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1 IN T R O D U CT IO N
Twotypesofpensionsystemsexistallovertheworld: Fully-fundedandPay-
as-you-gopensionsystems. T hePay-as-you-go(PA Y G ) system iswidespread
inEuropeandA mericaandimpliesanintergenerationalredistribution1. H ow-
ever, thefutureofthis system oftenseemsproblematic. Pensionexpenditures
increasebecausepeoplehavealongerlife-span;theratioofcontributorstoben-
e…ciaries is reducedbecauseofthedecreasinggrowthrateofpopulation;high
publicdebtoftenprohibitsdebt…nancing2. N evertheless, inthesedemocratic
countries, thesystem persists.

‘W hydowenotchooseafully-fundedsystem?’ H owtoexplainthepolitical
supportofaPA Y G system?

Severalargumentshavebeenputforwardtoshowthatamajorityofvoters
supportsthissystem. ItseemsclearthatoldvotersalwayspreferaPay-as-you-
go-system:T heydonothavetocontributeanymoretoits…nancingandreceive
apensionpaidbytheyoung. Butwhydotheyoungvoteforsuchasystem?
T heargumentsofaltruism (Tabellini (19 9 0)), socialcontract(Sjoblom (19 85),
Verbon(19 8 7 )), or‘e¢ciencyreasons’( growthrateofpopulationhigherthan
therateofreturnonsavings, asinBoldrinandR ustichini (19 9 9 ))havebeenput
forward. W eshowthat, eveninaeconomywithsel…shagentsandalowgrowth
rate ofpopulation (as today), heterogeneity within generations may explain
thepoliticalsupportofthissystem byyoungvoters. T hedi¤erenceinskillness
amongagentsdividesyoungvotersintermsofpreferences: thelow-skilledagents
maypreferaPay-as-you-gosystem becauseoftheintragenerationaltransferit
maycreate.

R omer(19 7 5), R oberts(19 7 7 ) andM eltzerandR ichard(19 81) havelooked
atintragenerationaltransfersthroughlinearincometaxesinstaticvotingmod-
els. Exceptfrom Tabellini (19 9 0), whoconsideredheterogeneous dynasties of
altruisticfamilies, theheterogeneitywithingenerationshadnotbeenconsidered
inadynamicframework. R ecentlyConesaandKrueger(19 9 8) considereda
simulation modelwithagents facingidiosyncraticincomeuncertainty. T hree
veryrecentpapersproposeconcurrentlyandindependentlyofourpaperpartial
equilibrium modelswithheterogeneousagents. Casamataand A l.(19 9 9 ) and
D e D onderand H indricks (19 9 9 ) studythecasewherevoters voteforapen-
sionthatmaybepartlydistributiveandpartlynot. G alassoandCondeR uiz
(19 9 9 ) introduceinadditiontopensionsalump-sum transferwithintheyoung
generation.

W ewillanalyzethepoliticalchoiceofthepension levelin a Beveridgean
system, a system thatmoreoverprevails in many W estern countries such as

1SeeB rowning(19 7 5), B oadwayandW ildasin(19 8 9 ), EstebanandSakovics(19 9 3), Cooley
andSoares (19 9 9 )

2 A s in T abellini (19 9 1)
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Canada, theU nitedStates, B elgium, N ew-Z ealand,... InaB everidgeanPA Y G
system, every old receives the same pension. Conversely, in a B ismarckian
PA Y G system, pensionreceiveddepends exactlyontheamountthathasbeen
paidwhenworking, sothattheredoesnotexistanyredistributionwithingen-
erations. W emodelthetaxrateas theresultofapoliticalequilibrium : itis
theoutcomeofamajorityvoteinvolvingbothworkersandretirees. T hevoted
taxratewilldependontheoptimal taxrateofthedi¤erentvotersandontheir
relativeimportance. Eachagentvotessincerely(abstractingfromanystrategic
consideration andaccordingtohis truepreference) forhis optimal taxrate.
H esupposesthatthetaxratevotedtodaywillbevalidwhenhewillberetired,
consideringitas avested interest3. O ncethetaxrate is voted, individuals
choosetheiroptimalconsumptionplangiventhevotedtaxrateandpension.
W edonotrestricttheanalysis toasteadystateeconomy, contrarytomany
authors4. Steady Statemaybefarawayormayneverhappen. M oreover,
voters onlycareaboutwhathappens duringtheirlifeandnotaboutthefar
future.

W eobtaintwoimportantresults. T hehighertheheterogeneitylevel(namely
thedi¤erencebetweenthevariousskills)andthemorenumerousthelow-skilled,
thecloserwillbetheoptimaltaxrateofthe(relatively) poorworkingclassto
thatoftheoldandthehigherthevotedtaxation level. Inaddition, thanks
tothegeneralequilibriumapproach, weinvestigatemanye¤ectsofthetaxrate
neglected in apartialequilibrium approach. Itin‡uences savings, butalso
interestrate, futurewages andsofuturelevelofpension. T his leads toare-
markableresult: ouroptimaltaxratedoesnotdependoncapitallevelnoron
populationgrowth.

T hestructureoftherestofthepaperwillbethefollowing. First, wewill
analyzetheeconomicequilibrium: wetakeanO L G modelwithtwogenerations.
Inthenextsection, welookatthepoliticalchoiceofthetaxrate. W edetermine
thechoiceofthemedianvoterofacontinuityofagents. Eventually, weexamine
somecomparativestatics.

2 T H EECO N O M ICEN V IR O N M EN T

Toshowthatindividualsmayhavedi¤erentpreferencesregardingthechoiceof
thetaxrate, wedevelopadynamicgeneralequilibriummodelwithoverlapping
generationsofheterogeneous individuals, wholivefortwoperiods. T imet is
discreteandgoesfrom 0 to1 .

3D i¤erentargumentshavebeendevelopedintheliteraturetosupportthishypothesis. W e
analyzethem in section3.1.

4SeeCasamataandal.(19 9 9 ), B oldrin andR ustichini(19 9 9 ).
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2.1 TheConsumerSide

Individualsareheterogeneousintermsoftheirinnateeconomicabilityorskills
in productione: T heskilllevele(expressed in e¢ciencyunits oflabor) is a
continuousvariable, distributedonthesupport(eL ;eH)accordingtotheproba-
bilitydensityfunctionf(e), whichisconstantovertime. W edenotetheaverage
skilllevelas¹e=

ReH
eL

f(e)ede.

T hepopulationisassumedtogrowataconstantraten:

N t+ 1 =N t(1 + n) (1)

Each individuallives fortwoperiods, onlyworks in the …rstperiod and
consumes inbothperiods. Youngindividualswhoareendowedwithoneunit
oflaborinthe…rstperiodoflifesupplyitinelastically. B ythisassumption,
wegaininsimplicity, butweruleoutthepotentialnegativee¤ectoftaxationon
laborsupplyandsoonactualpensions. Consequently, laborsupplyine¢ciency
units isequaltoN t¹e.

Eachindividualisassumedtohavethefollowinghomotheticlifetimeutility
function:

Vet=lnCet+ ¯ lnDet+ 1 (2)

with

Cet+ Set=ewt(1 ¡¿t) (3)

Det+ 1 =R t+ 1 Set+ P t+ 1 (4)

where ¯ < 1 is the subjectivediscountfactor. W ith this speci…cation, the
intertemporalelasticityofsubstitutionisequaltoone. Inthe…rstperiodoflife
(‘whenyoung’), individual’sincomeisequaltotheafter-taxwage(ewt(1 ¡¿t)),
withwtthewagepere¢ciencyunitoflabor. H eallocates itbetweencurrent
consumptionCetandsavingsSet. Inthesecondperiodoflifet+ 1 (‘whenold’),
eachindividualisretiredandconsumesDet+ 1 . H isincomeinthisperiodcomes
from twosources: thepensionreceived int+ 1 (P t+ 1 ) assumedtobeidentical
forallindividualsandthereturnonsavingsmadeattimet.

Individualshaveperfectforesight. T herefore, themaximizationproblemof
eachindividualunderhisbudgetconstraintscanbeexpressedasfollows:

M AX Setln(ewt(1 ¡¿t)¡Set)+ ¯ ln(R t+ 1 Set+ P t+ 1) (5)
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with ¿t theproportionallaborincometaxrateattimetand R t+ 1therate
ofreturnonsavingsheldfrom periodttoperiodt+ 1.

U singtheFirstO rderCondition, itcaneasilybeveri…edthattheoptimal
savingsoftheindividualeisgivenby:

S¤et=
1

1 + ¯

·
¯ ewt(1 ¡¿t)¡

Pt+ 1
R t+ 1

¸
(6)

T heoptimalsavingsoftheindividualdependpositivelyonhiswage(after
taxes) and on the interestratewhich represents thereturn on savings made
fromttot+ 1. N otethatsinceutilityislog-linear(thereforetheintertemporal
elasticityofsubstitution is equaltoone), themarginalpropensitytosaveout
ofincomedoesnotdependontheinterestrate. O ptimalsavingsarenegatively
relatedtothepensionreceivedint+ 1.

A ggregatesavingswillbe:

S(¹ewt;¿t;Pt+ 1 ;R t+ 1)=N t
1

1 + ¯

·
¯ ¹ewt(1 ¡¿t)¡

Pt+ 1
R t+ 1

¸
(7 )

2.2 TheProductionSide

Firms ineconomyproduceonegoodaccordingtothefollowingCobb-D ouglas
productionfunction, assumedtobethesameineachperiod:

F (Kt;L t)=K®
t L

1¡®
t (8)

withKtthequantityofphysicalcapitalusedattimetand
L t=N t¹e, thetotallaborinputine¢ciencyunitattimet.

T heproductiveactorequatesthemarginalproductivityoffactorswiththeir
marketprice:

wt=(1 ¡®)K®
t L

¡®
t (9 )

1 + rt=R t=®K®¡1
t L 1¡®t (10)

wherefullcapitaldepreciationisassumed.
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2.3 G overnment

Inthismodel, theroleofthegovernmentisverylimited. Itonlyintervenesby
runningasocialsecuritysystem. Forthispurpose, thegovernmentlevieslabor
taxes on youngworkers andredistributes theseviaold-agepensions. T here
is notaxdistortion sincelaborsupplyis inelastic. W econstrainthetaxrate
tobepositive(¿t ¸ 0 )sothatthe system implies atransferfrom youngto
oldindividuals. M oreover, weassumethatbudgetde…citsarenotpermitted5.
H ence, totalpensions paid attimettotheold born in t-1 mustentirelybe
…nancedbythetaxesleviedontheyoungofperiodt. T hebudgetconstraintof
thegovernmentisgivenby:

P t=¿t¹ewt(1 + n) (11)

T his socialsecurityisthereforeofthe‘Pay-as-you-go’type. M oreover, this
system isredistributivesincepensionreceivedis independentofcontributions,
acharacteristicoftheso-called ‘B everidgean system’. In casewhere¿t = 0
individualsonly…nancetheirretirementbytheirownsavingswhenyoung, which
isthecharacteristicofa’fully-funded’socialsecuritysystem.

2.4 Theeconomyequilibriumandthedynamicsofcapital

accumulation

Tode…netheequilibriumpathoftheeconomy, wehavetoaccountforthemarket
clearingconditionsforlaborandcapital:

L t=N t¹e (12)

and

Kt+ 1 =St(¹ewt;¿t;wt+ 1 ;n;R t+ 1) (13)

wherewe have substituted Pt+ 1 from (11) in the aggregate savingfunction
(7 ). Togetherwithconditions (9 ) and(10), theycharacterizethetimepathof
fKt;R t;wtg.

From these fourconditions somecomputation allows us todeterminethe
followingequationdeterminingthedynamicsofcapitalaccumulation:

5 Intergenerationaltransfers viadebtas in T abellini (19 9 1) arenotpossible.
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Kt+ 1 =
·

¯(1 ¡®)(1 ¡¿t)
(¹e)®¡1 (1 + ¯ + 1¡®

® ¿t+ 1)

¸
K®
t N

1¡®
t (14)

T hesocialsecuritysystemin‡uencestheaccumulationofcapitaloftheecon-
omyintwoways. O ntheonehand, itincreasespensionsreceivedint+ 1 andso
reducessavings. T hise¤ectaccountsfortheterm 1¡®

® ¿t+ 1 inthedenominator.
O ntheotherhand, increasingpensions requires anincreaseinthetaxratein
ordertorespectthegovernmentbudgetconstraint(11). T hishighertaxation
reduces thedisposable income in periodtand in turn savings andcapitalin
periodt+ 1 asre‡ectedintheterm (1 ¡¿t)inthedenominator6.

3 T H EP O L IT ICA L SY STEM
T his sectionanalyzes thepoliticalequilibrium, namelythetaxrate(andthus
socialsecuritysystem) thatcomesoutofthevotingprocedure. T hetaxrate
is decided bymajority voting. T he votingprocess involves allindividuals,
bothyoungandold. W eassumethateveryindividualvotes‘sincerely’, thatis
accordingtohispreferencesandabstractingfromanystrategicconsideration.

T heanalysis ofthetaxrateresultingfrom thevotingprocedurerequires
…rsttodeterminetheoptimaltaxrateofeachindividual, namelytheonethat
maximizeshisutility. N ext, theequilibrium taxratewillbecomputed, taking
intoaccountthedistributionofvotersandtheiroptimalchoices.

3.1 Theoptimaltaxrate
Everyagenthas an optimal taxrate. W e supposethateach agentexpects,
whenvoting, thatthetaxratehechooses fortodaywillalsobetheonethat
willprevailinthenextperiod(¿t= ¿t+ 1 = ¿). T his simplifyingassumption
canbejusti…ed inseveralways. First, itis acceptableifwesupposethatthe
votedoesnothappenfrequently(atleastnotbeforethedeathofthecurrently
youngworkers), which seems tobe the case forimportantchanges in social
security system. Second, wemaysupposethatindividuals areconvincedto
havevestedinterests : theirpastcontributionstosocialsecurityareconsidered
bythemasaguaranteeofreceivingapensionlateron, sothattheyfeelentitled
toagiven levelofpension. T hethirdandmostimportantargumentrelies
onthefactthat, aswillbeshownlateron, withhomotheticpreferencesanda
Cobb-D ouglasproduction functiontheoptimaltaxratedoesnotdependonthe

6T his candirectlybeseenbylookingatequation (13). Substitutingin(13), theequation
(6), (9 ) and (10), we get 1+ ¯

N t
Kt+ 1 = ¯ êwt(1 ¡ ¿t)¡ ¿t+ 1 1¡®® Kt+ 1N ¡1t : T his expression

highlightsthetwoe¤ ects oftaxationonthecapitalaccumulation. W ethenexpressKt+ 1 as
afunctionoftheparameters ¿tand ¿t+ 1 andobtain (14).
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capitalstock. Itonlydependsonthedistributionofskills across individuals,
onapsychologicaldiscountfactorandontechnology.

W emustdistinguishthebehaviorofoldandyoungindividuals. Sincein-
dividualsonlyworkwhenyoungandaretaxedontheirlaborincomeonly, we
canconsideroldindividuals as anhomogeneousgroup ofagentsas farasvot-
ingbehaviorisconcerned. T hevotingbehaviorofyoungworkerswillhowever
changewiththeirrelativeskilllevel.

3.1.1 Theoptimaltaxchoiceoftheoldindividuals

T heoldattimetchoosea¿¤othatmaximizestheirutilityovertheirremain-
inglifetime. T heirutilityis strictlyincreasingin¿¤o. T herefore, theychoose
themaximumtaxrate¿¤o=1 : Inamodelwithendogenouslaborsupply, their
optimaltaxratewouldbedeterminedbytheL a¤ercurve.

3.1.2 Theoptimaltaxchoiceofyoungindividuals

T heyoungindividuals careaboutthepresentandthefuture. Youngindi-
vidualewillvotefora ¿¤ye thatmaximizes theirindirectlifetimeutility Vet.
H echoosesa¿¤ye¸0 givenby:

¿¤ye=argmax
¿

Vet=argmax
¿

lnCet+ ¯ lnDet+ 1 (15)

s.t. (3), (4), (6), (9 ),(10), (11), (14).

B ytheenveloptheoremand(6), the…rstorderconditionforyoungagente
isgivenby:

"
¡ewt+ Set

dR t+ 1
d¿

R t+ 1
+

dPt+ 1
d¿

R t+ 1

#
1
Cet

=0 (16)

with

dR t+ 1

d¿
=¡(1 ¡®)R t+ 1

1
¿
²Kt+ 1 ;¿ (17 )

dP t+ 1
d¿

=P t+ 1(1 + ®²Kt+ 1 ;¿)
1
¿

(18)
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and ²Kt+ 1 ;¿ , theelasticityofcapitalwithrespecttothetaxrate¿, given
by:

²Kt+ 1 ;¿ =
dKt+ 1

d¿
¿

Kt+ 1
=¡

·
(1 + ¯ + 1¡®

® )
(1 + ¯ + 1¡®

® ¿)

¸
¿

1 ¡¿
< 0 (19 )

N otethatdR t+ 1
d¿ > 0 (since²Kt+ 1 ;¿ < 0 ) and dPt+ 1

d¿ > 0 if ²Kt+ 1 ;¿ > ¡1
® .

W hen computinghis optimaltax rate, each youngindividualtakes three
e¤ects intoaccount:

First, an income e¤ ect : thetaxratereduces his currentlaborincomeby
¡ewt: T hehigherthewageoftheagent(thehigherhis skills inproduction),
themorecostlyforhim thesocialsecuritysystem.

Second, aninterestratee¤ ect: anincreaseinthetaxratereducesthecapital
available in the nextperiod by a¤ectingthe currentoptimalsavings ofthe
individuals. T he interestrate R t+ 1 is thus increased, which augments the
returnonsavingsmadeint. T his e¤ectwillbehigher, thehigherthesavings
leveloftheindividual.

T hird, apension e¤ ect : increasingthetaxratehas twooppositee¤ects
on thefuturepension ofyoungindividuals. O n onehand, arise in thetax
rateaugments pension by increasingthecontributions oftheagents tosocial
securitysystem. O ntheotherhand, thetaxratehasanegativee¤ectoncapital
accumulatedint+ 1 andthroughthisonthewageandpensionreceivedint+ 1.
T herefore, thesignofthee¤ectofanincreasein¿ onpension(dPt+ 1d¿ ) isa-priori
ambiguous. A s canbeseenfrom (18), itwillbepositiveifthenegativee¤ect
ontheaccumulationofcapitalisnottoolarge. A ndthehigheris ® , thelower
willbethise¤ect(d(dPt+ 1d¿ )=d® < 0 ).

N otethatthechoiceofthetaxrateattimetdoesnota¤ectcapitalofthe
currentperiod(Kt)7 , whichwasdeterminedbythesavingsrealizedduringthe
previousperiodandsodoesnotdependon¿t+ 1 . T herefore, currentwages(ewt)
willremainunchanged.

Theoptimaltaxrate ¿¤ye forthegroup ofyoungindividualswithskills
e is thus theresultofthecombinationofthesethreedi¤erente¤ects. U sing
(3), (4), (6), (9 ), (10),(11), (14) andaftersomecomputations, we…ndthatthe
optimaltaxrateofyoungindividualsisgivenbythefollowingimplicitfunction
:

7 R ememberKtmaybeoutsidesteadystate.
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J=

¡(1 + ¯)(
1 ¡®
®

)2(1 + ¯
¹e
e
)¿¤

2

ye

+(
1 ¡®
®

)
·
¡2(1 + ¯)2 + ¯(1 ¡®)(1 + ¯ + 1¡®

® )¡¯ ¹e
e(1 + ¯)2

+ ¯ 1¡®®
¹e
e(1 + ¯)¡¯ ¹e

e(1 + ¯ + 1¡®
® )(1 + ®¯)

¸
¿¤ye

+(1 + ¯)
·
¡(1 + ¯)2 + ¯(1 ¡®)(1 + ¯ +

1 ¡®
®

)+ ¯(
1 ¡®
®

)
¹e
e
(1 + ¯)

¸

= 0 (20)

T hisexpressionisasecondorderequationin¿¤yeandcanbesummarizedby
thefollowingexpression:

J´A¿¤
2

ye+ B ¿¤ye+ C =0 (21)

withA , B , C dependingonparameters (® , ¯) andontheskilllevelofthe
individualerelativelytotheweightedskilllevelaverage(¹ee).

T heFirstO rderConditionofthemaximizationproblem ofyoungindivid-
ualsgivenby(16) willbesu¢cienttoestablishthat¿¤ye is theoptimalchoice
ofindividuale, iftheobjective function Vet(15) is single peaked in ¿ye > 0 .
P roposition1 establishestheconditionsunderwhichthis istrue.

Proposition1 T heobjectivefunctionofyoungagents(Vet)willbesinglepeaked
i¤ ® ¸®min, where®min·1 =38 .

Proof: seeappendix1.

Fromformula(20)wecandeducesomepropertiesoftheoptimaltaxrateof
youngindividuals:

1) T heoptimaltaxrate¿¤yedoesnotdependonthelevelofcapital(at
steadystateornot) in ourdynamicgeneralequilibrium framework. Itonly
dependsontheparametersofthemodel(®;̄ ;e;¹e), ascandirectlybeseenfrom
theobservationofthefunction(20). T his remarkablecharacteristicsupports
ourassumptionofavoteforever.

8 T he higher ® , the lower the e¤ect of the tax rate on the accumulation of capital

(
d ²Kt+ 1 ;¿

d ® > 0 , with ²Kt+ 1 ;¿ < 0 ) and the lowerwillbe the interestrate e¤ect. In ad-
dition, thehigherthe® , thesmallerthepensione¤ ect. T herefore, for® su¢cientlyhigh, the
(positive) interestratee¤ ectisdominatedbythepensionandincomee¤ectsandtheobjective
function is singlepeaked.
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2) T heoptimaltax rate ¿¤ye does notdepend on thegrowth rate of
populationn. T his happens becauseindividuals considerpensionas …xed in
theirsavingdecisionsothatnonlyintervenesinthethirdtermof(16)(namely

in
dPt+ 1
d¿

R t+ 1
). Sincena¤ects both thenumeratorandthedenominatorofthis

term, itdisappearsfromtheequation.

A s itappearsin(20), theoptimaltaxrate¿¤yeofyoungindividualsdepends
onthevalueoftheratio ¹e

e. T herefore, therelativelyrich (skilled, ecloseto
eH) andrelativelypour(unskilled, eclosetoeL ) individuals, havingadi¤erent
ratio(¹ee), willhaveadi¤erentoptimaltaxrate. Itre‡ectsthefactthatearning
adi¤erentwage, theycontributeinvarious proportions tothesocialsecurity
system andhavedi¤erentlevelsofsavings. T herelationbetweentherelative
skilllevelofayoungagent¹e

eandhisoptimaltaxrate, ¿¤ye , isgiveninthenext
proposition.

Proposition2
a) T hehighertheskillleveleforagivendistributionofskills (or

equivalentlythelowertheratio¹e
e), thelowertheoptimaltaxrate¿¤ye, aslongas

® > ® 1 9 , with® 1 ·0 :25, 8̄ (detailsandproofgiveninappendix2). T herefore:
if ® > ® 1 : ei > ej ) ¿¤yi < ¿¤yj , forallei,ej 2 [eL ;eH].

b) M oreover, thereexistsarelativeskilllevel(e0 ) abovewhichthe
optimaltaxrate is negative. Inthis case, theconstraint¿ ¸ 0 is bindingand
¿¤is setto 0 : ife

¹e > e0 , ¿¤=0 . T his isprovedinappendix3.

R emark3 O necouldarguethatbyrestrictingouranalysis toaBeveridgean
PA Y G pension system, weimplicitlysupposeasocialcontract, transferringre-
sourcesfrom less-skilledtohigh-skilled. H owever, inourframework, voterscan
always refusethis redistributive schemebyvotingforazerotaxrate. Conse-
quently, afully-fundedsystem isnotexcludedexante. H owever, ouranalytical
resultsshowthattheequilibriumtaxratewouldimplyamixedequilibrium (posi-
tivesavingsandpositivetaxrate) ifonetakesstandardsimulationvaluesoff(e),
® and¯. T hisresultisdrivenbytheheterogeneity: withoutit, theoptimaltax
rateofthemedianvoterwouldbezero10.

9 T his insuresthatthe(negative) incomee¤ ectdominatesthe(positive) interestratee¤ ect.
10T he optimaltax rate in a B ismarkian framework (where pension is de…ned as Pt =

ewt¿(1 + n)) is givenbythefollowingimplicitfunction:

¡(1 + ¯)(
1¡ ®
®

)2 ((
e
¹e
)2 + ¯)¿¤

2
ye

+ (
1¡ ®
®

)
·
¡2 e¹e (1 + ¯)2 + ¯(1¡ ®)(1 + ¯ + 1¡®

®
e
¹e )¡ ¯(1 + ¯)2

+ ¯ 1¡®® (1 + ¯)¡ ¯(1 + ¯ + 1¡®
®

e
¹e )(1 + ®¯)

¸
¿¤ye

+ (1 + ¯)
·
¡(1 + ¯)2 + ¯(1¡ ®)(1 + ¯ +

1¡ ®
®

e
¹e
)+ ¯(

1¡ ®
®

)(1 + ¯)
¸

= 0
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3.2 Thepoliticalequilibriumandtheequilibriumtaxrate

D ependingonhisrelativeskillness, eachindividualwishes (andsovotesfor) a
di¤erenttaxrate. Sincethetaxrateistheresultofthevoteofallindividuals,
theequilibriumtaxratewillbesuchthattheredoesnotexistanotheronethat
ispreferredbyamajorityofvoters.

G iventhesinglepeakednessofthepreferencesregardingtoapositiveoptimal
taxrate(establishedbyproposition1), theequilibrium taxrate¿¤willbethe
taxratepreferredbythemedianvoteroftotalpopulation (youngandold)with
skilllevelem.

R etirees, which representafraction 1
(2+n) ofcitizens, are in favorofthe

highestpossibletaxrate, independentlyoftheirskilllevel. O ntheotherhand,
thepreferencesofyoungindividualsarefunctionoftheirrelativeskilllevel: the
lowertheirskille, thehighertheirpreferredtaxrate(proposition2). T herefore,
thedecisivevoter(andtheonlyCondorcetwinner)willbeayoung individual
(exceptifn·0 )withaskilllevellowerthanthemedianofyoungindividuals.
A nd, theequilibriumtaxratewillalwaysbehigherthantheonewishedbythe
medianofyoungindividuals.

T hisunderlinesthee¤ectofthepoliticalparticipationofoldindividuals. T he
votesofretirees(andalmostretirees), whodonotbearthecostofthepension
system, pushthetaxratehigherthantheonethatwouldbeimplemented, were
thedecisionpowerinthesolehands ofyoungworkers. Consequently, in the
majoritycoalition, one …nds old individuals (theretirees and old individuals
closetoretirementwhohavethesamereasoning) andworkerswithrelatively
lowwages.

R emark4 T he politicaloutcome can be consideredas ine¢cientsince itis
notidenticaltotheonethatcouldbe implementedbyabenevolentgovernment
maximizingtheutilityofthemedianyoungindividual.

4 Comparativestatics

4.1 Thee¤ectsofthepopulationgrowthrate
T he equilibrium tax rate is adecreasing function ofthe growth rate ofthe
population for® > ® 1 . Since the growth rate ofpopulation (n) does not

W ithoutheterogeneity (e = ¹e), the B ismarkianoptimaltaxrate is thesameas thehomo-
geneous B everidgean optimaltax rate. Ithits the non-negativity constraintwith standard
simulationvalue(® = 0:36;¯ = 0:4 ).

12



in‡uencetheoptimaltaxrateofworkers(¿¤ye), achangeinnwilla¤ect¿¤only
bychangingtheweightoftheold.

T helowerisn, thehighertherelativeweightofoldindividuals inthevote
(N t¡1

N t = 1
1 +n), theloweristhepartofyoungpeoplenecessarytogetamajority

and thehigherwillbetheequilibrium taxrate. N otethat, becauseofour
simplifyingassumptions(nodisutilityoflaborandatwo-periodsO L G model),
whenn·0 oldindividualsconstituteamajorityandthetaxratewillbeclose
toone.

4.2 Thee¤ectsofthedistributionoftheskillsontheequi-
libriumtaxrate.

Equation(20) showsthattheequilibrium taxrate(¿¤) onlydependson em
¹e in

ourmodel. A changeinthedistributionofskillswilla¤ectthenumeratorof
thisratio(bychangingthe identityofthemedianvoter) andthedenominator
(bya¤ectingtheaverageskilllevelofthepopulation). Iftheresultingratioem

¹e
ishigher(lower), theequilibrium taxratewillbelower(higher).

Proposition5 Incaseofauniformdistributionofskills , areductionof
thelowerboundoftheskilldistribution(whichreducestheaverageskillleveland
increasesthedispersionofskilllevel) increasestheequilibriumtaxrate: d¿¤

deL < 0
for¿¤> 0 :

Proof. Incaseofauniform distribution(evU [eL ;eH]):
- theprobabilitydensityfunction is constant: f(eH)= f(eL )= f(em)=
1

eH¡eL .
- themedianvoteroftotalpopulationis : em=eL + (eH¡eL )º;

withº = 1
2 ¡ 1

(2+n)=
n
2

1
2+n.

- theaverageskilllevelis equalto:
ReH
eL

f(e)ede= eH+eL
2 :

Consequently: ¢demdeL =1 ¡º > 0
¢d¹edeL = 1

2 > 0

¢d(¹e
em
)=deL =

(º¡1
2)eH
e2m

< 0 , since(º¡ 1
2)=¡ 1

(2+n)< 0
andbyproposition2, d¿¤

deL
< 0 for¿¤> 0 .

5 CO N CL U SIO N

Inthispaper, wehavecomputedamajorityvotingequilibrium levelofaBev-
eridgeanPA Y G socialsecuritysystem inanoverlappinggenerationsmodelwith
heterogeneous individualsdi¤eringbytheirinnateabilityinproduction. T he
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introductionofheterogeneity inapoliticalO L G modelallows forintragenera-
tionaltransfersamongworkersandleads todi¤erentoptimaltaxrateswithin
youngindividuals. U nless theyoungrich individuals constitutethemajority
inthevotingpopulation, wemayhaveapositive taxrateas outcomeofthe
politicalnegotiations. Inthemajoritycoalition, one…ndsoldindividuals and
relativelypoorworkersforwhomtheoptimaltaxrateisrelativelyhigh11. T he
lowerthegrowthrateofpopulation(whichdetermines theweightofretirees)
andthelowertherelative skilllevelofthemedianvoter, thehighertheequi-
librium taxrateandthehigherwillbethesupportforaPay-as-you-gosocial
securitysystem.

U nlikethemajorityofcontributionsinthis…eld, wehavetackledthisques-
tioninageneralequilibrium model. T his frameworkputs intoevidenceother
andlessnoticede¤ectsofsocialsecuritysystem. Inadditiontothewell-known
intergenerationaltransfers thatasocialsecuritysystem implies, weunderline
thee¤ectsofaPA Y G pensionsystemontheinterestrate, onthefuturewages
andsoonthefuturelevelofpensions. W ehaveobtainedaremarkableresult:
theindependenceoftheoptimaltaxrateonthepopulationgrowthrateandon
thecapitallevel. T heoptimaltaxratedependsonlyontechnology, preferences
andonthedistributionofskills.

H igherheterogeneityandtheagingofpopulation, aphenomenonexpected
torise in thenextyears, willeven increasethe supporttoaPA Y G pension
system, althoughitbecomes inthesecasesevenmoreproblematic.

11W ithapositivegrowthrateofpopulation, themedianvoterwillbearelativelow-skilled
youngvoter.
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A PPEN D IX
A ppendix1: Proofofproposition1 : Conditiontoguarantee

thesinglepeakednessoftheobjectivefunctionVet , 8¿¸0

1. Firstderivative

T he…rstderivativeoftheobjectivefunctionVetofyoungagentswithrespect
tothetaxrate(¿) canbeexpressedastheproductoftwoterms:

dVet
d¿ =(A¿2 + B ¿+ C)( ewt

Ct(1 + ¯)
)=(A¿2 + B ¿+ C)( ewt

ewt+ ¿(1¡®® Kt+ 1 N ¡1t ¡ewt)
)

withthevalueofA , B , C givenby(20).

Forsimplicity, wedenominatethisexpressionas :
dVet
d¿ =J¤»

withJ=(A¿2 + B ¿ + C)> 0 for¿ < ¿¤ye
< 0 for¿ > ¿¤ye ,

sinceJ(¿¤ye)=0 (from (21)) andJ(0 )> 0 (seeappendix
3),

and
»=( ewt

ewt+¿(1¡®® Kt+ 1 N ¡1t ¡ewt)
)> 0 , 8¿ > 0 ,

sincewt> 0 ande> 0 .

Consequently, the…rstderivativeoftheobjectivefunctionispositivebefore
¿¤yeandnegativeafter¿¤ye (whereitreachesamaximum):

dVet
d¿ =J¤» > 0 8¿ < ¿¤ye

< 0 8¿ > ¿¤ye.

2. Secondderivative

ToshowthatthefunctionVetadmitsonlyoneuniquemaximum in¿¤ye , we
computethesecondderivativeoftheobjectivefunction. T hiscanbeexpressed
asthefollowing: d2Vet

d¿2 = dJ
d¿ »+

d»
d¿J. Eachtermcanbecomputedseparately.

2.1. Firsttermofthesecondderivative(dJd¿):

dJ
d¿ =2A¿ + B < 0 i¤ ® ¸®min.
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Indeed, aftersomecomputation, theexpression2A¿+ B canbereducedto:

¹e[(
1 ¡®
®

2¿ + 2)̄ +
¯2

®
((3¡2¿)® + 2¿¡1 )+ (1 + ®)̄ 3]

+(2 + 2¿
1 ¡®
®

)+
¯
®
[(5¡2¿)® + 2¿¡1 ]+ ¯2(1 + ®) (22)

Su¢cientconditionfordJ
d¿ < 0 :

Since the …rstand third term between the brackets in the …rstline are
always positive, and since itis the same forthe …rstand third term in the
second line, a su¢cientcondition forthis expression to be positive is that
the secondterms in the …rstand second lines arepositive. T his is thecase
i¤ :

¯2

®
((3¡2¿)® + 2¿¡1 )̧ 0 i¤ ® ¸1 =3

and

¯
®
[(5¡2¿)® + 2¿¡1 ]̧ 0 i¤ ® ¸1 =5

Consequently,

® ¸1 =3

is asu¢cientbutnotnecessaryconditionfordJ
d¿ < 0 tobe

assured.

N ecessaryconditionfordJ
d¿ < 0 :

T henecessaryconditionimpliesaminimalvalueon¿ . B utthiscondition
willnotbebindingiftheminimalvalueimposedon¿ isnegative, whichisthe
casei¤ :

® ¸®min (23)

Indeed, thenecessaryconditionfordJ
d¿ < 0 is

¿ ¸ [(1 + ¯¹e)2(1 + ¯)
1 ¡®
®

]¡1 [¡¹e
e
¯
®
(2® + (3® ¡1 )̄ + ®(1 + ®)̄ 2)

¡1
®
(2® + (5® ¡1 )̄ + (® + ®2)̄ 2)]
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T hedenominator(the…rstterm) is positive. T herefore, thisconditionwillal-
waysbesatis…edifthenumerator(thesecondterm)isnegative. Thenumerator
canbeexpressedasasecondorderequationin® :

[¡¹e
e
¯
®
(2® + (3®¡1 )̄ + ®(1 + ®)̄ 2)¡ 1

®
(2® + (5® ¡1 )̄ + (® + ®2)̄ 2)]

=¡[¹e
e
¯3 + ¯2]®2¡[

¹e
e
(2¯ + 3¯2 + ¯3)+ (2 + 5¯ + ¯2)]® + [

¹e
e
¯2 + ¯]

T hisexpressionwillbenegativei¤ :

® > ®min

ori¤

® < ®max

Since®max isnegative, onlythe…rstconditionremainson® .

H ence,

dJ
d¿

< 0

i¤

® > ®min < 1 =3 (24)

with

®min=[¡¹e
e
(2¯ + 3¯2 + ¯3)¡(2 + 5¯ + ¯2)+

p
¢ ][2(

¹e
e
¯3 + ¯2)]¡1 (25)

andwith

¢ = (
¹e
e
)2[(2¯ + 3¯2 + ¯3)2 + 4¯5]

+ [2(2¯ + 3¯2 + ¯3)(2 + 5¯ + ¯2)+ 8¯4]
¹e
e

+ (2 + 5¯ + ¯2)2 + 4¯3

Sincetheboundaryimposedontheshareofcapital® (namely® > ®min) is
always strictlyinferiorto1/3 (®min < 1 =3), theconstrainton® is notbinding
forthevaluesuggestedbytheempiricalstudies (around0.36).

2.2. Secondtermofthesecondderivative(d»d¿) :
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d»
d¿ < 0 8®;̄ ;¿:

Indeed, d»
d¿ < 0

i¤ 1¡®
® Kt+ 1 N ¡1t ¡ewt> 0

orequivalently
i¤ Kt+ 1

K®
t

> e
¹e® ®

N t
N ®
t
.

B yusing(14)andaftersomecomputations, onecanshowthatthiscondition
issatis…edsince: ¯(1¡¿)(1¡®® )¹eeN

¡1
t

1 +¯+ ¿(1¡®® )
> 0

2.3. Signofthesecondderivative

Since d2Vet
d¿2 = dJ

d¿»+
d»
d¿J

with dJ
d¿ < 0 i¤ ® > ®min
» > 0
d»
d¿ < 0
J> 0 8¿ < ¿¤yeandJ< 0 8¿ > ¿¤ye

d2Vet
d¿2 willbenegativei¤ :

® > ®min < 1 =3
and

8¿ < ¿¤ye.

For 8¿ > ¿¤ye, thesignofd2Vet
d¿2 cannotbedetermineda-priori.

3. Single-peakedness

T heconditionsthat:

dVet
d¿ > 0 8¿ < ¿¤ye

< 0 8¿ > ¿¤ye
and

d2Vet
d¿2 < 0 8¿ < ¿¤ye (i¤ ® > ®min)

guaranteethattheobjectivefunctionVet is singlepeaked.
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A ppendix2: Proofofproposition2.a: thee¤ectoftheskill
levelontheoptimaltaxrate

T heoptimaltaxrateofyoungindividuals isgivenbytheimplicitfunction:

J´A¿¤
2

ye+ B ¿¤ye+ C =0

withthevalueofA , B , C givenby(20). T heoptimaltaxrateofyoung
agents isthevalueof¿¤yethatsetsthisexpressiontozero.

T his…rstorderconditioncanberewrittenasfollowstoisolatetheterm e:

(
[¡(1 + ¯)+ ¯(1 ¡®)(1 + ¯+

1¡®
® )

(1 +¯+ 1¡®
® ¿)

]e+ ¯ 1¡®® (¹e)®

[(1 + ¯)(1 + ¯ + 1¡®
® ¿)(1 ¡¿)¡(1 + ¯ + 1¡®

® )¿(1 + ®¯)]

)
=0 (26)

A sitcanbeseenfrom(26), theoptimaltaxratesoftwoindividualsbelonging
tothesamepopulation(namelywiththesame¹e) buthavingadi¤erentskill
levele, willonlydi¤ertotheextentofthee¤ectofthe…rstterm onthe¿¤ye.
N amelyof:

[¡(1 + ¯)+ ¯(1 ¡®)
(1 + ¯ + 1¡®

® )
(1 + ¯ + 1¡®

® ¿)
]

H ence, thesignofthis…rsttermwillbedecisiveindeterminingthee¤ectof
theskilllevelontheoptimaltaxrate. T he…rstbracket(¡(1 + ¯)) represents
the(negative) incomee¤ect, whiletheremainingtermsrepresentthe(positive)
interestratee¤ect, whichis adecreasingfunctionof®. Consequently, thereis
alimitvalueon® abovewhichtheincomee¤ectwilldominatetheinterestrate
e¤ect.

T hefunctionJisconcave(A < 0 )anddecreasingforall¿ > 0 (2A¿+ B < 0
if ® > ®min). T herefore, ifthis …rstterm is strictlynegative, thefunctionJ
willbelowerforayoungindividualwithahighere( e2 > e1 ). A ndsincethe
optimaltaxrateisde…nedasthe¿¤yethatcancelsthefunction(namelythe¿¤ye
attheintersectionofthefunctionJwiththehorizontalaxe), theoptimaltax
rateofthis individualwillbelower(¿¤y2 < ¿¤y1 ).

T he…rstterm willbenegativei¤ :

¿ > ¿min=[(1 ¡®)2¯¡(1 + ®¯)®(1 + ¯)][(1 + ¯)(1 ¡®)]¡1 (27 )

A ndthisconditionwillalwaysbesatis…edif¿min < 0 .

T hisconditionon¿ impliesaminimalvalueof® : ¿min < 0 i¤ :

® > ® 1 (28)
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with® 1 givenby:

® 1 =
¡3¯¡1 +

p
4¯3 + 9¯2 + 6¯ + 1
2¯2

> 0 (29 )

T hisexpressiongives® 1 asafunctionof¯. T hisfunctionisalwayspositive,
sincethenumeratorisalwayspositive, namely:

p
4¯3 + 9¯2 + 6¯ + 1 > 3¯ + 1 .

M oreover, thevaluesgivenbythisfunctionremainsmallforany¯ (forexample,
® 1 = 0 :0 57 if¯ = 0 :4) andthis functionreachesamaximum valueof0 :25 at
¯ =2. T herefore, giventhenumericalestimationof®, thisconstraint(® > ® 1 )
canbeconsideredasnotbinding.

H ence, if

® > ® 1 ) ¿ > ¿min;8̄

)

ei > ej ) ¿¤yi < ¿¤yj , 8ei;ej 2 [eL ;eH]

T his provestheproposition2: thehighertheskillleveleforagivendistri-
butionofskills, thelowertheoptimaltaxrate¿¤ye , aslongas® > ® 1 .
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A ppendix3: Proofofproposition2.b: M inimalvalueof ¹e
e

¿¤ye=
¡B ¡

p
B 2¡4AC
2A

=
B +

p
B 2¡4AC
¡2A

withA < 0 .

H ence, ¿¤ye> 0 i¤ B +
p
B 2¡4AC > 0

,
i¤ 4AC < 0
,

i¤ C > 0
with

C =(1 + ¯)·
¡(1 + ¯)2 + ¯(1 ¡®)(1 + ¯ +

1 ¡®
®

)+ ¯(
1 ¡®
®

)
¹e
e
(1 + ¯)

¸

A ftersomesimplecomputations, onecanprovethat:
¿¤ye> 0 i¤ C > 0

,
i¤

¹e
e
>

1
e0

=
®(1 + ¯)
(1 ¡®)̄

¡® ¡ 1 ¡®
1 + ¯

(30)
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