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ABSTRACT. In a recent paper, we showed that the large (z,t) behavior of a class of
physically relevant solutions of Boussinesq’s equation for water waves is described by ten
main asymptotic sectors. In the sector adjacent to the positive z-axis, referred to as Sector
I, we stated without proof an exact expression for the leading asymptotic term together
with an error estimate. Here we provide a proof of this asymptotic formula.
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1. INTRODUCTION

In a recent paper [10], we developed an inverse scattering approach to the Boussinesq [4]
equation

Ut = Ugg + (UQ)J,‘.Z’ + Uzzrz- (11)

This approach yields an expression for the solution u(x,t) in terms of the solution n(z,t, k)
of a 1 x 3-row-vector Riemann—Hilbert (RH) problem, and by performing a Deift—Zhou
steepest descent analysis of this RH problem, it is possible to derive asymptotic formulas
for the large (x,t) behavior of u(x,t). In [10], we identified in this way ten main sectors in
the half-plane ¢ > 0 describing the asymptotics of u(x,t) for a class of physically relevant
initial data (see Figure 1), and in each sector we provided an asymptotic formula for the
solution. For conciseness, the formula in the sector adjacent to the positive z-axis, referred
to as Sector I in [10], was stated without proof. Here we provide a proof of this formula.

Equation (1.1) first appeared in a paper by Boussinesq from 1872 [4], where it was
derived as a model for long small-amplitude waves in a channel. About a century later,
Hirota discovered that (1.1) supports soliton solutions [23], and soon afterwards Zakharov
[38] constructed a Lax pair for (1.1), thus demonstrating its formal integrability. In the
early 1980’s, Deift, Tomei, and Trubowitz [16] developed an inverse scattering formalism
for an equation closely related to the Boussinesq equation (more precisely, for the equation
obtained from (1.1) by deleting the wug,-term). However, the problem of developing an
inverse scattering transform formalism for (1.1) is substantially more complicated, because
(1.1) involves a spectral problem with coefficients that do not decay to zero at infinity. This
introduces new jumps on the unit circle in the RH problem, and it turns out that all the
main asymptotic contributions to u(x,t) as (x,t) — oo originate from these new jumps. In
particular, as shown below, the main contributions to the asymptotic behavior of u(x,t) in
Sector 1 stem from a global parametrix which is used to cancel jumps on certain parts of
the unit circle, as well as from six saddle points on the unit circle.
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Figure 1. The ten asymptotic sectors for (1.1) in the xt-plane.

To describe the large (z,t) asymptotics of u(x,t), it is sufficient to consider Sectors I-
V because Sectors IV-X are related to Sectors I-V by symmetry. The derivation of the
asymptotic formula in Sector I presented here features a number of differences compared
to the derivations in Sectors II-V. For example, in Sector 1, x plays the role of the large
parameter instead of ¢, because t is not uniformly large as (z,t) — oo in Sector I. The
analysis needed for Sector I is also complicated by the fact that as (x,t) approaches the
z-axis, the six saddle points relevant for the analysis merge with the six points {ie™/3 }?:0,
which are all intersection points for the jump contour of the RH problem. This makes the
local analysis near the saddle points more involved. It also forces us to perform an additional
transformation of the RH problem (see Section 5) and for this purpose additional analytic
approximations of the reflection coefficients 1 and r9 are required on the six rays that start
at the origin and pass through {ie”ij/ 3}?:0. Since another set of analytic approximations
of r1 and r9 is needed on the unit circle, this leads to the curious situation that we have
two different approximations of the same functions on overlapping domains. Nevertheless,
thanks to certain nonlinear relations obeyed by 71 and 72 (see (4.4) and (4.5)), the relevant
new jumps can still be estimated (see Lemma 7.3).

Obtaining long-time asymptotics for integrable equations is an important problem with
a long history, see e.g. [2, 5-8, 14, 15, 17-21, 24, 25, 29, 31-33, 35].

Equation (1.1) is sometimes referred to as the “bad” Boussinesq equation. The so-called
“good” Boussinesq equation has the same form as (1.1) except that the term gy, has
the opposite sign. Works on the “good” Boussinesq equation or related Boussinesq-type
equations include [1, 3, 9, 13, 22, 26-28, 30, 34, 36, 37, 39].

2. MAIN RESULT

Let ug(z) and w;(x) be real-valued functions in the Schwartz class S(R) and consider
the initial value problem for (1.1) on the line with initial conditions

u(z,0) = up(z), ug(,0) = uq(x) for z € R. (2.1)

2.1. Assumptions. Our results will be valid under the same asumptions on ug and u; as
in [10, Theorem 2.14]. To formulate these assumptions, we define two scattering matrices
s(k) and s4(k) by

s(k)y=1— / e_xﬁ(k)(UX)(;r, k)exﬁ(k)dw, SA(k) =]+ / exﬁ(k)(UTXA)(x,k)e_xﬁ(k)dx,
R R

where the following notation is used:
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o L = diag(l1,l2,l3) where the functions {lj(k:)}?:l are defined by
Wk + (Wik)™!
i

Lik) =20 e {o), 2.2
i(k) V3 \ {0} (22)
with w = e’5".
e U(z, k) is given by
0 0 0
_ue _ ivg  _ug
1 T 13 2
where vo(z) := [ ui(2/)d2’ and
1 1 1

Pk) = | L(k) la(k) I3(k)
L(k)? 1a(k)? Is(k)?

e X(z,k) and X4(z,k) are the unique solutions of the Volterra equations

){($7 k:) =] — / e(m—xl)ﬁ(k)(UX)(:L/’ k)e—(x—m/)[;(k)dx/’

XA(.'E, k) — I + / ef(zfx’)ﬁ(k)(uTXA)(x/’ k)e(xfx’)ﬁ(k‘)dxl

Let I' = U?:lfj be the contour shown and oriented as in Figure 2. We define two spectral
functions r1(k) and ro(k) by

n(k) =2 kel Q,

A N ~

ra(k) = g, kelu\Q,

(2.3)

where I'; = T'; UdD denotes the union of I'; and the unit circle 9D, and Q = {x; }?:1 u{0}

with k; = e 3 , 7 =1,...,6, the sixth roots of unity.

Our assumptions on {up,u1} can now be formulated as follows:
(1) Mass conservation: we suppose that [, u1(z)dz = 0.

(i) Absence of solitons: we assume that s(k)1; # 0 for k € (Dy U D) \ QA_, where {D,,}$
are the open subsets of the complex plane shown in Figure 2, and Dy denotes the

closure of Dy.
(i41) Generic behavior of s and s near k = 1 and k = —1: for k, = +1, we assume that

lim (k‘ — k*)s(k)n 7& 0, (k‘ — k*)s(k)lg 7& 0, lim S(k‘)31 75 0, lim S(k)33 7& 0,
k—k, k—ky k—ky

lim (k — k)st (k)11 #0, lim (k— kst (k)s #0, lim s2(k)13 #0, lim s4(k)s3 # 0.
k—ky k—ky k—ky k—ky

(1v) Existence of a global solution of the initial value problem: we suppose that r1(k) =0
for all k£ € [0,14], where [0,1] is the vertical segment from 0 to s.

lim
k—k,

2.2. Statement of the main result. It is shown in [10] that the solution u(zx,t) to the
initial value problem for (1.1) with initial data ug, u1 satisfying the assumptions (i)—(iv) can
be expressed in terms of the solution n of a row-vector RH problem with jump contour T'.
In particular, the assumptions (i)—(iv) imply that the solution u(x,t) exists globally. Our
main theorem provides the asymptotics of u(x,t) in Sector I given by 7 :=t/z € [0, Tmax],
where Tyax € (0, 1) is a constant. We define (fij(T, k) for1<j<i<3by

D47, k) = (lLi(k) = 1i(k)) + (zi(k) — 2 (K))T, (2.4)
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Figure 2. The contour I' = U?:J‘j in the complex k-plane (left) and the open sets D,
n=1,...,6, together with the sizth roots of unity k;, j =1,...,6 (right).

where [;(k) are as in (2.2) and the functions z;(k), j = 1,2, 3, are defined similarly:

J k)2 JE)—2

2(k) _ R+ (k)T
4v/3

Finally, we introduce the saddle points {k; = kj(T)}?zl of ®5; which are given by

1 —
k1:4<1—\/872+1+i\/§\/472—1+ 872+1>, ky = ki, (2.6a)
T
1
k3_4<1+\/872+1+\/§\/—472+1—|—\/872+1>’ ka= k3, (2.6b)
T

and satisfy |ki| =1, k3 € (1,400), and argk; € (7, %’r) The following is our main result.

ke C\ {0}. (2.5)

Theorem 2.1 (Asymptotics in Sector I). Let ug,u; € S(R) be real-valued functions such
that assumptions (1)—(iv) are fulfilled. For any integer N > 1, there exists a constant
Tmax € (0,1) such that the global solution u(x,t) of the initial value problem for (1.1) with
initial data ug, u1 satisfies
A(7)
NI

uniformly for T = t/x € [0, Tmax|, where Cn(7) > 0 is a smooth function of T that vanishes
to all orders at T =0, and A(7) and o(z,T) are defined by

Alr) = 2\@\/—71/\/—1 —2cos(2argky)

u(z,t) = ! CN(T)IHQE) as x — +00, (2.7)

cosa(x,7)+ O (J:N +

Imkq,

3 .
alz,T) = Iﬂ +argra(ky) +arg(iv) + arg dy + = Im @y (7, k).

Here T'(k) is the Gamma function, z. is given by

2 = 2(7) == V26T | /%, (2.8)
1

where the branch of the square root is such that —ikiz, > 0, and

v=uv(k):= —% In(1 + ri(k1)ra(k1)) <0,
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argdy = argdo(z,7) := vIn (w2kl _1 )(Wkl _kl) —vinx
3z — k)?z
1k (k= 8)2 (g — 5)(0%,1 — )
+ o ), In (% o (wk1 @k —5) dIn(1 + ri(s)ra(s)), (2.9)

where the path of the integral fikl starts at i, follows the unit circle in the counterclockwise
direction, and ends at k1.

Remark 2.2. Since ki tends to i as 7 — 0 and r1(k) vanishes to all orders at k = i, it
follows that v, and hence also A(T), vanishes to all orders as T — 0. Consequently, (2.7)
implies that

(1) :O<;\,+ CJ;?) a5 T = +o00

uniformly for 7 € [0, Tmax|. In particular, for any fired t > 0, the formula (2.7) reduces to
u(z,t) = O(xz™N) as * — 400, in consistency with the fact that u(z,t) is a Schwartz class
solution.

Remark 2.3. By expressing the asymptotic formula in Theorem 2.1 in terms of ( = z/t
instead of T = t/x, we see that it is equivalent to the formula stated in [10] for Sector I
(note that z, here should be identified with z,/+/C in [10]). We will use the variable T in
this paper, because it allows us to evaluate certain expressions att =0 and 7 = 0 without
taking limits.

Remark 2.4. By combining the result of Theorem 2.1 with the asymptotic formula for
u(z,t) in Sector II (see [10]), it can be seen that the conclusion of Theorem 2.1 in fact
holds for any choice of Tmax € (0,1).

The proof of Theorem 2.1 is given in Sections 4-12. It is based on a steepest descent
analysis of a RH problem derived in [10] for a 1 x 3-row-vector valued solution n, which we
next recall.

3. THE RH PROBLEM FOR n

For j =1,...,6,let I';; =T'; \ D be the part of I'; outside the open unit disk D = {k €
C||k| < 1} and let I'js := T'; \ I'js be the part inside D, where I'; is as in Figure 2. Let
0:;(x,t, k) = 2 ®;(7, k) and denote by T'y = {mj}?:l U {0} the set of intersection points of
I'. Define the function f on the unit circle by

f(k) =14+ ri(k)ra(k) + rl(ﬁ)m(ﬁ), k € 0D, (3.1)

and define the jump matrix v(z,t, k) for k € T by

1 —ri(k)e 1 0 1 00 10 0
v = 0 1 0 , U = rl(%)eeﬂ 1 0 , Vor = 01 —Tg(ﬁ)e 032

0 0 1 0 01 00 1

1 0 0 1 00 10 ri(hg)e ™
Vo = 0 ]. O y Vg3 = 0 ]. 0 s V3 = O 1 0 s

0 ro(wk)e?? 1 —ri(w?k)ef 0 1 00 1

1 —rz(%)e*"m 0 1 00 10 0
vy = |0 1 0], vgr={r(k)e? 1 0|, vy=[0 1 —ri(wk)e

0 0 1 0 01 0 0 1
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1 0 0 1 00 1 0 ry(w?k)e 9
Vg1 = 0 1 0 , Vg = 0 1 0 , Vgl = 0 1 0 ;
0 ri(Zp)ef2 1 —ra(p)ef 0 1 0 0 1
1 —ry(k)e b2 ro(w?k)e b
vp = | —ra(k)e? 1+ ri(k)ra(k) (r2(gg) — r2(k)ra(w?k)) e %2
ri(w?k)e?r  (ri(2) — ri(k)ri(w?k))efs f(w?k)
f(k) 7‘1(k)e*921 (rl(ﬁ) — 7“1(l€)r1(wk))e*931
vg = ro(k)e?! 1 —r1(wk)e 052 ;
(rg(ﬁ) — ro(wk)ra(k))e?  —ro(wk)efs2 1+ r(wk)ra(wk)
1+ ry(w?k)ra(w?k) (r2(3) — ra(wk)ra(w?k)) e —ro(w?k)e 0
vg = (7“1(%) -7 (wk:)rl(ka))ee?l f(wk) ri(wk)e %2 |
—r1(w?k)efs ro(wk)e?s? 1

(3.2)

where v, v, v are the restrictions of v to I';, I'js, and I'j, respectively. The jump matrix
v obeys the symmetries

v(z,t, k) = Av(z, t,wk) A~ = Bo(x,t, k=) 7B, kel, (3.3)
where
0 01 010
A=[10 0 and  B:=[1 0 0 (3.4)
010 0 01

The following RH problem was derived in [10].

RH problem 3.1 (RH problem for n). Find a 1 x 3-row-vector valued function n(x,t,k)
with the following properties:

(a) n(x,t,-): C\T — C3 is analytic.
(b) The limits of n(x,t,k) as k approaches T\I'x from the left and right exist, are continuous
on '\ Ty, and are denoted by ny and n_, respectively. Moreover,

ny(z,t, k) =n_(z,t,k)v(z,t, k) for kel \T,. (3.5)

(¢) n(xz,t,k) =O(1) as k — k, € T,.
(d) For ke C\T, n obeys the symmetries

n(z,t, k) = n(x, t,wk) A~ =n(z,t, kB (3.6)
(e) n(z,t, k) =(1,1,1) + O(k™1) as k — oo.
4. BRIEF OVERVIEW OF THE PROOF

Let n3(z,t, k) denote the third component of the row-vector n(z,t, k). Since up and uy
satisfy assumptions (i)—(iv), [10, Theorems 2.6 and 2.12] imply that RH problem 3.1 has a
unique solution n(x,t, k) for each (z,t) € R x [0,00), that

ngl)(x,t) = klggo k(ng(x,t k) —1)
is well-defined and smooth for (z,t) € R x [0,00), and that
u(z,t) = —iﬂ;ng”(a:,t) (4.1)
x

is a real-valued Schwartz class solution of (1.1) on Rx [0, c0) with initial data u(z, 0) = ug(x)
and ug(z,0) = ui(x). We can therefore obtain the asymptotics of u(z,t) by analyzing the
RH problem 3.1 with the help of Deift—Zhou [17] steepest descent techniques. In this
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analysis the saddle points of the three phase functions @21, ®31, and P30 play a central
role. The saddle points of P91, ie., the solutions of 8ki~>21(7, k) = 0, were denoted by
{k‘j}?:1 in Section 2. Since ®31(7, k) = —®a1 (7, w?k) and P32(7, k) = Poy (7, wk), it follows
that {wkj}?zl are the saddle points of ®3; and that {kaj}?zl are the saddle points of
d39. For Sector I only the six saddle points {w/ky, w’ k‘g}?zo play a role in the asymptotic
analysis. The signature tables for ®o1, ®31, and P35 are shown in Figure 3.

\/\
/\\) .
&

05 0.0 05 1.0

Figure 3. From left to right: The signature tables for ®o1, P31, and Pso for T= 110 The
grey regions correspond to {k|Re ®;; > 0} and the white regions to {k|Re®;; < 0}. The

saddle points k1, ke of <I>21 are shown blue, the saddle points wky,wks of <I>31 red, and the
saddle points w?ki,w’ks of P9 green. The black dots are the points ikj;, j =1,...,6.

The steepest descent analysis proceeds via several transformations n — n(t) — n(? —
n® — n@ — A, such that the RH problems satisfied by nW. 0@ pG @ and 7 are
equivalent to RH problem 3.1 satisfied by n. We will let @, T and v, % denote the
contours and jump matrices of the RH problems for nl¥), 7, respectively. The symmetries
(3.3) and (3.6) will be preserved by each transformation, so that, for j = 1,2, 3,4,

oD (z,t, k) = AW (z,t,wk) A~ = BoYW (2, ¢, k™) 1B, kert), (4.2)
) (z,t, k) = nW) (z,t,wk) A" = n0)(z,t, k1B, keC\Tu, (4.3)
and similarly for n and ©. We will see that six local parametrices near the saddle points
{kj,wkj,kaj}?zl as well as a global parametrix A~! contribute to the asymptotics of

u(z,t). However, due to the symmetries (4.2)—(4.3), we will only need to construct the local
parametrix near k; explicitly, and we will only need to define the transformations n) —
nU*D and n® — 7 in the sector S := {k € C|argk € [Z,2%]}. In the end, we will find that
n satisfies a small-norm RH problem whose solution can be expressed as an integral over
the contour I'. This leads to an asymptotic formula for AV (z,t) := limy_,0 k(7 (x, t, k) —
(1,1,1)), and hence, by inverting the above transformations, an asymptotic formula also
for ngl) (x,t). By substituting this formula into (4.1), we obtain the formula of Theorem
2.1.

The following properties of the functions r; and 7y established in [10, Theorem 2.3] will
be used repeatedly throughout the proof: r; € C®(T'1), rp € C®(Ty \ {£w?}), r1(k;) # 0

for j =1,...,6, r2(k) has simple zeros at k = 4w and simple poles at k = +w?, and r1, 7o
have rapid decay as |k| — co. Moreover,
rl(ﬁ) + ro(wk) + rl(w2k‘)r2(%) =0, k€ oD\ {+w}, (4.4)
w? — k2

ro(k) = #(k)ri(k—1),  F(k):= keTy\ {0, +w?}, (4.5)

1 — w?k?’
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Figure 4. The open subset Vi of the complex k-plane.

7“1(1) = 7“1(*1) = 1, 7“2(1) == 7“2(*1) =—1. (46)

5. THE n — n{1) TRANSFORMATION

Let 7 = t/z and note that x®;;(7,k) = 6;;. We will use the notation Z := [0, Tmax],

where Tax € (0,1) is a constant, so that Sector I corresponds to 7 € Z. The jump

matrices v1s and vy involve the off-diagonal entries r1(£)e®®21("*) and —ry(f)e=2®21(mk)

respectively. Aslong as 7 > 0 stays away from 0, the exponentials er®21(Tk) apd e=rP21(rk)

are exponentially small as  — oo for k € (0,¢) and k € (i,700), respectively. However,
k-1 k-1

Pa(7 k) =~ 452

T,

so that @21(0, ilmk) = z% is pure imaginary for all k£ € iR, meaning that the above
exponentials lose their decay as 7 — 0. The goal of the first transformation n — n(!) is to
deform the jumps v1~ and vy into regions where the exponentials retain their decay as x —
oo uniformly for small 7. For this purpose, we need to introduce analytic approximations
of the functions 71 and ry. Let V3 C C be the open set (see Figure 4)

Vi={keClargh e (~3,-%), [k > 1}
and let V; denote the closure of Vj.

Lemma 5.1 (Decomposition lemma I). For every integer N > 1, there exists a decompo-
sition

r1(k) = ez, k) + 710 (2, k), ke 0ViNiR = (—ioco, —i], (5.1)
such that the functions 71 4,71, have the following properties:

(a) For each x > 1, 1 4(x, k) is defined and continuous for k € Vi and analytic for k € V.
(b) Forx >1 and T € I, the function 7, satisfies

N O (g , L ~
(ﬁ,a(:v, K-y .(, (k= k)| < Ol — kN LEReBED] pep (5.2)
=0
C z b _
o ¥ Z|Re P21 (1,k)|
‘7417(1(.%', k)‘ S 1 + ’k’N+le4 2! ) k S Vl, (53)
where k, = —i and the constant C' is independent of x, T, k.

(¢) For each 1 < p < oo, the LP-norm of 71 ,(z,-) on OVi NiR is O(x™N) as x — co.
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Remark 5.2. We will later need to introduce yet another decomposition of r1, see Lemma
6.1. We use tildes on the functions 71, and 71, in Lemma 5.1 to distinguish them from
the functions 1, and ri, in Lemma 6.1. The functions 714 and r1, have partially over-
lapping domains of definition, but are in general not equal on the intersection of these
domains. Since the derivations of Lemma 5.1 and Lemma 6.1 use different phase functions
(—i®(0,k) and —i®(7,k), respectively), it seems difficult to construct 71 4 in such a way
that it coincides with r1 o on this intersection.

Proof of Lemma 5.1. The proof follows the idea of [17] (see [17, Proposition 1.92]) but is
nonstandard because the real part of ®o1(7,k) is nonzero for k € (—ioo, —i) whenever
7 > 0. We therefore present a proof, whose main idea is to use —iégl(O, k) instead of
—i®y (7, k) as the phase function.

Let M > N +1 be a large integer. There exists a rational function fo(k) with no poles in
Vi such that 71 and fy coincide to order 4M at k = —i and such that fo(k) = O(k~*M) as
(—ioco, —i] 3 k — oo. Since r; € C*°((—io00, —i]) has rapid decay as k tends to oo, r; and
fo coincide to order 4M also at k = co. Let f1(k) = r1(k) — fo(k). The map k — ¢ = ¢(k)

where

o o 1\ 1+ (Imk)?
¢ =—i®n(0.k) = =3 (k - k:> " 2Imk (5:4)
is a bijection (—ico, —i] — (—o00, —1], so we may define
kM _
F(d’) = { (k=k)M fl(k>7 ¢ < -1, (5‘5)
07 ¢ > _17

with k. := —i. The function F(¢) is smooth for ¢ € R\ {—1}. Also, for n > 1,
2ik? d\"[ KM
F@) =(—— ) |———fi(k < -1 .
so by choosing M large enough, we can achieve that F' belongs to the Sobolev space
HN*TYR). We conclude that

A 1 . “ .
F(s) = o [ F@eds, 1) = [ Floeas (5.7)
2 R R
and, by the Plancherel theorem, [|sN 1 F(s) | 2y = |72 | 2y < o0. By (5.5) and

(5.7),

k; - k* M ~ S~
( k:2M) /RF(S)e 220K s = f1 (k)

for k € (—ioco, —i]. In particular, fi(k) = fao(x, k) + fr(z,k) for £ > 1 and k € (—ioco, —i],
where

k—k)M [T . .
fa(ka) = (k?M) /4 F(S)esq)m(o’k)ds, k eV,

(k= k)M [T 5 | sbn(op) : :
fr(z k) = T F(s)e®™21\%% s, k € (—ioco, —1].

IS

Since Re @91 (0, k) = 0 for k € (—ico, —i], we have

k—Fk M +oo R
it < B [ v a

N

1

< LHSN“F(S)H 2 /+0<> sT2N-24g < Lx*Nfﬁ (5.8)
=1+ kM POV e 14 kM ‘
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Figure 5. The contour TV (solid), the boundary of S (dashed), and the saddle points ki
(blue) and w?ks (green,).

for + > 1 and k € (—ioo, —i]. Hence the L' and L norms of f,(z,-) on (—ioco, —i] are
O(z=% _%N) On the other hand, fa(x,-) is clearly continuous on V; and analytic in V.
Since Re @91 (7, k) > Re ®91(0,k) > 0 for k € V] and 7 € T (cf. Figure 3), it also holds that

(k — k)M

B < F sRe‘igl(O,k) < C(k — k*)M %Re‘izl(o,k)
[ fol@ B)l < —mmr— 1 Fllr vy sup e < C—g5r ¢

: L2M
< C(k — ky)MeiRe P (mk) (5.9)
forz > 1,7 €Z,and k € V;. Since M > N + 1, it follows that the assignments
",a(2, k) = fo(k) + fa(, k) for keq,
(2, k) = fr(, k) for ke (—ioco,—il,
yield a decomposition of r1 with the desired properties. U

Lemma 5.1 establishes a decomposition of r1. The symmetry (4.5) then yields an anal-
ogous decomposition ry = 73 4 + 72 of 7o as follows:

Fo.a(w, k) = F(k)FLa(z, k1), ke Vo, Fop(x, k) :=7(k)F (v, kL), ke (—i,0),
where V5 := {k|k~! € V1 }.

We are now in a position to define the first transformation n — n). As explained in
Section 4, we will focus our attention on the sector S. Let I') be as in Figure 5. Note that

I = {0 € (arghr, Z)}, T3 :={’]0€ (5,5)}.

The matrices vy~ and vy admit the factorizations
1), (1) 1,,(1)

U]_// — Ula UIT 5 U4/ — U4a /U4T 5
where
1 0 0 1 0 0
o = [Fad)e® 1 0], o= [ F (e 1 0],
0 01 0 01
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X —Faq(3)e %1 0 X 1 —Fo,(f)e % 0
o= o 1 0], o =0 1 0]. (5.10)

0 0 1 0 0 1

The function nV) is defined by
nW(z,t,k) = n(z, t, )GV (x,t,k), keC\TW, (5.11)
where the function GV is analytic in C\ T'"). It is given for k € S by
vﬁ), k on the — side of FS),

G = vg), k on the — side of Fi), (5.12)

1, otherwise,

and extended to C\ I'™) by means of the symmetry
GW(z,t, k) = AGY (x,t,wk) A~ = BGW (x,t, k1) B. (5.13)
The next lemma follows from the signature tables of Figure 3 and Lemma 5.1.
Lemma 5.3. G (xz,t, k) and GY (z,t, k)~ are uniformly bounded for k € C\I'D, z > 1,
and T € T.
Using (5.11), we infer that n(j) = ng)v](l) on Fgl), where vj(.l) is given by (5.10) for
j=14,14,44,4, and for j = 2,5,8 by

(1) (1) -1 (1)

The L' and L*> norms of v(Y) — T on Fglr) U FfllT) are uniformly of order O(z~%) in Sector
I as a consequence of Lemma 5.1. The estimate (5.3) of 71 , ensures that n(M) has the same
behavior as n as k — oo up to terms of O(k~).

6. THE n(Y) — n(2) TRANSFORMATION

The purpose of our next transformation, n(Y) — n(®, is to open lenses. To implement
this transformation, we need another set of decompositions of the functions r1,72. We also
need decompositions of the functions 71,7y defined for all k& € 0D with argk € [T, argk;]
by

rj(k) rj(k)

pi(k) = - : =1,2, 6.1
) = )~ T AR R / (6.1
where the second equality follows from (4.5). Since argky € [3,2F) for 7 € [0,1), and
since 7(e'?) > 0 for 6 € [Z, %), we have 1 + ri(k)ra(k) = 14 7(k)|r1(k)|> > 1 for |k| =

l,argk € [5,argki]. Thus 71, 7o are well-defined. Given K > 1, we define the open sets
Uy = Ui(r,K) and Uy = Uy (7, K) C C by (see Figure 6)
Uy = ({k\argk € [—W,—%’r) U (arg kq, 7, K '< |k| < 1}
U{k|argk € (—3,%), 1 < |k| < K}) N{k|Re P21 > 0},
Uy = {k|arghk € (T,argks), 1 < |k| < K} N {k|Re®s; > 0}.

Lemma 6.1 (Decomposition lemma II). For every integer N > 1, there exist K > 1 and
decompositions

ri(k) = rio(z, t, k) + 11 (2,t, k), k € oU, N 8D,
fl(k) = fl,a(xatvk) +’fll,7‘($7t) k)7 ke 801 N oD,

such that 114,71, 1,0, 71, satisfy the following properties:
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Uy

-2 ‘ -2
-2 -1 [) 1 2 -2 -1 [) 1 2

Figure 6. The open subsets U; and Uy of the complex k-plane.

(a) For each x > 1 and 7 € I, r14(z,t,k) is defined and continuous for k € Uy and
analytic for k € Uy, while 1 o(x,t, k) is defined and continuous for k € U1 and analytic

fork e U.
(b) For x > 1 and T € I, the functions 11 4 and 71 4 obey

N () k - _
)rlja(x,t, k) — Z j( «) (k — k)’ ‘ < Clk — k[N TleiRe®nhl - ke {7y k, € Ry,
— !

7’

Mz

)rla (13 t ]{3 k k* ‘ < C‘k k |N+1 \Reé21(r,k)|7 k e ﬁh k* c ’}?/17

where Ry = {ki, :I:w,wgkg,ie%i,:te*%i,:tl, —i,w?ky, wka}, Ry = {i,k1}, and C > 0 1is
independent of x, T, k. In fact, for ky, = ki, the following stronger estimates hold:

N ) ‘ . )
rrale,tk) = Y Ao o) s R)7| < On(r)lk = N TledRedalrdl g e

N
P k, . z = =
‘fl,a(ﬂf,t, k) o Z Ty .(' )(k‘ . k*)j‘ < CN(T)“C . k*|N+164‘Rqu21(T’k)|; k¢ Ula
J
where Cn(7) > 0 is a smooth function of T which is independent of x,k and which
vanishes to all orders at T = 0.
(¢) For each 1 < p < oo, the LP-norm of r1,(z,t,-) on OU; N OD is O(z~N) and the
LP-norm of #1,(x,t,-) on dU; NAD is O(zN) as x — oo uniformly for v € T.

Proof. On each arc of U; N &D and AU, N D, the function 6 — —idy (1, e?) = (1 —
7 cos 0) sin 6 is real-valued and monotone. The statement therefore follows using the method
introduced in [17] (see Case 1.25~ beginning on p. 313 of [17]); see also the proof of Lemma
5.1. The stronger estimates in assertion (b) valid in the case of k., = k1 follow because r (k)
and 71 (k) vanish to all orders at k =i, and ky tends to i as 7 — 0. O

Lemma 6.1 provides decompositions of r; and 71; using the symmetry (4.5), we now
deduce decompositions of 75 and 7. Let Us := {k|k~! € Uy} and Uy := {k|k~! € U;}. We
define decompositions o = rg 4 4+ 12, and 79 = 72 4 + T2, by

ro.a(k) == F(k)r1a(k™1), k€ Us, ror(k) == F(k)ri,.(k7Y), k€ oUynaID,
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Poa(k) == F(k)r1a(k™1), k€U  iop(k) :=i(k)F(k~1), ke dUynaD,
where we have omitted the (x,t)-dependence for conciseness.
On FéQ), we factorize vél) as follows:

oD @,2),@)

9 T U3 Vg U1,
where
1 0 —r27a(w2k)e_931 1 7“2@(%)6_‘921 0
’Uéz) = 7”1@(%)6021 1 rig(wk)e b2 |, 7152) = 0 1 0],
0 0 1 —r1 o(W2k)e?t 1o 4 (wk)ef2 1
Tl,r(WQk)T2,r(W2k) gQ(Wk)e_€21 _7‘2,1"(‘*‘}2]{7)6_931
véz) =1+ vg?z, vé?r) = g1 (wk)e? g(wk) hy(wk)e 032 ,  (6.2)
—rpr(w?k) e ha(wk)e?s2 0
and
hi(k) =ri, (k) + 714 ( Qk)rg r(wk:) hao(k) = 1o (k) + 7“2@(%)7“1 r(wk),
gl(k) = Tl,r(w% ( ( + Tl,a Tk)TQ,r(Wk)),
ga(k) = T2,r(ﬁ ( ( ) + 72 ,a L]<:)7"1,7'((*‘)k))7
g(k) =ri,.(k) (rl,r(wk ro a( ) + 1o (k ))
+T1,a(ﬁ)r2 r( )(rl r( )TQG( 1 ) +T2r(k)) +r1,r(w%)r2,r(w%)
On Fé ), we factorize vél) as follows:
1+ ri(k)ra(k) 0 0
1 2) (2 2 1 2
W@ o[0T i o) 42
0 0 1
1 0 ria(ig)e ™ 1 Pra(k)e 0
MCON 0 1y,—6 (2) _ 0 1 0
6 = 7’27(1(]{7)6 21 ] —T2.q ﬁ)e 32, vy = s (63)
0 0 ro.a(5ig)e® —ria(gp)ef 1
where we have used (4.4). Finally, on Fg), we factorize vél) as follows:
0 —r1.(k)e 02 hy(w?k)e b
(1) = v§ )vg(f)véz), v§2) =1+ vé?, vé(fg = | —ro.(k)ef2 10 (k)rar (k) go(w?k)e 02
hi(w?k)e? gy (w?k)efs? g(w?k)
1 0 0 1 —ria(k)e 2 1o (w?k)e %
U§2) = —7’27(1(1{?)6921 1 0], vg(f) =10 1 'rg,a(ﬁ)efe32
7“17a(w2k:)6931 rl,a(ﬁ)ea‘"’? 1 0 0 1
(6.4)

We do not write down the long expression for vé?,),, but note that Lemma 6.1 yields'

[l gagoeyrny = O™ as w00, =258

Let I'® be the contour shown in Figure 7. The function n(? is defined by
n@(x,t, k) = nV(z,t, k)G (z,t, k), keC\I?, (6.5)

IFor a matrix-valued function A defined on a piecewise smooth contour v C C, we define lAllLp vy =

I1A[llLr(v)» 1 < p < 0o, where |A] := /% ;| A 2.
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Figure 7. The contour T'® (solid), the boundary of S (dashed), and the saddle points k
(blue) and w?ky (green,).

where G®) is analytic in C\ T'®). It is defined for k € S by

() k on the — side of T'{?
2}3(2’))_1 L B the + %d fl“é)’ vgz), k on the — side of Féz),
v , k on the + side o ,
¢@=¢ 1 , 2 GI=S ()71 & on the + side of T, (6.6)
vg k on the — side of I';™, .
1, otherwise,

(0)=1, k on the + side of T2
and extended to C\ I'® by means of the symmetries
G (z,t, k) = AG? (2, t,wk) A~ = BG? (x,t,k~1)B. (6.7)
The next lemma follows from Lemma 6.1 and the signature tables of Figure 3.
Lemma 6.2. G (x,t, k) and G® (z,t, k)~ are uniformly bounded for k € C\I'®, z > 1,
and T € T. Furthermore, G (x,t,k) = I for all large enough |k|.
Using (6.5), we obtain nf) = n(_z)vj(?) on F§-2), where vj(?) is given by (6.2) for j = 1,2,3,
by (6.3) for j =4,5,6, by (6.4) for j =7,8,9, and

B N B TN )
N R
1 0 0
UE) — G(E)(k)—le)(k) — U?)(k)_lABvéQ)(ﬁ)_lBA_l _ 0 10 ’
W)z 0 1

2 )
(@1 2)s1 = = (r1.a(@?k) + r2a(k)ra(Zp) + raalghg))e™.
We omit the explicit expressions for vy, , vs,, v4, which are similar to the expression for vy,.
The jumps on the parts of I'® N'S that are unlabeled in Figure 7 are small as  — 00, so
we do not write them down.
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Figure 8. The contour T'®) (solid), the boundary of S (dashed), and the saddle points ki
(blue) and w?ky (green,).

7. THE n® — n(®) TRANSFORMATION

For the third transformation, which is a second opening of lenses, we will deform contours
up and down (see (7.3) below) using the following factorizations:

1 fra(k)e % 0 1 0 0
Uf):vf)vii), vig): 0 1 0], vfli): 0 1 0],
0 0 1 roa(ohp)e —ria(L)ef 1
‘ 1 0 ria(chge ™ 1 0 0
o =vgle” vl =001 —maa(gpe e | = | aa(B)e™ 10,
0 0 1 0 0 1
1 00 1 —riq(k)e ™ 0
vg):v;i)vég), vé?’): —roq(k)e? 1 0], véz):vég)vé‘z), véS): 0 1 0],
01 0 0 1
1 0 0
o) = 0 1 0],
(r1,a(W?k) + r1a(Z)ro.a(k))e? 1 o(L)ef2 1
10 (rg,a(oﬂk:)-1—1“17@(]4:)7“2@(&))6_931
(3) _ 0 1 A Vo032 (7.1)
Vg r2.q( 27 )e . .
0 0 1

Let T'® be the contour shown in Figure 8. We define n®) by

n® (z,t, k) = n® (2, t, k)G® (2, k), keC\T®), (7.2)
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where G®) is given for k € S by

' (Uf))_l, k on the + side of Fz(li)’
vé2), k on the + side of I‘(li),
(vz(li))*l, k on the + side of I‘f’),
G® (z,t,k) = véz), k on the — side of Fég), (7.3)
v%), k on the — side of I‘g?’),
(vé?)*l, k on the + side of I‘g)’),
1, otherwise,

\

and G®) is defined to C\T'®) using the A- and B-symmetries (as in (5.13)). The following
lemma can be deduced from Lemma 6.1 and Figure 3.

Lemma 7.1. G®)(z,t, k) and GO (z,t, k)~ are uniformly bounded for k € C\T®), r € T,
and x > 1. Furthermore, GO (x,t,k) = I for all large enough |k|.

The jump matrices U](-3) are given for j =4,6,7,9 by (7.1) and by

o =0 i =2,58,14,2,30,4,, 08 =000l oY =00,

D I, oD — B, o D o )
o) = opug, o) = o ) (7.4)
On the subcontours of I'® NS that are unlabeled in Figure 8, the matrix v®) is close

to I as & — 0o, so we omit its explicit expression. On I'(3) \ 'S, v®) can be obtained using
(4.2).

Our next lemma shows that the jumps on Fgl)
large .

, = 1p,...,4,, are uniformly small for

Lemma 7.2. For any 1 <p < oo and j = 1,2y, 3,,4,, the LP-norm of v® — T on F;s) 1S
O(z=N) as x — oo uniformly for 7 € T.

Proof. We have
o} = 1= (o)) o) — Iy o) = 1= )7 )~ Do,

are uniformly bounded on FS) and Fg?:), respectively.

Indeed, consider for example the (13)-entry of vé?c’l) given by (Uéz))m = r1a(otp)e %1, Using

Lemma 6.1 and the fact that ®2; (7, —1-) = ®31(7, k) has nonnegative real part on k € I‘gi),

we obtain

The matrices (vé d))jEl

(véZ))ﬁ:I

and

‘(Ué?l)(.:v,t, k))13’ S C€%|Re@21(T,ﬁ)\€—xRe&>31(T,k) S Ce—%|Re&)31(T,k2)‘ S C

(3)

uniformly for & € I'y” and 7 € Z, as desired. On the other hand, for any 1 < p < oo,

the LP-norm of the matrix vﬁ) — I on [0,i] is of order O(2z~") uniformly for 7 € Z by

Lemma 5.1(c). This proves the desired statement j = 1,,2,; the proof for j = 3,,4, is
analogous. O

Lemma 7.3. For any 1 < p < oo, the LP-norm of v® — I on ng) U Fz(li) is O(z™) as
x — oo uniformly for T € I.
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Proof. We give a proof for US); the proof for vﬁ) is analogous. We have

0 0 (n,a(—kiQ)+r2,a(kw2))e—931
3 - N
o) =T = [ (Fra(2) = ria(l) + foa(k))e® 0 ()25 7
0 0 0

(023 1= ((Fra(}) = r1.a(3) r1alG) = (rralwk) + r2a(Z) + r1a(F)raa(w?h)) )

Let us first estimate the (21)-entry of US). Lemma 5.1 (with N replaced by 2N) implies
that

=l aj("”l )| j 2N+1 % |Re $oy (7,1 (3)
fl,a(%) Z 2 k= Z(k:—i)] §C|/€—’L| + ez| e 21(7'7§)|7 k;e[‘la?
j=0 -
and, similarly, Lemma 6.1 implies that
% Z k 7“1 |k Z(k—i)j < C’k_i‘2N+1e§\Reé21(T,%)\’ k‘Eng). (7.5)

Hence, applying the triangle inequality and the identity Re (i)gl(T, %) = —Re @21(7', k),

710(3) = 11,0(2)] < 201k — PN HedlIReda(mh)] (7.6)

On the other hand, the function 72(k) vanishes to all orders at k = i and there exists a

¢ > 0 such that Re ®y (7, k) < —c|k — i|?> uniformly for k € FE’L) and 7 € Z. Consequently,
using (7.6) and the estimate for 75 ,(k) that follows from Lemma 6.1, we arrive at

’(US) (x, t, k))21| < C|k: _ 7:|2N+16—%:E|Re‘i>21(7',k)‘ < C|k: _ Z-|2N+16—cgc|k—z'|2 < Cx_N

for k € Fg?;) and 7 € Z, which gives the desired estimate of the (21)-entry of US:) —1I.

Let us next consider the (23)-entry of US). We have (vﬁ))gg = (gq(k)— ha(k))e*x(i’”(ﬂk),
where

ga(k) == (fl,a(}{) 1 a(l))m a( ), ha(k) :=r1a(wk) + rz,a(ﬁ) + rl,a(%)rga(w%).
Recalling (7.6) and estimating r1 4 (35 1 +) by means of Lemma 6.1, we get the bound

|ga(k)e_x&>32(7’k)‘ < Clk — i‘QN-&-lef\Re<i>21(7',k)|€£|Re<I>21(T,m)|e—x|<f>32(r,k)|'

Since —@21(7, k) + &)21(7, ﬁ) = Py (r,wk) = (1)32(7', k), the above can be rewritten as
’ga(]@efxffgz(ﬂk)‘ < C’k _ Z-‘2N+1ef:p(Re ‘igg(T,k)*%‘Re ézl(r,wkﬂ)
< C’k _ i‘2N+16—%Re&>32(7’,k). (77)

On the other hand, considering the relation (4.4) with & replaced by ﬁ, we infer that the
function

h(k) = ri(wk) + r2(g) + 11 (7)r2(w?k)
k)

vanishes to all orders at k = i. Hence, since Re ®35(7, k) > c|k — i| for k € ng) (cf. Figure

3),
‘ha(k’)e_x&)”(ﬂk)} < |ha(k) — h(ka)|e—lfRei>32(r,k;) + ‘h(k)|e—xRe<i>32(T,k)
< [ha(k) = h(k)]eTe P2k 4 0N, (7.8)

=y
>
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To estimate |hq(k) — h(k)|, we note that Lemma 6.1 yields

2N
8] r1(wk) . o =
1 a(wk) — Z (1')‘kl(k. _ Z)J‘ < C|k§ _ Z-|2N+161|Re<1>21(’r,wk)\’ ke ng),
j=0 J:
2N ] i
79 a Z k ‘k:i (k? _ Z)]‘ < C‘k‘ _ i|2N+le%\Re‘I>21(T,w2k)|’ ke ng),
ON i
72,4/ wk Z |k: AN AL 4y . Z)]) <Clk— i,QN—i—le%\Re@m(T,ﬁ)l’ ke Fﬁ),
7=0

uniformly for 7 € Z. The identities
(i)Ql(T,OJk‘) = —(i)zl( T, wk) (1321( ) (1321(7' w k‘) keC,
together with Figure 3, imply that

IRe ®ay (1, wk)| = [Re Boi (7, L)| = [Re Bor (7, £)| + |[Re on (1,w?k)|, ke,

and hence, using also (7.5) and the relation ®y; (7, wk) = ®3a(7, k),
\ha (k) — h(k)‘eﬂReégz(r,k) < Clk — Z“2N+1efx(|Re<i>32(T,k)\fi|Re'i>21(7,wk)|)
< Clk — Z-|2N+1e—%|Re<i>32(T,k)\ (7.9)
for k € Fg?;) and 7 € Z. Shrinking the size of the lenses if necessary, there exists a ¢ > 0
such that
Re ®35(7, k) > c|k — i (7.10)

uniformly for k € I’g?;) and 7 € Z. Combining the inequalities (7.7), (7.8), (7.9), and (7.10),
it transpires that

|(U§i)(ﬂf,t, k))as| < Clk —i|NFleek=il 4 cp=N < 02V,

which proves the desired estimate for the (23)-entry of vﬁ) —1I; the (13)-entry can be handled
similarly since rl(leﬂ) +7ro(kw?) vanishes to all orders at k = i (this follows from (4.4) with
k replaced by wk and the assumption that r1 (k) vanishes to all orders at k = i). (]

The next lemma is proved in the same way as [12, Lemma 6.3].

Lemma 7.4. [t is possible to choose the analytic approximations of Lemma 6.1 so that the
L*>®-norm ofvj(.g) —1I on Fgg), j=1s,...,64, is O(z™N) as x — oo uniformly for v € T.
Using Lemmas 7.2, 7.3, and 7.4, we conclude that v®) — = O(z=N) as  — oo, uniformly
for k € T3\ (U2_; UL, De(w'ky) U OD).
8. GLOBAL PARAMETRIX
For each 7 € Z, let §(7,-) : C\ F?) — C be a function obeying the jump condition
O (k) = 6_(r, k)1 + ri(k)ra(k)), kel

and the normalization condition 6(7,k) = 1+ O(k™!) as k — oco. As mentioned earlier

see the text below (6.1)), 1 + r1(k)r2(k) > 1 for all k € N [herefore, by taking the
5
logarithm and using Plemelj’s formula, we obtain

o(1, k) = exp {2_731 /kl In(1 +STT?T2(S))ds} , keC\ F?), (8.1)
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where the path of integration follows the unit circle in the counterclockwise direction, and
the principal branch is used for the logarithm.

Lemma 8.1. The function §(7, k) has the following properties:
(a) 6(7, k) admits the representation

S(1, k) = e~ (h=k) o =x(mh), (8.2)
-1 [k

M) = o [ = )i+ (), (8.3)
T Ji

where the path of integration follows 0D in the counterclockwise direction and v <0 is
defined in (2.9).
For s € fgg), ks Ing(k — s) = In|k — s| + iarg,(k — s) has a cut along {? : 0 €
[Z,args], args € [5,2F]} U (i,ic0) and arg,(1) = 2.
(b) Foreacht € I, 6(t,k) and 6(r, k)~ are analytic functions of k € C\Fég). Furthermore,
sup sup |6(7, k)T < oo.
7€l e\

3
(c¢) Fork e 8[D>\I‘é ),

™+ arg; k 1 arg s

Re X(T7 ]{7) = 9 14 % Fé?)) B

dIn(1 + ri(s)ra(s)), (8.4)

where arg; k € (5,%F) and arg s € (—m, 7). In particular, for k € 6D \ Fgg), |0(T, k)| is

constant and given by

k 1
16(r, k)| = exp (2t - — [ B2 11 4 ry(s)ra(s)) ), (8.5)
2 o i 2
where arg ky € [5, &)
(d) As k — ki along a path which is nontangential to Fgg), we have
IX(T, k) = x(7: k1) < Clk = Ea|(1+ 1o [k — K1 ]), (8.6)
where C' is independent of T € T.
(e) As k — oo,
5(r,k) = ez Ji ' (141 (s)ra(s))ds+O(k2). (8.7)

Proof. To prove part (a), it suffices to perform an integration by parts in (8.1), recalling
that 71(¢) = 0 due to assumption (iv) in Section 2.1. Part (b) is then a consequence of

(8.2) and the fact that Imv = 0. By (8.3) we have, for k € 0D\ Fé?’),

1
Re x(7,k) = 5 ” arg,(k — s)dIn(1 + ri(s)ra(s))
5
1 T+ arg; k + arg s

=5 o 5 dIn(1 + ri(s)ra(s)),

and (8.4) then follows from the assumption that r; = 0 on [0,4] and the definition (2.9) of
v. By (8.2),

|(5(T, k)’ — eV ar8k, (k—kl)efRex(T,k).

We obtain (8.5) after substituting (8.4) and arg;, (k — k1) = w into the above
equation. This finishes the proof of part (¢). We obtain part (d) using (8.3) and standard
estimates and part (e) is immediate from (8.1). O
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For 7 € Z and k € C\ 9D, we let {Aj;(7, k)}?zl be given by

o(r, wk) 5(7‘,ﬁ)

§(1,w?k) (T, ﬁ) 7

We have Ass(T, +) = Ags(7, k) and, using (8.7),

A33(7’, ]{7) = AH(T, k) = A33(T,wk), AQQ(T, k) = Agg(T, ka).

Ags(7, k) = ez (@E=20) Ji 1 (1471 (9)r2(9) (147)ds+O(k™2)

k1
=1- ﬁ[ In(1 4 r1(s)ra(s))(1 4 s~ 2)ds + O(k™?), k—oo. (88

We define the inverse of the global parametrix by

Ay (1, k) 0 0
A(r k) = 0 As(rk) 0 . reZ, keC\aD. (8.9)
0 0 Ass(T, k)

It satisfies the symmetries

A(1, k) = AA(1,wk) A = BA(7, 1B,

and obeys
1 + Tl(k)TQ(k?) O 0
_ _ 3
A+1(T7 k) = Afl(Ta k) 0 m 0, ke Fé ), (8.10a)
0 0 1
ATNT, k) = ATM (7, k) keTPur?.  (8.10b)
—+ ) - — I I 2 8 .

Using (8.9) and Lemma 8.1, we deduce the following.

Lemma 8.2. A(1,k) and A(7, k)~ are uniformly bounded for k € C\ 0D and 7 € T.
Furthermore, A(1,k) = I+ O(k™!) as k — oo.

9. THE n®® — n4) TRANSFORMATION

The purpose of the fourth transformation n(3) — n® is to make v¥) — I uniformly small
as  — oo for |k| = 1. Let n(® be given by

n®(z,t, k) =n® (z,t, k) A(r, k), keC\IW, (9.1)

where I'® = T'3) This function satisfies n(f) = n(f)v(‘l) on ', where v = AZWGIA .
We define a small cross centered at ki by X€ := U;*:lé’(jﬁ, where

x: =T N D.(ky), x5 =TWND(ky), x5=T")NDe(ky), X5 =T N D.(ky),

are oriented outwardAs from k1. We also define the union of six small crosses centered at
{wjkl,wjkg}?zo by X¢ =X UwX Uw?X U (X)) U(wx9)tu(w?xe)—L

Lemma 9.1. v converges to the identity matriz I as x — oo uniformly for T € T and
kel® \ X¢. More precisely, for T € Z,

HU(4) - IH(leLoo)(rM)\)Ee) < CxV. (9.2)
Proof. Using (6.2), (6.3), (6.4), and (7.4) together with the jumps (8.10) of A, we obtain
o = ATIA =T+ ATWIAL, j=2,58.

Using Lemmas 6.1 and 8.2, we infer that the matrices A:lvj(.i)AJr, j=2,5,8, are O(z~N)
as  — oo. Using also Lemmas 7.2, 7.3, and 7.4, we conclude that the L' and L> norms
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of v — T are O(z=N) as x — oo, uniformly for 7 € Z and k € SNT® \ X¢. Then (9.2)
directly follows from (4.2). O

The matrix v — I is not uniformly small on X¢. The goal of the next section is to build
a local parametrix that approximates n(¥ in a neighborhood of k;. The local parametrices
near {ko,wky,wks, w?ky,w?ks} will then be obtained using the A- and B-symmetries.

10. LOCAL PARAMETRIX NEAR k1
As k — k1, we have
s N - - A1 — 3k — k3
o (r, k) = B (1, k1) = Bar e (k = k1)* + O((h = k)®), Barpy = =7
1

Let z = z(z, 7, k) be given by

. . 2i(Po1 (1, k) — Py (7, k
z = z\a(k —k1)Z, z:\/ ( 21(z§(k)—k1§12( 1)>’

where the principal branch is taken for z = Z(7, k), and

Zy = \/ﬁe%i\/‘i)m,kp —ikyz, > 0.

We have 2(7, k1) = 1, and 2(®a1 (1, k) — Po1 (7, k1)) = —%. We fix € > 0 and choose it so
small that the function z is conformal from D.(k1) to a neighborhood of 0. As k — kq,

z=zVa(k — k1)1 + O(k — k1)),
and for all k € D.(k1), we have
lnkl (k} — ]ﬁl) = lno[z*(k — kl)é’] —Inz— an*

where Ing(k) := In |k| + iargy k, argy(k) € (0,27), and In is the principal logarithm. Re-
ducing € > 0 if needed, k — InZ is analytic in D¢(k1), In2 = O(k — k1) as k — ki,
and

Inz, =1In|z| +iargz, = In|z| + z(g —arg kl),
where argk; € (3, 2). By (8.2), we have

5(7_, k?) _ e—iulnkl (k—kl)e—x(T,k:) _ e—iulno zl,%’eiuln éeizl lnz*e—x(T,k)

—iv —iving z 21'1/
s

From now on, for brevity we will use the notation Zg) = ¢

2 = eIz 5o that

= W2 and

St k) = z(_oéyar% ZW W e X (k)

Using this, we get
An(rk)  8(1)25(wk)3(w2k)

z .
Aoo(T, k) 5(2)25( 1 w(ﬁ) = z(Qg)Vdo(:E,T)dl(T, k), (10.1)

w2k
; C8(E)20(wk
do(,7) = e2X(Tk) g=iv =2 (&) 1( 1

dl ('T, k;) = ez(X(T’k)_X(’r:kl))é—QiV

Define



22 BOUSSINESQ’S EQUATION: ASYMPTOTICS IN SECTOR T
where 3 = diag (1, —1,0) and f(kl)i% > 0. For k € D.(k1), we define
Az, t, k) = nW (2, t, k)Y (z,7). (10.3)

Let ¢ be the jump matrix of 7, and let ©; be the restriction of v to F§-4) N D¢(k1). By (7.1),
(9.1), and (10.1), we have

L (k)3 22 e 0 St 0
Vg = 0 1 0> U7 = —f(k;l)*irza(k)dlz(%%’e*T 1 0],

0 0 1 0 0 1

1 —f(kl)%rw(k)dllz@?we Sl ) 1 e 00
= |0 1 ol 6= |7(k1) 27 (k:)dlz(%)”e_T 10

0 0 1 0 0 1

Define ¢ := —f(kl)férg(kzl), and note that —f(kl)%rl(kl) =q, 1+ r1(k1)ra(ky) = 1+ |q|?

and v = —3= In(1 + |g|?). We also have di(7, k1) = 1. Hence, we expect that fi should be

close to (1, 1 1)Ym*t, where m¥i (z,t,k) is analytic for k € D¢(k;1) \ X¢, satisfies ml_f =

mk ’UXE on X€ with

1
7(k1)2ri(k1) _—2iv —q_ . —2iv
[ Tt e 0) (L marw er O
Uxe = 1 0] =10 1 0]
0 0 1 0 0 1
1 0 0 1 00
@X — k k 2iv _iz? 1 0 2iv 1 0
X5 = —7(k1)” 2r2( 1)2(0)6 2 qzip e 2 )
0 0 1 0 0 1
; iz2 iz
N 1 —r(kl)%rl(kl)z([}?“’eT 0 1 (jZ@?“’@T 0
Yaxs = | 0 1 =10 1 0f]:
0 0 1 0 0 1
1 00 1 00
oxe = | 7k )_%7" (k1) 220V o _iz? = —q 2y _iz?
U T | TG A0 2 L0 v UL B
0 01 0 1

and is such that m*! (z,t,k) — I as t — oo uniformly for k € dD(k1). Let m* be given
by

Mgt k) =Y (x, 7)m~ (¢, 2(z, 7, k)Y (z,7) 7L, k € D.(ky1), (10.4)
where m¥ is the unique solution to the model RH problem of Lemma A.1.

Lemma 10.1. The function Y (x,7) is uniformly bounded:

supsup |V (z, ) < C, (10.5)
TEL x2>2

where |Y (x, 7)Y = \/23

i1 | (Y (2, 7)E)45|2. Furthermore, do(x,7) and di(7,k) satisfy

\do(z,7)| = e*™, x>2, T€ETL, (10.6)
|di(7,k) — 1| < Clk — k1|(1 + |In |k — k4|)), TeZ, ke X (10.7)
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Proof. The inequalities (10.5) and (10.7) are direct consequences of Lemma 8.1. We now
turn to the proof of (10.6). Recall that v € R. Hence, by (10.2),

8(2)26(wky)6(wk
’do(ij)‘ _ 62Rex('r,k:1)621/argz* (k'l) 1( 1) E 1) _ (10.8)
(5200 (G7)
Recall also that arg z, = § — arg k;. Using (8.5), we get
(5(,%1)25((&)/{?1)5(&)2]?1) 1
6(%]“)5(%]“) = exp (1/ arg k) — o /F?) arg s dln(1 + 7"1(3)7“2(3))>. (10.9)

We find (10.6) after substituting (8.4) (with k replaced by k1) and (10.9) into (10.8). O

In the statement of the next lemma, and in what follows, Cn(7) denotes a generic
nonnegative smooth function of 7 that vanishes to all orders at 7 = 0.

Lemma 10.2. For each x > 2 and 7 € T, mF' (x,t,k) defined in (10.4) is analytic for

k € D. (k1) \ X¢. Moreover, m* (x,t k) is uniformly bounded for x > 2, 7 € T and
k€ D.(ky)\ X¢. On X, mF satisfies m’f = mM ok, where the jump matriz v** obeys

4 _ .k -1
o'~ et < Ov(r)a" I, z>2 rel. (10.10)
Hv(4) — 'Ukl”Loo(Xe) < CN(T)a:_l/2 Inz,
Furthermore, as x — 00,
lm* (2, t, ) = I|| Lo oD, (k1)) < COn ()2 (10.11)
Y(z, T)m ( )Y (:z ! -
h —I= 1 ! 10.12

uniformly for T € I, where miy(q) is given by (A.S) with ¢ = —f(k:l)férg(kl).

Proof. By (10.3) and (10.4), we have v¥) — %1 = Y (5 — vX)Y 1. Thus, in view of Lemma
10.1, the estimates in (10.10) will follow if we can show that
|o(z, t,-) —v¥(z,t, 2(x, T, -))||L1(X;) < Cn(t)z 'Inz, (10.13a)
|o(z, t,-) —v¥(x,t, 2(x, T, '))HLOO(X;) < COn(m)z 2 Ina, (10.13b)

for j =1,...,4. We show (10.13) for j = 4; similar arguments apply when j = 1,2, 3.
For k € Xf, only the (21)-entry of the matrix v — v¥ is nonzero. Note from Lemma 6.1
that |fgq (k)| < On(1)edlRe®21(mh)l for all k € X§ and 7 € Z. Using also the identities

. 2 . 2 2
—q 1. L ReciEy  _lal?
TrjaE = Tk Rk, e F =TT e
and Lemma 6.1, we find, for k € &,
(5 — v )| = f(kl)_%fg (k)dlz%”e_% —9 o —é
@ (0) 1+|q? (0) €

i22
= |22\ (dy — 1) (k1) "2 Poa(k) + 7(k1) 72 (Po.a(k) — f’g(k’l))“e’T

2|2

< c(rch 1ok + [na(k) fz<k1>|)e 2

2
\

E
< Cn(7) (\dl — 1|+ k- k1\> 2|Re a1 (7,k)| ,— 15

< C(7) <|d1 — 1+ |k — k1\>e—wlk—kll2_
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Using (10.7), this gives
(5 = v¥)a1| < On (Pl — k| (1 + [ In [k — ey |[)eolh =Rl ke Xj.

Hence
o0 2
15— 0¥l ) < cN(T)/ (1 + | u))e= ™ du < Cy (1o nz,
0

[0 =¥ lzqag) < On(r) supu@ + [mule < )z~ In,

which completes the proof of (10.13), and hence also of (10.10).
For k € 0Dc(k1), we have |z| = |zi|\/z|k — k1]|2| > ey/z, so the variable z tends to
infinity as # — oo. Thus (A.3) can be used to infer that

mi (q)
zevx(k — k1) 2(7, k)
uniformly for k € dD(k;) and 7 € Z. Recalling the definition (10.4) of m**, this gives
Y (z, m)mi (@)Y (z,7) 7"

ze/x(k — k1) 2(7, k)
uniformly for k¥ € 0D.(wks) and 7 € Z. Since ra(k) vanishes to all orders at k = i and

q = —f(k‘l)_%Tz(kfl), we see that |q| = O(Cn(7)). Since mi(q) = O(q) as ¢ — 0, the
estimates (10.11) and (10.12) are a consequence of (10.14). O

Hgp 2z k) =1+ +0(gz™h), @ oo,

mh — I = + O(qz™1), xr — 00, (10.14)

11. THE nY — A TRANSFORMATION

The symmetries
m (z,t, k) = AmF (2, t,wk) A7t = Bm* (z,t,k~1)B
allow us to extend the domain of definition of m*' from D.(k1) to D, where D := D.(k;) U

wD(k1) Uw?De(k1) U De(kTY) UwD (k') Uw?De(k7!). Shrinking sy if necessary, we
may assume that ¢ belongs to D(k1) for all 7 € Z. Our next goal is to prove that

(4) (1 k1)—1 LeD
A = ”(4)(m )" keD, (11.1)
n\*, elsewhere,

is close to I for large x and 7 € Z. Let I' = ' U dD be the contour shown in Figure 9,
and let us orient each circle that is part of 0D in the clockwise direction. Define

o), ke D,

=< mh, k € 0D, (11.2)

m’ilv(‘l)(mlj_l)_l, kel nD.
We denote the set of self-intersection points of I by T',. The function 7 satisfies the following
RH problem.
RH problem 11.1 (RH problem for 7). Find a 1 x 3-row-vector valued function n(x,t, k)
with the following properties:
(a) A(z,t,-) : C\ T — C¥3 is analytic.
(b) The limits of i(z,t, k) as k approaches T\L', from the left and right exist, are continuous

onT \ F*, and are denoted by ny and n_, respectively. Moreover,

Ny (z,t, k) =n_(z,t,k)o(z,t, k) for kel \T,.
(¢) Az, t,k) = (1,1,1) + O(k™!) as k — oo.
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Figure 9. The contour I' = TWUID forargk € [Z,22] (solid), the boundary of S (dashed),
and the saddle points ki (blue) and w?ks (green).

(d) Fork € C\T, @ obeys the symmetries
n(x,t, k) = n(x, t,wk) A = a(z,t, kB
(e) Az, t,k) =O0(1) as k — k, € I,.

Lemma 11.2. Let w = v — I. The following inequalities hold uniformly for x > 2 and
Tel:

191l (1 pooy DU < O, (11.3a)
@l (r1rzeeyop) < Cn(m)a™ /2, (11.3b)
@l 2oy < Cn(r)z™ Ina, (11.3c)
[ o0 () < Cn(r)z= 2w, (11.3d)

Proof. Note that I'\ (9DUX€) = T\ X, Thus (11.3a) is a consequence of (11.2), Lemma
9.1, and the uniform boundedness of m*.. The estimate (11.3b) follows from (11.2) and
(10.11). The inequalities (11.3c) and (11.3d) are direct consequences of (11.2), (10.10), and
the uniform boundedness of m*. O

The Cauchy transform Ch of a function h defined on T is defined by
5 1 h(z")dZ A
(Ch)(z) = / () e\

2ri Jp 2 —z

The inequalities in Lemma 11.2 imply that
”wHLl(f) <Cz N+ CN(T)$_1/2,
||121||L2(f) <Cz™VN+ CN(T)m_l/Q(lnx)l/Q, r>2, 7€l (11.4)
”wHLoo(f) < Ca N+ COn(r)2 /2 Inw,
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In particular, we have @ € L2(I') N L(T"), so that the operator Cy = CAw(m’t,.)  LA(D) +
LX) — L*(T), h — Cyh := C_(ha) is well-defined. We denote the space of bounded
linear operators on L?(I') by B(L?*(T')). Using (11.4) we infer that there exists an X > 0

such that I — CAU;(M,.) € B(LA(T")) is invertible for all z > X and 7 € Z. Hence 7 satisfies a
small-norm RH problem and can be expressed as

R 1 d
et ) = (L 11) + €)= (L L) + o [ ot s)i(et ) % (11.5)
2wt Jp s—k
for x > X and 7 € Z, where
f=(1,1,1)+ (I —Cy) 'Cy(1,1,1) € (1,1,1) + L¥(I). (11.6)
Furthermore, using (11.4), (11.6), and the fact that ]]é_\]B(LQ(f)) < 0o, we find
R CHwHLQ(f) -N —1/2 1/2
1A= 1L D) < <Cx ™ +Cn(m)z” /*(Inx) (11.7)

L= lCallgra(ry)
for all 7 € 7 and all large enough x. To determine the long-time asymptotics of n, define
71 as the nontangential limit

< 1
2D (z,t) = lim k(a(z,t,k) —(1,1,1)) = —— [ j(a, t, k)i(z,t, k)dk.
k—o0 2mi Jp

Lemma 11.3. As z — oo,

1,1,1
A (z,t) = _g / W(z,t, k)dk + Oz~ + On(m)z ' Inz). (11.8)
211 oD
Proof. 1t suffices to write
1,1,1 1,1
AWz, t) = — ()/ w(x,t, k)dk — ()/ (2, t, k)dk
271 oD 27 f‘\&D
- — [1 —(1,1,1))w
57 (A1) = (L1 1)) . Ryl
and then to use (11.7) and Lemma 11.2. O
Let {F®},cz be given by
1 1
FO(z,7)=— — =Y, b, k)dk = —— E=YmP = Idk.
27 dD (k1) 2mi 8D (k1)

Using (10.12) and 2(7, k1) = 1, and recalling that 0D (k) is oriented clockwise, we get
z, r)mi (q)Y (w,7)""

FO@z,7) = klfly( +0(Cn(T)z™Y) = =ikl Z(x, 1) + O(CN (7))

2T
(11.9)
as x — oo uniformly for 7 € Z, where
Bi2
0 - - 0
7 - Y(x7 T)m{(Y(q;7 7-)_1 B 1 ~ ) doe®®21(Tk1) 7 (k) 2
(%7') = —iklz*\/f = —ik1z*\/5 d0€x<1>21(7',k1)7‘«’(k1)§ﬁ21 0 0
0 0 0
Lemma 11.4. Forl € Z and j =0,1,2, we have
1 . 4 .
E— Kl (2, t, k)dk = oD AT PO (2 1) AT (11.10)

271 ) wiaD. (k1)
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b Kb (x,t, k)dk = —w? D ATBFEED (4, 1) BAY. (11.11)
271 wjaDe(kl_l)

Proof. These identities follow from w(z,t, k) = Aw(z,t,wk)A™! = Bi(z,t,k~1)B which
hold for k € OD. A more detailed argument in a similar situation can be found in [12,
Proof of Lemma 12.4]. O

It follows from Lemma 11 4 that

2
-1 1
— w(x, t, k)d g w(z,t, k)dk — E— w(x,t, k)dk
271 27rz /o;yaD€ k1) 271 /wyan( 1 ( )

oD =
2 .
=> W ATFV (g, - ZwJA IBFCY (2, 7)BA.
j=0 =0
Hence, (11.8) and (11.9) show that 2(") = (1,1, 1)V, where
2 2
fn(l)(a:,t) = ij.AijF(l)(.%',T)Aj — ijAijBF(il)(l',T>BAj + O(x*N + CN(T)wfl lna;)
j=0 =0
= —iky Zw]A_JZ(x, A 4 ikt Zw]A_JBZ(x, T)BA! + Oz + Cn(r)z" Inz)
§=0 =0

(11.12)

as x — 0o, uniformly for 7 € Z.

12. ASYMPTOTICS OF u

By (4.1), we have u(z,t) = —i 3%n§1)(x,t), where nz(x,t, k) = 1+ nél)(m,t)k‘_l +
O(k~2) as k — oo. By inverting the transformations n — n() — n(® = n®) s n® s 7
using (5.11), (6.5), (7.2), (9.1), and (11.1), we obtain

n=nATHGONHGEPHH Gt keC\(TUuD),
where G, G®), GG) | A are given by (5.12), (6.6), (7.3), and (8.9), respectively. Thus

/
u(x,t) = —Z\/gﬁ <ﬁgl)($,t) + lim k(Asz(r,k)~' — 1)),
ox k—o0

where ﬁgl) is defined via the expansion ng(x,t, k) = 1+ ﬁél)(x,t)k*1 +O0(k™?) as k — oo.

By virtue of (8.8) and the change of variables formula

0 0 T 0
o _9 _T9 12.1
8‘7: t const 81: T const €T aT T const7 ( )
we obtain
o V3 d ki(T) L
p lgrolo E(Ass(m, k)™t —1) = :c27rd7'/1 In(1 + r1(s)re(s))(1 + s~ %)ds. (12.2)

Since r1(s)ra(s) vanishes to all orders at s = i and k; = ie"”T0(™) ag 7 — 0, the right-hand
side of (12.2) is O(Cy(7)z™'). Hence

u(z,t) = —i\/ﬁgxﬁg)(z,t) +0(Cx(Mz™Y, 17— o0, (12.3)
uniformly for 7 € Z. By (11.12), we have
A( ) — = 719 (wzk — inkrl) + Za (w%k;l — wik:l) + O(:L'_N + C']\/(T):IJ_1 In ;U)
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. Blg(wikfl — w21k1) doe‘r‘izl(T’kl)f(kl)%ﬁgl(w%kl_l — wikl)
—iky 2en/Zder®2 (TR (k) 2 —ik12e/T
+ O(a:_N +Cn(7)z tn )

2nv

as © — oo uniformly for 7 € Z. The identity |do(z,7)| = e*™ established in Lemma

10.1 implies that %—102 = —dof21. Therefore, using also that (wik;' — inkl)/f(kl)% =

(k)2 (w2iky " — wiky) € R and —ikyz, > 0,
Bra(wiky " — w?iky)

— ik 2o /Tdgem P21 (TR (K )2

ﬁ:(al) — 9 Im + O(g;_N + Cn(r)z ' n x) as x — 00.

Since
mi 3mw
Bl = vV 2me 4' e 2 , do(z,7) = 627rueiargdo(x,r)’ lq| = [e=2mv _ 1,
ql'(iv)
V2 V2 ik — Wik
IT(iv)| = T = ; , kil Cf il = —y/—1—2cos(2argky),
Ve — e —vez |q| (k)2
we find
v = —1-2 2 k ~
ﬁgl) =—2i v —ikwf\o/sf( arg k1) sin (Z —argq —arg'(iv) — arg dy — xIm Py (T, kl))

+ O(:n_N +Cn(t)z ' Inz) as r — 00,

uniformly for 7 € Z. As in [13], we can prove that the above asymptotics can be differenti-
ated with respect to x without increasing the error term. Hence, by substituting the above
formula into (12.3) and using (12.1) and the relation Im (®o; (7, k1) — T%‘I)Ql(T, k(7)) =
Im k1, we arrive at

o 7190 . (T . -
u= — 2\/3(&1; - 3387> <sm <Z —argq —arg'(iv) — argdp — xIm Pg; (T, kl))

y V=vy/—1—2cos(2arg ki)
—Z'k’lz*\/5
A(7)

= NG cos (% —argq — arg D(iv) — arg dy — zIm ®oy (7, k1)> + O(x*N + Cn(r)z! lnm)

as * — oo uniformly for 7 € Z, where A(7) is as in the statement of Theorem 2.1. Since

argq = 7+ argre(ky) (mod 27) and cos(—x) = cos(z), we can write this as

A(7)
N3

+ O(x_N + Cn(7)z " n )

> + O(:c_N +Cn(t)z ' Inx)

u(x,t) =

3 -
coS (Zﬁ +argra(ky) +argI'(iv) + arg dy + xIm Py (7, kl))

as x — oo uniformly for 7 € Z. The expression (2.9) for argdy(x,7) follows from a long
but direct computation using (10.2), (8.2), and (8.3). This finishes the proof of Theorem
2.1.

APPENDIX A. MoODEL RH PROBLEM

The lemma presented in this appendix is needed for the local parametrix near k;. The
proof involves parabolic cylinder functions as in [24], and we refer to [11, Appendix A] for
a constructive proof of a similar lemma.
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Let X = XjU---U Xy C C be the cross consisting of the four rays
Xlz{se%}0§s<oo}, XQ:{seg%‘O§3<oo},
ng{se_%‘0§s<oo}, X4:{se_%|()§s<oo}, (A1)
all oriented away from the origin.
Lemma A.1 (Model RH problem needed near k = ky). Let g € C, and define
v=—5In(1+ lq)?) < 0.

Define the jump matriz v~ (z) for z € X by

1 ﬁ%iwe% 0\ .1 . 0 0 |

0 1 0| #zeX, gzle ™ 1 0] ifze Xy,

0 0 1 0 0 1

1 Qz(g%% 0\ 1. B 00

0 1 0| #zeXs, Tple T 1 0] ifzeXy, (A2
0 0 1 0 0 1

where zég) has a branch cut along [0,400), such that zfg) = |z|"e v 280(2) argy(z) € (0, 27).
Then the RH problem

(a) mX(q,") =m*X(q,-) : C\ X — C3*3 is analytic;

(b) on X \ {0}, the boundary values of m* (q,-) ewist, are continuous, and satisfy mif =

mXv¥;
(c) mX(q,2) =T +0(z7) as z — 00, and m*(q,2) = O(1) as z — 0;
has a unique solution mX(q, z). This solution satisfies
X 0 Bz O
mX(q,2) = 1+ "L +o(q2), s, mE@ =B 0 0). (A3
“ o 0 0 0

where the error term is uniform for arg z € [—m, 7| and q in compact subsets of C, and

i 37v T %%
2mete 2 V2me  1e T2
= -— == A4
Remark A.2. Since |'(iv)| = vy 2m = V2T __ it follows that 12821 = v and

,/_l,\/efrru_eﬂu /7—116 ) ‘ql’

that ms<(q) = O(q) as ¢ — 0.
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