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Abstract

We obtain large n asymptotics for the m-point moment generating function of the disk
counting statistics of the Mittag-Leffler ensemble, where n is the number of points of the process
and m is arbitrary blut fixed. We focus on the critical regime where all disk boundaries are
merging at speed n~ 2, either in the bulk or at the edge. As corollaries, we obtain two central
limit theorems and precise large n asymptotics of all joint cumulants (such as the covariance)
of the disk counting function. Our results can also be seen as large n asymptotics for n x n
determinants with merging planar discontinuities.
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1 Introduction and statement of results

In recent years, there has been a growing interest in both the physics and mathematics literature in
understanding the counting statistics of various two-dimensional point processes, see e.g. [37, 11, 35,
36, 26, 28, 47, 12, 48, 9, 1]. Most of the focus, so far, has been on the one-point counting statistics
(see however [28, 12]). In this work we study the m-point counting statistics for general m € N of
the Mittag-Leffler ensemble in the critical regime where all disk boundaries are merging.

The Mittag-Leffler ensemble with parameters b > 0 and a > —1 is the following probability
density function for n points in the complex plane

n

1 o 12
7 H \zk—zj|2H|zj|2°‘e =l 21,520 € C, (1.1)
TP <j<k<n j=1

where Z,, is the normalization constant. This is a two-dimensional determinantal point process
arising in the random normal matrix model [43] and generalizing the complex Ginibre process (which
corresponds to (b, &) = (1,0) [32]). As n — 400, the empirical measures £ 2?21 J., converge weakly
to the equilibrium measure p(d?z) = §|z|2b’2d22 with high probability, where the support of y is
the disk centered at 0 of radius b~ 25 [46]. The Mittag-Leffler ensemble has been widely studied over
the years, see e.g. [17, 3, 29, 4, 5, 10] for various universality and finite-n results. We also refer the

interested reader to [33] for more background on two-dimensional point processes.
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Figure 1: Left: three merging disks in the bulk; this case is covered by Theorem 1.2 with m = 3.
Right: two merging disks at the edge; this case is covered by Theorem 1.3 with m = 2. For both
pictures, b =1 and o = 0.

For y > 0, we let N(y) := #{z; : |2;| < y}, i.e. N(y) is the random variable that counts the
number of points in the disk centered at 0 of radius y. In this paper we study the joint statistics of
N(r1),...,N(r,), where m € Ny is arbitrary but fixed, in the critical situation where n — +o00 and
all radii are merging near a certain value r € (0, b’ﬁ]:

0 < < < == ]. + \/7 21b Sy € R (]. 2)
r Tm, Ty =T B ¢ B .
! Tb\/ﬁ

see also Figure 1. The case r € (0, b*2*1b) corresponds to “the bulk regime” and r = b= to “the edge
regime”. Our main results can be summarized as follows:

e Theorems 1.2 and 1.3 give precise large n asymptotics for the moment generating function
]E[H;nzl e%i N(Tﬂ')], up to and including the fourth term of order n~2. Theorem 1.2 deals with
the bulk regime and Theorem 1.3 deals with the edge regime.

o Corollary 1.5 (a) establishes precise large n asymptotics for all joint cumulants of N(rq),...,
N(r,,) in the bulk regime. The analogue of that for the edge regime is given in Corollary 1.5
(¢). We also obtain several central limit theorems for the joint fluctuations of N(r1), ..., N(r.,);
Corollary 1.5 (b) concerns the bulk regime and Corollary 1.5 (d) the edge regime.

The problem of determining the large n asymptotics for the one-point generating function, i.e.
the case m = 1 in our setting, was already considered in [11, 36, 28]. The work [11] considers
counting statistics of Ginibre-type ensembles in a more general geometric setting, and second order
asymptotics for the generating function of counting statistics of general domains (not just centered
disks) are obtained in [11, Proposition 8.1]. The work [36] focuses on disk counting statistics of
rotation-invariant ensembles with a general potential, and second order asymptotics for the generating
function are given in [36, eq (34)]. More precise asymptotics, including the third term, were obtained
in [28, Proposition 2.3] for the Ginibre ensemble (see also [28, Propositions 2.4 and 2.9] for analogous
results on other rotation-invariant processes). Large n asymptotics for E[T]}", e N1 including
the fourth term and for general m € Nsg, were then obtained in [12] for Mittag-Leffler ensembles,
in the case where r1,...,r,, are fixed (independent of n). This case contrasts with the regime (1.2)
considered here. In the setting of [12], the general case m > 2 is actually not much different from the



case m = 1. Indeed, it follows from [12, Theorem 1.1] that for general b > 0, > —1, uy,...,u;, € R
and | < ... < 1y, fixed, we have

E { ﬁ eujN(Tj):| — ﬁ E[eujN(Tj)] % <1 + O(W)), as n — +o00. (1.3)
j=1 j=1

In fact, by straightforward modifications of the proof of [12], the error term in (1.3) can be shown
to be exponentially small, see also [12, Remark 1.5]. In other words, when ry,...,r,, are fixed,
the m-point generating function can be expressed asymptotically as the product of m one-point
generating functions (up to an exponentially small error term). This, in turn, implies that all
cumulants involving two random variables or more among N(r1),...,N(r,,) are exponentially small
— for the covariance, this fact (namely that Cov(N(r1),N(r2)) = O(e™ ") as n — +00) was already
noticed in [45, Theorem 1.7] for (b,a) = (1,0), and for the joint fluctuations of N(r1),...,N(rp),
this fact (namely that they become independent Gaussian random variables in the large n limit) was
already proved in [28, Proposition 1.3] for Ginibre-type ensembles. (We mention en passant that
the decoupling (1.3) is a particular feature of two-dimensional point processes such as (1.1). Indeed,
the analogues of (1.3) for the one-dimensional sine, Airy, Bessel and Pearcey point processes involve
explicit constant pre-factors of order 1, and the associated covariances are not small but of order 1,
see e.g. [14, 16].) In the regime considered here, namely (1.2), the m-point generating function does
not decouple as in (1.3), and all joint cumulants of N(r1),...,N(r,,) have non-trivial asymptotics as
n — +oo.

Let us introduce the following functions:

. m et _ 1 m
Hi(t;4,58) =1+ Z 5 XP [ Z uj]erfc(t — 8¢), (1.4)
=1 Jj=t+1
m e~ —1
Ho(t;4,5) : =1+ Z 5 exXp [ u]} erfc(t + s¢), (1.5)
(=1 j=1
1 = e (=50 1 — 262 4 tg, — 5¢2
Gi1(t;4,5) := - Z exp{ uj} £ ) (1.6)
Hl(tau7g) —1 G=t+1 27T 3
R o S ] S (5065 — r0ttey — £3(73 — 6253
t;,5) = ; t5 — 70t%s, — t3(73 —
Ga(t; 1, ) le(t;ﬁ?g)Z exp[ Z UJ} 18\/7 ( Se ( 55)
(=1 Jj=0+1
t%5,(33 — 5087 ) — (3 + 18s7 — 16s7) — s¢(3 — 2257 + 853%)), (1.7)
where t € R, @ = (u1,...,upy) € C™, 8§ = (81,...,8,) € R™, and erfc is the complementary error

function

erfe(t \f / e da. (1.8)

The functions #H;, j = 1,2, appear in the denominators of (1.6)—(1.7) and inside logarithms in the
statements of our main theorems. The next lemma ensures that {G;,In#;}3_, are well-defined and
real-valued for t € R, @ = (u1,...,un) € R™, 51 < ... < §,,. Here and below, In always denotes the
principal branch of the logarithm.



Lemma 1.1. H;(t;u,8) > 0 for j =1,2 and for allt € R, €= (u1,...,Uy) € R™, 51 < ... < 5p,.
Proof. In view of the identity Hi(t;4,5) = e“r T TumH,(—t; 4, 5), it is enough to consider H;. Since
. eu1+...+um
Ouy, H1(t; 1, 8) = ferfc(t —51) >0,
we only have to check that Hj|y,=—oo > 0. It is easy to verify that

1 M ouettum
Ha(7,8) luy =00 = 5[2 — erfe(t — 5)] + > ———lerfe(t — s¢) — erfe(t — 5-1))].
(=2

Since R 3 x +— erfc(z) is decreasing from 2 to 0 and §; < ... < §,,, each of the m terms in the above
right-hand side is > 0, which implies H1 |y, =—oo > 0. O

The following two theorems are our main results.

Theorem 1.2. (Merging radii in the bulk)
Let m € Nyg, r € (O,lfﬁ), 51,...,8, € R, a > —1 and b > 0 be fivzed parameters such that
51 < ... < Sm, and for n € N5, define

1
\/iﬁg 25
= 1 f=1,... .

7’( +rwﬁ> ) L

For any fized x1, ..., 2z, € R, there exists § > 0 such that

m 2
E| [ | =exp (Cint ovint st Covo(@mP0)) 0 snsiee (19)
i=1 v "

uniformly foruy € {z € C: |z — x| < 0},...,um € {2 € C: |z — x| <}, where

m
Cy = br? E uj,
i=1

+oo
_ \/ébrb/ (m%l(t;ﬁ,g)+1n’H2(t;ﬁ,§))dt,

+oo too
O3 = (2+a>2uj+4b/ 1n’H1(tus) In Ho(t; i ))dt+fb Gy (t; @, 8)dt,
Cy = G\fb/ (m%l(t @,5) + In Ha(t; @ s))dt
Feo Gi(t; 4, 8)" ,5)2
+ = 4t + Go(t; 1, 8) ) dt.
5[ (woa-BERT vaaa)
In partzcular since E[H] 1e“JN(T1)] depends analytically on uy,...,u, € C and is positive for

Uty ..., Um € R, the asymptotic formula (1.9) together with Cauchy’s formula shows that

m 2
851...85:1{IDE|:H€“-7N(T ] (Oln+02\f+03+ %)} :O((ln:) ), as n — +o0,
j=1

(1.10)

forany ki,...,kn €N, and uy, ..., uy € R.



Theorem 1.3. (Merging radii at the edge)
Let m € Nsg, 51,...,5m € R, a > —1 and b > 0 be fized parameters such that s1 < ... < $,,, and
for n € Nyg, define

1
1 2b
m:b—n(1+\/2b\5/%) L r=1,...,m.

For any fized 1, ..., 2z, € R, there exists § > 0 such that

m 1 2
E He“jN(”) = exp Cln—l—Cz\/ﬁ—FCg—Fg%—O M , as n — +0o (1.11)
e Vn n

uniformly foru; € {z € C: |z —x1| <6},...,um € {2z €C: |z — x| <}, where
Cl :Zuj,
j=1
+oo
Cy = \/27)/ In Hy(t; @, 5)dt,
0

1 +OO 0
Cs = (2 + a> InH2(0; @, §) — 4b/ tinHa(t; 4, 8)dt + \@b/ Gi1(t; 4, 8)dt,
0 —o00

(t;1,5)2

+oo 0
04:6\/51)%/ t21nH2(t;ﬁ,§)dt+b3/2/ (4tg1(t;a,§)— 9 7

0 —o0

1+ 6 + 602 H5(0; 1, 5) (1 )
- 224 (2 +a | VDhGi(0; T, 5).
12v26 Ha(03i0,5)  \2 ' ° 1(0:4,5)

In particular, since IE[Hmzl e“-?'N(TJ')] depends analytically on uy,...,uy, € C and is positive for
Uty ... Um € R, the asymptotic formula (1.9) together with Cauchy’s formula shows that

m 2
ok ok InE I I N0 | [ Cin+ Cov/n+ Cs + G =0 (Inn) ,  asn — +oo,
b m \/ﬁ n

N g2<t;ﬁ,s>)dt

j=1
(1.12)

forany ki,... kyn €N, and uy, ..., uy € R.

Remark 1.4. We believe that O(%) in (1.9) and (1.10) is not optimal and can be improved to
O(n™1).

Let (N™)so:= {7 = (1, jm) EN:j1+ ...+ jm > 1}

Recall that the joint cumulants {r7 = K3(r1,...,7minb,a)}5¢qm)_, of N(r1),...,N(rm) are
defined by
K7 = Ky = ai; In E[etaNr)+eFumN(rm)] g’ j € (N™)so, (1.13)
where 83; =081 ...9)m and 0:=(0,...,0). In particular, we have

E[N(r)] = k1(r), Var[N(r)] = ka(r), Cov[N(r1),N(r2)] = K(1,1)(r1,72).

Corollary 1.5 below follows from Theorems 1.2 and 1.3. As already mentioned, it contains the large
n asymptotics of all joint cumulants of N(r1),...,N(r,,) when the radii are merging, either in the
bulk or at the edge, and also contains several central limit theorems for the joint fluctuations of
N(r1),...,N(rm).



Corollary 1.5. (a) (bulk regime) Let m € Nsg, j € (N™)sg, a > =1, b > 0, r € (0,b"2) and
—00 < 61 < ... < 8§y < +00 be fized, and for n € N5, define

V25| P
= 1 f=1,... .
Ty T( +’I“b\/’l€ ) ) , M

As n — 400, we have

- - - 82,04 L= h,ln 2
K7 = 0%CY|,_gn + 0%Ca| . _gv/n + 04Cs| _5+ \/%o n 0<< ! ) ) (1.14)
where C1,...,Cy are as in Theorem 1.2. In particular, for any 1 < € < k < m, as n — 400 we have
E[N(ro)] = br®n + VZbrbspy/m + = 12_ 2 ( (Inn) ) (1.15)
brb bsy  b(1+4s?) 1 (Inn)
N(re)] = —= - 1.1
Var[N(re)] ﬁ‘ﬁH Vor 16wt ( > (1.16)
1 Inn
Cov(N(re), N(ri)) = c(1,1) (s, 56)v/n + dg1) (se,8%) + €11y (5, 56)n "2 + O<( n : ),

where

can(se,8%) = lzrf {erfc(t —5) (1 — Serfe(t —s)) + erfe(t + s5,) (1 — Serfe(t + s¢)) }dt, (1.17)

+oo
de1,1)(5¢,5) = b/o t{erfc(t —5¢)(2 — erfc(t — s1,)) — erfe(t + sy) (2 — erfe(t + s¢)) }dt

+o00 —(t—s¢)? 1— 5t2 ts) — 2 2
—i—b/ {(2—erfc(t—5k))e + 18— 2%

e 27 3
—(t=5)* 1 — 542 4 tg, — 262
(& k k
— erfe(t — dt
erfc(t — sy) NG 3 } ,
br—be~ (52725]”)
ey (5e,5) = TaRR (51 + 5554 + 555t + 9657 + 9657 + 128555), + 128557 + 18055

—b o0
+ 21055%) li’"@ / t?{erfc(t — 50)(2 — exfe(t — s¢)) + (2 — erfe(t + s¢) )erfe(t + 5k)}dt
0

Lt
36v/2m
p(t,s) = —3s + 225% — 855 + (21 — 665 + 165*) + t2(575 — 505°) + t3(—193 + 625%) — 70t*s + 50¢°.

Foo 2 2
{(2 — erfe(t — sg))e” 5 p(t,5,) — erfe(t — sp)e” (7o) p(t,sk)} dt,

(b) (joint fluctuations in the bulk) Let « > —1,b> 0, r € (0,b-2), m € Nug and sy, ...,5,, € R be
fized, and for n € N5, define

< fQSé)zlb ) -
Ty =1 ) g 90ty .
\/>

Consider the random wvariables

N 7T1/4N(rg) — (br®*n + V2 brbsg\/n)
=

NI . U=1,...,m. (1.18)




Asn — 400, (M,...,Nm) convergences in distribution to a multivariate normal random variable
of mean (0,...,0) and whose covariance matriz ¥ is given by

0(1,1)(54,%)

Yo =1, Y =Yg = YN

1<l<k<m

)

where c(1,1)(5¢,81) is given by (1.17).

(¢) (edge regime) Let m € Nsg, 7 € (N™)sg, o > —1, b > 0 and —00 < 51 < ... < 8, < +00 be
fixed, and for n € Ny, define

L 55
Te=b2< \/\;5€> , f=1,...,m.

Asn — 400, we have

. ; : 25Cy|. (Inn)>
_ Al J J @4 1g=0
= 8ﬂC1|ﬁ:6n+8502|ﬁ:6\/ﬁ+8ﬂ03‘a:6+ T +O< n ), (119)
where C1,...,Cy are as in Theorem 1.3. In particular, for any 1 < € < k < m, as n — 400 we have

E[N(r¢)] = n + c1(se)v/n + di(s) + e1(s¢)n™ % + 0<(1n:)2>7

Var[N(ry)] = ca(se)v/n + da(se) + ea(se)n ™% + (9<(1n:)2)7

1 Inn)?
COV(N(T@), N(Tk)) = 6(1,1)(52,5]@)\/5 + d(171)(5z,5k) + 6(171)(54,5]@)7175 + O<( ) ),

n
where

b b _.2
ci(s) = \\[f;erfc(s) e * (1.20)
dy(s) = ( 127 erfc(s 6752,

. e (b(2+4a) —1—6a— 602  (3b—2—4a)s? 25 3/2

1) = 5 ( 120 " 6 vbogh >

ca(s) = Z\\Cb%erfc(\/is) + \/Bf/_—i(l — erfc(s)) + e rfc(s ;erfc 1), (1.21)
do(s) = —%6—252 + Z\b/%erfc(\[s) + V e (1 — erfc(s))

b—1-2 1
+ 7aerfc(s) (erfc(ﬁ) — 1>,
4 2

8b?
eas) = — <1 —2b + 6a — 4ba + 602 + 2(2 — 3b + 4a)bs® + 354) (1 — erfe(s))

12v/27h
2% e BP(1448%)
— s erfe(vV2s),
vanl | mayE Cev2e)
Vb o[t
can(se,8) = —= erfe(t + s5) (2 — erfe(t + 5¢)) dt, (1.22)
2\/? 0



1+ 2«
8

“+o0
d1,1)(5¢,5%) = (2 — erfe(sy))erfe(sy,) — b/ terfe(t + s5,) (2 — erfe(t + s¢) ) dt
0

0 —(t=50% 1 _ 512 4 t5, — 262
(& Sy 2y
b 2 — erfe(t —
R e R
—(t=51)" 1 — 512 4 ), — 262
_erfc(t—sg)e N +3 Sk 2% }dt,
2
e~%k 1+ 6a + 602 + 2b(1 + 2a) (257 — 1)
e 5¢0,5;) = (2 — erfe(s
1.1 (5e,5%) = ( (e))m YW
-si 1 2 4 2b(1 4 20)(2s2 — 1
ferfc(sk.)e ¢ 14 6a+6a”+2b(1 +2a)(2s; — 1)
V2r 24v/b
b%e*er‘%)2 1 S¢+ 5
L k
- 288\/7?2“&( 7% ) (51 + 5557 + 5554 + 9657 + 9657 + 128555y, + 128555

3 2_ .2
2 e S5k

b2
—&-77(5553—1-53 + 73(s¢ + 5, + 525 +552)
N (s7 + s3) (8¢ + 5k + 575K + 5057,)

+oo
/ t3(2 — erfe(t + s¢))erfe(t + s )dt
0

+ 18058y, + 2105352)

3b2

iRV
b3 0

T 36var )

p(t,s) = —3s + 225° — 85° + (21 — 665> + 165*) + t*(57s — 505°) + ¢3(—193 + 625%) — 70t*s + 50¢°.

[(2 — erfe(t — 5k))e_(t_5“)2p(t,5g) — erfe(t — 55)6_(t_5’“)2p(t,5k)] dt,

(d) (joint fluctuations at the edge) Let o > —1, b >0, m € N5g and s1,...,5, € R be fized, and for
n € Ny, define

1 Sy ﬁ
T[b%(1+\/%\/ﬁ) , 6:1,...,m.

Consider the random variables

oo NOW) = (04 a(s) )

c2(sg) nt/4

. l=1,...,m, (1.23)

where ¢ is given by (1.20) and cq is given by (1.21). As n — 400, (N,...,Np) convergences
in distribution to a multivariate normal random variable of mean (0,...,0) and whose covariance
matriz X is given by

c(1,1) (8¢, 5%) L <l<k<m

ca(s0)/ca(sy) B -

Yoo =1, Yop = Xge=
where c(1,1)(5¢,5%) is given by (1.17).

Remark 1.6. Some of the results contained in Corollary 1.5 were already known:

o In [37, eq (70)], Lee and Riser obtained second-order asymptotics for the number of points lying
outside the droplet of the Ellictic Ginibre ensemble (in particular, the coefficients c1(0)|w,q)=(1,0)
and dy(0)|(b,a)=1,0) of part (c) above were contained in their results).

o Given a Borel set A, let Na := #{z; : z; € A}. In [11], Charles and Estienne proved that if A
is independent of n, has smooth boundary and lies strictly in the bulk of the Ginibre ensemble,



+o0

the cumulants {r;(A)} 2]

enjoy an all-order expansion of the form
ajon + gy agen' T+ 0mTN),ifj=1,

ki (A) = St R 4 0N, if j is odd and j > 3, (1.24)
ijn% + Zszl @»Mﬁ_k + (’)(n_N_%), if j is even,

where N € N is arbitrary. Furthermore, the coefficients oo and 850 were computed explicitly.
It can be verified (see [12, Corollary 1.4 (a)]) that (1.14) is consistent with (1.24): for m =1
and s1 = 0, we have@Cl‘ o =0 forj=>2, 6702} —0—8304’ = 0 for j odd, and
8&03’ _o =0 for j even.

o Second order asymptotics for the cumulants {/ij} 27 (i-e. the case m = 1) were obtained in
[35, eqs (55)—(67)] for general b >0 and o > —1, both in the bulk and the edge regimes.

o Third order asymptotics for the cumulants {H] °] (i-e. the case m = 1) were obtained in
[28, Remark 4] for the Ginibre case, and the leadmg coefficient c(1,1) (8¢, 51)| (b,a)=(1,0) (given in
(1.17) for the bulk and in (1.22) for the edge) was obtained in [28, Proposition 2.3]. Parts (b)
and (d) above, when specialized to (b, ) = (1,0), were also already known from [28, Proposition
2.9].

o Part (a) with m =1 and s1 = 0 and part (¢) with m = 1 and general s; € R were already
known from [12, Corollary 1.4].

Proof of Corollary 1.5. Proof of parts (a) and (¢): The asymptotics (1.14) and (1.19) directly follow
from (1.10), (1.12) and (1.13). The simplified asymptotics for E[N(r,)], Var[N(r¢)], and Cov(N(rs), N(rg))
are then obtained by performing a long but straightforward computation. Proof of part (d): Let
t1,...,tm € R be arbitrary but fixed. Note that cy(s) > 0 for s € R, because cj(s) = 273/2\/b(erfc(s)—
2)erfe(s) < 0 and limg_, oo c2(5) = 0. By Theorem 1.3, we know that (1.11) holds uniformly for

Uty ..., Um € {z € C:|z] <6} for a certain § > 0. Hence, using Theorem 1.3 with
t
T — t=1,...,m,
Vc2(sp) nt/4

we obtain

M 1

teNe| _1
E{Hez 2]—exp(2 Z Yo ptety + O(n 4)), as n — —+oo.

(=1 1<t<k<m
Thus the above asymptotics imply pointwise convergence in (t1,...,t,) € R™ of E[HZl eth’f]
to exp (% D i<tch<m E&ktgtk) as n — +oo. This, in turn, implies by standard theorems that
(N1, ..., N,,) convergences in distribution to a multivariate normal random variable of mean 0 and
covariance matrix %, which finishes the proof of (d). The proof of (b) is similar. O

Determinants. Here we express E[Hm 1 “’ZN(”)] as a ratio of two determinants. Using that
H1<J <h<n |26 — z;]? is the product of two Vandermonde determinants, we obtain after standard

manipulations that
m n
N 2 2
E{He“‘ (”)} = n'Z |2k — zj] Hw(zj)d 2
=1 C 1<]<k<n j=1

n—1
= ZL det </<C zjzkw(z)d22> ‘ (1.25)

7,k=0




e 2j+1
= -(2m) H/O W+ (u)du, (1.26)

where the weight w is defined by

e, if x <y,
1

w(z) = |z\2°“e_”|zlzbw(|ZD7 w(z) = H { (1.27)
=1

, if x > r,.

Formula (1.26) directly follows from (1.25) and the fact that w is rotation-invariant. Indeed, since
w(z) = w(|z|), the integral [, 29z*w(z)d?z is 0 for j # k and is 27 f0+°° u? 1w (u)du for j = k. So
only the main diagonal contributes for the determinants in (1.25).

Related works. We note from (1.25) that the problem of determining the large n asymptotics of
E [ H;":l e“JN(Tﬂ‘)} can equivalently be seen as a problem of obtaining large n asymptotics for an n xn
determinant whose weight is supported on C, rotation-invariant, and with m merging discontinuities
along circles. For Theorem 1.2, the discontinuities are merging in the bulk, while for Theorem 1.3
the discontinuities are merging at the edge.

The one-dimensional analogue of this merging of discontinuities has been studied by several
authors in the context of Toeplitz, Hankel and Toeplitz-+Hankel determinants. Large n asymptotics
of n x n Toeplitz determinants with two merging discontinuities were first obtained in the important
works [21, 22]. In both [21] and [22], the term of order 1 in the asymptotics is characterized in terms
of the solution to a Painlevé V equation. The generalization of [22] to the case where an arbitrary
number of discontinuities are merging is a challenging problem and only recently important progress
has been made [27]. Toeplitz+Hankel determinants with merging singularities have also recently been
studied in [30, 20], and some applications of these results are given in [19]. In the aforementioned
works, the discontinuities are merging in the bulk. Hankel determinants with merging discontinuities
at the edge are also related to the Painlevé theory, see [51, 41] for soft edges, [42] for a hard edge,
and e.g. [18, 15, 14] for studies on related Fredholm determinants. It is interesting to note that,
in contrast to these works, the asymptotics obtained in Theorems 1.2 and 1.3 for merging circular
discontinuities do not involve transcendental functions.

Let us also discuss related results on determinants with singularities in a two-dimensional setting.
The works [11, 36, 28, 12] were already mentioned at the beginning of the introduction and deal with
determinants having (non-merging) discontinuities. Beyond determinants with discontinuities, deter-
minants with root-type singularities and related planar orthogonal polynomials have also attracted
considerable attention in recent years [6, 8, 38, 50, 7, 39, 40, 24]. The analogues of Theorems 1.2 and
1.3 for planar root-type singularities can be found in [24, Theorem 1.5] (two merging singularities in
the bulk) and [24, Theorem 1.14] (an arbitrary number of merging singularities at the edge).

Finally, we mention that our approach is based on the asymptotic evaluation of sums of logarithms
involving the incomplete gamma function; related asymptotic evaluations are present also in e.g.
[31, 34, 2, 23, 25, 12, 13] although the problems treated there are different.

2 Proof of Theorem 1.2

Recall that w was defined in (1.27). For convenience, let us rewrite it as

m+1 m—+1

wla) =Y wiligry (@) = Qlp, (@), (2.1)
=1 =1

10



where 7,11 := +00 and

eet o tm _ gepitotum - f P <oy m+1 euet-tum if g <
we =4 evm — 1, if £ =m, Z%— | ifIZ:m,—s—l
1, ifl=m+1, |

(2.2)

The starting point of our proof is the following formula:
L nr 2b)
In&, Zln (1—!—ng b( ; 7 ), (2.3)
T
where &, := E[Hg;l eWN(”)] and v(a, z) is the incomplete gamma function

v(a,z):/ t* e tdt.
0

The identity (2.3) can easily be derived from (1.26) and was also obtained in [12, eqs (1.23) and (1.26)].
We infer from (2.3) that the asymptotics of v(a,z) as z — +oo uniformly for a € [12, -2 b+ %] are

needed to obtain large n asymptotics for £, — we recall these asymptotics in Appendix A.
In (2.3) and below, In always denotes the principal branch of the logarithm.
Our proof strategy follows [12]. Let us define

2b . 2b
[b?-:e _O[I’ J+ = I— 1—e —OéJ,

o=

where € > 0 is independent of n. We assume that ¢ is sufficiently small such that

br2b < 1
1l—€e 14¢€
so that we can write
In&, =Sy + 51+ 55+ 53, (2.4)
where
M’ m Jjta 20 Jj-—1 m jta 2b
V(555 g )> < V(555 nrg )>
So = In{1+ w , S1 = In{1+ w - , 2.5
°Z< 2T > 2T 29)
j=1 (=1 b j=M’'+1 (=1 b
J+ m ita b n m j+a
. ’Y(Tam”e ) - V(Tam"e )
So- (1w PR ) s Yo (1w 26)
Jj=j- (=1 b J=j++1 =1 b

In the above, M’ > 0 is an integer independent of n. For j = 1,...,nand k =1,...
define a; := ]'Z , 2k == nril and

Ajke 1= fj’; = ?Tj'z{:’ Aj = ;mf(: ik = Ak — 1)\/2(/\jyé€,\j,:_11;12>\j7k)' (2.7)
Lemma 2.1. For any x1,...,2ym € R, there exists § > 0 such that
So=M'1InQy + O(e™ "), as n — +0o, (2.8)
uniformly foru; € {z € C:|z—x1| <6},...,um € {2z €C: |z —zp| <5}
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Proof. We infer from (2.5) and Lemma A.1 that

m—+1 M’
So = Zln < Z we[l+O(e _C")]> = Zanl +0(e™ ), asn— +oo.
=1

=1

In the above, the error terms before the second equality are independent of w1, ..., um, so the claim
follows. N

Lemma 2.2. The constant M’ can be chosen sufficiently large such that the following holds. For
any xi,...,Ty, € R, there exists § > 0 such that

S1=0GU_—M —1)InQy + O(e™ ™), S3 = 0(e™ M),
as n — oo uniformly foru; € {z€C:|z—x1| <0},...,um €{2€C: |z —z,| <5}
Proof. The proof is identical to the proof of [12, Lemma 2.2], so we omit it. O
We now focus on Sp. Let M := M’+v/Inn. For the analysis we need to split S as follows

1 2 3 J+a W"Qb)
Sy=5"+ 57 458, s = Y ln<1+Zw b];af > v=1,2,3, (29
JiN;EL, )
where
11:{1—6,1—%), 12:[1—%,“%], I3:(1+%,1—|—e].

From (2.9), we see that the large n asymptotics of {Sév)}U:1}2’3 involve the asymptotics of v(a, 2)
when a — 400, z — 400 with A = 2 € [1 —¢,1 +¢]. These sums can also be rewritten using

g —1 9+ J+
Z 227 2: :§:7 § = E , (2.10)
jnels  =i- Jxj€l  j=g- JAj€l j=g4Hl
. " . brr2b
where g_ := flirm —al, gt =[5 —al.
Vn vn

It turns out that Sél), S§2) and Sgs) have oscillatory asymptotics as n — 4-o00. To handle these
oscillations, we follow [12] and introduce the following quantities:

gl ( bnr2b 3 a) B { bnr2b B a—‘ 3 ( bnr2b B a)
- T\ % i+ Ik 1+ 2= ’
(n,M) bnr2b bnr2t bnr2b

Oy =\ ) o=\ ) |7 ¢

v vn n

Note that HSH’M), Oin’M) € [0,1) are oscillatory but remain bounded as n — +oc.

Lemma 2.3. The constant M’ can be chosen sufficiently large such that the following holds. For
any Ti,...,Tm € R, there exists § > 0 such that

Sél) — (/)(,',L—lo)7

as n — +oo uniformly foruy € {z€C:|z—a1| <},...,um €{z €C: |z — x| <0}

12



Proof. Using (2.9) and Lemma A.2; we get

SV= 3 (1 + iw Berfc( .y W) R, (w)] >

Jix €l

Furthermore, for all sufficiently large n we have

N0 =N — 1+ 0N = 1)%) < = JL + O(), —nj0\/a;/2 2 M2+ 0(1), (2.11)

uniformly for j € {j : A\; € I }. Hence, for sufficiently large M’ we have

r2b a2

v _ 1 _ p2bp2 B
Ra;(nje) =0(e” 2 ) =0(n ) §erfc( — nj’m/aj/2) =0 "2 )=0(n""),
as n — +oo uniformly for j € {j : A\; € I;}. Thus, by (2.10),

Sgl) =0(n 1Y), as n — +oo. (2.12)
The error terms in (2.11) are independent of wy,...,w,, and therefore the error term in (2.12) is
uniform for uy € {z € C: |z — 21| <d},...,um € {2 € C: |z — x| <} O

Lemma 2.4. The constant M’ can be chosen sufficiently large such that the following holds. For
any Ti,...,Tm € R, there exists § > 0 such that

S = (br®n = j- = oM+ bV — a0 = b ) I+ O(M ),

as n — +oo uniformly foruy € {z € C:|z—a1| <},...,um €{z €C: |z — x| <0}

Proof. The claim can be proved in a similar way as Lemma 2.3. Using (2.9) and Lemma A.2, we

obtain
$9=3 m (1 + Zw { erfe - WW) ~ Fa, (W)] >

])\ elg

Since for all sufficiently large n we have

e =N — 1+ O0((Nje = 1)%) = = + O(5), — M0\ a/2 < = Aj[/rf +0(1),
uniformly for j € {j : \; € I3}, we can choose M’ large enough such that
20 072 1 72b 072
Ra,(nye) = O™ 47) = 0(™"), - Serfe( —njefa;/2) =1- O H7) =1-0(n "),
as n — 4o0 uniformly for j € {j : \; € I3}, and thus, by (2.10),
g——1
Sés) = Z nQ +0n2)=(g. —j )mQ +0n"?).
=
The claim now follows from
g-—1
b 2b
D 1=9--j-= (1mM a) ot —
J=j- t
=br?n — j_ — bMr2 ./ + bM3r2 — o+ 0T M) _par3r2pn e 4 O(M*n™Y), asn — +oo.
O
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We now turn to the asymptotic analysis of 552). Forall ke {l,...,m}and j e {j: )\ € L} =
{9—,...,9+}, define

Mjp:=vn(Aje—1),  Mj:=+n(};—1).

Note that M, and M; decrease as j increases. Since I, = [1 — f’ 14 f} as n — 400 the points
My_ k..., Mg, x run over the interval

VA (1= 30) = 1), Va((2) (1 + 20) = )] & [-M + Va5, M + V2 "s]

for each k € {1,.
n asymptotics of S

(7;1} and the points My_,..., My, run over the interval [—M, M]. For the large

we will need the following lemma.

Lemma 2.5. (Taken from [12, Lemma 2.7]) Let f € C3(R) be a function such that | f|,|f'],|f"],|f"|
are bounded. As n — +o0o we have

9+ M M
1
ST sy =v | fbat \/ﬁ—Qerb/ tf@ydt+ (= ="M ) pn) + (5 =0 ) p(=M)
j=g- ' -M -M 2 2
M (M) (M) _ 4 / glnM) (g(n.M) 4 1
Jn o 12 2 br2b 12 2 br2b
+O(M*n™1). (2.13)
Lemma 2.6. For any x1,...,T, € R, there exists § > 0 such that

~ ~(n 1~ —
S =M n + M)+ ﬁci M ot

_ M
CM =or? [ fi(t)dt

CimM) = py2b /M (— 2t f1(t) + fz(t)>dt + (1 - G(H’M))fl(M) + <1 — 9(n’M)>f1(—M)
M 2 2 7

M
o) br2b/ (3211(6) = 2falt) + fo() ) dt + (2 — 0 )fz(M) + (; - HT’M))J%(—M)
-M

n,M n,M n, M n,M
(L el - fon (1 0 eE -1 fi(-M)
12 2 br2b 12 2 br2b 7

as n — +oo uniformly foruy € {z € C: |z —x1| <6},...,um € {z €C: |z — x| <0}, where

b
—1+Z aite( ~ a4 VBT ) Aile) = nlo(e)

(@4 v2rls,)2s20

1 o= —wee 2 2b, 2 b 2 >
) = 5222 4 \/2rPas, + 452 — 2 ),
f() g(@; | e

(@ v2r7bs,)2s20

f2 1 o= we z { 5b,,5 4b_4 3b.3 2
3(x) = E 251 — 35vV2r*ats, + 323 (73 — 62
fsl@) g(x — 7212527 ¢ ( ‘)

+V21r%2%5,(33 — 5082) 4 2rP2(3 + 1857 — 1657) — 2v/25,(3 — 2257 + 853)}.
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Proof. Using (2.9) and Lemma A.2, we obtain

S = 3 (1 + zm:w Berfc( e W) ~ R, (w)] > (2.14)
/=1

Jir €l

Forje{j:/\jEIQ},wehavel—%g)\j:”"T <1+f, —M < M; < M, and

\/iT’ibSij

)
Mjp = M;+V2r s, + Tn

k=1,...,m.

Furthermore, as n — +o0o we have

Aie—1 7 M, M%£ 7M3’£ M4
mie = e—1>(1— B (e = 1)? +O<(Aj,e—1>3>)= e g 07 )
M +ﬁr s, 1 ~
My V2rTse 3( by M, — M — 20 2%3)
1 b M4
+3 3/2(M +v2r7ts) (M +V2r 55) —2V2r 7 M; ) + O — (2.15)

and

2 ,..b 3 ,.b
—nenfa;/2 = _ My J Mere  53Myre O(M*n~%)
PV V2 6V2yn 7220
(M + V27 bsg)r? r VM2 b Vo= s2

(53fM3 + 18r " M7 s, + 12V27r 2 M;s; + 560~ *'s 3) + O(M*n=3/?),
(2.16)

b
 144n

uniformly for j € {j : A\; € Io}. Hence, by (A.2), as n — +o0o we have
(M +v2r s p)2520
R (1:0) = e~ 2 -1
%\ = Nezs 3rvy/n

10M3r3 + 122M7r?%sy + 12M;r°s] 4 8v/2s7 + 3Mr° — 3v/2s,
- 3672bn

+0((1 +M§)n-%)>

and

%erfe( - 77;‘,@\/%‘?) = %erfc( B ;;(MJ " \57"_%4))

_ (M +v2r—bs)2r2b

e 2
SRRy (5\@7«2be+27~ij5@+4\/§55)

_ (M +v3r—bs )220

+ & i \/;r%n {53\/57«3be +18r°" M5, + 122" Mjsj + 565
2 (M7'+\/§7‘_b5 )2r2b
V2 (rij n \/554) (57«2be V2 M, + 4s,§) } + o(e*—' (14 Mf)n*%),
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uniformly for j € {j : A\; € Io}. The identity g(—v/2r~bt) = H;(t;,5) in combination with Lemma
1.1 shows that g(x) > 0 for all z € R; in particular, the functions fi(x), fo(z), f3(x) are well-defined
and real-valued for € R. Substituting the above asymptotics into (2.14) and using that the error

terms are suppressed by exponentials of the form e~cM; , we obtain
SéQ) = Eg )4 ﬁEé )4 gzg ) 4 O(n™1), as n — 400, (2.17)

where
9+ 9+ &
S =30 A0n), B =30 R0, B =37 K0).
j=g- J=9- I=9-

The functions f;, j = 1,2,3, satisfy the assumptions of Lemma 2.5. Moreover, fa(x), fs(z), and
their derivatives have exponential decay as x — +oo. Hence, by (2.13), we have

n 1 _
Eg ) 22172\/5-‘1-21’3—‘,-%21)44-0(]\4471 1),
L G(n) 1 1 Lo _ 1 1
—3¥y' =2 —% @ , =35 = —=X O ,
T2 23 T mEeat (n™) nos = peat (n™)
as n — +oo, for some explicit X1 2,31 3,31 4, 22,3, L2.4, X34. A computation gives
Y2 = 5§M), Y13+ 223 = 5§"’M)7 Y4+ 2oq+ Y34 = 5&"71”),
which is the claim. O

We are now ready to derive the asymptotics of So as n — +o0.

Lemma 2.7. The constant M’ can be chosen sufficiently large such that the following holds. For
any x1,...,Tm € R, there exists § > 0 such that

1
NG

as n — +oo uniformly foruy € {z € C: |z —x1| < },...,um € {z € C: |z — x| < 0}, where

Sy = (br2bn - j_) Q) + Cov/nn + O + —=Cy + O(M*n 1),
0 +o0o
CQ = b’l“2b |:/_ f1 (t)dt + /0 (fl (t) —1In Ql)dt:| N
~ 0 —+00
Gy = (; - a) € + b2 [ | _2nm+ poe+ [ 2n0 -mey + fz(t))dt]v
0 +oo
Cy=br?t U (32 f1(t) — 2t fo(t) + f3(t))dt +/O (32 (f1(t) — In()) — 2tfa(t) + fg(t))dt}

—0o0

Proof. Tt follows from Lemmas 2.3, 2.4 and 2.6 that
=~ ~(n 1 A n —
SQ = (b’/‘2b7’l —j_) an1 + CQ(M)\/E—F C:g M) + %Cﬁ M) + O(M47’L 1),
as n — +oo uniformly for uy € {z € C: |z — 1| <}, .., um € {2z € C: |z — x| < 6}, where

CM = M — bMr? Iy,
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Cm = M 4 (bM2r® — a0 ) @y,
M = O b M In Q.
Provided M’ is chosen sufficiently large, as n — +oo we get
oM =y + om0, M =Csr om0, O =04+ 01,
and the claim follows. O

End of the proof of Theorem 1.2. Let M’ > 0 be sufficiently large such that Lemmas 2.2 and 2.7
hold. Using (2.4) and Lemmas 2.1, 2.2 and 2.7, we conclude that for any z1, ..., z,, € R, there exists
0 > 0 such that

In&, =Sy + 51 +5+ 53

=MmnQ+ (G- —M —1)InQy + (br%n g >1an +CQ\/E+63 + %04 +O(M*n™1)

1
_ (br% anl)n F Covn+ Cs + ——Cy + O(M*n~b),

Vn
as n — +oo uniformly for u3 € {z € C: |z —x1| < 6},...,um € {2 € C: |z — x| < 6}, where
C3 =C3—InQy. Using (1.4)—(1.7), (2.1) and (2.2), the constants Cy, C3 and C4 can be rewritten
as in (1.9) after a change of variables. O

3 Proof of Theorem 1.3

As in the proof of Theorem 1.2, our starting point is formula (2.3).

Let

Jo = [115 *O‘]a

where € > 0 is a small constant independent of n. Using (2.3), we write In &, in 3 parts

In&, =Sy + 51+ 5o, (31)
with
M’ m jta .2 Jj-—1 J+a 20
sozzln(_u WW>7 Zln(uzw j+af)>, (3.2)
L pot r(&e) AT )
j+a n’r2b
Zln(l+2we ﬁa)@ )), (3.3)

J=i-
where M’ > 0 is a large integer independent of n. Recall the definition of Q, in (2.2).
Lemma 3.1. For any x1,...,Tm,m € R, there exists § > 0 such that
So=M'InQy +O(e” "), as n — 400, (3.4)
uniformly foruy € {z € C: |z —x1| < 0},...,um €{2 € C: |z — x| <5}

Proof. The proof is identical to the proof of Lemma 2.1. O
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Lemma 3.2. The constant M’ can be chosen sufficiently large such that the following holds. For
any Ti,...,Tm € R, there exists § > 0 such that

Sl = (]7 — M/ — 1) In Ql + O(e_cn),

as n — +oo uniformly foruy € {z€C:|z—a1| <},...,um €{z€C: |z — x| <0}
Proof. The claim follows as in Lemma 2.2. [
We now focus on Sy. For j =1,...,nand k =1,...,m, define a;, zx, \j x, A; and n; ; as in (2.7)
with r replaced by b_ﬁ, ie.
ze  bnr2b n 2\ —1—1In\jz)
Nipi= — = — A= =N —1 . .
Jk a  j+a’ T i Nik = (Aje — 1) Oyr — 1)2 ,

with a; := J+b°‘, zp = nr2’ and r1,...,7,, as in the statement of Theorem 1.3. Let M := M’'v/Inn.
We split S5 in two pieces as follows

Sy = 8% + 85,

where
m +a 2b
11) rY(jT’an ) _
Z In ( Z F]ii.‘) s v = 2, 3, (35)
JiAEL, =1 b
and
L=[g= 1+, L=0+1+4
The sums 552) and 553) can also be rewritten using
g-—1 n
Jixj€l3 j=j— JiA;EL2 Jj=9-

where g_ = [+ s a]. Let us also define

9(_n’M):=g_—( nM —a)z{ nM —oz—‘—< nM —a).
1+ L+ L+

Clearly, 0" ¢ [0, 1).

Lemma 3.3. The constant M’ can be chosen sufficiently large such that the following holds. For
any ri,...,Tm € R, there exists § > 0 such that

S = (n—j- = Mvn+ M? = a+ 0" — M) Q)+ O(M*n ),
as n — +oo uniformly foruy € {z € C: |z —x1| < },...,um €{z €C: |z — x| <0}

Proof. The proof follows the proof of Lemma 2.4, except that at the last step we need to use

g-——1

. n (n,M) .
l=g_ —j_=|—=7 6" -
S =i = (o) 0
J=i- f
:n—j,—M\/ﬁ+M2—a+9(,n"M)—M3n_%+O(M4n_1), as n — +o0o. (3.7)

O
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For k € {1,...,m} and j € {j : \; € I} = {g—,...,n}, we define M; := /n(\jr — 1) and
Mj = \/ﬁ()\j - 1)
Lemma 3.4. (Taken from [12, Lemma 2.7]) Let f € C3(R) be a function such that | f|,|f'|,|f"],|f"|
are bounded. As n — 400 we have

" M M 1 n 1
> s0n) = [ s vi—2 [ eswr (500 o + (5 +) 10
Jj=g- 0 0
1 M T (R ) AN 1+ 60+ 602 , .
+\/ﬁ{3/0 tf(t)dt+<12+ 5 >f(M)12f(0)}+O(Mn ).
(3.8)
Lemma 3.5. For any x1,...,2, € R, there exists § > 0 such that
~ ~ 1 ~
S5 = Cy" V4 G5+ =0 1 o,
NG
ot M
M = [ p(bat,
0
~(n,M) M 1 (n,M) 1
e = [ (= 2h0+ o)+ (5 -0 a0 + (5 +a) £100),
0

oM = /OM (3211(8) = 2falt) + fo() ) dt + <; - 0&"7M))f2(M) + (; + a) f2(0)

1 0mM e )N 1+ 6a + 6a?
7 — — v !
+ (12 + 9 )fl(M) 12 f1(0),

as n — 400 uniformly foruy € {z € C:|z—x1| <d0},...,um € {2 €C: |z — x| <0}, where g, fi1,
f2 and f3 are as in the statement of Lemma 2.6 with r replaced by b3,

Proof. The first part of the proof is identical to the beginning of the proof of Lemma 2.6, except that
one needs to replace r and g1 by b=26 and n, respectively. In particular, we find

2 n 1 n 1 n _

Sé):Eg )—l—ﬁZé )—I—ﬁEg )—|—(9(n b, as n — +0o, (3.9)
where 2§">, Eg") and Eg") are in the proof of Lemma 2.6 with r and g, replaced by b2 and
n, respectively. The asymptotics of these sums can then be obtained using Lemma 3.4. After a
computation, we then find the claim. O

Lemma 3.6. The constant M' can be chosen sufficiently large such that the following holds. For
any x1,...,T,m € R, there exists § > 0 such that

~ 1
So=(n—j_)InQ + Cov/n+ Cs + %04 + O(M*n™1),
as n — +oo uniformly foruy € {z € C: |z — 21| <0},...,um € {2 € C: |z — x| < I}, where

+oo
CQ = /0 (fl(t) - 111 Ql)dt,

Cs <; - a) InQy + /OJFOO(—%[fl(t) —InQy] + fa(t))dt + (; + a) 11(0),

Q

= /+oo (3t2(f1(t) —1n(Qy)) — 2t fa(t) + fg(t))dt B M <1
0

SO+ (5 +a) 200
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Proof. By combining Lemmas 3.3 and 3.5, we have
~ ~(n 1 4 n, —
Sy =(n—j_)InQ + CSM v+ M 4 ﬁcg M oMY,

as n — +oo uniformly for uy € {z € C: |z — 1| <}, .., um € {2 € C: |z — x| < 6}, where
@EM) = 52(M) —MIny,
Cm = M 4 (M2 = a0 ey,
cmM = (MM _ AP Q.
Provided M’ is chosen sufficiently large, as n — +oo we get
M =+ om0, MM =Cy+0(m™0), oM =0+ 01,
and the claim follows. O

End of the proof of Theorem 1.3. Let M’ > 0 be sufficiently large such that Lemmas 3.2 and 3.6
hold. Using (3.1) and Lemmas 3.1, 3.2 and 3.6, we conclude that for any z1,...,z,, € R, there exists
0 > 0 such that

In&, =Sy + 51+ 52

~ 1
=M+ (G- —M —1)InQ + (n—j_)InQ + Cov/n + Cs + %04 +O(M*n™h)
1
=nlnQ + Cg\/ﬁ-‘r C3+ —=Cy + O(M4n_1),
vn

as n — +oo uniformly for u; € {z € C: [z —a1| < 6},...,um € {2 € C: [z — x| < 6}, where
C3 =C3—1InQy. Using (1.4)—(1.7), (2.1) and (2.2), the constants C2, C3 and Cy4 can be rewritten
as in (1.11) after a simple change of variables. This concludes the proof of Theorem 1.3. O

A Uniform asymptotics of the incomplete gamma function
Lemma A.1. (From [44, formula 8.11.2]). Let a > 0 be fizred. As z — 400,

v(a,z) =T(a) + Oe™2).
Lemma A.2. (From [49, Section 11.2.4]). We have

a,z 1 eiéan2 o —1a42
WOE) L erte(-n /D)~ Rala), Raln) | etga
I'(a) 2
where erfc is defined in (1.8),

9\ —1-InA) W d L, 1
A=1)2 7 T = qu N —t u+in’

A= =0 (A1)

with t and u being related by the bijection t — u from L := {Sigaew —m <0 <m} toR given by

2(t —1—1Int)

u=—i(t—1) TSI

te L,
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and the principal branch is used for the roots. Furthermore, as a — +oo, uniformly for z € [0, 00),

Cj(]n) 7 (A2)

_1,.,2 o0
Ral) ~ e 3
a ~
V2ma =0 a

where all coefficients c;(n) are bounded functions of n € R (i.e. bounded for A € [0,+00)). The first
two coefficients are given by (see [49, p. 312])

1 1 1 1 1

1
60(77)—)\_1 n Cl(”)zﬁ_@_l)i’)_(,\—n?_12(/\—1)'

In particular, the following hold:
(i) Let z = Aa and let § > 0 be fizred. As a — +o0, uniformly for A > 144,

v(a,z) =T(a)(1+ 0(67#)).

(i) Let z = Aa. As a — +oo, uniformly for A in compact subsets of (0,1),

a1]2

V(a,2) = T(a)O(e™27).
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