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Abstract

Efron (1965) studied the stochastic increasingness of the vector of independent random vari-
ables entering a sum, given the value of the sum. Precisely, he proved that log-concavity
for the distributions of the random variables ensures that the vector becomes larger (in the
sense of the usual multivariate stochastic order) when the sum is known to increase. This
result is known as Efron’s “monotonicity property”. Under the condition that the random
variables entering in the sum have density functions with bounded second derivatives, we
investigate whether Efron’s monotonicity property generalizes when sums involve a large
number of terms to which a central-limit theorem applies.

Keywords: stochastic increasingness, stochastic dominance, log-concavity, central-limit the-
orem.



1 Introduction and motivation

Let Xi,...,X, be independent and centered real-valued random variables, with density
functions f1,..., f, and variances o3, ...,02 respectively. Define X;, = X;/s, where s2 =

S o2, and let
i=1 "oi=1

be their sum. Efron (1965) assumed that density functions f; are log-concave (or equivalently
belong to the class of Polya frequency functions of order 2) and proved that, for any real
measurable function GG, on R™ which is non-decreasing in each of its arguments,

a— E[G,( X1, Xnp)|Sn = F5' (a)]

is a non-decreasing function over (0,1), where Fg' denotes the quantile function of S,.
This result is known as Efron’s “monotonicity property”. Let us make two remarks on this
property. First, Efron (1965) rather considered random variables that are neither centered
nor normalized (such that the variance of the sum is equal to 1), but these choices do not
change the result since log-concavity is position-invariant as well as scale-invariant. Second
he studied the increasingness of the function s — E[G, (X1, ..., X,.)|S, = s], but this also
does not change the increasingness property since Fg 11 is a non-decreasing function.
Efron’s “monotonicity property” is equivalent to say that, for any 0 < a; < as < 1, the
random vector (X;,),_, . [Sn = Fg, ! (ap) has usual multivariate stochastic dominance over

the random vector (Xin),_; ., [Sn = Fyg, ' () as defined in Section 6.B in Shaked and Shan-
thikumar (2007). The usual multivariate stochastic dominance is a possible multivariate gen-
eralization of the univariate first-order stochastic dominance. Another famous generalization
yields the upper orthant order that is strictly weaker than the usual multivariate stochas-
tic order, because it considers n-variate functions of the form G, (z1,...,z,) = [, gi (1)
where the g;’s are univariate nonnegative increasing functions (see Section 6.G.1 in Shaked
and Shanthikumar (2007)). For the upper orthant order, increasing the value of the sum
S, from Fg'(a;) to Fg'(as) makes all terms X, larger in the sense that the condi-
tional survival functions never cross, the surface of the conditional survival function given
Sp = Fg' () lying entirely above the surface of the one given S, = Fg' (aq), i.e. for all
(0751 S 9, t = (tl,...7tn) € Rn,

P[ﬂ?zl{Xi,n > tl}’Sn = anl (Oél>] < P[ﬂ?zl{Xz,n > tz}‘Sn = anl (Oég)]. (11)

Thus the probability that all terms are large, in the sense that their exceed thresholds t;,
increases with the value Fi§' () of the sum S,,. Finally note that we know from Denuit and
Muller (2002, Theorem 3.2) that, for all oy < ax,

E [G(Xims - Xnn)|Sn = F5 ! (oa)] S E[Gu(Xims- - X)) S = F5 ! (a2)]
for all non-decreasing function G,,

& E[Gh(Xin - Xnn)|Sn = F5' (o1)] S EB[Gh(Xins- -y Xon)|Sn = F5 ! (o))
for all infinitely differentiable function G,, such that 0G,, (z) /0x; > 0,



so that we can equivalently consider the class of non-decreasing function G,, or the subclass
of infinitely differentiable function G,, such that 0G,, (x) /0x; > 0.

When n = 2, Saumard and Wellner (2018) extend Efron’s monotonicity property to
the case of general measures on R2. In this paper we want to extend Efron’s monotonicity
property for distributions which are not log-concave but have density functions with bounded
second derivatives and satisfy a central-limit theorem. Asymptotic properties derived in
Denuit and Robert (2020) in the special case G, (x) = x; suggest that Efron’s monotonicity
property may be generally valid in this setting. This is in contrast with sums comprising a
limited number of terms where restrictive conditions must be imposed on the distribution of
each term, such as log-concavity for instance. By letting the number of random variables in
the sum increases, the distribution of S,, will get closer and closer to the standard Gaussian
distribution which is log-concave, and we prove that the increasingness property will be
satisfied for finite-dimensional vectors of the form (X, ,,..., X, ), d € Ny, dy,...,iq € N¢,
as n is large and for intervals of « in (0, 1).

The remainder of this paper is organized as follows. Section 2 gathers the main results of
the paper. We first introduce a representation formula established by Saumard and Wellner
(2014) to explain why the assumption of log-concave density functions provides a natural
condition for Efron’s monotonicity property. We then give sufficient conditions for Efron’s
monotonicity property to be asymptotically valid as n is large. The proofs are gathered in
Section 3.

The following notation is adopted throughout the text. For two positive functions g¢;
and g, defined in a neighborhood of I € R = RU{—oc0} U {oo}, we write g1 = 0(g2)
provided lim,_.; ¢1(z)/g2(z) = 0, and g; = O(gz) provided lim, _.; |g1(z)/g2(z)| < oo without
specifying [ if its value is clear.

2 Main results

2.1 Efron’s monotonicity property

Saumard and Wellner (2018) note that Efron’s monotonicity property is equivalent to non-
decreasingness in « of the functions

a— E[g;(X;,)|S, = FS_n1 ()] fori=1,...,n, (2.1)

for every non-decreasing functions g;, when n = 2. An elegant representation formula for the
derivative of E[g;(X;,,)|S, = s| with respect to s is established in the proof of Proposition 6.7
of their survey paper, Saumard and Wellner (2014). This formula appears to be intimately
connected to the problem investigated in the present paper. We use it to provide the following
proposition whose proof is given in Section 3.1.

Proposition 2.1. Let 5" = S, — Xin. Assume that, for j € {1,...,n}\{i}, the density
functions f; are differentiable such that ||f]||cc < 00. Let g; be a real-valued function such



that E[|gi(X;n)|] < co. Then, for a € (0,1),

9 —1 1 ;7(1—0 (37(1_2))

——E[gi(Xi,)|Sn = Fg, (a)] = mco‘/ 9i(Xin), fS(_n(S?(fi))

_ el
50 Sp=Fg (a)

(2.2)

If moreover the functions g; are non-decreasing differentiable functions such that g, (0) > 0,
and, fori=1,...,n, the density functions f; are log-concave, then, for any a € (0, 1),

inf QE[QI(XMNSH =F;' ()] > 0. (2.3)

i=1,...n O
Given S,, = X;, + S,(fi) = Fg 1 (cv), the random variables X, ,, and 57(1—1‘) are negatively
related. This has been formally established by Joag-Dev and Proschan (1983) when X ,, and
S both possess log-concave probability density functions (see Theorem 2.8 in that paper
establishing that, given their sum, X, and S are negatively associated). Assuming that

Sr(fi) possesses a log-concave density, that is, In fo- is a concave function, is equivalent
to assume that f; n/ fSSf“ decreases. In particular, it is well-known, that, if, for j €

{1,...,n}\{i}, the density functions f; are log-concave, the density function of S5 s
also log-concave. Therefore, given S, = F5' (), ¢;(X;,) and f;sl,i)(Sr(fl))/fST(;i)(Sy(fl)) are
positively related so that it is reasonable to expect that the covariance appearing in formula
(2.2) is positive (see Section 3.1 for more details). Hence, formula (2.2) shows that inequality
(2.3) directly follows in that case.

2.2 Efron’s asymptotic monotonicity property

In this sub-section, we study the validity of the monotonicity established in Proposition 2.1
from an asymptotic point of view, i.e. as the number of terms entering the sum tends to
infinity. The intuition is that (2.3) may still be valid when S s a sum of many terms
obeying some central-limit theorem so that its distribution tends to the Normal one, which
is known to be log-concave.

For a distribution function F' (or its probability density function f), let us denote its
characteristic function by

gb(t):/oo e dF (z), teR.

—00

If f is twice-differentiable with a bounded second derivative, its characteristic function sat-

isfies
A

o ()] < ] (2.4)

for all real t, |t| > R for some positive constants A and R, since f has bounded variations.
F belongs to the class J introduced by Smith (1953) (with v = 1). Let us denote the
characteristic functions of Xy, Xs, ... by ¢, ¢, .... We say that the sequence of random



variables contains a smoothing subsequence if there exists a subsequence ¢,, , ¢,,, ... such
that for some positive A*, R*,

A*
|6, (1)] < T ji>1,

for all real ¢, |t| > R*. We may, without loss of generality, assume that R* > 2A*. Let n* be
the number of members of the smoothing subsequence in X7, X, ..., X,,.

Let ® denote the distribution function of the standard Normal distribution, and let ¢
denote the associated probability density function. The next result establishes the asymp-

totic property of non-decreasingness in « of the functions o +— E [gi(Xm)‘Sn = Fg ! (a)} for
a family of random variables with density functions with bounded second derivatives and

belonging to the Gaussian stable domain of attraction. The proof of the result is given in
Section 3.2.

Proposition 2.2. Assume that the following conditions hold true:
- Condition A: For alli > 1, f; is twice differentiable such that ||f!]|ec < 00.
- Condition B: There exists a smoothing subsequence such that lim, . n*/s? > 0.

- Condition C: For allt > 1, E[|Xl]3} < 00, and there exist positive constants v and I’
such that, for all n, we have

s2 > nvy and ZE[|X2|3} <nl.

=1

Assume that, for alli > 1 the function g; is twice differentiable such that ||g!||. < 0o. Then,
for any a € (0,1),

0:9; (0)

. 2 0
lim sna—aE [gZ(Xm) m.

n—oo

Sn - F,;Ll (Oé)] -
Moreover, if inf;>q 02g; (0) > 0, then, for any a € (0,1),

lim ~inf si%E [Qz(in)

2222n—00
i=1,...,n

S, = F3! (a)} > 0.

n

We now establish an equivalent of Efron’s monotonicity property for finite-dimensional
vectors of the form (X;, ,,..., X, ), d € Ny, iy,...,ig € N? as n is large for « in (0,1).
The proof of the result is given in Section 3.3.

Proposition 2.3. Assume that Conditions A, B and C of Proposition 2.2 hold true. Let
d€N,,i,...,iq € N¢. Assume that G4 : R — R is a non-decreasing and twice differentiable
function such that 3, ; ||0°Gy () /02,02j]| < 00. Then, for any a € (0, 1),

>4 020G (0,...,0) /0x;
¢ (27" (a)) '

0
lim Sia—aE Gd(Xil,TH ce 7Xid,n) Sn = Fsinl (C() =

n—oo



Proposition 2.3 provides a local version of Efron’s monotonicity property in that it proves
the increasingness property for intervals of a included in (0, 1) (by continuity) for sufficiently
large n, but not for the whole interval (0,1) as in Efron (1965).

For the uniform property, it seems necessary to consider some classes of density functions.
Such a class could be the class of s-concave density functions. Let

(1—0)a*+66°)°,  s#0,a,b>0,

0, s <0,ab=0,
Ms (CL, b: 0) - alfebo g = 0
alNb s = —00.

A density f is called s-concave, that is, f € P, if for all z,y € R and 0 € (0,1),
f((1=0)z+0y) > My(f(z), f(y);0). This definition goes back to Avriel (1972). The
function classes Py are nested in s in that for every r > 0 > s, we have P, C Py C Py C P_oo,
where Py is the class of log-concave densities. For example, Student distributions with v
degrees of freedom belong to P_;(,+1) and also to P, for any s < —1/ (v + 1).

Uhrin (1984) studies the property of stability through convolution of s-concave densi-
ties. He proves that the convolution of an a-concave density with a [-concave density is
(1/a+1/8+ 1) "-concave if « + 3 > 0 and a8/ (o + ) > —1. Let us assume that f; are
B;-concave densities, for ¢ > 1, such that the sequence (a,),,-, defined by a; = 8, and

gty =o + 8+ 1, n>1,

satisfies o, + 3, > 0 and a,,3,,/ (o, + 3,,) = —1 for all n > 2. Then S,, has an «,-concave
density. If, for all « > 1, 5, > 0, it is clear that the constraints are all satisfied and that
a, — 0 as n — oo. But, in this case, all densities f; are log-concave. More interestingly
there exist sequences (/3,,),~, for which an infinite number of /3, are negative, the sequence
(a),>, satisfies the previous constraints and «,, — 0 as n — oo. For such sequences, it
should be possible to find an increasing sequence of intervals converging to (0,1) such that
Efron’s monotonicity property would hold over these intervals.

3 Proofs

3.1 Proof of Proposition 2.1

We first begin by a lemma whose result has been first provided in Saumard and Wellner
(2014), but under different assumptions.

Lemma 3.1. Let X and Y be two independent real-valued random variables with density
functions fx and fy. Assume that fy is differentiable such that || fy ]|, < oo and that g is
a non-decreasing function such that E[|g(X)|] < 0o, then

0

- ;‘XJFY:s} (3.1)

E[g(X)|X +Y = s] = Cov {g(X), %



Proof: Let us first note that

Bl +Y =) = 7 [ gl fela) (s~ )
e 19(2) fx () (s — )] < 14l l9()] Fx ()
and E[|g(X)|] < oo, we can interchange integration and differentiation and we obtain
g[()W+Y—ﬂ
e[ o [

_ E{g(X Ei‘XjLY ] E{fi(Y

= 3} E[g(X)|X +Y = s]
which corresponds to (3.1). O

Saumard and Wellner (2014) noticed in the proof of their Proposition 6.7 that the co-
variance in (3.1) can be equivalently rewritten as

%E [(Q(Xl) — 9(X2)) (}C{;EQ; fY(Y2 ) Yt Y= s Xat V- 8}

- o - (585

where (X1,Y7) and (X3, Y5) are independent copies of (X,Y’). In the latter expression, the
inequality Y7 < Y5 must hold true because X; > X5 and the sums X; + Y; and X5 + Y5 are
constrained to be equal to some fixed value s. If fy is assumed to be log-concave, the ratio
13-/ fy is decreasing and the second factor in the last conditional expectation must thus be
positive. This implies that 2E[g(X)|X +Y = s] > 0.

To get formula (2.2), choose X = X;,, ¥ = S and differentiate the conditional
expectation with respect to a where s = Fg' (). To get formula (2.3), note that, for
1=1,...,n, fs’g—i) is log-concave since log-concavity is preserved under convolution and that
17

constant and therefore the inequalities are strict.

X1+3/1:5,X2+Y2:S}

oo < minjy |[fy, |leo. Since g;(0) > 0 for ¢ = 1,...,n, the functions g; are not

3.2 Proof of Proposition 2.2

We first begin by a series of lemmas.

Lemma 3.2. Consider a couple of real-valued random variables (Z, X) with joint probability
density function f(z x). Assume that fzx—, is a differentiable function for any x such that
sup, || f7x—s|lec < 00, and that E[|X|] < co. Then, we have

Freex(2) = f2(z) — B [X fx(2)] +0(e) ase —0.



Proof: Let us first note that
friex(2) = / fzex) (2 —u,u) du
= 6/ fzex) (2 —ex,ex)da

= / fizx) (z —ex,z)da.

Since
fizx) (2 —ex,0) = fx () fzx=0 (2 — €x)
and 5
Sl (2 —ew @) = —wfx () fzx— (2 — &),
we have

0
iz e = 2.0)| < sl el o] (),
Moreover E[| X|] < oo and we deduce that

e friex(2)

is a differentiable function and its first derivative is given by

< 0
£ — /oo x&f(zx) (z —ex,x) du.
By Taylor’s theorem, we have

Jreex(2) = f2(2) = €B [X fx(2)] +0 (&) as e — 0.

as announced. [

Let w = (wy,ws, ..., w,) be a vector of constants and let us consider the weighted sums

Sw = i wiXi>
=1

with distribution function Fj,, probability density function fg, and quantile function F S_wl.

Lemma 3.3. Assume that fi, fo, ..., fn are differentiable functions such that, for i =
L...,n, [|flll, < oo. We have

0 _
8_aE [9: (Wi X3) S = Fg ()]
1

= iy (Bl ) fo ()]

 fs,(Fg, (@)
fs,(Fs, (@)

w

Blg: (i) fsupx, (Fs ().



Proof: We have

B 00X 150 = F2] = ey o () Fn () — i)
1w -1
- mE [gi (w; X;) fsw|Xi(st (04))} :

By differentiating with respect to a;, we get

2B [ (wiX0) |80 = Fi (@)
_ 1 ) f ) L 5 (Fs (@)
- fgw (F§w1 (Oz)) <E [gz ( ZXZ) fSw|Xi<FSw ( )):| ) fSw<F§w1 (a))

and the result follows. [

Blg: (w:X,) fox, (F5 ()]

Lemma 3.4. Assume that f1, fo, ..., [ are twice differentiable functions such that, for
i=1,...,n, [[f/']l <oo. Define

Si(v_z) = Sw - szz == ZU)ij.

J#i
Then,
1 0 o? 0?
lim — —E[w; X;|S, = Fg''(a)] = — - —Inf.n(s)
wi—0 ’U)? dax S fs&)—i) (Fs(l—i) (O_/)) 0s® S s:Ff(lﬂ,) (a)
w S

holds true for any probability level o € (0, 1).

Proof: Since

P[S, <s]=P [Sf;i) +w; X; < s} =E [FS&_Z')(S — wiXZ-)}

and fq- is a bounded function, we can proceed as in the proof of Lemma 3.2 and write, as
w; — O,

Fgw (8) = FS&_i) (S) — U}ZE [Xl} foU_i) (8) +o0 (wz) . (32)
From Lemma 3.2, we also have
Fsu (5) = Fgo (8) —wiB (X fl () + 0 (w) (3.3)

and since || f||,, < oo, we derive
[, (8) = fyn (s) = wiE [X]

Moreover o = Fg, (F5'(a)) and we deduce from (3.2) that

Pl () + 0 (w:). (3.4)

Fgla) = F*E:,i)(oz) +w;E[X;] + o (w;) . (3.5)

8



Because X; and Sfl(,fi) are mutually independent, we can write
fsulxi (8) = fooo (s —wiXi) and  f5,x, (s) = f;&—o (s —wiX;).
This yields

E [Xfs,x,(s)] = E [Xz‘fsgufo (s — wiXi)] = /°° zfg (s —wiz) fi (x) dx
E [Xiféwm(s)} = E [Xz‘f;(ﬂ—i) (s — wiXi)] = / T Zqﬁf“ (s —wx) fi (x) dz.

Since
20 (s —win) fi@)| < | fi| @i @)
2l (s —wi) fi@)| < ||f]| a2 @)

and E[X?] < oo, we deduce that w; — E[X;fs,x,(s)] and w; — E [Xiféw\Xi(S)] are
differentiable functions and that

E[Xfsx(s)] = B [Xi fslgj,i)(s)] —wE [X? fy ,i)(s)] + o (w;)
B[Xifs,x ()] = E[Xify ()] =il [ X2f o(s)] +o0 ().
It follows from (3.5) and (3. ) that
B [wiXifs,1x(Fs, (@) = Tsio (Fs, (@) = B [(@iXo)’] f (Fs (@) + o0 (w])
= S( 0 (FS(I 5 ) Var [w; X;] fsf[i) (FS_( NG )) + o0 (wf)
and
E [wiXifs,x,(Fs, ()] = EwXi] fi o (Fs (@) = E[(wiXe)*] fico (Fs, () +o (w])
= EfwX] f;q(ﬂ—i) <F;§)(Oé)> — Var [w; X;] fs( D) (F (e )) +o (wy).
Going back to (3.3), (3.4) and (3.5), we also have

fsu(F5H0) = fsion (Filo (@) + 0 (w)

and
P, (Fs(@)) = i (Folo(@)) +o ().
These allow us to write
E [wiXi]Sw = Fgwl(a)}

1 - o x)dx
- mwi/_mxfswm (Fou (@) fx, () d
1 (o

E[uiXi] fyo (F:l_i)(a)) — Var [w, X £ (Fyl(@) +o(w)
Fogo (Filo (@) +o(w) |

9




Now,

[wiX~f§w|X (Fgl(@)] = f4,(F51(a))E [wiX;|Sw = F5}(a)]
_ P (Fglo(@) = Var X £y (F2L (@) + o (w?)
(
(

5(1)(5(2)a)+0wl 1 / -1 2
( N ) o (w) ( wi Xi] foo (Fg( o(a )) — Var [w; X|] fo[” (FS&’“(&)) +o0 (%))
oo S( D) i

(F1 (FsH()))?

= —Var [w; X]] fg(_i) <F‘;(17)(04)> — 2
w w fS( i) < S( Z) )
P [y (Fyty (o))
_ w %
= —Var[wX,] fgo (FS,(}“ (a)) 542 + o (w})
It then follows from Lemma 3.3 that
1 aE[le ’S = F ( )] Var [Xz] 0%In fs(fi) (8)
ul};glo w? O - -1 831; ’
o Fog <Fs£7’")(a)> s=F (@)

which ends the proof. []

Lemma 3.5. Assume that fi, fo, ..., fn are twice differentiable functions such that, for

i=1,...,n, || f], <o
1. Assume that g; is a twice differentiable function with ||g!'||., < co. Then,
1 0 o? 0?
lim — —E[g; (w; X;) |Sw = F5 ' (a)] = —g. (0 ! In fo
1 I (00 I8 = 520 = 6l 07— Pt O]
Sw

(3.6)
holds true for any probability level o € (0,1).
2. Letd € {2,...,n —1}. Assume that G4 : R? — R is twice differentiable such that
>0 10°Ga (x) [02:02)] |0 < 00. Letiy, ... ia € {1,...,n}% i1 # ... # iq and define

S’L(U_(ih“.’id)) = Z ijj’

JF5eensid
Assume that w = w;, = ... =w;,. We have
li iiEG X; X)) |Sw = Fg! 3.7
wli%a)QaOz [ d<w21 i1y -y Wiy Zd)| w Sw<a)] ( . )
d
0Gy o? 0?
= — (0) L In fo(—Groign (8) (3.8)
; Ox; foU—(il ,,,,, id))(Fval_(il 77777 Z.d))(oz)) 952 Sw d SZF;(:L(il YYYY i (@)

holds true for any probability level o € (0, 1).

10



Proof:
1. By Lemma 3.3, we have

%E [9: (0 X;) |Sw = F5,) ()]
) fs, (Fg ()

_ m(E [9: (Wi X3) f5,x, (F—l(oz))}) m]ﬂ[gi (wiXi)fSw\Xi(Fgwl(Oé))]>.

Since g; is a twice differentiable function with ||g/||, < oo, we get

%E [9; (0 X,) |Sw = Fg, (a)]

01(0) B [ X,y = Fs}(0)] + 2 (0) Ao [w? X218 = F5 (0)] + 0 (u?)

By the same reasoning as in the proof of Lemma 3.4, it is possible to show that

0 _
%E (Wi X?2[Sw = F5 ()] = o (w})

which is enough to conclude.
2. With the same arguments as developed in Lemma 3.3, we have

E [Gd (wilXiu s JwidXid) |SU’ = FS:UI(Q)]

1
e B | Ga (0 Xy wiy Xay) fsuix,ox, (Fs, (@) ]
Ty B LG X i) Fsul, (5 ()

By differentiating with respect to a, we get

0
50 B [Ga(wi Xy w1, X)) S = Fg (o)
1 , B
= m(E [Gd (wi, Xy ooy wi, Xy fsw\xil,_..,x,-d(stl(a))] )
5, (Fo (@)

mmd (w0 X300, X00) f e, (P @))]).

Since G4 is a twice differentiable function with )=, - [|0°G4 (v) /0207 < 00, We get, with
W=w, = ... =W,

%E [Gd (WX, wX,) [Sw = stll(a)}
d
B 0Gq 0 .
= Zl o, (0,...,0) 5-E [wX;, 18w = F5.' ()]
1 0*Gy 3, ) o )
2 2= D0y (0...,0) 5=E [’ X, X;, S = Fy, ()] + 0 («).

11



By the same reasoning as in the proof of Lemma 3.4, we can show that

1 OE[wX;|S, = Fg'(a)] o2 o

= — ¢ —1In f i (5)
] 1rid
Tt "d”(st;m ’’’’’ (@) 975 (i) @) |

w0 (2 Oa

and that 5

which is enough to conclude the proof. [

Let H, be the distribution function of the 5,,. According to Lyapunov’s condition and
Condition C, lim,,_,, H,(z) = ® (x) for all = (see e.g. Petrov (1995)). The next technical
lemma proves that the two first derivatives of H,, also converge to the derivatives of ® and
provides an upper bound for the rate of convergence.

Lemma 3.6. Assume Conditions A, B and C stated in Proposition 2.2 hold true. Then there
exist positive constants Cy, C1, and Cy such that, for n sufficiently large, the inequalities

1
hn(z) — e 2 < Con V2

Nor <

1
h (z) + el < ConV?

V2r

e—x2/2 < an_l/Q

B (2) — (22 — 1) jz_w <

are all valid.
Proof: From Petrov (1956), for all real ¢, we have
: A/t Jt) = R
< > =
6, (D] Q1) j = 1, where Q1) { SR

where v is a positive constant. The characteristic function of H,, is

By virtue of Condition B, there exists x4 > 0 such that for all sufficiently large n, n* > us?.
Since |2 (t)| <1 for all ¢, it follows that

s (o)

Let us show that %0, () is absolutely integrable for all sufficiently large n. This will
imply the existence of the following integrals

1 o0

hn(z) = Py e 0, (t)dt
1 [> ,

hin(x) = 5 (—it)e 0, (t)dt
1 o0

— t2e 10, (t) dt
21 J_ o
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and the validity of the following formulas h,(x) = hy,(x) and R (z) = he ().
Let us denote Liapunov’s fraction by

n

1
Ln=— Y B[IX].

n =1

We know from a lemma in Petrov (1956) and Condition B that the inequality n='/2 < L,, <
(T'/43/2)n=1/2 holds true. Following Petrov (1956), we have

/ 210, (1) dt < / 12 Qn(t)_e*f?/? dt—i—/ 26—t2/2 g4

[e 9]

< R+ Ry+ 2/ 2072t

—0o0

where

0, (t)—e_tQ/Q‘dt RQZ/ 216, (t)] dt.

|t|>(24L,,)~1

m:/ 2
|t]<(24Ln) 1

It is known (see, for instance Lemma 1 in Esseen (1945)), that if |¢| < (24L,,)~', then

O, (t) — e /2| < 1Ly, |t e/

where ¢y is a positive constant. It follows that
Rl S Can/ |t|5e_t2/4dt S CQLn
t|<(24Ln) "

for some positive constant c;. We have

t ps?,
Ry, < / t2 (Q <—)) dt
[t|>(24Ly) ! Sn

_ ¢ / £2(9 (1) dt.
|t‘>(8n24Ln)*1

Let € be a constant satisfying 0 < ¢ < (24I'/~'/2)~1. Obviously,

1
24s,, L,

> €

and
Ry < si/ £2(Q ()" dt.
[t]|>e

Let us write

/t|>€ +2 (Q (t>>ﬂs% dt = /€<t|<R 12 (Q (t))usgl dt + / 2 (Q (t))us% dt =Ty + To.

t|>R

13



We have
/ e st 4t — O (S;p)
e<|t|<R

psh
T, < ( ) dt
>R t]
i
< ( ) 2t = O (527
\t|>R

Ry < 3L,

for some positive constant c3. We deduce that 26, (t) is absolutely integrable for all suffi-
ciently large n.

Let us now consider the pointwise convergence of hsy () to ¢” (z). We have

for all p > 0. Also,

for all m > 0. It follows that

1 2 1 [ - 2
hon(z) — (22 —1)—=e /2 = — t2e7(h, (t) — et /D)dt
’ V2 21 ) o

1
= — ([ I I
27r(1+ o+ I3)

where

Il — / 2 —1ta:(9 (t) _ 6_t2/2)dt
[t|<(24Lyn)~

I, = / th—men (t)dt
(24Lyn)~

I; = — t2eitwe—t2/2q4
[t|>(24 L)1

We obviously have |I1| < Ry < ¢oL,, and |I5| < Ry < c3L,, for large n. Moreover
1 ~
I3 < / 20724t < L te B 48 < oL,
It[>(24Ln) 1 6
for some positive constant c¢,. It follows

hin () — (2% — 1)—1 etz c 2t st a

Vor - 2T

Condition C then ensures that L, (6) < (I'/v*?)n"1/2 and

L,.

1
\ 2T

efx2/2

(ca+c3+ C4)Fn,1/g

27y3/2 = Con™ 2.

hy(x) = (2% = 1)

<

14



It is possible to prove in the same way that

1
hn(az:)—\/ﬂe_$2/2 < Cyn~ V2
1 2
h! () e/ < OnTY?
" V2m N

for some positive constants Cy and C;. This ends the proof. []

The results stated in Proposition 2.2 now follow from Lemma 3.5 1) and Lemma 3.6.
First note that, by Theorem 5.4 in Petrov (1995), we have

for some positive constant A (that does not depend on i and n) and where

3
LD — ZJ'E{l,--m}\{i} E [|Xj| ] .
! (Zje{l,..,n}\{i} 03)3/2

Moreover there exists a positive constant B (that does not depend on i and n) such that,
for large n, L', < Bn=1/2, and we deduce that, for z € R and a € (0,1)

Fy-n(z) =@ (z) + O (n~'7?)

and

F;;_i)(oz) =d ' (a)+0 (n_l/Q) )
Second, notice that % In p(s) = —1, then, by Lemma 3.6, we deduce that

2
0 In F=!

952 st o (5) =1+0(n"?)

-1
S:Fs,(;” (a)

and

Fogo(Fyc L) =@ (@7 (@) + 0 (n7'?)

where O (n’1/2) are uniform for i = 1, ...,n. Let us now choose w; = 1/s,, in Lemma 3.5 1),
we deduce that

, 0 IR o}
$25B [gi(Xio) L] =60 gy o
since, as w; — 0,
1 0 1 o o? 02 0 o
2 a [gi (szz) |Sw = st (a)] =—9; (0) fsl(u‘i)<F;1(U1—2)< )) a 2 1 f ( ) + (1) )

=F 1!
s 51(071) (o)

where o (1) are uniform for i =1, ..., n.
Since inf;>0 02g. (0) > 0, we finally deduce that, for any o € (0, 1),

lim inf 8 iE[ (Xin) 5! (04)} > 0.

n—00 . 3 " ey

.....
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3.3 Proof of Proposition 2.3

The results stated in Proposition 3.3 follow from Lemma 3.5 2) and Lemma 3.6. Let
57(;(1'1 ..... ia)) _ Sp— .
that

¢ Xi;n- In the same way as in the previous proof, we deduce
——1In F_l_ iy () =140 (n—1/2)

and
fS( (450005 ’Ld))(F 1 ..... id))(CV)) =@ ((I)il (Oé)) + @) (nil/Q)

where O (n_l/Q) are uniform for ¢ = 1,...,n. Let us now choose w = 1/s,, in Lemma 3.5 2),
we deduce that

) 1. 0G, o}
sna—E[Gd( s WXiyn) [Sn = Fg! Z::a_ )WJro(l).
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