. However, the strong convexity
leads to much faster convergence rates (linear instead of sublinear) and
to a reduced sensitivity with respect to oracle errors (bounded instead of
unbounded accumulation of errors for the FGM). The central quantity
is now the condition number ﬁ of the smooth strongly convex objective
function.

o Is it possible to apply first-order methods, initially designed for smooth
strongly convex problems, to strongly convex function with weaker level
of smoothness or with different level of convexity? What do the com-
plexities of the PGM/DGM and FGM become on these different classes
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of problems?

It appears that the notion of (4, L, uu)-oracle, introduced in order to model
lack of accuracy in the first-order information of a smooth strongly convex
function, can be also used in order to represent a lack of smoothness or a
lack of strong convexity. Using this trick, the first-order methods initially
designed for smooth strongly convex functions can be applied to strongly
convex functions with a weaker level of smoothness (nonsmooth strongly
convex functions and weakly smooth strongly convex functions) but also
to uniformly convex functions with various levels of smoothness (smooth,
nonsmooth or weakly smooth). In view of this result, we are able to
derive the corresponding complexities of the PGM/DGM and FGM on
these different classes (see section 5.6).
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In the previous chapter, we have studied the effect of inexact first-order in-
formation on the first-order methods of smooth convex optimization. In this
chapter, we do the same but for the first-order methods designed for smooth
strongly convex problems.

In Section 5.1, we introduce the notion of (d, L, u)-oracle, that can be seen as
a extension of the (9, L)-oracle for the strongly convex case, and establish some
basic properties of such kind of oracles. In Section 5.2, we consider different ex-
amples of (4, L, i) oracle: strongly convex functions with first-order information
computed at shifted points, strongly convex functions with approximate gradi-
ent, strongly convex max-functions with inexact resolution of subproblems, etc.
We prove also that the notion of (4, L, 1)-oracle can be used in order to model
exact first-order information of weakly smooth uniformly convex functions.

Sections 5.3, 5.4 and 5.5 are devoted to the behavior analysis of three first-
order methods of smooth strongly convex optimization, respectively the PGM,
the DGM and the FGM, when used with a (§, L, u)-oracle. As in the smooth
convex case, we obtain that the PGM (and the DGM) can be seen as robust
but relatively slow methods, whereas the FGM is faster but more sensitive to
oracle errors. However, strong convexity leads to much faster convergence rates
(linear instead of sublinear) for every method and to a smaller sensitivity with
respect to oracle errors (bounded instead of unbounded accumulation of errors
for the FGM).

In Section 5.6, using the fact that an exact oracle of a weakly smooth uniformly
convex function can be seen as a (0, L, y1)-oracle, we obtain the complexity of
our different first-order methods on such kind of objective function. The last
section (Section 5.7) is devoted to the obtainment of lower bounds on the
error increase for any first-order method designed for smooth strongly convex
functions and used with a (9, L, u)-oracle.

Remark 5.1. In this chapter, we restrict ourselves to the Euclidean setup,
assuming that the finite-dimensional vector space E is endowed with an Eu-
clidean norm, defined for a given arbitrary positive definite self-adjoint operator
B:FE— E* by

|8l g = Iklly = (Bh,h)'/* Vh e E.
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5.1 The (0, L, u)-oracle

5.1.1 Motivation and definition

Consider SilL(Q) the class of strongly convex functions (with parameter p)
on convex set ) whose gradient is Lipschitz-continuous (with constant L). It
is well-known that functions belonging to this class satisfy

Bl — gl < @)~ () + (Viha—9) < 5 e —yllb, VayeQ

(5.1)
Moreover, it is easy to check that, for a given y, quantities f(y) and Vf(y)
are uniquely determined by this pair of inequalities. Therefore, membership
in SilL(Q) can be characterized by the existence of an oracle returning for
each point y € Q a pair (fr .(y),90..(y)) € R x E*, necessarily equal to
(f(y), Vf(y)), satisfying

L
gllx—yIIQE < f@)=(fr.W)+gru(y), z—y)) < gllx—yIIQE» Vo € Q.

Our definition of the (4, L, u)-oracle consists in introducing a given amount §
of tolerance in this pair of inequalities:

Definition 5.1. Let function f be convex on convex set (). We say that it is
equipped with a first-order (6, L, p1)-oracle if for any y € Q we can compute a
pair (fs,,u(¥),95,0,.(y)) € R x E* such that

1 L
Sl =yl < @) = (foru®) +(@oou®)e—9) < 5 e —yli+0
(52)
for all z € @Q where § >0 and L > p > 0.

This notion of (9, L, u)-oracle can be seen as a generalization of the notion
of (9, L)-oracle introduced in the previous chapter. The (¢, L)-oracle has been
introduced in order to study the effect of inexact first-order information on the
first-order methods designed for an objective function in Fi’l(Q). We do the
same here but for the first-order methods of SlltlL(Q)

A function f belongs to Sl’_lL(Q) if and only it admits a (0, L, u)-oracle, namely

(fo,r..(W), 90,0..(®)) = (f(y), Vf(y)). However, the class of functions admit-
ting a (4, L, u)-oracle is strictly larger, and also includes both nonsmooth func-
tions and functions that are not strongly convex, as we will see in subsection
5.2.5.

5.1.2 Properties

The notions of (8, L, 1) and (d, L)-oracles are, of course, strongly related:
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5.1. THE (6, L, u)-ORACLE

o A (9, L, u)-oracle is also a (4, L)-oracle.
o A (9, L)-oracle is a (4, L, 0)-oracle.

Remark 5.2. Since the notion of (4, L, j1)-oracle can be seen as a generalization
of the notion of (4, L)-oracle, it could have been possible to present the results
of this chapter and of the previous chapter together in a uniform way. However,
in order to introduce the new results in a more gradual way, we started in the
previous chapter with the case ¢ = 0 and emphasize in this chapter the case
> 0. Furthermore, compared to the previous chapter, we restrict ourselves in
this chapter to the Euclidean case.

Since a (0, L, u)-oracle is also a (9, L)-oracle, the properties of the (4, L)-oracle
established in the previous chapter (see subsection 4.1.2) are also true for a
(0, L, u)-oracle. In addition, we would like to highlight here two additional
properties of a (d, L, u)-oracle that will be useful in the rest of this paper:

o If f admits a (0, L, u)-oracle, then c¢f admits a (cd, cL, cu)-oracle for any
value of the constant ¢ > 0. If f; admits a (J;, L;, p; )-oracle, i = 1,2, then
f1+ f2 admits a (81 + 02, Ly + Lo, 11 + pa)-oracle.

Theorem 5.1. If f is endowed with a (§, L, 1) oracle, we have:

fopplaz+ (1 —a)y) < (1—a)f(y) +of(z) - ga(l —a)lly - llp

for all z,y € E,« € [0, 1] and therefore
flaz + (1 =a)y) < (1= a)f(y) + af(@) = Sa(l—a) |y |} + 4.

Proof. Let z, = az + (1 — a)y. We have:

J0) 2 Jonu(@a) +(g5u(wa),y = va) + 5 oo — vl
= fou(ea) +algsra(ea)y— o)+ Sa Jy— ol
and
F@) 2 foru(@a) + (gs.ou@a)a —za) + 5 lle = zal;
= forau(wa) + (1= a){gsLu(wa)im —y) + 51— a)? Iy = all3.

Adding the first inequality multiplied by (1 — «) and the second inequality
multiplied by a, we obtain the desired inequality. O
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Therefore if we assume that the function f is endowed with a family of
(6, L(0), u(d))-oracles and that

1. lims_o u(6) =@ > 0 then we have:

flaz + (1= a)y) < af(e) + (1 - a)f(y) - Zall - a) o -yl

for all z,y € E,« € [0,1] and we conclude that f is strongly convex with
parameter

2. lims_,o p(6) = 0 then we have:

flaz+ (1 —a)y) <af(z)+ (1 —a)f(y)

for all z,y € E,« € [0,1] and we can only conclude that f is convex.

5.2 Examples of (4, L, ;1)-oracle

5.2.1 Strongly convex function with computation at shifted
points

Let function f € Si’(lf) L(f)(Q) be endowed with an oracle providing at each

point y € @, the exact values of the function and its gradient albeit computed
at a shifted point § different from y.

1. Since f is strongly convex with parameter u(f), we have

X X e X
1) 2 1) + i@ )+ P e i, e

Using the convexity of ||.||%, we have || — y||3 < 2|z — 9]5+2]14 — vl

and therefore

F(&) > F@)HVF@). 23+ (5 F@).v-0)+ L o g gy

(5.3)

2. Since f has a Lipschitz-continuous gradient with constant L(f), we have:

£o) < 5@ + (V5@ )+ 2 e g2 vee Q.

Using the convexity of ||.||3,, we have ||z — 9|3 < 2y — ]|%+2 1z — vl
and therefore

F(@) < F@)HVF@), a=y)H(VF (@), y=9+L(f) ly = 9l+L(S) [l — ?ZHZE)-
5.4
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Letting j1 = S L = 2L(f) and 6 = L(f) |ly — dll% + 242 lly — 9% in view

of the equations 5.3 and 5.4, we have that

szl = 1) + (975~ 5) ~ " 1y 912 50.00) = V1)

isa (4, L, u) oracle for f.

5.2.2 Functions approximated by a smooth strongly convex
function

When a function f can be well approximated by a smooth strongly convex
function f, in the sense that their difference is bounded, the exact values of
[ and its gradient provide a (6, L, j1)-oracle for f. Indeed, assume that there
exists a smooth strongly convex function f € SilL(Q) such that f is a d-lower
approximation of f on all @, i.e.

0<fly)—fly) <6 VyeQ.

Using the fact that f € Sllt}:(Q) we obtain

gy

F@) 2 F@) 2 F) + (VF@)hz - o) + 5 e -yl VayeQ,

(using strong convexity of f), and

F(@) < F@) 46 < F) + (VF)z— )+ 5l —yl5+6 VayeQ.

(using Lipschitz continuity of V f), which proves that (f(y), Vf(y)) isa (6, L, 1)-
oracle for f.

Finally, note that the above result can be readily extended to the case when the
S-lower approximation f is not necessarily smooth and strongly convex but is
equipped with an inexact (¢’, L, u) oracle: we can then show that the inexact
oracle of f also constitutes an inexact (8 4+ &', L, 1) oracle for f.

5.2.3 Strongly convex function with approximate function
value and approximate gradient

Let function f € Si’(lf),L(f)(Q) be endowed with an oracle that provides us at

each point y € @ with an approximate function value | f(y) —fy| < Aj and an
approximate gradient HVf(y) — @fyH*E < As.
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Let us prove that this very natural definition of approximate first-order infor-
mation is a particular case of (4, L, i) oracle.

As f is strongly convex with parameter p(f), we have

f@) = fy)+(Vfyz—y)
p(f)

+H(Vf(y) = Viy,z—y)+ 5 |z — yII%
> )+ (Fhya =) - Aalle—lp+ 2L o — gl
7 = M(f) 2 A%
> fy—AM+(Vf,z—y)+—|z—ylg— —=
2
since Ay ||z —yl|z < MA(;) + D — ][
As V f is Lipschitz-continuous with constant L, we have
fl@) < fly)+(Vi,z—y)
- L
HVF) - Tz )+ P ey
- L
< F@) + (Vpr - + Aol + P ey
: : .. A3
< fy+A1+(Vfy,z—y) + L(f) ||$—y||E+T(f)
since Ag [lz —y|| 5 < QLA(Qf) + # |z — y||§5
We conclude that
(o) = fy == 225 g5 = 95,
6, L, = - - Y5, L =
T Y
define a (0, L, 1) oracle for f where 6 = 2A; + Y = &) and
o LTy ey T o An

L =2L(f).
In particular, contrarily to the non strongly convex case studied in the previous

chapter, we see here that boundedness of @ is not needed for an approximate
gradient to fit with our definition of inexact oracle.

5.2.4 Saddle-point functions
Let us now consider objective functions of the form

f(z) = max ¥(z, u) = max{G(u) + {Au, z)}
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5.2. EXAMPLES OF (4, L, 1)-ORACLE

where F' is a finite-dimensional vector space, endowed with the norm ||.|| -, and
A: F — E* is a linear operator. We assume that G: F' — R is

1. Strongly concave with parameter p(G) i.e.
G
Glu) < Gw) + (VG()u—v) — MGy, %, Vu,veF

2. Smooth with a Lipschitz-continuous gradient with constant L(G)

Gu) = G(v) + (VG(v),u —v) = = |lu— |3, VuveF.
It is well-known that when —G € S, 1 ) (F) then f € S\ | . (E) where
— Amin(AAT) — Amax(44T) i
u(f) = =g — and L(f) = =meay— - In particular, the condition numbers

of the functions f and G are linked by Q(f) = “““‘(Z‘Z‘T))Q( ). However, if we
want, at a point z € E, to compute the exact first-order information for f, we
need to solve the subproblem max,cr U(z,u) exactly since f(z) = ¥(z,u})
and V f(z) = Auf where u} = argmax,cr ¥(z,u). In practice, we are typically
only able to compute an approximate solution u, € F of this subproblem. In the
following theorem, we give a natural condition under which inexact resolution
of the subproblems provides us with a (, L, yt)-oracle.

Theorem 5.2. Assume that G is strongly concave with parameter (G) and
smooth with a Lipschitz-continuous gradient with constant L(G). Let z € E
and assume that instead of computing v}, the unique optimal solution of the
subproblem max,cr VU (z,u), we compute u, € F such that:

U(z,ul) — ¥(z,u,) <.
Then

(fé,L,ﬂ(Z) = \I’(z/uz) —&= G(UZ) + <AUZ,Z> — §>gé,L,,u(Z) = Auz)

is a (6,L,u) oracle for f with § = 3¢, L = % = 2L(f) and p =
Amin (AAT
2L((G) L = %N(f)-

Proof. As ¥(z,.) has a Lipschitz continuous gradient VoW (z,u) = VG(u) +
ATz with constant L(G), we have (see theorem 2.1.5. in [58]):

(|VG(uz) + ATz||7)? < 2L(G) (¥ (2, u?) — U(z,u.)) < 2L(G)E.  (5.5)
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¢ The Lipschitz-continuity of VG implies (see Lemma 1.2.3 in [58])

G) > Glun) + (VO —u) — A 2
= Gu)+ (—ATz,u —u.) + (VG(u) + ATz, u — u.)
G
2 e
Therefore:
f@) = max{Glu) + (Au,2))
> meagc[G(uz) + (=AT2 u — ) + (VG(u,) + ATz, u — uy)
G
) 2+ u )
= G(uy) + (Aug, 2) + (Au,,x — z) + mg;c[(A(u —Uy), T — 2)
+H(VG(uz) + AT z,u —u,) — L(2G) = 7]
(5.5)
2 faral) + €+ (g5u(2),7 - 2) 4 maxl(Alu — ), w - 2)
G
VAL u - wally — A =2,

2
But \/2L(G)¢ |Ju — .|| < €+ @ [l — quQF and therefore:

F@) > fopu(z) + (gspu(z), 7 — 2)
+max{({A(u—u.),z — 2) — L(G) lu — u:]| 3 }.

ueF

Since

maux{ (A(u = w.), @ — 2) = L(G) |u — u. 7}

1[|A7 (@ = 2)|[}..

4 L(G)
]. )\min(AAT) 2
> = 7 —

X T
we obtain f(2) > fs.0u(2) + (95,0.u(2), @ — 2) + 2228 o — 2|7,

o On the other hand, since G is strongly concave with parameter u(G), we
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have:
Gw) < )+ (V6 - =2~ M a2
= G+ (~ATzu -z - M9

e —uZ |17
(by definition of u?, we have: VG (u?) + ATz = 0.) Therefore:
fl@) = max{G(u)+ (Au, )}

T 1G)
< N4 (—A )
IileaX{G(’LLZ) ( Z,u—uy) 5

= G(ul) + (Au, 2) + (Auj, z — 2)
HG)

5 = utl3)
= Glu:) +(G(u) = Glus) + (Aus, 2) + (A, x — 2)
A~ us), @) + max[(A(u — us), 2~ 2)

wG)

2
2 112 T

But [|u — u.[|z < 2|lu—ulllz + 2 |lu, —uil|z ie

Ju —utl|3 > 3 u— w5 — ||us — ull|7 . Therefore:

fl@) < G(uz) + (Au, 2) + (Aus,x — 2) + G(uz) — G(uz)

lu = uZ |7 + (Au,2)}

+T§JI§{<A(U - Uz),CC - Z> -

H(A(us —u3), = 2) — =z 7).

A — ), 2) + maxl(AQu— ),z — 2) — My 2y

ueF 4
G "
TG T
Since
AT(z—2)||2.,
1 maser{ (Al — )@ - 2) — 99 Ju— |y = 125 e
AoaxlB) |3 — 2
w(@) B

2. Gur) = Gluz) + (A} —uz),2) = W(z,ul) = ¥(z,u:) <
3. @ luy — uﬁ”?, < U(z,ul)— ¥(z,u,) <& by strong concavity of

U(z,.),
we have:
F@) S G+ (unz) ¢ (e 22 ) e o
T
= Foop(2) 4 (gsn(e)a — 2+ % e — 2|13, + 3.
O
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5.2.5 Uniformly convex functions with weaker level of smooth-
ness

Let us show that the notion of (8, L, i1)-oracle can be also useful for solving

problems with exact information but where the objective function is not neces-

sarily strongly convex and V f not necessarily Lipschitz-continuous. Let function

f be subdifferentiable on @ and for each y € @, denote by g(y) an arbitrary
element of the subdifferential 0f(y).

We assume that

1. f is uniformly convex on () with convexity parameters p > 2 and k > 0

ie.
K
flaz+ (1= a)y) < af(@) + (1 - a)f(y) - 5a(l —a) e -yl
for all ,y € @ and Ya € [0,1]. This condition leads to the following

inequality:
@)= F@) + gz =y + 5 e —ylh, VeyeQ.

2. f has an Hélder-continuous (sub)gradient on @ with parameters v € [0, 1]
an M < +ooie.:

lg(x) —gW)ly < M |z —ylly, Vo,yeQ.

This condition leads to the following inequality:
M v
f@) < f@) + oo -y + o=yl Yryeq.

We denote this class of function by:

o Uif([(@) when the function is also assumed to be differentiable (it is
always the case when v > 0)

o U,S:}'Q”(Q) when the function can be non-differentiable.

Remark 5.3. o When v = 0, the function is typically nonsmooth with
bounded variation of the subgradients.

o When 0 < v < 1, the function is weakly-smooth i.e. with a Holder-
continuous gradient.

¢ When v = 1, the function is smooth with a Lipschitz-continuous gradient.
In particular when v > 0, the function is necessarily differentiable and we have

UM (Q) = UdY (Q)
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Remark 5.4. When p > 1+v, the class US:Z’{”(E)(and therefore also U;:Q}U(E))
is empty since

K M
P > v
2 T 1+v

for sufficiently large t > 0.
Remark 5.5. U.'3/ (Q) = Si1,(Q)-

We will prove in this section that functions f € UY*"(Q), a (6, L, j1)-oracle is
available for any value of 6 > 0 i.e. that we can define quantities

(f5,0,.(Y), 95,2, (y)) satisfying inequalities (5.2).

o First, we prove that f(z) > f(y)+(9(y),z—y)+5 |z —yl%, Voye
Q implies

7(@) 2 ) + o) 2 — ) + 5 e vl =51 VryeQ

where §; > 0 is arbitrary and for some p > 0. In order to obtain this
implication, we need to find a constant u = u(p, k,01) such that:

H 2 K
Lla—ylz -0 < Sl -yl VoyeQ.

A sufficient condition is %tQ -0 < 5tP for all ¢ > 0. Therefore we

will choose p = min;>o{xt?~2 + 251t ~2}. The optimal solution of this
1

minimization problem is given by t* = (,g(ié_lz)) " and therefore

pP—2

1\ 7 2,222 4 4
p=p(p,k,01) = p (pQ> k76,7 2170
In particular, when p = 2, we obtain y = k.
o Second, in subsection 4.1.3 of Chapter 4, we have proved f(x) < f(y)+
(). —y) + 2L |lz — yl 5™ implies
L 2
f@) < fy) + @)z —y) + 5 llz =yl + 6

1—v

where §5 is arbitrary and L = M (% 1_—”) " In particular when v =1,

14+v
we obtain L = M.

We obtain the following theorem:
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Theorem 5.3. Assume that f € Ug:ﬁj’(Q). Let 0 < §; and 0 < &y be

P

2 £=2
arbitrary constants and define 6 = 61 + o, = p (p—£2> ? 5%51 7 21=% and

1—v
M 1—v )\ 1TFv
L=M($42)"" . Then

(o) = f(y) —61,95,0..(y) = 9(y) € Of (v))

defines a (0, L, 1) oracle for f.

5.3 Primal Gradient Method with (0, L, ;1)-oracle

Let us now study the behavior of first-order methods, initially developed for
smooth strongly convex problems, but used here with a (J, L, u)-oracle.

We start with the Primal Gradient Method. One important property of this
method is that it does not use the strongly convex parameter p explicitly in
the scheme. The Primal Gradient Method for strongly convex problems looks
exactly the same as in the convex case. Therefore, the Primal Gradient Method
when used with a (d, L, ) oracle looks exactly the same that when used with
a (4, L)-oracle.

Algorithm 16 Primal Gradient Method (PGM) with (4, L, 1) oracle
1: Choose zp € @
:fork=0:... do
Obtain (fs,0,u(2k), 95,01 (2k))-
Compute zx41 = Tr(Tk, 95,0, (Tk))
end for

AN S

Even if the scheme is the same, the fact that we use a (0, L, 1)-oracle instead
of a (4, L)-oracle can accelerate significantly the convergence rate:

Theorem 5.4. Assume that f is endowed with a (8, L, i)-oracle with u > 0,
then the sequence yy, = argming, . ., f(z;), generated by the Primal Gradient
Method satisfies

2

LR n
— < —kZ )
) = < Z5-exp (k) +9
Proof. Denote r = ||z —2*|| 5 and fr = fs,0.u(2k), 9 = 9s,0,u(xK). We

have

121 = lloess — 25 = 17 + 2(B(ers1 — 2r), Tpr1 — &) — |zner — 2|5
(5.6)
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5.3. PRIMAL GRADIENT METHOD WITH (4, L, 1)-ORACLE

Using the optimality condition of the problem defining x4 1:

(g + LB(wp41 — 2k), 2 — p41) >0 Ve €Q

we have 1
(B(xp41 — k), Tpq1 — ") < Z(Qk,ic* — Tpt1)-
We obtain
2
The S TRt 790 " = Thir) = [[@ps — oy
2 * L 2
= 7‘1% + L<gk,$ —Ty) — i3 [<gk7$k+1 —xp) + 3 |Trsr — 2kl %
(5.2) 2 2
< 7’12c+L<9k,l’**$k>*z[f($k+1)*fk*5]
(5.2) 2 ; U ) 9
< T/i*'i{f(l“)—fk—g“xk—ﬂ?||?;}—z[f($k+1)—fk—5]

(1= Y 2+ 2 1G) — flawsn) + 01,

Therefore, we have

2
Thrl < (1—

IN
~

—

|
ST =
— —

IN
~—
—
|
~I=
N—
>
<
o
_|_
I
]~
/N
—
|
~I=
N—
—~
(o
—
K
*
S—
|
=
K
B
Jr
—_
|
N
_|_
(=%
\._/

and we obtain
9 ¢ . PN L2 k iy
L;(l_L) (f(xrr1-:) — f(x ))S(l—f) TO+ZZ(1_Z) 5

Therefore, using the definition of 3,1 and the fact that %Zf: (1- %)z =
2 (1 — (1 — £)¥+1) we conclude that

[}

o
k+1
f(yk-i-l) / < 217( 7%)k+1r0+6
L R
Lr?
< %exp(—(k#—l)%)—&-&
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O

Remark 5.6. When § = 0, we retrieve the well-known behavior of the Pri-
mal Gradient Method in the strongly convex case, with a complexity of order

@(gln(sz)).

Remark 5.7. As a (d, L, i) oracle is also a (4, L)-oracle and as the parameter
w is not used during the scheme, the upper-bound

LR?

Fl) =< 5= +9 (5.7)

obtained in the previous chapter, is still available. Therefore, the sequence y;
generated by the primal gradient method actually satisfies

f(yk)_f < B) min (k7exp <_kL)> + 6.

In conclusion, when we apply the primal gradient method to a function endowed
with a (9, L, ) oracle, there is no error accumulation, and the upper bound for
the objective function accuracy decreases with k£ and asymptotically tends to
0. If we want an accuracy of e for the objective function, we need to perform
a number of iterations k such that

=i (0 (1) 0 (L1 (1))

with an oracle accuracy § = ©(e). As in the non strongly convex case, studied
in the previous chapter, the PGM does not suffer from errors accumulation.

5.4 Dual Gradient Method with (4, L, ;1)-oracle

Let us now consider the Dual Gradient Method. This method has been intro-
duced in [62] for smooth convex problems with exact oracle. In the previous
chapter, we have studied its behavior when used with a (4, L)-oracle.

In the strongly convex case, it is necessary to modify slightly the method in
order to take advantage of the strong convexity. We propose here such mod-
ification and study the behavior of this modified method when used with a
(6, L, ) oracle.

Let {ax}r>0 be a sequence of positive reals such that:

L
Qo = m (5.8)
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(L = g = Agu+ L (5.9)
where A} = Zf:o Q.

Algorithm 17 Dual Gradient Method (DGM) with (4, L, i) oracle
1: Choose zg €
2. fork=0:... do

3:  Obtain (fs,r.u(2k), 95,0,u(zk)).
4. Compute

wi = Tr(zk, g5,0,u(Tk)) (5.10)

5: Compute
k

. L
T = argmin ;aiKga,L,u(xi),x — )+ Slle — 2k + 5 le - woll}

6: end for

Lemma 5.5. For any k > 0 we have
k . k
Zoai[f(wi) =1 = Fllwo—2"|L+ %ai5 (5.11)

Proof. For k > 0, denote f, = fsr,(zk), 9r = G50,u(xk), and i =
mig Ui (x) where
A

k
Vr(z) = %Qi[fz’ +{gisx — @) + § o — @il 5] + Fllz - 2o}
In view of the first inequality in (5.2), we have for all z € Q

Ui < (@) <€ Clpaif(@)+ % |l — woll (5.12)

k
Let us prove that ¥} > > oy[f(w;) — 6], VEk>0.
i=0
Indeed, this inequality is valid for k = 0:

(5.2) L
aof(wo) < aolfo+ (g0, wo — o) + 7 [Jwo — zo||% + 9]

5.10 X L
P20 minaolfo + (90,9 — o) + = |y — @ol|%] + a0
yeQ 2

. L
< min{aolfo + {90,y — z0) + & [ly — zol|3] + = lly — ol %} + 0d
yeQ 2 2
= ¢S + apo.
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Assume it is valid for some k > 1. Since Wy(x) is strongly convex with
parameter Zf:o o+ L = Agp+ L, we have:

V(@) = i+ B - apalf, 2 €@

Therefore,
Vi = min {0n@) + aenlfin + (g - ven) + 5 e - o3}
> Y+ géiél{akﬂ[fml + (Ght1, T — Tig1) + % llz — $k+1|\%E]
Agp+ L
+ BB e a3}

* . L
> Y+ g ;Iélg{fkﬂ + (Grt1, & — Tpg1) + 3 |z — $k+1||129}

since agr1pt + A+ L = Loagy.
And we obtain finally :

. (5.10),(5.2) .
wk—i—l > wk + ak+1(f(wk+1) - 6)

k
Hence, using our inductive assumption, we have proved that ¢} > > a;[f(w;)—
i=0
0] for all kK > 0. To conclude, we combine this fact with inequality (5.12) for
xr =" O
Defining now the approximate solution as y, = argmin;—,.. 5 f(w;) or yi, =
k
Zﬁ”# we obtain:
Zz‘:o i
L |z — z*||7 LR?
leo — o | 5 LEZ 5 (5.13)

)= < = 0 i

It remains therefore to obtain a lower bound for Ay:

Lemma 5.6. The sequence { Ay }r>o defined by the recurrence (5.8) and (5.9)
satisfies

and therefore

1 Ay =k+1,Vk>0ifu=0

k+1
2 Akzﬁ((ﬁ) —1>,Vk>0ifu>0.
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Proof. We have
(L —pagsr = Agp+ L& (L — p)Agrr = L(Ak + 1)

and therefore

L
A1 = m(Ak +1).

As Ay = o = L—fu we conclude that

We obtain finally the following theorem:

Theorem 5.7. The dual gradient method applied to a function f endowed with
a (0, L, p)-oracle generates a sequence {wy, }r>o such that

k
yr = argmin;—o _  f(w;) and yi, = %Ji satisfy

i=0

LR?

f(yk)_f*gm-f—&, ifu=20
and
* luR2 LR2 M
flye) = 7 < T +6< = eXp<f(k+1)z>+5
L
2<<LH) —1)
if > 0.

Remark 5.8. When p = 0, we have o; = 1 Vi > 0 and this method corresponds
to the dual gradient method introduced in [62] and for which the behavior when
used with a (4, L) = (6, L,0) has been already established in Chapter 4.

Remark 5.9. In the case u > 0, the sequence Ap(u) = Ay satisfies the

recurrence
L L

= mAk(M) +—

Apg1(p) I—p

and in the case p = 0, the sequence A (0) satisfies the recurrence
Ak+1 (O) = Ak(O) + 1.
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Clearly A () > Ax(0) for all k> 1 and

LR LR
flyr) — f §2Ak( +4

YRR

Therefore the upper-bound

N LR?
flye) = f §m+5

is also available in the case u > 0 and we have:

LR? i

— f* < min (S s LR? exp (<K% ) ) 46,

)~ £ < min (s LR o (<) ) +

Remark 5.10. When ¢ = 0, the availability of a (0, L, i) oracle for a function
f means simply that f € SilL(Q) To the best of our knowledge, it is the first
time that the dual gradient method is adapted to the strongly convex case.

Since we obtain the same convergence results for both primal and dual gradient
methods, we will refer to both as Gradient Methods (GM) in the rest of this
chapter.

5.5 Fast Gradient Method with (0, L, ;1)-oracle

The fast gradient method (at least the version that we consider in this thesis)
has been introduced in [59]. In the previous chapter, we have studied the
behavior of this scheme when used with a (0, L)-oracle instead of the exact
one. In this section, we adapt this fast-gradient method to the strongly convex
case and we apply this scheme to a convex function f endowed with a (3, L, u1)-
oracle.

5.5.1 The method

Let {ax}r>0 be a sequence of reals such that

L+ pAy = . ap=1 (5.14)

where A4;, = E?:o «;. Define 7, = Z‘i—i, k > 0. The condition on the sequence
{ar}72, is equivalent with

L+ pAy

= L72. 5.15
Apt1 4§ (5.15)
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For a particular setup choice, the FGM used with a (¢, L, u)-oracle looks as
follows

Algorithm 18 Fast Gradient Method (FGM) with (6, L, ;1) oracle
1: Choose zy = mingeq d(z)
2. fork=0:... do

3. Obtain (fsz,.(7k), g5,0..(71))-
4:  Compute

Yk = Tro(2k, 95,0,u(2k)) (5.16)

5.  Compute
k
- i . Nz —z)+ Bz — 2
Zkfargggg{Ld(I)+ZO:%[<96,L,H(%)7$ w) + 5 e — @l 5}

6: Define 241 = Thzi + (1 — ) yi.-
7: end for

5.5.2 Convergence rate

Denote

k

O = min{Ld(x) + 3 oilfo () + g5, 0u(i) 7 — ) + 5 1o = i)}
=0

k
Lemma 5.8. For all k > 0, we have Ay f(yx) < ¢j + Ex with E;, = 5 A,0.
i=0

Proof. Denote f, = fs5.r,,.(xx), and g = g5,z . (zx). For k =0, we have

v5 = min{Ld(@)+aolfo+ (g0, —w0) + &l — a0}
z€EQ
(2.8) ) . ) (5.2)
> gélg{fo + (g0, * — z0) + 5|z — 20| } > [f(yo) — 9]

since g = 1.
Assume now that the statement of the lemma is true for some & > 0. Optimality
condition for the optimization problem defining z; implies

(VLd(z) + Zf:o a;g; + Zf:o ouB(zg — ),z — 2y > 0, VreQ.
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Hence, in view of strong convexity of d,

L
Ld(z) > Ld(zx)+(LVd(z), v — z) + ng — 2|l %

v

k
Ld(z) + Y ci(gi, 2 — )
=0

L
+Zazﬂ' k_xz) k_x>+§”'r_zk||125"

Thus, we have for all x € Q:

k+1

M 2
+Za1 fi + gla l>+§Hx7‘rl”E}
=0

v

k
L
Ld(z) + E il fi + (i 2k — )] + 3 Iz — 2l %
1=0

k
+Y ain(Ban - ), +Z =5 llo = =il
=0

g1 fetr1 + (Gr1, T — Tpy1) + 5 Blla — wppa 1],

But:
1 1 1
(Blak — i)z — 2) = 5 |2 — ||y + 2 2k = x| — 7 llz = il %

and we obtain:

k+1 "
+Zazfz (girx — 23) + 5 || = wil| ]

k
> Ld(21) + Y aalfi + (i — @) + 5 |l — i3]
=0

L+ Agp

+ 55 Nz = all + Fow [ + (Gein,® = ) + 5 e = 2ralEL

which implies:

¢Z+1 > Yp+ ggg{iLJrgAk llz — Zk”?g + apg1[frorr + (Grt1, T — Tpg1)

2
+5 e = zpgallE]}-
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On the other hand, using our recurrence assumption Ay f(yr) < ¢} + Ej, we
have

* K
Ui+ anplfeen gk, = o) + 5 17— 23]

Y

Arf(ye) = B 4 ki [frrr + (gra1, ¢ — Tpp1) + g (XY

(5.2) m 2
> Ap[frs1r + (Grt1, Yk — Tgr) + 3 lye — zry1lls] — B

Fakp1 o1 + (Gry1, T — Tpg1) + g e — zpr 5]
= Appifierr + (et Ae(Wr — Tg1) + a1 (T — Tpet1))
Bt Ty — e+ S
Taking into account that

Ap(Yk — Tht1) + apg1 (@ — Tp41)
= Apmi(Ye — 2) + 1T — ap1Trzk — a1 (1 = T)yn = anq1 (T — 21),
we obtain
« M
Vi + g1 [ferr + (e, T — 2pp1) + ) o — zpg1|lz]

> Apgifret1 + arp1(Grt1, T — 2x) — B

Therefore,

Yk 2 Arfen = Bt 1;%15{ LJﬂzLAk & — 2kl + k1 (grar, @ — 21)}

= A |:fk+1 + 12%15{ éﬁﬁff Iz — 2|5 + h(ghs1, 2 — Zk>}] — Ex

(5.15) . 2L
= Agt [fk+1 + mingeo{ &= lz — zkll% + 7w (grr1, @ — Zk>}} — Ek.

For x € Q, define y = 7z + (1 — 7% )yx. Since y — xpyr1 = 7u(x — 21), we
obtain

. 2L 2
ggg{% |z — 2zl 5 + Th{Grt1, 2 — Zk>}

min { & ly = @il + (Ger1y = @ria) € Qo+ (1= iy |

2
Llly = 2l + g,y — e |
(5.17)
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Therefore,we have

Viess 2 A1 | forr + f}gg{% ly = zrral* + (grsr,y — -Tk+1>}:| — By
(5.16),(5.2)
> Ak+1f(yk+1) — Ey — Ak+15,

and we get Akﬂf(ka) < wk+1 + Ek+1 with Ek+1 =F+ Ak+15. O
As a direct consequence of this lemma, we obtain

Theorem 5.9. For all k > 0, we have f(y,) — f* < A (Ld(x*) +3 Aié).

Proof. Denote f; = fsru(x;), and g; = gs.r,u(x;). Then

k
vi = i {Ld)+ 3 alfi+ (e —a) + e - a3}
z =0
k 2
< Ld(z*) + ;)Oéi[fi + (g, — xi) + 5 [|[2* — 24 ]

(5.2)
Ld(x*) + A f(z*).

The proof now simply follows from the recurrence established in Lemma 5.8. [

Zf:o Ai

It remains to estimate A, and T More precisely, in order to obtain an
explicit upper-bound for the convergence rate of this method, we need

1. A lower-bound for Ay
Zk

A
2. An upper-bound for m

Concerning the lower bound for A, we have the following result

Lemma 5.10. The sequence { Ay} >0 defined by the recurrence ( 5.14) satisfies
o 2k
> — /= > 0.
Ak—<1+2’/L) Vk >0

pARAT < L(Apsr — Ap)? = L(AY2 — AV%)2(4V2 4 41/%)2

Proof. We have:

k+1 k+1
< ALA (A - AP
Therefore (1+ 3/%) A,1€/2 < A,lc/fl which implies 4j, > (1+ 3 %)% O
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k

A . .
Concerning Zj‘f , the cumulative effect of the successive oracle errors, we
begin with the following uniform upper-bound:

Lemma 5.11. The sequence { Ay }r>0 defined by the recurrence ( 5.14) satisfies

ZZOA <1+ 2\/7 5 Yk > 0.
Ay \F+\/ﬁ‘ -

Proof. We first note that Aj satisfies the following recurrence equation:
At = (14 A (B) +240) Ay + 42 =0

or equivalently:

(1+ Ap (%) +245) + \/(1 + A (£) + 2A,€)2 — 443
5 .

For our analysis, we consider also the sequence defined by the recurrence pA;, =
i 2 ~ an
L= o equivalently Ap4q = ( +\F Lt | 1> We have clearly

Apy1 =

Agt1

B

>

k < k, Vk > 1. We

i

Arg1 > Af‘“ Vk > 0 and therefore A_

Ak _—
conclude that: . -

Zi:o Ai < Zifo Ai
A, T A

On the other hand, if we assume that 4y = Ay = 1, we have A, = C*
where C' = (WZ Vit + 1> . Therefore, we have Zf:o A; = Zf:o Ct=

chtl

2

c—7 and
Zf:o A~2 - Ck+1 _ li _ Ck’+1 -1
Ay, - C-1 Ok Okl _Ck

. 0 s+ E/ERIe o
SO e EERT  VERVET

L
< 14y
1

We conclude that:

Yio A < foo 4 <1 2[
A T A \/7+ VEF4T
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A pessimistic but also an optimistic interpretation of this result can be done:

© The FGM is worse than the GM concerning the effect of the oracle errors.
Contrarily to the gradient method for which the oracle accuracy  can be
chosen of the same level that the desired final accuracy, the fast-gradient
method suffers from an increase of error. The cumulative error (in the
convergence rate for f(yi)— f*) coming from the successive oracle errors
is bigger than each individual oracle error 6. This bad phenomenon does
not come from our analysis but is a unavoidable problem of any fast
first-order method for smooth strongly convex problems as we will see
in Theorem 5.15. More precisely, for any optimal method in smooth
strongly convex optimization, the total effect on the convergence rate of
the successive oracle errors cannot be bounded by a uniform quantity (i.e.
independent of k) having a better dependence in the condition number

than © (\/?5)

o When p > 0, the FGM does not suffer from an unbounded accumulation
of errors. When g = 0, i.e. when the function is endowed with a (4, L)-
oracle, we have established in the previous chapter that the fast gradient
method suffers from an accumulation of oracle errors with rate O(kd),
making the method asymptotically divergent. When p > 0, we can bound
the total effect of the oracle errors by a quantity of order © (\/%6) that
does not depend of k. This method is not divergent, the error on the

function value converges to a limit smaller than (1 + \/%) d.

Of course, the cumulative effect of the oracle errors does not reach the level
(C] (\/%5) from the very first iterations. In fact, we will prove now that the
effect of the oracle errors is always Iess undesirable in the case g > 0 than in
the case © = 0. We can bound Z 0 " by an uniform quantity ( impossible

when p = 0) but also by the quantlty of order ©(k©) available in the case
w=0:

Lemma 5.12. Let u > 0. The sequences { A (1) }x>0 and {Ax(0)}r>o defined
by the recurrences:

L(Agy1(p) — Ag(p))?
Ag+1(p) 7

Ap+1(0) = (Ar41(0) — Ax(0))%,  Ao(0) =1

L+ pAg(p) =

Ao(p) =1

satisfy:
Yo Aill) _ Xiy Ai0)
Ap(p) = Ag(0)

168
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In order to prove this result, we first establish the following lemma:

Lemma 5.13. For all u > 0, we have: g5 + 1 2 gy i-e Ap(0) >

LAk (p)
L+Ak(p)p”

Proof. o It is true for k = 0. Indeed as Ay(0) = Ag(u) = 1, we have

1
Ao ()

1
Ao(0)

+= 2

~I=

o Assume it is true for k > 0. We have:

14 240(0) + /(1 + 24,(0))° — 44,0
2

14 2A4,(0) + /1 +4A.(0)

2
Ly T
= 2

L+ pAg (i) + 2LAx (1)

2(L + pAx(1))
NI+ A(p)p)? + ALA (W)L + Ap(w)p)
2(L + pAx(p))
L+ () A () + 2L A, (1)
2(L + pAx(p))

L+ A+ 202 A (1)) — 4124, ()2
2(L + Ar(p)p)

Ap41(0) =

LAk ()
L+ pAg(p)
LAk ()
L+ pAgya(p)

since Apt1(p) > Ag(p).

>

We are now able to give the proof of the Lemma 5.12:

Proof. We have:

2
1 1
Apir(0) | O +2+\/(Ak<o> +2) —4
Ap(0) 2
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and

2
_1 _4p _1 4 p —

Ag(p) 2
Therefore as

using Lemma 5.13, we have:

Ag41(0) < Apt1(p)

, Vk>0.
Ar(0) T Ag(p)
As a consequence, we obtain:
A A
%(0) < k(1) VO > i< k

Ai(0) = Ai(p)’

and therefore

Mo Aill) _ Yoiy Ai(0)
Ap(p) = Ag(0)
O

Remark 5.11. The behavior of the FGM in the case . > 0 is never worse than
in the case u = 0. This is true for the rate of error accumulation, as we have
seen in the theorem 5.12, but also for the convergence rate in the exact case
(i.e. the first term of the convergence rate, the term that does not depend on
9). Indeed, since Ay (1) > Ag(0) for all & > 0, the first term in the convergence
rate of the FGM i.e. Z2Z) can be bounded by —~=42)__ a5 we have seen in
A (1) y (1-3vE)”
the theorem 5.10 but also by the upper-bound Lj}ffg)) =0 (Lk—ff) available in
the case = 0 (see [24]).

Remark 5.12. The fast gradient method presented here is compatible with
the case = 0 but is not completely equivalent in the choice of the sequence
{a;}i>0 with the version analyzed in Chapter 4. However, the two methods
present the same rate of convergence and the same rate of errors accumulation.
More precisely, in the FGM presented here, we have

Ap1(0) = (App1(0) — Ap(0))2
= (Ars1(0)2 = A(0)/2)2(Aps1 (0)1/2 + Ag(0)1/2)2
< 441 (0)(Arga (0)Y2 — AR(0)1/2)2

and therefore:

A1 (0)/2 > 2+ A4(0)1/2

N =
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which implies:

Apr (0) > (k + 1)2.

Furthermore, it is possible to show that

SF L A0) 1
=00 < Sk 424,
Ak(O) < 3k + 2.4

We conclude that

flye) = 7 < %(f*) + (%k +2.4)8

and we retrieve the classical behavior of a fast-gradient method when used with
a (8, L) = (0, L,0)-oracle (see [24]):

o A needed number of iterations in © < “32)

3/2
¢ A needed oracle accuracy of order at least § = © (ﬁ) .

Now we can obtain the following convergence rate for the fast gradient method
using a (0, L, p1)-oracle

Theorem 5.14. The fast gradient method applied to a function f endowed
with a (9, L, j1)-oracle generates a sequence {yj }r>1 satisfying:

+ min <(i1’>k+2'4)’ (1 + \/E>> 0.

Proof. Using the Lemmas 5.10 and 5.12 and the remarks 5.11 and 5.12 in the
convergence rate given by the Theorem 5.9, we obtain

— f* < min ALd(x") Ld(a") min 1 L
f(yk) f S ( k’2 ’(1+% Z)2k>+ <(3k+2.4), <1+\/;)>5

As for z € [0, ], we have that log(1 + 2z) >

1
(RN

==

1
exp <—2k log (1 + 3

(4
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We conclude that

Flge) = f* < min(‘m;‘i@,w(m*)exp(g z))

+ min <(;k+2.4), <1 + \/E>> J.

5.56.3 Oracle accuracy fixed: Best reachable target accu-
racy using the FGM

O

We have seen that, contrarily to the GM, the FGM suffers from a problem of
error increase. The extra error in the convergence rate, due to the (4, L, i)

oracle, is not § but something of order min (ké, \/%5) . As a consequence, the

best possible level of accuracy § cannot be reached by the FGM. In this section,
we are interested in the best accuracy e that we can obtain for f(yr) — f*,
using the FGM with a (4, L, ) oracle.

We ensure here that 6, L, and R are fixed quantities. The only degree of
freedom that we have is the number of iterations k& that we perform. In Theorem
5.14, we have obtained the following model for the convergence rate of the FGM
when applied to a function endowed with a (d, L, i) oracle:

flyk) — f* < F(k) := min (F1(k), Fa(k), F3(k), Fa(k))
where

1 Fy(k) =220 4 (Lp 4 2.4)6

)
)o
)+ (3k+24)6
)

ey

The minimum of Fy (k) is reached at kf = © (%) and Ff' = Fy(k}) =

e (L1/3R2/352/3).

2 FQ(]C) — 4Ld(x*) i (1 4

3. Fy(k) = Ld(z*) exp (-

w\?r

4. Fy(k) = Ld(z*)exp (—%

The minimum of Fy(k), Fy = © <\/%5) is reached at the limit. However we

. 1/4 . .
can obtain accuracy of the same order after k5 = © ((L’giﬂ R) iterations.
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2
The minimum of Fj(k) is reached at ki = @(\/Elog(VLg‘R )) and

5 - o (45 1))

The minimum of Fy(k), Ff = © (\/;;5) is reached at the limit. However
“))

We conclude that the best reachable accuracy by the FGM is of order
min{F}, F}} = min{O(L'/3R?/3§%/3), (\/76>} More precisely, we can
consider two different situations:

we can obtain accuracy of the same order after kf = © <\/Elog <

iterations.

o A) The condition number Q = % is sufficiently small and/or the oracle

accuracy ¢ is sufficiently small and/or R is sufficiently big such that
Fi =0 (\/L8) < Fr = 0 (LVPR¥3329) e o < © (H4°
In this situation, we can gain from the fact that ¢ > 0 and reach a level

of accuracy © (\/%6) better than the best level reachable in the case
p =0 (i.e. © (LY/3R?/352/3)). The number of iterations needed in order

/ 2
to reach this accuracy is of order © <\/Elog ( L:R >) .

Remark 5.13. We also can reach the level ©(L'/3R?/35%/3) and the

needed number of iterations is © (\/%log (%)) . This number of

. . . 1/3 p2/3
iterations is smaller or of the same order as © (L 3 ) the needed

number of iterations by the FGM to reach this accuracy in the case u = 0.

Remark 5.14. We can also reach the level of accuracy F; = © (\/%5)

using the GM. But the needed number of iteration is of order
/ 2 / 2
@(ﬁlog( L(;LR )),worse than @(ﬁlog( Lukt ))

o B) The condition number Q = % is sufficiently big and/or the oracle

accuracy ¢ is sufficiently big and/or R is sufficiently small such that
Ff =0 (\/%5) > Fy = © (LY3R?/%6%/%) ie. 6 > © (R;ff)
In this situation, we cannot exploit the fact that ¢ > 0. The best reach-
able accuracy is of level © (L'/3R?/352/3) after © (nglifg/) iterations.
It is the same result as what we had obtained in Chapter 4 in the case
n=0.
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Remark 5.15. We can reach also reach the level © (\/%6) The needed

1/4
number of iteration is © (%) .

Remark 5.16. We can also reach the level of accuracy

Fj = ©(L'/?R?/3§2/3) using the GM. But the needed number of itera-
tions is of g)/rgdeélr/‘; 28 is 23 oas

min{0 (L5520 (Llog (KLES))} = 0 (K552 which is

1/3 p2/3
worse than © (ngliﬁs)

Remark 5.17. The impossibility to exploit the fact that p > 0 when p is too
small comes perhaps from our analysis. More precisely, it might come from the
fact that we have bounded f(yx) — f* < Aik (d(m*) + Zf:o Aid) using the
two approximations:

1. 1+ pAg = 1 when p is small
2. 14+ pAy = Ay when p is big.

It would seems more natural for the best reachable accuracy, to be a continuous
function with limits © (ﬁé) when yi — +oo and © (LY/3R?/36%/3) when

*

i — 0. However, it seems very difficult to find an upper bound for f(yx) — f
which is at the same time accurate and easy to analyze.

In conclusion, the best accuracy reachable by the FGM when endowed with a
(6, L, ) oracle is of order min{©(L'/3 R?/352/3) © (\/%6)} If such accuracy
is sufficient, it is preferable to use the FGM instead of the GM. However, if we

want to reach a better level of accuracy, for example of order ©(4d), the only
possibility is to use the GM, slower but less sensitive to the oracle error.

5.5.4 Oracle accuracy not fixed: Required number of iter-
ations and required oracle accuracy for a given target
accuracy

In this subsection, we consider a different situation. We assume that we can
choose the number of iterations k£ and the oracle accuracy § but that we want
to reach a target accuracy € for the objective function. Furthermore, in this
case we assume that L and p are independent of the oracle accuracy §. A way
to ensure f(yx) — f* < e is to choose k and § such that one of the four models
F;(k) is smaller than e. First, we will consider the four models separately. Each
model contains three terms and we will ensure F;(k) < e by imposing that each

term in the model is smaller than § (another repartition of the desired accuracy
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between the different terms of a model leads simply to different constant factors
in the resulting expressions for k and ¢).

1. Model 1: Fy (k) = 247) 4 (1g 4 2.4) 6.
We have the three conditions ensuring Fy (k) < e

o
4Ld(x*) <fek>9 3Ld(z*)
k2 — 3 - €
We choose k = 24/ %
o
3/2
k(5 < S0 <
3 3 Q\le/Qd( )1/2
o
2.46 < 6 < —
39055

Therefore a first possibility for ensuring f(yx) — f* < € is to perform

k= 2\/@ iterations with § = min{%7 - 2}
2. Model 2: Fy(k) = %(21*) + (1 + \/%) 5.

We have the three conditions ensuring Fy(k) < e:

o
4Ld(x*) f 3Ld
2 3
¢ €
0 < =
-3
o
L € 1
\ [=0< - d0< -/ =
w3 3V L™

Therefore a second possibility for ensuring f(yx) —
3Ld
k=2 ( *) iterations with § = 3\fe

3. Model 3: F3(k) = Ld(z*) exp (—£/E) + (3k + 2.4) 6.
We have the three conditions ensuring F3(k) < e

€ is to perform

<&
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€

SRR PTY P - —
3 3 2 Llog(SLd(x*))

€ €
240 < - 6< —.
73<:> -T2

Therefore a third condition ensuring f(yx) — f* < € is to perform k =
3Ld(x* . . . . € €
2\/%10g (%) iterations with § = mm{%ﬁm7 =5}

4. Model 4: Fy(k) = Ld(z*)exp (—5/%) + (1 + ﬁ) 5. We have the
three conditions ensuring Fy(k) < e:

o
. L € |L 3Ld(z*)
2y <z > it
Ld(z)exp( 5 L>_3¢>k_2 H10g< )

© €

i< =

-3
o

—_

L € "
=< < <=,/ Ee
M5_3<:)5_3 7€

Therefore a fourth possibility for ensuring f(yr) — f* < € is to perform
k= 2\/%10g (Ldjw*)) with § = %\/%e

Of course, we want to reach f(yi)— f* < €in a minimum number of iterations
k and with ¢ as big as possible (0 representing the accuracy of the first-order
information, it seems natural that a high accuracy for § is costly). We will
choose between these four possibilities that ensure f(yi) — f* < € with the
minimization of k as a first criterion and the maximization of § as a second
criterion.
Remark 5.18. For simplicity, we assume here that ¢ < 0.2315Ld(x*) i.e.
3/ . . T
e/ < 5. In particular, this assumption implies:

2\/§L1/2d(w*)1/2 — 7.2
Ld(x* 3
log (W> >3
€ 2

We consider two main cases :
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1.

Case 1:

5 [3Ld(x*) <9 ,élog <3Ld(ac )>
€ I €
3Ld(z*)
\/ M log de(I*))

In this case, models 1 and 2 are the most favorable regarding to the num-

ber of iterations. We perform k = 24/ %@) =0 < L€R2> iterations.

Concerning the needed oracle accuracy, we have to consider two different
subcases:

o Case 1.1:

3Ld 3Ld
IOg SLd(w*) M V

3/2

H H € € - . .
In this case \/%3 2 W\/W and model 2 is more Interestlng
than the first one. We choose § = /Z£ = 0O (/Ee).

L3
o Case 1.2:
L _ 2 /3Ld
- >z
\/;_3

e £ and model 1 is more interesting

In this case W

N £3/2 . ( £3/2 )
than the second one. We choose § = RN ToE O\ 17=g) -

Remark 5.19. : In the case 1.2., we do not exploit the fact that p > 0.
We obtain the same number of iterations and the same oracle accuracy
in the case p = 0.

Case 2:
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In this case, models 3 and 4 are the most favorable with respect to the
needed number of iterations. We perform k = 2\/%log (%) =

L LR? . , 3Ld(x™)
€] <\/;10g (%)) iterations. As log (%) > % we have
Ljp_ e [pe
2V Lpg (SLd(:r*)) VL3

Therefore model 4 is always more interesting than the third one and we

choose § = \/E£ =0 (\/%e).

5.6 GM and FGM for uniformly convex problems
with different levels of smoothness

In the Sections 5.3 and 5.5, we have studied the effect of a (§, L, u) oracle on
the GM and the FGM. In particular, we have established the complexity of these
methods in a inexact framework and the link between desired final accuracy and
needed oracle accuracy.

In subsection 5.2.5, we have seen that a (d, L, u) oracle can be also available
for functions that are not in SllLlL(Q) More precisely, the function can be uni-
formly convex (instead of strongly convex) and nonsmooth or weakly smooth
(instead of smooth). The exact oracle for a function f € U0 Y (Q) can be
seen as a (0, L, u) oracle.

If we put these results together we can apply the GM and the FGM, initially
designed for functions in S 7(Q), to functions in Ug 77(Q). In this section, we
study the complexity of these two methods on various classes of convex problems
with different levels of smoothness and different levels of uniform convexity.
For simplicity, we are only interested in the order of the dependence of these
complexities on € (the desired final accuracy), x and M, not on the absolute

constant factors. Furthermore, Theorem 5.3 is applied with §; = 02 = 5.

5.6.1 Gradient Method for function in U0 Q).

If we apply the gradient method to a function endowed with a (4, L, i) oracle
and if the desired accuracy is € > 0, we know that the number of iterations

that we have to perform is
L 2
(s ()
I €




5.6. APPLICATION TO WEAKLY SMOOTH UNIFORMLY CONVEX FUNCTIONS

with an oracle accuracy § = © (€) . When the (4, L, 1) oracle is in fact an exact

2
oracle of a function f € U,"/(Q), we have (see Theorem 5.3) L = © (MHV )

1—v

§1+v

and =0 (nﬁé%z) . Therefore

and

We obtain the complexity:

L LR2 MTH MTH R?
© ( log ( >> =0 == log 5 .
o € HZ€1+u+T eT+v

We can particularize this complexity bound for different classes of uniformly
convex problems:

1. The smooth case v = 1 (f has a Lipschitz-continuous gradient)

o Strong convexity p = 2:

o (e (55))

We retrieve the non-optimal complexity of the gradient method on
11
SH,M(Q)'

o Uniform convexity p > 2:

2
()
KPE P €

This complexity cannot be optimal (see what we obtain in the next
subsection with the FGM).

2. The nonsmooth case v = 0 (f has subgradients with bounded variation)

o Strong convexity p = 2:

This complexity is optimal up to a logarithmic factor (see [55, 33]).
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¢ Uniform convexity p > 2:

M? M?R?
6( 2 200-1 10g< 2 ))
KPE P

This complexity is optimal, up to a logarithmic factor (see [33]).

3. The weakly smooth case 0 < v < 1 (f has a Holder continuous gradient)

o Strong convexity p = 2:

2 2
MT+v Mt R?
®< 1ﬂ,bg< 5 ))
KeTFv €l+v

This complexity cannot be optimal (see what we obtain with FGM
in the next subsection).

¢ Uniform convexity p > 2:

L LR2 Mt MT7 R?
@(kg(R)>:@ " log TR
M € keelrv T eTHY

5.6.2 Fast Gradient Method for functions in Ug:ﬁf(Q)

If we apply the fast gradient method to a function endowed with a (9, L, i)
oracle and if the desired accuracy is €, we know that the number of iterations
that we have to perform is proportional to

ol (12))

with an oracle accuracy § = © (y/%¢). When the (4, L, ;1) oracle is in fact
an exact oracle of a function f € US:@“(Q), we have (see Theorem 5.3) L =

2 _
© (]WllJruV > and u =0 (n%cS%) . We obtain:

§1Fv
L o M
1% B 5%5%(};54'07;2)

and therefore
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v o4 %, we obtain that

= v+1

5.6. APPLICATION TO WEAKLY SMOOTH UNIFORMLY CONVEX FUNCTIONS
p=2
re2) =

1 1—v
and as 1 — 3 (H—V

. Therefore, we have

As \/%5 — O(e)

1
1 v 1
PESY
i—o((e)*7
Mty
1 1 T
1+4+v v
JE o(5)=9 M
- = <) = 1 1 1
1 —1
® 0 /{p u-7—1+% € V:—1+%
and
2
LR? M T+ R?
log | — = O|log —
€ 1 L T Tt €
kPe | PFITH
rPe
M 1+v
2 + 171/2( 1 1)
o1 M R
= Og
/{p1+u V:—1+p 51+V VZ—1+Z
We obtain the complexity:
1
M2+e >u<p+1>+1 ))

MP
o) =
H”+1€p_l’_1
We particularize now this complexity bound on different classes of uniformly

TGFDTT
log Hl—u6p+v+1
convex problems:
1. The smooth case v = 1 (f has a Lipschitz-continuous gradient)

o Strong convexity p = 2:

g

M3

1
K2

()

We retrieve the optimal complexity of the fast gradient method on

1,1
SH,I\/{(Q)'
o Uniform convexity p > 2:
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2. The nonsmooth case v = 0 (f has subgradients with bounded variation)

o Strong convexity p = 2:

M2 M4 2
o (s (%))
KRE RE

This complexity is optimal up to a logarithmic factor (see [55, 33]).
¢ Uniform convexity p > 2:

MP M2+pR2
o (s ()

This complexity is clearly non-optimal (compare with what we obtain
using the GM in the previous subsection).

3. The weakly smooth case 0 < v < 1 (f has a Holder continuous gradient)

¢ Strong convexity p = 2:

2 4
MTEsw M T30 R2
O| = log| ——=
K1IF+3v ¢1+3v K1+3v ¢ T+3v

¢ Uniform convexity p > 2:

1 1
MP v(p+D+1 M2+ﬂ v(p+D+T 9
@ ((Ku—i-lep—z/—l) log <<l€1—u€p+u+1) R >> :

5.7 Lower bound on error increase

Applicability of first-order methods, initially designed for smooth strongly con-
vex problems, to nonsmooth strongly convex problems, using the notion of in-
exact oracle, opens a possibility to derive lower bounds on error increase. This
is the main subject of this section. We start from the following observation.

Theorem 5.15. Consider a first-order method for SilL(Q) Assume that the
bounds on the performance of this method, as applied to a problem equipped
with a (9, L, p)-oracle, are given by inequality

) = < min (CHE LR exp (< (£)™))
+ min (Ckgkqlcs, e (%)(12 5) | L (5.18)

where Cy, Cs,C3,Cy are absolute constants, and k is the iteration counter.
Then the inequalities

g =p1—1
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and
g2 >1—po

must hold.

Proof. o q>p1— 1.
Let f be a nonsmooth convex function, whose subgradients have variation
bounded by constant M i.e f € F](\)/}O(Q). We have seen in Chapter 4 that
for such a function, the standard oracle can be treated as a (4, J;{; ,0)-
oracle for any § > 0. Therefore, by our method we can ensure the
following rate of convergence:

fa) - < SR 4 Coks,

Optimizing the right-hand side of this inequality in §, we get

P1— 111

flz) = f* < [2C1C5]'?MR -k~

From the lower complexity bounds for nonsmooth optimization problems,
we know that black-box methods cannot converge faster than O(km)
Hence, we conclude that p; — ¢; < 1.

¢ q2>1—pa.

Let f be a nonsmooth strongly convex function, whose subgradients have
variation bounded by constant M i.e. f € Ui ?MO(Q). We have seen in
Theorem 5.3 that for such a function, the standard oracle can be treated
as (0, Af—;,u)—oracle for any § > 0. Therefore, by our method we can
ensure the following rate of convergence:

flw) =17 < 021\247;326@( k(120)"7) + 04(§§2)q26

Co M2 R? P2 2P2 P2 M2a2
20 P\~ M 2p2 4 242 9

sl—az

q2 .
If we choose § such that Cy 2];42 701772 = £ we obtain
a2 1
1—q q .
S(e) = L #1277  Thorefore, if we want an accuracy of e for the ob-
2 a2
cl 2 MT-a2

i . 2 p2 P29P2 §P2
jective function, we can choose k such that 022](\5/[(6)}% exp ( 2272072 ]\jzpf ) =

€ -
2 1.€.

k= ) )
Iulfqz €l-a2

2—4qz a2
e€l—az ‘LL1*<12

2py P2 2
M T=a2 C’4*qz log <2CQM1_‘12 R2>

183



CHAPTER 5. INEXACT ORACLE: SMOOTH STRONGLY CONVEX CASE

From the lower complexity bounds for nonsmooth strongly convex opti-
mization problems, we know that black-box methods cannot have a better
complexity that O (1) (see [55, 33]). Hence, we conclude that

D2
1—q2

>1 ©p2>1-—q.

We can consider two extreme cases:

oqgr=0andgp=0=p; <1andpy, >1:
It is impossible to have a first-order method without increase of errors,
which has better complexity than GM, that is

min (@ (Lf”z) ,0 (Llog (LRZ))> .
m €
<>p1:2andp2:%éq121and(pz%:
If we want a first-order method with optimal complexity

min (@ (ﬁ) 0 (/L 108 (LR))> like the FGM, then it must

suffer from increase of errors, with factor at least of order
min (@(k), © (ﬁ)) (we obtain exactly this factor for the FGM).

184



Chapter

Intermediate Gradient Methods
for Smooth Convex Problems
with Inexact Oracle

This chapter corresponds to the paper [27]:

O. Devolder, F. Glineur and Yu. Nesterov. Intermediate Gradient Meth-
ods for Smooth Convex Problems with Inexact Oracle. CORE Discussion
Paper 2013/17.

Chapter 6 in two Questions/ Answers

o Is there something missing between the robust but slow PGM/DGM and
the fast but sensitive FGM ?

Yes, clearly! When used with inexact information, the FGM cannot reach
good target accuracies which often obliges us to come back to the slow
PGM or DGM. We cannot be satisfied with this situation. Of course,
we know that fastness and sensitivity to errors are linked. But, between
the two extreme choices of the robust but slow PGM/DGM and the fast
but sensitive FGM, it could be preferable to find a good compromise, a
method with intermediate speed and intermediate sensitivity to errors.

o Is it possible to develop new methods having a behavior optimized in view
of the level of errors in the first-order information ?

Yes. We have developed a new family of methods, the Intermediate Gra-
dient Methods (IGM), that are able to exhibit any intermediate behavior
between the PGM/DGM and the FGM. In particular, for a given target
accuracy € and a given oracle error §, we can optimize the behavior of
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the method in order to obtain an optimal trade-off between speed of con-
vergence and robustness. That allows us to reach accuracies unreachable
by the FGM in a significantly smaller amount of iterations compared to
what is needed with the PGM/DGM.
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The analysis of existing first-order methods of smooth convex optimization
when used with inexact information shows us (see Chapter 4) that:

© The GM can be seen as a slow method but robust with respect to oracle
errors. Used with a (4, L)-oracle, the convergence rate of the GM become:

2
fp) = f* <0 (ij“> 5.
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The method is slow but there is no accumulation of errors. The upper-
bound for the objective function decreases with k& and asymptotically
tends to .

Any target accuracy € over ¢ can be reached by the GM and the corre-

2
sponding needed number of iteration is given by gfg.

The FGM can be seen as a fast method but sensitive with respect to
oracle errors. Indeed, when used with a (0, L) oracle, the FGM exhibits
convergence rate

2

r -1 <0 (55 ) + o0,

Contrarily to the GM, the use of inexact oracle in FGM results in error
accumulation. Indeed, while the first term decreases as O(k%) the sec-
ond term is increasing with k and the FGM, when used with an inexact
oracle, is asymptotically divergent.

The error on f(yx) — f* attains its minimum value after © (.3/%{2)

iterations with corresponding best reachable accuracy
€ram = O(LYPRY362%) > 6.
It means that when looking for a relatively less accurate solution € >

€rcare We can still use the FGM and the corresponding needed number

of iterations © (1/L€R'2> is much more reasonable that what is needed
by the GM.

But if we want to obtain an accuracy below the threshold €}, (i.e.
0 < € < €fpr)r We cannot use the FGM anymore and we need to come
back to the slow GM.

At this step, it seems clear that we cannot stay with this pessimistic observa-
tion. There is something missing between the GM and the FGM. We need to
develop new first-order methods that, when used with a (4, L)-oracle, are faster
than the GM but that can reach accuracy below €},

Ideally, we would like to obtain a method which shares the best of the GM and
of the FGM, a method which is as fast as the FGM (i.e. with a convergence rate

187



CHAPTER 6. INTERMEDIATE GRADIENT METHODS

2
S} (L]g ) in the exact case) and as robust with respect to the oracle error as the

GM (i.e. without accumulation of error). In term of complexity, it would mean

to obtain a method that can reach any accuracy over § in only © ( Lf‘Q)

iterations.

Unfortunately, this goal is too ambitious. The fastness of a first-order method
and its sensitivity with respect to errors are linked. Theorem 4.12 of Chapter
4 shows us that accumulation of errors is an intrinsic and unavoidable property
of any fast first-order method using inexact oracle.

This result is not good news: there is no hope to develop a first-order method
which is at the same time as fast as the FGM and as robust as the GM. There
is no free lunch: the faster the method is, the higher its sensitivity to error is.

However, this is not the end of the story. Between the two extreme choices
of the robust but slow GM and the fast but highly sensitive FGM, it could be
preferable to develop methods with intermediate speed and intermediate sensi-
tivity to errors. This is the goal of this chapter: we want to develop methods
with intermediate behaviors between GM and FGM methods.

The structure of this chapter looks as follows:

In the following section, we develop a general family of first-order methods, the
IGM (Intermediate Gradient Method) which is mainly based on two sequences
of coefficients {a;};>0 and {B;}i>0. The degrees of freedom in the choice of
these coefficients allows us to obtain different intermediate behaviors.

In Section 6.2, we see that the existing DGM and FGM are nothing else that an
IGM but with particular choices of the coefficients. In Section 6.3, given an or-
acle accuracy §, we are interested in the optimal coefficient choices for reaching
a target accuracy € > 0, i.e. the choice of coefficients that allows us to reach the
accuracy € with a minimum number of iterations. We derive important prop-
erties that such optimal coefficient policy must satisfy and derive lower bound
on the complexity that we can expect with an optimal choice of the coefficients.

In Section 6.4 and 6.5, we propose a practical coefficient policy that matches
our lower bound and allows us to reach a target accuracy € < €y, With a
(significantly) smaller number of iterations compared to what is needed using
the GM. In Section 6.6, with another choice for the coefficients, we are able
to generate methods exhibiting the whole spectrum of convergence rates given
by Theorem 4.12, corresponding to every possible trade-off between fastness
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of the method and robustness to errors. In the last section (Section 6.7), we
present a numerical illustration of the results obtained in this chapter.

6.1 The Intermediate Gradient Method (IGM)

6.1.1 General Intermediate Gradient Method

Let {; }i>0 and {B; };>0 be two sequences of coefficients satisfying for all i > 0

We define also A; = Z;‘:o aj and 7; = %

For a given choice of the sequences {a;}i>0 and {B;};>0 and of the prox-
function d, the corresponding Intermediate Gradient Method (IGM) looks as
follows when applied to an objective function f endowed with a (¢, L)-oracle:

Algorithm 19 Intermediate Gradient Method (IGM)
1: Compute z¢ = argmingeg d(z)
2. fork=0:... do

3: Obtain (f(;’L(x;g),g(;?L(xk))
4:  Compute

. L
we = argmin{ 2 — onl} + (go.c(@)a —z)}  (63)

5. Compute

k
= in{Ld i i), T — T 6.4
= arg (L) + D eloas e~ )} (64)
6: Compute
. Ak — B By,
Yk = A, Yk—1 + Ikwk (6.5)

7 Compute 41 = T2k + (1 - Tk)yk-
8: end for
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Remark 6.1. We have By = Ay = g and therefore 1y = wy. We do not need
to define y_;.

Remark 6.2. Due to the condition 0 < By < Aj, we know that y; =
A By b—1 + ’“wk is a convex combination. In the same way, the condi-
t|on 0 < a < Bk ensures that xx11 = 7z + (1 — 7%)yx is also a convex
combination.

Let us establish now the convergence rate of this Intermediate Gradient Method.
We start first with the following lemma:

Lemma 6.1. Assume that the IGM is applied to a function f endowed with a
(0, L)-oracle. Then for all k > 0, we have

Apflye) < Vi + By,

where B, = (Zf:o BZ-> 0 and

k
Uy = inelél{\llk(x) = Ld(z) + Z il fs,.r(wi) + (gs.0(wi), z — x:)]}-
=0

Proof. Denote fr, = fs.o(zr), g1 = gs..(xk).

o For k = 0:
Since ap < 1, we have
vy = gqeig{Ld(x) + ol fo + (90, — w0)] }
(2:8) , L
> agmin{fo+ (go,x — o) + 5 & — zol| 3}
z€Q 2

(4.2)
> aof(yo) — .

Therefore, we have:

aof(yo) < U5+ apd = U + Byd.

o If it is true for k£ > 0:
By the optimality condition of the optimization problem defining zy:

(LVd(z) Za,gl, —z) > 0.
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6.1. THE INTERMEDIATE GRADIENT METHOD (IGM)

Hence in view of strong convexity of d:

() > a%wuva%xxf%»+§wgwmz

k
o 1 2
> +§ZZ 9ir Rk — §||$_Zk||E
Thus for all z € Q:
k+1
+Z%ﬂ (gi, w0 — :)]
k
> Ld(z) + Y aulfi + (9i, 2 — )]
i=0

+3 e = 2l + gt [frst + (Gh1, T — Tsr)]
We obtain

. L

Vi = Yt 225{5 |z — Zk||2E + 1 [ o1 + (Grr1, T — Trp1)] )
(6.6)

On the other hand, as Ay = (Bgy1 — ars1) + (Ax — Br+1 + ags1) =

(Br+1—ag41)+ (Ag+1— Bi1) and as we assume that Uy > Ay f(yx) —

FE}., we have

Uy + apr[fror1 + (Ger1, ¢ — Tpg1)]

> Arf(yr) — Ex + ax1[forr + (Grt1, T — Ty
= (Akt1 — Br1)f(yr) — Ex + (Betr — axt1) f(yx)
Farr1[fer1 + (Grtr1, T — Trg1)]
(4.2)
> (Ar1 — Bry1) f(yr) — By + (Brga

=k 1) [frr1 + (k1 Yk — Tiet1)]
ki1 [frer1 + (gh1, 2 — Tp1)]
= (Akt+1 — Bry1)f(yr) — Bk + Bry1frv1 +
(g1, (Br+1 — 1) (U — Tat1) + g1 (T — Tpg)).

As xp1 = ez + (1 — 7)Yk and 7 = %’;:11 we have also

(Br1 — 1) (Uk — Tg1) + Qg1 (T — Tpy1) = appr (@ — 28)-

191



CHAPTER 6. INTERMEDIATE GRADIENT METHODS

We obtain that

Uy + apr[fror1 + (Ger1, ¢ — Tpg1)]

> (Apg1 = Bri1) f(y) — Bk + Begi frv1 + Qg1 (grs1, T — 21)-
(6.7)

Therefore using the equations (6.6) and (6.7), we have
ki1 = (Aggr — Beg1) f(yk) — B + Brsa frma
. L
+min{o o - 2l % + a1 (ghin, @ — 2)}
= (Akt1 — Br1)f(ye) — Ex

B .
+Bry1[fotr1 + ggg{ 2Brit

e — 2l + Til{grr1, @ — zi)}]-

2 2 1
As Apyq < Bj41, we have 77 < Birr and we conclude that

Uiy > (Aksr — Bry1)f(yk) — Ex + Brgi[frr
. TPL 2
+min{ = |z — 2|5 + Tk (gk+1, 2 — 21) }.
zeQ 2
For z € @, let us now define
Y =TT + (1 - Tk)yk.
Since y — xx1+1 = Tk (x — 2i), we obtain
2
. TkL 2
31618{7 |z — 2l 5 + Te(ghr1, 7 — 21) }
. L 2
= myln{§ ly — 2rs1lly + (Grr1:y — Tr1) 1y € RQ + (1 — 7o) yn
. L 2
>min{ = |ly — zx41llm + (grt+1, ¥ — Tr41) }
yeQ 2

Finally, we conclude with
Vivr > (Aks1r — Begn)f(yk) — Ek

. L
+DBj41 1;25{fk+1 +{Grt1,Y — Tpg1) + b lly — $k+1H2E}

(4.2),(6.3)
> (Agt1 — Bry1) f(yk) — Bk + Brya (f(wi41) — 6)
(6.5)
> Apr1f(Ykt1) — Ex — Brp1d = Aprr f(Yht1) — Erga-
where Ej1 = Ey + Byp10 = (zfjol B,») . -
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Using this lemma, we can obtain now the following convergence rate for the
Intermediate Gradient Method:

Theorem 6.2. Assume that the IGM is applied to a function f endowed with
a (0, L)-oracle with the sequences {«;}i>o and {B;};>o satisfying (6.1) and
(6.2). Then for all k > 0,we have

d(z* " B
) - 5 < EAED 2o B

k
where A, =3 7, ;.

Proof. Denote f; = f5.(x;) and g; = gs,(x;).

Then
k
Wi = min(Ld() + Y oulfi+ (g - ]}
i=0
k
< Ld(@*)+ Y ailfi + (gi, 2" — )]
i=0

Using the Lemma 6.1, we have Ay f(yr) < Ld(z*) + Arf(z*) + Ey, i.e.

- < 0 B M (T
O
We conclude that
¢ The convergence rate of the IGM in the exact case is given by %ﬁ*) and

depends therefore only on Ay = Zf:o ;. When the oracle is exact, the
sequence a; must be chosen as large as possible i.e. growing linearly with
i (corresponding to the condition a? = A;).

k
¢ The rate of error accumulation is given by ZiA;:Bi(S. At first sight,
we have to choose {a;}i>0 as big as possible and {B;};>¢ as small as
possible. However the two sequences are linked by the constraint a? <
B;. There is a trade-off to find between {«;};>0 and {B;};>o depending
on the level of the oracle error . We will come back to the choice of
these two sequences in the following sections.
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6.1.2 Variant with prox-type subproblems

The intermediate gradient method presented in the subsection 6.1.1 can be
used with any norm ||.|| ; and any prox-function d (which must be chosen such
that d(z*) is small and subproblems based on d are easy). However, in this
scheme, the subproblem min,eq{(gs . (xx), @ — x1) + £ ||z — 21.]|%} defining
wg, is not based on the prox-function but on the squared norm. Such kind of
subproblems can be difficult to solve and we consider in this section a variant
of the intermediate gradient method which only use subproblems based on
the prox-function and the corresponding Bregman distance. We propose the
following modification of the IGM:

Algorithm 20 Intermediate Gradient Method (IGM)
1: Compute z¢ = argmingeg d(z)

: Obtain (f5,1(0), 9s,.(%0))
3: Compute

N

Yo = arg gleiS{Ld(l") + ao(gs,z.(z0), z — 20) } (6.8)

4. fork=0:... do
5. Compute

k

2 = arg ggg{Ld(L) + Z ai(gs,0 (i), — x5) } (6.9)
i=0

6: Compute Tyl = TEZE + (1 - Tk)yk
: Obtain (fs,r(k+1), 95,0 (Tk+1))
8:  Compute
By = arg Izneiél{LV(ac7 zk) + aks1{(9s.L (Thy1), ¢ — 25)  (6.10)

9: Compute W41 = Tki‘kJrl + (1 — Tk)yk-
10  Compute

Agy1 — B By,
k+1 ktt, g Dhit ' (6.11)

Ykt1 = Yk
* Apt1 Ay

11: end for

This method is more complicated but uses only subproblems based on the prox-
function d(z) (or equivalently on the corresponding Bregman distance V (z, z)).
This property can be crucial in some situations. Furthermore, the convergence
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rate is the same than for the basic IGM:

Lemma 6.3. Assume that the modified IGM is applied to a function f endowed
with a (§, L)-oracle. For all k > 0, we have Apf(yx) < ¥; + Ej where

By = (310 Bi) 6 and W} = minaeq{Wi(w) = Ld(z) + Lo ailfon (@) +
(9o, (i), — i)}

Proof. Denote fi, = f5 1 (zk) and g = g5, (zk).

o It is true for £k = 0. Indeed

(6.8)

v Ld(yo) + ool fo(g0, Y0 — x0)]

oo
=

@. L )
> aolfo+ (90, Y0 — wo) + b) llvo — ol %]

= aof(yo) — Bo.

o If it is true for k£ > 0, it is also true for k& + 1.
Indeed, by the optimality condition of the subproblem defining zj, we

have
k
(LVd(z) + Zaigi,x —z) >0, Vzxeq.
i=0
Therefore
k+1
lI/Ic-',-l (x) = + Zaz fz gu - z>]
(2.9)
=" LV(x,z) + Ld(z) + (LVd(zg),x — 2z1)
k+1
+ Z (7] fl gla 1>]
=0
k
> LV(x,2k) + Ld(z) + Zai[fi + (93 21 — T3]
i=0
+oarr1[frrr + (Grtr1, T — Trp)]
(6.9)

v+ LV (x,21) + ag1 [frr + (Gra1, T — Trg1)]-
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On the other hand, we have, assuming U} > Ay f(yx) — Ex:

Wy + a1 [frear + (Grr1, T — Try)]
> Apf(yr) — Ex + g1 [fror1 + (Gug1, T — Thyr)]
(Ag1 — Brg1) f(yr) — B + (Beg1 — 1) f(yr)

Fagp1 o1 + (Grr1, T — Trg)]

(4.2)
> (Ags1— Bry1)f(ye) — Ex

+(Brt1 — k1) [fot1 + (ot 1 Yo — Tr1)]
okt [fer1 + (k1,7 — Tpp)]
= (Ag+1 = Br41)f(Yk) — Ex + Bri1 frva
H(gk+1, (Br1 — ap41) (U — Tht1) + @1 (T — Tp41))-

Q41

B We have

As Tpt1 = T2k + (1 _Tk)yk and 7, =

(Br1 — 1) (Uk — Tg1) + app1 (T — Tpy1) = o (@ — 28)-

Therefore

Uh + g1 [frrr + (Grr1, T — Trg)]
> (Ag41 — Bit1) f(yk) — Ex + Big1 for1 + g1 (g1, © — 21).
We conclude that
ki1 = (Aksr = Be1) f(ye) — Bk + Brt1 fe1
+%15{LV($7 2k) + Q1 (g1, T — 2k) }

6.10
€LY (Ag+1 — Bit1) f(yr) — Ex + Brg1 fro1

LV (&k41, 21) + Qpr1(Grs1s Thr1 — 2k)
= (Agy1 — Brr1)f(yx) — Bk

L . .
+Bry1[frr1 + KV(J%H, 26) + Te(Gkt1, Bot1 — k)
+1

(2.10)
> (Ary1 — Bry1) f(yr) — Ex

+Bri1[fer1 +

L R 2 .
1Zr41 — 2kllp + Trlgrt1, Torr — 21)]-
2Br41

As aiﬂ < Bg+1, we have ﬁ > T,f and therefore
Uiy > (Aps1 — Big1) f(yr) — Ex

. 2L
+Bry1[fotr1 + Trlgrr1, Torr — 2x) + kT T4t — Zk?”QE]
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But 7% (2k+1 — 2k) = Wg+1 — Tk+1 and we obtain

wi1 = (Apgr — Bryr) f(ye) — Ex

L
+ B 1 [ o1 + (Grr1s Whe1 — Tey1) + 5 wis1 — Trs1ll3]

(4-2)

4.2

> (Akt1 — Br1) f(yr) — Ex + Brya[f(wr1) — 0]
(6.11)

> Agpr1f(Wrt1) — Ex — Bryad.

O

We can now apply the Theorem 6.2 to this modified IGM and conclude that
it exhibits exactly the same convergence rate as the original IGM developed in
subsection 6.1.1.

6.2 Link with existing methods
6.2.1 Link with Fast Gradient Method

If the sequence {Bj}r>0 is chosen such that By = Ay for all £ > 0, we have
yr = wy, for all k > 0 and the IGM is nothing else than the scheme developed
in [59] and described in subsection 2.4.5 of this thesis:

Algorithm 21 Fast Gradient Method (FGM)
1: Compute x¢ = argmingeg d(z)

2. fork=0:... do
3. Obtain (fs,z(xr), g5, (xk))
. 2
4.  Compute y, = argm1n$€Q{% |z — x|z + (95,0 (xk), ¢ — 1) }
E
5.  Compute z = arg miél{Ld(x) + > ailgsn(xi),x —x;)}
€ i=0 ’
6: Compute 21 = T2k + (1 — 7)Y
7. end for

This method exhibits the following convergence rate (see Theorem 4.8 in Chap-
ter 4)

) — 5 < EUE)  Zumo B

Whatever the choice made for «v; (and therefore A;), the rate of error accumu-
lation is of order ©(kd). Therefore, the coefficients {c;};>0 must be chosen
as big as possible (since a smaller «; would slow down the rate of conver-
gence without reducing the rate of error accumulation) i.e. with a linear growth

(6.12)
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a; = O(i). In [59], the choice a;; = L is suggested and it leads to a Fast Gra-

dient Method (FGM) with an optlmal convergence rate © (L]g ) in the exact

case and rate of error accumulation ©(kd) as we have established in Chapter
4.

Compared to this existing scheme developed in [59], the IGM offers an additional
degree of freedom: we can choose By, smaller than Aj. In this case we replace
Yr = wg, by the more conservative rule y;, = A’”A Bky L—1 + ’*wk With this
modification:

1. we slow down the rate of errors accumulation

Zf:o Bi < Zf:o Ai
Ag

> Al

2. we slow down the rate of convergence (this is unavoidable in view of
Theorem 4.11) due to the condition a2 < By, (instead of a? < Ay).

6.2.2 Link with Dual Gradient Method

If we choose constant coefficients a; = 1 and B; = 1 in the IGM, we obtain
the following scheme:

Algorithm 22 Dual Gradient Method (DGM)
1: Compute x¢ = argmingeg d(z)
2: fork=0:... do
3:  Obtain (fsr(2x), 96,2 (1))
4. Compute wy, = argmingeo{% ||z — CC]CH% + (9s.(xk), ® — zk) }
5. Compute y; = %Zf:o w;

o

Compute 41 = arg néig{Ld(x) + > ai{gs,n(x), x — i)}
@ i=0
7: end for

This scheme is nothing else than the Dual Gradient Method (DGM) developed
in [62] and described in subsection 2.4.4 of this thesis. This method exhibits
the same behavior as the classical Gradient Method, with a slow convergence
rate G)(L—R2) in the exact case and no accumulation of errors (see subsection

432): fy) — f* < EE5 +6.

Within the family of Intermediate Gradient Methods, the Dual Gradient Method
and the Fast Gradient Method can be seen as two extreme cases. The Dual

2
Gradient method is slow (convergence rate © % in the exact case) but

robust with respect to oracle errors (no accumulation of errors, able to reach
any accuracy bigger than §). The Fast Gradient is fast (optimal convergence
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k2
(accumulation of errors at a linear rate ©(kd) and unable to reach an accuracy
better than €5y, = @(L1/3R2/362/3))_

rate © (LRZ) in the exact case) but highly sensitive with respect to oracle error

In the following sections, using our degrees of freedom for the choice of {e;}i>0
and {B;};>0 in the IGM, we develop new methods with intermediate behavior
between DGM and FGM:

o In Section 6.4, using a sequence of coefficients a; that grows linearly (like
in the FGM) before switching to a constant value (like in the DGM), we
obtain a method that can be seen as a switching between FGM and DGM.
The switching moment is optimized in order to reach a target accuracy €
in a minimal number of iterations.

o In Section 6.6, using a power policy a; = O(i?~!), we obtain meth-
ods with an intermediate convergence rate © (%ff) (1 <p<2)and

the corresponding intermediate (and optimal) rate of error accumulation
O(kP~14).

6.3 Optimal choice of the coefficients for a target
accuracy e

6.3.1 Optimal Policy

We have developed a general family of first-order methods characterized by two
sequences of coefficients, {«;};>0 and {B;};>0 that must satisfy the conditions
a? < B; < Z;:o aj and 0 < o; < B; for all i > 0. For a given choice of
{a;}i>0 and {B;};>0, we know that the accuracy obtained by the corresponding

" k
IGM method after k iterations is f(yx) — f* < Ld(m)t—m The behavior

1=0 g
of an intermediate gradient method is directly governed by the choice of these
coefficients.

In this section, we assume that we have an oracle with fixed accuracy § and that
we want to obtain a solution with target accuracy € using a minimal number
of iterations. Therefore, we are interested in an optimal policy for the coef-
ficients {a;}i>o and {B;}i>0, i.e. in the choice of coefficients that minimizes
the needed number of iteration to reach a final accuracy ¢ > 4. We denotes by
 := 5 > 1, the ratio between target accuracy and oracle accuracy.
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This optimal choice of the coefficients corresponds to the following optimization
problem:

k*(6,0) = k

min
a>0,B>0,k>0
such that

<.

Q
SN
IN

™

i < ay, Vi=0,..k
j=0
OSOZI‘ SBi, Vi:O,...,kI.

Clearly in a optimal policy, we have B; = max(a;,a?) and the optimal choice
for {a; }i>0 is given by
k*(6,0) = min k
acQ,k>0
such that
§(k,a) 20
where £(k, ) = 052 o, — Y max(a;, a2) — %ﬂj*) and

i
Q={aeRT02 <) ja; Viz0}.
Without loss of generality, we can assume that

o oy > 1 for all 4.

Indeed assume that we have a policy a such that a; < 1 for a given
[ > 0. Then, let us construct a new policy @ defined by a; =1 and @; =
a; Vi # 1. This new sequence @ is such that

1. aeQ
Indeed:

— fori<l: @;? Za% < Z;:Oaj = Z;‘:Oaj
S T e

—fori=lLa=1<1+43 _(a;=3 ;00
. L —9 i i =

— fori>1: o Za? < Z;:()aj < Z;‘:Oaj'

2. Ifk>1:
k k
Eka) = 0 a;+0(1—o) — Zmax(ai,a?)
i=0 i=0
Ld(z*
—(1 - Oél) - Esx )

= (ko) + (1 —a)(0—1) > (k)
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and if k < I, £(k, @) = &(k, ).
Therefore
min{k[é(k, @) > 0} < min{k[¢(k,a) > 0}

and we conclude that the new policy @ is at least as good as «a.

As we can assume w.l.o.g. that a; > 1 forall i > 0, we have max{a;,a?} =
a? and our problem becomes

k*(0,0) = min k
acQk
such that
§(k,a) =0
where £(k,a) = 055 ja; — Y a2 — %ﬁ) and Q = Qn{a €
R | > 1Vi > 0}.
In the following, we denote by OptPol(d,0) this optimization problem
defining the optimal choice for the sequence of coefficients {«; }i>0.

sequence « is increasing.

Indeed, assume that we have a policy with a;11 < a; for a given [
satisfying min{k > 0[|{(k,«) > 0} > [ + 1. Then, let us consider the
new policy & defined by

Q1 =0, q=oqai41; and @; =, Vi <lori>1+1.

This new policy is such that
1. ae
Indeed, we have:
—fori<la?=a?< Z;':oaj = 23:0 Q;
— fori=1:
ai = af + (@ — )’ + 2@ — )

l
< Zaj + (541 — oq)2 + 20[;(071 — Oq)
i=0

l
= Zd]’ + (Oél — 5&[)(1 — Q] — dl)
7=0

!
Qaj

IA
1
o
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—fori=10+1:
I+1 I+1

afy = af <Za3 = ZO‘J Zdj
k=0

—fori>1+1: a? =a? 323:0%:2}:05@-
2 Forall k>1+1: &(k,a) = &k, @).

We conclude that the modified policy @& is at least as good as the original
one « (i.e. min{k > 0/¢(k,&) > 0} < min{k > 0|¢(k, @) > 0}) and we
can therefore assume w.l.o.g. that an optimal policy is increasing.

In a feasible policy, the coefficients a; cannot be as big as we want. The growth
of this sequence is limited by the constraints a? < Z;‘:o o;. In the exact case
(i.e. when § = 0), it is clear that we have to choose the coefficients «; as big
as possible. In the inexact case, due to the accumulation of errors, this is not
anymore always true. However, when the relative accuracy 6 = £ is sufficiently

big, then it is possible to prove that the sequence defined by the recurrence

K 1+./1+4Z b

o = 9

ie. @2 =Y"_a;) withao=1, corresponding to the feasible policy with
7=0 "7
the highest coefficients, is still optimal even if § # 0.

Remark 6.3. For any policy feasible for the problem OptPol(4,0), we have
(07 Sd“ VZ:(),,]C

The following Theorem shows that under some particular conditions, the policy
{&;}i>0 is optimal for the general problem OptPol(9,6).

Theorem 6.4. If there exists k > 0 such that &y, < g and £(k,&) > 0, then
the policy {&;}i>o is optimal.

Proof. Let {a;}i>0 be another feasible policy. Then we have, for all i < k

£(1,4) §(i.0) + Y _[0(4; — &;) = (67 — a3)]
§=0

(i, ) + Z(@j —a;)(0 —a; — &;) > &(i, )

since for all j < 7 < k, we have &; > o; and &; + o < 265 < 26 <
6. We conclude that for any other feasible policy and any ¢ < k, we have:
&4, o) < &(4,&). Furthermore as min{i > 0|¢(i,&) > 0} < k, we conclude
that min{i > 0[£(7, @) > 0} > min{i > 0|£(¢, &) > 0}. The policy {&;}i>o is
at least as good as any other feasible policy and is therefore optimal. O
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6.3. OPTIMAL CHOICE OF THE COEFFICIENTS

6.3.2 Lower Complexity bound
If we drop the family of constraint
a2 <Y aj, Vi>0 (6.13)
j=0
in OptPol(6,0), we obtain a much simpler optimization problem Opt Pol Relax(4, 6):
kreln,x(5v 0) = kIinII,la k

such that:

QZO@ > Zaf n Ldgx*)

and
a; >1, Vi>DO0.

Since this problem is a relaxation of OptPol(4,6), k,;,..(6,68) provides us a
lower bound on k*(d,6), the number of iterations needed by an optimal IGM
(i.e. using an optimal policy for «) for reaching the accuracy 04. For this relaxed
problem, since it is homogeneous in the different coefficients {«; };>0, we can
assume without loss of generality that the sequence « is constant i.e. a; = «
for all # > 0. Our problem OptPolRelax(,0) becomes:

7‘61(11((s 0) - krglilr,la k
such that: iz
9k + 1)a > (k +1)a2 + E;f ) and a > 1
which is equivalent to:
. Ld(z*)
min ———— — 1.

a>1 §(fa — a?)

The optimal solution of this problem is given by a* = max(l,g) and we
conclude that:

1. If & < 2 then «* = 1 and k*

relax

_ Ld(z™) _ Ld(z™)
(0,0) = 55 —1= "= — L.
Furthermore as the choice a; = 1 for all 7 > 0 satisfies also the constraints
(6.13), we conclude that this policy, corresponding to a dual gradient

method, is optimal also for the non relaxed problem OptPol(9,6). We

have therefore k*(4,0) = 9,0) = Ld(’c g —linthecasel <6 <2.

5,0) = ALd(@®) _ q However, in this

relam(

2. If0>2thena*:§andk

relam(

562
case the constant policy a; = does not satisfy the constraints (6.13)
and we can only conclude that k*(5, 0) >k, ..(6,0)= 4Lg9(2 ) 1.
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CHAPTER 6. INTERMEDIATE GRADIENT METHODS

6.4 Switching policy for the coefficients

In the previous section, we have considered the problem of optimal choice of a
policy from all the policies feasible for the Intermediate Gradient Method.
With £(k,0) = 0% ja — S8 a2 — %ﬂc*), this general problem can be
expressed as:

k*(6,0) = min k (6.14)

(03

such that

E(k,a) >0, o < ajand a; > 1, Vi=0,.., k.
§=0

In this section, in order to be able to compute an optimal policy analytically,
we restrict ourself to switching policies, a subclass of feasible policies for the
IGM. More precisely, we consider policies of the form:

42 wheni=0,..,m,
o = 2
l wheni=m+1,....k

where:
¢ k > 0 denotes the total number of iterations that we perform

o m € {0,k} denotes the number of fast-gradient type iterations that we
perform before to switch

o [ > 0 denotes the level of the coefficients after the switching.
The motivations for this choice of coefficients are the following:

1. This policy is simple and can be easily interpreted. Using a switching
policy, the IGM can be seen as a smart switching between FGM and
DGM. In the case m = 0, [ = 1, we retrieve the Dual Gradient Method
and in the case m = k, we obtain a Fast Gradient Method. In between,
when 0 < m < k, we start with coefficients growing linearly like in the
Fast Gradient Method before switching to constant coefficients like in
the Dual Gradient Method. This is not a pure switching, since after m
iterations of the FGM, we do not start the DGM from scratch using as
initial iterate the last iterate obtained by the FGM. Instead, the first-
order information obtained before the switching stays in the model ¥;(z)
(m < i < k) with their linearly growing coefficients but the new first-
order information, obtained after the switching, enters the model with
constant coefficients like in the DGM.
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6.4. SWITCHING POLICY FOR THE COEFFICIENTS

2. In spite of its simplicity, the optimal switching policy leads, as we will see
in subsection 6.4.4, to a complexity of the same order than what could
be expected using the general optimal policy. We lose nothing (except
possibly some small constant factor in the complexity) with the restriction
to switching policies.

6.4.1 Feasible Policy
This switching policy is feasible for the IGM iff

af <Y oy, Vi=0,..k (6.15)
§=0
and
a;>1, Vi=0,..k (6.16)

When i < m, the condition (6.15) gives us (”42)2 < (i + 1)(i 4+ 4) which is
satisfied for every i > 0.

For i = m + 1, the condition (6.15) is I* < >0 2 + | which is satisfied by
a positive [ iff [ < 7Vm2+52m+5+1

For ¢ > m + 1, the condition (6.15) is trivially satisfied provided that it is
satisfied for i = m + 1.

On the other hand, the condition (6.16) is completely equivalent to [ > 1. We
conclude that our switching policy is feasible if and only if [ satisfies

] vm2+5dm+5+1

- 2

1<

As 7W = O(m), for the simplicity of our analysis, we will use the
easier (but stronger) condition:

m 4+ 2
5

1<I<

Furthermore, we have also to take into account the implicit constraint m < k.
We conclude that the optimization problem given the optimal switching policy
becomes:

kSwitch((Sa 9) = kel\rlfl’rgéN,l k (617)

such that
k>m (6.18)
§(k,a) =0 (6.19)
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=, Vi=0,..,m (6.20)
oa; =1, VYVi=m+1,...,k (6.21)
1gl§m;2 (6.22)

We denote this optimization problem by OptSwitchPol(d,6). As any feasible
policy for OptSwitchPol(4,0) is also feasible for OptPol(, ), we have that
Kwiten(0,0) = k*(6,0).

As
k m . k
142 1
doai = Do 3 = g(ma D(m )+ (k- m)l
=0 =0 1=m+1
and
k m . 2 k
2 i+ 2 9
Zai = Z<2>+.Zl
=0 1=0 1=m-+1
1
= ﬁ(m +1)(2m? + 13m + 24) + (k — m)I?
we have
¢k, o) = (k—m)(01—1%)— i(erl)(QmQ+13m+2476m97249) _ Ld@")
and the problem OptSwitchPol(§,0) becomes:
kSwiten(8,0) = (k,ﬁfzi)rém k (6.23)
such that
k> m. (6.24)
1 Ld(x*
(k—m)(01—1?) > ﬁ(m—l—l)(QmQ+13m+24—6m9—249)+7dgx ) (6.25)
1<y M2 (6.26)

2

Let us consider two cases:
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6.4. SWITCHING POLICY FOR THE COEFFICIENTS

1. 0l—-1°<0iel>0
In this case, if (k,m,l) is feasible i.e. satisfies (6.24), (6.25) and (6.26)
then (m,m, 1) also satisfies these constraints with a better value of the
objective function. We conclude that if in a optimal solution [ > 6 then
necessarily k = m and we have a FGM. But for a FGM, the value of [ does
not play any role and we can therefore assume without loss of generality
that [ < 6.

2. 0l-1?>0ie. 1<
In this case, our problem OptSwitchPol(d,0) becomes:

kSwiten(0,0) = peiiin
such that
k>m (6.27)
Ld(z*) (m + 1)(2m? + 13m + 24 — 60m — 240)
k> 6.28
=Mt se—e) " 24(01 — 2) (6.28)
2
1<i< m; (6.29)

For a given choice of [ and m (and dropping the integrality assumption
on k), the needed number of iteration is given by

Ld(z )+i(m+1)(2m2+13m+24—69m—249)).

5 24
(6.30)

k=m+ ax (0,

o —p™

6.4.2 Optimal Switching Level [

For a given value of m, let us look to the optimal choice for the switching level
I. In view of (6.30), this optimal switching I*(m) corresponds to the optimal
solution of the following optimization problem in [:

m 4+ 2

max 0l — 1% such that 1 < <
leRT

The function 81 — {2 is increasing before reaching its maximum at [ = g and

decreasing after it. We conclude that the optimal choice for the switching level

is I*(m) = 1if 6 <2 and I*(m) = min (742, 2) if 6 > 2.
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6.4.3 Optimal Switching Moment m

Using the optimal switching level i.e. I = 1 if § < 2 and | = min (2, %)
if & > 2, the optimal choice for the switching moment m is given by the
optimization problem

min[M (m) := max(m, F(m))]
where if § <2 (and therefore [ = 1)

F(m) =m+ 5 ! - <Ld<5x ) 4 (m;; Y (9m? 4 13m + 24 — 60m — 249))

and if 8 > 2:

F(m) = m+ 512 (Ldgx )4 (m;; Y (om? + 13m + 24— 6mo — 249))

when m >0 —2 (ie. l:g)

_ 4 Ld(x*)
=t (m+2)(29—m—2)( 1
+(m—&-l)

24

whenm <60 —2(ie l=

(2m? + 13m + 24 — 6mo — 240))

m+2)
—5 )

Let us start with the case 6 < 2.

Casel: <2

Theorem 6.5. If 0 < 2, the optimal switching policy is given by o; = 1 for
all i > 0 for which the Intermediate Gradient Method is nothing else that the
Dual Gradient Method.

The corresponding required number of iterations is given by

kgwitch(& 9) = (5(9 — 1) -1

Proof. When 6 < 2, the function F(m) is increasing in m on Ry and the
minimizer of M (m) = max(m, F(m)) on N is therefore m = 0.

This optimal number of fast iteration m = 0 corresponds to the policy o; = 1
for all i > 0. i

The needed number of iterations is given by M (0) = % -1 O
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Case 2: 0> 2

When 6 > 2, the function F(m) (and therefore also the function M(m)) is
defined differently on the two intervals [0,0—2] and [#—2, +o0]. On [0 —2, +o0],
the minimum of M is easy to find:

Lemma 6.6. Assume that 0 > 2 then we have arg min,,>g_o M(m) =6 — 2.

Proof. When 6 > 2 and m > 6 — 2, we have

F'(m) = 6m2+(30_12‘923;’;+37_309+692 > 0. As m and F(m) are increasing
function on [0 — 2, +00], we have that M (m) is also increasing on this interval
and therefore arg min,,,>g_o2 M(m) = 6 — 2. O

Remark 6.4. We assume for the rest of the chapter that the desired final
accuracy can be bounded by e < Ld(z*) + 6. This assumption is natural.

Indeed instead if we had %’T(;) < 1, it would mean that our problem with

oracle accuracy ¢ could be solved up to target accuracy € in one iteration by
the Gradient Method, and is therefore completely trivial.

On the interval [0,0 — 2|, the situation is more complicated. Two cases are
possible, depending on the relative position of # compared to a threshold 6,
which is defined as the unique root of

20 6% 130 4Ld(z*)

0)yi=—+———+1— ——=
RO ==+5 -5+ 5
greater than 2.

Remark 6.5. This polynomial has one and only one root greater than 2. Indeed,
we have:

o R(2)=4 (1 - @) <0 (since Ld(z*) > e — 6 > 0)
o limg_y 100 R(0) = +00
o R'(6) >0 for all 6 > 1.

First, let us prove the following lemma that gives another characterization of
the conditions 6 > 0,.:

Lemma 6.7. Let us define the function:

ALdz)  (m+1)
=75 T %

N(m) (24 + 13m + 2m* — 6mo — 240).

The condition 6 > 0,. is completely equivalent with the existence of a root for
N(.) on [0,60 —2].

Proof. The function N(.) is such that:
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o N(0) > 0 since 6 < ( ) 4 1 by assumption
o N'(m) = m? 4+ (5 — 20)m + 31 — 50 is strictly negative on]d — 3 —

\/ & + 02,0 — 2+ /35 + 62[ an therefore also on [0,6 — 2].

Therefore, N has a root on [0,6 — 2] iff N(§ —2) < 0.

But we have that N(# — 2) < 0 is equivalent with R(#) > 0. The function
R(.) is such that R(2) =4 (1 - %) < 0 (since Ld(z*) > e — 6 > 0) and
R'(0) > 0 for all 8 > 1. Therefore:

R(O)>0<0>0,.

We conclude that the existence of a root for N(m) between 0 and 6 — 2 is
completely equivalent with the condition 6 > 0,.. O

In the same way, we can also prove the following equivalence:

Lemma 6.8. The condition 8 < 6, is completely equivalent with N(m) > 0
for all m € [0,60 — 2].

Proof. As N(0) > 0 and N’(m) < 0 on [0,6 — 2], we have that N(m) > 0 on
this interval iff N(6 — 2) > 0.

But we have that the condition N (6 —2) > 0 is equivalent with R(6) < 0. As
R(2) < 0 and R'(f) > 0 for all & > 1, this last condition is itself equivalent
with 8 < 0,. O

The following lemma provides us with an estimation of the threshold 6,
Lemma 6.9. The threshold 0, is such that:
5 Ld(z*) \3/Ld(x*) [ LR?
2¢/ = 2 = —_—.
br € [ \/7 5 5 NV

Proof. o For all 8 > 2, we have % - % +1>ab?

6

£+f*%+l> 103 and therefore 0, <2{‘/Ld55 4.

0> 136 3
<>Forall922,wehave7—7+1§ﬂ0

02 130 *
. . 02 130 4 _
with & = ming>» (2‘035+> = =L We conclude that %@) =

02

130 *
with 8 = maxg>2 (295’+1> < 0.03061.. We conclude that %@) =

292 + % 139 11 < 793 and therefore 6, > 2€/m

210



6.4. SWITCHING POLICY FOR THE COEFFICIENTS

Now we are able to study the behavior of M (.) on the interval [0,6 — 2]. We
have to consider two subcases:

Case 2.1: 2<60 <90,

For the simplicity of the analysis, we assume here that the relative desired

accuracy 6 = § is an integer.

Lemma 6.10. Assume that 0 is an integer on {2, |0, ]} then

argmel{%’iél_ﬂ M(m)=6-2.

Proof. We have: F'(m) = m—i—% with D(m) = (m+2)(20 —m —2). First,

let us establish some useful properties of the functions N(m) and D(m).

1. N(m) > 0 for all m < 6 — 2 using the fact that < 6, and the lemma
6.8.

2. D(m) > 0 on | — 2,20 — 2[ and therefore also on [0, 6 — 2]

3. N'(m) = m® + (5 — 20)m + 3 — 50 is strictly negative on]d — 5 —
\/ 35+ 02,0 — 2+ /35 + 62[ an therefore also on [0,6 — 2].

4. D'(m) = —2m+260 —4 is strictly positive on [0,0 —2[ and D’(0—2) = 0.

Since N(m) is positive and D(m) is strictly positive on [0,6 — 2], we have that
F(m) > m on this interval and therefore M (m) = F(m) for all m < 6 — 2.

Now, let us prove that F'(m) < 0 for all m € [0,6 — *2]. Indeed, let m €
0,6 — 3] we have:
F'(m) <0
& D*(m)+ N'(m)D(m) < D'(m)N(m)
& D(m)+ N'(m) < D’(m)gézg

where the last equivalence comes from the fact that D(m) > 0. Now the
last inequality is satisfied since D'(m) > 0, N(m) > 0, D(m) > 0 and
D(m)+ N'(m) =m -0+ <o.

We conclude that F(m) < 0 for all m € [0,6 — £2]. Therefore, since 6 € N,
the minimizer of M(.) on {0,6 — 2} can be § — 2 or § — 3.

But we have that

@ + + 139 + 4Ld§m*) 1

M(6-3)—M(0—-2) = F(6—3)—F(0—2) = 92(92 Y

>0
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since R(0) >0 (i.e. 0 <0,).

We conclude that argmin,,c o g—23 M(m) = argmin,,co 923 F'(m) = 0 —
2. O]

We are now able to obtain the optimal switching policy in the case 2 < 0 <6,
(adding however an integer assumption on 6):

Theorem 6.11. Assume that 6 € {2,|0,.|} then the optimal switching policy
is given by

¢ wheni>0—2.

{”22 wheni<6—2,
Q; =
2

The corresponding needed number of iteration is given by

ALd(z*) 1 (93 5602 136 >

k;‘witch(d,@)iwﬁ» 0 — -4+ =1

3 2 6

which belongs to

4Ld(z*) 1 6Ld(z*)
562 T60?

Proof. By lemmas 6.6 and 6.10, we know that arg min,,ey M (m) =60 —2 i.e.

that the optimal number of fast iterations is given by § —2. By subsection 6.4.2,

we know that the optimal switching level is | = min (742, £) = £. Therefore,

/ e ¢ W 2 12 2
the optimal switching policy is:

H2 wheni<6—2,
Q; = 02
5 when i >0 —2.

The corresponding needed number of iterations is given by:

ALd(z*) 1 <93 5602 136 )

57 Te\3 2 6 !

kit . . (8,0) = MO —2) =
Swztch( ) ) ( ) 3 9 6
iterations. But as § < 6,., we have R(A) <0 i.e. % + % — %9 + % <

which implies £ — % + 8¢ _ 1 < %@*) and therefore k%, ..., (6,0) <

3 6
GL(?Q(;”*). Furthermore as 6 > 2, 0% (% — 5% + %ﬁ — 1) > —1 and therefore

Fiten > 2L 1 We conclude that k¥, ;. (5, 0) € [2La) _ 1 SLdla®))

2Ld(x*)
5

Remark 6.6. During the intermediate regime (i.e. 2 < 6 < 6,.), we have:

02(0 — 2)5
6Ld(z*)

02(0 — 2)6

< —.
- 4Ld(xz*) — 662

m
—<
e S
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The proportion of fast iterations 7* grows from 0 to 1 with a rate proportional
to 63.

Case 2.2: 0 >0,

Lemma 6.12. Assume that 0 > 0, then argmin,,>o M (m) = T where T is
the unique root of N(.) on [0,0 — 2].

Proof. Since § > 6,., in view of lemma 6.7, there exist T € [0,0 — 2] such
that N(m) = 0 i.e. F(m) = m. As N'(m) < 0 for all m € [0,0 — 2], we
have that N(m) > 0 for all m < 7 and using the same reasoning that in the
proof of lemma 6.10, we conclude that F'(m) < 0 for all m < m. Therefore
arg min,,>o M (m) = m since

o For all m >m : M(m) = Max(m, F(m))

Y

= M ()

o Forallm <m: M(m) = Max(m,F(m)) = F(m) > F(m) = M(m).

O
We can therefore obtain the optimal switching policy in the case 6 > 0,

Theorem 6.13. Assume that § > 0, then the optimal switching policy is
a; = % for all i > 0, for which the Intermediate Gradient Method is nothing
else than a Fast Gradient Method.

The corresponding needed number of iterations k%,,;;.,(9,0) is given by the
unique root of N(m) = %@5) + ("%1)(24 + 13m + 2m? — 6mé — 240) on

[0,0 — 2]. Furthermore, we have that

. Ld(x* 2Ld(x*
kswiten(9,0) € L) 2Ldt)

Proof. In view of lemma 6.12, the optimal switching moment is given by 77,
the unique root of N(.) on this interval, for which we have M () = F(m) = m.

Since M(m) = ™, it means that we have only to perform fast iterations:
o = % for all ¢ > 0 and that the needed number of iterations corresponds
exactly to this root m = kf, 1., (0, 6).

Let us try now to obtain lower and upper bound for this quantity.

With a; = % for all 4, the convergence rate of the IGM (which is nothing else
that a FGM) is given by:

[\

Ld(z*) + & (k + 1)(2k? + 13k + 24)8

flyr) — f* < Accran (k) = z(k +1)(k+4)
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The needed number of iteration k¥, ... (
the first positive k such that Accraa(k
assumption for k).

We have that Accran (k) = #((234) kg4 1 (k,:f:iké Therefore:

0,0) = kpea(6,0) corresponds to
) = 65 (we drop here the integer

1. Upper-bound

Acc(k) = (szf;((i_s_)@ + (k+4)5 > Acc(k) for any k > 0 and therefore

Acc(kranr(6,0)) > 69. ThIS last inequality is equivalent with

kran(6,0) +4
2

ALd(z*)

(kram(0,0) +1)(kran(0,0) 4 4) 2 (8-

)8

and as kpga(6,0) < 0 —2 (ie. §— 2roalPOH > 6 1) it implies
2 .
that % > (¢ -1ie
2Ld(z*)
<24 ———=.
krca(6,0) < @—29

2. Lower-bound
Acc(k) := ALd(a®) 4 k+4)5 < Acc(k) and therefore Acc(kra (0, 0)) <

= (kD) (k+4) ( =
ALd(x
04. This Ias: inequality is equivalent with: ran (3, a)+1)(kp)cm(5 9)+4)
k ,0)+4 R 4Ld(z

(0 — W)d which Implles m = (9 — 1)6 i.e.
Ld(z*)
— L 4 <k 6,0).
@1 < kram(0,0)

We conclude that in the case @ > 0,., kswiten(0,0) = kraar(6,0) = © ( Lgf) )
O]

Remark 6.7. The FGM that we obtain here in the case § > 6,. is not com-
pletely equivalent with the original method developed in [59] whose behavior we
have studied in the inexact case in Chapter 4. The original FGM corresponds
to the IGM with a; = %% and B; = 4; = Z;:O aj for all i > 0.

With this classical choice, the method can be expressed using only three se-
quences {w;};>0, {#i}i>o0 and {z;}i>0 since A; = B; and therefore y; = w;
for all ¢ > 0. The convergence rate is given by:

ALd(z*) 2% + 6

f(yk)—f*S(k+1)(k+2)+ s
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However, using the choice o; = % for all ¢ > 0 and the new degree of freedom

given by the IGM to choose B; # A;, it is possible to improve slightly the FGM.

Indeed, using the additional sequence y; = AigiBi + % with B; = af, we
obtain the convergence rate:
4Ld(z*) 2k% + 13k + 24
_ f* <
Ho) =1 < e+ 0 6(k + 4)

We conclude that the FGM considered here exhibits, at the price of an additional
sequence, a slightly better convergence rate in the exact case and a slightly
smaller accumulation of error.

Remark 6.8. When 2 < 6 < 0,, we have k¢, ;,.,(6,0) = O (%5’;) and when

0 > 0,, we have k%, ..., (0,0) = © <. / L;f). As 6, =0 <13/L§2>, we have

ESwiten(0,60r) = O <f’/ L(;R2> and the transition in 6 = 6, is continuous.

Remark 6.9. The second threshold 6, does not correspond exactly to the best
relative accuracy reachable by the fast gradient method 0%.,,, = 6}% (2
and 0%, both depending on L, R and §). We have 055, < 6, but for
0% < 0 <0, even if the accuracy ¢ can be reached by the FGM, it is better
to use an intermediate method with switching after m =60 — 2 < k.

However, we have that 63.,, and 6, are of the same order © | ¢ LTRQ

Therefore the numbers of iterations needed by the FGM and the best IGM for
reaching relative accuracy 6 are of the same order © (f/ L5R2> In particular,

we see that the proportion of fast step in the optimal IGM is close to 1 (since

m:0—2=9<\3@)).

6.4.4 General optimality of the optimal switching policy

Now that we have obtained the optimal switching policy, let us compare the
complexity of this policy k¥,,;..;(6,60) with the complexity of a general optimal
policy £*(6,0) (i.e. without the restriction to switching policies). The goal is
of course to see if we lost something with the switching policies or if we could
make this restriction without loss of generality.

We have to consider three different cases:
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1.

When 6§ < 2:

The optimal policy and the optimal switching policy coincide. The op-
timal IGM is nothing else than the Dual Gradient method i.e. with all
coefficients «; equals to one and a corresponding needed number of iter-

ations given by k*(8,6) = k¥, ;400 (6,0) = g(de(f;g —1.

When 2 <0 <0,:
As 2 < 0, in view of subsection 6.3.2, we know that an optimal policy
for the general optimization problem OptPol(d,6) cannot have a better

complexity than 4L§9(§*) —1 (i.e. that k*(6,60) > 4%(;3*) —1). Since

k¥ piren(6,0) € [4L§19(§*) -1, GL(?Q(;E*)}, we conclude that the complexity

of the optimal switching policy (i.e. k&, ;.5 (6,0)) is of the same order

S} (%) as the complexity of the general optimal policy (i.e. k*(0,6)).

The restriction to a switching policy costs at most a factor % in term of
complexity.

When 6 > 0,

Let us come back to the sequence {&;};>0, the feasible policy for prob-
lem OptPol(4,8) with the highest coefficients. The definition of {&;}i>0
is not explicit but we have &; ~ &; = % Therefore, if we add to
the general optimization problem OptPol (4, 6), the additional constraints
a; < % for all i = 0,...,k, we modify only slightly this problem (we
replace the implicit constraint «; < &; by the explicit one o; < &;).

With this new constraints, we obtain the problem OptAddPol (4, 6):

k:dd(67 0) = mlnk (631)
SUCh that: f(k, a) 2 0 (632)
a? <y a;, Vi=0, ..,k (6.33)
7=0
i+ 2
1<a; < “; . Yi=0,.. k. (6.34)

We have that OptaddPol(4,0) is a restriction of OptPol(4,0) and a re-
laxation of OptSwitchPol(6,6). Therefore k%,,;:0n(0,6) > k¥ ,,(5,0) >
k*(0,0). For the problem OptAddPol(d,0), using the same argument as
in Theorem 6.4, we can prove that if there exists £ > 0 such that a; < g
(i.e. k<60 —2)and ¢(k,&) > 0 then the policy & is optimal.
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But we know that if § > 6, then there exists k € [0,6 — 2] such that
&(k, @) > 0. We conclude that in the case 6 > 6,., the FGM with coeffi-
cients @; = % for all i = 0, ...,k is optimal, not only for the subset of
switching policies (i.e. for the problem OptSwitchPol(d,6)), but also for
the more general set of policies that does not grow faster than &; (i.e.
for the problem OptaddPol(4,0)). As the problems OptaddPol(é,6) and
OptPol(9,0) are almost the same (&; and &; being of the same order),
we conclude that the fast gradient method is (almost) optimal in the case
0> 0,.

6.4.5 Conclusion: Optimal Switching Policy

Assume that 6 = § is an integer such that 1 < 6 < % + 1 and let

0,=011 L5R2> betheuniquerootofR(Q):2§+§*%+17%@*).

With these assumption, the optimal switching policy (which is also almost
optimal without the restriction to switching policies) can be summarized by
e If1<0<2

o Coefficients: o; = B; =1, for all ¢ > 0 (DGM)

o Needed number of iterations: k%,,;;.,(0,6) = (1;‘(‘2(7153 -1
o Optimal Policy ? Yes, k*(8,0) = k&40, (9,0).

olf 2 <0 <6,
¢ Coefficients:

142

0
o = fora||i§0—2andai:§foralli20—2

B;=aj, foralli>0.

¢ Needed number of iterations:

* o 4Ld(1’*) 1 /63 562 130
kSwitch(évo) - W+972 (32+61
4Ld(z*) 6Ld(z*)
662 Y
o Optimal Policy ? Up to a constant factor (at most %) k*(5,0) >
4Ld(x™) 1
562 .
o lf >0,
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o Coefficients:

2
and B; =a? foralli >0 (FGM)

Ld(x*) 2Ld(x*)
Vawe-—1 Ve 2)]
| LR?

. . . % . R2
o Optimal Policy ? Almost optimal, k*(9,6) = © < L% )

Q; =

¢ Needed number of iterations:

kgwitch(év 9) €

Optimal if restriction to coefficients such that «; < #

We see that, using an optimal switching policy, the IGM leads to an improve-
ment compared to the existing methods (i.e. DGM and FGM) when the ratio
between target accuracy and oracle accuracy, § = £, is between 2 and 0,.. In
addition to its continuity, a remarkable property of the optimal switching policy
is the fact that the switching moment has a very simple expression m = 6 — 2
which does not depend on L or d(z*) but only on the ratio between target ac-
curacy and oracle accuracy 6 = 5. For this reason, this method is particularly
easy to implement.

6.5 Improvement compared with existing meth-
ods

When we are in the range of improvement [2,6,.], reaching a target accuracy
€ can be done in © (LRZ) =0 (L?f‘;) iterations using the IGM instead of

562
(C] (%) iterations for the GM.
In order to measure the importance of this improvement, we have therefore to

answer the two following questions:

1. How extended is the range [2,0,] ? Is it natural to expect a relative
accuracy 6 in this interval ?

2. When 0 € [2,60.], how important is the difference between complexity
S (%gf) and complexity © (%R;) ? Is this improvement really signifi-
cant ?
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We would like to point out the fact that the results presented in this section
correspond to the worst-case theoretical bounds obtained in the previous section
and not to numerical results (whose last section of this chapter will be devoted).

Importance of the range 6 € [2,0,]

The threshold 6,. depends on L, on R and on §. Let us scale the optimization
problem such that . =1 and R = 1 and for a given ¢, let us define ep;7n = 26
and eprax = 6,0, respectively the minimal and maximal target accuracies for

which IGM leads to an improvement.

For different oracle accuracies, the following table contains the range of im-
provement of the IGM (with optimal switching policy):

0 0, EMIN EMAX
5e-9 | 1063 1le-8 5.31e-6
5e-8 493 le-7 2.47e-5
5e-7 | 228.70 | 1le-6 1.14e-4
5e-6 | 106.03 | 1le-5 | 5.30 e-4
5e-5 | 49.10 le-4 2.5e-3
5e-4 | 22.69 le-3 | 1.13 e-2
5e-3 | 10.47 1le2 5.24e-2
5e-2 4.88 le-1 2.44e-1
5e-1 2.41 1 1.20

which is represented in a loglog plot in the following figure:

Target Accuracy &

10° 10"
Oracle Accuracy §

il TR il il il PR
‘ 10° 107 10" 10"

Figure 5: Range of improvement for the IGM with optimal switching strategy.

The size of the interval increases when the oracle accuracy decreases.
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If for poor oracle accuracy (6 = 5e — 3 or bigger), the range is quite small,
we see that for medium oracle accuracy (§ = 1le — 6) and high oracle accuracy
(6 = 1e —9), the interval [eprrnv, earax] is far from being negligible.

When we are interested in target accuracies that are not too close to the oracle
accuracy but at the same time not too poor, we are typically in the range of
improvement of the IGM. If we accept to lose one or two digits of accuracy
compared to the oracle accuracy, we can take advantage of the new developed
IGM in order to reduce the needed number of iterations.

Gain in term of complexity

Let us consider in our discussion four situations: the objective function f is
endowed with an exact oracle (§ = 0), an inexact oracle with high accuracy
(6 = 5e —9), an inexact oracle with intermediate accuracy (§ = 5e — 6) or an
inexact oracle with poor accuracy (6 = 5e — 3).

For each case, we compare the complexity of the GM, the FGM and the IGM
with optimal switching for different target accuracies. More precisely, by GM,
we consider in fact the DGM which is nothing else than a IGM but with a
switching at the beginning i.e. «; = 1 for all ¢ > 0. On the other hand, the
FGM that we consider here is also a IGM but with a; = % forall 7 > 0 i.e.
without any switching.

1. Exact Oracle 6 =0
When the oracle is exact, the IGM is nothing else that the FGM that clearly
outperforms the GM:

€ Complexity GM | Complexity FGM
le-8 1e8 1.99¢e4
le-7 le7 6.32e3
le-6 leb 1.99e3
le-5 leb 6.3e2
le-4 led 1.98e2
1e-3 1e3 61
le-2 le2 18
le-1 10 4

The following picture shows us in a loglog plot the clear advantage of the FGM
compared to GM in the exact case, when the first-order oracle is exact. When
there is no noise, the FGM can reach any accuracy € > 0 and the corresponding

needed number of iterations proportional to © ( LR2> is highly better than

€
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using the GM (proportional to © (LTI#) )

Needed number of iterations

10" L L L L ! ! 1
10° 10" 10° 3 10° 10° 10" 10°

10° 10"
Target Accuracy &

Figure 6: Complexity of the GM and the FGM when used with an exact oracle.

2. Inexact Oracle with high accuracy § = 5¢ — 9

Let us now assume that the oracle is inexact but with high accuracy, namely
0 = 5e — 9. In this case, we know that the FGM cannot reach accuracy better
that €},;5; = 4.22e — 6 and that the IGM leads to an improvement compared
to existing methods in the range [enrrn,epmax] = [le — 8,5.312e — 6]. In
particular, we point out the fact that the range of improvement of the IGM
covers 2.5 orders of magnitude in term of target accuracies.

Remark 6.10. We also see that, whereas these two quantities are of the same
order, the best reachable accuracy by the FGM €F -y, = 4.22¢ — 6 is a little bit
smaller than the largest accuracy for which the IGM leads to an improvement
emax = 5.312e — 6. It means that there exists a (small) interval of accuracies
reachable by the FGM but for which it is preferable to use an IGM.

Depending on the target accuracy e, the following table contains the corre-
sponding needed number of iterations using the GM, the FGM, the IGM (with
optimal switching policy) and the optimal switching moment m for the IGM:

Compl. GM | Compl. FGM | Compl. IGM | Switch. Mom. IGM
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We can distinguish three different situations:

e When looking for 8 digits of accuracy i.e. to a target accuracy ¢ = le — 8
(which corresponds exactly to ex;;ny = 26), we cannot do better than the
slow GM. The optimal switching moment is m = 0 meaning that we switch
to constant coefficients from the beginning and we obtain no improvement
compared to the GM. When we are high demanding, looking to a target accuracy
close to the oracle accuracy, there is no miracle. Only a very robust and therefore
also very slow method like the GM can be used.

e When looking for 7 or 6 digits of accuracy, we are in the range of improvement
of the IGM. The FGM cannot be used anymore and the GM is very slow.
Compared to the GM, the IGM method allows us to divide by a factor 5 the
needed number of iterations in the case ¢ = le — 7 and even by a factor 50
in the case ¢ = le — 6. We conclude here that this improvement in term of
complexity provided by the new developed IGM is far from being negligible. We
observe also that, whereas the optimal switching moment is not anymore zero,
it is still small compared to the total needed number of iteration. For 7 digits of
accuracy, from the 2 millions of iterations that we have to perform, only the 18th
first iterations are 'fast’-type iterations (i.e. with linearly growing coefficients).
For 6 digits of accuracy, the proportion increases but remains small, from the
20100 needed iterations, 198 iterations are fast. It is interesting to observe that
the division by a factor 50 of the needed number of iterations is obtained using
only 1 percent of fast-type iterations at the beginning.

e When looking for 5 or less digits of accuracy, the FGM can reach such level
of accuracy with a complexity that cannot be improved using the IGM. In the
IGM, the optimal switching moment corresponds exactly to the needed number
of iteration, meaning that we never switch to constant coefficients and the IGM
with optimal switching policy is nothing else that the FGM. When we are happy
with a not so accurate solution, the FGM allows us to solve the problem with

an unbeatable complexity proportional to O ( L€R2>

A loglog plot of the respective complexities of GM, FGM and IGM is perhaps the
best way to illustrate the improvement obtained using the IGM (with optimal
switching policy):
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1] “ —GM
g, ~ g
MAX ~ °FGM IGM
10 —FGM E

Needed Number of iterations

10° 'B § I I - I . I
10 10" 10° 10
Target Accuracy ¢

Figure 7: Complexities of the GM, the FGM and the IGM with oracle accuracy
d="5e—9.

The IGM allows us to obtain target accuracy unreachable by the FGM in a
significantly smaller amount of iterations compared to the GM.

On the range of improvement of the IGM, the gain compared to the GM and
the proportion of fast steps used in the IGM increases when the target accuracy
increases (i.e. becomes less good). When the target accuracy becomes close
to eprax, the complexity of the IGM becomes similar to the complexity of the
FGM in the exact case and the proportion of fast-type iterations tends to 1.
The followings loglog plots illustrates these phenomena:

—GM inexact
IGM inexact
FGM exact

Needed number of iterations

S

10 i !

10° 107 10°
Target accuracy &

Figure 8: § = 5e—9: Complexities of the GM in the inexact case, of the IGM in
the inexact case and of the FGM in the exact case on the range of improvement
of the IGM.
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Number of iterations

o
10 L
1 0-8 -7
Target accuracy ¢

Figure 9: 6 = 5e—9: Number of fast-type iterations (m IGM) and total number
of iterations (k IGM) for the IGM on its range of improvement.

3. Inexact Oracle with medium accuracy § = 5¢ — 6

In this case, we have €fy; = 4.22e—4, eprrv = le—5 and eprax = 5.30e—4.
The range of improvement of the IGM [le — 5,5.30e — 4] is reduced, covering
1.5 orders of magnitude. In the remainder, the same kind of behavior than with
the accurate oracle is obtained, as proved by the following table and plots:

Compl. GM | Compl. FGM | Compl. IGM | Switch. Mom. IGM

10
" “max ™ fram —GM
% —IGM E
—FGM
°
2
S 10 i
[
2
5
B0’k E
£
2
B
7 0% 4
<
p=4
10'k 4
10° L L I L
10° 10 10° 107 10" 10°

Target Accuracy €
Figure 10: Complexities of the GM, the FGM and the IGM with oracle accuracy
6 = be — 6.
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—GM inexact
IGM inexact
—FGM exact

Needed number of iterations

1
10 -

10° *
Target accuracy &

Figure 11: 6 = 5e — 6: Complexities of the GM in the inexact case, of the
IGM in the inexact case and of the FGM in the exact case on the range of
improvement of the IGM.

Number of iterations
3
T
L

10°:
10 /_/’/
10° L

10° *

10
Target Accuracy &
Figure 12: § = 5e — 6: Number of fast-type iterations (m IGM) and total
number of iterations (k IGM) for the IGM on its range of improvement.

4. Inexact Oracle with poor accuracy § = 5e — 3

In this case, we have €, = 4.25¢—2, eprrv = le—2 and eprax = 5.24e—2.
The range of improvement of the IGM [le — 2,5.24e — 2] is again reduced,
covering now only 0.5 orders of magnitude. When the target accuracy lies in
the range of improvement, we retrieve a similar behavior than with the other
levels of oracle accuracy:

€ Compl. GM | Compl. FGM | Complexity IGM | Switch. Mom.
IGM
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Emax ™ Prom —
—GM
IGM

—FGM

Needed number of iterations

10° - - L

02 a

Figure 13: Complexities of the GM, the FGM and the IGM with oracle accuracy
0 = be —3.

—GM inexact
IGM inexact
FGM inexact

o,
T
L

Needed number of iterations

1 | I | L
%‘m 0,02 0,03 0,04 0,0525
Target accuracy &

Figure 14: § = 5e — 3: Complexities of the GM in the inexact case, of the
IGM in the inexact case and of the FGM in the exact case on the range of
improvement.

kIGM
—mIGM

Number of iterations

o,
—
L

1 | I | I
%‘m 0,02 0,03 0,04 0,0525
Target accuracy &

Figure 15: 6 = 5e — 3: Number of fast-type iterations (m IGM) and total
number of iterations (k IGM) for the IGM on its range of improvement.
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6.6 Choice of the coefficients for an intermediate
convergence rate

6.6.1 Power Policy

In this section, our goal is to obtain, with a good choice for the sequences of
coefficients {c;};>0 and {B;};>0, a family of methods exhibiting the whole
spectrum of convergence rates given by Theorem 4.12. More precisely, for all

€ [1,2], we want to obtain a method with intermediate convergence rate in
the exact case O(LLE > ) and corresponding optimal rate of errors accumulation
O©(kP~1§). We know that the general convergence rate of the IGM is given by:

Ez Oal Zf_oo‘% ( )

Therefore, we would like to find a feasible sequence of coefficients {«; }i>¢ such
that:

f()f_

1.
k
D i =0O(k) (6.36)
=0
and
2.
B;
Zico B =0k (6.37)
Z’L 0%
The condition (6.36) suggests to choose a; = ©(iP~1). If we are able to
obtain a feasible sequence ozz = O(i*71) such that a? < A; and o > 1
then we could take B; = o? = O(i??~2). With this choice, we would have
Sk, B =06 (k;2”_1) and therefore %ki = O(kP~1).
i 0. -
This reasoning leads us to choose a; = (”Tp) and B; = a% for all © > 0.

. . . ok k(atp)\P7! _ ()’
With this choice, we have: Zi:o o > fo m dr + ag = m .

Therefore our sequence {a;}i> is feasible:

2p—2 P k
aiz(w) =Bké<k+p> SAkZZOm Vk>0
i=0

p p

and
B > ai, VE>0.

227



CHAPTER 6. INTERMEDIATE GRADIENT METHODS

Furthermore, we have:

k k k 2p—2 2p—2
k
Saoyar o [C(2) e (522
i=0 i=0 0 p p
p (k+p>2p—l <k+p>2p—2
< — + | —
2p—1 P p
<

k + 2p—1 k + 2p—2
(o))
p p
We conclude that with this choice of coefficients, the IGM exhibits the wanted
convergence rate:

fo) -1 < Ld() (kip> ; ((’?) i (’T)) 5
Ld(z*) (;’;p)p + ((T)M + 1) 5

e (Ldg*)> +O(kP15).

IN

Some of these intermediate convergence rates are represented in the following
picture:

_p=1
0.2 —p=1.2
—p=1.4
—p=1.6
—p=1.8
0.15} —p=2
*
A
X~
)
(=
0.1
0.05
0 | | 1 1 T T T
50 100 150 200 250 300 350

Number of iterations

Figure 16: IGM with Power Policy, different convergence rates depending on
the choice for p.
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For a given 1 < p < 2, the method reach its minimum after

s ()7 ()T ) o () )

iterations.

When p = 1, we obtain £} = +o0 since the method is decreasing and therefore
reaches its minimal value at the limit. When p > 1, the method is decreasing

1
. . . . . . 2 - . .
at first, until it reaches its minimum after k;;; =0 ((Lf )QP l) iterations

and increasing after.

The corresponding best reachable accuracy is given by:
p— 1>2pp1 ( p >2pp1 oyl »
—_— + | — Ld(x*))2r=102-1 4§
( . P (Ld(a)

When p = 1, we retrieve the Dual Gradient Method (i.e. o; = B; = 1 for all
i > 0) with convergence rate © (LTRQ) in the exact case, no accumulation of

error and best reachable accuracy €] = 4.

When p = 2, we retrieve a FGM: optimal convergence rate © (Lk§2> in the

exact case, accumulation of error with a rate ©(kd) and minimum reachable
accuracy €3 = O(LY/2R*/35%/3) after © <W> )

For 1 < p < 2, we obtain new methods with intermediate convergence rate,
intermediate rate of error accumulation and intermediate best reachable accu-
racy.

6.6.2 Optimal power choice

In order to obtain a family of methods with intermediate convergence rate, we
have considered a power policy a; = ©(iP~1) in the IGM.

Our goal here is to see how a power policy can be also used in practice in
order to reach a target accuracy € and to compare its efficiency with the op-

timal switching policy described in the previous section. For the simplicity of
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our further analysis, we use a weaker upper bound for the convergence with
coefficients independent of p:

D p—1
fr) — f* < Ld(z®) (kﬁp) +(’f;p) 546

2 p
< Lﬂfﬂ(k+1>+w+2flé+5

'Y
< Ld(z*)———— + 20"k + 1P 5+ 6
< (x)(k;+1)1°+ (k+1) +
4Ld(x*) 1
< —2 42 1)P =A .
S e +2(k+ 1P 544 ce(k, p, )

Remark 6.11. The fact that we need to weaken the upper bound on the
convergence in order to be able to analyze the method is one of the drawbacks
of the power policy compared to the switching policy.

0 and k& fixed

First, we assume that the number of iterations £ and the oracle accuracy § are
fixed.
In this case, we can minimize Acc(k,p,0) with respect to p € [1,2]. The

unconstrained problem min, Acc(k,p,§) has an optimal solution p* such that
2Ld(z*))
)

. . n
(k+1)% 1= (%) and therefore p* = 1 [m(kﬂ) + 1} .

However, we need also to satisfy 1 < p < 2:

¢ p > 1 gives the condition In (%) >In(k+1) k< %(w*) —1.

Isz%(z*)fl,wetakepzl.

o p < 2 gives the condition In (%) <3ln(k+1) k> ¢/ %(w*)—
1

If k < \3/%@*)—1, we take p = 2.
In conclusion, for fixed k£ and &, the optimal choice for p is given by:

o
p(k,0) =2, i.e. aFast Gradient Method

if0 <k <k = {2 g

iy -1 [

2| In(k+1) 1
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if {2 ) =gy <k <hp =2

p(k,0) =1, i.e. the Dual Gradient Method
if k> ky = 2240

The accuracy on the objective function that we obtain with this optimal choice
for p is therefore:

. ALd(z)
flyk) = 7 < CESE

whenogkgk;l:i/@_l

Fl) - f+ = WL 5k ph, ), 0)

+2(k+1)0 + 6 := Ace(k, p(k,9),0)

VE+1
when @*1:k1§k§k2:%@*)71
ALd(z*
flyr) =17 < @) 4 35— Ace(k, p(k, ), 0)

kE+1

when k > ko = 2E4) g

The function BestAcc(k: 0) = Ace(k,p(k,d),0) is continuous in k. Indeed,
we have BestAcc(ki) = 27/3(Ld(x*))"/36%/3 + § and BestAcc(ky) = 59.
Furthermore, this function is clearly decreasing in k on the intervals [k1, k2] and

[k2, +00[. On the interval [0, k1], BestAcc(k) = 4(id+(1x)2) +2(k+1)d + 4. This

function is convex and reach its unique minimum at the point k* = 2¢ % >

k1. Therefore BestAcc(.) is a decreasing function of k on [0, 4+o0[.

6 and e fixed

We assume now that the oracle accuracy ¢ and the needed accuracy for the
objective function € are fixed whereas the number of iteration k£ and the pa-
rameter p can be chosen. We want, by a good choice of p, to minimize the
number of iteration k needed to reach an accuracy e:
min k, s.t. Acce(k,p,d) <e€
k>0pe(12] k., 0) <
or equivalently:

mink, s.t. BestAcc(k,d) <e
k>0

We conclude that, if we want an accuracy for the objective function of € (i.e
f(yr) — f* <€) such that:
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1. € > BestAcc(ky) = 27/3(Ld(z*))'/36%/3 4 6, we have to choose p = 2
i.e. the Fast Gradient Method (FGM).

2. BestAcc(ky) = 50 < € < BestAcc(ky) = 27/3(Ld(x*))'/36%/% + 5, we
have to use an intermediate value of p €]1,2[. The needed number of

iterations is k(e,d) = 3%5%362‘*) — 1 and the parameter of the method is:
L ln(2Ld§m*)
p(e,6) =3 |:132Ld() +1} .
n( (c=9)2 )

3. § < e < BestAcc(ks) = 55, we have to choose p = 1 i.e. the Dual
Gradient Method (DGM).

Like with the switching policy, we obtain three regimes depending on the ration
between € and 6. When € < ¢; = O(J), we have to use the Dual Gradient

Method with complexity © (LTRQ) When € > ¢; = O((LR?)'/36%/3), we have

LR?
€

to use a Fast Gradient Method with complexity © ( ) For intermediate

target accuracy €; < € < €3, we have to use a method with intermediate be-

havior and with complexity © (Lf;‘s) .

However, compared to the switching policy, the absolute constant factor in
the complexity of the power policy is less favorable (this difference is perhaps
partially due to an analysis based on a weaker upper bound). Furthermore, in
the intermediate regime, the optimal choice of p depends on L and R, which
is not the case of the optimal switching moment m = 6 — 2. The optimal
switching policy is typically easier to implement than the optimal power policy.

6.7 Numerical lllustration

Let us finish this chapter with a small numerical experiment. Our goal is to
observe on a practical example the main results obtained in this chapter (and
in Chapter 4). We consider the situation of a convex quadratic function on the

unit simplex
1
min —z7 Az (6.38)
TEA,
where A, = {z € R} | Y1 | 2() = 1} and n = 1000. The matrix A is chosen
such that its minimal eigenvalue \,;,(A) = 0 in order to avoid any strong

convexity property.
To solve this problem, we use the intermediate gradient method, more precisely

its variant with only prox-type subproblems, that we have developed in subsec-
tion 6.1.2. We choose the I; setup i.e. we work with the {1 norm |||z = ||.];
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and the entropy prox-function d(z) = In(n) + .1, 2 In(z(¥). We perform
a fixed number of iterations £k = 500 and consider different choices for the
sequence of coefficients {«; };>o:

¢ Constant stepsize «; = 1 for all ¢ > 0 for which this method is nothing
else than the non-Euclidean DGM developed in [25] and described in
subsection 2.4.4. In this section, we use the generic name GM for this
method.

o Linearly growing coefficients a; = % for all ¢ > 0 for which this method
is nothing else than a FGM with Bregman distance comparable with the
method developed in [59] and described in subsection 2.4.5.

o Switching coefficients

m—+2

2

=2 wheni=0,...,m,
Q; = .
wheni=m+1,...,k

with m = 5,50 or 250 corresponding respectively to 1%,10% and 50%
of fast-type iterations. (With 0% of fast-type iterations, we retrieve the
GM and with 100%, the FGM.)

. p—1
© Power coefficients a; = (H’Tp) with p =1.2,1.4,1.6 and 1.8. (With

p =1, we retrieve the GM and with p = 2, the FGM.)

We compare these methods on the problem (6.38) when used with an ap-
proximate gradient g5 1.(y) = Ay + & with ||| = m = 2 and
L = Apnax(A) = 1 (this kind of approximate gradient leads to a (d, L)-oracle as
we have seen in subsection 4.1.3). Three levels of errors are considered: ¢ = 0,

0=1le—2and § = le — 1.

6.7.1 Behavior with exact oracle ) =0

With an exact oracle, the FGM is unbeatable, the GM is significantly slower
and the intermediate methods exhibit intermediate behaviors as announced by
the theory. When the switching policy is used, fastness of the method increases
with the number of fast-type iterations m. With the power policy, fastness
increases when p increases between 1 and 2.
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457
—GM

4 —IGM (1%)
—IGM (10%)

—IGM (50%)
—FGM

|
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Number of iterations k

Figure 17: IGM with switching policy: behavior in the exact case

—FGM (p=2)

Il
0 50 100 150 200 250 300 350 400 450 500
Number of iterations k

Figure 18: IGM with power policy: behavior in the exact case

Remark 6.12. Even if all these methods start with the same initial point xg,
these plots have different value at £k = 0. This comes from the fact that yq
is already an iterate generated by the methods and differs therefore from one

method to another one.

6.7.2 Introducing errors in the first-order methods: behav-

ior with 6 = 1e — 2

When errors are introduced in the first-order information, we observe the be-

havior described by theory:

< A GM which is slow but robust with respect to errors
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o A FGM which suffers from an higher sensitivity with respect to oracle
errors

¢ The Intermediate gradient methods that exhibit intermediate fastness and
intermediate robustness with respect to errors. When m or p increases,
the IGM becomes faster at the beginning but the effect of the accumu-
lation of errors becomes also more quickly dominant.

o With a well chosen value of m in the switching policy or of p in the
power policy, the corresponding IGM outperforms the GM and FGM, it
can reach accuracies unreachable by the FGM in a significantly smaller
amount of time compared with the GM.

B
45¢10

—GM
—IGM (1%)

—IGM (10%)
—IGM (50%)
—FGM

Il Il Il Il T T T
0 50 100 150 200 250 300 350 400 450 500
Number of iterations k

Figure 19: IGM with switching policy: behavior in the inexact case with § =
le—2

452107
—GM (p=1)
4 —IGM (p=1.2)
—IGM (p=1.4)
35 —IGM (p=1.6)
—IGM (p=1.8)
p=2)

L L L L L L T T 1
0 50 100 150 200 250 300 350 400 450 500
Number of iterations k

Figure 20: IGM with power policy: behavior in the inexact case with § = le —2
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6.7.3 Increasing the oracle errors: behavior with § = 1le —1

When we increase the level of the oracle errors, the effect of the errors in the
convergence rate logically increases and we have, as predicted by the theory, to
reduce the number of fast-type iterations in the switching policy and the value
of p in the power policy:

0.014
—GM
—IGM (1%)
0012k —IGM (10%)
—IGM (50%)
—FGM
001}
. 0008
A
=l
*= 0.006
0.004
0.002
0 Il L L Il Il 1 Il Il I
50 100 150 200 250 300 350 400 450 500

Number of iterations k

Figure 21: IGM with switching policy: behavior in the inexact case with § =
le—1

0014
—GM (p=1)
—IGM (p=12)
0012} —IGM (p=1.4)
—IGM (p=1.6)
—IGM (p=1.8)
001} —FGM (p=2)

0.008|

fy )

0.006
0.004]

\
0 5‘0 1 éo 1 éO 260 2%0 360 350 460 4..“')0 560

Number of iterations k

Figure 22: IGM with power policy: behavior in the inexact case with § = le—1
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Chapter

Stochastic First Order Methods
in Smooth Convex Optimization

This chapter corresponds to the paper [25]:
O. Devolder. Stochastic First Order Methods in Smooth Convex Opti-
mization CORE Discussion Paper 2011/70, (2011).

Chapter 7 in two Questions/Answers

¢ Is the case of a stochastic inexact oracle in some sense more favorable
compared with the deterministic one ?

Yes and No. If we do not want to modify the existing first-order methods,
more precisely if we continue to use them with constant stepsizes, the be-
haviors of the PGM/DGM/FGM in the stochastic case are similar to what
we have obtained in the deterministic case. The stochastic noise (multi-
plied by the diameter of the feasible set) simply replaces the deterministic
error and the expected convergence rate replaces the deterministic one.

However, the stochastic case is in some sense more favorable than the
deterministic one (at least when the oracle is unbiased, otherwise the
bias playing the role of a deterministic error). Taking into account the
stochastic nature of the first-order information in the first-order methods,
it is possible to improve the performance of these methods.

o Is it possible to modify the existing first-order methods of smooth convex
optimization in order to reduce the effect of a stochastic noise to zero 7
At which rate 7

Yes! Whereas we cannot expect to obtain an accuracy on the objective
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CHAPTER 7. INEXACT ORACLE: STOCHASTIC CASE

function better than § in the deterministic case, it is possible to expect a
decrease of the stochastic noise effect up to zero with a rate proportional
to ﬁ Furthermore, this rate of decrease of the stochastic noise effect is

unimprovable and can be obtained simply by using well-chosen decreasing
stepsizes in the PGM /DGM/FGM (that become with these modifications
respectively the SPGM, the SDGM and the SFGM). In particular, the
faster convergence rate of the SFGM does not prevent us to decrease the
stochastic noise at the same rate as for the SPGM/SDGM.

Contents
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This chapter is devoted to the development of efficient first-order methods for
convex optimization problems of the form min,eqg f(z) where f is a smooth
convex function but now endowed with a stochastic first-order oracle.

In the deterministic convex case, smoothness is a highly desirable property. In-
deed, for a nonsmooth Lipschitz-continuous function (with constant M), the
best convergence rate for f(yx) — f* (where k is the iteration counter and yy,
the approximate solution generated after k iterations) that we can expect, using
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a first-order method, has the form O (%) where R represents the distance

between the initial iterate and the optimal solution. This slow rate is achieved
for example by subgradient type methods (see for example [58, 36]).

On the other hand, when the objective function is smooth with a Lipschitz-
continuous gradient (with constant L), the convergence rate of the (sub)gradient

2 . . . .
method becomes O (%) and it is even possible to obtain a convergence

rate O (

dient methods developed in various variants by Nesterov and others since 1983
([56, 57, 58, 59]).

2
L,jg ) (optimal for deterministic smooth problem) using the fast gra-

In the stochastic convex case, when the first-order information is affected by
a random noise, the most classical first-order methods are the Stochastic Ap-
proximation (SA) methods that mimic the subgradient method, replacing the
exact gradient by the stochastic one. In the modern SA methods, like the
Mirror Descent SA method (see [52]), the function endowed with a stochastic
oracle is typically assumed to be nonsmooth and the obtained convergence rate

is O ( N 7) where o is the level of the stochastic noise. This rate has

an optimal dependence in M (since the problem is nonsmooth) but also an
optimal dependence in o. Indeed, it has been proved in [55] that the effect of
the stochastic noise cannot be decreased, by a first-order method, with a better
rate than —= k and this limitation is also valid when the function is smooth. This
result has led to the common belief that in the presence of a stochastic oracle,
the smoothness of the objective function is useless. It does not matter that the
function is smooth or not, in any case we come back to a slow convergence rate

@) (ﬁ) like in the deterministic nonsmooth case. However when the Lipschitz

constant of the gradient L is big as compared to the stochastic noise o, and
when we are interested in solutions with moderate accuracy, a convergence rate

of the form O ( f) or O ( T+ f) exploiting the smoothness of f

MR |, oR
in its first term, can be significantly better than O ( et f)

First-order methods in the stochastic smooth case has been considered for the
first time by Lan in [44]. In this paper, he adapts the Mirror descent SA method,
designed initially for nonsmooth problems, to the smooth case, obtaining a con-

vergence rate of the form O (LR + f) and adapts one variant of the fast
gradient methods, initially designed for deterministic smooth problems to the

). The
development of fast gradient methods in the smooth stochastic case with ap-

stochastic case, obtaining a convergence rate of the form O (
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plications in machine learning problems has also been considered recently in
[30, 67].

The new first-order methods that we develop in this chapter exhibit the same
type of convergence rates but are characterized by some common properties
that extend their applicability in practice:

1. Our methods can be used with a general norm (not especially the Eu-
clidean norm) and can be adapted to the problem geometry, using a good
setup and therefore easy to solve auxiliary subproblems. This desirable
property is not satisfied by the methods developed in [30, 67]. In these
papers, the methods use auxiliary subproblems based on the squared norm
featuring quadratic functions that are sometimes difficult to minimize on
the feasible set.

2. Our methods use stepsizes that do not require to know an a priori knowl-
edge of the performed number of iterations. This property is highly desir-
able when we want to run a method for a given time and not for a given
number of iterations (for example when we compare methods with differ-
ent iteration costs). On the contrary, the methods developed in [44, 67]
assume an a priori knowledge of the performed number of iterations N
and use stepsizes based on this number. We discuss in details the stepsize
choice for each method in Sections 7.2, 7.4, 7.5 and show in Section 7.8
with numerical experiments, the advantage of stepsizes policies not based
on N.

3. Our methods can be applied, without modification of the convergence
rate, to the composite case where we add to the smooth objective function
f, an easy convex function h (potentially nonsmooth) that can be kept in
the auxiliary subproblems used by the first-order methods. This composite
case, when f is endowed with a stochastic oracle and h is easy, has been
already considered in [67] but not in [44, 30].

Remark 7.1. Lan in [44] considers a different composite case where the
nonsmooth part of the function is also endowed with a stochastic black-
box oracle. In our case, we use the explicit structure of the (possibly)
nonsmooth component, avoiding in this way that & slows down the con-
vergence rate.

Furthermore, to the best of our knowledge, this chapter considers for the first
time, the biased case i.e. the situation where the smooth function f is endowed
with an oracle which is not only stochastic (with stochastic noise o) but also
biased (with bias §), meaning that on average, the stochastic first-order infor-
mation does not coincide with the exact one.
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The chapter is organized as follows. In Section 7.1, we present in a more formal
form our problem class and three simple examples of smooth convex problems
with stochastic oracle. In some cases, the stochasticity is in the problem since
the beginning. In other cases, we introduce ourselves the stochasticity via a
randomization of the first-order information in order to reduce the computa-
tional cost of the first-order methods. In Section 7.2, we develop new practical
stepsize policy for the Stochastic Primal Gradient Method (SPGM) which is
nothing else than the Mirror-Descent SA method (see [52, 44]) but applied to a
smooth convex problem. In Section 7.3, we generalize the machinery of estimate
functions to the stochastic case. Based on this principle, we develop and study
the average behavior of two new methods, a Stochastic Dual Gradient Method

(SDGM) with convergence rate O (LTRQ + ‘\’/—%) (Section 7.4) and a Stochastic

Fast Gradient Method (SFGM) with convergence rate O (Lk}f + (\’71%) (Sec-

tion 7.5). All these methods decrease the effect of the stochastic noise at the
unimprovable rate O (U\/—}%) where R represents the distance between the initial

iterate xg and the optimal solution set and k is the iteration counter. In Section
7.6 and 7.7, we study the probabilities of large deviations for these methods
and develop accuracy certificates. The last section (Section 7.8) is devoted to
numerical experiments. We consider quadratic problems on the simplex when
the gradient is affected by a stochastic noise and compare our methods (using
different possible stepsize policies) with existing methods.

7.1 Smooth convex problem with stochastic or-
acle

7.1.1 Problem class and biased stochastic oracle

We consider the convex optimization problem:

P = gg(g b(x) (7.1)

where Q C F is a closed convex set, ¢ = f + h and

o f:@Q — R is a convex function, typically smooth but endowed with a
stochastic first-order oracle (possibly biased)

¢ h: @ — Ris an easy convex function. For a well-chosen prox-function
d(.), easy means that we can easily solve subproblems of the form

min{ (g, z) + Cd(x) + h(x)}
forall C >0 and g € E*.
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The stochastic first-order oracle available for f is characterized by two levels of
inexactness:

© The function f is endowed with a (4, L)-oracle i.e. that for each x € Q,
we could potentially compute f51.(x) € R and g5 (z) € E* such that

0< F)~ Fon@)~{ane().y-2) < & |z~ yl346. Vye Q. (12)

o We do not use (fs.1(z), gs,r.(x)) but instead stochastic estimates
(Fs5.1.(z,8),Gs,1.(x,€)). More precisely, at all point x € @, we associate
with = a random variable X whose probability distribution is supported
on Z C R? and such that

Eex[Fs,0(z,8)] = f5,0(z) (7.3)
Eex[Gs,0(z,8)] = g5,.(2) (7.4)
Eex[(1Gs,1(x,€) — gs,0.(2)l|5)*] < o*. (7.5)

When 6 = 0, f is necessarily smooth with a Lipschitz-continuous gradient
(with constant L i.e. f € F}''(Q)) and the oracle is stochastic but unbiased:
Eex[Fs,1(,8)] = f(x) and Eex (G5, (x,8)] = Vf(z).

When § # 0, this kind of oracle can be seen as a biased stochastic oracle where
o represents the stochastic noise and ¢ the deterministic bias. Indeed, as we
have seen in Chapter 4, the notion of (J, L) oracle allows us to consider different
natural notions of bias:

o gs..(z) is an approximate gradient of f
If fe FZM(Q) IV f(x)—gs50(x)|, <A and Q is bounded with diam-
eter D = maxyeqyeq ||z — vl then (fso(z) = f(v) — AD, gs (7)) is
a (4, L) oracle with 6 = 2AD and L = L.

o gs,1(z) is a gradient of f computed at a shifted point T
If fe F%I(Q) and gs.1.(z) = Vf(T) then
(Js(@) = (@) + (VI(@),x — B).g5.0(2) = V() is a (5, L) oracle
with § = T ||z — z||* and L = 2.

o [ is in fact nonsmooth and g; 1. (x) is a subgradient of f
If f is nonsmooth with bounded variations of subgradients i.e.

lg() =9l <M, V,y € Q,Vg(x) € f(x), 9(y) € f(y)
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then (fs r(z) = f(x),95(x) = g(x)) is a (4, L) oracle with ¢ an arbi-

2
trary positive constant and L = 1‘2/[—6. (In this case, the bias 0 correspond

to the fact that the function is not as smooth as expected).

Remark 7.2. We use the denomination smooth convex problem for (7.1) even
if the functions f and h can both be nonsmooth. The reason is the fact
that component h does not play any role in the design and the convergence
rate of the first-order methods that we will consider. Furthermore, function
f is typically a smooth convex function with Lipschitz-continuous gradient. A
nonsmooth f can be also considered but the nonsmoothness is seen in this case
as a bias with respect to the desired situation (using the notion of (J, L) oracle).
This generality is not the main goal of this chapter, we are mainly interested
in the minimization of a smooth convex function f endowed with stochastic
oracle (augmented eventually by an easy nonsmooth convex function h).

Remark 7.3. The first-order methods developed in this chapter will use only
stochastic estimates of the gradient Gs ,(z;,§;) at different search points x;,
and not the corresponding estimates of the function value. We need Fj 1, (x, &),
only when we want to estimate the quality of a point x € ) for the objective
function (see section 7.7).

7.1.2 Examples

Before developing different stochastic first-order methods, we present some
examples of problems of the form (7.1) equipped with a stochastic oracle.

Lasso problem with stochastic gradient

The Lasso problem corresponds to problem (7.1) with f(z) = 1| Az —b|

2

2 2
h(z) = Al|z||; with A > 0 and Q = R™. When using the Euclidean setup, the
sparsity promoter h(z) = A ||z||; can be considered as an easy convex function.
Indeed for all g € R"™ and \, 8 € Ry, we have

. 8 - 1
arg min {{g, 2) + Allzlly + 5 llo = 2ll2} = 73 (= = 39)
where 7, (2)" = (|2°| — @) 1sgn(a?) is the shrinkage operator.
We are interested in situations where V f(z) is not computed exactly.

¢ One possible situation is when the computation of V f(z) is really affected
by a stochastic noise and a bias. This is the case for example when instead
of computing Vf(x) = AT Az — ATb, we are only able to compute
Gs.(z,8) = AT AT — ATb + € where
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1. ¢ is a stochastic perturbation such that E[¢] = 0 and E[Hf”;] < o?

2. T is shifted w.r.t. « such that ||z —f||§ < % (see subsec-
tion 4.1.3 in Chapter 4).

¢ Another situation is when the stochasticity is not present in the problem
initially but we introduce it in order to reduce the computational cost of
the first-order information. In the Lasso problem, introducing a random-
ization can be interesting for example when the number of rows N of A
is very large. In this case, denoting by a; the ith row of A, the compu-
tation of the exact gradient Vf(z) = Zf\il(xTai — b;)a; can be very
expensive (O(nN) basics operations). It can be interesting to replace
V f(z) by an unbiased estimate G 1,(z,§) = 4% Z?il(xTagj — be; )ag,
where {&1,...,{p} is a subset of rows uniformly chosen from {1,..., N}.
When M is chosen significantly smaller than N, the computation of this
stochastic gradient is of course cheaper. However, replacing the exact
gradient by this stochastic estimate introduces a stochastic noise ¢ that
depends on dissimilarities between different rows of A.

Smooth Expectation function

Let X be a random vector supported on = C R%. Assume that f itself is defined
by an expectation:

F(2) = Eyox[F(e,n)] = / F(z,)dP(y),

where F(.,n) € FLl(;)(Q) for almost all n € Z C R%. Then we have Vf(z) =

Eyox|ViF(z,n)] (see [73]) and f € F}''(Q) where L = J= L(n)dP(n) (as-
suming that L(.) is integrable on Z i.e. that L < o0). However the com-
putation of V f(z) i.e. of a multidimensional integral is too costly when the
dimension d is high. Therefore it is typical to replace V f(z) by a stochastic
gradient: we sample from the distribution of X, obtaining £ € = and com-
pute Gy 1(x,€) = V1F(z,§). This stochastic gradient is unbiased (i.e. § = 0):
Eex[Gs,p(x,€)] = Vf(z) and the noise that we introduce can be character-
ized by

’ Bex[(IVf(2) = Go,L(2,8)lI5)*]

LI (L. - virw e

Of course, we can also add to f an easy convex function h, such as a sparsity
promoter h(x) = A ||z||; .

Q
Il

*

)2 aP(g).

E
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Randomization of Quadratic Problem

We consider the situation where
L f(z)=1l(z) + 2T Az with | € FLlll(Q) and A >0
2. h(z)=0
3. Q=A,={zeR}:>" =" =1}

For such a problem on the simplex, it is natural to use the [ setup (it does
not mean that we add to f the [; norm, h(x) = A|/z||;, but only that we use
IIllz = |Ill; and the entropy prox-function).

When the problem size is very large and when the computational cost of V# is
not too expensive, the matrix vector product Az becomes the dominant cost
in the computation of V f(z). It could be very interesting to replace the costly
matrix vector product by a randomized one. One possibility is to pick up from
A the column i with probability ¢ and to consider Ae; (i.e. the ithe column of
A) as the stochastic estimate of Axz. This randomization technique for matrix-
vector multiplication on the unit simplex has been introduced recently in [34].
The obtained oracle is unbiased (i.e. 4 = 0) and introduces a noise of order
| A|l ., that can be reasonable when L; >> || 4], .

7.2 Stochastic Primal Gradient Method
7.2.1 Scheme

In this method, we use only one sequence of coefficients {3 }r>0. We assume
that S > L for all £k > 0 and denote 7, = ﬁi (that can be interpreted as the

k
stepsize).

Algorithm 23 Stochastic Primal Gradient Method (SPGM)
1. Compute x¢ = argmingeg d(z)
:fork=0:... do
Let & be a realization of the random variable X,
Compute G, (k. k)
Compute zj1 = argmingeq[(Gs,1.(zk, &), x—k) +h(x)+ BV (z, 2]
end for

S L

When we stop the scheme, the approximate solution is constructed as a weighted
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average of the search points

1 k—1
> im0 Vi izo

Remark 7.4. In the literature, the stochasticity is typically assumed to enter the
scheme via i.i.d. random variables. Here, we consider a more general situation
where a random variable X is associated with each = € Q. It means that:

1. The distribution of X; depends only on the current iterate x;, not on the
history of the process {;; = (o, ..., §i—1) that has led the scheme to the
point x;

2. The random variables Xy, ..., X} can have different distributions but must
satisfy the uniform bounds 7.3, 7.4 and 7.5 with the same ¢ and the same
0.

Of course, if we consider the particular case where all the random variables X
have the same distribution, independently of =, we come back to the i.i.d. case.
We will only use this i.i.d. assumption in the Section 7.6 and 7.7 in order to
develop probabilities of large deviations.

The Primal Gradient Method is the most natural, classical first-order method.
In the deterministic smooth case, when the Euclidean setup is used and h =0
we retrieve the classical gradient method (see [58]):

arg;réig{f(:ck) +(Vf(xk), v —xx) + % |z — kag}
1
Br

where 7 denotes the Euclidean projection on Q.

Tr+1

V (k)

= 7TQ(.’L'k —

If we choose all the coefficients 3; equal to the the Lipschitz constant of the
gradient L, we obtain the famous convergence rate O (LTRQ> (which is however

non-optimal for smooth convex problems).

This family of schemes has also attracted a lot of attention in nonsmooth
convex optimization, as it is simply the subgradient method ([74]) if we use the
Euclidean setup and the Mirror Descent method ([55, 3]) with a general setup.

With an increasing sequence of coefficients 8; = © (MTﬁﬂ) we obtain the op-

timal convergence rate O (%) for deterministic nonsmooth convex probem

where M denotes the Lipschitz-constant of the function.
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In stochastic nonsmooth convex optimization, this scheme corresponds to the
Stochastic Approximation (SA) method in the Euclidean case and to the Mirror
Descent Stochastic Approximation (MDSA) method ([52]) in the general case.
With the same kind of decreasing stepsizes «; (i.e. of increasing coefficients
B;) than in the deterministic case, these methods reach the unimprovable con-
vergence rate O (% + ‘\’/—%) where o denotes the stochastic noise of the oracle.
In stochastic smooth convex optimization, this scheme has been considered
recently by Lan in [44] under the name of Modified Mirror Descent SA method
(MMDSA). He proposes to construct the approximate solution (i.e. the point

for which we have the convergence rate) as z:%l Zf;ol ~vixiy1 (instead of
i=0 i

Z+ Zf:o ~ix; for the usual MDSA method) and a constant stepsize pol-
i—o Vi

icy based on the oracle noise o and on the performed number of iterations k.
This method exhibits the rate of convergence O (LTR2 + ‘\771%) which is optimal
with respect to the stochastic noise o but not with respect to L, the Lipschitz-

constant of the gradient.
In this section, we generalize the result of Lan in three directions:

o We consider the biased case, when the expectation of the stochastic
gradient Gs r(z,&) is itself affected by a deterministic error 6. In this

2
case, the convergence rate is O (% + "7}% + 5)

o We propose a new stepsize policy that does not need anymore the knowl-
edge of the performed number of iterations and gives the same conver-
gence rate (up to a logarithmic factor)

© We consider the composite case when we add to f an easy convex function
h (possibly nonsmooth) i.e. that can be kept without modification in the
auxiliary subproblems.

Let us start with the general convergence rate of this Stochastic Primal Gradient

Method (SPGM):

7.2.2 General Convergence Rate

Theorem 7.1. Assume that the function f is endowed with a stochastic oracle
with noise o and bias 0. Then, if 3; > L for alli > 0, the sequence y;, generated
by the Stochastic Primal Gradient Method, when applied to the composite
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function ¢, satisfies

k—1
Hye) =" < Z{(}%(V(I*,zowg /Bi”_iL(nGé,L(xi) — gs.1(@:)|},)?
k—1
+ > ilGsnlws) = gsp(wi)sa™ = z5)) + 6
1=0

Proof. For simplicity, in all proofs of this chapter, we denote f; = f5 1(z;),

F; = F51(4,&), 9i = gs5..(x;) and G; = Gs,0(%i,&).
Let gh(zk11) € Oh(xk41), from the definition of g1, we have:

Gk + vgh(zps1) + Vd(xps1) — Vd(ag),u — 1) >0, Yu € Q.
When rearranging terms, this inequality can be written as:

Y (Grrxp —u)y < V(u,xp) = V(u, Tpg1 + Y(Gr, T — Thg1)
~V(@ry1, o) + Ve (gh(Trs1), u — Thgr).
Denoting d, = V£ (G, 2 — Tr41) — V(Tkt1, k), we obtain:

(2.10) 1 )
de < Gk, Tk — Tpt1) — 3 lzr — 241l

L 2
= gk Tk — Tp1) — 5 2k — 2kt %]

2

(IGk = grllp)*.

Br
+[(Gr — 9k Tk — Th1) — |z, — xk+1|\2E}

(7.2)
< 'Yk[fk_f(xk+1)+5]+ﬂk7fL

where we use in the last inequality the fact that for all g € E*,z € E,v > 0:

¢ 1 «
(9,2) = 3 llzlle < Zlgll)* (7.6)
Therefore, we obtain:

Ye{Gry e —u) < V(u,ox) = V(u, 2p1) + v fe — f(@r41) + 9]

+5k7ﬁ 7Gx~ 9kl )+ lgh(zhsn), u — Trsn)
< V(uyzg) = V(u,2ps1) + Y[ fe — f(@rp1) + 0]
+5k7f L(”Gk - ng*E)Q + v (h(u) — h(zk11)).
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7.2. STOCHASTIC PRIMAL GRADIENT METHOD

i.e:
Vel f (@rg1) + h(Tr41)]
< V(u,ak) = V(u, 2pg1) + el fo + <gk7u — xp)]
k(G — g — >+w6+/3 (G = gil[3)? + wh(w)
(7.2)
2 Vi) - Viw ) + 1) + wl(Cr — gk — i)
6 + = ([1Gre — gill )%
Br— L

In particular, choosing u = x*:

Yep(Trs1) < V(2" wp) — V(»’U* Trr1) + 0"+ w(Gr — g, " — 2]

+7k5+ﬁ (HGk—ng ).
Summing these inequalities, we obtain:
k—1
Z% $wi1) —¢) < V(@ o)+ Y vilGi—giw" — )

i=0

k—1 "

+2Ws+zﬁ (G~ il

i=0 7"

and therefore:

k-1
oyk) — " < % <V($*’Io) + Z%‘(Gi - gi, " — l‘i>>

1=0
1 k—1 v,
t—— > (G — gl )* + 0
Y im0 Vi ico pi—L

Remark 7.5. We observe that the convergence rate does not depend on the
difference (Fs 1 (zi,&;) — f5,.(x;)). This is natural since the scheme itself does
not use Fj 1 (z;,&;), the stochastic estimate of the function value. This property
is shared by all methods considered in this chapter.

Taking now the expectation with respect to the history of the random process
&) = (o, -+, &), we obtain the following result:

Theorem 7.2. Assume that the function f is endowed with a stochastic or-
acle with noise o and bias 6. Then, if 3; > L for all i > 0, the Stochastic
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Primal Gradient Methods, when applied to the composite function ¢, exhibits
on average the convergence rate

V(x*,xo
Ee nxy, eomx, [0(U) — 07] < -
1~X1, e~ Xy Zf:olfy Zz OWZ;BZ—L

Proof. As E¢,x,[Gil€i—1)] = gi and as z; is a deterministic function of

(1,..,&i—1), the expectation of (G; — gi, 2™ — x;), conditional on §;_;) =
(&1,...,&—1), is zero. Therefore, we have E¢, wx, ... ¢.~xX, [Zf;ol ~i{Gi—gi, x*—
x;)] = 0. Furthermore, by assumption Eg,NXi[”G gl||2 \ﬁ[z 1] < 0% and

. k 1 ’L
we obtain: Fe wx, .. e~ Xi 2 io 51 L |Gy — gz|| ] < Zz 0 B-59 - -

7.2.3 Choice of Stepsizes

Why do we need new stepsizes rules ?

In the deterministic smooth case (i.e. when the function f is smooth with a
Lipschitz continuous gradient and the oracle is exact), the optimal stepsize
(see [58]) is constant and equal to the inverse of the Lipschitz-constant of the
gradient: ~; = %, Vi > 0. If we keep this stepsizes rule in the stochastic

case, we cannot apply Theorem 7.1 (that assumes v; < %) but with an easy
modification in the proof of this theorem, we can obtain the following upper-
bound:

=0 i=0

dlyr)—¢" < Z:k%l (V(m*, zo) + Z’YiKG&,L(QH, &) — go,n(mi), " — xi+1>]> +94.

But as z;41 depends on Gy (z;,€;), we cannot say that
E[(Gs.0(xi,&) — g5,0(w5), " — x01)|€li—yy] =0
but only that:
E[(Gs,0(xi,&) — 95,0 (), 2™ — 2ig1)[€[i—1))

\/E[||G6,L(33i7 &) — gs.0(z)|1? |&i—y] D
oD

IAIA

where D = max,eq yeq || — y|| is the diameter of the feasible set. Therefore

we obtain
LR?

2k

where R is an upper bound on /2V (z*, ).
We see that with the classical stepsize policy, the effect of the stochastic noise

Elp(yx) — ¢"] < +d+0D
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7.2. STOCHASTIC PRIMAL GRADIENT METHOD

does not decrease with the iterations. This is a behavior that we want to avoid,
since it would be preferable to obtain a method that could converge to the
optimal value of our problem ¢* (or at least to ¢* + § in the biased case).

If we consider v; = & with C' > 1, in this case we can apply the Theo-
rems 7.1 and 7.2 and obtain:
CLR? o?
E — 0% < o0+ ——-—

but here also we obtain the same kind of behavior with a method that cannot
decrease the stochastic noise effect when we increase the number of iterations.
If we want to be able to converge to ¢* in the unbiased case or to ¢* + ¢ in
the biased case, a decreasing stepsize policy must be used.

Remark 7.6. For nonsmooth problems, the same kind of decreasing stepsize

v =0 (i) can be used both in the deterministic and the stochastic case.

MVi
For smooth problems, the more aggressive constant stepsize v; = O (%) (that
leads to the improvement of the convergence rate in the deterministic case from

@) (ﬁ) to O (%)) is too large and not able to decrease the stochastic noise.

In some sense, the gradient method is faster than the subgradient method
but more sensible with respect to the stochastic error . When stochasticity is
present, we need to consider decreasing stepsize also in the smooth case (but

. . : 1
decreasing only in term of ¢ not of L, i.e of the form O (T%ﬂ))

A new stepsize rule

By the complexity theory of first-order methods (see [55, 52, 44]), the best
that we can expect in the stochastic case is a method that reduces the noise
effect o by a quantity @(‘\’/—%) after k iterations. This result gives us possibility
to expect a better behavior for the SPGM that what we have obtained using
the classical constant stepsize in the last section. In the same time, there is no
hope to obtain a method with convergence rate @(% +6). If we assume
that the number of iterations N is known in advance, we can obtain the rate

k
the performed number of iterations) can be chosen. In [44], Lan has proposed

the rule y; = min (21L, wﬁ;) , Vi > 0 and obtained this desired rate of

convergence. Another possible choice is v; = m that leads to
R

(C] (Lfl22 + f/—}% + 5) relatively easily. A constant stepsize (but that depends on

L 2
Elp(yy) — ¢ < 25 4 38

+4.
- 2N 2yN
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Remark 7.7. For a first-order method with convergence rate O (LTRQ) in the

deterministic exact case, the effect of the deterministic bias § cannot be better
than an additional term § (see Theorem 4.12). Therefore, this convergence
rate has an optimal dependence in ¢ and o.

Remark 7.8. It is possible to obtain a better dependence in L using an accel-
erated method, like the Stochastic Fast Gradient Method (SFGM) (see Section

7.5) with convergence rate O ( =+ f + ké) but, in this case, we pay this

acceleration by a unavoidable worst dependence in 4.

However, the need of fixing in advance the number of iterations is not really a
desirable property. Often in practice, we want to run a method for a given time
and not for a given number of iterations. For this reason, it is interesting to
develop a practical stepsizes rule which is not based on an a priori knowledge
of the performed number of iterations and at the same times that keeps the
convergence rate @(LR + ‘\’/Ii + 6). This is not trivial. Indeed, contrarily to
more sophisticated methods of the latter sections, there is not a lot of freedom

in the SPGM: we have only one sequence of coefficients §; (= %) Consider
the choice:
i = L+ ﬁ\/i +1
L+ Vit )Y

This stepsize decreases with rate @( ) and we retrieve the optimal

1
L+%Vi
stepsize v; = % in the deterministic case. We have for all £ > 1:

k

— L+ Vi
;% - Z (L + &Vi)?

N /’““ L+2Rfd [ x ]kHquLg(kJrl\/m)
VRN CES VOE Lt gve], L+ )L+ GvEk+1)
N (2-V2)%k+ Lk S (2 -V2)k

(L+%)L+EVE+1) 7 L+ EVE+1

1 L+ &VE+1
< R
and therefore Z,:Ul S vk

i _ (L+2RW)2
Bi—L (L vz+)( i+ 1)+ 357VitT)
<

. On the other hand, we have:

1
- W(z‘+1)+%ﬂ§ i+l S(i+1)

and therefore Zf;ol it < f—jHar(k) where Har(k) = Zl LY < 1+In(k).
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We obtain finally the convergence rate:

. LR? ovEk+1R 1
Blolue) — 9] < g (Har(h) + 5) + S0 (Har (k) + )+

As Har(k) <1+ ln(k), we retrieve, up to a logarithmic factor, a rate of the
form © (LR + e f + 6) but now using varying stepsizes that do not assume
the knowledge of the performed number of iterations.

Remark 7.9. If we want to avoid the logarithmic factor in the convergence rate

and if the set @) is bounded with diameter D, we can define the approximate

solution as: Yy : Wzi]\;ﬁﬂ_l%xiﬂ averaging only the last %

i=nN/2-1
search points z; (for simplicity, we assume here that N is even). In this case
. g— * 2
we obtain: E[¢(yy) — ¢%] < 22‘([ (1+ % +1n(2)) (% + \"/—%) . However
this choice of averaging assumes the storage of all test points in memory, when

N is not known a priori.

7.3 Stochastic estimate functions

In this chapter, we generalize the concept of estimate functions sequence, pre-
sented in subsection 2.4.3 assuming now that the model of the function ¥y (x)
is constructed using stochastic first-order information (possibly with bias) and
the sequences {yx }r>0 and {Ux(x)}r>o satisfies the two inequalities:

Apd(ye) < Uj + B and Wi (x) < Apd(x) + Brd(z) + Ep(z), Vo €Q

where Ej, and E},(z) represent random errors coming from the stochastic noise
o and the bias .
With this notion of stochastic estimate functions, we obtain the convergence
rate: _
Brd(z*)  Ey + Ep(x*)
_|_
Ay Ay

Plyr) — ¢ <
and therefore:
Prd(z”) | ElEk + By (z*)]
Ay, Ay,
since the coefficients {«;} and {5;} are deterministic (they will be based on
the noise level o but not on the realizations of the random variables X7, ..., X}).

Elp(yx) — ¢7] <

Using this framework, we will develop in Section 7.4 a stochastic dual gradi-
ent method with convergence rate O( f + 6) and in Section 7.5, a

ok E+ ké)

stochastic fast gradient method with convergence rate O (
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Remark 7.10. In the deterministic case, the model ¥ (x) is typically chosen of
the form: Uy (x) = Brd(z) + Zf:o ;[ f(x) +(Vf(x;), x — ;) + h(z)]. In the
stochastic case, we will simply modify this model using the stochastic first-order
information instead of the exact one: Wy (z) = ,Bkd(a:)+2f:0 a;[Fs (@i, &)+
(Gs,0(2i,&i), ® — m3) + h(z)].

Remark 7.11. Compared with the primal gradient method, the methods based
on this principle of estimate functions are more sophisticated and often less
intuitive.

However, they provide us typically with more degrees of freedom (multiple se-
quences of coefficients, multiple sequences of iterates), that make these meth-
ods more flexible for new situations (we will see that adaptation of the DGM
and FGM to the stochastic case is in some sense easier than for the PGM) and
well-suited for acceleration (cf. the optimal rate of the Fast Gradient method.)

7.4 Stochastic Dual Gradient Method

7.4.1 Scheme

In this method we use two sequences of coefficients:
{Ozk}kzo with g E]O, 1] and {ﬂk}kzo with 811 > Bk > L Vk > 0.
Furthermore the two sequences must satisfy the coupling condition:

Br 2 kt1PBr+1,  Vk = 0. (7.7)

We define also A} = Zf:o Q.
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Algorithm 24 Stochastic Dual Gradient Method (SDGM)
1: Compute x¢ = argmingeg d(z)
2: Let & be a realization of the random variable X
3: Compute Gs (0, &)
4. Compute

wy = arggéig{ﬂod(x) + ao{Gs,(20,80), T — 20) + aoh(x)} (7.8)

5: fork=0:... do
Compute

=

k

i1 = argmin{ frd(z) +> il Gsn (@i, &), w — ;) + Aph(x)} (7.9)
1=0

7:  Let k41 be a realization of the random variable Xy

. Compute G5 1.(Tk+1,Ek+1)
9:  Compute

Wyy1 = arg i%iél{&ﬂ‘/(% Try1) + (Gs.L(Tht1), ® — Tpp1) + h(2)}

(7.10)
10: end for

When we stop the scheme, the approximated solution is calculated as a weighted
sum of the points {w; }o<i<k:

1
PR o Y
> im0 % iz

The dual gradient method has been introduced in [62] by Nesterov in the
deterministic (composite) case and using the Euclidean setup.
We generalize this method in two directions:

o We generalize the method to the non-Euclidean setting, using auxiliary
subproblems based only on the prox-function d(z)

o We adapt the method to the stochastic case (possibly with bias). We
will see that the classical choice 5; = L is not anymore a good idea when
stochasticity is present and we propose an increasing policy for the se-

quence {3;} that leads to a convergence rate of the form O (LTRQ + f/—%)
(or O (LTRQ + ‘\’/—% + 5) when the oracle is biased).
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But first, we start with the general convergence rate of this stochastic dual
gradient method:

7.4.2 General Convergence rate

Denote by Wy, (z) = Brd(z) + S0 oi[Fs 1(wi, &) + (Go,p(2:,&), w0 — x3) +
h(z)], our model of the objective function, ¥} = mingcq ¥r(z) its minimal
value on the feasible set and {5 = (£o, ..., ) the history of the random process
after k iterations.

Let us show that the two sequences {yx } x>0 and {U(z)} x>0 define a sequence
of estimate functions.

Lemma 7.3. For all k > 0, we have:

1.
Axg(yx) < Y} + Ey (7.11)
where
k k
E, = Z ;0 + Z o;(fs.n(x:) — Fs,n(zi,&)]
1=0 1=0
k
+ 3 GG — gos(el)?
2.
Up(x) < Apgp(z) + Brd(z) + Ex(z), Vo eQ (7.12)
wherefk(x) = Zf:o [ Fs 0 (i, &)~ fs,0(x:) +(Gs,0 (i, &) —gs,0 (i), 2—
;)]

Proof. 1. First, we will show by recurrence that the inequality:
E?:o a;p(w;) < U + Ey is satisfied for all k > 0.
e For k = 0, we have:

(7.2) L ,
d(wo) < fo+ (g0, wo — o) + 3 lwo — @0z + 0 + h(wo)

= Fy+ (Go,wo — x0) + % [lwo — xOHfE + 6 + h(wo)

2

+(fo = Fo) + (g0 — Goswo —0) — 2L g — ol
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and we obtain, using (2.8), (7.6) and the fact 0 < a9 < 1:

aop(wo) < ao[Fo + (Go, wo — o) + h(wo)] + Bod(wo)

(&7} N *\2 .
Jrﬁo—L(HGO 9ollz)” + ao(fo — Fo)
7. .
g+ 2 (G0 — golp)? + colfo — Fo)-
Bo—L

e Now assume that this inequality is satisfied for k£ > 0 i.e. that we have

k
Zaicﬁ(wi) < \I’Z + E,.
=0

Then as Si41 > Bk and by definition of V' we have:

k+1
Uiy = géig{ﬁkﬂd(l’) + Y ilFs + (Giyx — @) + h(2)]}

1=0
> Igleiél{ﬁkV(x, Thr1) + Brd(@rt1) + Bre(Vd(Trs1), ¢ — Thi1)

k+1
+ 3 lFi + (Giyx — 2)]} + Ay h(z).
1=0

Let gh(zk4+1) € Oh(xp41), by optimality condition defining xj41:

k

(BeVd(xpy1) + Z%Gi + Apgh(xp41), ¢ — 2p41) >0, Vre@
i=0

and therefore:
k
Uiyr > Ped(zryr) + Z%’[Fi + (G, 1 — x4)]

i=0
+ Hgg{ﬁkv(% Try1) + g1 [Frr1 + (Grg1, ¢ — Ty1)]}

+Akp1h(z) + Ak(gh(zri1), o1 — @)

v

k
Brd(xrki1) + Z @i[F; + (G, o1 — x3)]
=0
+min {8 V(z, 2g1) + @k [Fen + (Grpr, @ — 2]}
+Akh($k+1) + ak+1h(x)
= Ui+ ks Héig{FkH + (Grt1,T — Tit1)

s

+h(z) +
(z) o

V(ZC, $k+1)}.
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B

Using the condition > Bi+1, the definition of wy41 and the inequal-

Qg1 —
ity V(Wrt1, Ths1) > 5 [|2ps1 — wk+1||%E, we obtain

(7.7) X .
U1 > Wi + ogt1 Hgg{Fkﬁ-l + (Grt1,T — Tit1)

+h(x) + Br+1V (z, Tr41) }
7.10 .
729 Uy + akt1[Frt1 + (Grt1, Wet1 — Thy1)
Fh(wit1) + Ber1 V (Wit 1, Tiot1)]
(2.10) .

Uy + akt1[Frt1 + (Grt1, Wet1 — Thy1)
Br+1

5 Trt1 — Wiz

+h(wkt1) +

= Ur + a1 [fot1 + (Grt+1, Wet1 — Th1)

L
+h(wrt1) + 3 ||lwr+1 — l'k+1H2E] + aks1[Frt1 — fet1

— L
+(Gr+1 — Ght+1, W1 — Tht1) + ﬁk% ||lwr+1 — a?k+1||2E]
(7.2),(7.6) .
> Wk + a1 (f(we1) — 6 + h(wit1))
Af+1 * 2
tags1[Frt1 — for1] — 57— (1Grs1 — grt1ll )
Bry1 — L

k41

>

> i f(wi) + h(w:)) = Ex = axi16

Q41

o1 [Fryr — foa] — 3 (IGrs1 — grrally)?

B — L
and therefore: S aip(w;) < Wi, + Eypyr where Ejyq = Ej +

10 + a1 [forr = Frpr] + 57527 (1Gri1 — gl p)*

We have proved that Zf:o a;¢(w;) < ¥y + Ej, and using the definition

of y = =— Zf:o aw;, A, = Zf:o a; and the convexity of ¢, we

i

obtain now: Ayé(yi) < i + Ej, for all k > 0,
2. On the other hand, for all z € @, we also have:

(7.2)

k
Up(z) < Brd(x) + Zai(f(w) + h(z))

k
+Zai[Fi — fi +(Gi — giy v — ;)]
=0
= Brd(z) + Apd(z) + Er(z). O
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As we have proved that we are in the framework of estimate functions, we can
now obtain directly the convergence rate for the SDGM:

Theorem 7.4. Assume that the function f is endowed with a stochastic oracle
with noise o and bias 0. Then the sequence vy generated by the Stochastic
Dual Gradient Method, when applied to the composite function ¢, satisfies

Brd(z™)
Ap

d(yx) — ¢ < +0

k k
1 i *
L™ <Z o 1Gs2 @) = g5 @Il + Y auGan (@) = gsalwa), 2" - m) :

=0

Taking now the expectation with respect to the random process history §[;, we
obtain the following result:

Theorem 7.5. Assume that the function f is endowed with a stochastic oracle
with noise o and bias 5. Then the Stochastic Dual Gradient Method, when
applied to the composite function ¢, exhibits on average the convergence rate

k
) o Brd() 1 G52
FEe ~ N = Ag |
€o~Xo,.. - £~ Xk [6(2x) — ¢7] < Ay, " Ay, ; T

Proof. Completely similar to the proof of theorem 7.2. O

7.4.3 Choice of the Coefficients

In the deterministic smooth case, the coefficients of the dual gradient method
developed in [62] are chosen constant: §; = L and «; = 1 for all ¢ > 0.

If we keep these coefficients in the stochastic case, we cannot apply Theorem
7.4 (that assumes f3; > L ) but with an easy modification in the proof of this
theorem, we can obtain the following upper-bound:

LR?

P(yx) — 9" < ok

k
1

to+ o ;ai<G6,L($i) — gs. (), T — w;).

As w; depends on G5 1.(x;), we cannot say that E[(Gs 1 (x;) — gs.(x:), z* —

w;)|€ri—17] = 0 but only

E[Gs (%) = g5.0.(xi), 7" — wi)[&[i—1)]
< VEIGs 1(x:) — g5.0(x) )2 €s—y]D < oD
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where D = max,cq yeq || — y|| is the diameter of the feasible set. Therefore
we have:
R2
Elp(yr) — ¢*] < W—F(S—’—DU

We see that with the classical choice of the coefficients, the effect of the stochas-
tic noise does not decrease with the iterations.

If we consider 5; = CL with C' > 1, in this case we can apply the Theorems
7.4 and 7.5 and obtain E[¢(yx) — ¢*] < CLR +0+ @ 21 but here also
we obtain the same kind of behavior with a method that cannot decrease the
stochastic noise effect when we increase the number of iterations. If we want
to be able to converge to ¢* in the unbiased case or to ¢* + § in the biased
case, an increasing sequence of coefficients §; must be used.

On the other hand, often in practice, we want to run a method for a given
time and not for a given number of iterations. For this reason, it is interest-
ing to develop a practical stepsizes rule for the stochastic dual gradient method
which is not based on a a priori knowledge of the performed number of |terations
and at the same times that can reach the convergence rate @(LR + 2= + 9).

Consider the choice a; = a with 0 <a < 1and g; = L+ b% (i 4 1)°.
We have

o
BxR*>  LR? boR
24, 2a(k+ 1) 2a(k + 1)1~
o
k k+1 k+1
1 Q; _ ocR _
— ¢ < — °d
Ak;ﬁi—L Z - <k+1>b/o o
< oR
— b(k+ 1)
We obtain therefore using Theorem 7.5 :
LR? boR oR

Blot) =0 < 570 Y a0 bt e

Optimizing the rate of convergence of the term depending on a we choose
c= 1 for which we obtain a convergence rate of the form © ( + f) . For
the ch0|ce of a and b, we need to ensure the condition (7.7) i.e. (L +b%(k +
1)Y2) > a(L + % (k+2)'/?) for all k > 0.
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A sufficient condition is a < Z—i; for all £ > 0 and we obtain the condi-

. 1 o _ 1 .
tion a < 7 We take o; = a = 73 for all 4 > 0 and therefore

Blo() — ') < J2EI Vol _oR

+ + +o.
T2(k+1) 2VE+1 bWEk+1

The optimal choice for b is 21/4 and we obtain:

Theorem 7.6. If the sequences {c;}i>o and {f;}i>0 are chosen for all i > 0

as a; = % and B; = L + 21/%(2 + 1)/ then the sequence generated by the
SDGM satisfies:
V2LR? | 23/%6R (LR2 oR >
Elp(yr) — ¢"] < + +d=0—+—F4+9¢

7.5 Stochastic Fast Gradient Method

7.5.1 Scheme

In this method we use also two sequences of coefficients:
{Ozi}izo with ag E}O, ].] and {ﬂi}izo with ﬂk+1 > B, >L, Vk>0.

But now the two sequences must satisfy another coupling condition:

k

apBe < O i)Bro1, VE>1 (7.13)
=0

. k i
We define also A, = >, (o and 7, = X:i
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Algorithm 25 Stochastic Fast Gradient Method (SFGM)
1: Compute x¢ = argmingeg d(z)
2: Let & be a realization of the random variable X
3: Compute Gs (0, &)
4. Compute

Yo = arg g%ig{ﬁod(l‘) + ao(Gs,1(20,&0), ¢ — x0) + h(x)} (7.14)

5. fork=0:... do

6: Compute
k
2k = argnéig{ﬁkd(x) + Z%’(Gé,L(Imfi), x — ;) + Agh(z)} (7.15)
i=0
7 Let
Try1 = Thzk + (1 — 7o)y (7.16)

8: Let k41 be a realization of the random variable Xy
Compute Gs 1 (Tr+1,Ek+1)

10  Compute
Ty = arg ggg{@kv(l’, 2)+1(Gs,L (g1, Epgr)s T—21)Fapp1h(x) }
(7.17)

11:  Let
Ykt1 = Te@rp1 + (1 — 7o) Yk (7.18)

12: end for

This method is a generalization to the stochastic case of the Fast Gradient
Method using only prox-function type subproblems introduced in [59] and de-
scribed in subsection 2.4.5 of this thesis. It is based on the machinery of
estimates functions (providing a more flexible method) and can be used easily
with a non-Euclidean setup since it is based only on subproblems in terms of
the prox-function d(z).

In this work, we adapt the fast gradient method to the stochastic case, de-
velop a new practical policy for the sequences {c;} and {8;} and prove that
with this choice the method can reach the unimprovable rate of convergence

2
O (L,g + "7%) in unbiased stochastic smooth convex optimization.
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The optimal rate O ( T+ f) has been obtained for the first time by Lan in

[44] using an accelerated version of the Mirror Descent SA method with fixed
stepsize based on the performed number of iterations. However, our method
based on the estimates sequence principle does not assume the a priori knowl-
edge of the number of iterations and does not assume the boundedness of the
feasible set. Furthermore, our analysis consider also the composite case when
we add to f an easy convex function h(z) and the situation when the oracle is
not only stochastic but also affected by a bias §. We obtain a convergence rate

of the form O (le + i’/li + k6> . There is a phenomenon of errors accumula-

tion with rate ©(kJ). It has been established in Chapter 4 that this is in fact
unavoidable for any fast first-order method that reach the optimal dependence

with respect to L in the convergence rate (i.e. O (Lk’f ).

7.5.2 General convergence rate

Denote by Wy (z) = Brd(z) + Zf:o a;[Fs. (2, &) + (Gsp(2i,&), ¢ — x;) +
h(x)], our model of the objective function, ¥} = min,cq ¥ (x) its minimal
value on the feasible set and £ = (£o, .., §x) the history of the random process
after k iterations.

Let us show that {yx }x>0 and {¥y(x)}r>0 define a sequence of estimate func-
tions.

Lemma 7.7. For all k > 0, we have:

1.
Ard(yr) < V5, + Ej, (7.19)

where E}, :ELOA‘(S-&-Z? OBAi"L)(HG(%yfi) gs.0(xi)|5)?
+ 0o @il fo,n () = Fs n(w6, &)+ 312y Ai—1(s,0(:)—Gs 1(wi, &), 7

yi—1>-
2.
Uy (z) < Apd(z) + Brd(z) + Ex(z), Yo €Q (7.20)
W/;TreEk(l‘) = S0 o il Fsp (i, &) f,0 () +{(Go,n (4, &) —gs.0.(27), 2

Proof. 1. First, we want to prove by recurrence that the inequality Axo(yx) <
Uy + Ey, is satisfied for all £ > 0.
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e It is true for k = 0. Indeed:

. 7.14
v, 2 Bod(yo) + aol[Fo 4 (Go, yo — zo) + h(yo)]
(2.8) B )
> 3 llyo = zolls + ao[Fo + (Go, yo — zo) + h(yo)]
> ao[Fo + (Go,yo — o) + h(yo) + % llyo — wol|%]
L
= o[ fo + (g0, Y0 — xo) + h(yo) + 3 llyo — @ol|%]
- L
FaolFo — fo +{Go — g0, w0 — a0) + 2L o — woll2]
(7.2),(7.6)
> aolf(yo) + h(yo) — 6] + ao[Fo — fo]
(674} *
0 7 (1Go — gollp)?.

e Assume that it is true for k > 0 i.e that we have Ayd(yx) < U + Ej.
Let gh(zx) € Oh(zy), by the optimality condition of the problem defining
Zl-

k

(BeVd(zk) + Y Gi+ Argh(zi), @ — 2) >0, Vo € Q.
=0

Therefore as fry1 > Pi:

k1
Vpt1(z) = Brprd(z) + Z%’[Fi +(Gi,z — x;)] + Ap1h(z)
i=0

Y

BeV (z, 21) + Brd(2x) + Bre(Vd(21),  — 21)
k41

+ Z oi[F; + (Giyx — x;)] + Aky1h(z)
i=0

k
BV (x, 1) + Brd(zi) + Z%‘[Fi +(Gi, 2k — wi)]
=0
+Agr1h(z) + (Argh(zk), 21 — @)

+apt1[Frt1 + (Grt1, T — Tpt1)]-

Y

But as Agr1h(x)+ (Akgh(zg), 2 —x) > Aph(zk) +akr1h(x), we have:

Uippi(z) > Brd(zi) + Z a;[Fy + (G, 2z — xi) + h(zk)]

+B8kV (z, zk) + kg1 [Frt1 + (Grg1, T — Tig1) + h(z)]
7. .
T2 W 4 BV, 2) + ks [Fisr + (G, @ — @) + h(@)).
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On the other hand:

Uk + aptr[Frosr + (Grgr, & — Tpgr) + h(2)]
Ard(yr) — B + oy [Frp1 + (Grr1, © — Tg1) + h(z)]

v

v

Aklfrr1 + (grs1, yk — Trg1)] — B

Fakt1[Frt1 + (Grt1, & — Tot1)] + Arh(yr) + ar+1h(x)
Apt1Frop1 4 (Grpr, Ak (Yr — ort1) + apr (2 — 241)) — B
+Ak[fer1 — Frr1 + (o1 — Gra1, Yo — Trs1)]

+Arh(yr) + ar+1h(z)

7.16
(719 Ap1Frt1 + oy 1(Grar, @ — 21) — B

F+AR[fr1 — Fra1 + (gr1 — Grr1, Yk — Tt1)]
+Arh(yr) + axt1h(z).

We obtain:

%

Uit Agy1Fry1 + EéiS{BkV(% k) + a1 (G, @ — 2i)
tars1h(z)} — Ex + Ach(yr)

+Ak[frt1 — Fes1 4 (gra1 — Grot, Uk — Trr1)]

= A1 Fer + BrV (Zhe1, 2k) + k1 (Grars Brr — 2k)
takt1h(Zs1) — Ex + Ach(yr)
+Ak[fr+1 — Fet1 + (grt1 — Grr1, Yk — Tit1)]

(2.10)
> Ak+1[Fk+1 =+ T <Gk+17£k+1 - Zk)

B
2Ar41

+Ak[fr+1 — Frt1 + (grt1 — Grt1, Yk — Tht1)]
+ Ak [Th(Zr41) + (1 — 76)h(ye)]

[ &k41 — 2kll] — Ex

(7.13),(7.18)
Z Ak+1[Fk+1 =+ T <Gk+17£k+1 - Zk)

2
T A
$ DT o 2]~ i+ Arsah(genn)

+Ak[frr1 = Frv1 + (grt1 — Gry1, Yk — Tht1)]
(7.16),(7.18)
> Ap1[Frt1 + (Grt1, Yrt1 — Thr1)
Brt1
2
+Ak[frr1 = Frv1 + (grt1 — Gry1, Yk — Tht1)]

+ lykr1 = el = Br + Axrah(yesn)
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and therefore:

Uhiq = A1 [frot1 + (Grt1s Yht1 — Tht1)
L
+§ lyk+1 — mk+1||2E] — Ex + akt1[Frt1 — fot1]

+Ak{gh+1 — Grt1, Yo — Tht1)

F+Ak+1[{Gr+1 — Gh+1, Yk+1 — Th41)

F B w34 Ah(en)

(7.2),(7.6)
> A1 (f(yr+1) + h(yr+1) —0) —

Fakt1[Frr1 — fot1] + Ak{gr+1 — Grt1, Yo — Tht1)
Aks1

"B — L(HG’““ — gellp)”

The inequality is therefore also satisfied for £ + 1 and we have proved
our recurrence.

2. Now let us prove that (7.20) is satisfied for all x €  and k > 0. Indeed:
k k
Ui(r) = Brd@)+ Y ailfi+ (g w — )]+ > il F = fi]
i=0 =0

k
Jrz a;i[(Gi — gi,x — ;)] + Agh(x)

(7.2)
<

k
Brd(x) + Ax(f(2) + h(x)) + Y il Fi = fi]
i=0

k
+ Z a;[(Gi — g.x — ;).

i=0
O

As we have proved that we are in the framework of estimate functions, we can
now obtain directly the convergence rate for the SFGM:

Theorem 7.8. Assume that the function f is endowed with a stochastic oracle
with noise o and bias §. Then the sequence y;, generated by the Stochastic Fast
Gradient Method, when applied to the composite function ¢, satisfies

$yr)— 9" < <ﬂkd +ZA 5+Zﬂ

k
+E(Z Ai—1{Gs,L(zi, &) — g5, (i), Yi—1 — x3)

i=1

(@i, &) — ga,L(fvi)lllb)2>
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7.5. STOCHASTIC FAST GRADIENT METHOD

k
+ Z i(Gs (i, &) — go,0.(xi), 0" — x4)).
=0
Taking the expectation with respect to {[;), the history of the random process,
we obtain the following result:

Theorem 7.9. Assume that the function f is endowed with a stochastic oracle
with noise o and bias 6. Then the Stochastic Fast Gradient Method, when
applied to the composite function ¢, exhibits on average the convergence rate

k

o Brd(zr) Y A8 1 A,
Es N ) — < 1= — .
e X [9() — ¢7] < TP+ EE 4 o ; B —1°

Proof. Same proof that for the Theorem 7.2 but now using the fact that y;_
is also a deterministic function of §j;_1;. O

7.5.3 Choice of the Coefficients

In the deterministic smooth case, the coefficients of the fast gradient method
are chosen as 3; = L and a; = % for all i > 0.

If we keep these coefficients in the stochastic case, we cannot apply the Theo-
rem 7.8 (that assumes 8; > L ) but with an easy modification in the proof of this

theorem, we can simply replace the term: Ef:o BbAfL |Gs,(xi, &) — g(;,L(xi)Hi

by Z?:o Ai(Gs.1.(x;) — 95,0 (i), x; —y;) in the upper-bound given by this the-
orem.

But as y; depends on Gy 1,(;), we cannot say that E[(Gs 1,(z;) —gs,1.(z;), 2" —
Yi)|€i—17] = 0 but only

E[(Gs.n(z:i) — g5.0(%i), " — yi)[§ji-1]

VEIIGs (i) — go.n@i) | )2/ D
< oD

IN

where D = max,eq e || — y|| is the diameter of the feasible set. Therefore
we have:

Blo(er) — 6] < — 2L o

1
CESVCED) (k+3)0 + 5 (k +3) Do

1
3
We see that with the classical choice of the coefficients, the effect of the stochas-
tic noise o does not decrease with the iterations like what we want to obtain.
But in fact, it does not even stay constant like what we have obtained for the
SPGM and SDGM with classical coefficients. Here the situation is even worse,
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the effect of the noise is increasing with the number of iterations, there is a
phenomenon of error accumulation. This higher sensitivity of the fast gradi-
ent method with respect to the noise has been already observed in Chapter 4
and in [75] when the error is deterministic. We have established that it is an
intrinsic property of any fast first-order method with optimal convergence rate

@( o ) . In our case, it means that a dependence in the bias § of the form
©(kd) is unavoidable.

However, concerning the stochastic noise o, the situation is better, we can
modify the sequence of coefficients ; in order to avoid this increasing depen-
dence in o in the convergence rate.

If we consider 5; = CL with C' > 1, we can apply Theorems 7.8, 7.9 and
obtain:

20LR* 1

kD2 3 (k+3)c"

Elp(gr) — ¢*] < (k +3)6 +

3(C - 1)L

But we obtain the same kind of bad behavior with an accumulation of errors
both for the stochastic part o and the deterministic bias .

In this subsection, we want to develop a practical stepsizes rule for the stochastic
fast gradient method which is not based on a a priori knowledge of the performed
number of iterations and at the same times that can reach the convergence rate

Consider the choice a; = % and f; = L +b% (i +2)°. Then we have 4; =
and the condition 7.13 becomes: UCZ%F(L +

Yiso i = a5k + Dk +2)
Zb(k +2)° ) W( L+ Zb(k +1)°). A sufficient condition is to have:

1 (k;)? < (k+1%((lk+2) forallk>0ie a>2

2. UL o 4 9)e < BHU4D) o4 | 1)e for all k> 0 e, a > 2¢.

a2

Assuming that ¢ > 1, we choose a = 2¢. Then the condition a%ﬂk < ApBr_1

is satisfied, independently of the precise choice of b and ¢. With the choice
; 2

of the sequences a; = ‘& and 8; = L + Zb(i + 2)¢, we obtain %’iﬁ =
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. . k
2°(L+2b(k+2)°)R> Y. Ai

wnEr A = sk 3)0 and
1S A, oR "o+ 1)
Ik;ﬁi—LU - (k+1)(k+2)b§(i+2)c—1
oR

S GOkt /lk e+

< oR (k + 3)3—¢
S B0kt )+

The bound given by Theorem 7.9 becomes as follows;

LR | 2boR(k+2)°!
(k+1)(k+2) (k+1)

E(¢(yr) — ¢"] <

oR (k+3)3~¢ 1
e _omr Ly T3kt

Now if we choose ¢ = 3/2, the two terms depending on b and ¢ are of order

@(,5’};) and we obtain:

23/2LR2
(k+1)(k+2)
(2326 + 2)(k+ 3)*/?0R N l(k Y
(k+1)(k+2) 3 '

E51~X17---5k~Xk [¢(yk) - (b*] <

The optimal choice of b is m and we obtain in this case the final result:

Theorem 7.10. /f the sequences {c;}i>0 and {f;}i>o are chosen in the fol-
lowing way: «; = ;T/li and B = L+ 7= (i + 2)3/2 for all i > 0 then the
sequence generated by the SFGM satisfies:

* 23/2LR2 29/4(k + S)B/QUR
Elp(yr) — ¢*] < (k+1)(k+2) " VB(k+1)(k+2)

LR?> oR
= ®<k:2+\/E+k5)'

Remark 7.12. Due to the higher sensitivity of the FGM with respect to the
stochastic noise o, we need to increase the sequences of coefficients 3; at a
fast rate O(L + %iS/Q) in order to decrease the stochastic noise at an optimal

rate O (‘\’/—%) . For the DGM which is more robust with respect to the errors,

the increase of 3; can be limited to the rate (L + %il/Z).

1
+ 5k +3)5
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7.6 Probability of large deviation

In the previous sections, we have obtained for different stochastic first-order
methods, an upper bound on the expected value of the non-optimality gap
d(yx) — ¢*. Now we want also to obtain an upper bound on the probability
of large deviation for the same gap. The approach presented in this section is
strongly linked with has been done in [52] for the mirror descent SA method in
the nonsmooth stochastic case.

In this section, we need the following assumption:

Assumption A76

1. For all x € E, the random variables X have the same distribution such
that Xy, ..., X can be seen as i.i.d. random variables.

2. The stochastic approximate gradient Gy 1.(z,§) satisfies the condition
N T e )% 2
Eex [exp ((HGO'L( £ QQM( M) )] <exp(l), VzeQ.

o

Due to Jensen's inequality, this assumption is stronger that the assump-
tion that we have done previously: Eex[([|Gs..(z,&) — g5, (2) )% <
o, VreqQ.

3. The set @ is bounded with diameter D = max,cq,yeq ||z — ¥l 5-

First of all, we establish two lemmas that will be useful in order to derive
probability of large deviations for different first-order methods.

Lemma 7.11. Let &, ..., & be a sequence of realizations of the i.i.d. random
variables Xy, ..., Xy and let A; = A;(§};)) be a deterministic function of ;)
such that for all i > 0:

Blewp (25 -] < vl

and ¢y, ..., cx is a sequence of positive coefficients. Then we have for any k > 0
and any Q > 0:

k
Prob (Z A7 > (1+9Q) Z i02> < exp(—0).
=0

Proof. Using the convexity of the exponent and the linearity of the expectation, we
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obtain:

E

k 2
© A

op [ S
E 07;0'2

1=0
Zf:o c;o’E [exp (ﬁ—;)}

Ef:o cio?
S 0 Begnxo, o timx, [Eswxi [exp (ﬁzz

Zf:o cio?

IN

)

< exp(l).

Therefore by the Markov inequality, for any €2 > 0 we obtain:

k 2
- CGAY -
Prob (exp (Zfoc . ) > Q) < eXIz(l).
Zi:o Cio Q

Equivalently for any Q2 € R, we obtain:

k 2

SENOVAN:

Prob | exp Z’ki >exp(1+Q) | <exp(—9Q).
g Ci0”

O

Lemma 7.12. Let &,...{y be a sequence of realizations of the i.i.d. random
variables Xo, ..., Xy, and let 'y, and ny be deterministic functions of {) such
that:

1. E[ll€i—y] =0
2. || < ¢;in; where ¢; is a positive deterministic constant

2
i

3. Elexp (% ) |¢5-u] < exp(1),

Then Prob <Zf=0 I > V3VQo Zf:o cf) < exp(—NQ) for all k > 0 and all
Q>0.

Proof. This result is a particular case of Lemma 2 in [45]. O

Now we are able using these two lemmas to establish easily probability of large
deviation for the SDGM and the SFGM.
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7.6.1 Probability of large deviation for SDGM

In the SDGM, the non-optimality gap ¢(yx) — ¢* can be bounded by the sum
of three terms (see Theorem 7.4) :

L Hi(k) = 4-Brd(z*) +0
2. Hy(k,&m) = 4+ Yo 527 (1Gs.L(xi,&) — gs.n(@:) | })?

3. Hy(k,&w) = £ 3o 0i(Gor (i) — gs.0(m:), 2* — 23).

The first term is deterministic but the two others are random. Therefore in order
to obtain a probability of large deviation for ¢(yx) — ¢*, a natural approach is
to obtain probability of large deviation for Ha(k, &) and Hs(k, {[x)) separately.

For Hy(k, &), using the Lemma 7.11 with A; = ||Gs, (%, &) — gs,0.(z:) ||
and ¢; = m we obtain that for any £ > 0 and for any > 0:

1+Q b Q;
Prob | Hy(k, > L %) <exp(=9Q).
(> S 200 <omion)

i —

For H3(k, &), using the Lemma 7.12 with T'; = §-(Gis, (24, &) —gs,1. (%), 2"~

xi), mi = ||Gs,n(xi, &) —957L(xi)||*E and ¢; = a,fiva we obtain that for any

k >0 and for any 2 > O:

VaD
Prob Hg(k,g[k])zLA g
k

In conclusion, we obtain the following probability of large deviation for the
SDGM:

Theorem 7.13. If the assumption A76 is satisfied, then for all k > 0 and all
Q > 0, the sequence generated by the SDGM satisfies

k
" d(z* 1+Q i
Prob [ o) — o7 2 245D 454 L );gia_f”

< 2exp(—9).

Using in particular the optimal coefficients policy «; = % and 3; = L +

21/%(2’ +1)1/2 for all i > 0, we obtain that for all £ > 0 and all Q > 0:
Prob (¢(yx) — ¢* > To(k) +T1(k) + T2(k) + I'3(k)) < 2exp(—Q)
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where To(k) = Y2LR® Ty(k) =0, Ta(k) = 2 2ok and Ty(k) = 5228

2(k41) VE+1 21/4\/W
V3QDo
k+1 °

Remark 7.13. By Theorem 7.6, we have E[¢(yr)—¢*] < To(k)+T1(k)+T2(k)
and T'3(k) represents therefore the deviation from the expected non-optimality

gap.

Therefore a sufficient condition for ensuring Prob(¢(yg) — ¢* > €) < 1—1x
with 0 < v < 1, is to perform

4LR? T10%°R? 180°R?% 2 7502 D? 2
k = max , , In , In
€

€2 €2 1—7 €2 1—7
iterations with § < g

Remark 7.14. Exactly the same kind of analysis can be done for SPGM using
Theorem 7.1 and Lemma 7.11 and 7.12. For this method, the probability of
large deviation is given by :

Prob | ¢(yx) — ¢ >

(m a:o) 1+Q Z f\ﬁDo
Yo v Z Vi iz ﬁz Zf;ol%'

< 2exp(—9)

for all k>0 and all Q > 0.

7.6.2 Probability of large deviation for the SFGM

In Theorem 7.8, we have proved that for the SFGM, the gap ¢(yx) — ¢* can
be bounded by the sum of four quantities:

L L(k) = 2 (Brd(e) + 2H Aid)
Lk, &r) = 4 Xm0 722 (1Gs 1. (wi,6) — g5,0.(i, &) | )2

N

k
1
Is(k, &) = i D Ai(Gs (@i €) = gs,p (i), i1 — )
L
= A > i1 (Gon(@i, &) — gs. (i), yic1 — 2im1)
i=1

4. Iy(k, &) = A%, Zfzo ai(Gs (i, &) — gs,0(x4), o — 24).
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The first term I (k) is deterministic but the three others are random.

For I5(k, &), we use Lemma 7.11 with A; = ||Gs, (24, &) — 9o, (%)||; and
ci = m, we obtain:

k
140 A,
Prob (IQ(k,f[k]) > Ak E 5 LO’ > < eXp(fg)

for any £ > 0 and for any Q > 0.

For I3(k,&), using Lemma 7.12 (starting however the sum at i = 1 in-

stead of i = 0) with ['; = O‘;‘;l (Gs,0(xi,&) — 95,0(%4), Yim1 — Zie1), Wi =

G, (i, &) — gs,0.(z3) || and ¢; = aiE;Dv we obtain:
V3vVQDo k
Prob ( Ik, §w) =~ — ;a%_l < exp(—9)

for any k > 1 and for any Q > 0.

For I4(k, &), using Lemma 7.12 with I'; = X; (Gs,0.(xi,&)—9gs.1(), x*—x4),

n, = ||G6,L(-ria§i) — 957L(xi)||23 and C; = OXkD, we obtain:

V3VQDo

Prob | I(k,&x) = n

for any £ > 0 and for any Q > 0.
In conclusion, we obtain the following probability of large deviation for the
SFGM:

Theorem 7.14. Assume that assumption A76 is satisfied, then for all k > 0
and all Q > 0, the sequence generated bv the SFGM satisfies:
k

¥ d(z* i i 140 kA o k
Prob (¢(yk) ¢ > 6kA(k : + ZA; o+ (A+,c ) Zi:o B: LU2 + Q@D Z 0‘2>

— i=0 1t

< 3exp(—Q).

Using in particular the optimal coefficients policy i.e. a; = 5315 and 3; =
L+ m(l +2)3/2 for all i > 0, we obtain:

Prob (é(yr) — ¢ > Ao(k) + Av(k) + Az (k) + As(k)) < 3exp(—Q)
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_ _2%/2LR? _k _ 29/%(k4+3)3/26R
where Ag(k) = 4(k2+1)(k+72)' A (k) = 535, Ay (k) = 4\/5((“1))%;) and

_ 25/4QsR  (k+3)%/? 2vQoD 2k+3
A3(k) = == amee T VsV Do
Remark 7.15. By Theorem 7.10, we have E[¢(yx) — ¢*] < Ao(k) + A1 (k) +

Ao(k) and As(k) represents therefore the deviation from the expected non-
optimality gap.

Therefore a sufficient condition for ensuring Prob(¢(yx) — ¢* > €) <1 —~
with 0 < v < 1, is to perform

LR? 3360%R? 840°R? 3 170%2D? 3
k=max [ 4 , , In , In
€ €2 €2 1—~ €2 1—7

with § <

£
5-

7.7 Postoptimization: Accuracy certificate

After running k iterations of one of the stochastic first-order methods, we ob-
tain a feasible point y; € @ for the optimization problem (7.1).

We have obtained in the previous sections theoretical guarantees for the ex-
pected non optimality gap ¢(yx) —¢* and for the probability of large deviations
of this gap from its expected value. However, we could be also interested in
estimating the actual value of ¢(yx)—¢* since, in practice, the quality of y; can
be better that what is guaranteed by worst-case oriented theoretical bounds. If
we want to estimate ¢(y) — ¢*:

1. We need to compute ¢(yr) = f(yx) + h(yx) or at least a stochastic
estimate of ¢(yx)

2. We need to compute a lower bound on ¢* or at least a random number
®* which is on average (and with small probability of large deviation) a
lower bound on ¢*.

In the deterministic case:
1. We can compute ¢(yr) = f(yx) + h(yx) using the exact oracle

2. we can obtain a lower bound on ¢*, minimizing on @, the sum of h with
the linearization of f at y:

o* > ggg{f(yk) + (V) z —yr) + h(z)}.

In the stochastic case, f(yx) and V f(yx) are typically unavailable (or to costly
to compute) and we will try to use accurate estimates of these quantities using
our stochastic oracle. We proceed as follow:
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1. We generate N independent samples 71, ..., 7 from the random variable
Yi

2. We compute Fs 1,(yx,m1), ..., F5,0.(yx, nn) and
Gs,.(Yk, M), .-, Gs,..(yr, nn) using the stochastic oracle

3. In order to reduce the noise, we construct better estimates of f(yi) and
V f(yk) using averaging:

N
1
Fé,L(yk7n17"'ann) = NZF&L(ylﬁni) and
1=1
1 N
G5»L(yk7n1a“'ann) = NZG5,L(yk777i)~
=1

In this section, we make the following assumption:

Assumption A77

1. For all x € E, the random variables X have the same distribution such
that Xy, ..., X can be seen as 7.i.d. random variables.

g

2. Eex{exp (‘FS’L(w’g)%f‘S’L(w)P)} < exp(1)

* \2
3 E§~X{exp ((HGé.L(LS)—zfa,L(I)HE) )} < exp(1)

9G

4. We have a zero-order oracle for the function h that can compute h(z)
for all x € Q.

5. The set @ is bounded with diameter D = max,c yeq |z — ¥l 5.
Now we can obtain:

e A good random estimate of ¢(yx) : F5 (yk, 71, -, n) + h(Yk)
Indeed, we have:

d(yr) =0 < Epnvi, w~vi [F5. LYk 11, ) + B(y)]
= fo.o(yk) + h(yx) < d(yr)

and if we increase the number of samples N, we decrease the probability of
deviation of Fy 1,(yk, M1, --., ) from his expected value f5 1,(yx):

1 (VNK 2
Prob (|Es . (yk,m1, ) — fo,0(ye)| = K) < exp <—3 (ﬁoF - 1) ) (us-
ing the Theorem 2.1 (ii) in [35]) and therefore:

Pmb(|F6,L(yk77717 "'anN) + h(yk) - ¢(yk)| > K+ 6)
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2
< 1 ({VNK 1

exp | —= —
=P 3\ V2or

e An approximate lower bound for ¢*:
®" = mind B 1 (ye: 1o IN) 4 (Go,L (Y 1IN ), @ = yi) + D@)

which on average, provides us with a lower bound on ¢*. The probability of
deviation of ®* from being really a lower bound on ¢* decreases with the size
of the sample. Indeed, we have:

Theorem 7.15. Forall 5> 0:

Prob(¢* > ®* — B)

1/ VN3 2 1/ VNB 2
> 1 — max (exp (—3 <2ﬂ0’p —1> ),exp (—3 <2\/§D0G—\/E> ))

where k is the constant of regularity of (E, ||.||) (see [35]).

Proof. Applying the Theorem 2.1 (ii) in [35] to Fs,r(yk,n1, ..., 7N ), we obtain for all
B =0:

2
Prob (|F5,L(yk7771,~-~,?7N) — fo,o(yr)| > g) < exp (1 < vNB _ 1) ) )

Applying the same theorem to Gs. . (yk, 1, ..., 7N ), we obtain for all >0 :

Prob (llGa,L(ykml, o IN) = g6, (k)1 5 > B)

2
1({ VN 2
< exp (—3 (2\/§0G —ﬁ) ) .

f(x) > fs,n(yr) + (95, (yx),x —yx), YreQ

Now as
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we have:

Prob(3z € Q : ¢(z) < Fs,0.(Yk, M1, -y IN)

HGo,L(Yr, M, - N), T — Y&) + h(z) — B
= Prob(Ix € Q: f(x) < F5,0.(Yk, N1y .., MN)

H(Gs.L(Yr, M1, N ), T — Yk) — B)

)

< Prob(Ix € Q : F5,0.(yk, My -osnn) — fo,0(yr)
(G, r.(Yrs M1, s MN) — 5,0 (Y ), T — Yi) > B)
< max(Prob (Fa,L(yk,m,..-,nN) — fs,(yr) > g) )
Prob ([Gs.(sm o) = 95,0l = 575 )
L (VNB LY RYSRA I
s max <exp< 3 (2\/§0F 1) 7eXP( 3 (2\5DOG \/E) ’

and therefore:
Prob(Vz € Q : ¢(x) > Fs5,.(yr, M, - 0N) + (G, (ks M1, - N), T — yg) + h(x)— B)

1( VNB 2 1( VN8 2
> 1 — max (exp (3 (2\/501:1> ),exp (3 (m\/ﬁ> ))

In particular, we have:

Prob(¢* > ®" — )
= Prob(min ¢(x) > min{Fs,r(yx, M, .., IN)
TEQ zEQ

+<G5VL(yk7n1, '“77]N)7$ - yk) + h’(m)} - 6)

1/ VNB 2 1/ VN8 2
1 — max (exp (3 <2\/§0F 1) ),exp (3 <2\/§DUG\/E> ))

O

Y

Remark 7.16. When 2 < p < o0, the constant of regularity of (R",|.[|,)
satisfies:
k < min(p — 1,21n(n)).

The regularity constants of various other normed spaces can be found in [35].

7.8 Numerical Experiments: Quadratic Problem
with Stochastic noise

In this section, we want to test the methods developed in this chapter (and to
compare them with existing methods) on convex quadratic problems over the
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simplex:
L r
* = mi =—z A 7.21
' i g = et 72y

where A > 0 and the [; setup is used.

Remark 7.17. As SPGM and SDGM share the same theoretical behavior and
as the numerical results obtained using both methods are comparable, we do
not consider in this section SPGM but only the methods that are really new in
the stochastic context i.e. SDGM and SFGM.

In the exact case i.e. when the exact gradient V f(z) = Az is available, the
Fast Gradient Method (used with exact gradients and constant coefficients
B; = L = ||A]|,) outperforms significantly the Dual Gradient Method (used
with exact gradient and constant coefficients 3; = L = || 4] ). Performing 10
000 iterations, we obtain for f(yx) — f*:

Num. Iter. 10 100 1000 10000
DGM 0.478796 | 0.329690 | 0.0720594 | 0.0066759
FGM 0.427691 | 0.0233784 | 3.6576e-4 | 8.3417e-6

0.6 T T T T T T

—DGM
0.5p —FGM | |

0.4 4

f(y )

0.2 B

0.1 b

L L L L n I T
0O 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Number of iterations

Figure 23: Comparison between DGM and FGM in the exact case (o = 0).

This result is completely predicted by theory, the FGM exhibits a convergence
rate of the form © (LT@Q) significantly better than © (LTRz) for the DGM.

Now assume that we have only access to a stochastic gradient Gs r(z,§) =
Az + £ where £ is a stochastic noise (with normal distribution) such that
E[¢] = 0 and E[||¢]]’] < 0. We consider first a reasonable noise level o = 1
(corresponding to 1 % of the Lipschitz-constant of the gradient). We can try
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to apply the SDGM and the SFGM with constant coefficients 5; = L like
what we do in the exact case. This choice is not recommended by the theory

since the SDGM exhibits in this case a rate © (LTRQ +0D) and the SFGM
o (L%

+ k:Da) . Performing 10000 iterations, we obtain:

Num. Iter. 10 100 1000 10000
SDGM (C=0) | 0.481479 | 0.335265 | 0.0728529 | 0.00698266
SFGM (C=0) | 0.428563 | 0.0385569 | 0.399419 0.881574
1.4
—SDGM with constant stepsize
1.2 |—8FGM with constant stepsize J

0.8-

f(y )

0.6-

0.4

0.2

1 1 T T
0O 1000 2000 3000 4000 5000 6000 7000 8000 9000

Number of iterations

10000

Figure 24: Comparison between SDGM and SFGM used with constant stepsize
(0=1)

SDGM exhibits here a slow but convergent behavior. However, we see that
SFGM is unstable and suffers from accumulation of errors. This bad behavior
of the SFGM when used with constant stepsize (y; = 1) and a stochastic oracle
has been predicted by theory. The SDGM is slow but more robust to the errors,
the method is still convergent even with this aggressive constant stepsize policy.

In order to avoid this sensitivity to the stochastic noise o, we use now the
decreasing stepsize policies developed in this chapter i.e. the increasing sequence

of coefficients: 3; = L + 21/4%(1 + 1)1/2 for the SDGM and B; = L +
Mﬁ(i+2)3/2 for the SFGM. When C' = 0, we retrieve the constant stepsize

policy and C' = 1 corresponds to the theoretical optimal choice.
With the theoretical optimal choice C=1, we obtain:
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Num. Iter. 10 100 1000 10000
SDGM (C=1) | 0.481753 | 0.339013 | 0.0786420 | 0.00822247
SFGM (C=1) | 0.431472 | 0.0531080 | 0.00491995 | 7.851197e-4

':EL'”'\ 5. 7 : 1“\ :\ \J“ : T
i ! i Py i 7! \ o
[ I H ! \ 1 1] " ht
Y S Ly
0.5f o nk’ vho | i 1 B
Wy o Lo i
o H iy \ n! W
fo AR ¢
i U L
oa Y il L N |
i T Ve
N ‘.l m”x éu “l " ln'
b v \r h
o3 s ¥ J
2 i
1
i ---SDGM with constant stepsize (C=0)
02 ---SFGM with constant stepsize (C=0) ||
’ —SDGM with decreasing stepsize (C=1)
—SFGM with constant stepsize (C=1)
0.1 \\ 4
k “““““““
% 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Number of iterations

Figure 25: Comparison between SDGM and SFGM used with constant and
decreasing stepsize (o0 = 1)

The SFGM retrieves his good behavior, the method is significantly faster than
the SDGM and can decrease now the effect of the oracle noise (instead of
increasing it with constant stepsizes). We see here clearly the importance of
using decreasing stepsizes in the stochastic case ( at least for the fast-gradient
method). For the SDGM, for this level of noise, a decreasing sequence of step-
size seems not necessary and slow down a little bit the convergence.

We can also compare our methods (SDGM and SFGM) with the methods de-
veloped by Lan in [44]:
¢ The Modified Mirror Descent SA (MMDSA) method with convergence

rate © (LTRz + ‘\T/—%) (like what we obtain for the SDGM when used with
Cc=1)

o The Accelerated SA (AC-SA) method with convergence rate © Llﬁ?
(like what we obtain for the SFGM when used with C=1).

oR
ven)

An important property of the methods developed by Lan is the fact that they
are based on the a priori knowledge of the performed number of iterations V.

The goal of these methods is to reach a good accuracy after N iterations, not
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for intermediate 0 < k < N. Performing 10000 iterations of our two methods
and the two methods developed by Lan, we obtain:

Num. Iter. 10 100 1000 10000

SDGM (C=1) | 0.481753 | 0.339013 | 0.0786420 | 0.00822247
SFGM (C=1) | 0.431472 | 0.0531080 | 0.00491995 | 7.851197e-4
MMDSA 0.491474 | 0.376019 | 0.0986267 0.0100789
AC-SA 0.508434 | 0.503937 0.249861 0.00365878

0.5 b

—SDGM with C=1
04 —SFGM with C+1 |
' —Modified MDSA

AC-SA

fly )+

0.2 B

0.1 b

.

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Number of iterations

Figure 26: Comparison between SDGM, SFGM, Modified MDSA and AC-SA
(o0 =1).

For the gradient-type methods (i.e. the SDGM and the MMDSA method), the
two methods exhibits the same kind of behavior with however a faster conver-
gence for our SDGM.

For the fast-gradient-type methods (i.e. the SFGM and the AC-SA method),
the AC-SA is only efficient if we a total of IV iterations, not for an intermediate
number of iterations, whereas the SFGM is fast everywhere. We see here clearly
the advantage of methods that are not based on a fixed number of iterations.

In conclusion, when the stochastic noise is reasonable ( here 1 % of the
Lipschitz-constant of the gradient), the SFGM with decreasing stepsize seems
to be the method of choice. This method is fast (compared to SDGM and
MMDSA method), is not sensitive to the oracle error (compared to SFGM with
constant stepsize) and is flexible, does not need to perform exactly an a priori
fixed number of iterations (which is the case for the AC-SA method).
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We consider now the situation when the noise o is significantly more important:
o = 10. First, we compare the SDGM with the SFGM, both using constant or
decreasing stepsizes:

Num. lter. 10 100 1000 10000

SDGM (C=0) | 0.526044 | 0.467577 | 0.155076 | 0.030702
SDGM (C=1) | 0.523209 | 0.463160 | 0.1751157 | 0.0419122
SFGM (C=0) | 0.48812 | 0.5741252 | 0.446167 | 0.975812
SFGM (C=1) | 0.462503 | 0.292540 | 0.097984 | 0.026385

---SFGM with constant stepsize (C=0)
—SFGM with decreasing stepsize (C=1)
-=--SDGM with constant stepsize (C=0)
—SDGM with decreasing stepize (C=1) | |

1 1 L 1 1 1 1 L 1
00 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Number of iterations

Figure 27: Comparison between SDGM and SFGM used with constant and
decreasing stepsize (o = 10)

We observe that:

¢ The SFGM must be used with decreasing stepsizes in order to avoid a
bad accumulation errors. This phenomenon has been already observed
foroc =1.

¢ The SFGM with decreasing stepsize is a little bit faster than the SDGM
with decreasing stepsize. However the advantage of the SFGM is sig-
nificantly reduced compare to the case ¢ = 1. This is natural, when

2
the noise is large, the advantage of a convergence rate O (Lk@' + f/—%)

over O (LTR‘2 + f/—%) becomes negligible, the dominant term in the con-

vergence rate becomes quickly the bad term coming from the noise.

© The SDGM can be used with constant stepsize and this more aggressive
choice gives a faster convergence. It seems that the robustness of the

283



CHAPTER 7. INEXACT ORACLE: STOCHASTIC CASE

SDGM (more important than expected by the theory) is sufficient in order
to avoid a decreasing stepsize even when o = 10. The worst-case oriented
decreasing stepsize policy seems to slow down the method unnecessarily
on this numerical example.

Now we can compare also our methods with the methods developed by Lan on
this noisy example:

Num. Iter. 10 100 1000 10000

SDGM (C=0) | 0.526044 | 0.467577 | 0.155076 | 0.030702
SDGM (C=1) | 0.523209 | 0.463160 | 0.1751157 | 0.0419122
SFGM (C=0) | 0.48812 | 0.5741252 | 0.446167 | 0.975812
SFGM (C=1) | 0.462503 | 0.292540 | 0.097984 | 0.026385
MMDSA 0.494363 | 0.4463241 | 0.1633532 | 0.034726
AC-SA 0.508496 | 0.508166 | 0.4631923 | 0.0593871

—SFGM with decreasing stepsize (C=1)
05 -=--SDGM with constant stepsize (C=0) B
—SDGM with decreasing stepize (C=1)
— Modified MDSA

04 AC-SA ,

! L L L 1 ! L L L
0O 1000 2000 3000 4000 5000 6000 7000 8000 9000

Number of iterations

10000

Figure 28: Comparison between SDGM, SFGM, Modified MDSA and AC-SA
(o =10).

We observe that:

o The AC-SA method performs badly on this example. This method is
very slow at the beginning (the method being designed only to reach a
good accuracy after the fixed number of iterations N) and even ater the
N iterations, the obtained solution is not so accurate. The SFGM with

. . 2
decreasing stepsize that share the same convergence rate O (ng + "\/—%)
is clearly a better choice.
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¢ The MMDSA method of Lan performs well on this noisy example but
the best choice for a gradient type method seems to be the SDGM with
aggressive constant stepsize.
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Chapter

Conclusion

In this thesis, we have extended the scope of the first-order methods of smooth
convex optimization in three different directions by allowing inexactness in the
first-order information, lack of smoothness in the objective function and the
presence of linear constraints.

In this chapter, for each of these situations, we summarize in the first section
the main contributions obtained in this thesis and discuss in the second section
potential directions of further research and possible extensions of our results.
In addition to this conclusion chapter, the reader can find afterwards, a table
of methods that emphasizes the new schemes that have been developed in this
thesis.

8.1 Extended Summary

8.1.1 First-order methods with inexact first-order informa-
tion (Chapters 4, 5, 6 and 7)

Two kinds of objective functions (smooth convex or smooth strongly convex)
and two kinds of oracle errors (deterministic or stochastic) have been considered
leading to four different possible situations:

Deterministic oracle Stochastic oracle
Smooth convex func- | Chapter 4 and 6 Chapter 7
tion
Smooth Strongly con- | Chapter 5 Further Research
vex function
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e Smooth convex function with deterministic inexact oracle (Chapters 4
and 6)

When exact first-order information is available, it is well-known that the Fast
Gradient Method (FGM) outperforms the classical gradient methods (i.e. the
Primal and Dual Gradient Methods) and is the first-order method of choice for
solving smooth convex optimization problems.

One of the main messages of this thesis is that this clear superiority of the
FGM is no longer true in the presence of inexactness in the first-order informa-
tion. The situation is more balanced: the Primal and Dual Gradient Methods
(PGM/DGM) are slow but robust methods while the Fast Gradient Method
(FGM) is fast but sensitive to oracle errors. More precisely, we have obtained
that PGM and DGM exhibit a slow convergence rate proportional to % (where
k denotes the iteration counter) but without accumulation of errors, the total
effect of the errors after k iterations is simply equal to the individual error ¢
of each first-order information. On the other hand, FGM is faster with con-
vergence rate proportional to 1%2 but suffers from accumulation of errors at a
linear rate ©(kJ).

PGM/DGM FGM.

Convergence Rate @(LkRz) +90 @(L,ﬁz) + O(kd)
flyw) = f* <

In terms of complexity, it means that PGM (and DGM) can reach any target
accuracy € > § but needs a large number of iterations, proportional to % The

FGM has a better complexity proportional to \/g but is only able to reach

worse target accuracies € > €hqy, = O(LY3R?/36%/3) > 6.

PGM/DGM FGM.
Complexity .

O(LE) O(y/LE)
Best Reachable Accu- 1/3 p2/352/3
racy 1) O(LY/PR*/%§2/3)

These two very different behaviors lead to a natural desire to develop a new
method sharing the best of the PGM/DGM and of the FGM i.e. a method which

2
is as fast as the FGM (i.e. with a convergence rate © (Lk@ ) in the exact case)

and as robust with respect to the oracle error as the PGM/DGM (i.e. with-
out accumulation of error). In term of complexity, it would mean to obtain a
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method that can reach any target accuracy € > § in only © (\ / LERQ) iterations.

Unfortunately, this objective is too ambitious. We have proved that within
our specific model of inexactness, accumulation of errors is not specific to the
FGM itself but it is an intrinsic property of any fast first-order method. One
of the main messages of this thesis is certainly the intrinsic link that exists
between speed of convergence and sensitivity to errors for a first-order method:
the faster a method is, the higher its sensitivity with respect to error must be.
More precisely, a method with convergence rate proportional to kip (1<p<2)
must suffer from error accumulation with a rate at least proportional to kP~14:

LR?
154

f(xk)—f*ﬁ@( )—!-@(k‘q(S)jqu—l.

Nevertheless, between the two extreme choices of the robust but (very) slow
PGM/DGM and the fast but (highly) sensitive FGM, it could be preferable to
use a method with intermediate speed and intermediate sensitivity to errors.
Such kind of intermediate behavior cannot be obtained by a simple stepsize
modification in the existing methods or by a simple combination of them. In-
stead, we have developed a novel general family of methods, the Intermediate
Gradient Method (IGM) that provides us with a large degree of freedom in
the choice of two sequences of coefficients that are used in the scheme and
characterize its convergence rate. The IGM allows us to recover the DGM and
FGM as special cases but also to generate methods with intermediate behaviors.

With a switching policy for the coefficients, the IGM can be seen as a smart
switching between FGM and DGM and is able to reach target accuracies, un-
reachable by the FGM (i.e. such that € < €},,) in a significantly smaller
number of iterations compared to what is needed using the PGM/DGM.

PGM/DGM IGM with | FGM
switching policy
Optimal when € <20 eMIN = 20 < | epax <€
€ < €pyaAx =
@(L1/3R2/362/3)
Complexity S (%"72‘) ) (%;52) o ( /L6R2>

With another choice of the coefficients, we are able to generate, for any 1 <

p < 2, methods with convergence rate proportional to kip and corresponding

optimal rate of error accumulation of order kP~1§, exhibiting every possible
trade-off between fastness of the method and robustness to errors.
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PGM/DGM | IGM with power policy FGM.

J(CZE)yZ\;.iR;feS o (%ﬁz)ﬂs o (L,f) +Okr1s) | O (L,f) + O(ks)

With these intermediate gradient methods, we close in some sense the gap that
existed previously between two extreme behaviors: the fast but sensitive FGM
and the slow but robust PGM/DGM.

e Smooth strongly convex function with deterministic inexact oracle
(Chapter 5)

Adding a strong convexity assumption on the objective function and still as-
suming a deterministic inexact oracle, the same kind of analysis can be done.
We introduce the notion of (4, L, i1)-oracle that can be seen as an extension of
the (4, L)-oracle, taking into account strong convexity.

As in the smooth convex case, we obtain that the simple gradient methods
(PGM/DGM) can be seen as robust but slower, whereas the FGM is faster
but more sensitive to oracle errors. However, strong convexity leads to much
faster convergence rates for every method (linear instead of sublinear conver-
gence rates) and to a reduced sensitivity with respect to oracle errors (bounded
instead of unbounded accumulation of errors). The central quantity is now the
condition number l% of the smooth strongly convex objective function.

The PGM/DGM exhibits a convergence rate proportional to exp(—k#) and no
accumulation of errors whereas the FGM exhibits a faster convergence rate pro-
portional to exp(—k,/%) and an accumulation of errors that can be bounded

by a constant proportional to %(5 (instead of a linearly growing accumula-

tion of errors without strong convexity). FGM is less sensitive with respect to
oracle errors than without strong convexity, but still more sensitive than the
PGM/DGM.

PGM/DGM FGM.
Conv. Rate
flyr) = 7 < O (LR? exp(—k&))+5 | © (LR? exp(—k\/T))+
o (/%)
Complexity

o(tmn(£)) | o(/Fun(u2)
: o(y%)
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Here also, we have established an intrinsic link between speed of convergence
(more precisely the dependence in the condition number of the convergence
rate) and sensitivity with respect to errors (more precisely the dependence in
the condition number of the accumulation of errors). This result shows that
there is no hope to obtain a method as fast as the FGM and as robust as the
PGM/DGM but open the door to the development of new methods with inter-
mediate behaviors.

e Smooth convex functions with stochastic inexact oracle (Chapter 7)

We have also considered the situation of a stochastic oracle, where the first-
order information suffers from a stochastic noise 0. We have studied the be-
havior of our three first-order methods when used in this stochastic context,
first without any modification of the methods, second with specially designed
stepsizes taking into account the stochastic noise.

When used without modification, i.e. with constant stepsizes, the behaviors of
the PGM/DGM/FGM are similar to what we have obtained in the deterministic
case, the stochastic noise (multiplied by the diameter of the feasible set) replac-
ing simply the deterministic error and the expected convergence rate replacing
the deterministic one.

However, the stochastic case is in some sense more favorable compared to the
deterministic case (at least when the oracle is unbiased, otherwise the bias plays
the role of a deterministic error). Taking into account the stochastic nature of
the first-order information, it is possible to improve the performance of these
methods.

Whereas we cannot expect to obtain an accuracy on the objective function
better than ¢ in the deterministic case, it is possible to expect a decrease of the
stochastic noise effect up to 0 with a rate proportional to ﬁ Furthermore, such
unimprovable decrease of the stochastic noise effect can be obtained simply by
using well-chosen decreasing stepsizes in the PGM/DGM/FGM (that become
with these modifications respectively the SPGM, the SDGM and the SFGM). In
particular, the faster convergence rate of the SFGM does not prevent us from
decreasing the stochastic noise at the same rate as for the SPGM/SDGM.

SPGM/SDGM SFGM.
Conv. Rate
e 11| <o(tE) v0 () | <o(4)vo ()
Complexity | max(O(L), (7)) | max(€(y/ L), 6(~4)),
Best Reach. Acc. 0 0
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8.1.2 Objective function with weaker level of smoothness:
Universal First-order methods (Chapters 4 and 5)

We have introduced and used intensively the notion of (§, L)-oracle in order to
represent inexactness in the first-order information of a smooth convex func-
tion. However, it appears that this notion can also be used in order to represent
another difficulty as compared with the desired situation (a smooth convex func-
tion with exact first-order information). The exact oracle of a nonsmooth or a
weakly smooth convex function can be seen as a particular case of (4, L)-oracle.

As a consequence, the first-order methods initially developed for smooth convex
problems (i.e. the PGM/DGM and FGM) can also be applied to nonsmooth and
weakly smooth convex functions, obtaining in some sense universal first-order
methods. Furthermore, the complexity of the PGM/DGM and FGM in these
new situations can be directly derived from the behavior of these first-order
methods when used with a (§, L)-oracle.

The following table summarizes the complexities of the PGM/DGM when ap-
plied to smooth, weakly smooth or nonsmooth convex functions:

Objective function Complexity PGM/DGM | Optimal
?
Smooth convex (f € F;'(Q)) e (“f) No
1+v 12
Weakly smooth convex (f € F;"(Q)) e ((vai) +"> No
Nonsmooth convex (f € Fg;}O(Q)) ) (L‘E52> Yes

These methods are only optimal in the nonsmooth case, where the PGM is
nothing else but the subgradient/mirror-descent method. On the other hand,
the FGM is optimal for nonsmooth but also for weakly smooth and smooth
convex problems:

Objective function Complexity FGM Optimal
?
Smooth convex (f € F;'(Q)) C) ( L§2> Yes

€

Weakly smooth convex (f € Fi:’(Q)) () (ﬂ) e Yes

Nonsmooth convex (f € FE;}O(Q)) e (Lng) Yes

These results break the wall between smooth and nonsmooth convex optimiza-
tion. Using the trick of the (d, L)-oracle, we can obtain first-order methods
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applicable to smooth, weakly smooth and nonsmooth convex functions. Fur-
thermore, the FGM that has been criticized for its higher sensitivity with respect
to oracle errors regains its superb when we are interested in convex problems
with exact information but possibly with a weaker level of smoothness. The
FGM when used with a well-chosen stepsize (depending on the level of smooth-
ness of the objective function) can be seen as an universal optimal first-order
method, reaching the optimal complexity in the smooth, weakly smooth and
nonsmooth case.

Similar results can be obtained in the strongly convex case. Using here the
notion of (d, L, u)-oracle, we have proved that the first-order methods initially
designed for smooth strongly convex functions can also be applied to strongly
convex functions with weaker level of smoothness (nonsmooth strongly convex
function and weakly smooth strongly convex function) but also to uniformly
convex functions with various levels of smoothness (smooth, nonsmooth or
weakly smooth). In view of this result, we have derived the corresponding
complexities of the PGM/DGM and FGM on these different classes.

8.1.3 Linearly Constrained problems : A Novel Double
Smoothing Technique (Chapter 3 )

The problem we are facing in Chapter 3 is not an inexactness of the first-order
information, nor a lack of smoothness (at least for the initial formulation of
the problem). The available first-order information is exact but, due to linear
constraints, projections on the feasible set cannot be computed efficiently which
makes the usual first-order methods non applicable.

A natural approach consists of dualizing the linear constraints, obtaining a dual
problem which is unconstrained but non differentiable and applying to this dual
problem a first-order method for nonsmooth convex problems like the subgradi-
ent method. However with such approach, we can only obtain an unattractive
complexity O () both for the primal and dual convergences.

Using the structure of the dual nonsmooth function, it is possible to apply the
smoothing technique developed by Nesterov in [59] that transforms the nons-
mooth convex dual function into a smooth convex approximation and applies to
this function a fast gradient method. This approach allows us to solve the dual
problem with a significantly better complexity proportional to O(%) However,
the complexity improvement obtained with the classical smoothing technique is
lost during the process of reconstructing a primal solution from the dual one.
Because we cannot guarantee a fast decrease of the norm of the gradient, primal
convergence (the one in which we are really interested) reduces to a complexity
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not better than using the basic subgradient approach.

The double smoothing technique consists in going one step further in the
smoothing process, making the dual objective not only smooth with a Lipschitz-
continuous gradient but also strongly convex. Applying a fast gradient method
for smooth strongly convex functions to this doubly smoothed dual objective
function, we can solve the dual problem with accuracy € in O (% log (%)) iter-
ations and from this nearly optimal dual solution, reconstruct a nearly optimal
primal solution with the same level of accuracy.

Method Dual function Dual compl. | Primal compl.

Subgradient Convex O (%) 0 (%)
but Non-Smooth

Simple Smoothing Convex 0 () 0 (%)
V Lipschitz-cont

Double Smoothing Strongly convex | O (flog (1)) | O(Llog (1))
V Lipschitz-cont.

8.2 Directions for Further Research

After emphasizing the contribution of this thesis, let us conclude it by a discus-
sion on different potential directions for further research:

8.2.1 First-order methods with inexact first-order informa-
tion

Even if we have already gained an extensive understanding of the behavior of
first-order of smooth convex optimization when used with inexact oracle, this
thesis opens the door to some natural direction of further research that could
extend the scope and applicability of our analysis:

o Stochastic oracle in the strongly convex case
If we have considered separately strong convexity and stochasticity as
two ways to improve the behavior of first-order methods with respect to
errors, a natural extension is to combine them and analyze the effect of
a (biased) stochastic oracle on smooth strongly convex functions.

¢ Intermediate Gradient Method in the strongly convex case
Another natural direction for further research would be to extend the no-
tion of Intermediate Gradient Method to the strongly convex case, trying
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to develop a method with intermediate behavior (in term of the depen-
dence in the condition number) between the slow but robust PGM/DGM
and the fast but sensitive FGM. In particular, it would be nice to develop
a very general Intermediate Gradient Method which is continuous in the
strongly convex parameter (when p = 0, we retrieve the IGM already de-
veloped) and continuous with respect to the trade-off fastness/robustness
(we recover the DGM and the FGM as extreme cases).

Variable and Approximable parameters for the inexact oracle

Our analysis of the first-order methods with (d, L)-oracle or with (d, L, u)-
oracle assumes that the parameters 6, and p are constant over the
successive iterations, or at least only takes into account the worst-case
values for these quantities (i.e. the largest § and L, the smallest p).
Furthermore, practical implementation of these methods requires for the
moment an a priori knowledge of the parameters §, L and p.

It would be a real added value for the scope and applicability of these
methods to adapt these first-order methods and their analyses in a way
that allows to specify or estimate at each step the value of §, L and u
for the current answer of the first-order oracle.

More optimistic analysis

We considered in this thesis worst-case oriented results. Our behavior
analysis of the first-order methods considers the worst-case situation of
the worst objective function coupled with an inexact oracle that fight
against the method, the successive errors combining with each other in
the most damaging way. The average behavior with respect to errors of
these method could be very different. We could expect that the errors
will combine in a better way, canceling each other out, or a least in a
neutral way, following a stochastic distribution without bias.

In particular, even if the accumulation of errors in the FGM is unavoid-
able in a worst-case analysis and can be seen on well-chosen numerical
experiments, we could expect that there are many situations where this
sensitivity to errors does not appear, where the FGM is robust and fast
at the same time.

An on average analysis (theoretically or with extended numerical exper-
iments) of the effect of inexact information on first-order methods is an
interesting subject for further research.

Inexact oracle for second-order methods

More generally, this thesis focus on first-order methods and it could be
interesting to develop the same kind of results for second-order methods.
A very promising direction for further research could be to adapt the
definition of the (4, L)-oracle by adding second-order information and
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study the behavior of existing second-order methods, such as the Newton
method or the Newton method with cubic regularization, when used with
this inexact oracle. In particular, it would be very interesting to see if
the faster method with cubic regularization is more sensitive to errors
compared to the classical Newton method, i.e. whether there also exists
a link between speed and sensitivity to errors for second-order methods.

8.2.2 Objective function with weaker level of smoothness:
Universal First-order methods.

o A self-adaptive universal optimal first-order method
In this thesis, we have in some sense broken the wall between smooth con-
vex optimization and nonsmooth convex optimization: first-order meth-
ods designed for smooth problems can be applied to objective functions
with weaker levels of smoothness, provided that the stepsize is adapted
in order to take into account the actual level of smoothness.

An interesting goal for further research is certainly to use these results
in order to design a first-order method which is not only optimal for
each level of smoothness separately but that can reach these optimal
complexities without a priori knowledge of the level of smoothness. It
would be very interesting to obtain a method able to adapt the Lipschitz-
constant to the actual level of smoothness of the objective function and
to exploit local differences of smoothness in some areas of the feasible
set. If this online choice of the stepsize can be implemented, we could for
example significantly accelerate the minimization of a nonsmooth function
as long as we are far enough from the points where the function is non
differentiable.

8.2.3 Linearly Constrained problems :
A Novel Double Smoothing Technique.

¢ Double Smoothing with inexact resolution of subproblems
We have developed the double smoothing technique with the assumption
that the subproblem defining the doubly smoothed dual objective func-
tion can be solved exactly, providing exact first-order information for the
fast gradient method applied to this function. This assumption means
that the only difficulty in the initial problem comes from the linear con-
straint ( i.e. without this constraint the problem is in some sense trivial).
Using our extended analysis of the effect of inexact first-order informa-
tion on the fast-gradient method, it could be possible for further research
to drop this assumption, linking in some sense the two parts of this thesis.
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Indeed, the doubly smoothed dual objective function 6, ,, ..(.) is a max
type function of the form studied in subsection 4.2.2. We know that
solving the subproblems defining 6, ,, ..(.), up to an accuracy of order
0, provides a (9, L, k)-oracle for this function. Furthermore, in the dou-
ble smoothing technique, we apply to this objective function a FGM for
smooth strongly convex functions, a method for which the behavior, when
used with a (d, L, k)-oracle, has been studied in section 5.5. Putting to-
gether these results, we can determine to which level of accuracy we need
to solve the different subproblems in order to obtain a final target accu-
racy of order e for the doubly smoothed dual objective function 6, ,, . (.).

However, we have seen in Chapter 3 that controlling the gap 6, ,, .. (yx) —
0, .. is not sufficient for ensuring an accuracy of order € for the primal
objective function. All the necessary materials and tools have been de-
veloped in this thesis but some technical work must still be done for this
analysis in order to obtain a complete complexity analysis of the double

smoothing technique without assuming exact resolution of subproblems.

Similarly, the results obtained in this thesis open a possibility to de-
velop complete complexity analysis, taking into account outer and in-
ner complexities, for various dual-type approaches such as Augmented
Lagrangians.

Inexact Projection: general analysis of the effects on first-order
methods

If this thesis considers the situation where projections on the feasible set
are difficult due to linear constraints and tackle this difficulty by dualizing
these constraints, it could be also interesting to consider the general
effect of inexact projections on first-order methods. Introducing a notion
of inexact projection and coupling it with the (§, L)-oracle, we could then
obtain a very general framework for analyzing the behavior of the first-
order methods in the presence of inexactness at all levels of the algorithm
(inexact first-order information and inexact projection on the feasible set).
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