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Abstract. High-dimensional data are ubiquitous in regression. To
obtain a better understanding of the data or to ease the learning process,
reducing the data to a subset of the most relevant features is important.
Among the different methods of feature selection, filter methods are pop-
ular because they are independent from the model, which makes them
fast and computationally simpler than other feature selection methods.
The key factor of a filter method is the filter criterion. This paper focuses
on which properties make a good filter criterion, in order to be able to
select one from the numerous existing ones. Six properties are discussed,
and three filter criteria are compared with respect to the aforementioned
properties.
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1 Introduction

In regression problems, datasets are often high-dimensional. Therefore, select-
ing a reduced subset of the most relevant features is an important challenge
for data analysis, to help fighting the curse of dimensionality, to ease the learn-
ing process, to increase interpretability of the original data, etc. Many works, in
diverse domains such as healthcare, spam detection or marketing, focus on meth-
ods reducing the original subset of features in datasets [9,13,22,26,28]. Feature
selection can roughly be classified into filters, wrappers and embedded meth-
ods. This paper focuses on filter methods, which have the advantage to be fast
thanks to their independence from the model used. Indeed filters do not need to
train any model during the selection process, contrarily to wrappers [16,17] or
embedded methods [20]. They also lead to a selection of features that is indepen-
dent from the models that will be subsequently used. To select the subset of the
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most relevant features for the problem at hand, filter methods need a sound rel-
evance criterion. The choice of this criterion is therefore strategic for a successful
filter-based feature selection process. The problem is that there exist many filter
criteria with various properties. Among these criteria, this paper does not intend
to present the best criterion to be used on every dataset but focuses instead on
the essential properties of what makes a good filter criterion for feature selection
in regression, and what are its strengths or weaknesses with respect to these
properties. These properties are described and discussed in Sect. 3, after intro-
ducing feature selection with filters in Sect. 2. Several interesting filter criteria
are described in Sect. 4 and compared in the light of these properties in Sect. 5.
Finally, conclusions on these comparisons are given in Sect. 6.

2 Feature Selection with Filter Criteria

Feature selection helps to reduce the dimension of a dataset by removing redun-
dant or less useful features. In the context of filter methods for feature selection, a
good relevance criterion must first be selected. The relevance criterion measures
the importance of the relationship between a feature, or a group of features, and
the target. The target is the output variable depending on the problem at hand.
This criterion is therefore the key factor of a successful dimension reduction
process with filter methods.

Filter criteria are very diverse: for example, some are based on entropy, such
as the mutual information (Sect.4.1), while some are based on noise variance
(Sect. 4.2) or regression quality (Sect.4.3). The question raised by this paper is:
“What is needed in a good filter criterion in order to obtain the subset of the
most relevant features for the problem at hand?” These properties are listed in
Sect. 3 and used for comparison of several relevance criteria in Sect. 5.

A complete feature selection process needs mainly two ingredients: a filter
criterion, as already discussed, but also a search procedure, in order to find
the best subset of features among all possible subsets (whose number grows
exponentially with the number of initial features), without having to compute the
filter criterion between all subsets of variables and the target. Several methods
exist, such as forward search, greedy search, genetic algorithms, mRMR [23], etc.
During this search procedure, the chosen relevance criterion is, again, strategic.
For example, those search methods need a multivariate criterion to be able to
measure the relevance between two features but also between a subset of features
and the target. Indeed it is often believed that filters use univariate criteria
only; this is not correct: several multivariate filter criteria exist, such as the
mutual information (Sect.4.1) and the noise variance (Sect.4.2). This property
is discussed in Sect. 3.2 and is used for comparison in Sect. 5.2.

3 Properties of a Relevance Criterion for Feature
Selection in Regression

The choice of the relevance criterion used for feature selection, among the various
existing ones, is strategic. This section describes the six essential properties of
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a good relevance criterion used as a filter during a feature selection process in
regression. It also discusses the reasons why these properties are important. In
order to demonstrate how to use these six properties, a comparison of the filter
criteria presented in Sect. 4, with respect to these properties, is realised in Sect. 5.

3.1 Property 1: Ability to Detect Nonlinear Relationships

In real datasets, the relationship between variables is most generally nonlinear.
Therefore, a good filter criterion for feature selection in regression should be able
to detect nonlinear relations between variables, or groups of variables [11,14].

3.2 Property 2: Ability to Detect Multivariate Relationships

When looking for the best subset of features, a search procedure, such as a for-
ward search, needs to evaluate the relations between groups of two, or more,
features and the target. Indeed, measuring the relationship between one input
feature and the target is not enough, as some features only contribute to the tar-
get when combined. An example of that would be when the target is determined
by the product of two features. To achieve this multidimensional measurement,
the filter criterion needs to be able to measure multivariate relations between
groups of variables. This property is essential for feature selection methods with
a filter criterion [6,24].

3.3 Property 3: Estimator Behaviour

Most filter criteria are defined as a statistical property of the data integrated
over the domain space. The criteria are repeatedly evaluated at each step of the
search procedure. However, the criteria themselves can usually not be evaluated
exactly because of the integration over the domain space. An estimator is thus
needed, whose computational complexity and statistical properties are therefore
important and must be taken into account when choosing a criterion [3].

3.4 Property 4: Estimator Parameters

Filter criteria estimator often require an optimization parameter to be tuned.
The influence of this parameter on the quality of the estimation, and therefore
on the quality of the feature selection itself, might be important. For exam-
ple, nearest-neighbours based estimators, such as the Kraskov estimator (see
Sect. 4.1), need to choose the number of neighbours used in the estimation. This
choice of parameter might be crucial, while its influence is sometimes underesti-
mated in the literature. When comparing different estimators, the stability of the
estimator with respect to an optimization parameter is an important property
to take into account. This property is discussed in Sect. 5.4.
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3.5 Property 5: Estimator Behaviour in Small Datasets

Data are ubiquitous. In many fields the number of data that can be collected
might be huge, leading to the so-called “big data”. In other fields however the
number of data remains limited (for example because of collection costs), while
the number of dimensions (features) might be large for every data [15]. The
ratio “number of instances/dimensionality” is therefore an important concept
in all machine learning methods. A small sample dataset is one with a low
ratio “number of instances/dimensionality”. When working with a small sample
dataset, the estimator of the filter criterion needs to behave well to select the best
subset of features. This property is discussed, and filter criteria are compared
with respect to it, in Sect. 5.5, for small sample situations.

3.6 Property 6: Invariant Estimator

When comparing features or groups of features having a linear, or quasi-linear,
relationship, some estimators evaluate differently linear relationships with differ-
ent gradients of the relationship between the features and the target. However,
the importance of a feature or a group of features should not depend on this
gradient but only on the predictability, i.e. the quality of the information in the
features used to predict the output. In feature selection, this would have the
consequence to prefer some features with a greater gradient than features with
a lower gradient. The independence of the estimator towards this gradient is
discussed in Sect. 5.6.

4 Description of Three Popular Criteria

This section reviews three filter criteria, the mutual information, the noise vari-
ance and the adjusted coefficient of determination, with their most frequently
used estimators, in order to illustrate the important properties of a good filter
criterion presented in Sect. 3.

4.1 Mutual Information

Mutual information (MI) is a frequently used criterion for filter methods, in
regression or classification [1,2,13,21,27]. Based on entropy, it is a symmet-
ric measurement of the dependence between random variables, introduced by
Shannon in 1948 [25]. It evaluates the importance of the relationship between
a feature, or a group of features, and another one. It has been shown to be
an efficient criterion to select relevant features in classification [11,23] and in
regression [10,14]. This paper focuses on regression problems.

Let X and Y be two random variables, whose respective probability density
functions are px and py, and where X represents the features and Y the target.
MI measures the reduction in the uncertainty on ¥ when X is known

I(X:Y) = H(Y) — H(Y|X) (1)
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where H(Y) = — [, py(y)logpy(y)dy is the entropy of Y and H(Y|X) =
Jx px(x)H(Y|X = z)dx is the conditional entropy of ¥ given X. The mutual
information between X and Y is equal to zero if and only if they are independent.
If Y can be perfectly predicted as a function of X, then I(X;Y) = H(Y).

With real datasets, MI cannot be directly computed because it is defined in
terms of probability density functions, which are unknown when only a finite
sample of data is available. Therefore, MI has to be estimated from the dataset
[12]. The estimator introduced by Kraskov et al. [19] is based on a k-nearest
neighbour method and results from the Kozachenko-Leonenko entropy estimator
[18] H(X) = —tp(k)+1p(N)+log cq+ 4 Zfil log ek (i), where k is the number of
neighbours, N is the number of instances in the dataset, d is the dimensionality,
cq = (QW%)/F(%) is the volume of the unitary ball of dimension d, I" is the
gamma function, (i) is twice the distance from the i*" instance to its k'
nearest neighbour and v is the digamma function. The Kraskov estimator of the
mutual information is

H6GY) = 6(N) +9(K) - § = 3 D@0 +660) @

T =

where 7,(i) is the number of points located no further than the distance
ex (i, k)/2 from the i'" observation in the X space, 7,(i) is the number of points
located no further than the distance ey (i, k)/2 from the i** observation in the
Y space and where ex (i, k)/2 and ey (i, k) /2 are the projections into the X and
Y subspaces of the distance between the i*" observation and its k" neighbour.

When using MI for feature selection, the relationships between several subsets
of features and the target Y are computed with a search procedure. Among
these subsets, the one maximising the value of the estimated mutual information

I(X;Y) (2) is selected.

4.2 Noise Variance

Noise variance is another popular filter criterion used for feature selection. Its
aim is to evaluate the level of noise in a finite dataset. In regression, the noise
represents the error in estimating the output variable as function of the input
variables, under the hypothesis that a model could be built (by a machine learn-
ing regression model).

Let us consider a dataset with IV instances, d features X;, a target Y and N
input-output pairs (x;,y;). The relationship between these input-output pairs is

yi=f(xi)+e i=1,.,N (3)

where f is the unknown function between x; and y;, and €; is the noise or
prediction error when estimating f. The principle is to select the subsets of
features X; which lead to the lowest prediction error, or lowest noise variance
[14].
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With real finite datasets, the noise variance has to be estimated, e.g. with the
Delta Test, which is a widely used estimator [7,8]. The Delta Test § is defined
as

N
1 2
0= N ; YNNGy — Yi) (4)

where N is the size of the dataset, ynn(;) is the output associated to xyn(),
XN (i) being the nearest neighbour of the point x;.

For feature selection using the noise variance, and therefore the Delta Test
estimator, the relationships between several subsets of features and Y are com-
puted, again with a search procedure such as a greedy search. The search pro-
cedure selects the subset of features with the lowest value of the estimator ¢.

4.3 Coefficient of Determination

The coefficient of determination R? is the proportion of the variance in the
output variable that can be explained from the input variables; it ranges between
0% (unpredictable) and 100% (totally predictable). The definition of R? is

SST'@S
510t ®)

where SSyes = >, (yi— f(x:))? and SSior = >, (y;—7)? withi=1, ..., n, and with
7 being the mean of the observed data. This coefficient statistically measures how
well the regression approximates the target. Because R? automatically increases
when features are added to the model, we use its alternative, the adjusted R2, or
Rz dj> for feature selection in regression, which is more suitable for small sample
sizes. Its definition is

RZ=1-

where d is the number of selected features in the model and n the sample size.
A low R?Ldj indicates that the data are not close to the fitted regression line and

a high R?Idj indicates the opposite.

The dej criterion used with a linear regression model cannot capture the
nonlinear relationships between the features and the target. In order to use
the Rﬁ g na nonlinear context, local linear approximations are considered [5].
In practice, for each point of the function f, a linear regression is computed
with a number of neighbours k starting from 4. The Ridj is computed for every
regression. For each value of k, an average of the Ridj on every point of f is
computed. The best mean Ridj is then selected; it corresponds to a specific
number of neighbours k.

The first step of the search procedure, the univariate step, selects the feature
with the highest mean dej [5]. The multidimensional feature selection strategy,
where the group of features with the highest mean dej is selected, is imple-
mented similarly, but instead of evaluating the regression in two dimensions,
R? 4; €valuates the fitness of the local, multivariate regressions in three, four, five
dimensions, depending on the step of the search process.
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5 Analysis and Comparison

This section analyses and compares, in the context of feature selection in regres-
sion, the mutual information, the noise variance and the coefficient of determina-
tion (described in Sect. 4), with respect to the six properties listed and discussed
in Sect. 3.

5.1 Comparison with Property 1: Non-linearity

The three filter criteria described in this paper can evaluate a nonlinear relation-
ship between a group of features and the target. For the mutual information and
the noise variance, it is intrinsically true. For Rg 4j» the implementation described
in Sect. 4.3 uses local approximations of the regression and is therefore suitable
for nonlinear relations between the features and the target as well. This impor-
tant property is therefore non-discriminant for the three filter criteria compared
in this section. This paper does not consider dependencies between features X
and focuses on evaluating their interest for predicting a given target. Several
approaches have been proposed to deal with redundancy in feature subsets, like

e.g. mRMR [23].

5.2 Comparison with Property 2: Multivariate Criterion

The three filter criteria compared in this section are all able to evaluate the rela-
tionship between a group of features and the target for relevance, and between
groups of features for redundancy, as shown in their respective equations (see
Sect. 4). This second property is therefore also non-discriminant. This shows that
these three criteria are all worth considering when doing feature selection.

5.3 Comparison with Property 3: Estimator Behaviour

The estimators of the three relevance criteria compared in this paper are all
based on a k-nearest neighbour method. Therefore, their time complexity and
their statistical properties are similar and less discriminant. Their respective
behaviour during a forward search method for selecting features with small sam-
ple datasets is discussed in Sect. 5.5.

5.4 Comparison with Property 4: Estimator Parameters

Being all based on a k-nearest-neighbour method, the three estimators of the
compared criteria all have one optimization parameter k. For the Kraskov esti-
mator of the mutual information, this parameter is usually set between 6 and 8
[19]. For the Delta Test, the k parameter is, by definition, set to 1 and therefore
does not need to be modified. For the mean Rgdj, k is usually set higher than
for the Kraskov estimator, in order to obtain stable results during the feature
selection process.



66 A. Degeest et al.

(a) Feature f1. (b) Feature fa. (c) Feature fs.

Fig. 1. Three features of the dataset Anthrokids, where fi is the 1°¢ feature, f» is the
11*" feature and f3 is the 19" feature of the dataset.

In order to evaluate the relation between the value of k and the value of
the filter criterion, and in order to understand how to select k& when using these
estimators, the first step of a feature selection method has been performed on
3 features of the Anthrokids' dataset (Fig.1), with a value of k neighbours
ranging from 5 to approximately 200, both for the mutual information and the
noise variance. Let us remark that this experiment has not been performed for
the Delta Test, the value of k being set to 1 by definition.

Results are shown in Fig. 2: The MI value for the 3 features f; to f5 in Fig. 2(a)
and the mean Rgdj for the same features in Fig. 2(b). Figure 2(a) shows a good sta-
bility of the mutual information estimator towards the value of k for these features.
Figure 2(b) shows that the value of the highest mean R? 4j 15 less stable than the
values of the mutual information. But for a value of k£ higher than 50, the feature
selection results are stable for R? q; as well, as the ranking of the features does not
change for a k between 50 and 200, the feature f; being the first to be selected and
the feature f3 being the last to be selected by both criteria.
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Fig. 2. Evolution of (2(a)) MI values and (2(b)) R, values for three features f1, f2 and
f3 (corresponding respectively to the features 1, 11 and 19 of the dataset Anthrokids

presented in Fig. 1) when k varies.

! https://research.cs.aalto.fi/aml/datasets.shtml.
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5.5 Comparison with Property 5: Estimator Behaviour in Small
Sample Datasets

Methods such as k-nearest-neighbours methods can suffer from a bias when
comparing smooth and non-smooth features, especially in small sample [4,5].
However, the biases in the estimations are much more severe with the mutual
information than with the noise variance or the adjusted R? [4,7].

Experiments have been performed on the real-world dataset Anthrokids. A
forward search has been realised with three features of this dataset (Fig.1).
Results are presented in Fig. 3. The best feature selected in Fig. 3(a) is the one
maximizing the mutual information value. In Fig. 3(b), it is the one minimizing
the noise variance. And in Fig.3(c), it is the one maximizing the adjusted R2.
For the three criteria, the first feature selected is the feature f3. Results also
show that the value of the mutual information and of the adjusted R? stabilises
itself around a hundred instances (Figs.3(a) and (c¢)). The values of the Delta
Test measure are more stable, even in small sample. When comparing Figs. 3(a),
(b) and (c), the adjusted R? measure and the MI measure presents the advantage
to distinguish better the values between the features f; and f3. For the Delta
Test, these values are almost the same, contrarily to the adjusted R?.
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Fig. 3. Average values of (3(a)) MI measures, (3(b)) Delta Test measures and (3(c))
adjusted R? measures for three features of the dataset Anthrokids.

5.6 Comparison with Property 6: Estimator Invariance

In order to analyse the invariance of the estimator with respect to the gradient
of the relation between a feature, or a group of features, and the target, an
illustrative experiment has been realised on three linear functions with various
slopes. Three different linear functions have been generated:

y1 = fi(x) = 2x1 + 22+ € where e ~ N(0, 0.1)
Yo = fa(x) = 41 + 229 + €  where € ~ N(0, 0.1)
Y3 = f3(x) = 621 + 4x2 + ¢ where € ~ N(0, 0.1)



68 A. Degeest et al.

Experiments have been performed with various sizes of samples, from small
ones to larger ones. For each size, an average value of the estimators of the three
criteria have been computed. The results of this experiment are presented in
Fig.4. The Delta Test (Fig.4(b)) and the mutual information (Fig.4(a)) show
an influence of the gradient on the results. This influence disappears with a
larger size of sample for the Delta Test. Ridj (Fig.4(c)) shows no influence of
the function gradient on the results as the three functions are almost superposed.
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Fig. 4. Average value of (4(a)) the mutual information, (4(b)) the Delta Test and (4(c))
the adjusted R? for the three linear functions with different slopes described in (7).

For this property, the adjusted R? behaves better than the Delta Test and
the mutual information in the sense that they are independent from the slope of
the functions and they obtain the same value for the three functions f;, fo and
f3. The Delta Test behaves better than the mutual information since the bias
tends to disappear in larger samples.

5.7 Comparison Summary

Table1 shows a summary of the comparison of the three filter criteria with
respect to the six properties presented in Sect. 3, in a context of feature selection
in regression. When analysing the ease of parameter optimization (P4), the Delta
Test performs better than the mutual information and the adjusted R? because
its only parameter k is set to 1 by definition. In the small sample scenario
presented in this paper (P5), the Delta Test behaves better than the two other
criteria. For the estimator invariance (P6), the adjusted R? behaves better than
the Delta Test and the mutual information in the sense that this criterion is not
influenced by the slope of the function between the features and the target.
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Table 1. Comparison of mutual information with Kraskov, Delta Test and Adjusted
R?. A ‘4’ indicates a good behaviour of the criterion towards this property. A ‘—’
indicates a weakness of the criterion towards this property. The signs‘+ +’" or ‘— —’
are only there to show a difference between two criteria with a good (or bad) behaviour

towards the property, when one of them is better (or worse) than the other one.

Properties MI with Kraskov | Noise variance with DT | Adjusted R?
P1: Non-linearity + + +
P2: Multivariate + + +
P3: Estimator Behaviour + + +
P4: Estimator Parameters + + + —
P5: Estimator in Small Sample | — + —
P6: Estimator Invariance — - +

6 Conclusions

This paper focuses on which properties make a good filter criterion for feature
selection in regression. To illustrate the importance of these properties, it com-
pares three filter criteria, with artificial and real datasets, to show their respective
strengths and weaknesses with respect to each other. These properties could be
used to analyse any other filter criterion used for feature selection or they could
be used in situations where there is redundancy like mRMR or missing values
in feature subsets.
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