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Abstract

Negative interest rates have significantly impacted multiple segments of financial markets and

market participants’ investment behavior. With nominal interest rates entering negative ter-

ritory for the first time in history, a reassessment of the existing framework for interest rate

modelling and derivative pricing is warranted. Moreover, lower bond yields induce investors

to seek higher returns in other asset classes which are potentially associated with higher risks.

Therefore, priority should be given to the development of new modelling solutions for the real-

time monitoring of financial market volatility, correlation, and liquidity conditions given their

central role in portfolio allocation and risk management.

This dissertation revolves around the development of modelling approaches with relevant

applications to financial markets. In particular, Chapter 1 studies the implications of the neg-

ative interest rate environment for the modelling of short rates and the pricing of interest rate

derivatives. In addition, we propose a model calibration approach that takes into account the

whole implied forward rate distribution rather than sparse data points for derivative prices or im-

plied volatilities. Chapter 2 focuses on the development of a Dynamic Conditional Score (DCS)

model for the log correlation matrix which can accommodate fat tails in the conditional distri-

butions and generalizes the Beta-t-EGARCH model of Harvey (2013), which uses the student-t

distribution, to the multivariate case. In Chapter 3, we develop a new algorithm for dynamic

portfolio selection which combines a Dynamic Conditional Correlation (DCC) model with non-

linear shrinkage for the dynamics of asset returns with LASSO-type penalization schemes to

control for within- and between-group variations in portfolio weights. In the application, we

consider US stocks whose sectoral classification is used for group assignment. Other applica-

tions could also be considered. For instance, this framework could be used to efficiently exploit

the diversification opportunities across regions and asset classes arising in a negative rate en-

vironment. Finally, Chapter 4 proposes a new class of dynamic autoregressive liquidity models

for the Amihud illiquidity measure to capture both the long-run trend in illiquidity series with

a nonparametric component and short-run illiquidity dynamics with an autoregressive compo-

nent. This allows us to provide real-time monitoring of liquidity conditions for asset classes which

might constitute attractive diversification opportunities in a negative interest rate environment.
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Introduction

Low interest rate environment and its implications

The aftermath of the 2007-2009 Global Financial Crisis (GFC) left most advanced economies in

an environment with weak growth prospects and low inflation. Central banks across the world

had cut their policy rates during the crisis to levels approaching zero – which was previously

considered as a lower bond on nominal interest rates. Therefore, they needed to resort to uncon-

ventional monetary policy tools to provide further stimulus in this low interest rate environment.

One such tool was negative policy rates which were adopted by the European Central Bank and

other central banks in Denmark, Switzerland, Sweden, and Japan. This new policy tool has had

a significant impact on financial markets. Firstly, negative rates directly impact bond markets

by reducing yields on short term bonds and giving investors incentives, together with access

to cheaper funding, to seek higher yields in riskier segments, such as government or corporate

bonds. Moreover, there are also implications for other asset classes as low bond yields drive

investors into riskier asset classes. In equity markets for instance, both value and growth stocks

become more attractive – the former because they usually pay the highest dividends and the

latter due to the boost in valuation resulting from a lower discount factor on future cash flows.

Secondly, negative rates impact more complex financial products whose pricing requires interest

rates as an input. In particular, negative rates have direct implications for the pricing of inter-

est rate derivatives whose underlyings are rates, and indirect implications for equity derivatives

where interest rates affect pricing through the discount factor.

The multiple financial market implications of the low interest rate environment outlined

above open interesting avenues of research. First, negative interest rates call for a reassessment

of the existing toolkit for interest rate modelling as several widely used approaches, with the

Cox-Ingersoll-Ross (CIR) short-rate model being the most prominent example, explicitly restrict

1
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interest rates to be non-negative. The implications of this unsuitable restriction for derivative

pricing also warrant further investigation. Chapter 1, which is based on Vrins and Wang (2021),

study the implications of negative interest rates on short-rate modelling and develop a new

calibration method for the pricing of interest rate derivatives.

Second, low interest rates induce a search-for-yield environment where investors consider

riskier assets or investment strategies to reap higher returns. For instance, they may consider

not only classical financial assets such as stocks and bonds, but also alternative investments

such as commodities and cryptocurrencies. Empirical evidence suggests that alternative invest-

ment assets exhibit higher volatility than classic asset classes. Moreover, these assets provide

interesting diversification opportunities due to their low correlation with stock markets but the

diversification benefits tend to vary over the business and financial cycles. Therefore, an accurate

modelling of conditional volatilities and correlations is crucial to fully exploit the diversification

opportunities arising in a negative interest rate environment. In Chapter 2, Hafner and Wang

(2021) focus on the development of a new dynamic conditional score model for the log correlation

matrix which is then applied to financial and alternative assets data.

Third, the low interest rate environment – which mainly affects advanced economies – also

creates diversification opportunities to other geographical areas where rates are higher such as

emerging markets. Against this backdrop of search-for-yield across both asset classes and ge-

ographical regions, taking the perspective of a portfolio manager facing an environment with

negative interest rates is an interesting jumping-off point to develop a flexible cross-asset in-

vestment framework. A key element to capture the constraints inherent in such an environment

is to augment the standard mean-variance framework for asset allocation with a set of criteria

motivated by investors’ preferences or constraints. For example, investors might face scenarios

where they would like to cap their overall exposure to a given asset class or geographical area.

They might also want to control the amount of turnover in their portfolio on rebalancing dates

to limit transaction costs. In Chapter 3, Hafner and Wang (2022) propose a new algorithm for

dynamic portfolio selection which can accommodate such preferences or constraints and apply

it to US stocks by exploiting the sector structure in the data.

Finally, liquidity is a key factor to consider for an investor facing a negative interest rate

environment for two reasons. Firstly, the search-for-yield behavior induced by low interest rates

can lead investors towards riskier market segments, e.g. high-yield corporate bonds, which
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exhibit both higher credit and liquidity risks than higher-rated bonds. Secondly, a potential

rapid lift-off in central banks’ policy rates could trigger redemption waves in bond funds as

bond prices drop, and the resulting selling pressures might in turn create a more widespread

liquidity spiral in financial markets. It is therefore important to have a modelling framework

which allows to accurately measure and forecast liquidity conditions in real time for different

asset classes. In Chapter 4, Hafner et al. (2022) contribute to this line of research by developing

a new class of Dynamic Autoregressive Liquidity (DArLiQ) models for the Amihud illiquidity

measure.

Outline of the thesis

The four main chapters of this dissertation are self-contained research articles that can be read

independently from each other. They all focus on the development of new modelling approaches

to better capture the key features of financial market data.2 The outline for the dissertation is

as follows.

Chapter 1: Asymmetric short-rate model without lower bound

The Vasicek model (Vasicek (1977)) and the Cox-Ingersoll-Ross model (Cox et al. (1985); CIR

hereafter) are considered as standard benchmarks for the modelling of short-rate dynamics due

to their ability to capture mean-reverting dynamics in the data and their analytical tractability –

as explicit solutions can be obtained for bond prices and bond options. The short-rate dynamics

under the Vasicek model is specified as

drt = κ (θ − rt) dt+ σdWt , r0 ∈ R , (1)

where κ, θ, and σ are positive constants; and Wt is a Brownian motion under the risk-neutral

measure Q. However, this process implies a Gaussian distribution for the short rate which

contradicts the empirical evidence that interest rates display conditional asymmetry in their

dynamics. Therefore, the CIR model is often favored as it can provide the desired feature of

2The main computations for the thesis were carried out using the R programming language on a 2020 iMac

with the following specifications: Intel Core i9 10-Core processor (3.6GHz) and 72 GB RAM (2133 MHz DDR4).

We also implemented the non-sequential calculations with parallel programming techniques to shorten the running

time.
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positive skewness in the short-rate distribution. The specification of the CIR model is given by

drt = κ (θ − rt) dt+ σ
√
rtdWt , r0 ∈ R+ , (2)

where, as above, κ, θ, and σ are positive constants; and Wt is a Brownian motion under Q.

Moreover, the parameters have to satisfy the Feller condition 2κθ > σ2 for the rt process to be

strictly positive. This positivity constraint of the square-root process used to be an advantage of

the model prior to the negative interest rate period, but this is no longer the case in the current

environment.

Negative interest rates call for a reassessment of the existing toolkit for interest rate modelling

as both the Vasicek and CIR models exhibit undesirable features for the current environment.

Indeed, the most direct solution for the negative rate environment would be to return to the

Vasicek model. However, the process dynamics would fail to capture the desired non-Gaussian

features in the data. Another straightforward solution is to introduce a constant negative shift

to the CIR process. The resulting model would nevertheless still exhibit a strict lower bound

(the shift itself). In addition, although one could treat the shift as an additional parameter to

be estimated from the data, this approach does not specify how to reliably estimate this lower

bound parameter from a theoretical or empirical perspective.

This motivates us to propose a new short-rate process in Chapter 1 to appropriately capture

the salient features of the negative interest rate environment. Our proposed model combines the

advantages of the Vasicek and Cox-Ingersoll-Ross (CIR) dynamics – it is flexible, tractable and

displays positive skewness without imposing a strict lower bound. Furthermore, the tractability

of our framework allows us to obtain semi-analytical expressions for the forward rate density

and caplet pricing. We also propose a novel approach to calibrate short-rate models by forward

rate density matching, which minimizes the distance between the market- and model-implied

densities. To this end, we select as our calibration criteria a symmetrized and smoothed version

of the Kullback-Leibler (KL) divergence, the Jensen–Shannon (JS) divergence.

We use our framework to analyze the implications of the negative interest rate environment

for the market-implied distribution of EURIBOR forward rates and its conditional moments.

Moreover, we provide a thorough empirical analysis demonstrating the superior performance

of our model compared to the Vasicek and CIR models. Additionally, we document that our

proposed calibration procedure based the JS divergence minimization better captures the entire

forward rate distribution compared to competing approaches – which minimize the price or
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volatility discrepancies – while maintaining a good fit in terms of pricing and implied volatility

errors. Therefore, the calibrated parameters obtained based on this approach can then be used

to price new, complex, and illiquid derivatives with the same underlying forward rate.

Chapter 2: A dynamic conditional score model for the log correlation matrix

The measurement and estimation of volatilities and correlations are essential tools in the func-

tioning of financial markets as many decisions faced by investors require a quantification of

expected risks and expected payoffs or returns. Salient examples in which volatilities and cor-

relations play a central role are portfolio optimization, risk management and option pricing. To

be relevant for these empirical applications, a model should be able to capture the main stylized

facts from financial market data: volatility clustering, mean-reverting dynamics of volatility,

the leverage effect, non-Gaussian distribution of the standardized residuals, and time-varying

correlations.

A popular choice in the literature for the modelling of conditional volatilities and correla-

tions is the Dynamic Conditional Correlation (DCC) model of Engle (2002). One reason for the

popularity of this approach is that it allows to decouple the specification of the volatility dy-

namics from the correlation dynamics thanks to the following representation of the conditional

covariance matrix Ht

Ht = DtRtDt , (3)

where Dt is a diagonal matrix containing the conditional volatility components and Rt is the

conditional correlation matrix. For the volatility components, the class of (Generalized) AutoRe-

gressive Conditional Heteroscedasticity, or (G)ARCH models, introduced in the seminal work

by Engle (1982) and Bollerslev (1986), emerged as the standard approach for dynamic volatility

modelling. Suppose yt = σtεt is the asset return at time t where εt is a random variable with

mean zero and variance one. We can specify the dynamics of the univariate asset volatility using

a GARCH(1,1) process as

σ2t = ω + αy2t−1 + βσ2t−1 . (4)

For the dynamics of the conditional correlation matrix, a DCC(1,1) model can be specified

for the conditional pseudo-correlation matrix Qt as

Qt = (1− α− β)C + αεt−1ε
′
t−1 + βQt−1 , (5)
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where εt is the vector of devolatized residuals, with elements yit/σit, and C is the unconditional

correlation matrix of εt. Note that the matrix Qt can also be interpreted as the conditional

covariance matrix of the devolatized residuals. Since the diagonal elements of Qt are close to

one but not exactly equal to one, the conditional correlation matrix can be obtained by rescaling

the Qt matrix, Rt := Diag (Qt)
−1/2QtDiag (Qt)

−1/2.

Despite the flexibility of the modelling framework outlined above and its satisfactory empiri-

cal performances, it suffers from some limitations. The GARCH model specified in Equation (4)

features lagged squared observations which make the updating of the volatility process overly

responsive to extreme realizations. These extreme realizations are common in financial data

whose error distribution displays fat-tails. To address this issue, Dynamic Conditional Score

(DCS) models, also called Generalized Autoregressive Score (GAS) models, are introduced in

the seminal works of Harvey (2013) and Creal et al. (2011). They propose to replace the squared

past observations in the updating equation for the volatility dynamics by the score of the con-

ditional density of the standardized errors. This leads to an intuitive updating mechanism for

the time-varying parameters as the conditional score indicates the direction of steepest ascent to

update the model’s local fit in terms of likelihood, given the current position of the parameters.

In addition, the score depends on the complete density, and not only on the first- or second-order

moments of the observations. Furthermore, Harvey (2013) assumes a student-t distribution in

his Beta-t-EGARCH model to better match the fat-tail feature in financial asset return data

and he uses an exponential link function to ensure positivity of the volatility process. It is inter-

esting to note that, by imposing the use of the conditional score in the updating equation of the

time-varying parameters, the DCS approach introduces a strong link between the conditional

distribution of the error term and the updating mechanism for the model’s parameters. While

the updating based on the student-t distribution appears appropriate for the modelling of asset

returns, testing for the empirical relevance of this modelling assumption might be warranted

in other applications. We do not investigate this avenue in the current thesis but the inter-

ested reader is referred to Blasques et al. (2022) for a first attempt at generalizing score-driven

methods.

In Chapter 2, we aim to extend the Beta-t-EGARCH model of Harvey (2013) to a multi-

variate setting. One key element to achieve this goal is to ensure the positive definiteness of

the conditional correlation matrix in arbitrary dimensions. We achieve this through exponenti-
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ation of the conditional log correlation matrix thanks to the new parametrization proposed by

Archakov and Hansen (2021) which generalizes the Fisher z-transformation from the bivariate

case to higher dimensions. Our proposed dynamic model for the log correlation matrix, whose

dynamics are driven by the likelihood score with respect to the log parameters defined from the

matrix logarithm of the correlation matrix, accommodates fat tails in the conditional distribu-

tion of returns thanks to a student-t copula capturing the dependence structure and univariate

student-t for the marginals – with potentially different degrees of freedom.

We derive estimation theory for both a one-step and a two-step estimator which allows for

separation into volatility and correlation parts and remains computationally feasible in settings

with higher dimensions. An empirical application using financial and alternative assets data

demonstrates the model performance in terms of in-sample estimation and out-of-sample fore-

casting when compared to alternative modelling approaches in the literature. We demonstrate

that our model provides the best fit to the data in terms of likelihood, AIC and BIC criteria.

We use the minimum variance portfolio selection application to demonstrate the out-of-sample

forecasting performance where we show that a portfolio constructed based on the log correlation

model has comparable volatility and Sharpe ratio to alternative DCS parameterizations and

superior performance when compared with the corrected DCC (cDCC) model of Aielli (2013).

Chapter 3: Dynamic portfolio selection with sector-specific regularization

Portfolio selection has been a central topic in empirical finance since it was first proposed by

Markowitz (1952). Typically, portfolio performance is evaluated based on the maximization of

a measure of risk-adjusted performance, for instance the Sharpe ratio criteria. However, it has

been shown in the literature that the estimation and prediction of asset mean returns can be

challenging, see e.g. Best and Grauer (1991). Furthermore, studies such as Jagannathan and

Ma (2003) show that prioritizing the minimization of portfolio variance can lead to portfolio

allocations outperforming, in terms of out-of-sample Sharpe ratios, other competing approaches

which involve the estimation of mean returns. Therefore, we refrain from modelling asset mean

returns and focus on the global minimum variance (GMV) portfolio.

The GMV portfolio problem for a given covariance matrix Ht is formulated as a constrained
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minimization problem, i.e.

min
w

w′Htw

s.t. w′1 = 1 . (6)

This optimization problem has an analytical solution for the portfolio weights, wt =
H−1

t 1

1′H−1
t 1

.

Optimal portfolio weights can thus be obtained for a given estimate of the covariance matrix,

e.g. using the sample estimate. However, this naive approach leads to poor out-of-sample

performance, especially in large dimensional cases, due to unstable and ill-conditioned sample

estimates of the covariance matrix.

Solutions have been proposed to address this issue, such as the shrinkage approach (see e.g.

Ledoit and Wolf (2004) and Ledoit and Wolf (2017)) and weight regularization (Jagannathan and

Ma (2003); DeMiguel et al. (2009); and Fan et al. (2012)). In addition, Engle et al. (2019) show

that, although dynamic frameworks also face potential challenges in large dimensional settings,

the GARCH-DCC model (see Equations (4)-(5) above in the overview section on Chapter 2)

implemented with composite likelihood estimation and nonlinear shrinkage technique provides

superior out-of-sample portfolio performance.

In Chapter 3, we use the dynamic GARCH-DCC framework as a starting point to investigate

how a portfolio manager could efficiently exploit relevant information about the structure of the

investment universe – e.g. based on assets belonging to different asset classes, geographical

regions, and industry sectors – to further improve the resulting portfolio allocation. We pro-

pose a new algorithm for dynamic portfolio selection that construct asset allocation strategies

subject to a set of criteria motivated by investment preferences or constraints. Our proposed

framework is very general but we focus our empirical application on a dataset of 500 US stocks,

equally split across 10 sectors based on the Global Industry Classification Standard (GICS), to

highlight that our approach is particularly well-suited to large-dimensional applications. We in-

corporate directly a sector-specific structure into our portfolio optimization procedure, which is

defined through regularizations with respect to within- and between-sector variations of portfolio

weights. The framework includes two special cases as benchmarks: the GARCH-DCC approach

and the equally-weighted portfolio. An algorithm is proposed for the estimation of the model

parameters and the calibration of the penalty terms based on cross-validation approach in a

dynamic setting.
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In practice, to avoid unreasonable amount of transaction costs and maintain a lower turnover,

it is more common to re-balance the portfolios at a monthly frequency. However, we rely on

daily data for the estimation of the conditional covariance matrix as it leads to more accurate

estimates and forecasts. This creates a mismatch between the frequencies for modelling and

portfolio construction as the dynamic model provides a forecast of the covariance matrix for the

next day, while we want to construct a portfolio based on its predicted performance over the

next month. To address this mismatch, we use an “averaged-forecasting” approach to obtain

the covariance matrix under the GARCH-DCC model. For each portfolio construction date,

we forecast the covariance matrix for all days in the upcoming month and then average those

forecasts to construct the portfolio at this date.3

We provide a comprehensive performance analysis of our framework considering four differ-

ent investment universes with portfolio size N ∈ {50, 100, 250, 500}. We document that among

the three sector-wise regularizations considered, controlling for within-sector weight variation

has the highest contribution to reducing the out-of-sample portfolio volatility. This observation

indicates that within-sector penalization is more important than between-sector diversification

or concentrating the allocation on a few selected sectors. Additionally, we show that introduc-

ing sparsity in asset allocation weights and promoting stable weight evolution over time also

significantly improve the out-of-sample portfolio volatility.

Chapter 4: Dynamic Autoregressive Liquidity (DArLiQ)

Liquidity is a key property of financial assets and plays a central role in the functioning of

financial markets. Amihud (2002) defines the daily illiquidity ratio as ℓt = |Rt|
Vt

, where Rt

is the stock return and Vt is the (dollar) trading volume at time t. The Amihud illiquidity

measure reflects the fact that a stock is less liquid if a given trading volume generates a larger

move in its price. Empirical evidence points to the existence of factors driving low-frequency

variations in illiquidity dynamics in addition to higher-frequency variations. To illustrate this

point, Figure 1 plots the evolution of the daily log Amihud illiquidity measure for the S&P 500

stock market index over the period of 1950–2021. We observe that the illiquidity series exhibit

a strong downward trend over time. It is worth noting that there is a temporary uptick in the

3The reader is referred to Section 3.2 of Chapter 3 for details on how to obtain the conditional covariance

matrix forecast to construct a monthly re-balanced portfolio.
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Figure 1: S&P 500 index daily log illiquidity.

illiquidity level during the 2007-2009 GFC, indicating a worsening in market liquidity conditions.

Furthermore, market liquidity fluctuated at a more stable level in the post-GFC period.4 This

motivates our modelling approach which weakens the requirement on stationarity.

Our approach builds on Multiplicative Error Models (MEMs), which have been developed

to model the evolution of a non-negative process xt = µtεt exhibiting some degree of persistence

in its dynamics. It is specified as the product of a time-varying autoregressive scale factor µt –

which depends upon the recent past of the xt series – and a standard positive valued random

variable εt with unit mean. The scale factor µt captures the conditional mean of xt and its

dynamics can be specified as

µt = ω + βµt−1 + αxt−1 , (7)

where the βµt−1 term captures the persistence in the dynamics and the αxt−1 term captures the

contribution of the more recent observation. The MEM approach has been successfully applied

to the modelling of duration between irregularly spaced transaction data (Engle and Russell

4One potential reason for this stabilization in market liquidity after the GFC is the regulatory tightening on

security brokers and dealers which might have led to a higher cost of market making – through increased cost of

capital – and a decrease in risk taking due to leverage constraints. See Adrian et al. (2017) for a detailed account of

the potential impact of regulation on the post-GFC trading environment for US Treasuries and corporate bonds.
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(1998)); the joint modelling of duration, transaction volume, and volatility (Manganelli (2005));

and volatility modelling using multiple volatility proxies (Engle and Gallo (2006)).

As mentioned above, nonstationarity or trend in the illiquidity dynamics might be an impor-

tant feature of financial market data. We account for this element by augmenting the standard

MEM specification with a nonparametric trend component as follows

xt = g(t/T )µtεt, (8)

where g(.) is a smooth but unknown function of rescaled time.5 Our new class of semiparamet-

ric Dynamic Autoregressive Liquidity (DArLiQ) models therefore incorporates both a nonpara-

metric component capturing the long-run trend of the illiquidity series and an autoregressive

component capturing the short-run dynamics of illiquidity. We develop a GMM estimator based

on conditional moment restrictions and an efficient semiparametric maximum likelihood esti-

mator based on an i.i.d. assumption. We derive large sample properties for both estimators.

We further develop a methodology to detect the occurrence of permanent breaks captured by

potential discontinuities in the nonparametric trend function g(t/T ) and transitory breaks in

the illiquidity process which are captured by dummy variables in the short-run dynamics of µt.

Finally, we demonstrate the model performance and its empirical relevance on two applica-

tions. First, we study the impact of stock splits on the illiquidity dynamics of the five largest US

technology company stocks. We document that stock splits significantly decrease the long-run

trend level of liquidity but not the short-run illiquidity dynamics for our panel of US technology

stocks. Second, we investigate how the different components of the illiquidity process obtained

from our model relate to the stock market risk premium using data on the S&P 500 stock market

index. Our regression results suggest that excess returns increase with respect to the expected

illiquidity component while the unexpected illiquidity shocks have a negative impact on stock

prices and returns.

5The reader is referred to Section 4.3 of Chapter 4 for the complete specification of the model and identification

restrictions.
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Chapter 1

Asymmetric short-rate model

without lower bound
1

1.1 Introduction

The Global Financial Crisis of 2007-2008 prompted major central banks to cut their policy

rates in order to mitigate the contractionary effects of the crisis on the real economy. Faced

with the inability to further decrease their policy rates to support the economic recovery due to

the (Zero) Lower Bound constraint, central banks resorted to unconventional monetary policies

(UMPs), such as quantitative easing and negative interest rate policies, in an attempt to further

stimulate the economic recovery in a low interest rate environment. Research has mainly focused

on assessing the effectiveness of UMPs in stimulating the real economy; see e.g. Acharya et al.

(2019) for an analysis of the real effects of the ECB’s Outright Monetary Transactions (OMT)

programme and Heider et al. (2019) for a study of the transmission of negative interest rates to

the real economy through the bank lending channel.

Fewer papers focus on the implications of the low interest rate environment, which results

partly from UMPs implemented by central banks, for the modelling and pricing of interest rate

derivatives. Filipović et al. (2017) introduce the linear-rational term structure framework for

the pricing of swaps and European swaptions and Filipović and Kitapbayev (2018) extend it to

American swaption pricing. The authors’ contributions are however limited to an environment

1This chapter corresponds to Vrins, F. and L. Wang (2021): “Asymmetric short-rate model without lower

bound”, submitted to Quantitative Finance.
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with a strict Zero Lower Bound and thus provide limited insights on challenges associated

with derivative pricing in a negative interest rate environment. Recchioni et al. (2017) show

empirically that allowing for negative interest rates within the multi-factor Heston stochastic

volatility model of Recchioni and Sun (2016) leads to more accurate pricing both in-sample and

out-of-sample for European call and put equity options.

We make a contribution to this research agenda by developing a short-rate model which

appropriately captures the salient features of the negative interest rate environment while deliv-

ering tractable semi-analytical expressions for the pricing of caplets. Mean-reverting processes

such as the Vasicek model (Vasicek (1977)) and the Cox-Ingersoll-Ross model (Cox et al. (1985);

CIR hereafter) are considered as standard benchmarks for the modelling of short rate dynamics.

The latter was often favored before the negative interest rate period as it precludes negative

values, in contrast to the Vasicek model which postulates a Gaussian distribution. Nevertheless,

short-rate modelling frameworks need to be reviewed in order to better reflect the recent interest

rate environment. The most direct solution would be returning to models exhibiting Gaussian

dynamics, such as the Vasicek model, which do not preclude negative values. However, this ap-

proach might be at odds with empirical evidence as interest rates display conditional asymmetry

in their dynamics; see e.g. Bauer and Chernov (2021) who document pronounced variations in

US yield conditional skewness over the business cycle using option-implied skewness for future

Treasury yields. Square-root dynamics, as found in the CIR model, can provide the desired

positive skewness but at the cost of non-negativity, which is not appropriate in a negative rate

environment. A straightforward solution is to introduce a constant negative shift to the CIR

process. Nevertheless, the resulting model would exhibit a strict lower bound (the shift itself).

In addition, although one could treat the shift as an additional parameter to be estimated from

the data, this approach does not prescribe how to reliably estimate this lower bound parameter

and guidelines from the empirical or theoretical literature are currently scarce.

In light of these limitations, this paper makes four contributions: First, we propose a two-

factor model (VaCIR hereafter) which combines the desirable features of the Vasicek and CIR

models. We also consider the deterministic shift extension of these models proposed by Brigo and

Mercurio (2001) which guarantees a perfect fit to the term structure of interest rates. The shifted

versions of the Vasicek and CIR models are known respectively as the Hull-White model (Hull

and White (1990)) and the CIR++ model (Brigo and Mercurio (2001)). These two models are
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then combined to obtain the shifted version of our VaCIR model which we denote as VaCIR++.

The term structure literature has previously resorted to similar two-factor models to obtain

decompositions of risky interest rates into their risk-free components, modelled by a Vasicek

process, and compensations for their exposures to credit and/or liquidity risks, modelled by

CIR processes; see for example Longstaff et al. (2005) and Filipović and Trolle (2013). Instead,

our purpose is to propose a two-factor approach that would better characterize interest rate

dynamics in a negative interest rate environment. The tractability of our framework allows us

to obtain semi-analytical expressions for the forward rate density and caplet pricing.

Second, we propose a novel approach to calibrate short rate models by forward rate density

matching. This is achieved by minimizing the distance between the market- and model-implied

densities, measured by the Jensen–Shannon (JS) divergence.2 More precisely, we choose the

model parameters such that the associated forward rate distribution, computed under the cor-

responding forward measure, is the closest to the one implied by derivative market prices. The

key advantage over the price or volatility mean absolute error (MAE hereafter) minimization is

that our approach analyzes the fit based on the full distribution rather than focusing on a few

data points. An accurate calibration of the density tends to ensure a good fit in terms of prices

or volatilities. However, the converse is not necessarily true.

Third, we study the evolution of the market-implied EURIBOR forward rate densities during

the recent period of negative interest rates. To this end, we collect a time series of normal

volatility curves of caps and apply a stripping procedure to obtain caplet prices. The model-free

approach of Breeden and Litzenberger (1978) is then used in combination with the arbitrage-free

smoothing technique introduced in Fengler (2009) to get smooth non-negative market implied

forward rate densities. These densities are the key input to derivatives pricing and will serve as

the calibration target in the density matching approach we developed. Two papers propose an

analysis related to our empirical study of market-implied forward rate densities: Li and Zhao

(2009) study the probability density functions of future US LIBOR rates implied from caps

data. Similarly, Trolle and Schwartz (2014) provide stylized facts about higher-order swap rate

moments based on the implied density obtained from the swaption cube data for Europe and

2By switching the focus of the calibration approach to the minimization of the relative entropy (JS divergence)

between the market- and model-implied densities, our contribution builds directly on the literature applying

information theory to quantitative finance, see e.g. Brody and Hughston (2002) for an application to term

structure calibration.
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the US. However, both papers focus on the period preceding the low interest rate regime and

their analysis does not provide relevant insights about the negative interest rate environment.

Fourth, we provide a thorough empirical study investigating the performance of the Hull-

White, the CIR++ and the VaCIR++ models during the recent period of negative interest

rates in the euro area. We then evaluate the performance of these models when calibrated using

both the volatility MAE and density matching criteria. We find that the VaCIR++ model,

which combines the features of the Hull-White and CIR++ models, consistently exhibits the

best performance regardless of the target criterion. Our results further demonstrate that the JS

divergence calibration approach provides a more robust way of calibrating interest rate models

to fixed-income derivatives data since it has superior performance in capturing the entire forward

distribution, high pricing accuracy and comparable fitting quality in terms of matching implied

volatility curves. Therefore, this approach can then be used to price new, complex, and illiquid

derivatives with the same underlying forward rate.

The remainder of the paper is organized as follows: Section 1.2 introduces the modelling

framework which combines the Hull-White and CIR++ models into our proposed two-factor

VaCIR++ model. Section 1.3 details the different steps of our calibration algorithm. Section

1.4 presents the data for our empirical application and the results. Section 1.5 concludes.

1.2 Model description

In this section, we focus on analytically tractable homogeneous short rate models existing in the

literature and explain how to extend them to obtain a more flexible and general framework that

will better account for the negative interest rate environment. For all three considered cases,

we use the deterministic shift extension illustrated by Brigo and Mercurio (2001). The idea is

that by shifting a latent model with time-homogeneous dynamics with a deterministic function

ϕ : R+ → R, one obtains a short-rate model that is analytically tractable and able to perfectly

fit to the term structure of interest rates. Moreover, the shift function ϕ is directly given by

the difference between the instantaneous forward rate curve implied from the market and that

generated by the latent process, possibly available in closed-form.

We start with two classic short rate models which will serve as benchmarks. The obvious

choice is the Hull-White model. We consider an Ornstein-Uhlenbeck (Gaussian) latent process,
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and shift it with the function ϕ. The other natural candidate is the CIR model. Applying a

deterministic shift function to the latter yields the CIR++ model. This model features skewness

and is compatible with the negative rates environment thanks to the shift. Note that this model

exhibits a strict lower bound up to any time horizon T , given by the minimum of the function

ϕ on the interval [0, T ]. The alternative we propose is a combination of the aforementioned

models, in an attempt to address their documented shortcomings while preserving the desired

features.

1.2.1 Baseline framework

We postulate a filtered probability space (Ω,F ,F,Q) where Q is a probability measure and

F := (F t)t≥0 the filtration, satisfying the usual conditions. All processes considered in this

paper are assumed to be F-adapted.

We consider two standard interest-rate models that we take as benchmark, namely the

Vasicek model (noted x hereafter) and the CIR model (noted y hereafter). The short-rate

dynamics are respectively given by

dxt = κ1(θ1 − xt)dt+ σ1dW
x
t , x0 ∈ R , (1.1)

dyt = κ2(θ2 − yt)dt+ σ2
√
ytdW

y
t , y0 ∈ R+

0 . (1.2)

where W x and W y are two independent Brownian motions under Q.

These models belong to the class of homogeneous one-factor affine diffusions, with dynamics3

dzt = (a+ bzt)dt+
√
c+ dztdWt , z0 > c/d , ∀ d > 0 , (1.3)

where W is a Brownian motion. We denote the parameters as Ψ = (a, b, c, d, z0). The stochastic

differential equations (SDEs) associated with the Vasicek and CIR models are recovered from

Equation (1.3) using respectively Ψx := (κ1θ1,−κ1, σ21, 0, x0) and Ψy := (κ2θ2,−κ2, 0, σ22, y0).4

Homogeneous affine diffusions, as in Equation (1.3), are popular due to their analytical

tractability which simplifies model calibration. For instance, denoting by E the expectation

3While we focus the exposition on the univariate case, multi-dimensional jump-diffusion models can be con-

sidered.
4In these expressions, the constraints on the parameters are as follows: κ1, σ1, y0, κ2, θ2, σ2 are positive con-

stants and 2κ2θ2 > σ2
2 (Feller condition).
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under Q, it is well-known that for such processes,

P zt (T ) := E
[
e−

∫ T
t zsds

∣∣∣∣Ft] = Az(T − t)e−B
z(T−t)zt , (1.4)

where Az, Bz are deterministic functions satisfying Riccati equations, for which analytical solu-

tions can be found.5

When Q stands for the risk-neutral measure, F is the information available to investors and

z depicts the short-rate process, P zt (T ) agrees with Pt(T ), the no-arbitrage price at time t of a

risk-free zero-coupon bond with maturity T ≥ t:

Pt(T ) := E

[
M z
t

M z
T

∣∣∣∣∣Ft
]
= E

[
e−

∫ T
t zsds

∣∣∣∣Ft] = P zt (T ) , (1.5)

where M z := (M z
t )t≥0 and M z

t := e
∫ t
0 zsds is the money market account numéraire.

The existence of analytical expressions for zero-coupon bond prices explains why the Vasicek

and CIR models are so popular for interest rates modelling. Furthermore, their deterministic

shift extensions make it possible to replicate the observed term structure of discount factors

at time t. More specifically, the short rate is expressed as zϕt = zt + ϕz(t), z ∈ {x, y}. The

corresponding zero-coupon bond price takes the form

P z
ϕ

t (T ) = exp

{
−
∫ T

t
ϕz(s)ds

}
P zt (T ) . (1.6)

One can then choose the function ϕz such that the discount curve implied by the zϕ model

perfectly agrees with the market discount curve, i.e., P z
ϕ

t (T ) = PMt (T ). It can be shown that

this choice corresponds to

ϕz(t) = fM0 (t)− fz0 (t) , (1.7)

fx0 (t) =

(
σ21
2κ21

e−κ1t +
κ21θ1 − σ21/2

κ21

)(
1− e−κ1t

)
+ x0e

−κ1t , (1.8)

fy0 (t) =
2κ2θ2(e

th − 1)

2h+ (κ2 + h)(eth − 1)
+ y0

4h2eth

[2h+ (κ2 + h)(eth − 1)]2
, (1.9)

where fMt (·) is the time-t instantaneous forward curve associated with the current market term

structure, fzt (·) is the corresponding curve implied by the model z ∈ {x, y} and h :=
√
κ22 + 2σ22.

5They are recalled in section 1.A for z ∈ {x, y}.
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1.2.2 Proposed extension

Recall that our goal is to design a model that would comply with negative interest rates. As

discussed in the introduction, the Vasicek model (x) has the ability to deal with negative values,

but at the expense of assuming a Normal distribution for the short rate. The shifted CIR

model may comply with the negative interest rate environment whenever the shift is negative.

However, as explained above, such a process would exhibit a time-dependent lower bound (the

shift function itself) which would be associated with additional challenges on how to reliably

estimate a meaningful lower bound on interest rates from available data.

The model we propose aims at capturing skewness without imposing a strict lower bound by

combining two latent processes: a Vasicek process and a CIR process. We denote the resulting

model VaCIR hereafter. Mathematically, we consider the following dynamics for the short rate

in this model:

rt := xt + yt , (1.10)

where the Brownian motions W x,W y in Equation (1.1) and Equation (1.2) are assumed to be

independent. This assumption preserves the analytical tractability of zero-coupon bond prices

P rt (T ) = P xt (T )P
y
t (T ) = Ax(T − t)Ay(T − t)e−[Bx(T−t)xt+By(T−t)yt] . (1.11)

Similarly, we extend the combined VaCIR model to perfectly replicate the current observed

discount curve (denoted VaCIR++ hereafter), i.e., rϕt = rt+ϕ
r(t), where ϕr(t) = ϕx(t)+ϕy(t)−

fM0 (t). Additionally, the zero-coupon bond is defined in the same way as in Equation (1.6).

Introducing correlation between the two latent processes would come at the cost of analytical

tractability of A,B since the resulting model would not be part of the affine model class, see

section 1.C for details. One consequence of assuming independence between x and y is that our

proposed model might yield unsatisfactory calibrations results for the term structure of caplet

volatilities exhibiting a large hump shape. As the main focus of our analysis is not the calibration

of the market-implied volatility surface, we leave these considerations for future research and

refer the interested reader to Chapter 4 of Brigo and Mercurio (2007) for more details.

1.2.3 Forward rate dynamics and densities under the forward measure

Due to the central role played by the forward rate in the price of derivative products (e.g., caps

and floors), we derive the dynamics and densities related to the forward rate in the various
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models6

F zt (T, S) =
1

∆

(
P zt (T )

P zt (S)
− 1

)
, z ∈ {x, y, r} . (1.12)

For convenience, we formulate the dynamics of F (T, S) = (Ft(T, S))0≤t≤T<S under the S-

forward measure, QS .

Proposition 1. Let t ≤ T < S and ∆ := S − T . Then,

(a) The forward rate F r(T, S) associated with the model specified in Equation (1.10) reads as

F rt (T, S) =
1

∆

(
(1 + ∆F xt (T, S))(1 + ∆F yt (T, S))− 1

)
. (1.13)

Moreover, let σxt := σ1, σ
y
t := σ2

√
yt be the diffusion coefficients associated with models x and

y, respectively. For z ∈ {x, y}, define W z,S
t :=W z

t +
∫ t
0 ζ

z,S
s ds with ζz,St := σztB

z(S − t). Define

QS using the random variable

dQS

dQ

∣∣∣∣∣
FS

=
P rS(S)

P r0 (S)

M r
0

M r
S

=
P rS(S)

P r0 (S)M
r
S

.

Then,

(b) F x(T, S), F y(T, S) and F r(T, S) are QS-martingales;

(c) The dynamics of the forward rates associated with x and y are given by

dF xt (T, S) = σx
(
t, F xt (T, S)

)
dW x,S

t , dF yt (T, S) = σy
(
t, F yt (T, S)

)
dW y,S

t , (1.14)

where, W x,S ,W y,S are independent QS-Brownian motions and

σx(t, z) := σ1

[
z +

1

∆

] (
Bx(S − t)−Bx(T − t)

)
,

σy(t, z) := σ2

[
z +

1

∆

]√(
By(S − t)−By(T − t)

) (
Gt(T, S, z)

)
,

Gt(T, S, z) := ln

(
[1 + ∆z]

Ay(S − t)

Ay(T − t)

)
.

Proof: see section 1.D.

Because these processes are independent, the conditional density of rt given (xs, ys) is ob-

tained by convolution of the corresponding conditional densities for the Vasicek and the CIR

processes sampled at t. The QS-conditional densities of x and y can be found in Brigo and

Mercurio (2007).

6Of course, with the deterministic shift extension, the expression for forward rates should also be adjusted for

the shift term, which can be re-written as F zϕ

t (T, S) = 1
∆

(
e−

∫ S
T φz(s)ds Pz

t (T )

Pz
t (S)

− 1
)

, z ∈ {x, y, r} .
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Proposition 2. Let t ≤ T ≤ S. Under QS, the density of the spot rate zϕT conditional on zϕt ,

for z ∈ {x, y, r}, is given by ,

fS
zϕT |zϕt

(u) = fSzT |zt(u− ϕz(t)) . (1.15)

Note that when z = r, the condition zT |zt becomes rT |(xt, yt).

(a) the density of xT conditional on xt is given by

fSxT |xt(u) =
1

σx(T − t)
φ

(
u− µx(t, T )

σx(T − t)

)
, (1.16)

µx(t, T ) = xte
−κ1(T−t) +MS(t, T ) ,

σx(τ) =

√
σ21
2κ1

[
1− e−2κ1τ

]
,

MS(t, T ) =

(
θ1 −

σ21
κ21

)(
1− e−κ1(T−t)

)
+
e−κ1(S−T )

κ1
(σx(T − t))2 ,

where φ is the standard Normal density.

(b) the density of yT conditional on yt is given by

fSyT |yt(u) = fχ2(ν,δ(t,T,S))/q(t,T,S)(u) = q(t, T, S)fχ2(ν,δ(t,T,S))(q(t, T, S)u) , u ≥ 0 , (1.17)

where fχ2(ν,δ) is the density of a non-central chi-squared random variable with ν degrees of

freedom and non-centrality parameter δ. We introduced the following notation

q(t, T, S) := 2

(
ρ(T − t) +

κ2 + h

σ22
+By(∆)

)
,

δ(t, T, S) :=
4ρ(T − t)2yte

h(T−t)

q(t, T, S)
,

ρ(τ) :=
2h

σ22(exp[hτ ]− 1)
,

with ν := 4κ2θ2/σ
2
2 and h :=

√
κ22 + 2σ22.

(c) the density of rT conditional on (xt, yt) is given by

fSrT |(xt,yt)(u) =

∫ ∞

0
fSxT |xt(u− v)fSyT |yt(v)dv . (1.18)

From the expressions in Proposition 2, we can now provide a characterization of the condi-

tional density of the zero-coupon bond price under the S-forward measure.

Proposition 3. Let t ≤ T ≤ S. Under QS, the density of the zero-coupon bond price, P z
ϕ

T (S),

conditional upon zϕt , for models of z ∈ {x, y, r} with shift extensions, is given by

fS
P zϕ
T (S)|zϕt

(u) = e
∫ T
t ϕz(s)dsfSP z

T (S)|zt

(
u e

∫ T
t ϕz(s)ds

)
, u ≥ 0 . (1.19)
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Note that when z = r, the condition P zT (S)|zt becomes P rT (S)|(xt, yt).

(a) the density of the zero-coupon bond price P zT (S) conditional upon zt, for the Vasicek model

(z = x) and the CIR model (z = y) are given by

fSP z
T (S)|zt(u) =

1

uBz(∆)
fSzT |zt

(
1

Bz(∆)
ln
Az(∆)

u

)
, (1.20)

where u ≥ 0 for the Vasicek model and 0 ≤ u ≤ 1 for the CIR model.

As for the combined model, it reads as

fSP r
T (S)| Ft

(u) =

∫ 1

0

1

v
fSPx

T (S)|xt(u/v)f
S
P y
T (S)|ys(v)dv, u ≥ 0 . (1.21)

(b) the density of the spot rate Lz
ϕ
(T, S) := F z

ϕ

T (T, S) conditional upon F t = Fx
t ∨Fy

t ,
7

z ∈ {x, y, r}, is given by

fS
Lzϕ (T,S)| Ft

(u) =
∆

(1 +∆u)2
fS
P zϕ
T (S)| Ft

(
1

1 + ∆u

)
. (1.22)

1.3 Model calibration

Calibrating a short rate model z to the market amounts to (i) select a set of n financial products,

called calibration instruments hereafter, and (ii) look for the set of parameters Ψz minimizing

the discrepancies between the market- and model-implied prices of the calibration instruments.

The time-t no-arbitrage price of a caplet on the spot rate L(T, S) = FT (T, S), with strike K,

fixing date T and payment date S > T can be obtained from the QS density of L(T, S):

Cplt(T, S,K) =Mt E

[
(L(T, S)−K)+∆

MS

∣∣∣∣∣F t

]
= Pt(S)ES

[
(L(T, S)−K)+∆

∣∣∣F t

]
= ∆Pt(S)

∫ +∞

K
(v −K)fSL(T,S)| Ft

(v)dv , (1.23)

where Pt(S) is the price of the zero-coupon bond with maturity S at time t and fSL(T,S) is the

density of the spot rate L(T, S) provided in Equation (1.22). The model prices are obtained by

evaluating the right-hand side of Equation (1.23), replacing fSL(T,S) by f
S
Lz(T,S) in Proposition (3)

for each of the considered models. Calibration based on the minimization of the mean absolute

error of implied volatilities is often favored in practice and we cover this approach in Section

1.3.1. In Section 1.3.2, we introduce a novel calibration technique whose aim is to minimize the

7Since x and y are independent, Lx(T, S)| F t is equivalent to Lx(T, S)|xt, Ly(T, S)| F t is equivalent to

Ly(T, S)|yt and Lr(T, S)| F t is equivalent to Lr(T, S)|(xt, yt).
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distance between the model-implied density, fSLz(T,S), and the market-implied one, fSL(T,S).

1.3.1 Calibration of the implied volatility curve

The caplet pricing equation provides us with the formula to compute the caplet prices under

the three considered models by plugging in the density function specified in Equation (1.22).

Under the assumption of normal volatility and the Bachelier formula, we can obtain the implied

volatility associated with caplet products. Based on the implied volatility, the considered models

are calibrated to the market caplet volatility surface, and the fitting performance is measured in

terms of the mean absolute error of implied volatilities. We thus calibrate each of the considered

models by looking for the parameters Ψz which minimize the MAE between the model-implied

and market-implied volatilities:

Ψz∗ := argmin
Ψz

1

n

n∑
i=1

∣∣∣σMi − σzi

∣∣∣ (1.24)

where σMi and σzi are the market- and model-implied volatilities for caplet i, respectively.

1.3.2 Calibration of the forward rate density

The caplet pricing equation allows us to infer the implied forward rate density from market

data in a model-free way.8 Indeed, differentiating twice the expression for the caplet price in

Equation (1.23) with respect to the strike K, we obtain

fSL(T,S)| Ft
(K) =

∂2

∂K2Cplt(T, S,K)

∆Pt(S)
. (1.25)

In order to get an accurate estimation of the density based on Equation (1.25), we need to

obtain the market discount curve and the price quotations for caplets on a fine grid of strikes.

Since only a limited number of products are actively traded and quoted on the fixed income

market, we have to resort to interpolation methods. Special care needs to be taken in order to

obtain a valid (i.e., non-negative) and smooth density.

To this end, we use the arbitrage-free smoothing technique of the implied volatility surface

developed by Fengler (2009) which we apply to the caplet prices. The procedure takes the

quoted caps data and obtain the caplet prices via caplet stripping. Then, a cubic spline smooth-

ing technique is applied to caplet prices, augmented with appropriately chosen linear constraints

8See Breeden and Litzenberger (1978) for a seminal contribution and Brigo and Mercurio (2007) for a textbook

treatment in the context of caplet pricing.
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to enforce no-arbitrage restrictions. By eliminating arbitrage opportunities, this approach pre-

cludes the occurrence of negative local volatilities or negative transition probabilities and thus

ensures that the forward rate density is well specified.9 The method proposed by Fengler (2009)

is closely related to the literature on non-parametric estimation of risk-neutral transition densi-

ties under shape constraints (Aı̈t-Sahalia and Duarte (2003); Yatchew and Härdle (2006)). We

decided to adopt it instead of other competing approaches due to its ease of implementation;

its good theoretical properties - inherited from the theory on natural smoothing splines under

suitable shape constraints; and its applicability in contexts with scarce calibration data.

In order to calibrate the model-implied density to match the market-implied one, we need a

criterion assessing how far the model-implied density is from the reference one. This problem

has been extensively studied in the field of information theory which has already been applied

to relevant research areas in quantitative finance, see e.g. Brody and Hughston (2002) for an

application of the Shannon entropy to term structure modelling. We build on this existing

literature and select the measure based on Kullback-Leibler (KL) divergence as our calibration

criteria.10,11 Specifically, the KL divergence between two densities (p, q) is the relative entropy,

and is based on (differential) Shannon’s entropy:

⟨p|q⟩ :=
∫
p(x) log

(
p(x)

q(x)

)
dx , (1.26)

where p is assumed to be absolutely continuous with respect to q.

Note that, given the asymmetry of the KL divergence, ⟨p|q⟩ will typically be different from

⟨q|p⟩. As a consequence, basing the optimization program on only one of them would result in

different outcomes. Additionally, optimization based on the KL divergence might face some chal-

lenges in practice as the KL divergence goes to infinity when p is not absolutely continuous with

respect to q. In our application, we circumvent these issues by considering the Jensen–Shannon

(JS) divergence which is a symmetrized and smoothed version of the KL divergence. Specifically,

9A detailed outline of this procedure is provided in Appendix 1.B.
10The KL divergence is not a distance because the triangular inequality may fail to hold. See Basseville (2013)

for a review of statistical applications using divergence measures.
11We opt for the KL divergence compared to the L2 metric for density calibration as this measure does not

properly scale with the distribution – exacerbating (resp. minimising) discrepancies between densities in high

(resp. low) density regions – which would impact calibration accuracy. Other choices, such as e.g. the Hellinger

distance, could be entertained and are left for future research.
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the JS divergence between two densities (p, q) is defined as

JSD(p|q) = 1

2
⟨p|m⟩+ 1

2
⟨q|m⟩ , (1.27)

where m = 1
2(p+ q). By comparing both densities to their average, the JS divergence is always

ensured to be bounded as the denominator in the log is always nonzero whenever the numerator is

nonzero. Therefore, the JS divergence can be used to compare densities with different supports.

Additionally, the measure is bounded between zero and log 2 and it reaches the lower bound

only when p = q almost everywhere.

Equipped with a measure accurately quantifying the goodness of fit between densities, we

can calibrate each of the considered models by choosing as parameters the set Ψz which minimize

the JS divergence between the model-implied and the market-implied densities

Ψz∗ := argmin
Ψz

JSD(fSL(T,S)|f
S
Lz(T,S)) (1.28)

where fSL(T,S) and f
S
Lz(T,S) are respectively the market- and model-implied forward rate densities.

1.3.3 Summary of Calibration Algorithm

Model

Hull White

CIR++

VaCIR++

Market12

Volatility Modelling

Market-Implied

Density (FWD)

spline

smoothing

no arbitrage

constraints

Calibration

MAE (volatilities)

model vs. market

JSD (densities)

model vs. market

As summarized in the diagram 1.3.3, we use Algorithm 1 and Algorithm 2 to calibrate the

model over a discrete grid of strikes K ∈ {K0,K1,K2 · · ·KN−1,KN} for certain lower and upper

bounds of K0 and KN .

12Volatility modelling and market-implied density are only needed under the calibration method using JS

divergence. The calibration method minimizing the mean absolute error is based on the implied volatility data

directly obtained from caplet stripping.
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Algorithm 1 Calibration of the implied (normal) volatility curve

1: Calculate the caplet prices under the chosen model (Hull-White, CIR++, or VaCIR++)

according to Equation (1.23).

2: Obtain the market implied (normal) volatilities for the corresponding caplet products.

3: Use mean absolute error as the target criterion to calibrate the three models by matching

the market volatility curve according to Equation (1.24).

Algorithm 2 Calibration of the forward rate density

1: Calculate the model-implied density of the forward rate under the chosen model (Hull-White,

CIR++, or VaCIR++) according to Proposition 2 and Proposition 3.

2: Compute the market-implied density for the forward rate.

• Retrieve caplet prices from market cap data via caplet stripping.

• Implement arbitrage-free smoothing technique of volatility according to the algorithm

presented in section 1.B.

• Obtain the market-implied density over a fine grid according to Equation (1.25).

3: Use JS divergence as the target criterion to calibrate the three models by matching the

market-implied density according to Equation (1.28).
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1.4 Empirical application

In this section, we present an empirical application where we conduct a thorough performance

comparison of the three competing models (namely, Hull-White, CIR++, and VaCIR++) under

the two calibration schemes introduced in Section 1.3. More specifically, we take the 6-month

forward rate as an example to evaluate the pricing accuracy and the quality of fitting the

market implied volatility curve. We further investigate the distribution of the forward rate in

6 months and illustrate the model performance in terms of density matching under the three

considered frameworks in the negative interest rate environment. The rest of this section is

organized as follows: Section 1.4.1 presents the data description and sample coverage used for

our empirical application and illustrates the non-arbitrage smoothing technique implemented to

construct the market-implied density curve; Section 1.4.2 covers the calibration results based on

the minimization of implied volatility errors; Section 1.4.3 covers the calibration results based

on the minimization of JS divergence where the modelled forward density is matched to the

market-implied one.

1.4.1 Data description and volatility curve smoothing

We use historical data for the 6-month EURIBOR forward rate F0(6M, 1Y ) and the interest rate

derivatives whose underlying rate is the 6-month forward rate in 6 months, i.e. L(6M, 1Y ) =

F6M (6M, 1Y ).14 Observe that the market provides quotations for the implied volatilities of caps

whereas, in order to compute the market-implied density for the forward rate L(6M, 1Y ), we

need caplet prices associated with the latter.

Therefore, we start by collecting monthly normal volatility quotes from Refinitiv (formerly

known as Eikon, Thomson Reuters) for the 6-month EURIBOR caps quoted over a grid com-

posed of 13 different strikes. The sample period spans from March 31, 2016 to January 29, 2021

during which the 6-month EURIBOR and 6-month forward rate are in the negative territory.

Then we use Bachelier formula to get the cap prices, and apply the stripping approach proposed

in Hagan and Konikov (2004) to extract caplet prices.

The market implied volatilities for caplets are obtained by inverting the Bachelier formula.

The implied forward rate density can be computed from Equation (1.25), which involves the

14The discount curve and all the related interest derivatives are based on the 6-month EURIBOR rates for

consistency.
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numerical estimation of the second-order derivatives. Thus, caplet prices for a given fine grid of

strikes are required to guarantee an accurate approximation. As explained in Section 1.3.2, we

follow the procedure introduced in Fengler (2009) to ensure a well-specified forward rate density.
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(a) Interpolated price curve.
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(b) Implied density of L(6M, 1Y ).

Figure 1.1: Interpolated caplet prices and market-implied probability density under QS constructed based on

the cap market data (quoted in normal volatility) on March 31, 2016. Panel (a) gives the market caplet prices

(dots) computed by Bachelier formula alongside with interpolated price curve obtained by no-arbitrage cubic

spline smoothing technique. Panel (b) provides the L(6M, 1Y ) forward rate density implied from the interpolated

caplet prices using Equation (1.25).

In Figure 1.1, we illustrate the performance of the smoothing approach from two perspectives,

the fit of market prices and the behavior of the probability density. Figure 1.1a presents the inter-

polated prices and the market quoted prices for the caplet products of interest, Cpl(0, 6M, 1Y ).

It can be observed that all market quotations are in line with the smoothed price curve, indi-

cating that the interpolation technique is performing well as an accurate caplet valuation tool.

Figure 1.1b shows that the market-implied density is non-negative, and is positive in the range

from approximately −0.7% to 0.3%. This indicates that the 6-month forward rate in 6 months

is distributed in a quite narrow range and the probability of the potential value is the highest

around −0.22% which is consistent with the level of the current forward rate. This illustrates the

property that the expectation under the corresponding forward measure of the future forward

rate matches the current forward rate.
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1.4.2 Calibration results for the implied volatility curve

Equation (1.23) provides the model-implied caplet prices. The corresponding caplet volatilities,

obtained via Bachelier formula, can thus be compared with those extracted from market quotes

as explained in Section 1.3.1. The model is then calibrated according to Equation (1.24). We

provide the calibration performance on the first available date from our sample as an illustration.
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Figure 1.2: Implied volatility curves with associated absolute and relative volatility errors on 31 March 2016

where the models are calibrated on the criteria of implied volatility error minimization. Panel (a) shows the

implied volatility curves with respect to the strike for the market (dashed), Hull-White (□), CIR++ (△) and

VaCIR++ (⋄) models. Panel (b) and Panel (c) provide respectively the box plots of the associated absolute and

relative errors for the three candidate models.

We plot in Figure 1.2 the modelled volatilities with associated absolute and relative errors

using the parameters calibrated based on fitting the market-implied volatilities. Figure 1.2a

shows the implied volatility curves for each of the three calibrated models as well as the implied

volatilities extracted from stripped market quotes, which serve here as calibration target. We

observe that all three considered models capture quite well the in/at the money caplet volatilities

but fail to capture accurately the data of the deep out of the money products. The box plots of

the associated absolute and relative errors, displayed in Figure 1.2b and Figure 1.2c respectively,

provide further details on the relative performance of the three considered candidates. The

CIR++ model has the largest median in terms of the volatility absolute and relative errors while

the error distribution of the VaCIR++ model is close to the Hull-White model but exhibits less

dispersion. On this date, the Hull-White model outperforms the CIR++ model, but this is not

always the case. For instance, the opposite situation happens on 29 January 2021 (see Figure 1.10

in Appendix 1.E). The persistent outperformance of the VaCIR++ model over both component
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processes illustrates the ability of the framework to accommodate different circumstances and

to deliver a better fit of the market data.
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Figure 1.3: Caplet price curves with corresponding absolute and relative pricing errors on 31 March 2016 where

models are calibrated on the criteria of implied volatility error minimization. Panel (a) displays the market and

modelled caplet prices with respect to the strike for the market (dashed), Hull-White (□), CIR++ (△) and

VaCIR++ (⋄) models. Panel (b) and panel (c) provide respectively the box plots of the corresponding absolute

errors and relative errors for the three candidate models.

Figure 1.3 shows the same results as Figure 1.2 but expressed in terms of prices rather than

volatilities. It can be observed that although the Hull-White model provides a better fit for

the implied volatility curve, this does not directly translate into higher pricing accuracy. In

particular, the Hull-White model has the highest value in both absolute and relative errors

while the CIR++ model and the VaCIR++ model provide, respectively, the best performance

in terms of the absolute and the relative errors.

Not surprisingly, Figure 1.3a indicates that a small implied volatility error for the in/at the

money caplets can lead to a sizable discrepancy in prices while the out of the money caplets

are subject to large differences in volatility but have almost indistinguishable price curves. This

observation highlights the drawbacks of the calibration approaches fitting the implied volatilities

or caplet prices. More specifically, the far out of the money options tend to have extremely low

prices but rather high implied volatilities. Therefore, putting equal weight on the error of those

products in the calibration target could sacrifice the accuracy in modelling the exact prices and

volatilities for the at/in the money products. Thus, a weighting scheme should be incorporated

such that the information in such options would be substantially discounted. However, this

approach would still be essentially focusing on a subset of products and would likely result in a
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poor overall fit.
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Figure 1.4: Density curves of the forward rate L(6M, 1Y ) on 31 March 2016 where models are calibrated on the

criteria of implied volatility error minimization. Panel (a), panel (b) and panel (c) exhibit the market-implied

forward density curve and the modelled forward density curves (dashed lines) and under the Hull-White, the

CIR++ and VaCIR++ model, respectively (solid lines).

We further investigate the distribution of the forward rate under the three considered models

compared to the market-implied one using the same parameters. Figure 1.4 displays respectively

the density curves modelled by the Hull-White, the CIR++ and the VaCIR++ models against

the market-implied one. We observe that in general, the three models have a higher peak and

their densities approach zero at a slower speed when the strikes decrease to deeply negative

values or increase to highly positive rates. Moreover, it can be observed from Figure 1.4a to

Figure 1.4c that the densities under all three models, compared to the market density, are more

flat with a shift to the left side. This observation suggests that the calibration approach focusing

on a few data points of the implied volatilities does not guarantee the match of the entire forward

rate distribution.

1.4.3 Calibration results for the forward rate density

Equipped with the smoothed caplet price curve computed over a fine grid of strikes, we now

turn to the estimation of the market-implied forward rate distribution according to Equation

(1.25). We then calibrate the three considered models according to Algorithm 2 to closely match

the market-implied density by minimizing the discrepancy (measured by JS divergence) between

the model-implied and the market-implied curves. As in the previous section, we take the first

available date from our sample and investigate the distribution of the forward rate under the
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three candidates compared to the market-implied one.
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Figure 1.5: Density curves of the forward rate L(6M, 1Y ) on 31 March 2016 where models are calibrated on

the criteria of JS divergence minimization. Panel (a), panel (b) and panel (c) exhibit the market-implied forward

density curve (dashed lines) and the modelled forward density curves under the Hull-White, the CIR++ and the

VaCIR++ model, respectively (solid lines).

We plot in Figure 1.5 the density curves obtained by calibrating each of the three models

(solid lines). Figure 1.5a shows that the calibrated density under the Hull-White model has a

right-shifted distribution and is more symmetric, compared to the market-implied one. Further-

more, it provides a closer fit to the market-implied density on the right-hand side but deviates

significantly on the left-hand side. In addition, we plot in Figure 1.5b the density under the

CIR++ model, we observe that it has a slightly higher peak than the market-implied density but

it captures quite well the skewness exhibited by the market density. In particular, it provides

an almost perfect fit on the left-hand side although it fails to match the right-hand tail in the

forward rate distribution. Lastly, the calibrated density obtained from the VaCIR++ model

is displayed in Figure 1.5c, and we conclude that the combined model matches well both tails

and captures the overall market-implied density curve better than the Hull-White and CIR++

models. Furthermore, the superior performance of the VaCIR++ is confirmed by the signif-

icantly lower JS divergence value compared to the alternative models (see Figure 1.8). This

observation is consistent with the argument that the VaCIR++ model will perform at least as

well as its underlying component processes and it will be inclined to place a higher weight on the

component process exhibiting better calibration performance, the CIR++ process in this case.

It is worth noting that the model-implied densities obtained from the density matching calibra-

tion approach provide a tighter fit to the market-implied one compared to the results displayed
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in Figure 1.4 which are based on the implied volatility MAE criterion. Thus far, our analysis

focused on benchmarking our two-factor VaCIR++ model with the one-factor Hull-White and

CIR++ models. Therefore, we also include another two-factor model in the comparison to cap-

ture the added flexibility associated with the use of a two-factor model. We opt for the G2++

model which is a two-factor Gaussian model introducing correlation between its two Brownian

motions through an additional parameter ρ.15 The details of this model and additional results

are presented in section 1.F. Our main conclusions regarding the superior performance of the

VaCIR++ are confirmed and we also document the limited added value of the G2++ model

over its one-factor counterpart (Hull-White) for our application.16
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Figure 1.6: Caplet price curves with corresponding absolute and relative pricing errors on 31 March 2016 where

models are calibrated on the criteria of JS divergence minimization. Panel (a) displays the market and modelled

caplet prices with respect to the strike for the market (dashed), Hull-White (□), CIR++ (△) and VaCIR++

(⋄) models. Panel (b) and panel (c) provide respectively the box plots of the corresponding absolute errors and

relative errors for the three candidate models.

We further illustrate in Figure 1.6 the pricing accuracy of the three models using the cali-

brated parameters based on density matching. Figure 1.6a compares the model-implied caplet

prices to the market data.17 It can be concluded that all three models are able to provide a

15The one-factor Hull-White and CIR++ models have each 4 parameters while the VaCIR++ model has 8

parameters to estimate. The G2++ model is parameterized with 6 parameters.
16Although the two-factor G2++ model has limited contribution in our application compared to the one-factor

Hull-White model, it might lead to improved performance in empirical applications where the correlation between

forward rates plays an essential role in the calibration; e.g. for swaption contracts.
17We note that the market prices are recovered by computing the risk-neutral expectation of the discounted

payoffs using the market-implied density as the resulting prices are more comparable with the model-implied ones.

This is due to the fact that the prices consistent with the market-implied density, obtained as a by-product of
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quite accurate valuation for the caplet products. The absolute and relative pricing errors under

the three models are plotted in Figure 1.6b and Figure 1.6c. The bar in the boxplots represents

the median of the errors while the lower and upper bounds of each box represent the first and

third quartiles respectively. We observe that the VaCIR++ model provides the lowest pricing

errors while the Hull-White model and the CIR++ model have comparable pricing accuracy.

Additionally, we note that high absolute pricing accuracy does not necessarily translate to better

performance in terms of relative pricing errors as close to zero prices might lead to high relative

pricing errors. Furthermore, high pricing accuracy indicates that the better density fit obtained

when adopting the JS divergence calibration technique instead of the price or implied volatility

MAE criterion does not come at the cost of larger pricing errors.
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Figure 1.7: Implied volatility curves with associated absolute and relative volatility errors on 31 March 2016

where the models are calibrated on the criteria of JS divergence minimization. Panel (a) contains the implied

volatility curves with respect to the strike for the market (dashed), Hull-White (□), CIR++ (△) and VaCIR++

(⋄) models. Panel (b) and Panel (c) provide respectively the box plots of the associated absolute errors and

relative errors for the three candidate models.

Additionally, we assess in Figure 1.7 the performance of the three models in terms of how

close their implied volatility curves, arising from minimizing the JS divergence, are to the market-

based implied volatility curve. Figure 1.7a shows that there are visible discrepancies between the

implied volatilities under the CIR++ model and the market ones for caplet products with strikes

between 0% and 1%. The matching performance of the implied volatility curve outside this range

under the three frameworks are indistinguishable. Furthermore, we note that calibration focused

the no-arbitrage volatility curve smoothing, might slightly differ from the actual market prices, which are not

necessarily free from arbitrage opportunities.
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on density matching also provides convincing fitting performance in terms of implied volatility

errors. Therefore, we conclude that the density matching approach provides a more robust

way of calibrating interest rate models to fixed income derivative data since it has superior

performance in capturing the entire forward distribution, high pricing accuracy and comparable

fitting quality in terms of matching implied volatility curves.
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Figure 1.8: Evolution over time of the JS divergence resulting from the density matching calibration

under the Hull-White (□), CIR++ (△) and VaCIR++ (⋄) models.

We now move to the evaluation of model performance in terms of matching the market-

implied density curve over time. To this end, the three models considered are calibrated on a

monthly basis and we report in Figure 1.8 the JS divergence for each of them. The best-in-

class property of VaCIR++ is preserved through time. In particular, it always has the lowest

JS divergence, indicating closest matching to the market-implied density curve. Also, we can

observe that the CIR++ model exhibits better performance than the Hull-White model which

makes the CIR++ model an attractive candidate as a single-factor model – with the shift

providing some flexibility to deal with negative rates. To summarize, the VaCIR++ model

is more advantageous both theoretically – allowing for negative values, skewness, and no strict
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lower bound – and empirically as it enhances the fitting performance and provides more stability

in the calibration over time compared to each component.
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Figure 1.9: Time series of the L(6M, 1Y ) conditional moments for the market (◦) and for the Hull-White

(□), CIR++ (△) and VaCIR++ (⋄) models.

Based on the density obtained, we characterize the variation of the implied conditional

moments of the forward rate L(T, S) (under the S-forward measure) over time.18 In this manner,

we compute the first four conditional moments for the 6-month forward rate in 6 months over

the whole sample period and investigate how well each of the three competing models can match

the market-implied moments (Figure 1.9). It can be observed from Figure 1.9a that the three

models accurately track the market-implied mean overall – with the Hull-White and CIR++

models exhibiting slight discrepancies in the first two years of the sample period. Figure 1.9b

shows that the Hull-White has the worst performance in terms of tracking the market-implied

18The market- and model-implied conditional moments are computed numerically using the corresponding

forward rate density.
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standard deviation while the VaCIR++ model provides the best fitting in general. For the

skewness, illustrated in Figure 1.9c, we observe that the conditional skewness of the forward

rate distribution under the Hull-White model is almost zero indicating that this model is unable

to capture the skewness featured in the data. The conditional skewness under the CIR++ is

positive, though higher than the market-implied one in general. The conditional skewness under

the VaCIR++ model is the closest to the market-implied one, except for a few months in 2018

and 2019 where the model performance is comparable to the CIR++ model. Lastly, Figure 1.9d

illustrates that the excess kurtosis under the Hull-White model is close to zero while the density

implied by the CIR++ model always exhibits positive excess kurtosis. In both cases, the model-

implied excess kurtosis is overall higher than the market implied one. The excess kurtosis

implied by the VaCIR++ model provides however a better tracking of the market-implied one,

especially in the first part of the sample. The jumps observed in the conditional skewness and

excess kurtosis for the VaCIR++ model might be caused by local minima in the optimization and

warrant further investigation. We also note that the CIR++ model and the VaCIR++ model

have similar levels of JS divergence during those months but this does not necessarily imply that

the two models have similar densities or conditional moments. Indeed, the two model-implied

distributions could be equally similar to the market one while being noticeably different from

each other.

Finally, focusing on the forward rate density and its conditional moments provides us with

relevant market insights for risk management and hedging applications. As shown in Figure 1.9a

and Figure 1.9b, the mean and standard deviation of the future forward rate are stable at the

beginning of the sample period. In particular, for the level of the mean, a significant downturn

followed by an increasing trend is observed during 2019 while the period from 2020 to 2021 is

dominated by a downward shift. The standard deviation, on the other hand, exhibits a significant

upward movement followed by a short decline during 2019 and is then strongly trending upward

during the period from 2020 to 2021. This more volatile evolution of interest rates during the

COVID-19 period is likely due to the increased uncertainty in financial markets and concerns for

funding conditions resulting from the crisis. Furthermore, Figure 1.9c shows that the conditional

skewness is generally positive with a sharp increase at the onset of the COVID-19 crisis followed

by a steady decrease over the rest of the sample period. We observe a similar behavior in

Figure 1.9d for the excess kurtosis during COVID. Overall, excess kurtosis is negative over our
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sample, indicating a lower tail-thickness compared to a Gaussian distribution.

1.5 Conclusions

We propose a simple asymmetric short-rate model that does not display a strict lower bound

and is well-suited to capture the salient features of the negative interest rate environment. Our

two-factor model, called the VaCIR++ model, combines the advantages of the Hull-White model

(no strict lower bound) and the CIR++ model (positive skewness) while maintaining analytical

tractability. Our framework delivers semi-analytical expressions for the forward rate density

and caplet pricing which allows us to tackle the challenges encountered by standard benchmark

models for the modelling and pricing of interest rate derivatives in a negative interest rate

environment.

In addition, we introduce a new calibration procedure based on density matching which

alleviates the drawbacks inherent to standard model calibration procedures based on prices or

volatilities mean absolute error. Precisely, the model is calibrated such that the model-implied

density is the closest from the market-implied one in terms of Kullback-Leibler divergence. While

in this context we match the forward rate densities computed under the forward measure, our

approach can be broadly applied to other settings where the interest lies in closely matching a

chosen target density.

Finally, we illustrate the benefits of our framework in a financial application featuring a time

series of caplets whose prices are retrieved by stripping cap implied volatilities. We provide a

comparative study of calibration performance in the period of negative interest rates under two

calibration criteria - the volatility mean absolute error minimization and our proposed density

matching approach based on the minimization of the Kullback-Leibler divergence. We notice

the outperformance of our model relative to the Hull-White and the CIR++ models. Moreover,

the calibration procedure based on the Kullback-Leibler divergence significantly enhances the

matching of the forward densities while preserving high pricing accuracy and comparable fitting

quality for implied volatility curves.

Our work can be extended in several ways. First, our modelling framework can be extended

to consider simultaneously multiple forward rate maturities and contract expiry lengths. This

would allow us to explore the benefits of extracting information relevant for model calibration
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using liquid products and apply this calibration to the pricing of less liquid products within a

consistent framework. Second, the strength of the economic recovery following the COVID-19

crisis, combined with the escalation of the conflict between Russia and Ukraine, led to a strong

revival of inflationary pressures. As major central banks reacted to these events by raising

their policy rates, it would be interesting to evaluate how our proposed model and calibration

approach perform in a period where interest rates revert back to higher levels.
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1.A Pricing formula for existing framework

We provide below the Az and Bz functions in Equation (1.3) for z ∈ {x, y, yϕ}. For conciseness,

we omit the subscript in the κ, θ, σ parameters.

For the Vasicek model specified in Equation (1.1), we have

Ax(τ) = exp


(
θ − σ2

2k2

)
[B(τ)− τ ]− σ2

4k
Bx(τ)2

 ,

Bx(τ) =
1

k

[
1− e−kτ

]
.

For the CIR model specified in Equation (1.2),

Ay(τ) =

[
2h exp{(k + h)τ/2}

2h+ (k + h)(exp{hτ} − 1)

]2kθ/σ2

,

By(τ) =
2(exp{hτ} − 1)

2h+ (k + h)(exp{hτ} − 1)
.

where h =
√
k2 + 2σ2.

The shifted CIR model is a special case of a general model proposed in Brigo and Mercurio

(2001). It can be shown that

Ay
ϕ
(τ) = e−ϕτAy(τ) , Byϕ(τ) = By(τ) .
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1.B Arbitrage-free smoothing of the volatility curve

Following the notations in Fengler (2009), assume that we observe the caplet prices y =

(y1, . . . , yn) at the strikes a = u0, . . . , un+1 = b, and the function g represents the natural

cubic spline function. For the value and second derivative representation, we set gi = g (ui) and

γi = g′′ (ui) , for i = 1, . . . , n. Furthermore, we define g = (g1, . . . , gn)
⊤ and γ = (γ2, . . . , γn−1)

⊤.

By definition, γ1 = γn = 0.

We formulate the sufficient and necessary conditions to ensure a valid cubic spline using the

two matrices Q and R defined below. Let hi = ui+1 − ui for i = 1, . . . , n− 1, and the elements

qi,j , of matrix Q, for i = 1, . . . , n and j = 2, . . . , n− 1, are given by

qj−1,j = h−1
j−1 , qj,j = −h−1

j−1 − h−1
j and qj+1,j = h−1

j ,

for j = 2, . . . , n− 1 and qi,j = 0 for |i− j| ≥ 2.

The matrix R is symmetric and its elements ri,j , for i, j = 2, . . . , n− 1,, are defined by

ri,i =
1
3 (hi−1 + hi) , for i = 2, . . . , n− 1

ri,i+1 = ri+1,i =
1
6hi , for i = 2, . . . , n− 2

ri,j = 0 , for |i− j| ≥ 2

Furthermore, we formulate the spline smoothing problem as a quadratic minimization pro-

gram. Define vector y = (w1y1, . . . , wnyn, 0, . . . , 0)
⊤ , where the wi are strictly positive weights

and vector x =
(
g⊤,γ⊤

)⊤
. Furthermore, define the matrices, A =

(
Q,−R⊤

)
and

B =

 Wn 0

0 λR


where Wn = diag (w1, . . . , wn). The smoothing algorithm of the volatility curve is summarized

below.

1. Estimate the volatility curve via an initial interpolation of caplet prices with respect to

the moneyness, which is defined as the strikes in excess to the forward rate.

2. Obtain the implied volatility curve using the spline smoothing technique under no-arbitrage
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constraints by solving the quadratic program formulated as follows

min
x

−y⊤x+
1

2
x⊤Bx ,

subject to A⊤x = 0 ,

γi ≥ 0 ,

g2 − g1
h1

− h1
6
γ2 ≥ Pt(S)(S − T ) ,

−gn − gn−1

hn−1
− hn−1

6
γn−1 ≥ 0 .
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1.C Correlation between two factors

1.C.1 Introduce correlation within the affine framework

Assume short rate is defined as rt = X1
t +X2

t and the two factors in the model Xt =
(
X1
t , X

2
t

)
are described as following system of SDEs under the risk-neutral Q -measure: dX1

t

dX2
t

 =

 κ1 0

0 κ2



 θ1

θ2

−

 X1
t

X2
t


 dt+

 σ11 0

σ21 σ22


 √

X1
t 0

0 1


 dW 1

t

dW 2
t

 ,

which is equivalent to

 dX1
t

dX2
t

 =

 κ1 0

0 κ2



 θ1

θ2

−

 X1
t

X2
t


 dt+

 σ11
√
X1
t 0

σ21
√
X1
t σ22


 dW 1

t

dW 2
t

 .

We can re-write it as

dX1
t = κ1(θ1 −X1

t )dt+ σ11

√
X1
t dW

1
t ,

dX2
t = κ2(θ2 −X2

t )dt+ σ21

√
X1
t dW

1
t + σ22dW

2
t .

Here, correlation between the two factors X1
t , X

2
t is introduced by σ21. If we set σ21 = 0,

this framework reduces to the case where we have two independent processes with X1
t being a

CIR process and X2
t being a Vasicek process. In addition, this belongs to the Affine framework

given that

ΣΣ′ =

 σ11
√
X1
t 0

σ21
√
X1
t σ22


 σ11

√
X1
t σ21

√
X1
t

0 σ22

 =

 σ211X
1
t σ11σ21X

1
t

σ11σ21X
1
t σ221X

1
t + σ222

 .

The zero coupon bond price is defined as

P rt (T ) = exp
(
B(T − t)′Xt +A(T − t)

)
= exp

(
B1(T − t)X1

t +B2(T − t)X2
t +A(T − t)

)
.

For the factor loadings in the zero-coupon bond prices, A and B are the solutions to
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dB1(t, T )

dt
= 1 + κ2B

1(t, T )− 1

2

(
σ21B

2(t, T ) + σ11B
1(t, T )

)2
,

dB2(t, T )

dt
= 1 + κ1B

2(t, T ) ,

dA(t, T )

dt
= −κ1θ1B1(t, T )− κ2θ2B

2(t, T )− 1

2
σ222B

2(t, T )2 .

The solutions to B(t, T ) are formulated as

B1(t, T ) = B1(T − t) = − 1

κ1

[
1− e−κ1(T−t)

]
,

B2(t, T ) = B2(T − t) = − (2− σ221B
1(t, T )2)(exp{(T − t)h} − 1)

2h+ (h+ κ2 − σ21σ2B1(t, T ))(exp{(T − t)h} − 1)
,

h =
√
2σ21κ2σ2B1(T − t)− κ22 − 2σ22 .

and the solution to A(t, T ) can be obtained by integration.

1.C.2 Introduce correlation by correlated Brownian Motions

Assume W 1
t ,W

2
t are independent Brownian motions, and the short rate rt = X1

t +X2
t . dX1

t

dX2
t

 =

 κ1 0

0 κ2



 θ1

θ2

−

 X1
t

X2
t


 dt+

 σ11
√
X1
t 0

ρσ22
√

1− ρ2σ22


 dW 1

t

dW 2
t

 ,

We can re-write it as

dX1
t = κ1(θ1 −X1

t )dt+ σ11

√
X1
t dW

1
t ,

dX2
t = κ2(θ2 −X2

t )dt+ ρσ22dW
1
t +

√
1− ρ2σ22dW

2
t

= κ2(θ2 −X2
t )dt+ σ22dW

3
t ,

where W3 is a Brownian motion satisfying corr(dW 1
t , dW

3
t ) = ρdt.

Here, ρ introduce a correlation between the CIR process and the Vasicek process by correlated

Brownian Motions. If we set ρ = 0, this framework reduces to the case where we have two

independent processes with X1
t being a CIR process and X2

t being a Vasicek process. When

ρ ̸= 0, this model is no longer affine since

ΣΣ′ =

 σ11
√
X1
t 0

ρσ22
√

1− ρ2σ22


 σ11

√
X1
t ρσ22

0
√

1− ρ2σ22

 =

 σ211X
1
t ρσ11σ22

√
X1
t

ρσ11σ22
√
X1
t σ222

 ,
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1.D Proof of Proposition 1

Point (a) is obtained by combining Equation (1.11) with Equation (1.12). For point (b), we

have the dynamics of the zero-coupon bond price for z ∈ {x, y}
dP zt (T )

P zt (T )
= ztdt+Bz(T − t)σzt dW

z
t , 0 ≤ t ≤ T .

Applying Ito’s quotient rule, we have for 0 ≤ t ≤ T < S,

d(P zt (T )/P
z
t (S))

P zt (T )/P
z
t (S)

=
dP zt (T )

P zt (T )
− dP zt (S)

P zt (S)
− dP zt (T )

P zt (T )

dP zt (S)

P zt (S)
+

(
dP zt (S)

P zt (S)

)2

= σzt
(
Bz(T − t)−Bz(S − t)

) (
dW z

t − σztB
z(S − t)dt

)
.

Combining this expression with (1.12), the dynamics of the forward rate become

dF zt (T, S) =
1

∆
d(P zt (T )/P

z
t (S))

=

(
1

∆
+ F zt (T, S)

)
σzt
(
(Bz(S − t)−Bz(T − t)

) (
−σztBz(S − t)dt+ dW z

t

)
= σz

(
t, F zt (T, S)

) (
−ζz,St dt+ dW z

t

)
= σz

(
t, F zt (T, S)

)
dW z,S

t ,

where

σz (t, v) := σzt

[
1

∆
+ v

] (
(Bz(S − t)−Bz(T − t)

)
.

Using Equation (1.11) and the independence between P x, P y,

P rt (S)

M r
t

=
P xt (S)

Mx
t

P yt (S)

My
t

= P r0 (S)E

(∫ t

0
σxs dW

x
s +

∫ t

0
σysdW

x
s

)
,

where E the Doléans-Dade exponential. Hence,

E

[
dQS

dQ

∣∣∣∣∣F t

]
=

P rt (S)

P r0 (S)M
r
t

= E

(∫ t

0
ζx,SdW x +

∫ t

0
ζy,SdW y

)
.

Applying the Girsanov theorem, the processes W x,S and W y,S , defined as W z,S
t := W z

t −∫ t
0 ζ

z,S
s ds, z ∈ {x, y}, are independentQS-Brownian motions. Hence, F z(T, S) is aQS-martingale

for z ∈ {x, y}. Since σyt = σy
ϕ

t and By = Byϕ , F y
ϕ
(T, S) is also driftless under QS . Finally, the

martingale property of F r(T, S) is obtained by applying Ito’s product rule to Equation (1.13)

together with the independence between W x,S and W y,S :

dF rt (T, S) = (1+∆F yt (T, S))dF
x
t (T, S)+(1+∆F xt (T, S))dF

y
t (T, S)+∆ d⟨F x(T, S), F y(T, S)⟩t︸ ︷︷ ︸

=0

.

This shows that F r(T, S) is a sum of two QS-martingales and thus itself is a martingale under
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QS , concluding the proof of Point (b).

The expression of the diffusion coefficients for x, y and yϕ are provided in Equation (1.29).

For the Vasicek model, substituting σxt = σ1 leads to the expression for σx(t, F yt (T, S)). For

the CIR model, σyt = σ2
√
yt, which can be written as a function of F yt (T, S) using Equation

(1.4) and Equation (1.12). Combining these elements leads to the expression for σy(t, F yt (T, S)).

Finally, σy
ϕ
(t, F y

ϕ

t (T, S)) can be derived using σy
ϕ

t = σyt , B
yϕ = By and Ay

ϕ
(τ) = e−ϕτAy(τ),

concluding the proof of point (c).



1.E. Calibration results of implied volatility curve: 29 January 2021 47

1.E Calibration results of implied volatility curve: 29 January

2021
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(a) Implied volatility curve.
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(b) Implied vol absolute error.
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(c) Implied vol relative error.

Figure 1.10: Implied volatility curves with associated absolute and relative volatility errors on 29 January 2021

where the models are calibrated on the criteria of implied volatility error minimization. Panel (a) contains the

implied volatility curves with respect to different strike rates. Panel (b) and Panel (c) provide respectively the

box plots of the associated absolute errors and relative errors for the three candidate models.

We take the calibration results on 29 January 2021 to illustrate the performance of the three

frameworks where the CIR++ model has superior performance compared to the Hull-White

model. The implied volatility curves with the corresponding errors are exhibited in Figure 1.10.

We note that although the CIR++ model has a slightly higher median absolute error compared

to the Hull-White model, it has an overall smaller discrepancy from the market data, especially

evaluated in terms of relative volatility errors. Moreover, the VaCIR++ model further reduces

the absolute pricing error and its performance is closer to the CIR++ framework.
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1.F The G2++ model

We also consider the G2++ model as a benchmark. The model is specified as follows

rt = xt + yt + ϕr(t) , r0 ∈ R , (1.29)

dxt = −axtdt+ σdW x
t , x0 = 0 , (1.30)

dyt = −bytdt+ ηdW y
t , y0 = 0 . (1.31)

where a, b, σ, η are positive constants, and dW x
t dW

y
t = ρdt with −1 ≤ ρ ≤ 1. ϕr(t) is the

deterministic shift function under the G2++ model with ϕr(0) = r0 which allows the model to

perfectly fit the term structure of interest rates.19 The expression for the shift function is given

by

ϕr(t) = fM (0, t) +
σ2

2a2

(
1− e−at

)2
+

η2

2b2

(
1− e−bt

)2
+ ρ

ση

ab

(
1− e−at

)(
1− e−bt

)
. (1.32)

We plot in Figure 1.11 the density curves obtained by calibrating the G2++ and the

VaCIR++ models (solid lines) to the data on the first available date in our sample. Figure 1.11a

shows that the calibrated density under the G2++ model has a right-shifted distribution and

is more symmetric, compared to the market-implied one. Furthermore, it provides a closer fit

to the market-implied density on the right-hand side but deviates significantly on the left-hand

side. In addition, the calibrated density obtained from the VaCIR++ model is displayed in Fig-

ure 1.11b, and we conclude that the combined model matches well both tails and captures the

overall market-implied density curve better than the G2++ model. The superior performance

of the VaCIR++ is further confirmed by the significantly lower JS divergence value compared

to the G2++ model, see the evolution of the JS divergence over time in Figure 1.12.

In addition, we observe that the performance of the G2++ and Hull-White models in terms

of matching the market-implied forward rate density are essentially indistinguishable. See the

blue marks (Hull-White model) in Figure 1.12 which are almost perfectly aligned with the yellow

curve (G2++ model). In fact, the estimated parameter ρ under the G2++ model is extremely

close to minus one over the whole sample period. In this case, the G2++ model degenerates into

a one factor short-rate process. This observation is consistent with the results of the empirical

application presented in Chapter 4 of Brigo and Mercurio (2007). Furthermore, we only consider

19The interested reader is referred to Chapter 4 of Brigo and Mercurio (2007) for more details on the G2++

model.
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cap products in our application whose prices do not depend on the correlation between forward

rates. We thus conclude that the two-factor Gaussian model does not improve over the one-

factor Gaussian model in terms of matching performance for the market forward distribution

implied by caplet products.20

0
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−0.015 −0.010 −0.005 0.000 0.005 0.010

(a) The G2++ model.

0

50

100

150

200

−0.015 −0.010 −0.005 0.000 0.005 0.010

(b) The VaCIR++ model.

Figure 1.11: Density curves of the forward rate L(6M, 1Y ) on 31 March 2016 where models are calibrated on

the criteria of JS divergence minimization. Panel (a) and panel (b) exhibit the market-implied forward density

curve and the modelled forward density curves (dashed lines) and under the G2++ and the VaCIR++ models,

respectively (solid lines).

20Although the two-factor G2++ model has limited contribution in our application compared to the one-factor

Hull-White model, it might lead to improved performance in empirical applications where the correlation between

forward rates plays an essential role in the calibration; e.g. for swaption contracts.
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Figure 1.12: Evolution over time of the JS divergence resulting from the density matching calibration

under the Hull-White (□, blue), the G2++ (+, yellow) and VaCIR++ (⋄, green) models.



Chapter 2

A dynamic conditional score model

for the log correlation matrix
1

2.1 Introduction

Correlation matrices are pervasive in many applied sciences such as finance and econometrics.

Reliable models for the dynamics of correlations between different assets or underlying risk

factors are essential for asset pricing, portfolio selection and risk management. Nonetheless,

correlation matrices are notoriously difficult to model in high dimensions, for at least two reasons:

the positivity constraint and the balance between flexibility and computational feasibility. These

challenges are well documented and addressed in the framework of multivariate GARCH models,

see e.g. Bauwens et al. (2006), Bauwens et al. (2012) and Francq and Zakoian (2019).

This paper proposes a new model for the joint modelling of volatilities and correlations,

which both are driven by the respective conditional scores of the likelihood, and hence fits into

the general modelling framework of dynamic conditional score or, in an alternative terminology,

generalized autoregressive scoremodels, as introduced by the seminal works of Creal et al. (2011),

Creal et al. (2013) and Harvey (2013). Score driven correlation models have been proposed

recently in the context of modelling realized variances and covariances. For example, Gorgi

et al. (2018) use the Wishart distribution, and Opschoor et al. (2018) and Vassallo et al. (2021)

1This chapter corresponds to Hafner, C.M. and L. Wang (2021): “A dynamic conditional

score model for the log correlation matrix”, forthcoming at Journal of Econometrics, doi:

https://doi.org/10.1016/j.jeconom.2021.09.004.

51
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the more flexible matrix-F distribution.

Our aim is to allow for fat tails in the conditional distributions, and in particular, to gener-

alize the popular Beta-t-EGARCH model proposed in Harvey (2013) (Section 4.1), which uses

the student-t distribution, to the multivariate case. The conditional covariance matrix can be

decomposed into volatility and correlation components, which facilitates estimation since it can

be split into two parts as in the DCC model of Engle (2002) and in Vassallo et al. (2021).

For the correlation part, we specify the dynamics for the matrix logarithm of the correlation

matrix to guarantee that positive definiteness is preserved in arbitrary dimensions. This ap-

proach is analogous to the Beta-t-EGARCH model in which the log volatility process is modelled

to ensure positivity. In the bivariate case, the matrix log reduces to the Fisher transformation

of correlations which has been adopted e.g. by Harvey (2013) (Section 7.3.1) and Hansen et al.

(2014). The idea of modelling the matrix log of a correlation or covariance matrix is not new.

For example, Kawakatsu (2006) proposed a multivariate version of the EGARCH model of Nel-

son (1991), but with ad hoc rather than score-driven dynamics. In a static framework, Hafner

et al. (2020) impose a multiplicative structure for the correlation matrix, which becomes additive

under the matrix log transformation, and hence easier to estimate using minimum distance type

estimators.

Modelling the log correlation matrix circumvents the need to impose parameter restrictions

to ensure positive definiteness of the resulting correlation matrix and thus allows the imple-

mentation of an unconstrained model for the vectorized log correlation parameter. Moreover,

block structures are preserved under the matrix log transformation, as shown by Archakov and

Hansen (2020), so that factor structures may be imposed for the log correlation parameter to

allow for estimation in high dimensions. This idea is used by Archakov et al. (2020) to estimate

a multivariate realized GARCH model.

The parameter characterizing the dynamics of the log correlation matrix will be driven by

the score of the likelihood with respect to this parameter. The distribution characterizing the

dependence part of the model is assumed to be a student-t copula. If all conditional marginal

distributions happen to be univariate student-t with the same degrees-of-freedom, equal to the

parameter of the t-copula, then we have a multivariate student-t distribution. However, we

do not impose this restriction, so we can have what is commonly called a Meta-t distribution,

see Demarta and McNeil (2005), i.e. a student-t copula combined with arbitrary student-t
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marginals.

There is of course an identification issue because for an (N × N) correlation matrix, only

N(N − 1)/2 elements are freely determinable. Consequently, for the matrix log of a correlation

matrix, which is symmetric by definition, the diagonal elements are implied by the off-diagonal

elements, although no analytical form is available in higher dimensions. Archakov and Hansen

(2021) propose an algorithm that reconstructs the original correlation matrix based on the

lower-triangular part, excluding the diagonal, of the log correlation matrix. We follow the same

approach here by endowing this N(N−1)/2-dimensional parameter with score-driven dynamics.

We propose two approaches for estimation, the first is a one-step estimator where all parts

of the model are estimated simultaneously, which ensures statistical efficiency but may not be

computationally feasible in high dimensions. In this case, we assume equality of the conditional

marginal distributions, so that the conditional distribution is indeed a multivariate student-

t with only one degree-of-freedom parameter. The second is a two-step estimator where the

volatilities are estimated in a first step, and the correlations in a second step. The marginal

student-t distributions are allowed to have different degrees-of-freedom parameters. This esti-

mator, although statistically inefficient, is computationally simple and feasible even in higher

dimensions. We derive the asymptotic estimation theory for both estimators.

In an empirical application to a set of six financial, commodity and cryptocurrency indices,

we show that the proposed model fits well the data using two-step estimation and a variety of

diagnostics and specification tests. We conclude that parameter restrictions across the compo-

nents of the log correlation parameter may be employed to reduce the dimension of the parameter

space and are supported by classical information criteria. Furthermore, we conduct a perfor-

mance comparison of the proposed log correlation model with alternative parameterizations for

both in-sample estimation and out-of-sample forecasting. We show that our model provides

the best in-sample model fit and has similar out-of-sample performance compared with other

score-driven models.

The remainder of the paper is organized as follows. The following section recalls the definition

and the structure of the matrix log of a correlation matrix. Section 2.3 introduces the model and

proposes a one-step and two-step maximum likelihood estimator, including their corresponding

asymptotic estimation theories. Section 2.4 presents a detailed empirical application of the

model, and Section 2.5 concludes. Theoretical material including proofs of the theorems is
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collected in Appendix 2.A, and some tables and figures of the empirical example are shown in

Appendix 2.B. Appendix 2.C shows that our model reduces to the one of Harvey (2013), Section

7.3.1, in the bivariate Gaussian case. Appendix 2.D includes additional derivations on the

Lyapounov exponent of the stochastic recurrence equation, and Appendix 2.E gives analytical

expressions for the information matrix. We provide a Monte Carlo study in Appendix 2.F to

analyze the finite sample performance of the one-step and two-step estimation procedures, and

additional tables and figures are collected in Appendix 2.G.

2.2 Matrix logarithm of a correlation matrix

The matrix logarithm of a correlation matrix Θ is defined as logΘ = Γ(log Λ)Γ⊺, where Γ is the

matrix containing the eigenvectors of Θ in its columns, and Λ is a diagonal matrix containing

the corresponding eigenvalues on the diagonal, which are all strictly positive. The diagonal

matrix log Λ replaces the eigenvalues on the diagonal by their logarithm. The matrix logΘ has

a complicated structure, its diagonal elements can take any non-positive values (see Lemma 2

of Archakov and Hansen (2021)) and its off-diagonals can take any values. As an illustration,

suppose that

Θ =


1 0.8 0.5

0.8 1 0.2

0.5 0.2 1

 , then logΘ =


−0.75 1.18 0.64

1.18 −0.55 −0.07

0.64 −0.07 −0.17

 .

There are N(N + 1)/2 parameters in logΘ; we call these log parameters. On the other hand,

Θ has only N(N − 1)/2 original parameters. For each Θ, its N(N − 1)/2 original parameters

completely identify its N(N + 1)/2 log parameters. In other words, there exists a function

f : RN(N−1)/2 → RN(N+1)/2 which maps the original parameters to the log parameters. However,

when N > 4, f does not have a closed form because when N > 4 the continuous functions which

map elements of a matrix to its eigenvalues have no closed form. When N = 2, we can solve f

by hand (see Example 1).

Example 1. Suppose

Θ =

 1 ρ

ρ 1

 .
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The eigenvalues of Θ are 1 + ρ and 1 − ρ, respectively. The corresponding eigenvectors are

(1, 1)⊺/
√
2 and (1,−1)⊺/

√
2, respectively. Therefore

logΘ =

 1 1

1 −1


 log(1 + ρ) 0

0 log(1− ρ)


 1 1

1 −1

 1

2

=

 1
2 log(1− ρ2) 1

2 log
(
1+ρ
1−ρ

)
1
2 log

(
1+ρ
1−ρ

)
1
2 log(1− ρ2)

 .

Thus

f(ρ) =

(
1

2
log(1− ρ2),

1

2
log
(1 + ρ

1− ρ

)
,
1

2
log(1− ρ2)

)⊺

,

and we see that ρ generates two distinct entries for logΘ. The off-diagonal element 1
2 log

(1+ρ
1−ρ
)

is the well-known Fisher’s z-transformation of ρ. We also see that logΘ is not only symmetric

about the diagonal, but also symmetric about the cross-diagonal (from the upper right to the

lower left).

The idea of Archakov and Hansen (2021) is to identify a subset of unrestricted log parameters

and then fill in the remainder afterwards. They propose the following procedure. Let θ be the

vector containing only the lower triangular portion of logΘ, excluding the diagonal. Then, the

diagonal elements of logΘ are uniquely determined by some function ϕ : RN(N−1)/2 → RN ,

which can be obtained numerically (in the case N = 2 there is a closed form, see Example 1).

Archakov and Hansen (2021) gave a concrete algorithm to do this and established its validity.

We will use this idea in our model, starting from a dynamic parameter θt, to first reconstruct

the full log correlation matrix logΘt, and then by matrix exponentiation the original correlation

matrix Θt.

2.3 The model and its estimation

We introduce a model that combines conditional heteroskedasticity, dynamic conditional corre-

lations, and conditional leptokurtosis in a dynamic score-driven framework. Consider the return

vector for N assets, yt = (y1t, . . . , yNt)
⊺. To simplify the presentation and discussion of the

model, we will first assume that the conditional distribution of yt given the past is a multivari-

ate student-t distribution, but later allow for marginal distributions with different degrees of

freedom parameters.



56 Chapter 2. A dynamic conditional score model for the log correlation matrix

We further assume that the parameter vector ϑ can be separated into a vector τ that char-

acterizes the marginal distributions and the volatility part, a vector δ which characterizes the

correlation part, and the degrees-of-freedom parameter η, and hence, ϑ = (τ⊺, δ⊺, η)⊺.

The core of the model is the process generating the conditional correlation matrix Θt. Before

presenting this part of the model, we introduce the model framework for yt including the marginal

dynamics and the distribution conditional on the information set Ft−1,

yt|Ft−1 ∼ Fη,Ht , η > 2 (2.1)

Ht(ϑ) = Dt(τ)Θt(δ)Dt(τ) (2.2)

Dt(τ) = diag((exp(h1t), . . . , exp(hNt))
⊺) (2.3)

hit(τi) = ωvi + ϕvi hi,t−1 + κvi u
v
i,t−1, i = 1, . . . , N (2.4)

uvit =
(η + 1)y2it

(η − 2) exp (2hit) + y2it
− 1, i = 1, . . . , N (2.5)

where Fη,Ht is the standardized multivariate student-t distribution with η d.o.f., η > 2, and

dispersion matrix Ht, i.e. its log density is given by

fη,Ht(yt) = k(η)− 1

2

{
log |Ht|+ (η +N) log

(
1 +

1

η − 2
y⊺tH

−1
t yt

)}
.

where k(η) = log Γ
(
η+N
2

)
− log Γ

(η
2

)
− N

2 log
(
(η − 2)π

)
. The structure of the model implies

that the conditional mean of yt is zero, the conditional variances are given by exp(2hit), and

the conditional correlation matrix is given by Θt. Each one of Dt, Θt and Ht are assumed to be

measurable functions of the information set Ft−1.

Each asset’s volatility is assumed to follow a univariate Beta-t-EGARCH process, where the

score with respect to log volatility is given by Equation (2.5). The only difference with respect to

the standard formulation of this model in Harvey (2013) is that we do not consider the classical

but the standardized student-t distribution, but the score is the same up to a scaling factor that

depends on the degrees-of-freedom. It is straightforward to generalize this model to allow for

volatility spillover, perhaps following some test for Granger causality in volatility. To keep the

notation simple and estimation feasible in high dimensions, we refrain from doing so here as it

is not directly relevant for our main focus, the modelling of the correlation part.

We denote by εt = (ε1t, . . . , εNt)
⊺ the vector of standardized residuals obtained after estima-

tion of the volatility model, i.e., εt = Dt(τ)
−1yt, so that the components of εt have conditional

mean zero and conditional variance unity. However, the components of εt are conditionally
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correlated, and the conditional correlation matrix is given by Θt = E[εtε⊺t |Ft−1].

Now consider the following score-driven model for the conditional correlation matrix Θt(δ).

As in Archakov and Hansen (2021) we model the lower triangular part of logΘt(δ), excluding

the diagonal, i.e., θt(δ) := vecl(logΘt(δ)), and then fill in the diagonal elements to ensure that

Θt is a correlation matrix. The model is a first order dynamic conditional score model for the

log correlation parameter, i.e.

θt(δ) = ω +Φθt−1(δ) +Kut−1 (2.6)

where ut is the score of the likelihood function with respect to θt, and Φ = diag(ϕ1, . . . , ϕN∗)

and K = diag(κ1, . . . , κN∗) are N∗×N∗ diagonal parameter matrices, where N∗ = N(N −1)/2.

We restrict Φ and K to be diagonal, as otherwise the number of parameters would be of order

O(N4), which is infeasible in high dimensions. However, similar to the volatility case, one might

consider “log correlation spillover”, and tests thereof, but interpretation is not obvious since the

link between the log parameters and correlations is not trivial.

The specific form of the score vector ut depends of course on the conditional distribution,

which will be discussed in detail in the following in the context of maximum likelihood estima-

tion. We distinguish between a multivariate student-t distribution, which is used for one-step

estimation, and a Meta-t distribution which is used for two-step estimation. The score vectors

in both cases are very similar but not exactly the same. Furthermore, one may use standardized

versions of the score vector, by pre-multiplying ut by the inverse of the (square root of the)

information matrix, see e.g. the model of Harvey (2013), Section 7.3.1., which is motivated in

particular by cases where the standardized score is an i.i.d. random vector. However, this will

generally not be the case in our setting, so we will not pursue this strategy here to keep things

simple.

Although one of the main advantages of our model specification lies in the separation of

volatility and correlation parts, just as in Engle (2002) and related works, it would be more

efficient from a statistical viewpoint to do the estimation of all model parameters in one step.

In the following, we therefore present both approaches, one-step and two-step estimation.
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2.3.1 One-step estimation

For one-step estimation we assume for simplicity that η1 = . . . = ηN = η, so that the conditional

joint distribution of yt is a multivariate student-t. The log likelihood function for a sample of T

observations as a function of the parameter vector ϑ = (τ⊺, δ⊺, η)⊺, δ := (ω⊺, diag(Φ)⊺, diag(K)⊺)⊺

takes the form

L(ϑ) =
T∑
t=1

lt(ϑ) = T log Γ

(
η +N

2

)
− T log Γ

(
η

2

)
− TN

2
log
(
(η − 2)π

)
− 1

2

T∑
t=1

{
2 log |Dt(τ)|+ log |Θt(δ)|+ (η +N) log

(
1 +

1

η − 2
ε⊺tΘt(δ)

−1εt

)}
(2.7)

The spectral decomposition of the log correlation matrix is denoted by logΘt = ΓtΛtΓ
⊺
t ,

where Γt is the (N × N) matrix whose columns are the eigenvectors of logΘ, and Λt is the

(N × N) diagonal matrix containing the corresponding eigenvalues λit, i = 1, . . . , N on the

diagonal. Define the matrix

At := (Γt ⊗ Γt)Ξt(Γt ⊗ Γt)
⊺, (2.8)

where Ξt is the N
2 ×N2 matrix with elements given by

ξij = Ξ(i−1)N+j,(i−1)N+j =

 exp(λit), if λit = λjt
exp(λit)−exp(λjt)

λit−λjt , if λit ̸= λjt

for i, j = 1, . . . , N . Furthermore, define the following elimination matrices: Ed (N × N2), El

(N(N − 1)/2 × N2), and Eu (N(N − 1)/2 × N2) such that vecl(Q) = Elvec(Q), vecl(Q⊺) =

Euvec(Q) and diag(Q) = Edvec(Q) for any square matrix Q, and Es := El+Eu. Finally, define

the permutation matrix P as P (diag(Q)⊺, vecl(Q)⊺)⊺ = vec(Q) for any symmetric conformable

matrix Q. With this notation, the following theorem provides the analytic form of the score

with respect to the log correlation parameter.

Theorem 1. The score with respect to the log correlation parameter θt is given by

ut =
∂lt
∂θt

=
1

2
Mtvec

(
η +N

η − 2 + ε⊺tΘ
−1
t εt

Θ−1
t εtε

⊺
tΘ

−1
t −Θ−1

t

)
(2.9)

where

Mt :=

−(EdAtE
⊺
d)

−1EdAtE
⊺
s

IN(N−1)/2


⊺

P ⊺At (2.10)
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Remark 1. In the limiting case η → ∞, we obtain the Gaussian distribution as a special case,

for which we let ϑ = (τ⊺, δ⊺)⊺, and the log likelihood function takes the form

L(ϑ) = −TN
2

log(2π)− 1

2

T∑
t=1

{
2 log |Dt(τ)|+ log |Θt(δ)|+ ε⊺tΘ

−1
t (δ)εt

}
(2.11)

and the score reduces to

ut =
∂lt
∂θt

=
1

2

−(EdAtE
⊺
d)

−1EdAtE
⊺
s

IN(N−1)/2


⊺

P ⊺Atvec(Θ
−1
t εtε

⊺
tΘ

−1
t −Θ−1

t ) (2.12)

Remark 2. Note that the score can be written as ut = g(θt)Zt where g(θt) = 1
2Mt(Θ

−1/2
t ⊗

Θ
−1/2
t ), and Zt = vec

(
η+N

η−2+ξ⊺t ξt
ξtξ

⊺
t − IN

)
is an i.i.d. random vector. The score vector ut is

a martingale difference sequence, which can be shown using results of Fiorentini et al. (2003).

However, it is not i.i.d. in general, although it is i.i.d. in the univariate case because, in that

case, g(θt) = 1/2.

Remark 3. The process θt has an SRE representation as

θt = ψt(θt−1) (2.13)

where ψt(s) = ω + Φs + Kg(s)Zt. Appendix 2.A.1 shows that, under our assumptions, this

is a Lipschitz map with maximum Lipschitz constant Λ(ψ) < ∞ a.s. We derive an analytical

expression for Λ(ψ) in the bivariate case, while in higher dimensions, we show that there exists

an upper bound. See Appendix 2.A.1 and Appendix 2.D for details.

The volatility part of the likelihood, i.e., Dt(τ) in Equation (2.7), is straightforward to

calculate and exactly the same as in univariate Beta-t-EGARCH models. For the correlation

part we use the following algorithm to compute Θt(δ) and the score ut, conditional on the

volatility parameter τ :

1. Initialization: Set u0 = 0 and θ0 = (IN(N−1)/2 − Φ)−1ω.

2. For t = 1, . . . , T :

(a) Calculate θt as a function of past observations according to Equation (2.6).

(b) Reconstruct diag(logΘt) using the algorithm of Archakov and Hansen (2021).

(c) Calculate the matrix exponential of logΘt to obtain Θt.

(d) Calculate the score ut according to Equation (2.9).
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3. Calculate the log likelihood according to Equation (2.7).

The MLE is then defined as the maximizer of the log likelihood function over some parameter

space Ω,

ϑ̂ = argmax
ϑ∈Ω

L(ϑ). (2.14)

No analytical solution is available, but standard numerical optimization routines can be em-

ployed. For the estimation theory we use the following assumptions.

(A1) The conditional distribution of yt is a standardized multivariate student-t distribution with

η degrees of freedom, η > 2 and dispersion matrix Ht.

(A2) The parameter vector ϑ ∈ Ω, where Ω is a compact subset of RJ , J = dim(ϑ), such that

|ϕvi | < 1, i = 1, . . . , N , |ϕj | < 1, j = 1, . . . , N∗, κvi ̸= 0, i = 1, . . . , N , and κj ̸= 0, j =

1, . . . , N∗.

(A3) The true parameter ϑ0 lies in the interior of Ω.

(A4) |(ϕvi )2 + 2κvi ϕ
v
iE(∂uvit/∂hit)|+ (κvi )

2E[(∂uvit/∂hit)2] < 1, i = 1, . . . , N

(A5) |ϕ2j + 2κjϕjE(∂ujt/∂θjt)|+ κ2jE[(∂ujt/∂θjt)2] < 1, j = 1, . . . , N∗

(A6) The smallest eigenvalue of Θt is bounded away from zero by a positive constant, λmin(Θt) ≥

ϵ > 0, a.s. We call Tϵ,N the set of log-parameters θt for which this assumption holds, i.e.

we assume θt ∈ Tϵ,N ⊂ RN(N−1)/2 a.s.

(A7) E[log+(Λ(ψt)] <∞ and E[log(Λ(ψt)] < 0.

Assumption (A2) is standard and necessary for identifiability and stationarity of the volatility

and log correlation processes. (A3) is also standard and is needed for asymptotic normality. (A4)

and (A5) ensure that the scores with respect to log volatility and log correlation, respectively,

and their first derivatives, have finite second moments. They are also standard in this literature,

see e.g. the conditions of Theorem 1 of Harvey (2013). Assumption (A6) ensures that the

stochastic recurrence equation is Lipschitz continuous, as shown in Appendix 2.D. It is standard

in the literature on modelling high-dimensional covariance matrices, see e.g. Fan et al. (2011)

and Chang et al. (2018). Assumption (A7) is a contraction condition which ensures that the

process θt is a stationary and ergodic sequence. For given parameters and lower bound ϵ for
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the smallest eigenvalue of Θt, it can be verified by numerical simulation, see Appendix 2.D for

details.

Let ϑ = (τ⊺, δ⊺, η)⊺, and decompose the information matrix as

I =


Iττ Iτδ Iτη

I⊺τδ Iδδ Iδη

I⊺τη I⊺δη Iηη

 (2.15)

We then have the following result.

Theorem 2. Under Assumptions (A1)-(A7), ϑ̂ →p ϑ and the asymptotic distribution of the

estimator obtained in Equation (2.14) is given by

√
T (ϑ̂− ϑ)

L−→ N(0, I−1) (2.16)

where I is given in Equation (2.15) with

Iδδ = E

[
∂θTt
∂δ

Mt

{
N + η

2(N + η + 2)

(
Θ−1
t ⊗Θ−1

t

)
− 1

2(N + η + 2)
vec(Θ−1

t )vec(Θ−1
t )⊺

}
M⊺
t

∂θt
∂δT

]

Iηη =
η4

4

[
ψ′
(
η

2

)
− ψ′

(
N + η

2

)]
− Nη4[η2 +N(η − 4)− 8]

2(η − 2)2(N + η)(N + η + 2)

Iδη = − N + 2)η2

(η − 2)(N + η)(N + η + 2)
E
∂θ⊺t
∂δ

Mtvec(Θ
−1
t )

Iττ = E

[
∂h⊺t
∂τ

{
N + η

2(N + η + 2)

(
H−1
t ⊗H−1

t

)
− 1

2(N + η + 2)
vec(H−1

t )vec(H−1
t )⊺

}
∂ht
∂τ⊺

]

Iτδ = E

[
∂h⊺t
∂τ

{
N + η

2(N + η + 2)

(
H−1
t ⊗H−1

t

)
− 1

2(N + η + 2)
vec(H−1

t )vec(H−1
t )⊺

}
(Dt ⊗Dt)M

⊺
t

∂θt
∂δ⊺

]

Iτη = − N + 2)η2

(η − 2)(N + η)(N + η + 2)
E
∂vec⊺(Ht)

∂τ
vec(H−1

t )

The information matrix further depends on the derivative of the log correlation parameter

θt with respect to δ, which is given by

∂θt
∂δ⊺

= zt−1 + xt−1
∂θt−1

∂δ⊺
, (2.17)

where

zt =

(
IN∗ diag(θ1t, . . . , θN∗t) diag(u1t, . . . , uN∗t)

)
, xt = Φ+K

∂ut
∂θ⊺t

. (2.18)

The information matrix can be estimated consistently by evaluating it at ϑ̂ and replacing the

expectation operators by sample averages.
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2.3.2 Two-step estimation

For two-step estimation we allow for different d.o.f. parameters of the marginal distributions,

η1, . . . , ηN . Thus we now assume a conditional Meta-t distribution with degrees of freedom

parameter η and scale matrix Θt, meaning that the conditional dependence structure of yt is

determined by a student-t copula with scale matrix Θt, see e.g. Demarta and McNeil (2005) for

details on Meta-t distributions and the student-t copula.

As before, the conditional marginal distributions are given by score-driven volatility processes

and student-t distributions, but now with potentially different degrees of freedom ηi. If all d.o.f.

parameters happen to be the same and equal to η, then this model reduces to the one considered

for one-step estimation, and in this case two-step estimation would be less efficient than one-step

estimation, although it might be the only feasible estimation procedure computationally, at least

in high dimensions.

Formally, for the theory we replace Assumption (A1) by the following.

(A1’) The conditional distribution of yt is given by

Ft(y1t, . . . , yNt) = Cη,Θt(Fη1,h1t(y1t), . . . , FηN ,hNt
(yNt))

with η > 2 and ηi > 2, i = 1, . . . , N , where Fηi,hit are the standardized student-t marginal

cdf’s with log scale hit, and Cη,Θt is the cdf of a standardized student-t copula with

dispersion matrix Θt.

Note that the copula is invariant to standardizations of the marginal distributions, so that

the student-t copula with scale matrix Ht is the same as the student-t copula with scale matrix

Θt. Note also that if all marginal degrees of freedom are the same and equal to the copula

parameter η, then Assumption (A1’) collapses to (A1).

We augment the vector of parameters characterizing the marginal distributions as τi =

(ωvi , ϕ
v
i , κ

v
i , ηi)

⊺, i = 1, . . . , N, and τ = (τ⊺1 , . . . , τ
⊺
N )

⊺. The copula density has the form

cη,Θt(u) =
fη,Θt(t

−1
η (u1), . . . , t

−1
η (uN ))∏N

i=1 gη(t
−1
η (ui))

see e.g. Demarta and McNeil (2005), where fη,Θt(·) is the joint pdf of a multivariate standardized

student-t distribution with scale matrix Θt, and tη(·) and gη(·) are standardized univariate



2.3. The model and its estimation 63

student-t cdf and pdf, respectively. The conditional joint density of yt is then given by

ft(yt) = cη,Θt(Fη1,h1t(y1t), . . . , FηN ,hNt
(yNt))

N∏
i=1

gηi,hit(yit)

which is used to construct the likelihood function.

The log likelihood function for a sample of T observations as a function of the parameter

vector ϑ = (τ⊺, δ⊺, η)⊺, δ := (ω⊺, ϕ⊺, κ⊺)⊺ takes the form

L(ϑ) = LV (τ) + LC(ϑ)

LV (τ) =
N∑
i=1

lVi (τ)

lVi (τ) = c(ηi, 1)−
1

2

T∑
t=1

{
2hit + (ηi + 1) log(1 +

y2it exp(−2hit)

ηi − 2
)

}

LC(ϑ) = c(η,N)−Nc(η, 1)− 1

2

T∑
t=1

lCt (ϑ)

lCt (ϑ) = log |Θ̃t(δ)|+ (η +N) log

1 +
ε̃t

⊺Θ̃t(δ)
−1
ε̃t

η − 2

−
N∑
i=1

(η + 1) log

(
1 +

ε̃it
2

η − 2

)

c(η,N) = T log Γ

(
η +N

2

)
− T log Γ

(
η

2

)
− TN

2
log
(
(η − 2)π

)
where ε̃it := sη(εit, ηi) = t−1

η (tηi(εit)) is a mapping of the quantiles of a standardized student-

t distribution with ηi d.o.f. into the quantiles of a standardized student-t with η d.o.f. The

mapping function sη(·) is strictly monotone and its inverse is given by s−1
η (·, ηi) = t−1

ηi (tη(·)).

When applied to a vector, we define sη(·) as sη(εt, η) = (sη(ε1t, η1), . . . , sη(εNt, ηN ))
⊺, where

η = (η1, . . . , ηN )
⊺, and similarly for s−1

η (εt, η).

Note that the likelihood reduces to that of the one-step estimation when imposing the re-

striction η1 = . . . = ηN = η.

The matrix Θ̃t(δ) is such that vecl(log Θ̃t(δ)) =: θ̃t(δ) follows the same process specified in

Equation (2.6) as above for the one-step method, but in the score ut replacing Θt(δ) by Θ̃t(δ)

and εt by ε̃t, i.e.

θ̃t(δ) = ω +Φθ̃t−1(δ) +Kũt−1

ũt =
1

2
M̃tvec

(
η +N

η − 2 + ε̃⊺t Θ̃
−1
t ε̃t

Θ̃−1
t ε̃tε̃

⊺
t Θ̃

−1
t − Θ̃−1

t

)
and where M̃t is constructed as Mt above but replacing Θt by Θ̃t(δ).

Now, due to the nonlinear transformation sη(·), Θ̃t(δ) is not exactly equal to the conditional



64 Chapter 2. A dynamic conditional score model for the log correlation matrix

correlation matrix Θt(δ). It can however be reconstructed easily by numerical methods. For

example, for a given Θ̃t, generate a large number K of r.v. X with standardized multivari-

ate student-t distribution with η d.o.f. and correlation matrix Θ̃t. Then, obtain the sample

correlation matrix of the transformed data as

Θt =
1

K

K∑
k=1

s−1
η (Xk, η)(s

−1
η (Xk, η))

⊺

The diagonal elements of Θt should be very close to one if K is sufficiently large. To illustrate

this mapping of correlations, we plot in Figure 2.1 the correlation ρ as a function of ρ̃ for the case

η = 7, η1 = 4 and η2 = 10, obtained by simulatingK = 107 bivariate student-t random variables.

If all degrees-of-freedom parameters were the same, then this would be the identity function.

Here this function is different, but very close to the identity function, with the difference shown

on the right of the Figure 2.1. Hence, the correlations change after transformation but only

slightly so. In our empirical application of Section 4, where the marginal degrees of freedom are

of a similar range as in the numerical example, we therefore decided to skip this rescaling and

set Θt = Θ̃t, because it practically makes no difference and alleviates the computational burden.
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Figure 2.1: The left panel shows the correlation ρ as a function of ρ̃, where ρ̃ is the correlation parameter

of a bivariate standardized student-t r.v. X with η = 7 d.o.f., and ρ is the correlation of transformed

r.v. s−1
η (X1, η1) and s−1

η (X2, η2) with η1 = 4 and η2 = 10. The right panel shows the difference of this

function from the identity function.
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The sum of the marginal log likelihood functions, LV (τ), only depends on the marginal

parameters, not on the copula parameters. It is in fact equal to the sum of the univariate

volatility log likelihoods that are equal to the Beta-t-EGARCH model log likelihoods. In the

first step, the inference function for margins approach proposed by Joe (1997) maximizes LV (τ)

with respect to τ to obtain τ̂ , which is then used in a second step to maximize LC(τ̂⊺, δ, η)⊺ with

respect to δ and η, to give δ̂ and η̂. Then, ϑ̂ = (τ̂⊺, d̂⊺)⊺, where d = (δ⊺, η)⊺ is the parameter

characterizing the copula, and d̂ = (δ̂⊺, η̂)⊺.

We now have the following result.

Theorem 3. Under Assumptions (A1’)-(A7), ϑ̂→p ϑ and

√
T (ϑ̂− ϑ) →d N(0, (−F )−1G(−F )−1)

where

−F =


J11 · · · 0 0
...

. . .
...

...

0 · · · JNN 0

Id1 · · · IdN Idd


, G =


J11 · · · J1N 0
...

. . .
...

...

JN1 · · · JNN 0

0 · · · 0 Idd


and where

Jij = E

[
∂lVi (τi)

∂τj

∂lVj (τ)

∂τ⊺

]
, i, j = 1, . . . , N

Idd = −E

[
∂2l(ϑ)

∂d∂d⊺

]
, (2.19)

Idi = −E

[
∂2l(ϑ)

∂d∂τ⊺i

]
, i = 1, . . . , N (2.20)

Note that the matrices Jii, i = 1, . . . , N, are the information matrices of the marginal likeli-

hoods, so well-known results of univariate Beta-t-EGARCH models can be used for their calcu-

lation, see e.g. Proposition 20 of Harvey (2013).

Analytical expressions for the components of I in Equation (2.19) and Equation (2.20) are

given in Appendix 2.E. They can be used, as for one-step estimation, to estimate consistently

the asymptotic covariance matrix by evaluating it at ϑ̂ and replacing the expectation operators

by sample averages. We will use this two-step estimation approach in our empirical application,

to which we turn in the following.
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2.4 Empirical application

Modelling the day-to-day changes in the correlation structure of financial assets plays an impor-

tant role in the financial decision making process. We take the standpoint of a representative

investor who, in a context of near-zero interest rates, considers not only classical assets such

as stocks and bonds, but also commodities (oil), safe-haven investments (gold), and alternative

investments (cryptocurrencies). For each market we take a representative index and then model

the set of market indices using our multivariate framework. The rest of this section is organized

as follows: Section 2.4.1 presents the data description and sample coverage for our in-sample

and out-of-sample analyses; Section 2.4.2 covers the results for the estimation of the conditional

volatility dynamics; Section 2.4.3 covers the results for the estimation of the conditional correla-

tion dynamics. We conduct an in-depth benchmarking of our proposed model with alternative

approaches introduced in the literature both for the in-sample and out-of-sample exercises.

2.4.1 Data description

We use historical data on daily log-returns for six representative indices of different asset classes,

including both traditional financial assets (i.e. stocks and bonds) as well as commodities and

alternative investments (i.e. oil, gold and cryptocurrencies). The sample period spans from

August 1, 2014 until December 11, 2020, with the starting date determined by the first available

data point of the CRIX cryptocurrency index, see Trimborn and Härdle (2018) for details on

the construction of CRIX. The symbols and description for the indices are shown in Table 2.6.

The time series of prices and returns are shown in Figure 2.2 and Figure 2.6, respectively.

We divide the whole sample series into the in-sample period from 2014 to the end of 2018

and the out-of-sample period from 2019 to 2020. We notice that the CRIX index exhibited

bubble-like features in 2017 and possibly end of 2020. Table 2.7 presents the main descriptive

statistics for our historical return series. Alternative investments generally have larger mean

returns than stocks or bonds, with higher associated volatilities. The equity index EMU has

much larger skewness and kurtosis than the SPX index, which are primarily driven by a single

abnormal return in 2016 and by more negative returns during the period of the COVID-19

crisis. Equity and bond returns are generally negatively skewed, corresponding to a long tail in

negative returns, whereas the oil index is positively skewed. In addition, the return series for
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the gold index exhibits approximate symmetry and the CRIX index has a significantly negative

skewness, which may be explained by the market downturn of 2018. Furthermore, normality is

clearly rejected for all assets by classical tests at conventional significance levels.

We report the sample correlation matrix of historical returns for the six market indices in

Table 2.8. For financial indices, SPX and EMU are highly correlated with a Pearson correlation

coefficient of 0.58. The negative or low coefficients between pairs of SPX-SBW (-0.14) and

SPX-GOLD (0.08) confirm the common view that bonds and gold often serve as an effective

hedge against stock market risk. This characteristic also results in the fact that the correlation

between gold and bonds is relatively high with a coefficient of 0.55. Oil is more closely correlated

with the equity indices (0.28 with SPX and 0.25 with EMU), while correlation with other assets

is negligible.

2.4.2 Volatility estimation results

We follow the two-step estimation procedure outlined in Section 2.3.2, where the first step

consists in fitting volatility models to the return series. For each series, we fit a Beta-t-

EGARCH(1,1) model and the model is estimated by maximum likelihood under the assumption

of a conditional student-t distribution. In order to improve the convergence of the optimization

algorithm, we estimate the inverse of the degrees of freedom parameter, i.e. η̄ = 1/η. The re-

sults are shown in Table 2.9. All parameter estimates are significantly different from zero using

estimated asymptotic standard errors. Moreover, the estimates for the autoregressive coefficient

ϕi indicate high persistence in volatility for all time series and thus confirm the presence of

volatility clustering. Note that the CRIX index has the lowest estimated d.o.f. ηi = 1/η̄i which

corresponds to its observed high kurtosis and thick tails. In Figure 2.7, we plot the estimated

volatility series estimated using the Beta-t-EGARCH model. We observe high persistence in the

estimated volatility series, which is consistent with the estimates for the autoregressive coefficient

being close to unity.

We now focus on assessing the validity of the assumptions for the Beta-t-EGARCH model in

terms of the residuals distribution and in terms of the score series. Firstly, we test whether the

score series is a martingale difference sequence (MDS) using a Box-Pierce test for autocorrelation.

The p-values are displayed in Table 2.10. Since the p-values are larger than 5% for all six

indices, we fail to reject the null hypothesis that the score series have zero autocorrelation up
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to a lag of 30. This result provides support to the validity of the martingale difference property.

Furthermore, we apply the Box-Pierce test to the standardized residuals and their squares.

The results, also reported in Table 2.10, indicate that significant autocorrelation exists only for

the residuals of the CRIX index, whereas the squared residuals for all assets are not serially

correlated at the 5% significance level.

The descriptive statistics of standardized residuals are summarized in Table 2.11. As ex-

pected, the sample means are close to zero and the standard deviations close to one. The only

exception is for the CRIX index whose residuals have a standard deviation of 0.78. Again, this

may be caused by some remaining serial correlation in the residuals and/or outlier observa-

tions. There is remaining excess kurtosis in the standardized residual series, which implies that

a conditionally leptokurtic distribution might provide a better fit to the data than the standard

normal distribution.

Finally, we use the probability integral transformation (PIT) to check how well the assumed

conditional distribution fits the data. In Figure 2.8, we display the histograms of PITs of residual

series, assuming respectively a student-t distribution in the left-hand column and a normal

distribution in the right-hand column. Most of the histograms for the normal distribution have

a hump in the middle and pronounced wings in the tails, which corresponds to our finding of

leptokurtic standardized residuals in Table 2.11. Although not perfect, the histograms of the

PITs for the student-t distribution are much closer to a uniform distribution than the Gaussian

PITs. Introducing skewness may be beneficial in improving the fit of the conditional distribution

of the data. However, we did not pursue this avenue in our analysis and leave it as a potential

extension for future research.

In the next section, we move on to the second step of the two-step estimation and focus

on the correlation part of the model, taking the standardized residual series of the univariate

volatility models as inputs for the dynamic correlation model.

2.4.3 Results for the conditional correlations

We now turn to the results for the second step estimation regarding the conditional correlation

matrix. First, we want to test the reliability of our assumption of diagonal K and Φ matrices.

Estimating a model with six assets and full matrices K and Φ is computationally infeasible as it

would entail the estimation of 466 parameters. Instead, we chose five subsets composed of three
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out of six assets with relatively high correlations and perform likelihood-ratio tests to assess the

goodness of fit for the diagonal case (H0) with respect to these alternative specifications. We fail

to reject the null hypothesis H0 at the 5% significance level for the five specifications considered.

This result corroborates our choice of diagonal parameter matrices for the analysis.2

The estimated parameters for the models with diagonal K and Φ are reported in Table 2.12.

All estimated κi coefficients are positive and close to zero, while most of the estimated ϕi are

close to one. Similar to the volatility case, the correlation series are characterized by stationary

dynamics but high persistence. Furthermore, we notice that the inverse of the degrees of freedom

parameter is approximately 0.029. This result indicates that the t-copula modelling the residual

series after de-volatilization is close to, but significantly different from, the Gaussian copula.

Although diagonality constraints of the parameter matrices highly reduce the complexity

of the model, we still have 46 parameters to estimate. To further simplify the model, we

consider five additional model restrictions. We notice from the results in Table 2.12 that the

parameter estimates for ω, K, and Φ have quite similar values. This observation motivates

alternative specifications in which parameters are restricted to be equal. Table 2.13 provides a

summary of the different combinations of restrictions considered with the corresponding number

of parameters. In the interest of space, we do not provide the estimates of the restricted models

and only provide a summary of model performance measures in the following paragraph.

In terms of model diagnostics, we first apply Portmanteau tests to the correlation score se-

ries, the correlation residual series, and the outer product of the correlation residual series. The

results are reported in Table 2.1. For all the log correlation series, there is no evidence against

the martingale difference property for the score series at conventional significance levels. The

p-values of the test for the correlation residual series indicate that we cannot reject the null hy-

pothesis of no serial autocorrelation at the 1% significance level, whereas we do not find evidence

supporting the presence of serial autocorrelation in the outer product of the correlation residual

series at all conventional significance levels. Furthermore, we perform likelihood-ratio tests of

the restricted models with respect to the diagonal one. It can be observed that we reject the null

hypothesis of equal likelihood between the restricted models and Model 1 at the 5% significance

level. We reach the same conclusion when considering the 1% significance level except in the

case of Model 3. We additionally report the Akaike and Bayesian information criteria (AIC and

2Results for the specification analysis are available from the authors upon request.
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BIC), to quantify the model performance in terms of goodness-of-fit and model complexity. We

conclude that model 2 with 18 parameters should be selected according to the minimum BIC

and AIC criteria. In this case, the evidence is in favor of restricting the diagonal elements of K

and those of Φ to be equal, which reduces the parameter dimension substantially, while allowing

variation for ω across different series. This result also suggests that the dynamics of the log

correlation series θi can be assumed to be the same across different components, and that the

only difference occurs in the level of the series. In higher dimensions, we conjecture that similar

parameter restrictions are reasonable and allow us to obtain computationally feasible results in

cases of several hundreds of assets. This actually corresponds to a similar observation made by

Caporin and McAleer (2012) for the classes of BEKK and DCC models, for which the “scalar”

versions of the models are preferred in high dimensions to avoid the curse of dimensionality.

2.4.3.1 In-sample performance

In this part, we conduct an empirical study for model performance comparison considering the

GARCH-cDCC, the GAS class of models proposed by Creal et al. (2011) and our model. We

categorize the 8 models into two classes. The Meta-t models on the one hand are estimated

using a two-step estimation procedure. In this case, the volatilities are all estimated by a

Beta-t-EGARCH model assuming different degrees of freedom for each asset. The dynamic

correlations are modelled with different specifications, namely, our log correlation matrix model

(Meta-t-log-corr), the cDCC model (Meta-t-cDCC), the GAS model introduced in Creal et al.

(2011) (Meta-t-GAS), and its variation using hyperspherical coordinates decomposition (Meta-

t-GAS-h). The second group of models, on the other hand, contains the multivariate t models

estimated by a one-step procedure. In particular, the t-cDCC, t-GAS, t-GAS with log-volatility

(t-GAS-l) specification are estimated using variance and correlation targeting techniques. We

also consider the t-GAS model with a hyperspherical coordinates decomposition (t-GAS-hl) for

comparison.

Note that all models based on the Meta-t distribution face the problem of rescaling of Θt

that is discussed in Section 3.2, because for a Meta-t distribution, Θ̃t is not exactly equal to the

correlation matrix. However, as we have shown in our example with marginal d.o.f. equal to

4 and 10, and a copula d.o.f. of 7, the approximation is very accurate. The range of marginal

d.o.f. is similar for our data. We therefore decided to skip the rescaling and set Θt = Θ̃t, which



2.4. Empirical application 71

practically makes no difference but simplifies the computation of all considered Meta-t models.

The parameters estimated from the group of Meta-t models are reported in Table 2.14.3 It

can be observed that the autoregressive parameter values Φ for all models are close to unity

indicating high persistence in the correlation series. Moreover, the inverse of the degrees of

freedom parameter is close to zero (around 0.033) but significantly different from zero. Table 2.15

presents the parameter estimation of the group of multivariate t models. For each model,

the parameters αi and βi with i = 1, 2, . . . , 6 are the volatility parameters while α7 and β7

are the correlation parameters with different specifications. Similarly, all the autoregressive

parameters are close to one such that the estimated volatility series and correlation series are

highly persistent.

The Meta-t log correlation specification has the best model fit in terms of log likelihood

values, reported in Table 2.2. The differences between the likelihood values of the four Meta-t

variations are quite small and would not be significant using likelihood ratio tests, if the models

were nested. However, the difference between the Meta-t models and the multivariate student-

t models are quite substantial. Therefore, the added flexibility in the Meta-t specification

allowing for different degrees of freedom for individual assets outperforms the specification using

a multivariate t distribution with a single degrees of freedom parameter by a larger log likelihood

of around 80 to 100. Furthermore, since the only difference among the four Meta-t models

comes from the parameterization of the correlation matrix, the results indicate that the different

specifications of the correlation dynamics after the devolatilization appear to make a smaller

difference. This observation is consistent with the empirical results in Creal et al. (2011). Based

on the third and fourth rows in Table 2.2, the Meta-t log correlation model would be selected

using the classical model selection criteria AIC and BIC. The superior performance of the Meta-t

models is confirmed by the AIC and BIC results although the multivariate t models have fewer

parameters.

Figure 2.3 plots the estimated correlation series for four selected pairs of asset indices, namely,

SPX–SBW, SPX–EMU, SPX–OIL, and SBW–GOLD. We compare the results for our Meta-t-

log-corr model and the best performing multivariate t model, i.e. the t-GAS-hl. While the

overall level of estimated correlations is about the same for both models, the Meta-t-log-corr

model is more volatile and less persistent over time. This is consistent with the fact that the

3To save space, we only report the K, Φ and η̄ parameters and leave out the ω vectors.
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Meta-t-log-corr model has a slightly lower estimated autoregressive parameter than the t-GAS-hl

model.

2.4.3.2 Out-of-sample performance

To verify the short-term forecasting ability of the dynamic log correlation model, we compare

the performance of different approaches in a Global Minimum Variance (GMV) portfolio allo-

cation exercise. To this end, we forecast the 1-day ahead covariance matrices using the better

performing models, namely the group of Meta-t models. Our out-of-sample exercise is conducted

over a period ranging from the start of 2019 to the end of 2020. Market conditions are rather

stable for the 2019 period and we thus only re-estimate the models twice over the year. The year

2020, on the other hand, featured extremely volatile market conditions which culminated at the

onset of the COVID-19 crisis in March. We address the potential impact of these exceptional

market conditions on our out-of-sample results by re-estimating the models every two months

to incorporate new information on these rapidly evolving financial conditions. The 1-day ahead

volatility is forecast using the Beta-t-EGARCH model and the correlation matrices are forecast

respectively from the Meta-t-log-corr model, the Meta-t-cDCC model, the Meta-t-GAS model,

and the Meta-t-GAS-h model. Based on the daily forecasts, we construct the conditional covari-

ance matrix and use it as an input to compute the optimal GMV portfolio allocation for each

day.

We present in Table 2.3 the out-of-sample performance results in terms of the annualized

portfolio standard deviation. We observe that the Meta-t-log-corr model has similar portfolio

volatility to the Meta-t-GAS and Meta-t-GAS-h models. Furthermore, all three score-driven

models exhibit better performances than the Meta-t-cDCC model. This result highlights the

fact that score driven models are more robust to outliers and, as a consequence, exhibit superior

performance under extreme market conditions. Furthermore, we can draw similar conclusions for

model comparisons in terms of the Sharpe ratio of the considered portfolios. More specifically,

the Sharpe ratios of the dynamic conditional score models are close to each other and higher

than the corresponding Sharpe ratio for the cDCC model specification.
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2.5 Conclusions

The proposed score-driven correlation model ensures positivity of the conditional correlation

matrix while offering high flexibility in the modelling of the conditional distribution and dy-

namics. In the empirical application we have shown that the model fits well a set of financial

and alternative assets, passing various diagnostic tests for the distribution and dynamics. We

also show that our model performs well compared to alternative correlation parameterizations

in terms of in-sample fit. Our out-of-sample analysis highlights the superior performance of

score driven models compared to the cDCC model in terms of correlation forecasting applied to

minimum variance portfolio selection.

Many generalizations are possible, for example using generalized student-t distributions as

in Harvey and Lange (2017), and distributions allowing for skewness as in Bauwens and Laurent

(2005) or Harvey and Sucarrat (2014). Rather than models based on the student-t distribution,

one may also generalize the Gamma-GED-EGARCH to the multivariate case. Future work

may also address specification tests in high dimensions, for example clustering of parameters

characterizing the dynamics of the log correlation matrix. We have discussed two extreme cases

in the empirical example, the unrestricted case and the one setting all parameters equal, but

developing strategies to specify intermediate cases such as the factor structure used in Archakov

et al. (2020) would seem reasonable as well.
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2.A Theoretical material

2.A.1 Lyapounov exponent of the SRE in the bivariate case

In the bivariate case, the SRE is given by Equation (2.13) where ψt(s) = ω+ϕs+κg(s)Zt. Since

g(s) is continuously differentiable, we are looking for

Λ(ψ) = sup
s∈R

|∂ψ(s)/∂s|.

Straightforward calculations show that g(s) = 1
2(−ρ, 1, 1,−ρ)

⊺, with ρ = exp(2s)−1
exp(2s)+1 , and Zt =

vec(wtξtξ
⊺
t − IN ), with wt =

η+N
η−2+ξ⊺t ξt

. Hence,

∂ψ(s)

∂s
= ϕ− κ

exp(2s)

(exp(2s) + 1)2

{
wt(ξ

2
1t + ξ22t)− 2

}
and because infs∈R

exp(2s)
(exp(2s)+1)2

= 0 and sups∈R
exp(2s)

(exp(2s)+1)2
= 1, we have

Λ(ψ) = max

(
ϕ, ϕ− κ

[
wt(ξ

2
1t + ξ22t)− 2

])
.

Using this expression, we can simulate a large number of i.i.d. ξt and estimate the Lyapounov

exponent E[log Λ(ψ)] by the sample mean of log Λ(ψ). For a student-t with 5 and 15 degrees of

freedom, Figure 2.4 shows the parameter space of (ϕ, κ) for which the Lyapounov exponent is

negative. As ϕ is approaching 1, κ is constrained to a shrinking region around zero.

For the general case N ≥ 2 and θt ∈ TN,ϵ ⊂ RN(N−1)/2, no simple analytical expression is

available for Λ(ψ), but Appendix 2.D shows that there exists an upper bound. Furthermore,

we can obtain numerical approximations to estimate the Lyapounov exponent for a given set of

parameters, see Appendix 2.D for details.
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2.A.2 Proof of Theorem 1

First, we have

dL(δ) = −1

2

T∑
t=1

{
d log |Θt| −

η +N

η − 2 + ε⊺tΘ
−1
t εt

Tr
(
εtε

⊺
t dΘ

−1
t

)}

= −1

2

T∑
t=1

Tr

{
Θ−1
t dΘt −

η +N

η − 2 + ε⊺tΘ
−1
t εt

εtε
⊺
tΘ

−1
t dΘtΘ

−1
t

}

=
1

2

T∑
t=1

Tr


(

η +N

η − 2 + ε⊺tΘ
−1
t εt

Θ−1
t εtε

⊺
tΘ

−1
t −Θ−1

t

)
dΘt


=

1

2

T∑
t=1

vec

(
η +N

η − 2 + ε⊺tΘ
−1
t εt

Θ−1
t εtε

⊺
tΘ

−1
t −Θ−1

t

)⊺

dvecΘt

Now, using a result of Linton and McCrorie (1995) for the differential of the matrix expo-

nential, we can write

dvecΘt = Atdvec logΘt,

and with the definition of the permutation matrix P ,

dvecΘt = AtP

ddiag(logΘt)

dvecl(logΘt)


Now, vecl(logΘt) = θt, and by Archakov and Hansen (2021), diag(logΘt) is a unique function

of θt, for which no analytical form exists for N > 4. However, using the proof of Proposition

3 of Archakov and Hansen (2021), we have an analytical expression for the differential of this

function, given by

ddiag(logΘt) = −(EdAtE
⊺
d)

−1EdAtE
⊺
sdθt

which completes the stated result.

The expressions given in Remark 1 for the Gaussian distribution, i.e. for the limiting case

η → ∞, can be obtained easily. First, using Stirling’s approximation, note that

lim
η→∞

T log

(
Γ

(
η +N

2

))
− T log

(
Γ

(
η

2

))
− TN

2
log
(
(η − 2)π

)
= lim

η→∞
T log

Γ
(
η+N
2

)
Γ
(η
2

) (
(η − 2)π

)N/2
= T log (2π)−N/2 = −TN

2
log(2π)
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And for the score function, it can be easily shown that

p lim
η→∞

−1

2

T∑
t=1

{
log |Θt|+ (η +N) log

(
1 +

1

η − 2
ε⊺tΘt

−1εt

)}

= p lim
η→∞

−1

2

T∑
t=1

{
log |Θt|+

η +N

η − 2
ε⊺tΘt

−1εt

}

= −1

2

T∑
t=1

{
log |Θt|+ ε⊺tΘt

−1εt

}
Thus, we arrive at the expression of the log likelihood function for the multivariate normal

distribution. Furthermore, the score can be obtained directly by taking the probability limit of

η+N

η−2+ε⊺tΘ
−1
t εt

as η → ∞, which is equal to 1.

2.A.3 Proof of Theorem 2

We first need to show that, under our conditions, θt and its derivatives up to order 3, evaluated at

the true parameters, are stationary and ergodic processes. The process θt satisfies the stochastic

recurrence equation (SRE) in Equation (2.13) which by Theorem 2.8 of Straumann and Mikosch

(2006) is stationary and ergodic under the contraction condition of Assumption (A6). The

compactness of Ω then implies consistency by Lemma 1 of Jensen and Rahbek (2004).

The process ∂θt/∂δ permits an SRE as in Equation(2.17). It is stationary and ergodic if

E[log |xt|] < 0, see Straumann and Mikosch (2006). This is implied by Assumption (A5), i.e.

E[x2t ] < 1, using Jensen’s inequality.

The process ∂2θt
∂δ∂δ⊺ also permits an SRE:

∂2θt
∂δ∂δ⊺

= Ct−1 + xt−1
∂2θt−1

∂δ∂δ⊺

where Ct =
∂zt
∂δ⊺ + ∂θt

∂δ
∂xt
∂δ⊺ . Again, stationary and ergodicity are implied by Assumption (A5).

The same argument applies to the third derivatives of θt.

We then obtain asymptotic normality for the score evaluated at the true parameter, invoking

the central limit theorem for martingale difference sequences of Brown (1971), i.e.

T−1/2
T∑
t=1

∂lt(ϑ0)

∂ϑ
→d N(0, I(ϑ0)).

This requires that E[(∂θit/∂ϑj)2] <∞ for i = 1, . . . , N∗ and j = 1 . . . ,dim(ϑ), which is implied

by Assumption (A5), see Theorem 1 of Harvey (2013).
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Moreover, we have

− 1

T

T∑
t=1

∂2lt(ϑ0)

∂ϑ∂ϑ⊺
→p I(ϑ0)

as in Proposition 5 of Harvey (2013). It suffices to check that, for a neighborhood N(ϑ0) of the

true parameter,

E sup
ϑ∈N(ϑ0)

∥∥∥∥∥∂vec∂ϑ′
∂2lt(ϑ)

∂ϑ∂ϑ′

∥∥∥∥∥ <∞. (2.21)

For the volatility part this has been shown before, see e.g. Theorem 3 of Harvey (2013), so we

concentrate on the correlation part. We have

∂vec

∂δ⊺
∂2lt(δ)

∂δ∂δ⊺
= (Im ⊗ u⊺t ⊗ Im)

∂vec

∂δ⊺
∂vec

∂δ⊺
∂θ⊺t
∂δ

+ (
∂vec⊺

∂δ

∂θ⊺t
∂δ

⊗ Im)(IN∗ ⊗ vec(Im))
∂ut
∂δ⊺

+ (
∂u⊺t
∂δ

⊗ Im)
∂vec

∂δ⊺
∂θ⊺t
∂δ

+ (Im ⊗ ∂θ⊺t
∂δ

)
∂vec

∂δ⊺
∂ut
∂δ⊺

(2.22)

with m = dim(δ). The first term on the right hand side of Equation (2.22) depends on the

third order derivatives of the correlation parameter with respect to δ. A typical element of this

matrix is given by

∂3θt(δ)

∂δi∂δj∂δk
=

∂2zi,t−1

∂θj∂θk
+
∂xt−1

∂δj

∂2θt−1

∂δi∂δk
+
∂2xt−1

∂δj∂δk

∂θt−1

∂δi
+
∂xt−1

∂δk

∂2θt−1

∂δi∂δj
+ xt−1

∂3θ̃t−1(δ)

∂δi∂δj∂δk

=
∞∑
j=1

ζt−j

j−1∏
i=1

xt−i (2.23)

where zit denotes the i-th column of zt, and ζt =
∂2zi,t−1

∂θj∂θk
+ ∂xt−1

∂δj

∂2θt−1

∂δi∂δk
+ ∂2xt−1

∂δj∂δk

∂θt−1

∂δi
+ ∂xt−1

∂δk

∂2θt−1

∂δi∂δj
.

Each term of ζt can be uniformly bounded in a neighborhood of δ0 and a repeated application of

the cr inequality yields E supδ∈N(δ0) |ζt| <∞. Note that |xt| is a stationary ergodic sequence of

nonnegative random variables with E log |xt| < 0, which is implied by Assumption (A5). Thus,

by Lemma 2.4 of Straumann and Mikosch (2006),
∏t−1
i=1 |xt−i| →e.a.s. 0, meaning that there exists

a γ > 1 s.t. γt
∏t−1
i=1 |xt−i| →a.s. 0. This implies that E

∏t−1
i=1 |xt−i(δ̄t−i)| = O(ρt), which in turn

implies that the infinite sum in Equation (2.23) is convergent and we obtain

E sup
θ∈N(θ0)

∣∣∣∣∣ ∂3θt(δ)

∂δi∂δj∂δk

∣∣∣∣∣ <∞.

The remaining terms on the right hand side of Equation (2.22) can be bounded in a similar way.

Together with corresponding results for the volatility part, this implies Equation (2.21).

Finally, tedious but straightforward calculations yield the expression of the information ma-

trix using results of Fiorentini et al. (2003). The details are omitted here but available upon

request.
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2.A.4 Proof of Theorem 3

The proof of consistency and asymptotic normality is essentially the same as that of Theorem

2, noting that stationarity and ergodicity of the process θ̃t hold under the same conditions as

for the process θt. The form of the asymptotic covariance matrix of the inference function for

margins approach is based on Joe (2005), and the components of I follow by straightforward

calculations, which are again omitted to economize on space, but available upon request.

2.B Tables and figures

Table 2.1: Diagnostics and model selection criteria for multivariate models.

Model 1 Model 2 Model 3 Model 4 Model 5 Model 6

k 46 18 32 31 4 3

T 845 845 845 845 845 845

score test 0.5014 0.3598 0.3228 0.3910 0.4150 0.3134

ξt 0.0653 0.0489 0.0818 0.0810 0.0513 0.0461

vech(ξtξ
⊺
t ) 0.9457 0.9463 0.9526 0.9723 0.9585 0.9539

lnL(θ̂) 446.59 421.01 432.77 424.91 368.12 361.92

LR 51.17 27.65 43.37 156.95 169.35

d.o.f. 28 14 15 42 43

p-value 0.0048 0.0158 0.0001 0.0000 0.0000

BIC -583.18 -720.70 -649.88 -640.90 -709.28 -703.62

AIC -801.19 -806.01 -801.54 -787.82 -728.23 -717.83

Note: k is the number of parameters in the model. T is the number of data points in

the sample. Score test, ξt and vech(ξtξ
⊺
t ) are the p-values of a multivariate Portmanteau

test applied to the correlation score series, the correlation residual series and the outer

product of the correlation residual series. The number of lags is 30 and degrees of freedom

are Nlag × N∗2 with Nlag = 30 and N∗ = 15. The likelihood-ratio statistic is computed

as LR = −2 ln Li(θ̂)

L1(θ̂)
, with Li corresponding to the likelihood for model i. The number of

degrees of freedom for the LR test is computed as the difference in the number of parameters

between Model 1 and Model i. The Akaike and Bayesian information criteria are respectively

computed as AIC = −2 lnL(θ̂) + 2k, and BIC = −2 lnL(θ̂) + k lnT .
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Table 2.2: Modelling comparison for dynamic correlation matrix.

Meta-t-log-corr Meta-t-cDCC Meta-t-GAS Meta-t-GAS-h

k 42 42 42 42

lnL(θ̂) 16330.63 16329.34 16327.67 16329.73

AIC -32577.26 -32574.69 -32571.33 -32575.47

BIC -32378.21 -32375.64 -32372.28 -32376.41

t-cDCC t-GAS t-GAS-l t-GAS-hl

k 36 36 36 36

lnL(θ̂) 16244.69 16230.82 16231.58 16247.45

AIC -32417.39 -32389.63 -32391.15 -32422.89

BIC -32246.77 -32219.02 -32220.54 -32252.28

Note: k is the number of parameters. The Akaike and Bayesian information criteria

are respectively computed as AIC = −2 lnL(θ̂) + 2k, and BIC = −2 lnL(θ̂) + k lnT .

The first four models are estimated following a two-step estimation procedure with dy-

namic volatility estimated using the Beta-t-EGARCH model and the dynamic correlation

matrix modelled respectively by the Meta-t-log-corr, Meta-t-cDCC, Meta-t-GAS, and

Meta-t-GAS-h models. The last four models are estimated following a one-step estima-

tion procedure with dynamic volatility and correlation matrix modelled respectively by

t-cDCC, t-GAS, t-GAS-l and t-GAS-hl.

Table 2.3: Out-of-sample annualized portfolio standard deviation (in percentage points) and Sharpe ratio.

Meta-t-log-corr Meta-t-cDCC Meta-t-GAS Meta-t-GAS-h

Annualized standard deviation

5.8203 6.0859 5.8416 5.8112

Sharpe ratio

0.9403 0.6730 0.9591 0.9409
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Figure 2.2: Time series of daily asset prices, August 1, 2014 to December 12, 2020, for (from top to

bottom) SPX, SBW, EMU, OIL, GOLD, and CRIX. The grey shaded area is the out-of-sample period

ranging from the beginning of 2019 to the end of 2020.
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Figure 2.3: Estimated conditional correlation series for four selected pairs (from top to bottom): SPX-

SBW, SPX-EMU, SPX-OIL, SPX-GOLD, using two models: the Meta-t-log-corr model and the t-GAS-hl

model.
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2.C Example: the bivariate Gaussian case

This section shows that our model reduces to that of Harvey (2013) (Section 7.3.1) in the bivari-

ate Gaussian case. It also serves to illustrate the structure of the involved matrix expressions.

Let N = 2. For Θ and logΘ, see Example 1 above. We have At = (Γt ⊗ Γt)Ξt(Γt ⊗ Γt)
⊺ with

diag(Ξt) = (1 + ρ, 2ρ/ log 1+ρ
1−ρ , 2ρ/ log

1+ρ
1−ρ , 1− ρ) and

Γt ⊗ Γt =
1

2


1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1


which gives

At =
1

2



1 + 2ρ

log 1+ρ
1−ρ

ρ ρ 1− 2ρ

log 1+ρ
1−ρ

ρ 1 + 2ρ

log 1+ρ
1−ρ

1− 2ρ

log 1+ρ
1−ρ

ρ

ρ 1− 2ρ

log 1+ρ
1−ρ

1 + 2ρ

log 1+ρ
1−ρ

ρ

1− 2ρ

log 1+ρ
1−ρ

ρ ρ 1 + 2ρ

log 1+ρ
1−ρ


The elimination matrices are El = (0, 1, 0, 0), Eu = (0, 0, 1, 0), and

Ed =

1 0 0 0

0 0 0 1


such that

EdAtE
⊺
d =

1

2

1 + 2ρ

log 1+ρ
1−ρ

1− 2ρ

log 1+ρ
1−ρ

1− 2ρ

log 1+ρ
1−ρ

1 + 2ρ

log 1+ρ
1−ρ

 , EdAtE
⊺
s =

ρ
ρ



(EdAtE
⊺
d)

−1 =
log 1+ρ

1−ρ
4ρ

1 + 2ρ

log 1+ρ
1−ρ

2ρ

log 1+ρ
1−ρ

− 1

2ρ

log 1+ρ
1−ρ

− 1 1 + 2ρ

log 1+ρ
1−ρ



−(EdAtE
⊺
d)

−1EdAtE
⊺
s = −

log 1+ρ
1−ρ

4ρ

1 + 2ρ

log 1+ρ
1−ρ

2ρ

log 1+ρ
1−ρ

− 1

2ρ

log 1+ρ
1−ρ

− 1 1 + 2ρ

log 1+ρ
1−ρ


ρ
ρ

 =

−ρ

−ρ


Note that this can be obtained directly from Example 1, where the diagonal elements of

logΘ are 1
2 log(1− ρ2), and the off-diagonal element is γ := 1

2 log
1+ρ
1−ρ , or ρ = exp(2γ)−1

exp(2γ)+1 . Hence,

∂

∂ρ

1

2
log(1− ρ2)

∂ρ

∂γ
=

−ρ
1− ρ2

4 exp(2γ)

(exp(2γ) + 1)2
=

−2ρ

1− ρ2
(1− ρ2) = −2ρ.
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Together with the factor 1/2 in ut, we obtain the same result.

The permutation matrix P is given by

P =


1 0 0

0 0 1

0 0 1

0 1 0


Then,−(EdAtE

⊺
d)

−1EdAtE
⊺
s

IN(N−1)/2


⊺

P ⊺ =

(
−ρ −ρ 1

)
1 0 0 0

0 0 0 1

0 1 1 0

 =

(
−ρ 1 1 −ρ

)

and

(
−ρ 1 1 −ρ

)
At =

1

2

(
−ρ 1 1 −ρ

)


1 + 2ρ

log 1+ρ
1−ρ

ρ ρ 1− 2ρ

log 1+ρ
1−ρ

ρ 1 + 2ρ

log 1+ρ
1−ρ

1− 2ρ

log 1+ρ
1−ρ

ρ

ρ 1− 2ρ

log 1+ρ
1−ρ

1 + 2ρ

log 1+ρ
1−ρ

ρ

1− 2ρ

log 1+ρ
1−ρ

ρ ρ 1 + 2ρ

log 1+ρ
1−ρ


=

(
0 1− ρ2 1− ρ2 0

)
Finally,

vec(Θ−1εtε
⊺
tΘ

−1) =
1

(1− ρ2)2


ε21t − 2ρε1tε2t + ρ2ε22t

(1 + ρ2)ε1tε2t − ρ(ε21t + ε22t)

(1 + ρ2)ε1tε2t − ρ(ε21t + ε22t)

ρ2ε21t − 2ρε1tε2t + ε22t


, vec(Θ−1) =

1

1− ρ2


1

−ρ

−ρ

1


such that(
0 1− ρ2 1− ρ2 0

)
vec(Θ−1εtε

⊺
tΘ

−1 −Θ−1) =
2

1− ρ2

{
(1 + ρ2)ε1tε2t − ρ(ε21t + ε22t)

}
+ 2ρ

and

ut =
1

1− ρ2

{
(1 + ρ2)ε1tε2t − ρ(ε21t + ε22t)

}
+ ρ

which is the score given by Harvey (2013, Section 7.3.1) for the bivariate Gaussian case. He uses

the parametrization γ = 1
2 log

1+ρ
1−ρ and

g =
exp γ + exp(−γ)

2
, ḡ =

exp γ − exp(−γ)
2
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so that

ut = (2g2 − 1)ε1tε2t − gḡ(ε21t + ε22t) +
ḡ

g
.

For the information matrix of Theorem 2, the expressions reduce to

Iδδ =
1

2
E

[
∂θ⊺t
∂δ

Mt

(
Θ−1
t ⊗Θ−1

t

)
M⊺
t

∂θt
∂δ⊺

]

Iττ =
1

2
E
[
∂vec(Ht)

⊺

∂τ

(
H−1
t ⊗H−1

t

) ∂vec(Ht)

∂τ⊺

]
Iτδ =

1

2
E
[
∂vec(Ht)

⊺

∂τ

(
H−1
t ⊗H−1

t

)
(Dt ⊗Dt)M

⊺
t

∂θt
∂δ⊺

]
WithMt = (1−ρ2)

(
0 1 1 0

)
, straightforward calculations show that 1

2Mt

(
Θ−1
t ⊗Θ−1

t

)
M⊺
t =

(1 + ρ2) = 2− 1/g2, and

Iδδ = E

[
(2− 1/g2)

∂θ⊺t
∂δ

∂θt
∂δ⊺

]

Furthermore,

Ht =

 exp(2h1) ρ exp(h1 + h2)

ρ exp(h1 + h2) exp(2h2)

 , H−1
t =

1

(1− ρ2)

 exp(−2h1) −ρ exp(−h1 − h2)

−ρ exp(−h1 − h2) exp(−2h2)


and

∂vec(Ht)

∂τ⊺
=
∂vec(Ht)

∂ϖ⊺

∂ϖ

∂τ⊺
,

∂vech(Ht)

∂ϖ⊺ =


2 exp(2h1) 0 0

ρ exp(h1 + h2) ρ exp(h1 + h2) exp(h1 + h2)

0 2 exp(2h2) 0


where ϖ := (h1, h2, ρ)

⊺. Straightforward calculations show that

1

2

∂vec(Ht)
⊺

∂ϖ

(
H−1
t ⊗H−1

t

) ∂vec(Ht)

∂ϖ⊺ =


1 + g2 1− g2 −ḡ/g

1− g2 1 + g2 −ḡ/g

−ḡ/g −ḡ/g 2− 1/g2

 =: J

which is the matrix given in Proposition 40 of Harvey (2013). Thus,

Iττ = E
[
∂ϖ⊺

∂τ
J
∂ϖ

∂τ⊺

]
Similarly, we obtain

Iτδ = E
[
∂ϖ⊺

∂τ
J3

∂θ

∂δ⊺

]
where J3 is the third column of J .
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2.D Lyapounov exponent of the SRE

In the bivariate case, the SRE is given by Equation (2.13) where ψt(s) = ω+ϕs+κg(s)Zt. Since

g(s) is continuously differentiable, we are looking for

Λ(ψ) = sup
s∈R

|∂ψ(s)/∂s|.

Straightforward calculations show that g(s) = 1
2(−ρ, 1, 1,−ρ)

⊺, with ρ = exp(2s)−1
exp(2s)+1 , and Zt =

vec(wtξtξ
⊺
t − IN ), with wt =

η+N
η−2+ξ⊺t ξt

. Hence,

∂ψ(s)

∂s
= ϕ− κ

exp(2s)

(exp(2s) + 1)2

{
wt(ξ

2
1t + ξ22t)− 2

}
and because infs∈R

exp(2s)
(exp(2s)+1)2

= 0 and sups∈R
exp(2s)

(exp(2s)+1)2
= 1, we have

Λ(ψ) = max

(
ϕ, ϕ− κ

[
wt(ξ

2
1t + ξ22t)− 2

])
.

Using this expression, we can simulate a large number of i.i.d. ξt and estimate the Lyapounov

exponent E[log Λ(ψ)] by the sample mean of log Λ(ψ). For a student-t with 5 and 15 degrees of

freedom, Figure 2.4 shows the parameter space of (ϕ, κ) for which the Lyapounov exponent is

negative. As ϕ is approaching 1, κ is constrained to a shrinking region around zero.

In the general case N ≥ 2 and θt ∈ TN,ϵ ⊂ RN(N−1)/2, we denote the spectral (operator)

matrix norm by ∥ · ∥, and the L2 norm by ∥ · ∥2. At several occasions we will use that

∥Θt∥ ≤ ∥Θt∥2 ≤ N, a.s. (2.24)

because Θt is a correlation matrix and, hence, supi,j |Θt,ij | = 1.

For the differential of the impact function g(·) we have

dg(θt) =
1

2

{
(Θ

−1/2
t ⊗Θ

−1/2
t )dMt +Mtd(Θ

−1/2
t ⊗Θ

−1/2
t )

}
(2.25)

Let Yt = Θt ⊗Θt, and Then,

∥dY −1/2
t ∥ ≤ ∥dvecY −1/2

t ∥2

= ∥(Y −1/2
t ⊗ Y

−1/2
t )dvecY

1/2
t ∥2

= ∥(Y −1/2
t ⊗ Y

−1/2
t )(Y

1/2
t ⊗ IN + IN ⊗ Y

1/2
t )−1dvecYt∥2

= ∥(Yt ⊗ Y
1/2
t + Y

1/2
t ⊗ Yt)

−1dvecYt∥2

≤ ∥(Yt ⊗ Y
1/2
t + Y

1/2
t ⊗ Yt)

−1∥ ∥dvecYt∥2 (2.26)

where in Equation (2.26) we used that the spectral norm ∥ · ∥ is induced by the L2 vector norm
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Figure 2.4: The lines show the combinations of (ϕ, κ) for which E[log Λ(ψ)] = 0. Solid line: student-t

with 5 df, dashed: 15 df. South of these functions is the region for which the Lyapounov exponent is

negative.

∥ · ∥2, see e.g. Magnus and Neudecker (2019).

Now,

∥(Yt ⊗ Y
1/2
t + Y

1/2
t ⊗ Yt)

−1∥ ≤ λmax(Yt ⊗ Y
1/2
t + Y

1/2
t ⊗ Yt)

−1

= λ−1
min(Yt ⊗ Y

1/2
t + Y

1/2
t ⊗ Yt)

≤ λ−1
min(Yt ⊗ Y

1/2
t )

≤ ϵ−3 <∞, a.s. (2.27)

by Assumption (A6), and

dvec(Yt) = (IN ⊗ CNN ⊗ IN )(IN2 ⊗ vec(Θt) + vec(Θt)⊗ IN2)dvec(Θt)

= (IN ⊗ CNN ⊗ IN )(IN2 ⊗ vec(Θt) + vec(Θt)⊗ IN2)M⊺
t dθt (2.28)
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with commutation matrix CNN . We have

∥dvec(Yt)∥2 ≤ ∥(IN ⊗ CNN ⊗ IN )(IN2 ⊗ vec(Θt) + vec(Θt)⊗ IN2)Mt∥ ∥dθt∥2

≤ ∥(IN ⊗ CNN ⊗ IN )∥ ∥(IN2 ⊗ vec(Θt) + vec(Θt)⊗ IN2)∥ ∥Mt∥ ∥dθt∥2

= ∥(IN2 ⊗ vec(Θt) + vec(Θt)⊗ IN2)∥ ∥Mt∥ ∥dθt∥2

where the first inequality follows by the fact that the spectral norm is induced by the L2 vector

norm, the second inequality by submultiplicativity of the spectral norm, and the last equality

by the fact that λmax(CNN ) = 1. Now,

∥(IN2 ⊗ vec(Θt) + vec(Θt)⊗ IN2)∥ ≤ 2∥IN2 ⊗ vec(Θt)∥

= 2λ1/2max

{
(IN2 ⊗ vec(Θt))

⊺(IN2 ⊗ vec(Θt))
}

= 2λ1/2max

{
IN2vec(Θt)

⊺vec(Θt)
}

= 2
{
vec(Θt)

⊺vec(Θt)
}1/2 ≤ 2N, a.s.

where the last inequality follows by Equation (2.24). Furthermore, note that Mt can be written

as Mt = M1t +M2t, where M2t = P ⊺
l At, M1t = −EsAtE⊺

d(EdAtE
⊺
d)

−1P ⊺
dAt, and Pd and Pl

are defined by Pddiag(Q) = vec(Q) and Plvecl(Q) = vec(Q), respectively, for any symmetric

conformable matrix Q.

∥Mt∥ ≤ ∥M1t∥+ ∥M2t∥

≤ (
∥∥∥(EdAtE⊺

d)
−1EdAtE

⊺
s

∥∥∥+ 1) ∥At∥

≤ (λ−1
min(At)λmax(At) + 1)λmax(At)

≤ (N/ϵ+ 1)N <∞ (2.29)

where we have used that EdAtE
⊺
d and EdAtEs are principal submatrices of At, and hence

λmin(EdAtE
⊺
d) ≥ λmin(At) and λmax(EdAtE

⊺
s ) ≤ λmax(At). Moreover, λmin(At) = λmin(Θt) ≥

ϵ > 0 a.s. by Assumption (A6), and λmax(At) = λmax(Θt) ≤ N a.s. because ∥Θt∥ ≤ ∥Θt∥2,

which is due to Equation (2.24). Thus, ∥dvec(Y −1/2
t )∥2 ≤ 2N2ϵ−3(N/ϵ+1)∥dθt∥2, and the norm

of the second term in Equation (2.25) is

1

2
∥MtdY

−1/2
t ∥ ≤ (N/ϵ)3(N/ϵ+ 1)2∥dθt∥2.

As for the first term, note that
∥∥∥Θ−1/2

t ⊗Θ
−1/2
t

∥∥∥ ≤ λ−1
min(Θ) ≤ ϵ−1 by Assumption (A6), and
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therefore

1

2
∥(Θ−1/2

t ⊗Θ
−1/2
t )dMt∥ ≤ 1

2
ϵ−1∥dMt∥

by submultiplicativity of the spectral norm.

Note that dMt = dM1t + dM2t, where

dM1t = −EsdAtE⊺
d(EdAtE

⊺
d)

−1P ⊺
dAt

+ EsAtE
⊺
d(EdAtE

⊺
d)

−1(EddAtE
⊺
d)(EdAtE

⊺
d)

−1PdAt

− EsAtE
⊺
d(EdAtE

⊺
d)

−1P ⊺
d dAt.

The matrix At in Equation (2.8) has an equivalent representation as At =
∫ 1
0 Θr

t ⊗Θ1−r
t dr, see

Linton and McCrorie (1995) and Higham (2008). Thus,

dAt = d

∫ 1

0
Θr
t ⊗Θ1−r

t dr

=

∫ 1

0
dΘr

t ⊗Θ1−r
t dr +

∫ 1

0
Θr
t ⊗ dΘ1−r

t dr

=

∫ 1

0
Ur ⊗Θ1−r

t dr +

∫ 1

0
Θr
t ⊗ Vrdr (2.30)

with

Ur :=

∫ 1

0
Θ

(1−s)r
t d(r logΘt)Θ

rs
t ds (2.31)

Vr :=

∫ 1

0
Θ

(1−s)(1−r)
t d((1− r) logΘt)Θ

(1−r)s
t ds (2.32)

This yields, using the triangle inequality,

∥dAt∥ ≤

∥∥∥∥∥
∫ 1

0
Ur ⊗Θ1−r

t dr

∥∥∥∥∥+
∥∥∥∥∥
∫ 1

0
Θr
t ⊗ Vrdr

∥∥∥∥∥
≤

∫ 1

0
∥Ur ⊗Θ1−r

t ∥dr +
∫ 1

0
∥Θr

t ⊗ Vr∥dr (2.33)

and

∥Ur∥ ≤
∫ 1

0
eλmax(1−s)reλmaxrsds r∥d logΘt∥

=

∫ 1

0
eλmaxrds r∥d logΘt∥

= reλmaxr∥d logΘt∥

∥Vr∥ ≤ (1− r)eλmax(1−r)∥d logΘt∥ (2.34)

Therefore, ∥Ur ⊗ Θ1−r
t ∥ ≤ reλmax∥d logΘt∥ and ∥Θr

t ⊗ Vr∥ ≤ (1 − r)eλmax∥d logΘt∥, and thus,
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∥dAt∥ ≤ (
∫ 1
0 rdr +

∫ 1
0 (1− r)dr)eλmax∥d logΘt∥ = eλmax∥d logΘt∥. Now,

∥d logΘt∥ ≤ ∥dvec logΘt∥2

≤ ∥A−1
t M⊺

t dθt∥2

≤ (N/ϵ+ 1)∥dθt∥2 (2.35)

and therefore ∥dAt∥ ≤ N(N/ϵ+1)∥dθt∥2. Finally, ∥dM1t∥ ≤ ∥dAt∥(2N/ϵ+N2/ϵ2) and ∥dMt∥ ≤

∥dM1t∥ + ∥dM2t∥ ≤ ∥dAt∥(2N/ϵ + N2/ϵ2 + 1) ≤ (2N2/ϵ + N3/ϵ2 + N)(N/ϵ + 1)∥dθt∥2. To

conclude,

sup
θt∈TN,ϵ

∥∥∥∥∥∂vecg(θt)∂θ⊺t

∥∥∥∥∥ = sup
θt∈TN,ϵ

∥dvecg(θt)∥2
∥dθt∥2

(2.36)

≤ (N/ϵ)(N/ϵ+ 1)2
{
(N/ϵ)2 + (N/ϵ+ 1)/2

}
(2.37)

=: B(ϵ,N) <∞ (2.38)

and the Lipschitz constant is given by

Λ(ψ) = sup
θt∈TN,ϵ

∥∥∥∥∥∂ψ(θt)∂θ⊺t

∥∥∥∥∥ = sup
θt∈TN,ϵ

∥dψ(θt)∥2
∥dθt∥2

= sup
θt∈TN,ϵ

∥Φdθt +Kdg(θt)Zt∥2
∥dθt∥2

Note that

Λ(ψ) ≤ Λ̄(ψ) := ∥Φ∥+ ∥K∥ sup
θt∈TN,ϵ

∥∥∥∥∥∂vecg(θt)∂θ⊺t

∥∥∥∥∥ ∥Zt∥2 <∞

where the upper bound Λ̄(ψ) is equal to ϕmax + κmaxB(ϵ,N)∥Zt∥2 if Φ and K are diagonal

with maximum diagonal elements given by ϕmax and κmax, respectively. This shows that the

SRE is Lipschitz continuous with an upper bound for the Lipschitz constant given by Λ̄(ψ). For

given parameters, we can simulate a large number of Zt, calculate Λ̄(ψ) for each draw, and then

estimate E log |Λ̄(ψ)| by the simulation average of log |Λ̄(ψ)|. Then, E log |Λ̄(ψ)| < 0 implies

that the Lyapounov exponent is negative, i.e. E log |Λ(ψ)| < 0.

In large dimensions, or when ϵ is very close to zero, this is unlikely to hold, so it is better to

work with Λ(ψ) directly and solve for given Zt the problem

Λ(ψ) = sup
θt∈TN,ϵ

∥∥∥∥∥Φ+ (Z⊺
t ⊗K)

∂vecg(θt)

∂θ⊺t

∥∥∥∥∥
where the solution for θt is found numerically over the space TN,ϵ, and where Equation (2.25)

is used for the differential of g(·). Then, one repeats this for many draws of Zt and takes the

average of log |Λ(ψ)| as an estimate of the Lyapounov exponent. We have done this for our

six-dimensional empirical example (Model 2), using the estimated parameters in Table 2.14 and
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100 draws of a multivariate student-t distribution. For the lower bound of the eigenvalues of Θt

we choose ϵ = 0.1, motivated by Figure 2.5 that shows the minimum eigenvalue of simulated

Θt for the given parameters by increasing the sample size up to T = 106, which is not smaller

than 0.2. We obtain an estimate of the Lyapounov exponent of -0.013, which suggests that

Assumption (A7) holds for the estimated model.
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Figure 2.5: Simulated λmin(Θt) for N = 6 and different sample sizes up to 1,000,000 observations. The

abscissa is the sample size on a log scale. The parameters of Θt are set to the estimates of Model 2 in

our empirical example. The innovations are drawn from a multivariate student-t distribution, with the

degrees of freedom being the average of the ones from the marginal distributions and from the copula

parameter.
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2.E Expressions for the information matrix

We give analytical expressions for the second derivatives in Equation (2.19) and Equation (2.20).

Note first that

∂2lCt
∂δ∂τ⊺i

=
∂θ̃⊺t
∂δ

∂ũt
∂τ⊺i

+ (ũ⊺t ⊗ Im)
∂vec

∂τ⊺i

∂θ̃⊺t
∂δ

∂2lCt
∂δ∂δ⊺

=
∂θ̃⊺t
∂δ

∂ũt
∂δ⊺

+ (ũ⊺t ⊗ Im)
∂vec

∂δ⊺
∂θ̃⊺t
∂δ

,

where m = dim(δ) and ∂θ̃⊺t /∂δ is given in Equation (2.17), replacing θt by θ̃t, ut by ũt, zt by z̃t

and xt by x̃t. Furthermore,

∂vec

∂τ⊺i

∂θ̃⊺t
∂δ

=
∂vec(z̃⊺t−1)

∂τ⊺i
+ (x̃t−1 ⊗ Im)

∂vec

∂τ⊺i

∂θ̃⊺t−1

∂δ
+ (IN∗ ⊗

∂θ̃⊺t−1

∂δ
)
∂vec(x̃⊺t−1)

∂τ⊺i

∂vec

∂δ⊺
∂θ̃⊺t
∂δ

=
∂vec(z̃⊺t−1)

∂δ⊺
+ (x̃t−1 ⊗ Im)

∂vec

∂δ⊺
∂θ̃⊺t−1

∂δ
+ (IN∗ ⊗

∂θ̃⊺t−1

∂δ
)
∂vec(x̃⊺t−1)

∂δ⊺

Next we calculate the derivatives involving the degrees of freedom parameter η. The first

derivative is given by

∂l

∂η
=

∂c(η,N)

∂η
−N

∂c(η, 1)

∂η
− 1

2

T∑
t=1

∂lCt
∂η

∂lCt
∂η

= ũ⊺t
∂θ̃⊺t
∂η

+ log

(
1 +

ε̃⊺t Θ̃
−1
t ε̃t

η − 2

)
+

η +N

η − 2 + ε̃⊺t Θ̃
−1
t ε̃t

{
2ε̃⊺t Θ̃

−1
t

∂ε̃t
∂η

− ε̃⊺t Θ̃
−1
t ε̃t

η − 2

}

−
N∑
i=1

log

(
1 +

ε̃2it
η − 2

)
+

η + 1

η − 2 + ε̃2it

{
2ε̃it

∂ε̃it
∂η

− ε̃2it
η − 2

}

The second derivatives can be obtained by straightforward calculations. First, we have

∂2lCt
∂η∂τ⊺i

=
∂θ̃⊺t
∂η

∂ũt
∂τ⊺i

+ ũ⊺t
∂2θ̃t
∂η∂τ⊺i

+

 η +N

η − 2 + ε̃⊺t Θ̃
−1
t ε̃t

(
2ε̃⊺t Θ̃

−1
t

∂ε̃t
∂η

− ε̃⊺t Θ̃
−1
t ε̃t

η − 2

)
− N + 2

η − 2

(η − 2 + ε̃⊺t Θ̃
−1
t ε̃t

)−1 ∂ε̃⊺t Θ̃
−1
t ε̃t

∂τ⊺i

−

 η + 1

η − 2 + ε̃2it

(
2ε̃it

∂ε̃it
∂η

− ε̃2it
η − 2

)
− 3

η − 2

(η − 2 + ε̃2it

)−1
2ε̃it

∂ε̃it
∂τ⊺i

+
2(η +N)

η − 2 + ε̃⊺t Θ̃
−1
t ε̃t

(
ε̃⊺t Θ̃

−1
t

∂2ε̃t
∂η∂τ⊺i

+
∂ε̃⊺t
∂η

∂Θ̃−1
t ε̃t
∂τ⊺i

)
− 2(η + 1)

η − 2 + ε̃2it

(
ε̃it

∂2ε̃it
∂η∂τ⊺i

+
∂ε̃it
∂η

∂ε̃it
∂τ⊺i

)
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where

∂ε̃⊺t Θ̃
−1
t ε̃t

∂τ⊺i
= 2ε̃⊺t Θ̃

−1
t

∂ε̃t
∂τ⊺i

− 2(ε̃⊺t Θ̃
−1
t ⊗ ε̃⊺t Θ̃

−1
t )M̃t

∂θ̃t
∂τ⊺i

∂Θ̃−1
t ε̃t
∂τ⊺i

= Θ̃−1
t

∂ε̃t
∂τ⊺i

− 2(ε̃⊺t Θ̃
−1
t ⊗ Θ̃−1

t )M̃t
∂θ̃t
∂τ⊺i

Then

∂2lCt
∂η∂δ⊺

=
∂θ̃⊺t
∂η

∂ũt
∂δ⊺

+ ũ⊺t
∂2θ̃t
∂η∂δ⊺

+

 η +N

η − 2 + ε̃⊺t Θ̃
−1
t ε̃t

(
2ε̃⊺t Θ̃

−1
t

∂ε̃t
∂η

− ε̃⊺t Θ̃
−1
t ε̃t

η − 2

)
− N + 2

η − 2

(η − 2 + ε̃⊺t Θ̃
−1
t ε̃t

)−1 ∂ε̃⊺t Θ̃
−1
t ε̃t

∂δ⊺

+
2(η +N)

η − 2 + ε̃⊺t Θ̃
−1
t ε̃t

(
ε̃⊺t Θ̃

−1
t

∂2ε̃t
∂η∂δ⊺

+
∂ε̃⊺t
∂η

∂Θ̃−1
t ε̃t
∂δ⊺

)
and finally,

∂l2

∂η2
=

∂2c(η,N)

∂η2
−N

∂2c(η, 1)

∂η2
− 1

2

T∑
t=1

∂2lCt
∂η2

∂2lCt
∂η2

=
∂θ̃⊺t
∂η

∂ũt
∂η

+ ũ⊺t
∂2θ̃t
∂η∂η

+ (η − 2 + ε̃⊺t Θ̃
−1
t ε̃t)

−1 ×

×


(
2ε̃⊺t Θ̃

−1
t

∂ε̃t
∂η

− ε̃⊺t Θ̃
−1
t ε̃t

η − 2

)1− N + 2

η − 2
− N + η

η − 2 + ε̃⊺t Θ̃
−1
t ε̃t

(
1 +

∂ε̃⊺t Θ̃
−1
t ε̃t

∂η

)
+ 2

N + 2

η − 2
(ε̃⊺t Θ̃

−1
t ⊗ ε̃⊺t Θ̃

−1
t )M̃t

∂θ̃t
∂η

+ 2(η +N)

[
∂ε̃⊺t Θ̃

−1
t

∂η

∂ε̃t
∂η

+ ε̃⊺t Θ̃
−1
t

∂2ε̃t
∂η2

]
−

N∑
i=1

(η − 2 + ε̃2it)
−1 ×

×


(
2ε̃t

∂ε̃it
∂η

− ε̃2it
η − 2

)η − 5

η − 2
− 1 + η

η − 2 + ε̃2it

(
1 +

∂ε̃2it
∂η

)+ 2(η + 1)

[(
∂ε̃it
∂η

)2

+ ε̃it
∂2ε̃it
∂η2

]
where

∂ε̃⊺t Θ̃
−1
t ε̃t

∂η
= 2ε̃⊺t Θ̃

−1
t

∂ε̃t
∂η

− 2(ε̃⊺t Θ̃
−1
t ⊗ ε̃⊺t Θ̃

−1
t )M̃t

∂θ̃t
∂η

∂Θ̃−1
t ε̃t
∂η

= Θ̃−1
t

∂ε̃t
∂η

− 2(ε̃⊺t Θ̃
−1
t ⊗ Θ̃−1

t )M̃t
∂θ̃t
∂η

∂θ̃t
∂η

= Φ
∂θ̃t−1

∂η
+K

∂ũt−1

∂η

∂2θ̃t
∂η2

= Φ
∂2θ̃t−1

∂η2
+K

∂2ũt−1

∂η2
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2.F Monte Carlo simulation

We carry out a Monte Carlo study to investigate the finite sample performance of the two

estimation methods. We simulate three return series (N = 3) of length T = 1000 and T = 5000

observations. The parameters used in the data generating process are taken from our empirical

example, using the three assets SPX, SBX, and EMU. For the degrees of freedom, we take the

average of the degrees of freedom parameters from the marginal distributions and the one from

the copula. The values are provided in Table 2.4.

Table 2.4: Parameters used in the data generating process.

Volatility parameters Correlation parameters degrees of freedom

ωv κv ϕv ω η̄

-0.3133 0.1164 0.9355 -0.0250 0.0725 0.0202 0.1335

-0.0348 0.0200 0.9938 K Φ

-0.0909 0.0453 0.9803 0.0675 0.8715

We generate 100 replications of the return series and estimate the model using both the

one-step and the two-step estimation procedures. Our two measures of accuracy are the Bias

and the root mean squared error (RMSE). For each parameter s, the measures are computed as

Bias = 1
100

∑100
i=1 ŝi − s, and RMSE = 1

100

∑100
i=1

√
(ŝi − s)2.

The results are presented in Table 2.5. The left-hand panel compares the evolution of the

bias in the parameter estimates across different sample sizes for both the one-step and two-step

estimation procedures. For the volatility dynamics, we observe downward biases for ωv and

ϕv, and upward biases for κv. For the correlation dynamics, the estimates ω and κ are only

slightly biased, while the estimates for the mean reversion parameter ϕ are downward biased,

especially for the one-step method. In all cases, the absolute biases are reduced when increasing

the sample size. For the degrees of freedom parameter η̄, we observe a slightly higher upward

bias for the two-step method, which might be due to the aggregation of the marginal degrees of

freedom and of the copula one into a single parameter. The bias remains small, however, and

decreases with larger samples. When the sample size is increased from T = 1000 to T = 5000,

we observe an overall reduction in the magnitude of the estimation bias for both the one-step

and two-step estimation procedures.

The right-hand panel compares the evolution of the RMSE in the parameter estimates across
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different sample sizes for both the one-step and two-step estimation procedures. For the volatil-

ity dynamics, we notice that the one-step and two-step estimation procedures have comparable

RMSE of the parameter estimates. For the correlation dynamics, the two-step estimation pro-

cedure exhibits lower RMSE than the one-step estimation case, which is mainly due to the lower

biases. When the sample size is increased from T = 1000 to T = 5000, we observe an overall

reduction in the RMSE of the parameter estimates for both the one-step and two-step estimation

procedures.

The general picture is that the two-step method is performing better for the considered

parameterization and sample sizes. It has faster computation times (the average estimation

times are indicated in the last row of Table 2.5), and generally better performances than the

one-step method in terms of RMSE.

Table 2.5: Bias and RMSE of parameter estimates.

Bias RMSE

T=1000 T=5000 T=1000 T=5000

one-step two-step one-step two-step one-step two-step one-step two-step

ωv1 -0.0413 -0.0384 -0.0012 0.0007 0.0753 0.0748 0.0270 0.0273

ωv2 -0.0770 -0.0749 -0.0090 -0.0072 0.0844 0.0842 0.0131 0.0129

ωv3 -0.0416 -0.0479 -0.0053 -0.0047 0.0506 0.0585 0.0149 0.0159

κv1 0.0019 0.0009 0.0008 -0.0000 0.0106 0.0114 0.0047 0.0053

κv2 0.0014 0.0012 0.0002 0.0001 0.0053 0.0056 0.0022 0.0023

κv3 0.0006 0.0010 0.0001 -0.0005 0.0069 0.0075 0.0033 0.0037

ϕv1 -0.0084 -0.0078 -0.0002 0.0001 0.0155 0.0154 0.0056 0.0056

ϕv2 -0.0137 -0.0133 -0.0016 -0.0013 0.0150 0.0150 0.0023 0.0023

ϕv3 -0.0090 -0.0103 -0.0011 -0.0010 0.0109 0.0127 0.0032 0.0034

ω1 -0.0019 -0.0013 0.0002 -0.0019 0.0186 0.0110 0.0142 0.0069

ω2 0.0014 0.0001 -0.0048 0.0027 0.0531 0.0243 0.0430 0.0123

ω3 0.0028 -0.0020 0.0015 0.0004 0.0154 0.0131 0.0118 0.0034

K 0.0056 -0.0035 0.0101 -0.0029 0.0857 0.0123 0.0612 0.0067

Φ -0.0665 -0.0131 -0.0621 -0.0074 0.1164 0.0375 0.0819 0.0197

η̄ 0.0023 0.0148 0.0045 0.0081 0.0111 0.0267 0.0070 0.0142

Avg. t 1.9223 0.4938 8.6614 2.4342 1.9223 0.4938 8.6614 2.4342

Note: Avg. t is the average running time of each estimation over 100 replications expressed in hour units.
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2.G Additional tables and figures

Table 2.6: Description of the assets considered in the empirical application.

SECURITY DESCRIPTION

SPX SPX Index S&P 500 Index

SBW SBWGU Index FTSE World Government Bond Index

(WGBI) USD

EMU NDDUEMU Index MSCI EMU Net Total Return Index

OIL CL1 Comdty Generic 1st Crude Oil; WTI

GOLD GOLDLNPM Index LBMA Gold Price PM USD

CRIX CRIX Cryptocurrency Index

Table 2.7: Descriptive statistics for historical log-returns.

SPX SBW EMU OIL GOLD CRIX

N.Obs 1220 1220 1220 1220 1220 1220

Minimum -0.0999 -0.0225 -0.1514 -0.2799 -0.0526 -0.4466

Maximum 0.0897 0.0181 0.0857 0.3196 0.0513 0.1985

Mean 0.0005 0.0001 0.0003 0.0014 0.0002 0.0011

Stdev 0.0111 0.0038 0.0122 0.0311 0.0089 0.0426

Skewness -0.1796 -0.3471 -1.8953 1.5560 0.0410 -1.3486

Kurtosis 15.7469 3.8632 25.1767 23.0595 4.1170 13.8111

Sharpe Ratio 0.0470 0.0132 0.0269 0.0448 0.0204 0.0267

Beta 1.1666 0.1127 0.9668 3.1250 0.4091 2.5494

Note: The kurtosis reported in the table corresponds to the excess kurtosis.
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Table 2.8: The sample correlation matrix of returns.

SPX SBW EMU OIL GOLD CRIX

SPX 1.0000 -0.1380 0.5753 0.2836 0.0766 -0.0898

SBW -0.1380 1.0000 0.0831 -0.0288 0.5476 0.0600

EMU 0.5753 0.0831 1.0000 0.2473 0.1097 0.0385

OIL 0.2836 -0.0288 0.2473 1.0000 0.0578 0.0103

GOLD 0.0766 0.5476 0.1097 0.0578 1.0000 0.0515

CRIX -0.0898 0.0600 0.0385 0.0103 0.0515 1.0000

Table 2.9: Parameter estimates of the volatility using Beta-t-EGARCH(1,1).

ωi κi ϕi η̄i

SPX
-0.31327 0.11642 0.93555 0.19126

(0.00398) (0.00069) (0.00081) (0.00121)

SBW
-0.03482 0.02004 0.99383 0.11880

(0.00146) (0.00029) (0.00026) (0.00120)

EMU
-0.09091 0.04531 0.98032 0.12895

(0.00191) (0.00046) (0.00041) (0.00097)

OIL
-0.09397 0.04746 0.97529 0.11695

(0.00164) (0.00037) (0.00042) (0.00104)

GOLD
-0.01888 0.01576 0.99613 0.18421

(0.00076) (0.00021) (0.00016) (0.00131)

CRIX
-0.17057 0.17687 0.94220 0.40950

(0.00196) (0.00102) (0.00065) (0.00150)

Note: The numbers in parentheses are the asymptotic standard

errors of the corresponding parameter estimates. For the degrees of

freedom parameter ηi we estimate its inverse, i.e. η̄i =
1
ηi

∈ (0, 1).
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Table 2.10: Volatility model diagnostics.

SPX SBW EMU OIL GOLD CRIX

score 0.4224 0.8021 0.1333 0.1478 0.1643 0.9878

ε 0.7751 0.6110 0.4500 0.3886 0.3072 0.0026

ε2 0.6223 0.0623 0.7234 0.3237 0.2229 0.0577

Note: The table reports the p-values of Box-Pierce test applied to the

score with respect to log volatility, the standardized residuals (ε) and

squared standardized residuals (ε2). The number of lags being tested is

30.

Table 2.11: Descriptive statistics for standardized residuals.

SPX SBW EMU OIL GOLD CRIX

N.Obs 845 845 845 845 845 845

Minimum -6.0957 -4.2156 -6.7406 -4.0590 -4.2477 -5.8446

Maximum 3.3762 3.9590 3.7776 4.1949 4.5662 3.8765

Mean 0.0294 -0.0079 0.0122 0.0018 -0.0139 0.0183

Stdev 1.0268 0.9936 1.0077 0.9954 0.9882 0.7815

Skewness -1.1159 -0.0773 -0.4852 -0.2146 0.1064 -0.9837

Kurtosis 4.8808 0.8876 2.8387 1.1157 1.6320 8.4533

Note: The kurtosis reported in the table corresponds to the excess kurtosis.
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Table 2.12: Two-step parameter estimates for the correlation part of the model. The diagonal elements

of K and Φ are not restricted to be the same (Model 1).

ω

ωi∗5+1 ωi∗5+2 ωi∗5+3 ωi∗5+4 ωi∗5+5

-0.03331 0.56013 0.12427 -0.00364 -0.01029

(0.00990) (0.02140) (0.02359) (0.00187) (0.00833)

0.00527 -0.01730 0.01239 0.00103 0.00208

(0.00804) (0.00460) (0.03263) (0.00079) (0.00618)

0.00201 0.03624 0.09152 0.00221 0.00022

(0.00094) (0.00805) (0.01145) (0.00199) (0.00183)

K

κi∗5+1 κi∗5+2 κi∗5+3 κi∗5+4 κi∗5+5

0.05506 0.05420 0.02531 0.00771 0.00000

(0.03334) (0.03482) (0.03438) (0.03439) (0.03440)

0.04870 0.02947 0.01731 0.00551 0.01755

(0.02108) (0.03419) (0.02156) (0.03439) (0.03233)

0.04583 0.02583 0.03543 0.01497 0.03328

(0.03431) (0.03441) (0.03447) (0.03419) (0.03441)

Φ

ϕi∗5+1 ϕi∗5+2 ϕi∗5+3 ϕi∗5+4 ϕi∗5+5

0.82329 0.00000 0.52003 0.92355 0.28273

(0.04426) (0.03440) (0.04968) (0.03543) (0.03440)

0.96677 0.59401 0.98322 0.91835 0.98210

(0.04748) (0.03699) (0.04363) (0.03539) (0.04079)

0.89026 0.23319 0.02115 0.94376 0.95013

(0.06085) (0.03451) (0.03440) (0.04146) (0.05646)

η̄
0.02863

(0.00670)

Note: The numbers in parentheses are the asymptotic standard errors of

the corresponding parameter estimates, and i = 0, 1, 2. For the degrees of

freedom parameter ηi we estimate its inverse, i.e. η̄i =
1
ηi

∈ (0, 1).
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Table 2.13: Model descriptions.

DESCRIPTION # Pars

Model 1 full ω, diagonal K, diagonal Φ 46

Model 2 full ω, scalar K, scalar Φ 18

Model 3 scalar ω, diagonal K, diagonal Φ 32

Model 4 ω = 0, diagonal K, diagonal Φ 31

Model 5 scalar ω, scalar K, scalar Φ 4

Model 6 ω = 0 , scalar K, scalar Φ 3

Note: # Pars is the number of parameters.

Table 2.14: Parameter estimates for the dynamic correlation models.

Meta-t-log-corr Meta-t-cDCC Meta-t-GAS Meta-t-GAS-h

κ
0.01901 0.02065 0.01919 0.01862

(0.00015) (0.00016) (0.00015) (0.00015)

ϕ
0.95527 0.93750 0.96162 0.96098

(0.00057) (0.00061) (0.00047) (0.00051)

η̄
0.03258 0.03495 0.03326 0.03312

(0.00026) (0.00028) (0.00027) (0.00027)

Note: The numbers in parentheses are the asymptotic standard errors of the

corresponding parameter estimates. For the degrees of freedom parameter ηi we

estimate its inverse, i.e. η̄i =
1
ηi

∈ (0, 1).



100 Chapter 2. A dynamic conditional score model for the log correlation matrix

Table 2.15: Parameter estimates for the dynamic volatility and correlation models.

t-cDCC t-GAS t-GAS-l t-GAS-hl

α1

0.16976 0.16711 0.13417 0.13107

(0.05958) (0.00234) (0.00078) (0.02919)

α2

0.01799 0.01880 0.02004 0.01854

(0.05958) (0.03680) (0.00020) (0.01904)

α3

0.06530 0.04153 0.04015 0.04063

(0.05959) (0.00708) (0.00045) (0.03273)

α4

0.07391 0.07273 0.06185 0.06301

(0.05964) (0.00341) (0.00051) (0.04186)

α5

0.02753 0.02004 0.02191 0.02218

(0.05958) (0.00874) (0.00019) (0.01375)

α6

0.21436 0.15464 0.16283 0.15848

(0.05966) (0.00646) (0.00071) (0.02246)

α7

0.01811 0.01003 0.01355 0.01439

(0.00113) (0.03440) (0.00015) (0.00578)

β1
0.77216 0.93407 0.91498 0.90985

(0.05957) (0.00603) (0.00082) (0.05781)

β2
0.98046 1.00000 0.99854 0.99921

(0.00097) (0.03440) (0.00013) (0.02684)

β3
0.91487 0.99212 0.98609 0.98444

(0.00017) (0.00281) (0.00028) (0.03189)

β4
0.89709 0.97438 0.97530 0.97599

(0.00082) (0.00517) (0.00042) (0.06085)

β5
0.96657 0.99882 0.99736 0.99713

(0.00063) (0.00866) (0.00011) (0.02868)

β6
0.73315 0.97121 0.92509 0.91195

(0.00025) (0.00726) (0.00073) (0.05214)

β7
0.93653 0.90664 0.97642 0.96149

(0.00140) (0.03440) (0.00046) (0.04242)

η̄
0.13152 0.13068 0.13378 0.12944

(0.00022) (0.00948) (0.00044) (0.00700)

Note: The numbers in parentheses are the asymptotic standard errors of the correspond-

ing parameter estimates. For the degrees of freedom parameter ηi we estimate its inverse,

i.e. η̄i =
1
ηi

∈ (0, 1). αi and βi with i = 1, . . . , 6 are the volatility parameters. α7 and β7

are the correlation parameters.
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Figure 2.6: Time series of daily log-returns, August 1, 2014 to December 12, 2020, for (from top to

bottom) SPX, SBW, EMU, OIL, GOLD, and CRIX. The grey shaded area is the out-of-sample period

ranging from the beginning of 2019 to the end of 2020.
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Figure 2.7: Estimated volatility series using the Beta-t-EGARCH model.
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Figure 2.8: Histograms of probability integral transforms (PITs) of standardized residuals of the Beta-t-

EGARCH model. We use the student-t distribution with the estimated d.o.f. for figures in the left-hand

column. For the figures in the right-hand column, we use the Gaussian cdf for the transformation.
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Chapter 3

Dynamic portfolio selection with

sector-specific regularization
1

3.1 Introduction

Portfolio selection remains one of the central topics of empirical finance since its inception

by Markowitz (1952). It is especially challenging in the context of portfolio selection with a

large number of assets, where it is well known that naive implementation of the Markowitz

(1952) results using sample means and variance-covariance matrices leads to poor out-of-sample

performance due to unstable and ill-conditioned estimates. Remedies have been proposed such

as shrinkage methods as in Ledoit and Wolf (2004) and Ledoit and Wolf (2017) and weight

regularization as in DeMiguel et al. (2009), Brodie et al. (2009) and Fastrich et al. (2015), which

stabilize the ill-conditioned optimization problem. Statistical justifications for regularization

techniques in a portfolio selection context are given by e.g. Puelz et al. (2015) and Fisher et al.

(2020). Candelon et al. (2012) reformulate traditional shrinkage estimators in terms of a linear

regression framework and impose a “double” shrinkage by adding additional weight penalties

such as lasso or ridge, which further stabilizes portfolio weights and decreases portfolio turnover.

Similarly, Ao et al. (2019) show an equivalent representation of the mean-variance optimization

problem as an unconstrained regression, which they augment by lasso-type constraints to obtain

1This chapter corresponds to Hafner, C.M. and L. Wang (2022): “Dynamic portfolio se-

lection with sector-specific regularization”, forthcoming at Econometrics and Statistics, doi:

https://doi.org/10.1016/j.ecosta.2022.01.001.
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sparsity and obtain consistency of mean and risk as both the number of assets and sample size

increase. Furthermore, as shown by Jagannathan and Ma (2003), a no-short-sale constraint

also serves to stabilize weights and regularize the optimization problem, as it is equivalent

to shrinking large elements of the covariance matrix. They show empirically that short-sale

constrained portfolios perform as well as those constructed using covariance matrices estimated

from factor models and shrinkage estimators. DeMiguel et al. (2009) and Fan et al. (2012)

generalize this idea by introducing a gross-exposure constraint that bridges the gap between

an unconstrained and no-short-sale constrained portfolio. Fan et al. (2012) give a theoretical

justification for the empirical results in Jagannathan and Ma (2003).

Although the main objective of portfolio selection is typically formulated in terms of maxi-

mization of the Sharpe ratio, which corresponds to the tangency portfolio of Markowitz (1952),

the estimation and prediction of asset mean returns have proven to be particularly difficult and

noisy, see e.g. Best and Grauer (1991). Many studies, starting at least with Chan et al. (1999),

therefore neglect the mean and concentrate on the minimization of the portfolio variance to

obtain estimates of the global minimum variance portfolio (GMV). As shown by Jagannathan

and Ma (2003), the GMV outperforms many competing approaches involving estimation of the

mean in terms of Sharpe ratio. This has even been shown for the naive equally-weighted portfo-

lio by DeMiguel et al. (2009). We therefore refrain from estimating the mean in this paper and

consider the problem of estimating the GMV portfolio.

In a dynamic framework, it is important to take time-varying volatilities and correlations into

account. Many alternative modelling strategies exist, including Bayesian dynamic linear models,

see e.g. Puelz et al. (2020), but we follow a large part of the financial econometrics literature by

implementing a GARCH-type model combined with dynamic conditional correlations (DCC) as

in Engle (2002). These models can be used to predict volatilities and correlations up to a certain

investment horizon, see Baillie and Bollerslev (1992) and Engle and Sheppard (2001). In large

dimensions, issues arise for the estimation of DCC-type models that can be addressed by the

composite likelihood method as in Pakel et al. (2020), combined with shrinkage of the sample

covariance matrix that is used for correlation targeting as in Hafner and Reznikova (2012). See

also Morana (2019) for an alternative approach to DCC estimation in high dimensions based

on regularised semiparametric methods. For portfolio selection with many assets, Engle et al.

(2019) implement a DCC-GARCH model with composite likelihood estimation and nonlinear
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shrinkage and show its superior out-of-sample performance with respect to benchmark portfolios,

in particular the ones not taking the dynamics of volatilities and correlations into account.

Despite the vast literature on portfolio selection, not many studies have taken information

about the industry sectors explicitly into account, although it is well known that this informa-

tion helps to improve predictability of mean returns, volatilities and correlations. Companies

within a given industry sector often compete in the same product market and co-move regard-

ing product and technology innovations. They react similarly to permanent shifts in supply and

demand conditions, as well as the regulatory environment. As the industry goes through expan-

sions and contractions, companies’ growth opportunities and investing and financing decisions

are correlated. For example, Moskowitz and Grinblatt (1999) document the strong and persis-

tent effects of industry components in stock returns, where industry momentum strategies are

significant and more profitable than individual stock momentum strategies. Hou (2007) argue

that the lead-lag effect is driven by an intra-industry phenomenon, where returns on big firms

lead returns on small firms within the same industry, which is primarily caused by stock prices’

slow response to negative information. Hence, there is information clustering at the industry

level. Hong et al. (2007) find that stock markets react with a delay to information contained in

industry returns about their fundamentals and that information diffuses only gradually across

markets. Brito et al. (2018) forecast very large realized covariance matrices of returns using

standard firm-level factors (e.g., size, value and profitability) and imposing additional sectoral

restrictions in the residual covariance matrix. Kurose and Omori (2020) propose a multi-block

equicorrelation structure to estimate multivariate stochastic volatility models in large dimen-

sions and apply their model to an asset allocation exercise with sector as blocks. For portfolio

selection, Chen et al. (2020) take a sector-specific structure into account by allowing to incorpo-

rate investor preferences with respect to industry sectors. They propose a sparse-group selection

with the objective of being sparse across sectors but diversified within favored sectors. Fan et al.

(2016) include sector specific information into a factor model where industry ETFs are included

as additional factors to the CAPM or the three-factor model of Fama and French (1993).

Sparsity and diversification, although conflicting in nature, both are desirable properties of

portfolios, since diversification allows to reduce portfolio weight variability, while sparsity keeps

the number of invested assets and hence transaction costs under control. Moreover, both have

a stabilizing effect on portfolio weights, if diversification is understood as shrinking towards a
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fixed weighting scheme. There are however many ways to introduce these properties into the

selection procedure. The choice of Chen et al. (2020) is to impose sparsity between industry

sectors and diversification within sectors via the sparse group lasso of Friedman et al. (2010) and

Simon et al. (2013), an extension of the group lasso of Yuan and Lin (2006). It is not a priori

clear whether this is the best strategy, as one might want to allow for sector-wide diversification

as well, rather than investing in only a few sectors. Furthermore, the study of Chen et al. (2020)

is using a rolling window updating mechanism. From an efficiency point of view, it would be

preferable to have a genuine dynamic model that can be estimated using all available historical

data, and that produces analytical forecasts of volatilities and correlations, as mentioned above.

In this paper, we adopt the perspective of a portfolio manager who optimally allocates funds

across assets subject to a set of criteria motivated by investment preferences or constraints.

Relevant examples of such criteria include restrictions on sectoral exposures, guided for instance

by preliminary screening of relevant investable sectors (Chen et al. (2020)), or constraints on the

distribution of portfolio weights across assets, e.g. by favouring sparse asset allocations (Puelz

et al. (2020)), and over time by promoting stable asset allocation minimizing transaction costs

(Hautsch and Voigt (2019)).

To this end, we propose a new portfolio selection procedure in a dynamic framework that

explicitly accounts for these economically motivated criteria by regularising portfolio weights ac-

cordingly. More specifically, building on the DCC-GARCH model of Engle et al. (2019), which

allows for the modelling of time-varying volatilities and correlations in large dimensions, we add

restrictions on portfolio weights to reflect economically motivated criteria such as between- and

within-sector diversification. We also consider penalty terms promoting sparsity in the result-

ing asset allocation and controlling for transaction costs by stabilizing variations in portfolio

weights over time. Our proposed framework is modular as it allows to combine different penalty

terms to obtain allocations satisfying multiple criteria simultaneously, e.g. combining between-

/within-sector diversification with a cost penalty to obtain diversified portfolios with weights

that are more stable over time. In addition, our framework can flexibly accommodate any dy-

namic input model to generate the portfolio weights, and is easy to implement as the penalty

parameter controls the degree to which the resulting allocation will promote the imposition of

the economically motivated criteria.

Our contribution is twofold: First, we introduce an algorithm for optimally choosing the
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penalization parameters in a data-driven way based on cross-validation in a dynamic context.

The algorithm uses a partition of the training period into blocks, for which the combination

of DCC-GARCH and regularization delivers portfolio variances that can be minimized with

respect to the regularization parameters. These parameters are then used to construct portfolio

weights in the out-of-sample evaluation period. The proposed algorithm generalizes classical

cross-validation procedures, as e.g. in DeMiguel et al. (2009), to take the time series structure

of the data into account.

Our second contribution is a large scale empirical study to investigate how a regularization

with respect to the sector structure helps to improve out-of-sample performance of portfolio

return variances. We select stocks of the S&P Total index up to dimension 500, with daily

frequency for the returns and a monthly frequency for portfolio re-balancing. We obtain several

important findings. First, diversification is clearly more important within sectors than between

sectors. Second, promoting sparsity of portfolio weights strongly contributes to reducing port-

folio variances. This control for sparsity reduces negative weights and effectively moves the

optimal portfolio towards a no short-sale constrained portfolio. The best performing model

in large cross-sections combines within-sector diversification with a control for sparsity. The

optimal portfolios significantly outperform benchmark portfolios such as the equally-weighted

or the DCC-GARCH portfolio without sector-wise regularization. Third, when a no-short-sale

restriction is added, we observe that the best performing portfolios all feature the within-sector

regularization. However, the difference with respect to the DCC-GARCH benchmark is smaller

and not statistically significant for larger portfolios. Thus, in all considered scenarios, the penalty

term for within-sector variability turns out to be important. This is in line with the results of

Chen et al. (2020), extends them to a dynamic framework, and can be explained and motivated

by the economic similarities of companies belonging to the same industry.

The remainder of this paper is organized as follows. The next section presents the model

and the algorithm to estimate portfolio weights. Section 3.3 applies our methodology to stock

returns of the S&P Total index, and Section 3.4 concludes. Some complementary results related

to the empirical study are collected in Appendix 3.A.
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3.2 The portfolio selection methodology

In this section we develop our portfolio selection methodology. First, some useful notation is

introduced. Then, the DCC-GARCH model used for modelling volatilities and correlations is

presented, including the way how monthly forecasts are generated from averaging daily fore-

casts. We then expose competing weight regularizations for the construction of global minimum

variance portfolios, and finally present an algorithm for efficiently calibrating the penalization

parameters using dynamic cross-validation.

3.2.1 Notation

We adopt the following notation throughout the paper. The subscript i ∈ {1, . . . , N} indexes

the assets in the portfolio, where N denotes the total number of assets available; the subscript

k ∈ {1, . . . ,K} indexes the Global Industry Classification Standard (GICS) sectors, where K is

the total number of sectors; and the subscript t ∈ {1, . . . , T} is the time index, where T is the

sample size. Furthermore, we use the following notation:

• yi,t : return for asset i at date t, stacked into yt :=
(
y1,t, . . . , yN,t

)′
.

• Ft−1 : information set generated by {yt−1, yt−2, . . .}.

• σ2i,t := Var
(
yi,t|Ft−1

)
: conditional variance of the i-th asset at date t.

• εi,t := yi,t/σi,t : devolatized series at date t, stacked into εt :=
(
ε1,t, . . . , εN,t

)′
.

• Dt : N -dimensional diagonal matrix with the i-th diagonal element being σi,t.

• Rt := Corr
(
yt|.Ft−1

)
= Cov

(
εt|Ft−1

)
: conditional correlation matrix at date t.

• Ht := Cov
(
yt|Ft−1

)
: conditional covariance matrix at date t and Diag (Ht) = D2

t .

• C := E (Rt) = Corr (yt) = Cov (εt) : unconditional correlation matrix.

3.2.2 Dynamic conditional covariance matrix estimation

In our empirical application, we use daily return data to forecast covariance matrices but we

adopt the common practice of monthly re-balancing for the portfolio construction. This creates

a mismatch between the frequency used for estimation and for forecasting, which we address



3.2. The portfolio selection methodology 111

with the average-forecasting approach used in De Nard et al. (2021) for DCC-GARCH model

forecasting. Based on daily covariance estimates, daily forecasts are generated, and then they

are iterated to deliver predictions for the horizon of interest. Specifically, at any portfolio

construction date h, we retrieve the forecasts of the covariance matrices for all days in the

upcoming month, namely t = h, h+ 1, · · · , h+ L− 1, then average those L daily forecasts and

use this averaged forecast to construct the portfolio composition at date h.

For the dynamics of the univariate volatilities, we choose a GARCH(1,1) process:

σ2i,t = ωi + δ1,iy
2
i,t−1 + δ2,iσ

2
i,t−1, (3.1)

where
(
ωi, δ1,i, δ2,i

)
are the parameters for asset i. For the evolution of the conditional correlation

matrix over time, we assume that it is governed by a DCC(1,1) model:

Qt = (1− α− β)C + αεt−1ε
′
t−1 + βQt−1, (3.2)

where (α, β) are the DCC model parameters, and C is the unconditional correlation matrix of

εt which can be estimated in high dimensions using shrinkage techniques, see our discussion

below. The matrix Qt here can be interpreted as a conditional pseudo-correlation matrix or a

conditional covariance matrix of devolatized residuals. For the reason that its diagonal elements,

although close to one, are not exactly equal to one, we obtain the conditional correlation matrix

and the conditional covariance matrix as

Rt := Diag (Qt)
−1/2QtDiag (Qt)

−1/2 , (3.3)

Ht := DtRtDt, (3.4)

and for estimation by quasi maximum likelihood, we assume a conditional normal distribution,

i.e. yt|Ft−1 ∼ N (0, Ht).

We use approximate correlation targeting by first estimating C using shrinkage of the sample

correlation matrix of εt, and then maximize the likelihood with respect to α and β. Due to the

inconsistency argument of Aielli (2013) this is not an exact correlation targeting, which would

require a modification of the DCC model. However, results are typically very similar, so for

simplicity we stick to the original version of the DCC model.

With respect to the shrinkage method for C, we adopt the nonlinear shrinkage estimator of

Ledoit and Wolf (2017) and Ledoit and Wolf (2020). This estimator is particularly appropriate

to handle the problem of ill-conditioned sample correlation matrices arising in high dimensions,
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see also Zhao et al. (2020). Furthermore, the composite likelihood method developed by Pakel et

al. (2020) provides a way to overcome the computational hurdle associated with the estimation

of the DCC model in high dimensions. Engle et al. (2019) provide empirical evidence that a DCC

model combining nonlinear shrinkage technique with an estimation carried out via composite

likelihood method - called DCC-NL - has superior out-of-sample performance, compared to a

DCC model with linear shrinkage, in a Markowitz portfolio setting with a large number of

assets (N ≥ 100). Note that the DCC-NL model, by regularizing the sample covariance matrix,

also implicitly stabilizes portfolio weights. We will investigate in the empirical section whether

additional explicit sector-wise penalties are further stabilizing the weights and improving the

performance of the DCC-NL Markowitz portfolio.

To determine the average of the L forecasts of the conditional covariance matrix Hh+l =

Dh+lRh+lDh+l, for l = 0, 1, . . . , L− 1, we propose a three-step approach where Dh+l and Rh+l

are predicted separately, as described in the following.

For the multi-step ahead forecast of conditional univariate volatilities, we follow the approach

of Baillie and Bollerslev (1992). The forecasts that minimize the mean square prediction error,

for given parameters, are determined by the conditional expectations of conditional variances.

Let us denote the l-step ahead forecast by σ̂2i,h(l) := E
[
σ2i,h+l|Fh−1

]
, which for the GARCH(1,1)

case can be written as

σ̂2i,h(l) =

l−1∑
j=0

ωi
(
δ1,i + δ2,i

)j
+
(
δ1,i + δ2,i

)l
σ2i,h. (3.5)

The forecasts of the diagonal matrix Dh+l can be constructed as D̂h(l) = Diag
(
σ̂1,h, . . . , σ̂N,h

)
.

Due to the nonlinearity of the DCC model, there is no exact analytical expression for the

conditional expectations E
[
Rh+l|Fh−1

]
. However, Monte Carlo simulation evidence of Engle

and Sheppard (2001) suggests that the approximation E
[
Rh+l|Fh−1

]
≈ R̂h(l) has a negligible

bias, where

R̂h(l) =
l−1∑
j=0

(1− α− β) Ĉ (α+ β)j + (α+ β)lRh, (3.6)

where Ĉ is a nonlinear shrinkage estimator of the unconditional correlation matrix of εt proposed

by Ledoit and Wolf (2020).

By using the forecasts D̂h(l) and R̂h(l), the forecasts of the conditional covariance matrix

using DCC-GARCH can be finally computed as Ĥh(l) := D̂h(l)R̂h(l)D̂h(l), for l = 0, 1, . . . , L−1.

Thus, to obtain the estimated conditional covariance matrix on portfolio construction day h, we
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average over the L forecasts:

Ĥh :=
1

L

L−1∑
l=0

Ĥh(l). (3.7)

This matrix Ĥh will then be used for portfolio selection.

3.2.3 Global minimum-variance portfolio

We follow a large part of the empirical literature and consider the problem of estimating the

global minimum variance (GMV) portfolio. Several reasons motivate our choice. First, it is more

difficult to estimate means accurately than the covariance matrix of asset returns and the errors

in estimating means have a larger impact on portfolio weights than the errors in the estimates

of covariance matrices. Furthermore, as demonstrated by extensive empirical evidence, e.g.

Jagannathan and Ma (2003), GMV portfolios have shown very good out-of-sample performance

even in terms of criteria that take the mean into account, such as the Sharpe ratio.

The standard GMV problem for a given covariance matrix Ht is formulated as

min
w

w′Htw

s.t. w′1 = 1, (3.8)

where 1 denotes a vector of ones with dimension N × 1. It has the analytical solution

wt =
H−1
t 1

1′H−1
t 1

. (3.9)

The natural strategy in practice is to replace the unknown Ht in Equation (3.9) by an

estimator Ĥt, yielding a feasible portfolio allocation strategy

ŵt =
Ĥ−1
t 1

1′Ĥ−1
t 1

. (3.10)

In order to take a sector structure into account, we modify the optimization problem above

to the following

min
w∈RN

w′Htw + Pλt(w)

s.t. w′1 = 1, (3.11)

where Pλt(w) is a penalty function, to be specified in the following. The penalty function is

parameterized by a parameter λ ≥ 0, possibly a vector, that determines the strength of the

imposed penalty. It will also depend on time, so that t is added as a subscript of the penalty

function. The optimization problem reduces to the standard GMV problem if λ = 0, with



114 Chapter 3. Dynamic portfolio selection with sector-specific regularization

analytical solution given in Equation (3.9). For λ > 0, Equation (3.11) does not have an

analytical solution in general, but can typically be written as a convex programming problem

for which efficient numerical algorithms are available. In our numerical implementations, we use

the R package CVXR for disciplined convex programming, see Fu et al. (2020).

We denote the K industry sectors by G1, G2, . . . , GK , and by pk the number of stocks in

the k-th sector Gk, with average weight mkt =
∑

i∈Gk
wit/pk. In this paper, we conduct a

comparison of the following candidates for the penalty function P (w).

1. WITHIN (W): penalize weight differences of assets within the same sector

Pλt(w) = λ
K∑
k=1

∑
i∈Gk

|wit −mkt|. (3.12)

2. BETWEEN (B): penalize weight differences of assets between sectors

Pλt(w) = λ
K∑
k=1

|mkt −
1

N
|. (3.13)

3. GROUP LASSO (Gl):

Pλt(w) = λ
K∑
k=1

|mkt|. (3.14)

4. SPARSE (S):

Pλt(w) = λ
N∑
i=1

|wit|. (3.15)

5. COST (C):

Pλh(w) = λ
N∑
i=1

|wih − w+
i,h−1|, h ≥ 2, (3.16)

where w+
i,h := wi,hyi,h/(1+w′

hyh) with yi,h being the return of asset i between two consec-

utive re-balancing dates h− 1 and h.

The first two penalty functions encourage weight similarities of assets belonging to the same

sector (“within”), and across different sectors (“between”), respectively. If one believes that

the dynamic properties of stock returns are more homogeneous within a sector than between

different sectors, then it would intuitively make sense to obtain better GMV portfolio results

with the penalty Equation (3.12) than with the penalty Equation (3.13). This is however an

empirical question that we are going to address in the next section. Note that an alternative
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specification of the within and between penalties could use an L2 norm rather than L1, or a

combination of both as in the elastic net of Zou and Hastie (2005).

The third penalty function displayed in Equation (3.14) promotes sparsity of portfolio weights

between sectors via a lasso-type penalty as introduced by Yuan and Lin (2006). The fourth

penalty function in Equation (3.15) promotes global sparsity of portfolio weights via a lasso-

type penalty as introduced by Tibshirani (1996) in a regression context. It is well known that

as the strength of this penalty increases, the solution converges to the short-sale constrained

portfolio, see DeMiguel et al. (2009). This term thus controls the overall degree of allowed short

sales.

Finally, the penalty function in Equation (3.16) promotes a reduction of variability of portfo-

lio weights from one period to the next, and hence intends to reduce transaction costs, similar to

Chen et al. (2020) and Hautsch and Voigt (2019). The vector w+
h−1 is the allocation of portfolio

weights right before re-balancing at time h−1. As the strength of this penalty increases, the op-

timal portfolio allocation, i.e. the number of shares per asset, would be decided at the beginning

of the evaluation period. The portfolio weights would vary during the evaluation period only

because of changing asset prices. We note that the transaction costs are not explicitly taken

into account in the portfolio construction and performance evaluation, we instead control for

the weight variation over time and use it as an indicator on the relative performance in terms

of transaction costs for different portfolios.

We can combine the above penalties in various forms. For example, if we want to penalize

both the weights differences between and within sectors, we construct

Pλt(w) = λ1

K∑
k=1

|mkt −
1

N
|+ λ2

K∑
k=1

∑
i∈Gk

|wit −mkt|. (3.17)

where now the penalty parameter is a vector of two components, λ = (λ1, λ2)
′. We will call

this penalty “BW” for between- and within-sector regularization. The BW portfolio shrinks

the asset allocation towards the equally-weighted portfolio, which has often been chosen as a

benchmark for investment strategies and was shown in DeMiguel et al. (2009) to perform well

out of sample. Analogously, we call SW and CW penalties that combine the within term with

sparsity and transaction cost control, respectively. Furthermore, combining the sparse and group

lasso penalties, we obtain the sparse group lasso regularization of Friedman et al. (2010). See

also Babii et al. (2020) and Babii et al. (2021) who provide theoretical results for the sparse
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group lasso in a time series framework.

We first investigate individually how the above regularization terms perform compared to

the DCC-GARCH estimation without penalty. We will then study whether all three sector-wise

penalization terms are equally important and whether combining sector-wise penalties with

global controls for sparsity and cost efficiency further improves the performance.

3.2.4 The dynamic portfolio selection algorithm

The previous section presented the objective function for portfolio optimization including various

penalty terms depending on the sector structure. The problem is how to choose the parameters

λ that determine the strength of the corresponding penalties in a dynamic framework. In the

following we propose an algorithm that allows to combine estimation of the dynamic conditional

covariance matrix with a cross-validation method to select the penalty parameter. We call θ the

vector of all unknown parameters contained in the DCC-GARCH model.

1. Divide the data into a training set T = [1, T ′] and a evaluation set, E = (T ′, T ].

2. Divide T into an initialization period I and J blocks Bj : T = I
⋃J
j=1Bj . The length of

each block is m.

3. Estimate a DCC-GARCH model on I to get θ̂1 and the conditional covariance matrix

forecasts of Ht(θ̂1), on I
⋃
B1 to get θ̂2 and Ht(θ̂2), etc. until I

⋃J−1
j=1 Bj to get θ̂J and

Ht(θ̂J).

Training Period Testing Period

θ̂1

θ̂2

θ̂J

I B1 B2
. . . BJ T

′ E T

4. Fix a λ > 0 and calculate the optimal portfolio allocation for each re-balancing date t in

B1 as

wt(λ) = argmin
w

(w′Ht(θ̂1)w + Pλt(w)), t ∈ B1, (3.18)

with Pλ(w) defined for different cases from Equation (3.12) to Equation (3.17), and the



3.3. Empirical application 117

portfolio variance over B1 is

Q1(λ) =
1

m

∑
t∈B1

(wt(λ)
′yt)

2. (3.19)

5. Repeat step 5 for j = 2, . . . , J to getQ2(λ), . . . , QJ(λ), and calculateQ(λ) = 1
J

∑J
j=1Qj(λ).

6. Repeat steps 5 and 6 for different values of λ on a grid, and calculate

λ∗ = argmin
λ
Q(λ). (3.20)

7. Estimate a DCC-GARCH model on the training set to get θ̂ and the conditional covariance

matrix forecasts of Ht(θ̂).

8. For t ∈ E , using the optimal penalty parameter λ∗ of step 6 and the forecasts Ht(θ̂) of

step 7, calculate the optimal portfolio allocation as

wt = argmin
w

(w′Ht(θ̂)w + Pλ∗t(w)), t ∈ E . (3.21)

9. Calculate the out-of-sample portfolio variance

V =
1

T − T ′

∑
t∈E

(w′
tyt)

2. (3.22)

10. Compare V with benchmarks such as the classical GMV without sector regularization

(λ = 0), and one that imposes weight equality across assets (1/N).

The proposed algorithm nests a block-version of time series cross-validation (steps 4 to 6)

into the portfolio selection problem. We use blocks rather than single observations as test sets,

because the forecasting targets are variances, not observations themselves. The choice of the

block-size m should balance the estimation uncertainty of out-of-sample volatilities Qj(λ) in

Equation (3.19) with that of their expectation, Q(λ). Note that in this form, the proposed

portfolio selection algorithm is novel. In the following empirical analysis we investigate its

performance when applied to a large asset data set.

3.3 Empirical application

In our empirical analysis, we investigate the question of how adding a sector-specific regular-

ization structure will impact portfolio performance with respect to benchmark portfolios. We
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will examine the out-of-sample performance of Markowitz portfolios based on combining a dy-

namic conditional correlation model with intra- and inter-sector penalization using historical

stock data.

3.3.1 Data description

We use historical data on daily returns for the S&P Total Index component stocks with data

available since at least January 03, 2000. The selected stocks belong to 10 different Global

Industry Classification Standard (GICS) sectors which have at least 50 companies in the S&P

Total Index. Therefore, Communication Services is the only sector in the S&P Total Index

which is not covered in the investment universes considered in our analysis. The sample period

spans from January 03, 2000 to March 31, 2021, with a total of 5304 observations per stock.

For simplicity, we adopt the common convention that 21 consecutive trading days constitute

one month. In this manner, the cross-validation period for the penalization terms ranges from

January 17, 2007 to July 13, 2016, resulting in a total of 112 months. The out-of-sample period

is composed of the remaining 56 months, starting on July 14, 2016 and ending on March 16,

2021.

To be consistent with common practice, all the portfolios are re-balanced monthly to achieve a

lower turnover and avoid an unreasonable amount of transaction costs. For simplicity, we assume

the portfolio weights are fixed from one day to the next within a month. This will reduce the

transaction cost but not eliminate it as the number of shares over time does not remain constant.

At any investment date, the conditional covariance matrix is estimated using the 3-step approach

for the DCC-GARCHmodel described in Section 3.2.2. The availability of daily returns ensures a

sufficient estimation precision of the DCC-GARCHmodel at each step of the proposed algorithm.

We consider the following portfolio sizes: N ∈ {50, 100, 250, 500}, composed respectively of the

first 5, 10, 25, and 50 largest market capitalization stocks – evaluated on March 31, 2021 –

from the S&P Total Index component companies belonging to the 10 GICS sectors. In our

application, each investment universe is nested by the larger ones, e.g. our investment universe

with N = 50 is a subset of the one with N = 100.
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3.3.2 Dynamic covariance matrix estimation

We follow the procedure described in Section 3.2.2, where a univariate GARCH(1,1) model is

adopted for the conditional variances of asset returns, and a DCC(1,1) model is fitted to obtain

time-varying conditional correlation matrices using historical daily returns. To address the chal-

lenges arising in large dimensions, we use nonlinear shrinkage for the unconditional correlation

matrix targeting and the estimation is carried out via the composite likelihood method. In or-

der to gain insights on the robustness of the parameter estimates over time and on the effect of

sample size, we consider five samples of increasing size. Each period starts on 2000-01-04, and

ends respectively on 2007-01-12, 2009-07-09, 2011-11-04, 2014-03-12, and 2016-07-12. In this

manner, the sample size for estimation starts from roughly 1800 observations and then increases

by around 600 observations each period. These periods will also serve as blocks for our cross-

validation algorithm introduced in Section 3.2.4, so that after the initialization period (Period

1) with 1764 observations, there are J = 4 blocks, each consisting of m = 588 observations.

Figure 3.1 summarizes the GARCH estimates via box-plots for the different sub-periods and

dimensions. It can be observed that the estimates for all parameters (ω, α, β) are quite stable

over time, especially after Period 2 where the effect of adding more data becomes marginal.

Although there are some outliers, the estimates of ω and α are close to zero for most of the

assets, while the estimates for the persistence coefficient β are close to one, which are typical

findings for financial asset return data. Parameter estimates for the DCC model are reported

in Table 3.1, where again estimates of α are close to zero and estimates of β are close to 1,

indicating high persistence in the dynamic correlations. Furthermore, similar to the volatility

models, parameter estimates stabilize as the sample size increases. In addition, all parameter

estimates are significantly different from zero using estimated asymptotic standard errors.

After estimation, we have used various diagnostics such as Portmanteau tests for autocor-

relation in standardized residuals, as well as their squares and cross-products, which do not

yield any evidence against the chosen model specifications. To save space, we do not report

these diagnostics here, but keep them available upon request. We therefore continue with the

construction of GMV portfolios under alternative types of regularization.
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Figure 3.1: Boxplots of GARCH(1,1) parameter estimates for the five periods of augmenting sample sizes (P1

to P5), and for four investment universes N ∈ {50, 100, 250, 500}. The sub-periods considered in the estimation

are: P1 from 2000-01-04 to 2007-01-12; P2 from 2000-01-04 to 2009-07-09; P3 from 2000-01-04 to 2011-11-04; P4

from 2000-01-04 to 2014-03-12; P5 from 2000-01-04 to 2016-07-12.
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Table 3.1: DCC parameter estimates for the five periods of augmenting sample sizes (Period 1 to Period

5), and for four investment universes N ∈ {50, 100, 250, 500}.

N = 50 N = 100 N = 250 N = 500

α β α β α β α β

Period 1 0.0126 0.9797 0.0116 0.9815 0.0109 0.9825 0.0095 0.9856

(0.0001) (0.0002) (0.0002) (0.0003) (0.0001) (0.0003) (0.0004) (0.0015)

Period 2 0.0145 0.9782 0.0137 0.9803 0.013 0.9821 0.0116 0.9844

(0.0001) (0.0002) (0.0001) (0.0002) (0.0001) (0.0002) (0.0001) (0.0001)

Period 3 0.0196 0.9711 0.0192 0.9725 0.0178 0.9754 0.0156 0.9794

(0.0001) (0.0002) (0.0001) (0.0002) (0.0001) (0.0002) (0.0001) (0.0001)

Period 4 0.018 0.9737 0.0171 0.9762 0.0167 0.9773 0.0149 0.9803

(0.0001) (0.0001) (0.0001) (0.0001) (0.0001) (0.0001) (0.0001) (0.0001)

Period 5 0.0183 0.9735 0.0168 0.9766 0.0167 0.9773 0.0146 0.9807

(0.0001) (0.0001) (0.0001) (0.0001) (0.0001) (0.0001) (0.0001) (0.0001)

Note: The numbers in parentheses are asymptotic standard errors of the corresponding parameter estimates. The

sub-periods considered in the estimation are: Period 1 from 2000-01-04 to 2007-01-12; Period 2 from 2000-01-04

to 2009-07-09; Period 3 from 2000-01-04 to 2011-11-04; Period 4 from 2000-01-04 to 2014-03-12; Period 5 from

2000-01-04 to 2016-07-12.

3.3.3 GMV portfolio performance without short-sale constraints

We study the performance of investment strategies including sector-specific regularization with

respect to benchmark portfolios in the context of the GMV portfolio where the most important

performance measure is the out-of-sample volatility. Since the GMV portfolio is designed to

minimize the variance rather than to maximize the Sharpe Ratio, all portfolios are primarily

evaluated by the magnitude of the volatility reduction. We also report the Sharpe ratio to

demonstrate that GMV portfolios typically perform well even in terms of criteria that include

average out-of-sample returns (see e.g. Jagannathan and Ma (2003)).

We include the following eleven portfolios in our empirical analysis.

1. EQ: the equally-weighted portfolio with weights given by 1/N , which is a standard bench-

mark advocated by DeMiguel et al. (2009).
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2. NP (no penalty): the DCC-GARCH with nonlinear shrinkage and maximum composite

likelihood.

3. W: as NP but with additional penalty for within-sector variation.

4. B: as NP but with additional penalty for between-sector variation.

5. S: as NP but with additional L1-norm penalty to promote sparsity.

6. Gl: as NP but with additional L1-norm penalty to promote sparsity in the selected sectors.

7. C: as NP but with additional penalty to control transaction costs.

8. BW: as W but with additional penalty for between-sector variation.

9. SW: as W but with additional L1-norm penalty to promote sparsity.

10. SGl: as Gl but with additional L1-norm penalty to promote sparsity within the selected

sectors.

11. CW: as W but with additional penalty to control transaction costs.

In order to obtain the optimal value of the penalization parameter(s) λ, we solve the opti-

mization program specified in Equation (3.20) via grid search. The resulting optimal values of

log(λ) are reported in Table 3.6 of Appendix 3.A. We then construct the asset allocation for the

eleven portfolios considered on each monthly re-balancing date, and the portfolio weights are

assumed to remain constant within the month. The out-of-sample portfolio performance mea-

surements are computed with daily return data and then annualized by following the convention

of multiplying the average return by 252 and the standard deviation by
√
252. The (annualized)

Sharpe ratio is obtained as the ratio of average return and standard deviation. The statistics,

with volatility in percentage points, are presented in Table 3.2. The best performing portfolio

with respect to the volatility criterion is marked in bold.

Focusing first on the three portfolios with sector-wise regularizations, namely the W, B,

and Gl portfolios, we conclude that the W portfolio has the highest contribution to reducing

portfolio volatility. While the combination of within- and between-sector (BW) regularization

is further improving the performance of the W portfolio in terms of volatility for the moderate
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Table 3.2: Out-of-sample annualized portfolio standard deviation (in percentage points) and Sharpe ratio.

W B S Gl C BW SW SGl CW NP 1/N

N=50

SD 17.410∗∗ 18.013 16.936∗∗∗ 18.049 16.909∗∗∗ 16.662∗∗∗ 16.933∗∗∗ 16.449∗∗∗ 16.884∗∗∗ 18.191 19.868

SR 0.819 0.908 0.955 0.984 0.954 1.031 0.898 0.973 0.899 0.860 0.729

N=100

SD 17.231∗∗∗ 18.854 16.800∗∗∗ 18.871 16.833∗∗∗ 17.073∗∗∗ 16.886∗∗∗ 16.806∗∗∗ 16.860∗∗∗ 18.755 20.269

SR 0.703 0.917 1.044 0.884 1.035 0.722 0.795 1.048 0.784 0.872 0.648

N=250

SD 18.650∗∗∗ 19.579 17.568∗∗ 19.634 17.573∗∗ 19.060 17.592∗∗ 17.572∗∗ 17.581∗∗ 19.269 20.539

SR 0.644 0.644 0.919 0.680 0.919 0.599 0.898 0.920 0.894 0.675 0.573

N=500

SD 18.825∗∗ 19.657 17.636∗∗∗ 19.604 17.632∗∗∗ 19.464 17.577∗∗∗ 17.635∗∗∗ 17.588∗∗∗ 19.464 21.511

SR 0.777 0.682 0.942 0.682 0.914 0.723 0.900 0.942 0.865 0.699 0.518

Note: Significant outperformance of the portfolios over the NP portfolio in terms of SD is denoted by asterisks: ∗, ∗∗, and ∗ ∗ ∗ indicate significance

at the 10%, 5%, and 1% level respectively. All portfolios outperform the equally-weighted benchmark at a significance level of 5% or lower.

investment universes (N ∈ {50, 100}), adding additional between-sector penalization is deterio-

rating the volatility performance of the W portfolio in larger dimensions (i.e. N ∈ {250, 500}).

Additionally, the observation that shrinking different sector weights towards equivalence lacks in

efficacy is consistent with the intuition that assets belonging to different sectors may have quite

different characteristics and tend to be less correlated. Promoting within-sector diversification

is more important than between-sector diversification or concentrating the allocation on a few

sectors. Furthermore, promoting sparsity concentrates the weight allocation on fewer assets,

and adding a cost penalization term stabilizes the weight evolution of each asset over time. We

can observe from Table 3.2 that both approaches contribute to better portfolio performance in

terms of volatility.

In addition, for each of the portfolios with regularizations, we conduct the test of equality

in standard deviations with respect to the two benchmark portfolios, with a two-sided p-value

obtained by the prewhitened HACPW method described in Ledoit and Wolf (2011). It can be

concluded that the nine regularized portfolios outperform the equally-weighted benchmark and

the outperformance is statistically significant at all conventional levels. Furthermore, controlling
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for “within”, “sparse” and “cost” significantly improves the portfolio volatility (at the 5% level)

when considering the NP portfolio as benchmark. We also test whether the regularized portfolios

are significantly outperforming each other. The p-values are reported in Table 3.8 and Table 3.9

of Appendix 3.A. We observe that the “within” portfolio is not significantly outperformed by

other penalized portfolios at the 5% level for N ∈ {100, 250} and at the 1% level for N =

500. However, the “between” and “group sparse” portfolios are almost always significantly

outperformed for N ∈ {100, 250, 500} at the 1% level. This confirms that promoting within-

sector diversification is more beneficial than between-sector diversification or concentrating the

allocation on a few sectors. In addition, portfolios controlling for sparsity and transaction cost

are rarely significantly outperformed, especially in moderate and large investment universes.

In terms of the Sharpe ratio, we conclude that adding a sparsity regularization and a cost

penalty term contributes to an improved portfolio performance. Additionally, the “between”

regularized portfolio (B) and the portfolio focusing on a few selected sectors (Gl) display an

improvement in performance relative to both benchmarks in the small investment universes

(N ∈ {50, 100}). The outperformance in terms of Sharpe ratio tends to diminish for portfolios

with a larger number of assets (N ∈ {250, 500}). We note that if we changed our performance

target from GMV portfolio to Sharpe ratio maximization, including additional features such as a

momentum signal for expected returns could further improve the performance, see e.g. De Nard

et al. (2021).

We also provide some descriptive statistics for the portfolio weights wt over time. In each

holding period, namely one month, we compute the following four characteristics:

• Min: Minimum weight of all assets in the portfolio.

• Max: Maximum weight of all assets in the portfolio.

• SD: Standard deviation of weights of all assets in the portfolio.

• MAD-EW: Mean absolute deviation from equal weights, 1/N .

• MDiv-Sec-W: Mean diversification within sectors, computed as

MDiv-Sec-W =
1

T − T ′

T−T ′∑
t=1

K∑
k=1

∑
i∈Gk

|wit −mkt|.
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• MDiv-Sec-B: Mean diversification between sectors, computed as

MDiv-Sec-B =
1

T − T ′

T−T ′∑
t=1

K∑
k=1

|mkt −
1

N
|.

• No. Active: Number of stocks with absolute weight larger than 1% ∗ 1/N .

For each characteristic, we then report the average statistics over the out-of-sample period,

as summarized in Table 3.3. We observe that the portfolios with the least dispersed weights

are those including within-sector regularization, either alone or in combination with one of the

other regularization terms. For each dimension, portfolios with “within”, “sparse” and “cost”

penalizations contribute the most to reducing the distance to the equally-weighted portfolio as

measured by the MAD-EW criterion. Additionally, we observe that portfolios with significantly

improved volatilities (i.e. W, S, C) have overall smaller values for the MDiv-Sec-W statistic

indicating higher within-sector diversification, but larger values for the MDiv-Sec-B statistic

suggesting lower between-sector diversification. Conversely, portfolios with poor out-of-sample

performance (i.e. B, Gl) exhibit higher between-sector diversification and lower within-sector

diversification. This observation is consistent with the conclusion that promoting within-sector

diversification is more important than between-sector diversification or concentrating the allo-

cation on only a few sectors. Furthermore, the number of active positions indicates that the

portfolios with sector-wise regularizations (i.e. W, B, Gl) are diversified across all available

assets while portfolios controlling for sparsity and cost are concentrating their weights on 40%

of the investment universe for the moderate portfolio sizes (N ∈ {50, 100}) and on 20% of the

investment universe for larger portfolio sizes (N ∈ {250, 500}).

We also present the weight evolution during the out-of-sample period as weight variations

provide us with further indications on the relative performance of the different portfolios in

terms of transaction costs. Figure 3.2 illustrates the weight variation over time for component

stocks in the case where the investment universe is composed of 50 assets. The asset with the

highest sector-wise market capitalization is chosen as a representative of each sector, and in such

a way we obtain ten stocks representing the ten sectors in the portfolio. From Figure 3.2, it

can be concluded that the DCC-GARCH portfolio (NP) is subject to large changes from one re-

balancing date to another, which further deteriorates the portfolio return when transaction costs

are taken into account. The black curve indicates that adding the within-sector penalization

structure is stabilizing the weights across time, resulting in a further improved relative portfolio
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performance – compared to the benchmark NP portfolio – when accounting for transaction costs.

Additionally, it can be observed from the blue curve that including another regularization term

based on transaction costs is further stabilizing the weight evolution over time.

3.3.4 GMV portfolio performance with short-sale constraints

Given that some markets and fund managers are explicitly subject to short-sale restrictions

in their activities, we also consider the added benefits of our approach when a non-negativity

constraint is applied to all portfolio weights. We report the values of the optimal penalization

parameters λ for all cases in Table 3.7 of Appendix 3.A.

Comparing the GMV portfolio results in Table 3.2 with the no-short-sale portfolio results

in Table 3.4, we observe that the optimal no-short-sale portfolios have smaller out-of-sample

volatility than the GMV portfolios for all considered investment universes. This finding suggests

that the imposed no-short-sale constraint helps decreasing the actual portfolio risk, but further

improvements can still be obtained. In addition, our previous conclusion that including within-

sector regularization is strongly beneficial still holds, especially in small and moderate investment

universes. Whereas adding between-sector shrinkage effectively improves performance for small

to moderate dimensions, it tends to deteriorate overall portfolio performance in large dimensions

(N = 500), although the differences are small.

Furthermore, although within-sector penalization reduces portfolio volatility, this improve-

ment in performance is only statistically significant in the case of N = 50. The outperformance

in terms of volatility is not statistically significant for larger portfolios (N ∈ {100, 250, 500}).

Finally, we take a closer look at the portfolio construction by reporting the weights statistics

in Table 3.5. Clearly, there is now a stronger effect of the penalization term, which is shrinking

the weights towards equality, especially in larger portfolios. Moreover, the W portfolio has higher

within-sector diversification while the between-sector diversification increases for larger portfolios

(N ∈ {250, 500}) and decreases for moderate portfolio sizes (N ∈ {50, 100}). Additionally,

the number of active positions decreases significantly compared to the corresponding portfolios

without short-sale constraint, and this effect gets stronger for larger investment universes.



3.3. Empirical application 127

Table 3.3: Statistics of portfolio weights.

W B S Gl C BW SW SGl CW NP 1/N

N=50

Min -0.070 -0.084 0.000 -0.078 -0.001 -0.073 0.000 0.002 -0.001 -0.074 0.020

Max 0.212 0.212 0.332 0.232 0.329 0.191 0.318 0.277 0.310 0.235 0.020

SD 0.049 0.065 0.057 0.066 0.057 0.046 0.053 0.042 0.052 0.066 0.000

MAD-EW 0.034 0.050 0.032 0.050 0.032 0.031 0.028 0.020 0.027 0.050 0.000

MDiv-Sec-W 1.060 2.475 1.352 2.407 1.356 1.237 1.085 0.937 1.075 2.317 0.000

MDiv-Sec-B 0.265 0.124 0.193 0.158 0.193 0.203 0.200 0.122 0.201 0.191 0.000

No. Active 50 50 20 50 27 50 27 50 32 50 50

N=100

Min -0.046 -0.062 0.000 -0.062 -0.001 -0.045 0.000 0.000 -0.001 -0.061 0.010

Max 0.200 0.163 0.306 0.170 0.305 0.188 0.333 0.307 0.329 0.174 0.010

SD 0.033 0.041 0.038 0.041 0.039 0.033 0.039 0.038 0.039 0.041 0.000

MAD-EW 0.020 0.030 0.017 0.030 0.017 0.020 0.016 0.017 0.016 0.030 0.000

MDiv-Sec-W 1.752 2.943 1.566 2.915 1.610 1.808 1.347 1.584 1.356 2.887 0.000

MDiv-Sec-B 0.124 0.063 0.087 0.072 0.087 0.113 0.103 0.087 0.104 0.082 0.000

No. Active 100 100 40 100 25 99 55 29 46 100 100

N=250

Min -0.030 -0.028 0.000 -0.028 -0.001 -0.029 0.000 0.000 -0.001 -0.028 0.004

Max 0.126 0.127 0.305 0.132 0.302 0.103 0.291 0.305 0.290 0.140 0.004

SD 0.018 0.019 0.024 0.019 0.024 0.017 0.024 0.024 0.024 0.019 0.000

MAD-EW 0.011 0.013 0.007 0.013 0.007 0.012 0.007 0.007 0.007 0.013 0.000

MDiv-Sec-W 2.831 3.229 1.779 3.230 1.808 2.914 1.779 1.779 1.795 3.208 0.000

MDiv-Sec-B 0.023 0.015 0.038 0.015 0.038 0.013 0.038 0.038 0.038 0.019 0.000

No. Active 249 249 57 249 60 249 57 70 59 249 250

N=500

Min -0.014 -0.016 0.000 -0.016 -0.000 -0.014 0.000 0.000 -0.000 -0.016 0.002

Max 0.067 0.072 0.238 0.072 0.235 0.058 0.232 0.238 0.229 0.078 0.002

SD 0.009 0.009 0.015 0.009 0.015 0.009 0.015 0.015 0.015 0.010 0.000

MAD-EW 0.006 0.006 0.004 0.006 0.004 0.006 0.004 0.004 0.004 0.006 0.000

MDiv-Sec-W 2.866 3.137 1.845 3.157 1.870 2.936 1.847 1.851 1.862 3.129 0.000

MDiv-Sec-B 0.009 0.007 0.017 0.007 0.017 0.006 0.017 0.017 0.017 0.009 0.000

No. Active 499 499 111 498 111 498 73 99 104 498 500
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Figure 3.2: Out-of-sample period weight evolution.
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Table 3.4: Out-of-sample annualized portfolio standard deviation (in percentage points) and Sharpe ratio

(with short-sale constraint).

W B C BW CW NP 1/N

N=50

SD 16.370∗∗ 16.401∗∗ 16.910∗∗ 16.472∗∗ 16.356∗∗ 16.931 19.868

SR 0.866 1.109 0.959 1.014 0.873 0.953 0.729

N=100

SD 16.589 16.681∗ 16.793 16.669 16.602 16.798 20.269

SR 0.781 1.093 1.050 0.809 0.781 1.046 0.648

N=250

SD 16.381 17.565 17.582 16.378 16.403 17.554 20.539

SR 0.598 0.915 0.905 0.596 0.601 0.914 0.573

N=500

SD 17.515 17.648 17.610∗ 17.605 17.501 17.625 21.511

SR 0.828 0.949 0.940 0.838 0.811 0.946 0.518

Note: Significant outperformance of the portfolios over the NP portfolio in terms of SD is

denoted by asterisks: ∗, ∗∗, and ∗ ∗ ∗ indicate significance at the 10%, 5%, and 1% level

respectively. The outperformances of all portfolios against the equally-weighted benchmark

are significant at a level of 5% or lower.
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Table 3.5: Statistics of portfolio weights (with short-sale constraint).

W B C BW CW NP 1/N

N=50

Min 0.000 0.000 0.000 0.000 0.000 0.000 0.020

Max 0.206 0.299 0.330 0.206 0.207 0.331 0.020

SD 0.040 0.054 0.057 0.038 0.040 0.057 0.000

MAD-EW 0.025 0.030 0.031 0.024 0.025 0.031 0.000

MDiv-Sec-W 0.496 1.343 1.340 0.586 0.494 1.345 0.000

MDiv-Sec-B 0.214 0.184 0.192 0.204 0.213 0.193 0.000

No. Active 33 28 25 39 36 23 50

N=100

Min 0.000 0.000 0.000 0.000 0.000 0.000 0.010

Max 0.290 0.285 0.306 0.278 0.285 0.306 0.010

SD 0.035 0.037 0.038 0.034 0.034 0.038 0.000

MAD-EW 0.015 0.017 0.017 0.014 0.014 0.017 0.000

MDiv-Sec-W 1.136 1.572 1.569 1.162 1.110 1.565 0.000

MDiv-Sec-B 0.106 0.086 0.087 0.104 0.106 0.087 0.000

No. Active 68 51 43 75 72 51 100

N=250

Min 0.000 0.000 0.000 0.000 0.000 0.000 0.004

Max 0.050 0.303 0.304 0.049 0.053 0.304 0.004

SD 0.009 0.024 0.024 0.009 0.010 0.024 0.000

MAD-EW 0.005 0.007 0.007 0.005 0.005 0.007 0.000

MDiv-Sec-W 0.799 1.762 1.759 0.767 0.872 1.762 0.000

MDiv-Sec-B 0.042 0.038 0.038 0.042 0.042 0.038 0.000

No. Active 141 111 113 147 144 117 250

N=500

Min 0.000 0.000 0.000 0.000 0.000 0.000 0.002

Max 0.223 0.190 0.237 0.183 0.222 0.238 0.002

SD 0.015 0.013 0.015 0.013 0.015 0.015 0.000

MAD-EW 0.004 0.004 0.004 0.004 0.004 0.004 0.000

MDiv-Sec-W 1.829 1.858 1.829 1.852 1.819 1.834 0.000

MDiv-Sec-B 0.018 0.011 0.017 0.012 0.018 0.017 0.000

No. Active 125 168 188 117 153 187 500
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3.4 Conclusions and outlook

In a dynamic framework, considering various regularizations for portfolio weights, we have shown

that both sparsity and sector-wise regularizations are important for reducing out-of-sample port-

folio volatilities. Among the sector-wise regularizations, we observe that controlling for within-

sector weight variations has the largest contribution to reducing out-of-sample portfolio volatility

compared to promoting between-sector diversification or concentrating the portfolio weights on

a few sectors. In a scenario without short-sale constraints, the best-performing portfolio always

includes a control for sparsity that implicitly reduces negative weights and moves the portfolio

closer to one with short sales constraints. In large dimensions, the optimal portfolio combines

the sparsity regularization with a penalty for within-sector variation of weights. The optimal

portfolios significantly outperform two benchmark portfolios. Adding short-sale constraints,

the best-performing portfolio always includes a “within” penalty, but the statistical significance

disappears when portfolio size is larger.

Our results can be extended in various directions. First, other portfolios than the GMV

can be considered such as the tangency portfolio, or factor-risk-parity portfolios as in Lassance

et al. (2022). Second, our methodology could be applied to international diversification, where

the structure is not only based on industry sectors but also countries. In a similar vein as our

paper, it would be interesting to investigate whether, for example, within-country diversification

is more relevant than between-country diversification. Moreover, additional classes of assets can

be considered such as bonds, foreign exchange, commodities and alternative assets, for which

other types of regularizations might be useful, depending on the objectives. We leave these

topics for future research.
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3.A Additional tables

Table 3.6: Logarithm of penalty tuning parameters, log(λ), via cross validation (without short-sale

constraint).

W B S Gl C BW SW SGl CW

N=50 -15.8 -16.6 -9.3 4.9 -8.1 -16.6 -15.8 -9.4 -15.8 -9.3 4.9 -8.2 -15.8

N=100 -15.5 -18.1 -11.4 -11.5 -13.8 -18.2 -15.6 -11.6 -15.6 -11.4 -11.4 -14.0 -15.6

N=250 -17.6 -17.6 -10.9 -5.8 -10.8 -17.6 -17.5 -11.0 -17.5 -11.1 -5.7 -10.9 -17.6

N=500 -17.8 -18.4 -11.8 -4.6 -12.7 -18.5 -17.8 -11.8 -17.9 -11.8 -4.8 -2.0 -17.8

Table 3.7: Logarithm of penalty tuning parameters, log(λ), via cross validation (with short-sale con-

straint).

W B C BW CW

N=50 -15.0 -16.6 -8.3 -16.7 -15.1 -8.4 -15.0

N=100 -14.9 -18.0 -12.4 -17.9 -15.0 -12.2 -14.9

N=250 -13.6 -20.9 -11.2 -21.0 -13.6 -11.0 -13.7

N=500 -17.0 -17.3 -11.6 -17.4 -17.0 -11.4 -16.9
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Table 3.8: P-values for statistical test of difference in volatility (without short-sale constraint).

W B S Gl C BW SW SGl CW NP 1/N

N=50

W 0.212 0.261 0.038 0.001

B 0.842 0.314 0.010

S 0.130 0.062 0.088 0.005 0.000

Gl 0.556 0.029

C 0.100 0.049 0.462 0.076 0.788 0.003 0.000

BW 0.014 0.000 0.546 0.002 0.570 0.446 0.508 0.000 0.000

SW 0.082 0.052 0.970 0.078 0.002 0.000

SGl 0.013 0.009 0.056 0.021 0.044 0.638 0.072 0.095 0.001 0.000

CW 0.054 0.042 0.576 0.078 0.765 0.011 0.002 0.000

NP 0.016

N=100

W 0.000 0.000 0.000 0.000

B 0.806 0.002

S 0.306 0.000 0.000 0.205 0.492 0.466 0.226 0.642 0.000 0.000

Gl 0.005

C 0.334 0.000 0.000 0.539 0.658 0.834 0.000 0.000

BW 0.087 0.000 0.000 0.000 0.000

SW 0.387 0.000 0.000 0.619 0.000 0.000

SGl 0.312 0.000 0.000 0.205 0.501 0.496 0.672 0.000 0.000

CW 0.352 0.000 0.000 0.564 0.602 0.000 0.000

NP 0.333 0.059 0.004

Note: The p-values are from the tests of outperformance where the row portfolios are benchmarked against

the column portfolios, i.e. we test whether portfolio i significantly outperforms portfolio j in terms of volatility

for row i and column j of the table. An empty cell indicates portfolio i is not outperforming portfolio j.
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Table 3.9: P-values for statistical test of difference in volatility (without short-sale constraint).

W B S Gl C BW SW SGl CW NP 1/N

N=250

W 0.000 0.000 0.000 0.001 0.000

B 0.390 0.017

S 0.174 0.006 0.004 0.762 0.058 0.889 0.454 0.929 0.021 0.001

Gl 0.035

C 0.181 0.007 0.004 0.061 0.922 0.956 0.023 0.001

BW 0.002 0.004 0.158 0.000

SW 0.139 0.004 0.002 0.040 0.014 0.000

SGl 0.176 0.006 0.004 0.960 0.059 0.908 0.952 0.022 0.001

CW 0.143 0.004 0.002 0.042 0.911 0.014 0.000

NP 0.000 0.004 0.001

N=500

W 0.002 0.001 0.000 0.011 0.000

B 0.000

S 0.044 0.000 0.001 0.003 0.001 0.000

Gl 0.189 0.000

C 0.043 0.000 0.799 0.000 0.003 0.825 0.001 0.000

BW 0.502 0.560 0.999 0.000

SW 0.025 0.000 0.266 0.000 0.278 0.001 0.270 0.262 0.000 0.000

SGl 0.044 0.000 0.679 0.001 0.003 0.001 0.000

CW 0.026 0.000 0.416 0.000 0.434 0.001 0.422 0.000 0.000

NP 0.000 0.000 0.000

Note: The p-values are from the tests of outperformance where the row portfolios are benchmarked against

the column portfolios, i.e. we test whether portfolio i significantly outperforms portfolio j in terms of volatility

for row i and column j of the table. An empty cell indicates portfolio i is not outperforming portfolio j.
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Table 3.10 reports the total running time for the out-of-sample period of 56 months using the

optimal penalization parameter found in the cross-validation step. The running time increases

moderately with respect to portfolio size. Note that the optimal weights of the portfolios with

W, B, S, Gl penalty terms at time t are independent of the optimal weights of other re-balancing

dates and thus the computation can be implemented with parallel programming. However, the

optimal allocation at time t of the portfolios controlling for the cost penalty is dependent on

the optimal weights of the previous re-balancing date t − 1, and thus can only be computed

sequentially.

Table 3.10: Running time for the out-of-sample period (in minutes).

W B S Gl C BW SW SGl CW

N=50 0.33 0.05 0.03 0.03 0.13 0.37 0.33 0.04 2.05

N=100 0.32 0.06 0.03 0.03 0.13 0.36 0.33 0.05 2.09

N=250 0.32 0.07 0.05 0.05 0.22 0.38 0.37 0.07 2.17

N=500 0.53 0.19 0.16 0.13 0.65 0.56 0.53 0.22 2.67

Note: Computations were carried out on a 2020 iMac with the following speci-

fications: Intel Core i9 10-Core processor (3.6GHz) and 72 GB RAM (2133 MHz

DDR4).
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Chapter 4

Dynamic Autoregressive Liquidity

(DArLiQ)
1

4.1 Introduction

Liquidity is a fundamental property of a well-functioning market, and lack of liquidity is generally

at the heart of many financial crises and disasters. Common ways of measuring liquidity using

high frequency data include bid-ask spreads, effective spreads, realized spreads, depth, weighted

depth, and transaction volume. There is a big literature that uses such measures to compare

market quality across markets, across time, and before and after interventions of various sorts.

For example, it has been a big part of the debate around high frequency trading, i.e., whether

such trading activity has improved or degraded market liquidity, see e.g. Brogaard (2010),

Hendershott et al. (2011), Beddington et al. (2012), O’Hara and Ye (2011). There are many

complex issues in working with high frequency trade and quote data in a legally integrated

market such as the US, where separate venues exist without synchronized timestamps so that

for example establishing the time priority of messages across different venues is difficult. There

are several methods widely used to measure liquidity using lower frequency data, i.e., daily data,

see Goyenko et al. (2009) for a review of such measures. We focus on the Amihud illiquidity

measure as proposed in Amihud (2002). This measure has proven to be very popular in the

1This chapter corresponds to Hafner, C.M. and Linton, O.B. and L. Wang (2022): “Dy-

namic Autoregressive Liquidity (DArLiQ)”, Cambridge Working Papers in Economics CWPE2214, doi:

https://doi.org/10.17863/CAM.82497.
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empirical literature. It is easy to implement and by all accounts relatively robust. It has been

shown to influence the cross-sectional asset returns through the so-called illiquidity premium,

see the review of Amihud and Mendelson (2015).

We propose a dynamic semiparametric model for illiquidity as measured by the daily com-

ponent of the Amihud measure. Specifically, we propose a multiplicative model that contains

a nonparametric long-run trend and a parametric short-run autoregressive process as in Engle

et al. (2012). The trend part is important for many datasets where liquidity has improved in

a secular fashion such as the S&P 500 over the last hundred years and Bitcoin over the much

more recent period of its operation. The nonparametric trend is comparable with the conven-

tional monthly averaged measure that is widely used in the literature, except that our measure

is available daily and the implicit length of averaging is controlled by a bandwidth parameter

to be chosen by the practitioner. Further, the dynamic component of the model measures the

short-run variation in liquidity that may be of equal interest.

We approach estimation through GMM based on the first conditional moment restriction,

as well as through a semiparametric likelihood procedure that assumes i.i.d. shocks. In the

latter approach we consider two cases, one where the shock distribution is parametric such as

the Weibull distribution and a further case in which the shock distribution is not specified and

is treated nonparametrically. We develop the distribution theory and efficiency bound in both

cases.

We also develop methodology for detecting permanent and transitory changes in liquidity

that might arise from structural changes in financial markets such as the upgrade of a stock

exchange’s matching engine or from stock specific events such as stock splits. In our approach,

permanent effects are captured by discontinuous changes in the nonparametric trend function,

whereas temporary effects are measured by dummy variables in the dynamic part of the process.

We develop the inference tools required to test for the null hypothesis of no changes versus the

alternatives of permanent or temporary shifts in the illiquidity process.

In the spirit of Amihud (2002), who studies the effect of expected and unexpected illiquidity

on stock excess returns, we also consider the regression modelling of the market risk premium

driven by the separate components of liquidity from our model. In particular, we study the

link between the stock excess returns and the long-run trend, short-run dynamics as well as the

unexpected shocks of the illiquidity process.
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We implement our framework on a panel composed by the five largest US technology com-

pany stocks and the Bitcoin asset. We demonstrate the model performance in terms of fitting the

relevant features of the illiquidity data, and provide various model diagnostics and specification

tests. We show that the efficient semiparametric maximum likelihood estimator, assuming a

parametric Weibull distribution for the error term, captures well the salient features of the illiq-

uidity process. In addition, we also demonstrate that using a nonparametric density estimator

for the error term can further improve the model estimation in terms of likelihood.

We study the impact of stock splits on the illiquidity dynamics of the five largest US tech-

nology company stocks. One explanation for why companies split their stock is the theory that

this creates “wider” markets, that is, reducing the price level makes it easier for a wider pool

of retail investors to buy into the stock and allows existing investors more easily to sell part of

their holding to other investors thereby increasing the investor base and the volume of trans-

actions. This in turn should lead to greater liquidity as measured for example by the Amihud

measure. However, there are other theoretical arguments presented in Copeland (1979) that

may point to a decrease in liquidity following a stock split, and as he says “liquidity changes

following stock splits is an empirical question”. Copeland (1979) found: nonstationarities in

trading behavior, volume increases less than proportionately, brokerage revenues increased, and

increases in proportional bid-ask spreads following stock splits. He argues that “these results

lead to the conclusion that there is a permanent decrease in liquidity following the split”. Our

results broadly support these findings in our more recent sample data on a special subset of

stocks, the tech stocks. Specifically, we document that stock splits cause significant shifts in

the long-term illiquidity trend while no significant effects on short-run liquidity dynamics are

detected.

We also investigate how the different components of the illiquidity process obtained from our

model relate to the stock market risk premium using data on the S&P 500 stock market index.

We find that the detrended market risk premium is positively affected by the anticipated short

run illiquidity process and negatively associated with the unanticipated component of market

illiquidity in agreement with the results of Amihud (2002) (which were based on an AR model

fit to monthly illiquidity).

The remainder of the paper is organized as follows. In Section 4.2, we discuss the Amihud

illiquidity measure and its time series properties. Section 4.3 introduces our DArLiQ model and
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we discuss in Section 4.4 estimation via GMM based on the first conditional moment restriction,

as well as through a semiparametric likelihood procedure that assumes i.i.d. shocks. The large

sample properties of our procedures are provided in Section 4.5. We develop in Section 4.6 the

methodology to detect permanent and temporary changes in the liquidity process and in Section

4.7 the framework to study the effect of illiquidity components on risk premium. Section 4.8

presents a detailed empirical application of the model, and Section 4.9 concludes. Theoretical

materials including proofs of the theorems are collected in section 4.A to section 4.D. Additional

tables and figures for the empirical application are presented in section 4.E.

4.2 Amihud illiquidity

The Amihud (2002) illiquidity measure of a stock at time t, At, is defined as

At =
1

nt

nt∑
j=1

ℓtj , ℓtj =
|Rtj |
Vtj

, (4.1)

where Rt is the stock return and Vt is the (dollar) trading volume at time t. Intuitively, the

Amihud measure captures the fact that a stock is less liquid if a given trading volume generates

a larger move in its price. Typically, the measure is computed over periods ranging from a day to

a year by averaging the daily illiquidity ratio ℓtj over the corresponding period nt. The Amihud

illiquidity measure is a good proxy for high-frequency measures of price impact (Goyenko et al.

(2009); Hasbrouck (2009)) with the advantage of only requiring daily data on stock prices and

trading volumes.

We show in Figure 4.1 the daily stock log illiquidity series for the five largest US information

technology companies (the “Fab 5”) – Amazon, Apple, Facebook, Google, and Microsoft – over

the period from May 2012 to October 2021. Note that there is spike in the illiquidity series for

Google around end-March 2014 which is caused by a stock split on March 27, 2014.2 As this

event caused irregularity in the trading activities for a few days, we replace the volume data on

those dates using the average volume level of the day before and the day after that period. The

daily log illiquidity series using the adjusted data are shown in Figure 4.1b. The illiquidity time

series appear broadly stationary during this period, although a slight downward trend can be

observed. To gain more insights into the conditional dynamics the data, we fit an AR(5) model

2The two-for-one stock split was associated with the introduction of a new non-voting share class (Class C

shares). See press release.

https://abc.xyz/investor/news/releases/2014/0306/


4.2. Amihud illiquidity 141

with a quadratic polynomial trend function to the scaled illiquidity series, yt = ℓt × 1010, i.e.

yt = α+ β(t/T ) + γ(t/T )2 +
5∑
j=1

ϕjyt−j + εt,

where the coefficients β and γ respectively capture the linear and quadratic components of the

polynomial trend. The estimated coefficients with their corresponding t-statistics are provided

in Table 4.1. We observe that most of the autoregressive coefficients are statistically significant,

indicating some degree of persistence in the stock illiquidity dynamics.

May 21
2012

May 01
2013

Nov 01
2013

Nov 03
2014

Nov 02
2015

Nov 01
2016

Nov 01
2017

Nov 01
2018

Nov 01
2019

Nov 02
2020

Oct 07
2021

2012−05−21 / 2021−10−07

−32

−30

−28

−26

−24

−22

−20

−32

−30

−28

−26

−24

−22

−20

Lo
g 

of
 Il

liq
ui

di
ty

Facebook
Amazon
Apple
Google
Microsoft

(a) Original data.
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(b) Data of Google stock processed.

Figure 4.1: Fab 5 daily log illiquidity – log ℓt.
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Table 4.1: Estimated parameters of an AR(5) with trend.

Facebook Amazon Apple Google Microsoft

AR(1)
0.055 0.004 0.025 0.002 0.028

(2.683) (0.175) (1.222) (0.095) (1.339)

AR(2)
0.196 0.003 0.019 0.102 0.029

(9.720) (0.136) (0.929) (4.961) (1.398)

AR(3)
0.146 0.088 0.106 0.168 0.025

(7.182) (4.295) (5.218) (8.306) (1.235)

AR(4)
0.170 0.097 0.027 0.113 0.075

(8.426) (4.730) (1.316) (5.506) (3.647)

AR(5)
0.122 0.061 0.097 0.063 0.053

(5.971) (2.953) (4.723) (3.053) (2.592)

Con
0.059 0.131 0.010 0.029 0.072

(8.946) (16.206) (9.969) (8.235) (15.583)

t/T
-0.169 -0.297 0.027 0.049 -0.062

(-7.263) (-13.433) (6.405) (3.539) (-5.076)

(t/T)2
0.131 0.178 -0.031 -0.060 -0.001

(6.346) (10.402) (-7.482) (-4.411) (-0.118)

Adj. R2 0.475 0.499 0.086 0.104 0.245

Note: Models are fitted on yt = ℓt×1010. The numbers in parentheses are the

t-statistics of the corresponding parameter estimates.

In addition, the coefficient estimates for the trend function are also significant. One exception

is the quadratic term for Microsoft, meaning that this stock exhibits a linear trend over the

sample period. Consistent with the visual inspection of Figure 4.1, all the estimated polynomial

trend functions are overall downward trending.

Trends in illiquidity series are not circumscribed to the Fab 5 stocks used in our illustra-

tion. To emphasize how prevalent this feature is across financial markets, Figure 4.2a shows the

evolution of log ℓt for the S&P 500 stock market index over a longer period (1950–2021) and

Figure 4.2b for Bitcoin-USD (2014–2021) – both exhibiting strong downward trends over their

respective sample periods. Taken together, these evidence point to the existence of factors driv-
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ing low-frequency variations in illiquidity dynamics in addition to higher-frequency variations.

This motivates our modelling approach for the Amihud illiquidity measure which weakens

the requirement on stationarity and develop a new class of dynamic autoregressive liquidity

(DArLiQ) models. A key feature of our framework is that it captures both the slow-varying

long-term trend and short-run autoregressive components relevant for the modelling of illiquidity

series.

Jan 05
1950

Jan 03
1955

Jan 04
1960

Jan 04
1965

Jan 02
1970

Jan 02
1975

Jan 02
1980

Jan 02
1985

Jan 02
1990

Jan 03
1995

Jan 03
2000

Jan 03
2005

Jan 04
2010

Jan 02
2015

Jan 02
2020

1950−01−05 / 2021−10−07

−30

−25

−20

−30

−25

−20

Lo
g 

of
 Il

liq
ui

di
ty

(a) S&P 500 index.

Sep 19
2014

Mar 01
2015

Sep 01
2015

Mar 01
2016

Sep 01
2016

Mar 01
2017

Sep 01
2017

Mar 01
2018

Sep 01
2018

Mar 01
2019

Sep 01
2019

Mar 01
2020

Sep 01
2020

Mar 01
2021

Aug 31
2021

2014−09−19 / 2021−10−08

−35

−30

−25

−20

−35

−30

−25

−20

Lo
g 

of
 Il

liq
ui

di
ty

(b) Bitcoin asset.

Figure 4.2: S&P 500 index and Bitcoin asset daily log illiquidity – log ℓt.



144 Chapter 4. Dynamic Autoregressive Liquidity (DArLiQ)

4.3 The model

We suppose that ℓt, t = 1, . . . , T is an observed non-negative stochastic process. We assume

that the observed daily series ℓt follows a multiplicative process as in Engle and Gallo (2006).

ℓt = λtζt (4.2)

λt = ω +

p∑
j=1

βjλt−j +

q∑
k=1

γkℓt−k, (4.3)

where ζt is a sequence of positive random variables with conditional mean one and finite uncon-

ditional variance. Provided ω > 0, the process λt ≥ ω > 0 with probability one (provided the

initialization is also positive). Furthermore, provided
∑p

j=1 βj +
∑q

k=1 γk < 1, the process ℓt is

stationary in mean and follows an ARMA(p,q) process. We may further assume that ζt has con-

stant conditional variance denoted σ2ζ , in which case E(ℓt|Ft−1) = λt and var(ℓt|Ft−1) = λ2tσ
2
ζ ,

i.e., both zt and z
2
t − 1 are martingale difference sequences, where zt = ( ℓtλt − 1)/λtσζ . We may

further assume that ζt is i.i.d. with Lebesgue density function f on the positive real line.

In practice, it may be important to account for nonstationarity or trend. We allow for a

nonparametric trend, so let

ℓt = g(t/T )λtζt (4.4)

λt = ω +

p∑
j=1

βjλt−j +

q∑
k=1

γkℓ
∗
t−k, (4.5)

where g(.) is a smooth but unknown function of rescaled time, and ℓ∗t = ℓt/g(t/T ) is the

rescaled liquidity. There is an identification issue because we can multiply and divide the

two components g, λ by constants. We suppose that E(λt) = 1, which is achieved by setting

ω = 1−
∑p

j=1 βj−
∑q

k=1 γk. The series ℓ
∗
t = λtζt possesses the same stationarity properties as ℓt

from the model without a trend. Likewise, the error process ζt may possess a constant conditional

variance or even be i.i.d. with some density function f. This is important for estimation but it

may also be important for calculation of “Liquidity at Risk”, which would require some further

assumption about the conditional quantiles of ζt. Note that in this model, the process ℓt actually

depends on T and forms a triangular array, ℓt,T , but for notational economy we generally suppress

this from the notation. We note that the process ℓt,T is locally stationary according to Vogt

(2012). In the sequel, we suppose that p = 1, q = 1 for simplicity.

We may wish to consider the effects of interventions at some times t1, . . . , tJ . We model



4.4. Estimation 145

temporary effects by dummy variables in the dynamic equation, that is, we let

λt = ω + βλt−1 +
J∑
j=1

αjDjt + γℓ∗t−1,

where Djt is one if an intervention occurs in period tj . The null hypothesis of interest here is

α1 = · · · = αJ = 0 in which case the model collapses to Equation (4.5). We may allow the

possibility of permanent effects by allowing the function g to be discontinuous at a known point

u0 = t0/T, that is,

lim
u↑u0

= g−(u0), lim
u↓u0

= g+, (u0)

are both well defined but g−(u0) may not be equal to g+(u0). The size of the jump is the

magnitude of the permanent effect (that is, the effect that remains permanently in the absence

of further changes). The null hypothesis of interest here is that g−(u0) = g+(u0) in which case

the analysis of the trend is may exploit this property.

4.4 Estimation

Estimation is guided by assumptions made about the error ζt. The minimalist approach is to

assume only that with probability one

E(ζt − 1|Ft−1) = 0,

and E(ζ2t ) = σ2ζ < ∞. In that case, one can estimate the function g(.) and the identified

parameters β, γ by conditional mean smoothing of ℓt and by the GMM approach. Provided

that additional high level weak dependence conditions are satisfied, one can ensure a CLT for

the resulting estimators. One may wish to additionally specify a second conditional moment

restriction whereby E(ζ2t − (1 + σ2ζ )|Ft−1) = 0 with probability one. This additional moment

restriction permits more efficient estimation provided this restriction is true, but if it is not true,

using this additional moment restriction will bias the parameter estimates.

We may further assume that ζt is i.i.d. with a Lebesgue density f. In this case, we may either

assume that f is of unknown functional form or we may assume that f is parametrically specified,

i.e., fφ for some unknown shape parameters φ such as Exponential, Weibull, Gamma etc. The

enlarged vector (β, γ, φ)
⊺
can be estimated by MLE. In the semiparametric case, one needs also

to estimate the error density f(.) along with the trend g(.) and the identified parameters . For

forecasting future values of ℓt, one does not need the shock distribution, but predicting intervals
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and LAR (Liquidity at Risk) requires the estimation of some features of the error distribution.

Finally, we note that under the smoothness conditions on g(.),

ℓt,T
ℓt−1,T

=
(
1 +O(T−1)

) λtζt
λt−1ζt−1

is approximately stationary and one could design a model specification test based on this “dif-

ferencing” along the lines of Yatchew (2000).

4.4.1 Estimation based on conditional moment restriction

We have the unconditional moment restriction

E(ℓt) = g(t/T ).

We first use this condition to obtain an initial consistent estimators of g by kernel smoothing

method, specifically

ĝ(u) =
1

T

T∑
t=1

Kh(t/T − u)ℓt, (4.6)

where K is a kernel function symmetric about zero supported on [−1, 1] satisfying
∫
K(u)du =

1 and
∫
K(u)u2du < ∞, while h is a bandwidth sequence. Because of the equally spaced

observations in time, the denominator of the Nadaraya-Watson estimator is unnecessary here

(this may also be called the Priestley-Chao estimator). Another estimator of historical interest is

the Gasser-Müller (1979) estimator for time trend. One could use local linear or local polynomial

estimators here to manage the boundary issue or alternatively modify the kernel in the boundary

region [−1,−1 + h] ∪ [1 − h, 1]. One can interpret the widely computed measure At defined in

Equation (4.1) as a crude estimator of g at the appropriate time point. We define the detrended

liquidity ℓ̂∗t = ℓt/ĝ(t/T ), t = 1, . . . , T.

Second, we use the GMM approach to estimate the parameters from the conditional moment

restriction

E(ℓ∗t |Ft−1) = λt,

where ℓ∗t = ℓt/g(t/T ), t = 1, . . . , T. We work with et(θ) = ℓ∗t − λt(θ), where θ = (β, γ)⊺, which

is a martingale difference sequence at the true parameter values β = β0, γ = γ0. In practice, we

define êt(θ) = ℓ̂∗t − λ̂t(θ) and

λ̂t(θ) = 1− β − γ + βλt−1 + γℓ̂∗t−1.
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Then we define ρt(θ, ĝ) = zt−1(ℓ̂
∗
t − λ̂t(θ)) and

MT (θ, ĝ) =
1

T

T∑
t=1

ρt(θ, ĝ)

θ̂GMM = argmin
θ∈Θ

∥∥MT (θ, ĝ)
∥∥
W
,

where W is a weighting matrix, while zt ∈ Ft are instruments. This provides initial consistent

estimators of θ. One can optimize the GMM procedure by choosing the instruments and weight

matrix optimally, but we shall not pursue this here.

Given consistent estimates of θ, one can improve the estimate of g. Note that

E

(
ℓt
λt

)
= g(t/T ),

which provides an alternative local moment condition for estimation, that is, we let

g̃(u) =
1

T

T∑
t=1

Kh(t/T − u)
ℓt

λ̂t
, (4.7)

where λ̂t = λ̂t(θ̂GMM , ĝ) are estimated in the previous procedure. We may repeat to update the

estimates of θ.

The other approach to this is to use profiling, that is, for given θ, we estimate gθ(u) by

smoothing ℓt/λt(θ, gθ) against time and then we optimize the profiled GMM objective function.

This approach is more time consuming and we prefer the direct approach here.

4.4.2 Estimation based on i.i.d. assumption

In this case, we assume that the error is i.i.d. with mean one and density f . We consider

several cases. First, where f is known completely. Second, where f is known up to a vector of

parameters φ. Third, where f is of unknown form. Drost and Klaassen (1997) suppose that ζt

is a scale random variable with ζt = σζzt + 1, where zt is a standardized random shock with

mean zero and variance one and density f0. The density f0 may be treated parametrically, i.e.,

depending on unknown shape parameters φ or it may be treated nonparametrically.

In the case where f is treated parametrically, one may prefer to work directly with ζt and

parameterize f. In that case, we have a semiparametric model with parameters θ = (β, γ, φ⊺)
⊺

and unknown functions τ(.) = g(.). In the case where f is of unknown form, we have a semi-

parametric model with parameters θ = (β, γ)
⊺
and unknown functions τ(.) = (f(.), g(.)). In that

case, we can equivalently write the model in terms of parameters θ = (β, γ, σ2ζ )
⊺
and unknown

functions τ(.) = (f0(.), g(.)).
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4.4.2.1 Parametric density case

Suppose that f depends on some unknown parameters φ, denoted as fφ. If g(.) were known, the

log likelihood function is apart from a term to do with g(.) that does not depend on parameters

equal to

L(θ, φ|ℓ1, . . . , ℓT ) = −
T∑
t=1

lnλt(θ) +

T∑
t=1

ln fφ
(
ζt(θ)

)
,

ζt(θ) =
ℓt

λt(θ)g(t/T )
.

In practice, given a consistent estimate of g(.), we maximize an estimated version of this likeli-

hood. In fact, in the semiparametric model, the efficient score functions (derived in the appendix)

for θ, φ in the presence of unknown g(.) are

L∗
θ =

T∑
t=1

ℓ∗θt, ℓ∗θt = s2(ζt)
1

λt

∂λt
∂θ

−
E
[
∂λt
∂θ

1
λ2t

]
E
(

1
λ2t

)
 (4.8)

L∗
φ =

T∑
t=1

ℓ∗φt, ℓ∗φt =
∂fφ (ζt) /∂φ

fφ (ζt)
−
E
(
∂fφ(ζt)/∂φ
fφ(ζt)

s2(ζt)
)
E
(

1
λt

)
I2(f)E

(
1
λ2t

) s2(ζt)
1

λt
. (4.9)

To obtain fully efficient estimates of θ, φ, we use one-step updating from initial root-T consistent

estimates. Denote η = (θ, φ) and η̃ = (θ̃⊺, φ̃)⊺ and let ℓ∗ηt = (ℓ∗⊺θt , ℓ
∗
φt)

⊺, then let

η̃ = η̂ +

 1

T

T∑
t=1

ℓ∗ηt(θ̂, φ̂, ĝ)ℓ
∗
ηt(θ̂, φ̂, ĝ)

⊺

−1

1

T

T∑
t=1

ℓ∗ηt(θ̂, φ̂, ĝ) (4.10)

ℓ∗θt(θ̂, φ̂, ĝ) = ŝ2(ζ̂t)
1

λ̂t

∂λ̂t
∂θ

−
1
T

∑T
t=1

∂ log λ̂t
∂θ

1

λ̂t
1
T

∑T
t=1

1

λ̂2t



ℓ∗φt(θ̂, φ̂, ĝ) =
∂fφ̂

(
ζ̂t

)
/∂φ

fφ̂

(
ζ̂t

) −

1
T

∑T
t=1

∂fφ̂

(
ζ̂t
)
/∂φ

fφ̂

(
ζ̂t
) ŝ2(ζ̂t)

1
T

∑T
t=1

1

λ̂t

1
T

∑T
t=1 ŝ

2
2(ζ̂t)

1
T

∑T
t=1

1

λ̂2t

ŝ2(ζ̂t)
1

λ̂t

ŝ2(ζ) = −

(
1 + ζ

f ′φ̂(ζ)

fφ̂(ζ)

)
, λ̂t = 1− β̂ − γ̂ + β̂λ̂t−1 + γ̂

ℓt−1

ĝ((t− 1)/T )
.

Note that we may obtain initial consistent estimates of φ by the method of moments. For

example, in the gamma case, parameterized to have mean one, the parameter φ can be estimated

as one over the variance.

Under the i.i.d. structure, one can also improve the estimation of g by using local likelihood.

Suppose that f, θ were known, then the local likelihood estimator of g(u) based on data ℓt is
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given by the maximizer of

T∑
t=1

Kh(t/T − u)
(
ln f

(
ζt(g)

)
− ln g

)
, (4.11)

ζt(g) =
ℓt
λtg

, t = 1, . . . , T, (4.12)

with respect to the parameter g ∈ R+. Following Fan and Chen (1999), we may update the

estimator of g by

g̃LL(u) = ĝ(u)− L̂−1
gg (ĝ(u);u)L̂g(ĝ(u);u), (4.13)

where L̂g(g;u) = ∂L̂(g;u)/∂g and L̂gg(g;u) = ∂2L̂(g;u)/∂g2 with

L̂(g;u) =

T∑
t=1

Kh(t/T − u)

(
ln fφ̂

(
ζ̃t(g)

)
− ln g

)
(4.14)

ζ̃t(g) =
ℓt

gλt(θ̂, ĝ)
, t = 1, . . . , T. (4.15)

4.4.2.2 Nonparametric density case

Suppose we have initial consistent estimators of θ, g(.). Then, one can estimate the density

function f using the residuals

ζ̂t =
ℓt

ĝ(t/T )λ̂t(θ̂)
, t = 1, . . . , T.

In particular, the kernel estimator of the density is given by

f̂(ζ) =
1

T

T∑
t=1

Khf

(
ζ̂t − ζ

)
,

where hf is another bandwidth sequence.

Next, one may proceed in a fourth step to improve estimates of all parameters and the

function g using the estimated density f̂ as the basis of a likelihood estimation. The efficient

score function (derived in the appendix) for θ in the semiparametric model with unknown f, g

is

L∗∗
θ =

T∑
t=1

ℓ∗∗θt ,
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ℓ∗∗θt = s2(ζt)


∂ log λt

∂θ
− E

(
∂ log λt
∂θ

)
−

(
1

λt
− E

(
1

λt

)) E
[
∂ log λt
∂θ

1
λt

]
E
(

1
λ2t

)



+
ζt − 1

σ2ζ

E (∂ log λt
∂θ

)
−
E
(

1
λt

)
E
[
∂ log λt
∂θ

1
λt

]
E
(

1
λ2t

)
 .

Efficient estimation can be conducted by two-step estimation based on initial consistent estimates

of θ, f, g :

˜̃
θ = θ̂ +

 1

T

T∑
t=1

ℓ∗∗θt (θ̂, f̂ , ĝ)ℓ
∗
θt(θ̂, f̂ , ĝ)

⊺

−1

1

T

T∑
t=1

ℓ∗∗θt (θ̂, f̂ , ĝ) (4.16)

ℓ∗∗θt (θ̂, f̂ , ĝ) = ŝ2(ζ̂t)


∂ log λ̂t

∂θ
− 1

T

T∑
t=1

∂ log λ̂t
∂θ

−

 1

λ̂t
− 1

T

T∑
t=1

1

λ̂t

 1
T

∑T
t=1

∂ log λ̂t
∂θ

1

λ̂t
1
T

∑T
t=1

1

λ̂2t




+
ζ̂t − 1

σ̂2ζ

 1

T

T∑
t=1

∂ log λ̂t
∂θ

−
1
T

∑T
t=1

1

λ̂t

1
T

∑T
t=1

∂ log λ̂t
∂θ

1

λ̂t
1
T

∑T
t=1

1

λ̂2t

 .

where σ̂2ζ =
∑T

t=1(ζ̂t − ζ̂)2/T with ζ̂ =
∑T

t=1 ζ̂t/T.

In practice, we may update the estimator of g by the one-step improvement

˜̃gLL(u) = ĝ(u)− L̂−1
gg (ĝ(u);u)L̂g(ĝ(u);u),

where L̂g(g;u) = ∂L̂(g;u)/∂g and L̂gg(g;u) = ∂2L̂(g;u)/∂g2 with

L̂(g;u) =
T∑
t=1

Kh(t/T − u)

(
ln f̂

(
ζ̃t(g)

)
− ln g

)
, (4.17)

ζ̃t(g) =
ℓt

gλ̂t(θ̂)
, t = 1, . . . , T. (4.18)

These procedures can be iterated, that is, given consistent initial estimators of g, θ, we

estimate f. Then we use the estimated f to update our estimate of θ taking the initial estimator

of g, then we update our estimator of g using the estimated f and updated θ. We can continue

this operation until it meets the defined criteria of convergence.

4.4.3 Sieve semiparametric estimation procedure

An alternative approach is based on the sieve method, Chen (2007). The advantage of this

method is that it only requires a single optimization, albeit one with many parameters to choose.
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We just consider the cases where the error ζt is i.i.d. with mean one and density f : (a) f is

parametric with fφ that reflects the unit mean constraint; (b) f is nonparametric. We suppose

in both cases that

ln g(u) =
∞∑
j=0

ψjHj(u)

for some basis functions Hj defined on [0, 1]. In case (b) we will also consider

ln f(v) =
∞∑
j=0

αjΓj(v)

for some basis functions Γj defined on R+.

We first consider case (a) where f is parametric (and φ is a scalar). In that case, the sieve

log likelihood for η = (θ⊺, φ, ψ⊺)⊺ is

L(η|ℓ1, . . . , ℓT ) = −
T∑
t=1

lnλt(θ)−
T∑
t=1

M∑
j=0

ψjHj(t/T ) +

T∑
t=1

fφ(ζt(θ, ψ)),

ζt(θ, ψ) =
ℓt

λt(θ) exp
(∑M

j=0 ψjHj(u)
) ,

where M = M(T ) is the truncation parameter. We just maximize this criterion function with

respect to η ∈ RM+3. Under some restrictions, the estimates θ̂, φ̂ of θ, φ are consistent and

asymptotically normal with mean zero and finite variance, while we can show that the estimated

function

ĝ(u) = exp

 M∑
j=0

ψ̂jHj(u)


is also consistent and asymptotically normal at a slower rate. Specifically, the standard errors

are calculated as follows. Define the matrices

Îηη =
∂2L(η̂|ℓ1, . . . , ℓT )

∂η∂η⊺
, Î−1

ηη =


Îθθ Îθφ Îθψ

Îφθ Îφφ Îφψ

Îψθ Îψφ Îψψ

 .

Then it can be shown that(
Îθθ
)−1/2 (

θ̂ − θ
)
=⇒ N(0, I2),

(
Îφφ

)−1/2
(φ̂− φ) =⇒ N(0, 1), (4.19)(

H⊺ÎψψH
)−1/2

exp(−ĝ(u))
(
ĝ(u)− g(u)

)
=⇒ N(0, 1), (4.20)

where H = (H1, . . . ,HM )⊺ and we have suppressed the dependence on u.

We now turn to case (b) where f is treated nonparametrically. In this case we also need to

impose the restrictions that f is a density and that ζ has mean one. In this case, the restricted
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sieve log likelihood for η = (θ⊺, ψ⊺, α⊺, δ)⊺ is

L(θ, ψ, α, δ|ℓ1, . . . , ℓT ) = −
T∑
t=1

lnλt(θ)−
T∑
t=1

M∑
j=0

ψjHj(t/T ) +
T∑
t=1

N∑
j=0

αjΓj(ζt(θ, ψ))

− ln

∫ exp

 N∑
j=0

αjΓj(z)

 dz

− δ

∫ z exp

 N∑
j=0

αjΓj(z)

 dz − 1

 ,

where ζt(θ, ψ) is as defined above and δ is a Lagrange multiplier parameter that imposes the

unit mean restriction on f. We find the solution to the first order condition with respect to η

∈ RM+N+2. Define for this η the matrices

Îηη =
∂2L(η̂|ℓ1, . . . , ℓT )

∂η∂η⊺
, Î−1

ηη =


Îθθ Îθψ Îθα Îθδ

Îψψ Îψα Îψδ

Îαα Îαδ

Îδδ


.

Then it can be shown that (
Îθθ
)−1/2 (

θ̂ − θ
)
=⇒ N(0, I2), (4.21)(

H⊺ÎψψH
)−1/2

exp(−ĝ(u))
(
ĝ(u)− g(u)

)
=⇒ N(0, 1), (4.22)(

Γ⊺ÎααΓ
)−1/2

exp(−f̂(ζ))
(
f̂(ζ)− f(ζ)

)
=⇒ N(0, 1), (4.23)

where H = (H1, . . . ,HM )⊺, Γ = (Γ1, . . . ,ΓN )
⊺, and we have suppressed the dependence on u, ζ.

The difficulty with this approach is the potential high dimensional parameter space that has

to be navigated when the truncation parameters M,N are large.

4.5 Large sample properties

The distribution theory for this requires some extension of Hafner and Linton (2010). The

presence of two nonparametric functions g, f, albeit scalar ones, makes this a little challenging.

We make some assumptions.

Definition. A triangular array process {Xt,T , t = 0, 1, 2, . . . , T = 1, 2, . . .} is said to be

alpha mixing if

α(k) = sup
T≥1

sup
A∈Fn

−∞, B∈F∞
n+k

|P (AB)− P (A)P (B)| → 0, (4.24)

as k → ∞, where Fn,T
−∞ and F∞

n+k,T are two σ–fields generated by {Xt,T , t ≤ n} and {Xt,T , t ≥

n+ k} respectively. We call α(·) the mixing coefficient.
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We suppose that ℓ∗t is stationary and alpha mixing. This can be shown to hold under

the parameter restrictions provided ζt. It may also hold when ζt itself is only described as a

stationary mixing process although this can be difficult to establish. Instead, one can work with

the more general near epoch dependence condition, see Lu and Linton (2007).

We define the long run variance for a stationary mixing process xt as

lrvar(xt) =
∞∑

j=−∞
cov(xt, xt−j).

4.5.1 Conditional moment restrictions

We first consider the properties of the GMM estimator based on the first conditional moment

restriction. This estimator makes the weakest assumptions about the process ζt and so it is

more robust than the subsequent procedures we analyze. We do not address the efficient use of

this information but it follows from standard arguments.

4.5.1.1 Nonparametric trend

We first consider the estimator ĝ(u), u ∈ (0, 1), that is based on smoothing of the raw liquidity.

Let vt = λtζt − 1.

Assumption A1. Suppose that g is twice continuously differentiable at u ∈ (0, 1).

Assumption A2. Suppose that {vt} is an alpha mixing sequence with E(vt) = 0 and

E(|vt|2+δ) ≤ C <∞ for some δ > 0 for t = 1, 2, . . . . such that
∞∑
k=1

α(k)
δ

2+δ <∞.

Assumption A3. Suppose that K is symmetric about zero with compact support [−1, 1] and

K is differentiable on its support.

Theorem 4. Suppose that assumptions A1-A3 hold and that h→ 0 and Th→ ∞. Then

√
Th
(
ĝ(u)− g(u)− h2b(u)

)
=⇒ N

(
0, V (u)

)
,

V (u) = g2(u)||K||2 × lrvar(vt).

This estimator is consistent and asymptotically normal with a potentially optimal rate of

T−2/5 based on the smoothness assumption. The bandwidth that achieves this rate is of order

h = T−1/5 and balances squared bias with variance. We know that ℓ∗t = ℓt/g(t/T ) = λtζt is an

ARMA(1,1) process with A(L)ℓ∗t = B(L)et for some MDS shock et and lag polynomials A,B.
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In this case, the long run variance of ℓ∗t is σ
2
e(B(1)/A(1))2 and it could be estimated by the plug

in of estimated θ from the second step.

Instead, it may be preferable to work with the refined estimator g̃(u) that is based on the

estimator of θ. We have for this estimator the following CLT.

Theorem 5. Suppose that assumptions A1-A3 hold and that θ̂ is
√
T - consistent. Suppose that

h→ 0 and Th→ ∞. Then

√
Th
(
g̃(u)− g(u)− h2b(u)

)
=⇒ N

(
0, V (u)

)
,

V (u) = g2(u)||K||2 × var(ζt).

In this case, the limiting variance is proportional to the variance of ζt, which is generally

smaller and easier to estimate. When ζt is i.i.d.,

E(λ2t (ζt − 1)2) = E(λ2t )× var(ζt) ≥ var(ζt),

because by assumption E(λt) = 1. For this estimator, consistent standard errors can be based

on

V̂ (u) = g̃2(u)||K||2 × σ̂2ζ , (4.25)

where σ̂2ζ is an estimator of the unconditional variance of ζt such as defined above.

4.5.1.2 Parametric components

Let θ = (β, γ)⊺ and let W be some given positive definite weighting matrix. Let

wt = λt(ζt − 1)zt−1 +
1− β − γ

1− β
(λtζt − 1)E(zt−1).

We consider for any function g

MT (θ, g) =
1

T

T∑
t=1

ρt(θ, g), ρt(θ, g) = zt−1

(
ℓt

g(t/T )
− λt(θ, g)

)

λt(θ, g) = 1− β − γ + βλt−1 + γ
ℓt−1

g((t− 1)/T )
=

1− β − γ

1− β
+ γ

∞∑
j=1

βj−1 ℓt−j
g((t− j)/T )

.

Assumption A4. Define:

M(θ, g) = lim
T→∞

E
(
MT (θ, g)

)
Γ1(θ, g0) =

∂M(θ, g0)

∂θ

Γ2(θ, g0) ◦ (g − g0) =
∂

∂τ
M(θ, g0 + τ(g − g0)),
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which are assumed to exist in all directions θ, g.

Assumption A5. For all δ > 0, there is a an ϵ > 0 such that

inf
∥θ−θ0∥>δ

∥∥M(θ, g0)
∥∥ ≥ ϵ.

Uniformly for all θ ∈ Θ, the function M(θ, g) is continuous in g (with the respect to the L2

metric) at g = g0. Furthermore,

sup
θ∈Θ,∥g−g0∥≤δT

∥∥MT (θ, g)−M(θ, g0)
∥∥ = oP (1).

Assumption A6. For all sequences of positive numbers δT → 0

sup
∥θ−θ0∥≤δT ,∥g−g0∥≤δT

δ−2
T

∥∥M(θ, g)−M(θ, g)− Γ2(θ, g0) ◦ (g − g0)
∥∥ ≤ C

sup
∥θ−θ0∥≤δT ,∥g−g0∥≤δT

δ−1
T

∥∥Γ2(θ, g0) ◦ (g − g0)− Γ2(θ0, g0) ◦ (g − g0)
∥∥ = o(1)

sup
∥θ−θ0∥≤δT ,∥g−g0∥≤δT

√
T
∥∥MT (θ, g)−M(θ, g)−MT (θ0, g0)

∥∥ = oP (1)

Theorem 6. Suppose that Assumptions A1-A6 hold. Then as T → ∞
√
T
(
θ̂ − θ

)
=⇒ N(0, V )

Ω = lim
T→∞

var

 1√
T

T∑
t=1

wt

 , Γ = lim
T→∞

1

T

T∑
t=1

E

(
∂et(θ0)

∂θ
zt−1

)

V = (Γ⊺WΓ)−1 (Γ⊺WΩWΓ) (Γ⊺WΓ)−1 .

In general, the asymptotic variance will depend on the long run variance of the process wt

and so inference procedures are complicated by that.

4.5.2 I.i.d. shocks

We suppose here that ζt is i.i.d. with mean one and density f. Define the so-called Fisher score

functions and informations

s1 (ζ) =
f ′ (ζ)

f (ζ)
, s2 (ζ) = 1 + ζ

f ′ (ζ)

f (ζ)
(4.26)

Ij(f) =

∫
s2j (ζ)f(ζ)dζ, j = 1, 2. (4.27)

We suppose that we have initial consistent estimators of g(.), θ available from the GMM proce-

dure described above, say.
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4.5.2.1 Parametric density

In the case where f is parametrically specified with parameters φ, the model is semiparametric

with parameters η = (θ⊺, φ)⊺ and unknown function g. We first consider the local likelihood

estimator of the trend function. We note that regarding the estimation of g(.) it may be assumed

that the error density is known, whether this is estimated parametrically or nonparametrically,

Linton and Xiao (2001).

Theorem 7. Suppose that assumptions A1-A3 hold and that θ̂ is
√
T - consistent. Suppose that

h→ 0 and Th→ ∞. The local likelihood estimator has for some bias b(u),

√
Th
(
g̃LL(u)− g(u)− h2b(u)

)
=⇒ N

(
0, V (u)

)
V (u) = ||K||2I−1

2 (f)g(u)2.

To construct pointwise confidence bands we use:

Ṽ (u) = ||K||2I−1
2 (fφ̃)g̃(u)

2,

I2(fφ̃) =
1

T

T∑
t=1

1 + ζ
f ′φ̃

(
ζ̃t

)
fφ̃

(
ζ̃t

)


2

,

where ζ̃t are the estimated residuals.

We next turn to the properties of the estimated parametric components. Define the efficient

information matrix:

I∗
ηη =

 I∗
θθ I∗

θφ

I∗
φθ I∗

φφ

 , I∗
θθ = E

(
ℓ∗θtℓ

∗⊺
θt

)
, I∗

φφ = E
(
ℓ∗φtℓ

∗⊺
φt

)
, I∗

θφ = E
(
ℓ∗θtℓ

∗⊺
φt

)
.

Theorem 8. Suppose that Assumptions A1-A6 hold. Then as T → ∞
√
T (η̃ − η) =⇒ N(0, I∗−1

ηη ).

Furthermore, the asymptotic variance may be estimated by Ĩ∗−1, where

Ĩ∗
ηη =

1

T

T∑
t=1

ℓ∗ηt(θ̃, φ̃, g̃)ℓ
∗
ηt(θ̃, φ̃, g̃)

⊺.

4.5.2.2 Nonparametric density case

In the case where f is nonparametrically specified, the model is semiparametric with parameters

θ and unknown functions g, f. First, the large sample properties of the estimated g are as if f

is known. We turn to the properties of the estimated parametric components.
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Define the efficient information matrix

I∗∗
θθ = E

(
ℓ∗∗θt ℓ

∗∗⊺
θt

)
.

Theorem 9. Suppose that Assumptions A1-A6 hold. Then as T → ∞
√
T

(˜̃
θ − θ

)
=⇒ N(0, I∗∗−1

θθ ).

Furthermore, the asymptotic variance may be estimated by Ĩ∗−1, where

Ĩ∗∗
θθ =

1

T

T∑
t=1

ℓ∗∗θt (θ̃, f̃ , g̃)ℓ
∗∗
θt (θ̃, f̃ , g̃)

⊺.

The presence of unknown τ does not affect the efficiency of θ once the scale σ2ζ is accounted for,

but the scale does affect the achievable efficiency.

4.6 Testing for temporary and permanent shifts

We can estimate the function g allowing for a discontinuity at the point u0 = t0/T by considering

ĝ+(u) =
1

T

T∑
t=1

K+
h (t/T − u)ℓt, ĝ−(u) =

1

T

T∑
t=1

K−
h (t/T − u)ℓt,

where K+ is a kernel supported on [0, 1] with
∫
K+(u)du = 1 and

∫
K+(u)udu = 0 and K− is

a kernel supported on [−1, 0] with
∫
K−(u)du = 1 and

∫
K−(u)udu = 0. We may test for the

presence of a discontinuity by computing

τ(u0) =
√
Th

ĝ+(u0)− ĝ−(u0)√
σ̂2+(u0)||K+||2 + σ̂2−(u0)||K−||2

,

where σ̂2±(u0)||K±||2/Th are estimates of the asymptotic variance of ĝ±(u0). In general,

σ̂2±(u0) = ĝ±(u0)
2 × l̂rvar(λtζt),

because ℓt − g(t/T ) = g(t/T ) (λtζt − 1) has smoothly varying variance that is exactly g2(t/T )

and because the series λtζt is in general weakly dependent. On the other hand if we work with

the improved estimator that works with a smooth of ℓt/λ̂t, we can assume that the error process

is a MDS and so the variance of the estimator is proportional to g±(t/T )2σ2ζ . That is, we may

define

g̃+(u) =
1

T

T∑
t=1

K+
h (t/T − u)

ℓt

λ̂t
, g̃−(u) =

1

T

T∑
t=1

K−
h (t/T − u)

ℓt

λ̂t
.

In this case, we may choose

σ̃2±(u0) = g̃±(u0)
2 × σ̂2ζ .
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Likewise for the local likelihood estimator, but this also takes care of the error shape and

heteroskedasticity. Given the studentized statistic, τ(u0) we compare this with the standard

normal distribution as in Delgado and Hidalgo (2000). Under the null hypothesis this should lie

between ±zα/2 with probability 1− α.

We also consider how to include a control group to eliminate common trends at the change

time. This amounts to a diff in diff test. Specifically, suppose that we have a “treatment” stock

labelled with an S subscript and a “control” stock labelled with an C subscript. We suppose

that model (4.4) holds for both stocks and that ζSt and ζCt may be correlated. We define the

diff-in-diff statistic as

τdid(u0) =
√
Th

(
g̃+S (u0)− g̃−S (u0)

)
−
(
g̃+C (u0)− g̃−C (u0)

)
√(

σ̃2+S (u0) + σ̃2+C (u0)− 2σ̃+S,C(u0)
)
||K+||2 +

(
σ̃2−S (u0) + σ̃2−C (u0)− 2σ̃−S,C(u0)

)
||K−||2

,

where:

σ̃±S,C(u) = g̃±S (u0)g̃
±
C (u0)× σ̂ζS ,ζC ,

σ̂ζS ,ζC =
1

T

T∑
t=1

(
ζ̂St − ζ̂S

)(
ζ̂Ct − ζ̂C

)
.

What happens if we reject this test at some point u0 = t0/T? Note that the above procedures

(estimation of θ) can allow ĝ(u) to be inconsistent at a finite number of points, because the

estimators of θ, f are averages of ĝ(t/T ) over all points t = 1, . . . , T. However, the rate of

convergence may be affected, since the jump points will contribute a bias of order O(h) rather

than the usual order O(h2). Therefore, one should choose a smaller bandwidth such that
√
Th→

0 instead of
√
Th2 → 0. Having identified the jump points one can use this information in the

rescaling. We suppose in general that the function g is continuous from the right with limits

from the left. In that case for t ≥ t0 we may normalize by ĝ+(u) and for t < t0 we normalize by

ĝ−(u). That is, we let

ℓ̂∗t =


ℓt

ĝ+(t/T )
t = t0, . . . , T

ℓt
ĝ−(t/T )

t = 1, . . . t0 − 1
,

and proceed to estimate the dynamic parameters as before.

We next discuss the estimation of temporary effects in the dynamic equation

λt = 1− β − γ + βλt−1 +

J−1∑
j=0

αjDjt + γℓ∗t−1,
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where J is fixed. Here, Djt are dummy variables indicating times t0, . . . , tJ−1 and we focus on the

case where tj = t0 + j. In this case it is not possible to consistently estimate the parameters αj ,

however, it is possible to provide a consistent test of the null hypothesis that α1 = . . . = αJ = 0

against the general alternative even in the full semiparametric model. The efficient score function

with respect to α in the semiparametric model with known f is

T∑
t=1

ℓ∗θt =
T∑
t=1

s2(ζt)
1

λt

∂λt
∂α

−
1
T

∑T
t=1E

[
∂λt
∂α

1
λ2t

]
E
(

1
λ2t

)


where

∂λt(θ, α)

∂αj
= β

∂λt−1(θ, α)

∂αj
+Djt =

 βt−tj if t ≥ tj

0 if t < tj .

1

T

T∑
t=1

E

[
∂λt
∂α

1

λ2t

]
=

1

T

T∑
t=tj

βt−tjE

[
1

λ2t

]
.

It follows that the efficient score function at α = 0 is

∂L

∂αj
(θ, σ2ζ , 0) =

T∑
t=tj

s2(ζt)
1

λt(θ, 0)


βt−tj − 1

T

T∑
t=tj

βt−tj


 ≃

T∑
t=tj

s2(ζt)
βt−tj

λt(θ, 0)
.

In practice we must replace the unknown quantities by estimates. Define the test statistic (we

call CAR to recognize the event study literature where this quantity originates):

ĈAR(τ) =
τ∑
j=0

T∑
t=tj

s2(ζ̂t)
β̂t−tj

λt(θ̂, 0)
, τ = 0, . . . , J − 1. (4.28)

The test statistic does not satisfy a central limit theorem (even when θ is known) because of

the summability of
∑T

t=tj
β2(t−tj) (that is, essentially only a finite number of periods matter).

Nevertheless, if the distribution of ζt were known along with the parameter values θ, we can

calculate the distribution numerically using data wr(τ) =
∑τ

j=1

∑T
t=r s2(ζt)β

t−r/λt(θ, 0) for r

some time before t0. Let Fw denote the distribution of the series {wr}. We assume that t0 is

large, i.e., t0 → ∞ so that there is a long sample of data available before the intervention.

We compare ĈAR(τ) with the critical values F̂−1
ŵ (α/2), F̂−1

ŵ (1 − α/2), where F̂ŵ(.) is esti-

mated using the data

ŵr(τ) =
τ∑
j=1

T∑
t=r

s2(ζ̂t)
β̂t−r

λt(θ̂, 0)
, r = 1, . . . , t0 − J. (4.29)
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4.7 Risk premium

Amihud (2002) considers an autoregressive model for annual and monthly liquidity and then

relates this to the stock risk premium. Specifically, he writes

E
(
Rmt −Rft|liqet

)
= a+ b× liqet

liqt = c0 + c1 × liqt−1 + ηt,

where liqet = E(liqt|Ft−1) = c0 + c1liqt−1 and liqt is the annual or monthly average that we

have called At. He also considers a specification with unexpected liquidity as a regressor where

liqut = liqt − liqet .

It seems a bit strange to wait for a whole year to update ones estimate of liquidity. We may

consider the following specification for daily stock returns

E
(
Rmt −Rft|Ft−1

)
= a+ b× g(t/T ) + c× λt + d× ζt, (4.30)

where λt is defined above. This allows the risk premium to depend on long run trend liquidity

on short run predictable dynamic variation and also on unanticipated liquidity shocks.

We also consider the alternative regression with detrended equity premium, that is,

E
(
Rmt −Rft −m(t/T )|Ft−1

)
= α+ γ × λt + δ × ζt, (4.31)

where m(t/T ) = E
(
Rmt −Rft

)
is the time varying unconditional equity premium. In practice

we can estimate m(.) by kernel smoothing methods.

4.8 Empirical application

The ability to accurately model illiquidity series, and the availability of a framework to conduct

inference on potential structural changes in their dynamics, are useful tools to investigate liquid-

ity conditions in financial markets and their evolution over time. In our empirical application,

we consider the Fab 5 tech stocks and the Bitcoin asset introduced in Section 4.2 to analyze

their illiquidity series using our DArLiQ model. The rest of this section is organized as follows:

Section 4.8.1 presents the data description and the key descriptive statistics of the illiquidity

series. Section 4.8.2.1 covers the estimation results adopting a GMM approach based on moment

restrictions. Sections 4.8.2.2 and 4.8.2.3 present the analysis based on a semiparametric ML es-

timation procedure with, respectively, parametrically specified and nonparametrically estimated
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error densities. Section 4.8.3 focuses on the detection of permanent and temporary breaks in the

illiquidity series arising from stock splits. Finally, We investigate in Section 4.8.4 how market

liquidity dynamics – particularly short-run autoregressive dynamics and unexpected liquidity

shocks – impact equity risk premia.

4.8.1 Data description

We use historical daily return and volume data from a panel composed of the five tech stocks

and the bitcoin asset to compute the Amihud illiquidity series.3 The sample period starts from

the date of the first available data point for each asset until October 7th, 2021. The descriptive

statistics of the illiquidity series are summarized in Table 4.2.4 It can be observed that the

Bitcoin asset is less liquid compared to the technology company stocks during this period. In

addition, the illiquidity series of Bitcoin is more volatile, exhibits higher skewness and has thicker

tails. We further note that the five tech companies have comparable levels of liquidity – although

Apple stock is slightly more liquid than others. Moreover, the illiquidity of Facebook stock has

higher skewness and thicker tails compared to the other four tech companies.

Table 4.2: Summary statistics for daily illiquidity – ℓt × 1010.

Facebook Amazon Apple Google Microsoft Bitcoin

Mean 0.0372 0.0313 0.0187 0.0615 0.0424 1.7013

StdDev 0.0295 0.0389 0.0148 0.0499 0.0398 4.1201

Skewness 1.3673 2.5656 1.1146 1.1921 1.6408 4.0626

Kurtosis 6.2978 10.5467 4.1849 4.5345 6.1514 24.9266

We plot in Figure 4.3 and Figure 4.4 respectively the illiquidity and log illiquidity series

over the corresponding sample period for each of the six assets. To manage boundary issues, we

obtain an initial consistent estimator of the trend function g(t/T ) using a local linear estimator.

The red curves in the two figures represent respectively the estimated trend functions and their

logarithms. From Figure 4.3, we observe that the estimated trend function g(t/T ) serves as a

good approximation for the time-varying mean of the illiquidity series.5 Furthermore, a strong

3Data were retrieved from Yahoo Finance.
4To make it comparable, we use the daily Amihud illiquidity ratios in the common sample period of September

19, 2014 to October 7th, 2021 to compute the descriptive statistics for all assets.
5Note that the trend function g(t/T ) is the mean level of the illiquidity ℓt, i.e. E (ℓt) = g(t/T ), which is
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downward trend is observed in the evolution of most illiquidity series, indicating an overall

improvement in liquidity conditions over time. Lastly, it is worth noticing that a temporary

worsening in liquidity conditions is occurring during significant market events such as the burst

of the dot-com bubble and 2007-2009 Global Financial Crisis.

4.8.2 Estimation results

We introduce the detrended illiquidity series, ℓ∗t = ℓt/g(t/T ), which are assumed to be mean

stationary. We then estimate the parameters θ of the λt process based on moment restrictions

and an i.i.d. assumption for the shock distributions. We consider two model specifications for

λt. Firstly, in the classic specification, we suppose λt = ω+βλt−1+γℓ
∗
t−1 and use an expectation

targeting approach to obtain ω by setting ω = 1 − β − γ. Secondly, in the specification with

asymmetric effect, we suppose λt = ω+βλt−1+γℓ
∗
t−1+γ

−ℓ∗t−1IRt−1<0 where Rt is the return at

time t. We further assume that conditional on Ft−1, Rt has a zero median and is uncorrelated

with ℓ∗t−1. Therefore, it implies that E
[
ℓ∗t−1IRt−1<0 | Ft−1

]
= λt/2 and we can also use a

targeting approach for ω by setting ω = 1− β − γ − γ−/2.

4.8.2.1 Estimation based on conditional moment restrictions

We use the GMM approach based on the conditional moment restrictions to acquire an initial

consistent estimators of the λt process parameters θ. We consider the minimalist case where the

model is estimated using only the first conditional moment restriction, i.e. E
[
ℓ∗t
λt

− 1 | Ft−1

]
= 0.

We further improve the estimates of the g(t/T ) function using the estimated λ̂t = λ̂t

(
θ̂GMM

)
obtained in the previous step. This, in turn, allows us to further improve the estimates of the θ

parameters.

We report the obtained estimates with associated t-statistics in Table 4.3. It can be observed

that the parameter estimates in the classic specification are almost always statistically significant

at the 5% level. However, the γ and γ− estimates in the asymmetric model specification are in

general not significant. The overall lack of statistical significance indicates that the asymmetric

effect does not contribute to improving the empirical fit of the model based on the first moment

estimated with a local linear estimator. Therefore, g(t/T ) is roughly moving around the mid-level of ℓt but this

is not the case for the log illiquidity series as log g(t/T ) is higher than the mean level of log ℓt due to a Jensen’s

inequality effect. In the interest of space, we will focus on the plot of the log illiquidity series hereafter.
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Figure 4.3: Fab 5 and Bitcoin illiquidity series and trend functions (×1010).

restriction. We will further investigate whether including an asymmetric term is beneficial in the

case where the models are estimated via the MLE approach under an i.i.d. shock assumption.
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Figure 4.4: Fab 5 and Bitcoin log illiquidity series and trend functions.

Finally, the coefficient β is close to one, indicating high persistence in the short-run dynamics

of the illiquidity series.
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We improve the estimates of the trend function based on the estimated λ̂t process. The

log transforms of the initial and updated estimates of the trend function, i.e. log g(t/T ), are

plotted in Figure 4.7 of Appendix 4.E.1 together with the log illiquidity series. We observe

that the updated trend function estimates – under both the classic model and the asymmetric

specification – are different from the initial estimate but only to a minor extent. This observation

indicates that a 2-step approach consisting in first using a local linear estimator for the trend

function and then estimating the λt process and its associated parameters θ can be a viable

option in empirical applications.

Table 4.3: Estimated parameters of the λt process based on first moment restriction.

Classic Asymmetric

β γ β γ γ(−)

Facebook
0.951 0.029 0.951 0.029 -0.001

(20.38) (2.06) (27.33) (1.21) (-0.04)

Amazon
0.946 0.052 0.948 0.042 0.014

(71.35) (4.47) (59.21) (1.52) (0.47)

Apple
0.914 0.077 0.914 0.059 0.029

(60.56) (6.75) (69.36) (2.34) (0.84)

Google
0.967 0.028 0.964 0.021 0.010

(64.94) (3.08) (71.51) (1.95) (1.21)

Microsoft
0.945 0.051 0.859 0.016 0.142

(88.26) (5.95) (9.74) (1.50) (1.69)

Bitcoin
0.960 0.036 0.960 0.021 0.025

(74.04) (3.56) (21.68) (0.19) (0.12)

Note: The estimated parameters are θ = (β, γ) for the classic spec-

ification and θ = (β, γ, γ(−)) for the asymmetric specification of λt.

The numbers in parentheses are the t-statistics of the corresponding

parameter estimates.

4.8.2.2 Estimation: i.i.d. error term with parametric density

We estimate the model using an alternative approach – the semiparametric MLE approach –

where we assume i.i.d. error terms. The conditional distribution of the error term ζt can be
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freely chosen within the class of distributions satisfying the required characteristics, namely the

density having non-negative support with unit mean and variance σ2ζ . In this application, we

assume that the error term follows a Weibull(Γ(1 + φ)−1, φ) distribution, with the parameter

φ controlling the shape of the distribution.6 Based on the local linear estimator of the g(t/T )

function, we first obtain a consistent estimator of the λt process parameters via the Quasi-

Maximum Likelihood (QML) estimation approach. This is achieved by maximizing the log

likelihood assuming g(t/T ) is known and ζt is parametrically specified with a Weibull density.

The fully efficient estimates can then be obtained by using a one-step update approach using

the efficient scores based on the initial consistent estimators as introduced in Section 4.4.2.1.

We report the estimated parameters with the corresponding t-statistics in Table 4.4. The

estimates for the parameters of the λt process are significant and all illiquidity series exhibit

a high degree of persistence as the β coefficients are close to one. In addition, the estimated

shape parameter of the Weibull distribution for the error terms are ranging from 1.14 to 1.40,

indicating that the volatility of ζt is ranging from 0.73 to 0.88. This is consistent with the

observation that the five tech stocks have comparable volatility levels while the Bitcoin asset

has much higher volatility.

Furthermore, we provide diagnostics on the validity of our assumptions for the error term

ζt. Concerning the i.i.d. assumption, we plot the autocorrelation function (ACF) of ζt in

Figure 4.8 and Figure 4.9 of Appendix 4.E.2 respectively for the classic and asymmetric model

specifications of λt. Similarly, we plot the ACF of ζ2t under the two specifications in Figure 4.10

and Figure 4.11 of Appendix 4.E.2. We observe that in most of the cases, there is no evidence

suggesting autocorrelation in the residual or squared residual series. Furthermore, we use the

probability integral transformation (PIT) to check how well the assumed Weibull conditional

distribution fits the data. The histogram plots of the PITs shown in Figure 4.12 and Figure 4.13

of Appendix 4.E.2 are quite close to a uniform distribution. All assets exhibit a common pattern

where the error term has ticker tail on the left-hand side and thinner tail on the right-hand side

compared to a Weibull distribution. This issue can be addressed using another more flexible

distribution, for example the generalized Pareto distribution. However, we do not pursue this

6We consider Exponential, Gamma, and Weibull distributions in our analysis as they are commonly adopted

in the literature. To save space, we focus on the Weibull distribution in the paper as it provides slightly better

performance in terms of fit compared to the other two alternative distributions.
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Table 4.4: Fully efficient estimates of the parameters for the λt process under the assumption that the

error term ζt follows a Weibull distribution.

Classic Asymmetric

β γ φ σ β γ γ(−) φ σ

Facebook
0.861 0.046 1.378 0.734 0.921 -0.028 0.106 1.398 0.725

(5.98) (4.94) (804.81) (33.88) (-5.77) (9.06) (720.95)

Amazon
0.916 0.080 1.367 0.740 0.928 0.038 0.065 1.379 0.734

(285.12) (28.00) (2204.62) (346.05) (13.18) (21.72) (2131.88)

Apple
0.876 0.095 1.309 0.771 0.891 0.045 0.077 1.310 0.770

(322.41) (68.19) (3151.33) (360.82) (49.13) (27.71) (2434.88)

Google
0.908 0.046 1.284 0.785 0.932 -0.011 0.088 1.302 0.775

(31.83) (8.18) (5624.95) (70.03) (-3.21) (12.27) (5351.82)

Microsoft
0.924 0.067 1.366 0.740 0.927 0.038 0.052 1.370 0.739

(361.55) (33.24) (1332.79) (360.10) (17.58) (20.17) (1217.23)

Bitcoin
0.892 0.061 1.137 0.881 0.892 0.039 0.041 1.143 0.877

(38.07) (8.49) (4774.77) (36.48) (6.64) (7.15) (4895.14)

Note: The estimated parameters are θ = (β, γ, φ) for the classic specification and θ = (β, γ, γ(−), φ) for the asymmetric

specification of λt. φ is the shape parameter of the Weibull distribution which has mean 1 and standard deviation σζ of√√√√ Γ
(
1+ 2

φ

)
(
Γ2

(
1+ 1

φ

)) − 1. The numbers in parentheses are the t-statistics of the corresponding parameter estimates.

direction in our analysis and focus instead on investigating whether using a nonparametric

density help improve the model fit.

We further improve the estimation of g(t/T ) by maximizing the local likelihood based on

the estimated λ̂t process and the error density. The log transforms of the initial and updated

estimates of the trend function, i.e. log g(t/T ), are plotted in Figure 4.14 of Appendix 4.E.2

together with the log illiquidity series. As in the GMM case (see Section 4.8.2.1), we observe

that the updated trend function estimates are different from the initial estimate but only to a

minor extent.
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4.8.2.3 Estimation: i.i.d. error term with nonparametric density

We consider whether replacing the parametric assumption for the error density f with a non-

parametric kernel estimator can further improve the fit of our model to empirical data. We plot

in Figure 4.15 and Figure 4.16 of Appendix 4.E.3 the estimated nonparametric density against

the Weibull density using the shape parameter estimates from Section 4.8.2.2. We observe that

the estimated nonparametric density curves do not fall between the two standard deviation

bands of the estimated Weibull densities, suggesting that the difference between the estimated

parametric and nonparametric densities are statistically significant.

The estimated nonparametric density allows us to further improve the maximum likelihood

estimation results for the λt process. We can obtain the fully efficient estimates in the nonpara-

metric density case using the one-step update approach based on the efficient scores introduced

in Section 4.4.2.2. The estimates with associated t-statistics are reported in Table 4.5 and the

parameters are all statistically significant. Comparing the estimated values for the λt parameters

reported in Table 4.4 and Table 4.5, we observe that the difference in the estimated parameter

values between the parametric and nonparametric cases are overall quite small. This indicates

that the QML estimation approach, combined with the one-step update based on the efficient

scores to improve efficiency, provides rather accurate parameter estimates.

We further present the log likelihood computed using the parameter estimates obtained in the

parametric and nonparametric cases in Table 4.6. We conclude that the ML estimation approach

assuming a Weibull distribution for the error term provides good estimation performance, but

using a nonparametric estimator for the error density can further improve performance in terms

of the likelihood (the only exception is Microsoft).
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Table 4.5: Fully efficient estimates of the parameters for λt process when using the nonparametric esti-

mates of the density of the error term ζt.

Classic Asymmetric

β γ β γ γ(−)

Facebook
0.858 0.049 0.904 -0.019 0.102

(7.71) (5.39) (104.54) (-5.42) (11.51)

Amazon
0.916 0.079 0.928 0.039 0.058

(294.21) (24.97) (384.91) (14.50) (20.19)

Apple
0.895 0.083 0.907 0.039 0.067

(175.42) (26.28) (238.28) (14.98) (19.60)

Google
0.911 0.046 0.924 -0.007 0.086

(49.55) (9.07) (210.14) (-3.72) (15.67)

Microsoft
0.929 0.066 0.931 0.042 0.044

(425.62) (33.04) (504.54) (22.95) (18.30)

Bitcoin
0.902 0.064 0.900 0.050 0.025

(66.59) (11.04) (67.85) (8.93) (3.78)

Note: The estimated parameters are θ = (β, γ) for the classic specification

and θ = (β, γ, γ(−)) for the asymmetric specification of λt. The numbers in

parentheses are the t-statistics of the corresponding parameter estimates.

Table 4.6: Log-likelihood comparison between models using the parametric (Weibull) and nonparametric

estimates of the ζt density.

Weibull Nonparametric Difference

classic asymmetric classic asymmetric classic asymmetric

Facebook -2171.12 -2138.88 -2148.38 -2106.34 22.74 32.55

Amazon -4947.87 -4898.92 -4908.41 -4848.90 39.46 50.01

Apple -8860.69 -8790.35 -8664.33 -8579.91 196.36 210.44

Google -4020.91 -3969.86 -3969.77 -3892.27 51.14 77.59

Microsoft -7440.48 -7398.32 -7455.04 -7404.63 -14.56 -6.32

Bitcoin -2397.82 -2389.82 -2384.46 -2379.91 13.36 9.91

Note: The numbers reported are in terms of logLL. The difference is computed as logLL in non-

parametric density case minus logLL in the parametric Weibull density case.
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4.8.3 Testing for permanent shifts: discontinuity in g function

We test for a potential discontinuity at a given time u0 by estimating the g±(u0) functions via

the local linear approach. We then construct the test statistics τ(u0) to detect whether there is

a permanent shift in the illiquidity level occurring at time u0. To facilitate the computation of

the asymptotic variance of ĝ±(u0), we work with the improved estimator obtained by smoothing

out ℓt, i.e. ℓt/λ̂t. We plot in Figure 4.5 and Figure 4.6 the test statistics τ(u0) for the five tech

stocks and the Bitcoin asset over the corresponding sample period.

We start with a typical stock specific-event, a stock split, and test for permanent shifts in the

liquidity dynamics arising after stock splits. The five tech stocks we consider have quite different

corporate policies regarding shareholders and in particular their propensity to split their stock

differs. In our study, Facebook never split its stock, Amazon split its stock three times but

the last time being before 2000 (perhaps coincidentally these were all in the pre-decimal era).

Microsoft split its stock 9 times in our sample period but the last time was in 2002. Google split

its stock twice in our sample in 2014 and 2015, but not before that or since. Apple is a regular

splitter with 5 splits in our sample fairly evenly spaced in time. Each split is marked as a red

dot on the curves in Figure 4.5 and Figure 4.6. The majority of the statistics on stock split

dates is outside of the 5% critical value bands, suggesting an overall significance of the stock

split events.

In addition, Table 4.7 provides the average test statistics for each stock on their stock split

dates together with the average across all stock split events for the four considered stocks.

Firstly, we should note that the average test statistic τ is positive in all cases, indicating an

increase in stock illiquidity and thus a corresponding decrease in stock liquidity after the splits.

Secondly, we observe that the average statistic indicates a significant difference between pre- and

post-split long-term trends of the illiquidity series. This suggests that the decrease in liquidity

after stock splits is permanent and significant.

Table 4.7: Average statistics for testing permanent breaks in the liquidity series.

Amazon Apple Google Microsoft Average

τ 6.710 4.109 3.904 3.328 4.128

To test for temporary effects of stock splits on the liquidity level, we need to normalize

the illiquidity series using the estimated one-sided trend functions ĝ± (u). Once the detrended
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illiquidity series are obtained, we use the consistent test developed in Section 4.6 to test the

null hypothesis that α1 = α2 = . . . = αJ = 0 against the general alternative semiparametric

model with the assumption that the error terms follow a Weibull distribution. Here, we consider

a five-day window, namely from two days before until two days after the stock split date. We

report in Table 4.8 and Table 4.9 the test statistic values for the permanent (τLR) and temporary

(τSR) shifts together with the 2.5% and 97.5% quantiles of τSR which are estimated based on past

data.7 We observe that the effect of stock splits on the short-term dynamics of liquidity is almost

always not significant. The only two exceptions are for Microsoft stock splits in 1991 and 1996

which were associated with a significant short-term shift in liquidity dynamics. Therefore, our

empirical evidence suggest overall that stock splits of tech companies had a significant permanent

effect on the long-run trend of their illiquidity process but not on the short-run dynamics.

7Note that for the split events preceded by another one we only consider the period after the first stock split

event for the computation of the τSR quantiles.
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Table 4.8: Test statistics for detecting permanent and temporary breaks in the liquidity series of Amazon

and Apple stocks.

Amazon

Split 1 Split 2 Split 3

Date 1998-06-02 1999-01-05 1999-09-02

Splits 02:01 03:01 02:01

τLR 3.89 15.01 1.23

τAAPLLR 5.17 7.75 1.33

τSR 13.56 8.39 -21.57

Q2.5%
SR -30.50 -32.43 -39.32

Q97.5%
SR 50.62 67.06 3.82

Apple

Split 1 Split 2 Split 3 Split 4 Split 5

Date 1987-06-16 2000-06-21 2005-02-28 2014-06-09 2020-08-31

Splits 02:01 02:01 02:01 07:01 04:01

τLR 5.21 2.89 9.29 1.08 2.07

τMSFT
LR -8.51 2.51 8.65 1.95 0.09

τSR 1.42 8.81 -2.24 3.85 11.24

Q2.5%
SR -17.42 -14.91 -11.43 -13.56 -10.88

Q97.5%
SR 21.56 17.76 18.05 12.18 13.92

Note: We report the test statistic values for the permanent (τLR) and temporary (τSR) shifts together

with the 2.5% and 97.5% quantiles of τSR which are estimated based on past data.
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Figure 4.5: Test statistics for detecting permanent breaks in the illiquidity series – Facebook, Amazon,

Apple.
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Figure 4.6: Test statistics for detecting permanent breaks in the illiquidity series – Google, Microsoft,

Bitcoin.
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Table 4.9: Test statistics for detecting permanent and temporary breaks in the liquidity series of Google

and Microsoft stocks.

Google

Split 1 Split 2

Date 2014-03-27 2015-04-27

Splits 2002:1000 10027455:10000000

τLR 7.48 0.33

τMSFT
LR 7.59 -0.30

τSR -2.04 9.16

Q2.5%
SR -21.64 -14.37

Q97.5%
SR 21.70 23.26

Microsoft

Split 1 Split 2 Split 3 Split 4 Split 5

Date 1987-09-21 1990-04-16 1991-06-27 1992-06-15 1994-05-23

Splits 02:01 02:01 03:02 03:02 02:01

τLR 10.76 4.08 2.04 2.12 1.75

τAAPLLR 7.93 2.92 -0.49 -5.53 2.78

τSR 10.06 0.29 33.70 7.41 -4.09

Q2.5%
SR -34.27 -21.75 -16.82 -17.95 -17.87

Q97.5%
SR 32.86 21.34 26.39 17.86 20.46

Split 6 Split 7 Split 8 Split 9

Date 1996-12-09 1998-02-23 1999-03-29 2003-02-18

Splits 02:01 02:01 02:01 02:01

τLR 2.67 3.41 2.41 0.72

τAAPLLR -0.72 1.59 2.00 -0.21

τSR 26.11 6.05 10.08 12.43

Q2.5%
SR -15.61 -16.43 -18.37 -20.18

Q97.5%
SR 17.46 17.70 16.61 25.56

Note: We report the test statistic values for the permanent (τLR) and temporary (τSR) shifts together with the

2.5% and 97.5% quantiles of τSR which are estimated based on past data.
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4.8.4 Risk premium

Amihud (2002) studies how illiquidity, captured by his illiquidity measure At introduced in

Section 4.2, relates to stock excess returns in both the time series and cross-sectional dimensions.

We build on this analysis to investigate the effect of each component of the S&P 500 index

illiquidity process – i.e. the expected long-term and short-term components (respectively g(t/T )

and λt) and illiquidty shocks (ζt) – on the stock market index excess returns (the market “risk

premium”). We consider three frequencies in our analysis – daily, weekly and monthly. The

S&P 500 index illiquidity and log illiquidity series together with the stock market index return

data for the three considered frequencies are plotted respectively in Figure 4.18, Figure 4.19

and Figure 4.20 of Appendix 4.E.4. We note that there exists a strong downward trend in

the illiquidity process while the return series is somewhat stationary. This suggests that the

relationship between the long-run trend of market liquidity and the stock excess return would

be less significant.8 Therefore, we focus on detrended illiquidity and market excess return series

to study the effect of expected short-run illiquidity variations and unexpected illiquidity shocks

on the market risk premium.

We consider the specification from Equation (4.31) in Section 4.7 for the regression of de-

trended risk premium on illiquidity components.9 The estimation results for the three sampling

frequencies considered are provided in Table 4.10. We observe that the estimated γ coefficients

for the short-run expected illiquidity component λt are positive and significant which indicates

that the expected market excess return is an increasing function of the short-run expected illiq-

uidity process. This observation is consistent with the intuition that higher expected market

illiquidity would make investors demand higher excess returns on stocks as a compensation for

gaining exposure to this source of risk. Moreover, the estimated δ coefficients for the shock term

ζt are negative and significant, suggesting that the unexpected market illiquidity has a negative

effect on the stock excess return. This can be explained by the fact that stock prices would

likely fall when illiquidity unexpectedly rises, thus decreasing expected returns.

8This is confirmed by regression results based on Equation (4.30) introduced in Section 4.7. The coefficient

estimates for the parameter b associated with the long-run trend illiquidity component are not significant. Results

are available from the authors upon request.
9The time-varying unconditional equity premium m(t/T ) is obtained via a local linear estimator.
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Table 4.10: Coefficient estimates for regressions using daily, weekly and monthly observations.

Daily Weekly Monthly

α −0.0007 −0.0044 −0.0513∗∗

(0.0005) (0.0032) (0.0176)

γ 0.0017∗∗∗ 0.0066∗ 0.0561∗∗

(0.0004) (0.0032) (0.0177)

δ −0.0010∗∗∗ −0.0023∗∗∗ −0.0045∗

(0.0001) (0.0006) (0.0022)

R2 0.0068 0.0073 0.0187

Adj. R2 0.0066 0.0066 0.0161

Num. obs. 15387 2893 741

Note: We estimate the regression based on Equation (4.31):

Rmt−Rft−m(t/T ) = α+γ×λt+δ×ζt+ϵt, wherem(t/T ) is the

time-varying unconditional equity premium. The significance

level is indicated by ∗∗∗p < 0.001; ∗∗p < 0.01; ∗p < 0.05.

4.9 Conclusions

The motivation for this paper stems from the observation that financial market illiquidity dy-

namics across various asset classes are driven by both low-frequency and higher-frequency vari-

ations, which makes the stationarity assumption unreasonable for illiquidity modelling. We

develop a class of a dynamic autoregressive models that captures the slow-varying long-term

trend with a nonparametric component and the short-run variations in the illiquidity series

with an autoregressive component. We provide estimation theory for the GMM estimator and

the efficient semiparametric ML estimator for the parametric and nonparametric error density

cases. An empirical application – using the five largest US technology stocks and the Bitcoin

asset – demonstrates the good performance of our framework in capturing the salient features

of illiquidity dynamics.

We further develop a methodology to detect the occurrence of permanent and temporary

shifts in the illiquidity process at a given point in time. We apply this framework to study how

stock splits affect liquidity dynamics. Clearly stock splits are only one of many events that seem

to permanently shift the stock price, quarterly earnings announcements, new product releases,
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and macroeconomic news are all known to have big effects on the prices and trading volumes of

these stocks in particular. Nevertheless, we do find a significant negative effect of stock splits

on the long-run trend level of liquidity around the time of the stock splits themselves, while the

effect on the short-run illiquidity dynamics is not significant. Our results are broadly consistent

with Copeland (1979).

Lastly, we investigate the link between stock market excess returns and the different com-

ponents of illiquidity for the S&P 500 stock market index. We show that, while excess returns

are an increasing function of the expected illiquidity component, unexpected illiquidity shocks

decrease stock prices and returns. Our finding is consistent with the findings of Amihud (2002)

based on his cruder methodology.
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4.A Lemmas

Lemma 1. We have ĝ(u)− g(u) = VT (u) +BT (u), where BT (u) is deterministic and

sup
u∈[0,1]

∣∣VT (u)∣∣ = OP

(√
log T

Th

)
, sup

u∈[0,1]

∣∣BT (u)∣∣ = O(h2).

Proof of Lemma 1. We write

ĝ(u)− g(u) = 1

T

T∑
t=1

Kh(t/T −u)vt+
1

T

T∑
t=1

Kh(t/T −u)g(t/T )− g(u) = VT (u)+BT (u), (4.32)

where BT is a deterministic bias term and VT is a mean zero stochastic term. The result follows

by standard arguments.

4.B Proof of main results

Proof of Theorem 1. From the expansion in Equation (4.32), we have VT (u) =
∑T

t=1Kh(t/T−

u)vt/T, and we may show that

√
ThVT (u) =⇒ N(0, ||K||22g(u)2σ2v),

where σ2v is the long run variance.

Proof of Theorem 2. First, note that

1

T

T∑
t=1

Kh(t/T − u)
ℓt
λt

− g(u) =
1

T

T∑
t=1

Kh(t/T − u)g(t/T )ζt − g(u)

=
1

T

T∑
t=1

Kh(t/T − u)g(t/T ) (ζt − 1)

+
1

T

T∑
t=1

Kh(t/T − u)g(t/T )− g(u)

= V +
T (u) +B+

T (u),

where V +
T (u) is a mean zero stochastic term, whereas B+

T (u) = BT (u) is the deterministic bias

term. The term V +
T (u) has a MDS error term and satisfies the CLT

√
ThV +

T (u) =⇒ N
(
0, ||K||22g(u)2σ2ζ

)
.

We next show that this is the leading term.



180 Chapter 4. Dynamic Autoregressive Liquidity (DArLiQ)

We have∣∣∣∣∣∣ 1T
T∑
t=1

Kh(t/T − u)
ℓt

λ̂t
− 1

T

T∑
t=1

Kh(t/T − u)
ℓt
λt

∣∣∣∣∣∣ =
∣∣∣∣∣∣− 1

T

T∑
t=1

Kh(t/T − u)
ℓt
λt

λt(θ̂, ĝ)− λt

λt(θ̂, ĝ)

∣∣∣∣∣∣
≤ max

1≤t≤T

∣∣∣∣∣ 1

λt(θ̂, ĝ)

∣∣∣∣∣
∣∣∣∣∣∣ 1T

T∑
t=1

Kh(t/T − u)
ℓt
λt

(
λt(θ̂, ĝ)− λt

)∣∣∣∣∣∣
≤ OP (1)×

∣∣∣∣∣∣ 1T
T∑
t=1

Kh(t/T − u)
ℓt
λt

(
λt(θ̂, ĝ)− λt

)∣∣∣∣∣∣
= oP (T

−1/2h1/2),

because

λt(θ̂, ĝ) = λt(θ0, g0)−
∣∣∣λt(θ̂, ĝ)− λt(θ0, g0)

∣∣∣
≥ λt(θ0, g0)− oP (1)

by the triangle inequality and the uniform convergence of ĝ given in Lemma 1.

Proof of Theorem 3. We apply Chen et al. (2003). The key thing is to determine the

contribution of the nonparametric estimation to the variance of the score function.

We have

MT (θ, ĝ) =
1

T

T∑
t=1

ρt(θ, g0) +
1

T

T∑
t=1

zt−1(ℓ̂
∗
t − ℓ∗t − (λ̂t(θ)− λt(θ))).

We consider

MT (θ, g) =
1

T

T∑
t=1

ρt(θ, g), ρt(θ, g) = zt−1

(
ℓt

g(t/T )
− λt(θ, g)

)
ρt(θ0, g0) = zt−1λt (ζt − 1)

λt(θ, g) = 1− β − γ + βλt−1 + γ
ℓt−1

g((t− 1)/T )
=

1− β − γ

1− β
+ γ

∞∑
j=1

βj−1 ℓt−j
g((t− j)/T )

.

We have

M(θ, g) = lim
T→∞

E
(
MT (θ, g)

)
.

We define

Γ2(θ, g0) ◦ (g − g0) =
∂

∂τ
M(θ, g0 + τ(g − g0)).

We have

λt(θ, g0 + τ(g − g0))− λt(θ, g0)

τ
≃ −γ

∞∑
j=1

βj−1 ℓt−j
g0((t− j)/T )

g((t− j)/T )− g0((t− j)/T )

g0((t− j)/T )
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and so

lim
τ→0

E

[
λt(θ, g0 + τ(g − g0))− λt(θ, g0)

τ

]
= −γ

∞∑
j=1

βj−1 g((t− j)/T )− g0((t− j)/T )

g0((t− j)/T )

≃ −g(t/T )− g0(t/T )

g0(t/T )

γ

1− β

Furthermore,
ℓt

g(t/T ) −
ℓt

g0(t/T )

τ
≃ − ℓt

g0(t/T )

g(t/T )− g0(t/T )

g0(t/T )

E

 ℓt
g(t/T ) −

ℓt
g0(t/T )

τ

 ≃ −g(t/T )− g0(t/T )

g0(t/T )

Therefore,

MT (θ, ĝ) =MT (θ, g0) + Γ2(θ0, g0) ◦ (ĝ − g0)

=
1

T

T∑
t=1

(
ρt(θ0, g0) +

1− β − γ

1− β
zt−1

ĝ(t/T )− g0(t/T )

g0(t/T )

)
.

We have

1

T

T∑
t=1

zt−1
ĝ(t/T )− g0(t/T )

g0(t/T )
=

1

T

T∑
t=1

zt−1
1

T

T∑
s=1

Kh(s/T − t/T ) (λsζs − 1) +O(h2)

=
1

T

T∑
s=1

(λsζs − 1)
1

T

T∑
t=1

zt−1Kh(s/T − t/T )

≃ 1

T

T∑
s=1

(λsζs − 1)E(zs−1).

It follows that

MT (θ, ĝ) =
1

T

T∑
t=1

(
λt(ζt − 1)zt−1 +

1− β − γ

1− β
(λtζt − 1)E(zt−1)

)
+ oP (T

−1/2).

Proof of Theorem 4. Let ℓ∗∗t = ℓt/λt then

ℓ∗∗t = g(t/T )ζt.

The local likelihood is apart from a constant

L(g;u) =
T∑
t=1

Kh(t/T − u)

(
− log g + log f

(
ℓ∗∗t
g

))
.

Let s1(ζ) = −f ′0(ζ)/f0(ζ) and s2(ζ) = −((f ′0(ζ)/f0(ζ))ζ + 1). We have

∂L(g;u)

∂g
=

1

T

T∑
t=1

Kh(t/T − u)

−1

g
− 1

g

f ′
(
ℓ∗∗t
g

)
f
(
ℓ∗∗t
g

) ℓ∗∗t
g

 =
1

T

T∑
t=1

Kh(t/T − u)
1

g
s2

(
ℓ∗∗t
g

)
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∂2L(g;u)

∂g2
=

1

T

T∑
t=1

Kh(t/T − u)

(
−1

g2
s2

(
ℓ∗∗t
g

)
− 1

g2
s′2

(
ℓ∗∗t
g

)
ℓ∗∗t
g

)

We have

∂L(g0(u);u)

∂g
=

1

T

T∑
t=1

Kh(t/T − u)
1

g(u)
s2 (ζt)

∂2L(g0(u);u)

∂g2
≃ 1

T

T∑
t=1

Kh(t/T − u)
1

g(u)2
s′2 (ζt) ζt.

We have s2 (ζ) = 1 + ζf ′ (ζ) /f (ζ)

E
(
s′2 (ζt)

)
=

∫
s′2 (ζ) ζf(ζ)dζ = −

∫
s2 (ζ) ζf

′(ζ)dζ−
∫
s2 (ζ) f(ζ)dζ = −

∫
s22 (ζ) f(ζ)dζ = −I2(f).

4.C Semiparametric efficiency

4.C.1 Known f

Suppose that

ℓt = gδ(t/T )λt(θ)ζt

λt = 1− β − γ + βλt−1 + γλt−1ζt−1

where ζt is i.i.d. with mean one and density f supported on R+, so that E(λt) = 1 and E(ζt) = 1.

We suppose that g is unknown but we consider the parameterization by δ. We first suppose that

f is known. Let s2(ζ) = −(1 + ζf ′(ζ)/f(ζ)).

Consider the log likelihood

L(θ, δ|ℓ1, . . . , ℓT ) = −
T∑
t=1

log λt(θ, δ)−
T∑
t=1

log gδ(t/T ) +

T∑
t=1

log f
(
ζt(θ, δ)

)
λt(θ, δ) = 1− β − γ + βλt−1(θ, δ) + γ

ℓt−1

gδ((t− 1)/T )
, (4.33)

ζt(θ, δ) =
ℓt

λt(θ, δ)gδ(t/T )
. (4.34)

Note that λt depends implicitly on δ.

We have (at the true values)

∂ζt(θ, δ)

∂θ
=

−ℓt
λt(θ, δ)gδ(t/T )

∂ log λt
∂θ

= −ζt
∂ log λt
∂θ

.
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∂ζt(θ, δ)

∂δ
=

−ℓt
λt(θ, δ)gδ(t/T )

(
∂ log λt
∂δ

+
∂ log gδ(t/T )

∂δ

)
= −ζt

(
∂ log λt
∂δ

+
∂ log gδ(t/T )

∂δ

)
.

The score functions are

∂L

∂θ
=

T∑
t=1

f ′

f
(ζt)

∂ζt
∂θ

− ∂ log λt
∂θ

=

T∑
t=1

s2(ζt)
∂ log λt
∂θ

.

Furthermore,

∂λt(θ, δ)

∂β
= β

∂λt−1(θ, δ)

∂β
+ λt(θ, δ)− 1

(1− βL)
∂λt(θ, δ)

∂β
= λt − 1 = β(λt−1 − 1) + γut−1, ut−1 = λt−1ζt−1 − 1

∂ log λt(θ, δ)

∂β
=

(1− βL)−1 β(λt−1 − 1) + γ (1− βL)−1 ut−1

λt

∂λt(θ, δ)

∂γ
= β

∂λt−1(θ, δ)

∂γ
+ ut−1

(1− βL)
∂λt(θ, δ)

∂γ
= ut−1

∂ log λt(θ, δ)

∂γ
=

(1− βL)−1 ut−1

λt
.

Here, L is the lag operator. We next consider the score wrt δ,

∂λt(θ, δ)

∂δ
= β

∂λt−1(θ, δ)

∂δ
− γ

ℓt−1

gδ((t− 1)/T )

∂gδ((t− 1)/T )/∂δ

gδ((t− 1)/T )
.

Therefore,

(1− βL)
∂λt(θ, δ)

∂δ
= −γλt−1ζt−1

∂ log gδ((t− 1)/T )

∂δ

∂ log λt(θ, δ)

∂δ
≃ −γ ∂ log gδ(t/T )

∂δ

(1− βL)−1 λt−1ζt−1

λt
.

The latter argument follows essentially because for a summable sequence {ψj} and smooth

function g we have

T∑
j=1

ψjg

(
t− j

T

)
= g

(
t

T

) T∑
j=1

ψj −
1

T

T∑
j=1

ψjjg
′
(
s∗(t, j)

T

)
≃ g

(
t

T

) T∑
j=1

ψj .
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Therefore,

∂L

∂δ
=

T∑
t=1

f ′

f
(ζt)

∂ζt
∂δ

− ∂ log λt
∂δ

− ∂ log gδ(t/T )

∂δ

=
T∑
t=1

s2(ζt)

(
∂ log λt
∂δ

+
∂ log gδ(t/T )

∂δ

)
(4.35)

=
T∑
t=1

s2(ζt)
∂ log gδ(t/T )

∂δ

(
1− γ

(1− βL)−1 λt−1ζt−1

λt

)

=
1− β − γ

1− β

T∑
t=1

s2(ζt)
1

λt

∂ log gδ(t/T )

∂δ
, (4.36)

since

1− γ
(1− βL)−1 λt−1ζt−1

λt
=
λt − γ (1− βL)−1 λt−1ζt−1

λt

=
λt − γ

1−β − γ (1− βL)−1 ut−1

λt

=
1

λt
× 1− β − γ

1− β

(1− βL)λt = 1− β − γ + γλt−1ζt−1 = 1− β + γut−1

λt = 1 + γ (1− βL)−1 ut−1.

Therefore, the tangent space for g consists of functions of the form

Tg =


T∑
t=1

s2(ζt)
1

λt
h(t/T ) : h ∈ L2[0, 1]

 . (4.37)

That is, the score wrt g is of the form

∂L

∂δ
=

T∑
t=1

s2(ζt)
1

λt
h(t/T )

for some function h(.). Because of the presence of 1/λt this is different from our volatility paper...

The efficient score function L∗
θ for θ in the presence of unknown g (but known φ) is the

residual from the projection of Lθ onto the tangent space Tg, this is

L∗
θ =

T∑
t=1

s2(ζt)

∂ log λt
∂θ

−
E
[
∂ log λt
∂θ

1
λt

]
E
(

1
λ2t

) 1

λt

 (4.38)

=

T∑
t=1

s2(ζt)
1

λt

∂λt
∂θ

−
E
[
∂λt
∂θ

1
λ2t

]
E
(

1
λ2t

)
 .
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This can be verified as for any element of Tg (indexed by h(.)) we have

E

s2(ζt) 1λt
∂λt
∂θ

−
E
[
∂λt
∂θ

1
λ2t

]
E
(

1
λ2t

)
× s2(ζt)

1

λt
h(t/T )



= E
[
s22(ζt)

]
E

 1

λ2t

∂λt
∂θ

−
E
[
∂λt
∂θ

1
λ2t

]
E
(

1
λ2t

)

h(t/T )

= E
[
s22(ζt)

]E( 1

λ2t

∂λt
∂θ

)
−
E
[
∂λt
∂θ

1
λ2t

]
E
(

1
λ2t

) E

(
1

λ2t

)h(t/T )
= 0

for any h(.).

4.C.2 Parametric f

Now suppose that f = fφ, where φ is unknown and has to be estimated. Then

L(θ, φ, δ|ℓ1, . . . , ℓT ) = −
T∑
t=1

log λt(θ, δ)−
T∑
t=1

log gδ(t/T ) +
T∑
t=1

log fφ
(
ζt(θ, δ)

)
,

where fφ is a density function that imposes through its parameterization the unit mean assump-

tion.

We have

∂L

∂φ
=

T∑
t=1

∂fφ (ζt) /∂φ

fφ (ζt)
.

We have

E

(
∂L

∂φ

∂L

∂δ

)
=

T∑
t=1

E

(
∂fφ (ζt) /∂φ

fφ (ζt)
s2(ζt)

)
E

(
1

λt

)
h(t/T ).

We have

E

(
∂fφ (ζt) /∂φ

fφ (ζt)
s2(ζt)

)
=

∫
∂fφ (ζ) /∂φ

fφ (ζ)
s2(ζ)fφ (ζ) dζ

=

∫
s2(ζ)

∂fφ (ζ)

∂φ
dζ

= −
∫ (

1 + ζ
f ′φ
fφ

(ζ)

)
∂fφ (ζ)

∂φ
dζ

= −
∫
ζ

(
f ′φ
fφ

(ζ)− 1

)
∂fφ (ζ)

∂φ
dζ.
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Therefore,

E

(
∂L

∂φ

∂L

∂δ

)
=

T∑
t=1

E

(
∂fφ (ζt) /∂φ

fφ (ζt)
s2(ζt)

)
E

(
1

λt

)
h(t/T ) ̸= 0

for any parameterization of g and so the efficient score function for φ in the presence of unknown

g is

L∗
φ =

T∑
t=1

∂fφ (ζt) /∂φ
fφ (ζt)

−
E
(
∂fφ(ζt)/∂φ
fφ(ζt)

s2(ζt)
)
E
(

1
λt

)
I2(f)E

(
1
λ2t

) s2(ζt)
1

λt

 . (4.39)

A special case where φ is a scale parameter, i.e.,

fφ(ζ) =
1

φ
f0

(
ζ

φ

)
.

We have

f ′φ(ζ) =
1

φ2
f ′0

(
ζ

φ

)
,

s2(ζ) = −

(
1 +

f ′φ(ζ)

fφ(ζ)
ζ

)
= −

1 +
f ′0

(
ζ
φ

)
f0

(
ζ
φ

) ( ζ
φ

) = −
(
1 +

f ′0 (z)

f0 (z)
z

)
,

where z = ζ/φ. In that case

∂fφ (ζt)

∂φ
=

−1

φ2
f0

(
ζ

φ

)
+

1

φ
f ′0

(
ζ

φ

)
ζ

φ2

∂fφ (ζt) /∂φ

fφ (ζt)
=

−1
φ2 f0

(
ζ
φ

)
+ 1

φf
′
0

(
ζ
φ

)
ζ
φ2

1
φf0

(
ζ
φ

)
=

−1

φ

1 +
f ′0

(
ζ
φ

)
ζ
φ

f0

(
ζ
φ

)


=
−1

φ

(
1 +

f ′0 (z) z

f0 (z)

)
=

1

φ
s2(ζ).

Therefore,

∂L

∂φ
=

T∑
t=1

1

φ
s2(ζt)

and

E

[
∂L

∂φ

∂L

∂θ

]
=

1

φ
I2(f)E

[
∂ log λt
∂θ

]
E

[
∂L

∂φ

∂L

∂δ

]
=

1

φ
I2(f)E

[
1

λt

]
.
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In this case, the efficient score function for φ is

L∗
φ =

T∑
t=1

1

φ
s2(ζt)

1−
E
(

1
λt

)
E
(

1
λ2t

) 1

λt

 .

4.C.3 Unknown f

We next consider the semiparametric case where f is of unknown form but has unit mean. In

this case for any parameterization φ∫
fφ(ζ)dζ = 1 =⇒

∫
∂fφ(ζ)/∂φ

fφ(ζ)
fφ(ζ)dζ = 0∫

ζfφ(ζ)dζ = 1 =⇒
∫
ζ
∂fφ(ζ)/∂φ

fφ(ζ)
fφ(ζ)dζ = 0.

According to Drost and Werker, the tangent space for f consists of functions τ that satisfy

Tf =

{
τ(.) :

∫
ζjτ(ζ)f(ζ)dζ = 0, j = 0, 1.

}
If we project

L∗
θ =

T∑
t=1

s2(ζt)
1

λt

∂λt
∂θ

−
E
[
∂λt
∂θ

1
λ2t

]
E
(

1
λ2t

)


on to the tangent space for f we have

L∗∗
θ =

T∑
t=1

(
s2(ζt) +

1− ζt
σ2ζ

)
E

 1

λt

∂λt
∂θ

−
E
[
∂λt
∂θ

1
λ2t

]
E
(

1
λ2t

)

 , (4.40)

because

s2(ζ) +
1− ζ

σ2ζ
∈ Tf

since

E

(
s2(ζ) +

1− ζ

σ2ζ

)
= 0, E

(
ζs2(ζ) +

ζ − ζ2

σ2ζ

)
= 0.

Since

−
∫
ζs2(ζ)f(ζ)dζ =

∫
ζf(ζ)dζ +

∫
ζ2
f ′(ζ)

f(ζ)
f(ζ)dζ

= 1 +

∫
ζ2f ′(ζ)dζ

= 1− 2

∫
ζf(ζ)dζ

= −1
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by integration by parts. Furthermore, E(ζ2) = 1 + σ2ζ and the result follows.

Therefore, the efficient score function in the model where both g, f are unknown is

L∗
θ =

T∑
t=1

s2(ζt)

 1

λt

∂λt
∂θ

−
E
[
∂λt
∂θ

1
λ2t

]
E
(

1
λ2t

)
− E

 1

λt

∂λt
∂θ

−
E
[
∂λt
∂θ

1
λ2t

]
E
(

1
λ2t

)




+
T∑
t=1

ζt − 1

σ2ζ
E

 1

λt

∂λt
∂θ

−
E
[
∂λt
∂θ

1
λ2t

]
E
(

1
λ2t

)



=
T∑
t=1

s2(ζt)


∂ log λt

∂θ
− E

(
∂ log λt
∂θ

)
−

(
1

λt
− E

(
1

λt

)) E
[
∂ log λt
∂θ

1
λt

]
E
(

1
λ2t

)



+

T∑
t=1

ζt − 1

σ2ζ

E (∂ log λt
∂θ

)
−
E
(

1
λt

)
E
[
∂ log λt
∂θ

1
λt

]
E
(

1
λ2t

)
 .

Let θ = (β, γ) and η = (θ⊺, σ2ζ )
⊺. The log likelihood function for η based on known f, g is

L(η|ℓ1, . . . , ℓT ) = −
T∑
t=1

lnλt(θ)−
T∑
t=1

ln g(t/T )− T

2
lnσ2ζ −

T∑
t=1

ln f0 (zt)

zt =

ℓt
λt(θ)g(t/T )

− 1

σζ
=
ℓt − λt(θ)g(t/T )

σζλt(θ)g(t/T )
.

Let s1(z) = −f ′0(z)/f0(z) and s2(z) = −((f ′0(z)/f0(z))z + 1), then

∂L

∂θ
=

T∑
t=1

∂ lnλt(θ)

∂θ
s2(zt)

∂L

∂σ2ζ
=

T∑
t=1

s2(zt).

We have

E

(
∂L

∂η

∂L

∂η⊺

)
= I2(f)M, M =

 E
(
∂ lnλt(θ0)

∂θ
∂ lnλt(θ0)

∂θ
⊺

)
E
(
∂ lnλt(θ0)

∂θ

)
E
(
∂ lnλt(θ0)

∂θ
⊺

)
1

 .

The efficient score for θ in the presence of unknown σ2ζ but known g, f0 is

∂L∗

∂θ
=

T∑
t=1

(
∂ lnλt(θ)

∂θ
− E

[
∂ lnλt(θ)

∂θ

])
s2(zt).

It follows that the asymptotic variance of the MLE procedure based on known f, g is

√
T (η̂ − η) =⇒ N

(
0, I2(f)

−1M−1
)
.
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We can estimate M, I2(f) by

M̂ =

 1
T

∑T
t=1

∂ lnλt(θ0)
∂θ

∂ lnλt(θ0)
∂θ

⊺
1
T

∑T
t=1

∂ lnλt(θ0)
∂θ

1
T

∑T
t=1

∂ lnλt(θ0)
∂θ

⊺ 1


I2(f) =

1

T

T∑
t=1

ŝ22(zt), ŝ2(z) = −

(
f̂ ′(z)

f̂(z)
z + 1

)
.

We next show that the score function ∂L∗/∂θ is orthogonal to the scores for f, g so that

asymptotically, the semiparametric procedure with estimated f, g is first order equivalent to the

MLE with known f, g.

We suppose that

ln g(u) =
∞∑
j=0

ψjHj(u)

ln f0(v) =
∞∑
j=0

αjΓj(v).

for some basis functions Hj ,Γj .

Then

L(θ, η;ψ, α|ℓ1, . . . , ℓT ) = −
T∑
t=1

lnλt(θ)−
T∑
t=1

M∑
j=0

ψjHj(t/T )−
T∑
t=1

N∑
j=0

αjΓj(zt)

zt =
ℓt

λt(θ) exp
(∑M

j=0 ψjHj(t/T )
) .

∂L

∂θ
=

T∑
t=1

∂ lnλt(θ)

∂θ
s2(zt)

∂L

∂ψ
=

T∑
t=1

H(t/T )s2(zt)

∂L

∂α
= −

T∑
t=1

Γ(zt),

where H = (H0, . . . ,HM )
⊺
and Γ = (Γ0, . . . ,ΓN )

⊺
and s2(zt) =

∑N
j=0 αjΓ

′
j(zt)zt − 1.

We have
1

T
E

[
∂L

∂θ

∂L

∂θ⊺

]
= E

[
∂ lnλt(θ)

∂θ

∂ lnλt(θ)

∂θ⊺

]
I2(f)

1

T
E

[
∂L

∂ψ

∂L

∂ψ⊺

]
=

∫
H(u)H(u)

⊺
duI2(f) = IM × I2(f)

1

T
E

[
∂L

∂α

∂L

∂α⊺

]
= E

[
Γ(zt)Γ(zt)

⊺
]
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1

T
E

[
∂L

∂θ

∂L

∂ψ⊺

]
= E

[
∂ lnλt(θ)

∂θ

] ∫
H(u)

⊺
duI2(f) = I2(f)E

[
∂ lnλt(θ)

∂θ

]
(1, 0, . . . , 0)

1

T
E

[
∂L

∂θ

∂L

∂α⊺

]
= E

[
∂ lnλt(θ)

∂θ

]
E
[
s2(zt)Γ(zt)

⊺
]

1

T
E

[
∂L

∂ψ

∂L

∂α⊺

]
= (1, 0, . . . , 0)

⊺
E
[
s2(zt)Γ(zt)

⊺
]
.

The efficient score of θ wrt ψ is

s∗θ|ψ =
T∑
t=1

[
∂ lnλt(θ)

∂θ
− E

(
∂ lnλt(θ)

∂θ

)]
s2(zt)

and this score function is orthogonal to ∂L/∂α.

The efficient score of θ wrt α is

s∗θ|α =
T∑
t=1

∂ lnλt(θ)

∂θ
s2(zt)− E

[
∂ lnλt(θ)

∂θ

]
E
[
s2(zt)Γ(zt)

⊺
](

E
[
Γ(zt)Γ(zt)

⊺
])−1

×
T∑
t=1

Γ(zt)

and this score function is orthogonal to ∂L/∂α.

It follows that the efficient score for θ in the presence of unknown σ2ζ but known g, f0 is

∂L∗

∂θ
=

T∑
t=1

(
∂ lnλt(θ)

∂θ
− E

[
∂ lnλt(θ)

∂θ

])
s2(zt).
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4.D Risk premium regressions

We consider the population regression model

Rmt − g(t/T ) = a+ bλt + cζt + εt,

where in practice we replace g(.) by ĝ(.) and λt, ζt by λt(θ̂), ζt(θ̂). This does not affect consistency

but does affect the limiting distribution and hence standard errors. The dependent variable

effect takes care of itself, the main issue is around the estimated covariate. We argue as follows.

Suppose that

yt = β⊺xt(θ0) + εt.

By a Taylor expansion we have

xt(θ̂) ≃ xt(θ0) +
∂xt(θ0)

∂θ

(
θ̂ − θ0

)
.

We also have an expansion for our estimators of the form

θ̂ − θ0 =
1

T

T∑
t=1

ψt(θ0) + et,

where ψt(θ0) are mean zero and the sum satisfies a CLT, while et is of smaller order. Let

x∗t = xt(θ̂)−
∂xt(θ̂)

∂θ

1

T

T∑
t=1

ψt(θ̂).

Then we regress ŷt on x
∗
t and use the linear regression standard errors.

4.E Other tables and figures

4.E.1 Estimation based on conditional moment restrictions
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Figure 4.7: Fab 5 and Bitcoin log illiquidity and updated trend function based on the GMM estimator

of λt parameters. The red curve corresponds to the initial estimate of the trend function and the yellow

and green curves correspond to the updated estimates in, respectively, the symmetric and asymmetric

specifications of λt.
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4.E.2 Estimation: i.i.d. error term with parametric density
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Figure 4.8: ACF of ζt under the symmetric specification for λt.
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Figure 4.9: ACF of ζt under the asymmetric specification for λt.
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Figure 4.10: ACF of ζ2t under the symmetric specification for λt.
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Figure 4.11: ACF of ζ2t under the asymmetric specification for λt.



4.E. Other tables and figures 197

Facebook

PIT

N
um

be
r

0.0 0.2 0.4 0.6 0.8 1.0

0
10

20
30

40
50

Amazon

PIT

N
um

be
r

0.0 0.2 0.4 0.6 0.8 1.0
0

20
40

60
80

10
0

12
0

Apple

PIT

N
um

be
r

0.0 0.2 0.4 0.6 0.8 1.0

0
20

40
60

80
10

0
12

0

Google

PIT

N
um

be
r

0.0 0.2 0.4 0.6 0.8 1.0

0
20

40
60

80

Microsoft

PIT

N
um

be
r

0.0 0.2 0.4 0.6 0.8 1.0

0
20

40
60

80
10

0
12

0

Bitcoin

PIT

N
um

be
r

0.0 0.2 0.4 0.6 0.8 1.0

0
10

20
30

40

Figure 4.12: Probability integral transform (PIT) of ζt under the symmetric specification for λt.
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Figure 4.13: Probability integral transform (PIT) of ζt under the asymmetric specification for λt.
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Figure 4.14: Fab 5 and Bitcoin log illiquidity and updated trend function based on the semiparametric

ML estimator of λt parameters where the error term ζt follows a Weibull distribution. The red curve

corresponds to the initial estimate of the trend function and the yellow and green curves correspond to

the updated estimates in, respectively, the symmetric and asymmetric specifications of λt.
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4.E.3 Estimation: i.i.d. error term with nonparametric density
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Figure 4.15: Comparison between the kernel density estimate of ζt (solid line) and the Weibull density

(dashed line) under the symmetric specification for λt.
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Figure 4.16: Comparison between the kernel density estimate of ζt (solid line) and the Weibull density

(dashed line) under the asymmetric specification for λt.
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Figure 4.17: Fab 5 and Bitcoin log illiquidity and updated trend function based on the semiparametric

ML estimator of λt parameters where the density of the error term ζt is estimated nonparametrically.

The red curve corresponds to the initial estimate of the trend function and the yellow and green curves

correspond to the updated estimates in, respectively, the symmetric and asymmetric specifications of λt.



4.E. Other tables and figures 203

4.E.4 Risk premium
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Figure 4.18: S&P 500 index daily (log) illiquidity series and return data.



204 Chapter 4. Dynamic Autoregressive Liquidity (DArLiQ)

Jan 05
1960

Jan 03
1961

Jan 02
1962

Jan 02
1963

Jan 02
1964

Jan 04
1965

Jan 03
1966

Jan 03
1967

Jan 02
1968

Jan 02
1969

Jan 02
1970

Jan 04
1971

S&P 500 1960−01−05 / 1971−09−17

 5

10

15

20

25

30

 5

10

15

20

25

30

Ill
iq

ui
di

ty
 (

X
 1

0^
10

)

Trend
Illiquidity

Jan 05
1960

Jan 03
1961

Jan 02
1962

Jan 02
1963

Jan 02
1964

Jan 04
1965

Jan 03
1966

Jan 03
1967

Jan 02
1968

Jan 02
1969

Jan 02
1970

Jan 04
1971

S&P 500 1960−01−05 / 1971−09−17

−32

−30

−28

−26

−24

−22

−20

−32

−30

−28

−26

−24

−22

−20

Lo
g 

of
 Il

liq
ui

di
ty

Trend
Illiquidity

Jan 04
1960

Jan 04
1965

Jan 05
1970

Jan 06
1975

Jan 07
1980

Jan 07
1985

Jan 08
1990

Jan 09
1995

Jan 03
2000

Jan 03
2005

Jan 04
2010

Jan 05
2015

Jan 06
2020

S&P 500 1960−01−04 / 2021−09−27

−0.20

−0.15

−0.10

−0.05

 0.00

 0.05

 0.10

−0.20

−0.15

−0.10

−0.05

 0.00

 0.05

 0.10

E
x.

 R
et

ur
ns

Trend
Ex. Returns

Figure 4.19: S&P 500 index weekly (log) illiquidity series and return data.
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Figure 4.20: S&P 500 index monthly (log) illiquidity series and return data.
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