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Abstract

Efron (1965) studied the stochastic increasingness of the vector of independent random vari-
ables entering a sum, given the value of the sum. Precisely, he proved that log-concavity
for the distributions of the random variables ensures that the vector becomes larger (in the
sense of the usual multivariate stochastic order) when the sum is known to increase. This
result is known as Efron’s “monotonicity property”. Under the condition that the random
variables entering in the sum have density functions with bounded second derivatives, we
investigate whether Efron’s monotonicity property generalizes when sums involve a large
number of terms to which a central-limit theorem applies.

Keywords: stochastic increasingness, stochastic dominance, log-concavity, central-limit the-
orem.



1 Introduction and motivation

Let X1, . . . , Xn be independent and centered real-valued random variables, with density
functions f1, . . . , fn and variances σ2

1, . . . , σ
2
n respectively. Define Xi,n = Xi/sn where s2

n =∑n
i=1 σ

2
i , and let

Sn =

n∑
i=1

Xi,n =
1

sn

n∑
i=1

Xi

be their sum. Efron (1965) assumed that density functions fi are log-concave (or equivalently
belong to the class of Polya frequency functions of order 2) and proved that, for any real
measurable function Gn on Rn which is non-decreasing in each of its arguments,

α 7→ E[Gn(X1,n, . . . , Xn,n)|Sn = F−1
Sn

(α)]

is a non-decreasing function over (0, 1), where F−1
Sn

denotes the quantile function of Sn.
This result is known as Efron’s “monotonicity property”. Let us make two remarks on this
property. First, Efron (1965) rather considered random variables that are neither centered
nor normalized (such that the variance of the sum is equal to 1), but these choices do not
change the result since log-concavity is position-invariant as well as scale-invariant. Second
he studied the increasingness of the function s 7→ E[Gn(X1,1, . . . , Xn,n)|Sn = s], but this also
does not change the increasingness property since F−1

Sn
is a non-decreasing function.

Efron’s “monotonicity property”is equivalent to say that, for any 0 < α1 ≤ α2 < 1, the
random vector (Xi,n)i=1,...,n |Sn = F−1

Sn
(α2) has usual multivariate stochastic dominance over

the random vector (Xi,n)i=1,...,n |Sn = F−1
Sn

(α1) as defined in Section 6.B in Shaked and Shan-
thikumar (2007). The usual multivariate stochastic dominance is a possible multivariate gen-
eralization of the univariate first-order stochastic dominance. Another famous generalization
yields the upper orthant order that is strictly weaker than the usual multivariate stochas-
tic order, because it considers n-variate functions of the form Gn(x1, . . . , xn) =

∏n
i=1 gi (xi)

where the gi’s are univariate nonnegative increasing functions (see Section 6.G.1 in Shaked
and Shanthikumar (2007)). For the upper orthant order, increasing the value of the sum
Sn from F−1

Sn
(α1) to F−1

Sn
(α2) makes all terms Xi,n larger in the sense that the condi-

tional survival functions never cross, the surface of the conditional survival function given
Sn = F−1

Sn
(α2) lying entirely above the surface of the one given Sn = F−1

Sn
(α1), i.e. for all

α1 ≤ α2, t = (t1, . . . , tn) ∈ Rn,

P[∩ni=1{Xi,n > ti}|Sn = F−1
Sn

(α1)] ≤ P[∩ni=1{Xi,n > ti}|Sn = F−1
Sn

(α2)]. (1.1)

Thus the probability that all terms are large, in the sense that their exceed thresholds ti,
increases with the value F−1

Sn
(α) of the sum Sn. Finally note that we know from Denuit and

Muller (2002, Theorem 3.2) that, for all α1 ≤ α2,

E
[
Gn(X1,n, . . . , Xn,n)|Sn = F−1

Sn
(α1)

]
≤ E[Gn(X1,n, . . . , Xn,n)|Sn = F−1

Sn
(α2)]

for all non-decreasing function Gn

⇔ E
[
Gn(X1,n, . . . , Xn,n)|Sn = F−1

Sn
(α1)

]
≤ E[Gn(X1,n, . . . , Xn,n)|Sn = F−1

Sn
(α2)]

for all infinitely differentiable function Gn such that ∂Gn (x) /∂xi > 0 ,
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so that we can equivalently consider the class of non-decreasing function Gn or the subclass
of infinitely differentiable function Gn such that ∂Gn (x) /∂xi > 0.
When n = 2, Saumard and Wellner (2018) extend Efron’s monotonicity property to

the case of general measures on R2. In this paper we want to extend Efron’s monotonicity
property for distributions which are not log-concave but have density functions with bounded
second derivatives and satisfy a central-limit theorem. Asymptotic properties derived in
Denuit and Robert (2020) in the special case Gn(x) = xi suggest that Efron’s monotonicity
property may be generally valid in this setting. This is in contrast with sums comprising a
limited number of terms where restrictive conditions must be imposed on the distribution of
each term, such as log-concavity for instance. By letting the number of random variables in
the sum increases, the distribution of Sn will get closer and closer to the standard Gaussian
distribution which is log-concave, and we prove that the increasingness property will be
satisfied for finite-dimensional vectors of the form (Xi1,n, . . . , Xid,n), d ∈ N∗, i1, . . . , id ∈ Nd∗,
as n is large and for intervals of α in (0, 1).
The remainder of this paper is organized as follows. Section 2 gathers the main results of

the paper. We first introduce a representation formula established by Saumard and Wellner
(2014) to explain why the assumption of log-concave density functions provides a natural
condition for Efron’s monotonicity property. We then give suffi cient conditions for Efron’s
monotonicity property to be asymptotically valid as n is large. The proofs are gathered in
Section 3.
The following notation is adopted throughout the text. For two positive functions g1

and g2 defined in a neighborhood of l ∈ R̄ = R ∪ {−∞} ∪ {∞}, we write g1 = o(g2)
provided limx→l g1(x)/g2(x) = 0, and g1 = O(g2) provided limx→l |g1(x)/g2(x)| <∞ without
specifying l if its value is clear.

2 Main results

2.1 Efron’s monotonicity property

Saumard and Wellner (2018) note that Efron’s monotonicity property is equivalent to non-
decreasingness in α of the functions

α 7→ E[gi(Xi,n)|Sn = F−1
Sn

(α)] for i = 1, . . . , n, (2.1)

for every non-decreasing functions gi, when n = 2. An elegant representation formula for the
derivative of E[gi(Xi,n)|Sn = s] with respect to s is established in the proof of Proposition 6.7
of their survey paper, Saumard and Wellner (2014). This formula appears to be intimately
connected to the problem investigated in the present paper. We use it to provide the following
proposition whose proof is given in Section 3.1.

Proposition 2.1. Let S(−i)
n = Sn −Xi,n. Assume that, for j ∈ {1, . . . , n}\{i}, the density

functions fj are differentiable such that ||f ′i ||∞ < ∞. Let gi be a real-valued function such
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that E[|gi(Xi,n)|] <∞. Then, for α ∈ (0, 1),

∂

∂α
E[gi(Xi,n)|Sn = F−1

Sn
(α)] =

1

fSn
(
F−1
Sn

(α)
)Cov

gi(Xi,n),
f ′
S
(−i)
n

(S
(−i)
n )

f
S
(−i)
n

(S
(−i)
n )

∣∣∣Sn = F−1
Sn

(α)

 .
(2.2)

If moreover the functions gi are non-decreasing differentiable functions such that g′i (0) > 0,
and, for i = 1, . . . , n, the density functions fi are log-concave, then, for any α ∈ (0, 1),

inf
i=1,...,n

∂

∂α
E[gi(Xi,n)|Sn = F−1

Sn
(α)] > 0. (2.3)

Given Sn = Xi,n + S
(−i)
n = F−1

Sn
(α), the random variables Xi,n and S

(−i)
n are negatively

related. This has been formally established by Joag-Dev and Proschan (1983) when Xi,n and
S

(−i)
n both possess log-concave probability density functions (see Theorem 2.8 in that paper
establishing that, given their sum, Xi,n and S

(−i)
n are negatively associated). Assuming that

S
(−i)
n possesses a log-concave density, that is, ln f

S
(−i)
n

is a concave function, is equivalent
to assume that f ′

S
(−i)
n

/f
S
(−i)
n

decreases. In particular, it is well-known, that, if, for j ∈
{1, . . . , n}\{i}, the density functions fj are log-concave, the density function of S(−i)

n is
also log-concave. Therefore, given Sn = F−1

Sn
(α), gi(Xi,n) and f ′

S
(−i)
n

(S
(−i)
n )/f

S
(−i)
n

(S
(−i)
n ) are

positively related so that it is reasonable to expect that the covariance appearing in formula
(2.2) is positive (see Section 3.1 for more details). Hence, formula (2.2) shows that inequality
(2.3) directly follows in that case.

2.2 Efron’s asymptotic monotonicity property

In this sub-section, we study the validity of the monotonicity established in Proposition 2.1
from an asymptotic point of view, i.e. as the number of terms entering the sum tends to
infinity. The intuition is that (2.3) may still be valid when S(−i)

n is a sum of many terms
obeying some central-limit theorem so that its distribution tends to the Normal one, which
is known to be log-concave.
For a distribution function F (or its probability density function f), let us denote its

characteristic function by

φ (t) =

∫ ∞
−∞

eitxdF (x) , t ∈ R.

If f is twice-differentiable with a bounded second derivative, its characteristic function sat-
isfies

|φ (t)| ≤ A

|t| (2.4)

for all real t, |t| ≥ R for some positive constants A and R, since f has bounded variations.
F belongs to the class J introduced by Smith (1953) (with α = 1). Let us denote the
characteristic functions of X1, X2, . . . by φ1, φ2, . . .. We say that the sequence of random
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variables contains a smoothing subsequence if there exists a subsequence φn1 , φn2 , ... such
that for some positive A∗, R∗, ∣∣φni (t)

∣∣ ≤ A∗

|t| , j ≥ 1,

for all real t, |t| ≥ R∗. We may, without loss of generality, assume that R∗ > 2A∗. Let n∗ be
the number of members of the smoothing subsequence in X1, X2, ..., Xn.
Let Φ denote the distribution function of the standard Normal distribution, and let ϕ

denote the associated probability density function. The next result establishes the asymp-
totic property of non-decreasingness in α of the functions α 7→ E

[
gi(Xi,n)

∣∣∣Sn = F−1
Sn

(α)
]
for

a family of random variables with density functions with bounded second derivatives and
belonging to the Gaussian stable domain of attraction. The proof of the result is given in
Section 3.2.

Proposition 2.2. Assume that the following conditions hold true:
- Condition A: For all i ≥ 1, fi is twice differentiable such that ||f ′′i ||∞ <∞.
- Condition B: There exists a smoothing subsequence such that limn→∞n

∗/s2
n > 0.

- Condition C: For all i ≥ 1, E
[
|Xi|3

]
< ∞, and there exist positive constants γ and Γ

such that, for all n, we have

s2
n ≥ nγ and

n∑
i=1

E
[
|Xi|3

]
≤ nΓ.

Assume that, for all i ≥ 1 the function gi is twice differentiable such that ||g′′i ||∞ <∞. Then,
for any α ∈ (0, 1),

lim
n→∞

s2
n

∂

∂α
E
[
gi(Xi,n)

∣∣∣Sn = F−1
Sn

(α)
]

=
σ2
i g
′
i (0)

ϕ (Φ−1 (α))
.

Moreover, if infi≥0 σ
2
i g
′
i (0) > 0, then, for any α ∈ (0, 1),

limn→∞ inf
i=1,...,n

s2
n

∂

∂α
E
[
gi(Xi,n)

∣∣∣Sn = F−1
Sn

(α)
]
> 0.

We now establish an equivalent of Efron’s monotonicity property for finite-dimensional
vectors of the form (Xi1,n, . . . , Xid,n), d ∈ N∗, i1, . . . , id ∈ Nd∗, as n is large for α in (0, 1).
The proof of the result is given in Section 3.3.

Proposition 2.3. Assume that Conditions A, B and C of Proposition 2.2 hold true. Let
d ∈ N∗, i1, . . . , id ∈ Nd∗. Assume that Gd : Rd → R is a non-decreasing and twice differentiable
function such that

∑
i,j ||∂2Gd (x) /∂xi∂xj||∞ <∞. Then, for any α ∈ (0, 1),

lim
n→∞

s2
n

∂

∂α
E
[
Gd(Xi1,n, . . . , Xid,n)

∣∣∣Sn = F−1
Sn

(α)
]

=

∑d
j=1 σ

2
ij
∂Gd (0, . . . , 0) /∂xj

ϕ (Φ−1 (α))
.
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Proposition 2.3 provides a local version of Efron’s monotonicity property in that it proves
the increasingness property for intervals of α included in (0, 1) (by continuity) for suffi ciently
large n, but not for the whole interval (0, 1) as in Efron (1965).
For the uniform property, it seems necessary to consider some classes of density functions.

Such a class could be the class of s-concave density functions. Let

Ms (a, b; θ) =


((1− θ) as + θbs)1/s , s 6= 0, a, b > 0,
0, s < 0, ab = 0,
a1−θbθ, s = 0,
a ∧ b s = −∞.

A density f is called s-concave, that is, f ∈ Ps, if for all x, y ∈ R and θ ∈ (0, 1),
f ((1− θ)x+ θy) ≥ Ms (f (x) , f (y) ; θ). This definition goes back to Avriel (1972). The
function classes Ps are nested in s in that for every r > 0 > s, we have Pr ⊂ P0 ⊂ Ps ⊂ P−∞,
where P0 is the class of log-concave densities. For example, Student distributions with ν
degrees of freedom belong to P−1/(ν+1) and also to Ps for any s < −1/ (ν + 1).
Uhrin (1984) studies the property of stability through convolution of s-concave densi-

ties. He proves that the convolution of an α-concave density with a β-concave density is
(1/α + 1/β + 1)−1-concave if α + β ≥ 0 and αβ/ (α + β) ≥ −1. Let us assume that fi are
βi-concave densities, for i ≥ 1, such that the sequence (αn)n≥1 defined by α1 = β1 and

α−1
n+1 = α−1

n + β−1
n + 1, n ≥ 1,

satisfies αn + βn ≥ 0 and αnβn/ (αn + βn) ≥ −1 for all n ≥ 2. Then Sn has an αn-concave
density. If, for all i ≥ 1, βi > 0, it is clear that the constraints are all satisfied and that
αn → 0 as n → ∞. But, in this case, all densities fi are log-concave. More interestingly
there exist sequences (βn)n≥1 for which an infinite number of βi are negative, the sequence
(αn)n≥1 satisfies the previous constraints and αn → 0 as n → ∞. For such sequences, it
should be possible to find an increasing sequence of intervals converging to (0, 1) such that
Efron’s monotonicity property would hold over these intervals.

3 Proofs

3.1 Proof of Proposition 2.1

We first begin by a lemma whose result has been first provided in Saumard and Wellner
(2014), but under different assumptions.

Lemma 3.1. Let X and Y be two independent real-valued random variables with density
functions fX and fY . Assume that fY is differentiable such that ‖f ′Y ‖∞ < ∞ and that g is
a non-decreasing function such that E[|g(X)|] <∞, then

∂

∂s
E[g(X)|X + Y = s] = Cov

[
g(X),

f ′Y (Y )

fY (Y )

∣∣∣X + Y = s

]
. (3.1)
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Proof: Let us first note that

E[g(X)|X + Y = s] =
1

fX+Y (s)

∫ ∞
−∞

g(x)fX(x)fY (s− x)dx.

Since
|g(x)fX(x)f ′Y (s− x)| ≤ ‖f ′Y ‖∞ |g(x)| fX(x)

and E[|g(X)|] <∞, we can interchange integration and differentiation and we obtain
∂

∂s
E[g(X)|X + Y = s]

=

∫ ∞
−∞

g(x)fX(x)f ′Y (s− x)

fX+Y (s)
dx−

f ′X+Y (s)

(fX+Y (s))2

∫ ∞
−∞

g(x)fX(x)fY (s− x)dx

= E

[
g(X)

f ′Y (Y )

fY (Y )

∣∣∣X + Y = s

]
−
∫ ∞
−∞

fX(x)f ′Y (s− x)

fX+Y (s)
dx

∫ ∞
−∞

g(x)fX(x)fY (s− x)

fX+Y (s)
dx

= E

[
g(X)

f ′Y (Y )

fY (Y )

∣∣∣X + Y = s

]
− E

[
f ′Y (Y )

fY (Y )

∣∣∣X + Y = s

]
E
[
g(X)

∣∣X + Y = s
]

which corresponds to (3.1). �

Saumard and Wellner (2014) noticed in the proof of their Proposition 6.7 that the co-
variance in (3.1) can be equivalently rewritten as

1

2
E

[(
g(X1)− g(X2)

)(f ′Y (Y1)

fY (Y1)
− f ′Y (Y2)

fY (Y2)

) ∣∣∣X1 + Y1 = s,X2 + Y2 = s

]
=

1

4
E

[(
g(X1)− g(X2)

)(f ′Y (Y1)

fY (Y1)
− f ′Y (Y2)

fY (Y2)

)
I[X1 > X2]

∣∣∣X1 + Y1 = s,X2 + Y2 = s

]
where (X1, Y1) and (X2, Y2) are independent copies of (X, Y ). In the latter expression, the
inequality Y1 < Y2 must hold true because X1 > X2 and the sums X1 + Y1 and X2 + Y2 are
constrained to be equal to some fixed value s. If fY is assumed to be log-concave, the ratio
f ′Y /fY is decreasing and the second factor in the last conditional expectation must thus be
positive. This implies that ∂

∂s
E[g(X)|X + Y = s] ≥ 0.

To get formula (2.2), choose X = Xi,n, Y = S
(−i)
n and differentiate the conditional

expectation with respect to α where s = F−1
Sn

(α). To get formula (2.3), note that, for
i = 1, . . . , n, f

S
(−i)
n

is log-concave since log-concavity is preserved under convolution and that
||f ′

S
(−i)
n

||∞ ≤ minj 6=i ||f ′Xj,n ||∞. Since g
′
i (0) > 0 for i = 1, . . . , n, the functions gi are not

constant and therefore the inequalities are strict.

3.2 Proof of Proposition 2.2

We first begin by a series of lemmas.

Lemma 3.2. Consider a couple of real-valued random variables (Z,X) with joint probability
density function f(Z,X). Assume that fZ|X=x is a differentiable function for any x such that
supx ||f ′Z|X=x||∞ <∞, and that E[|X|] <∞. Then, we have

fZ+εX(z) = fZ(z)− εE
[
Xf ′Z|X(z)

]
+ o (ε) as ε→ 0.
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Proof: Let us first note that

fZ+εX(z) =

∫ ∞
−∞

f(Z,εX) (z − u, u) du

= ε

∫ ∞
−∞

f(Z,εX) (z − εx, εx) dx

=

∫ ∞
−∞

f(Z,X) (z − εx, x) dx.

Since
f(Z,X) (z − εx, x) = fX (x) fZ|X=x (z − εx)

and
∂

∂ε
f(Z,X) (z − εx, x) = −xfX (x) f ′Z|X=x (z − εx) ,

we have ∣∣∣∣ ∂∂εf(Z,X) (z − εx, x)

∣∣∣∣ ≤ sup
x
||f ′Z|X=x||∞ |x| fX (x) .

Moreover E[|X|] <∞ and we deduce that

ε 7→ fZ+εX(z)

is a differentiable function and its first derivative is given by

ε 7→ −
∫ ∞
−∞

x
∂

∂z
f(Z,X) (z − εx, x) dx.

By Taylor’s theorem, we have

fZ+εX(z) = fZ(z)− εE
[
Xf ′Z|X(z)

]
+ o (ε) as ε→ 0.

as announced. �

Let w = (w1, w2, . . . , wn) be a vector of constants and let us consider the weighted sums

Sw =

n∑
i=1

wiXi,

with distribution function FSw , probability density function fSw and quantile function F
−1
Sw
.

Lemma 3.3. Assume that f1, f2, . . ., fn are differentiable functions such that, for i =
1, . . . , n, ‖f ′i‖∞ <∞. We have

∂

∂α
E
[
gi (wiXi) |Sw = F−1

Sw
(α)
]

=
1

f 2
Sw

(
F−1
Sw

(α)
)(E

[
gi (wiXi) f

′
Sw|Xi(F

−1
Sw

(α))
] )
−
f ′Sw(F−1

Sw
(α))

fSw(F−1
Sw

(α))
E[gi (wiXi) fSw|Xi(F

−1
Sw

(α))]
)
.
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Proof: We have

E
[
gi (wiXi) |Sw = F−1

Sw
(α)
]

=
1

fSw
(
F−1
Sw

(α)
)E
[
gi (wiXi) fΣj 6=iwjXj

(
F−1
Sw

(α)− wiXi

)]
=

1

fSw
(
F−1
Sw

(α)
)E
[
gi (wiXi) fSw|Xi(F

−1
Sw

(α))
]
.

By differentiating with respect to α, we get

∂

∂α
E
[
gi (wiXi) |Sw = F−1

Sw
(α)
]

=
1

f 2
Sw

(
F−1
Sw

(α)
)(E

[
gi (wiXi) f

′
Sw|Xi(F

−1
Sw

(α))
] )
−
f ′Sw(F−1

Sw
(α))

fSw(F−1
Sw

(α))
E[gi (wiXi) fSw|Xi(F

−1
Sw

(α))]
)

and the result follows. �

Lemma 3.4. Assume that f1, f2, . . ., fn are twice differentiable functions such that, for
i = 1, . . . , n, ‖f ′′i ‖∞ <∞. Define

S(−i)
w = Sw − wiXi =

∑
j 6=i

wjXj.

Then,

lim
wi→0

1

w2
i

∂

∂α
E[wiXi|Sw = F−1

Sw
(α)] = − σ2

i

f
S
(−i)
w

(F−1

S
(−i)
w

(α))

∂2

∂s2
ln f

S
(−i)
w

(s)

∣∣∣∣
s=F−1

S
(−i)
w

(α)

holds true for any probability level α ∈ (0, 1).

Proof: Since

P [Sw ≤ s] = P
[
S(−i)
w + wiXi ≤ s

]
= E

[
F
S
(−i)
w

(s− wiXi)
]

and f
S
(−i)
w

is a bounded function, we can proceed as in the proof of Lemma 3.2 and write, as
wi → 0,

FSw (s) = F
S
(−i)
w

(s)− wiE [Xi] fS(−i)w
(s) + o (wi) . (3.2)

From Lemma 3.2, we also have

fSw (s) = f
S
(−i)
w

(s)− wiE [Xi] f
′
S
(−i)
w

(s) + o (wi) (3.3)

and since ‖f ′′i ‖∞ <∞, we derive

f ′Sw (s) = f ′
S
(−i)
w

(s)− wiE [Xi] f
′′
S
(−i)
w

(s) + o (wi) . (3.4)

Moreover α = FSw
(
F−1
Sw

(α)
)
and we deduce from (3.2) that

F−1
Sw

(α) = F−1

S
(−i)
w

(α) + wiE [Xi] + o (wi) . (3.5)
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Because Xi and S
(−i)
w are mutually independent, we can write

fSw|Xi (s) = f
S
(−i)
w

(s− wiXi) and f ′Sw|Xi (s) = f ′
S
(−i)
w

(s− wiXi) .

This yields

E
[
XifSw|Xi(s)

]
= E

[
XifS(−i)w

(s− wiXi)
]

=

∫ ∞
−∞

xf
S
(−i)
w

(s− wix) fi (x) dx

E
[
Xif

′
Sw|Xi(s)

]
= E

[
Xif

′
S
(−i)
w

(s− wiXi)
]

=

∫ ∞
−∞

xf ′
S
(−i)
w

(s− wix) fi (x) dx.

Since ∣∣∣x2f ′
S
(−i)
w

(s− wix) fi (x)
∣∣∣ ≤ ∥∥∥f ′

S
(−i)
w

∥∥∥
∞
x2fi (x)∣∣∣x2f ′′

S
(−i)
w

(s− wix) fi (x)
∣∣∣ ≤ ∥∥∥f ′′

S
(−i)
w

∥∥∥
∞
x2fi (x)

and E [X2
i ] < ∞, we deduce that wi 7→ E

[
XifSw|Xi(s)

]
and wi 7→ E

[
Xif

′
Sw|Xi(s)

]
are

differentiable functions and that

E
[
XifSw|Xi(s)

]
= E

[
XifS(−i)w

(s)
]
− wiE

[
X2
i fS(−i)w

(s)
]

+ o (wi)

E
[
Xif

′
Sw|Xi(s)

]
= E

[
Xif

′
S
(−i)
w

(s)
]
− wiE

[
X2
i f
′
S
(−i)
w

(s)
]

+ o (wi) .

It follows from (3.5) and (3.4) that

E
[
wiXifSw|Xi(F

−1
Sw

(α))
]

= E [wiXi] fS(−i)w

(
F−1
Sw

(α)
)
− E

[
(wiXi)

2
]
f ′
S
(−i)
w

(
F−1
Sw

(α)
)

+ o
(
w2
i

)
= E [wiXi] fS(−i)w

(
F−1

S
(−i)
w

(α)
)
− Var [wiXi] f

′
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

+ o
(
w2
i

)
and

E
[
wiXif

′
Sw|Xi(F

−1
Sw

(α))
]

= E [wiXi] f
′
S
(−i)
w

(
F−1
Sw

(α)
)
− E

[
(wiXi)

2
]
f ′′
S
(−i)
w

(
F−1
Sw

(α)
)

+ o
(
w2
i

)
= E [wiXi] f

′
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)
− Var [wiXi] f

′′
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

+ o
(
w2
i

)
.

Going back to (3.3), (3.4) and (3.5), we also have

fSw(F−1
Sw

(α)) = f
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

+ o (wi)

and
f ′Sw(F−1

Sw
(α)) = f ′

S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

+ o (wi) .

These allow us to write

E
[
wiXi|Sw = F−1

Sw
(α)
]

=
1

fSw
(
F−1
Sw

(α)
)wi ∫ ∞

−∞
xfSw|Xi=x

(
F−1
Sw

(α)
)
fXi (x) dx

=
1

fSw
(
F−1
Sw

(α)
)E
[
wiXifSw|Xi(F

−1
Sw

(α))
]

=
E [wiXi] fS(−i)w

(
F−1

S
(−i)
w

(α)
)
− Var [wiXi] f

′
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

+ o (w2
i )

f
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

+ o (wi)
.
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Now,

E
[
wiXif

′
Sw|Xi(F

−1
Sw

(α))
]
− f ′Sw(F−1

Sw
(α))E

[
wiXi|Sw = F−1

Sw
(α)
]

= E [wiXi] f
′
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)
− Var [wiXi] f

′′
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

+ o
(
w2
i

)
−
f ′
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

+ o (wi)

f
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

+ o (wi)

(
E [wiXi] fS(−i)w

(
F−1

S
(−i)
w

(α)
)
− Var [wiXi] f

′
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

+ o
(
w2
i

))

= −Var [wiXi]

f ′′
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)
−

(f ′
S
(−i)
w

(
F−1
Sw

(α)
)
)2

f
S
(−i)
w

(
F−1

S
(−i)
w

(α)
)
+ o

(
w2
i

)

= −Var [wiXi] fS(−i)w

(
F−1

S
(−i)
w

(α)
)∂2 ln f

S
(−i)
w

(
F−1

S
(−i)
w

(α)
)

∂s2

+ o
(
w2
i

)
.

It then follows from Lemma 3.3 that

lim
wi→0

1

w2
i

∂E[wiXi|Sw = F−1
Sw

(α)]

∂α
= − Var [Xi]

f
S
(−i)
w

(
F−1

S
(−i)
w

(α)
) ∂2 ln f

S
(−i)
w

(s)

∂s2

∣∣∣∣∣
s=F−1

S
(−i)
w

(α)

,

which ends the proof. �

Lemma 3.5. Assume that f1, f2, . . ., fn are twice differentiable functions such that, for
i = 1, . . . , n, ‖f ′′i ‖∞ <∞.
1. Assume that gi is a twice differentiable function with ‖g′′i ‖∞ <∞. Then,

lim
wi→0

1

w2
i

∂

∂α
E[gi (wiXi) |Sw = F−1

Sw
(α)] = −g′i (0)

σ2
i

f
S
(−i)
w

(F−1

S
(−i)
w

(α))

∂2

∂s2
ln f

S
(−i)
w

(s)

∣∣∣∣
s=F−1

S
(−i)
w

(α)

(3.6)
holds true for any probability level α ∈ (0, 1).
2. Let d ∈ {2, . . . , n − 1}. Assume that Gd : Rd → R is twice differentiable such that∑
i,j ||∂2Gd (x) /∂xi∂xj||∞ <∞. Let i1, . . . , id ∈ {1, . . . , n}d, i1 6= . . . 6= id and define

S(−(i1,...,id))
w =

∑
j 6=i1,...,id

wjXj.

Assume that ω = wi1 = . . . = wid. We have

lim
ω→0

1

ω2

∂

∂α
E
[
Gd (wi1Xi1 , . . . , widXid) |Sw = F−1

Sw
(α)
]

(3.7)

= −
d∑
i=1

∂Gd

∂xi
(0)

σ2
i

f
S
(−(i1,...,id))
w

(F−1

S
(−(i1,...,id))
w

(α))

∂2

∂s2
ln f

S
(−(i1,...,id))
w

(s)

∣∣∣∣
s=F−1

S
(−(i1,...,id))
w

(α)

(3.8)

holds true for any probability level α ∈ (0, 1).
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Proof:
1. By Lemma 3.3, we have

∂

∂α
E
[
gi (wiXi) |Sw = F−1

Sw
(α)
]

=
1

f 2
Sw

(
F−1
Sw

(α)
)(E

[
gi (wiXi) f

′
Sw|Xi(F

−1
Sw

(α))
] )
−
f ′Sw(F−1

Sw
(α))

fSw(F−1
Sw

(α))
E[gi (wiXi) fSw|Xi(F

−1
Sw

(α))]
)
.

Since gi is a twice differentiable function with ‖g′′i ‖∞ <∞, we get

∂

∂α
E
[
gi (wiXi) |Sw = F−1

Sw
(α)
]

= g′i (0)
∂

∂α
E
[
wiXi|Sw = F−1

Sw
(α)
]

+
1

2
g′′i (0)

∂

∂α
E
[
w2
iX

2
i |Sw = F−1

Sw
(α)
]

+ o
(
w2
i

)
.

By the same reasoning as in the proof of Lemma 3.4, it is possible to show that

∂

∂α
E
[
w2
iX

2
i |Sw = F−1

Sw
(α)
]

= o
(
w2
i

)
which is enough to conclude.
2. With the same arguments as developed in Lemma 3.3, we have

E
[
Gd (wi1Xi1 , . . . , widXid) |Sw = F−1

Sw
(α)
]

=
1

fSw
(
F−1
Sw

(α)
)E
[
Gd (wi1Xi1 , . . . , widXid) fSw|Xi1 ,...,Xid (F−1

Sw
(α))

]
.

By differentiating with respect to α, we get

∂

∂α
E
[
Gd (wi1Xi1 , . . . , widXid) |Sw = F−1

Sw
(α)
]

=
1

f 2
Sw

(
F−1
Sw

(α)
)(E

[
Gd (wi1Xi1 , . . . , widXid) f

′
Sw|Xi1 ,...,Xid

(F−1
Sw

(α))
] )

−
f ′Sw(F−1

Sw
(α))

fSw(F−1
Sw

(α))
E[Gd (wi1Xi1 , . . . , widXid) fSw|Xi1 ,...,Xid (F−1

Sw
(α))]

)
.

Since Gd is a twice differentiable function with
∑

i,j ||∂2Gd (x) /∂xi∂xj||∞ <∞, we get, with
ω = wi1 = . . . = wid ,

∂

∂α
E
[
Gd (ωXi1 , . . . , ωXid) |Sw = F−1

Sw
(α)
]

=

d∑
j=1

∂Gd

∂xj
(0, . . . , 0)

∂

∂α
E
[
ωXij |Sw = F−1

Sw
(α)
]

+
1

2

∑
j,k

∂2Gd

∂xj∂xk
(0 . . . , 0)

∂

∂α
E
[
ω2XijXik |Sw = F−1

Sw
(α)
]

+ o
(
ω2
)
.
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By the same reasoning as in the proof of Lemma 3.4, we can show that

lim
ω→0

1

ω2

∂E[ωXi|Sw = F−1
Sw

(α)]

∂α
= − σ2

i

f
S
(−(i1,...,id))
w

(F−1

S
(−(i1,...,id))
w

(α))

∂2

∂s2
ln f

S
(−(i1,...,id))
w

(s)

∣∣∣∣
s=F−1

S
(−(i1,...,id))
w

(α)

,

and that
∂

∂α
E
[
ω2XijXik |Sw = F−1

Sw
(α)
]

= o
(
ω2
)

which is enough to conclude the proof. �

Let Hn be the distribution function of the Sn. According to Lyapunov’s condition and
Condition C, limn→∞Hn(x) = Φ (x) for all x (see e.g. Petrov (1995)). The next technical
lemma proves that the two first derivatives of Hn also converge to the derivatives of Φ and
provides an upper bound for the rate of convergence.

Lemma 3.6. Assume Conditions A, B and C stated in Proposition 2.2 hold true. Then there
exist positive constants C0, C1, and C2 such that, for n suffi ciently large, the inequalities∣∣∣∣hn(x)− 1√

2π
e−x

2/2

∣∣∣∣ ≤ C0n
−1/2∣∣∣∣h′n(x) + x

1√
2π

e−x
2/2

∣∣∣∣ ≤ C1n
−1/2∣∣∣∣h′′n(x)− (x2 − 1)

1√
2π

e−x
2/2

∣∣∣∣ ≤ C2n
−1/2

are all valid.

Proof: From Petrov (1956), for all real t, we have∣∣∣φnj (t)
∣∣∣ ≤ Ω (t) , j ≥ 1, where Ω (t) =

{
A∗/ |t| , |t| ≥ R∗

e−γt
2

, |t| < R∗
,

where γ is a positive constant. The characteristic function of Hn is

θn (t) =
n∏
j=1

φj

(
t

sn

)
.

By virtue of Condition B, there exists µ > 0 such that for all suffi ciently large n, n∗ > µs2
n.

Since |Ω (t)| ≤ 1 for all t, it follows that

|θn (t)| ≤
(

Ω

(
t

sn

))µs2n
.

Let us show that t2θn (t) is absolutely integrable for all suffi ciently large n. This will
imply the existence of the following integrals

hn(x) =
1

2π

∫ ∞
−∞

e−itxθn (t) dt

h1,n(x) =
1

2π

∫ ∞
−∞

(−it)e−itxθn (t) dt

h2,n(x) =
1

2π

∫ ∞
−∞

t2e−itxθn (t) dt

12



and the validity of the following formulas h′n(x) = h1,n(x) and h′′n(x) = h2,n(x).
Let us denote Liapunov’s fraction by

Ln =
1

s3
n

n∑
i=1

E
[
|Xi|3

]
.

We know from a lemma in Petrov (1956) and Condition B that the inequality n−1/2 ≤ Ln ≤
(Γ/γ3/2)n−1/2 holds true. Following Petrov (1956), we have∫ ∞

−∞
t2 |θn (t)| dt ≤

∫ ∞
−∞

t2
∣∣∣θn (t)− e−t

2/2
∣∣∣ dt+

∫ ∞
−∞

t2e−t
2/2dt

≤ R1 +R2 + 2

∫ ∞
−∞

t2e−t
2/2dt

where

R1 =

∫
|t|≤(24Ln)−1

t2
∣∣∣θn (t)− e−t

2/2
∣∣∣ dt R2 =

∫
|t|>(24Ln)−1

t2 |θn (t)| dt.

It is known (see, for instance Lemma 1 in Esseen (1945)), that if |t| ≤ (24Ln)−1, then∣∣∣θn (t)− e−t
2/2
∣∣∣ ≤ c1Ln |t|3 e−t

2/4

where c1 is a positive constant. It follows that

R1 ≤ c1Ln

∫
|t|≤(24Ln)−1

|t|5 e−t
2/4dt ≤ c2Ln

for some positive constant c2. We have

R2 ≤
∫
|t|>(24Ln)−1

t2
(

Ω

(
t

sn

))µs2n
dt

= s3
n

∫
|t|>(sn24Ln)−1

t2 (Ω (t))µs
2
n dt.

Let ε be a constant satisfying 0 < ε < (24Γ/γ1/2)−1. Obviously,

1

24snLn
> ε

and

R2 ≤ s3
n

∫
|t|>ε

t2 (Ω (t))µs
2
n dt.

Let us write∫
|t|>ε

t2 (Ω (t))µs
2
n dt =

∫
ε<|t|<R

t2 (Ω (t))µs
2
n dt+

∫
|t|≥R

t2 (Ω (t))µs
2
n dt = T1 + T2.
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We have

T1 ≤
∫
ε<|t|<R

t2e−γµs
2
nt
2

dt = O
(
s−pn
)

for all p > 0. Also,

T2 ≤
∫
|t|≥R

t2
(
A

|t|

)µs2n
dt

≤
(
A

R

)µs2n
R4

∫
|t|≥R

t−2dt = O
(
s−mn

)
for all m > 0. It follows that

R2 ≤ c3Ln

for some positive constant c3. We deduce that t2θn (t) is absolutely integrable for all suffi -
ciently large n.
Let us now consider the pointwise convergence of h2,n(x) to ϕ′′ (x). We have

h2,n(x)− (x2 − 1)
1√
2π

e−x
2/2 =

1

2π

∫ ∞
−∞

t2e−itx(θn (t)− e−t
2/2)dt

=
1

2π
(I1 + I2 + I3)

where

I1 =

∫
|t|≤(24Ln)−1

t2e−itx(θn (t)− e−t
2/2)dt

I2 =

∫
|t|>(24Ln)−1

t2e−itxθn (t) dt

I3 = −
∫
|t|>(24Ln)−1

t2e−itxe−t
2/2dt.

We obviously have |I1| ≤ R1 ≤ c2Ln and |I2| ≤ R2 ≤ c3Ln for large n. Moreover

|I3| ≤
∫
|t|>(24Ln)−1

t2e−t
2/2dt ≤ 1

6
L−1
n e−L

−1
n /48 ≤ c4Ln

for some positive constant c4. It follows∣∣∣∣h′′n(x)− (x2 − 1)
1√
2π

e−x
2/2

∣∣∣∣ ≤ c2 + c3 + c4

2π
Ln.

Condition C then ensures that Ln (δ) ≤ (Γ/γ3/2)n−1/2 and∣∣∣∣h′′n(x)− (x2 − 1)
1√
2π

e−x
2/2

∣∣∣∣ ≤ (c2 + c3 + c4)Γ

2πγ3/2
n−1/2 = C2n

−1/2.
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It is possible to prove in the same way that∣∣∣∣hn(x)− 1√
2π

e−x
2/2

∣∣∣∣ ≤ C0n
−1/2∣∣∣∣h′n(x) + x

1√
2π

e−x
2/2

∣∣∣∣ ≤ C1n
−1/2

for some positive constants C0 and C1. This ends the proof. �

The results stated in Proposition 2.2 now follow from Lemma 3.5 1) and Lemma 3.6.
First note that, by Theorem 5.4 in Petrov (1995), we have∣∣∣F

S
(−i)
n

(x)− Φ (x)
∣∣∣ ≤ AL(−i)

n

for some positive constant A (that does not depend on i and n) and where

L(−i)
n =

∑
j∈{1,..,n}\{i} E

[
|Xj|3

]
(
∑

j∈{1,..,n}\{i} σ
2
j)

3/2
.

Moreover there exists a positive constant B (that does not depend on i and n) such that,
for large n, L(−i)

n ≤ Bn−1/2, and we deduce that, for x ∈ R and α ∈ (0, 1)

F
S
(−i)
n

(x) = Φ (x) +O
(
n−1/2

)
and

F−1

S
(−i)
n

(α) = Φ−1 (α) +O
(
n−1/2

)
.

Second, notice that ∂2

∂s2
lnϕ(s) = −1, then, by Lemma 3.6, we deduce that

∂2

∂s2
lnF−1

S
(−i)
n

(s)

∣∣∣∣
s=F−1

S
(−i)
n

(α)

= 1 +O
(
n−1/2

)
and

f
S
(−i)
w

(F−1

S
(−i)
w

(α)) = ϕ
(
Φ−1 (α)

)
+O

(
n−1/2

)
where O

(
n−1/2

)
are uniform for i = 1, ..., n. Let us now choose wi = 1/sn in Lemma 3.5 1),

we deduce that

s2
n

∂

∂α
E
[
gi(Xi,n)

∣∣∣Sn = F−1
Sn

(α)
]

= g′i (0)
σ2
i

ϕ (Φ−1 (α))
+ o (1)

since, as wi → 0,

1

w2
i

∂

∂α
E[gi (wiXi) |Sw = F−1

Sw
(α)] = −g′i (0)

σ2
i

f
S
(−i)
w

(F−1

S
(−i)
w

(α))

∂2

∂s2
ln f

S
(−i)
w

(s)

∣∣∣∣
s=F−1

S
(−i)
w

(α)

+o (1) ,

where o (1) are uniform for i = 1, ..., n.
Since infi≥0 σ

2
i g
′
i (0) > 0, we finally deduce that, for any α ∈ (0, 1),

limn→∞ inf
i=1,...,n

s2
n

∂

∂α
E
[
gi(Xi,n)

∣∣∣Sn = F−1
Sn

(α)
]
> 0.
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3.3 Proof of Proposition 2.3

The results stated in Proposition 3.3 follow from Lemma 3.5 2) and Lemma 3.6. Let
S

(−(i1,...,id))
n = Sn −

∑
j=1,...,dXij ,n. In the same way as in the previous proof, we deduce

that
∂2

∂s2
lnF−1

S
(−(i1,...,id))
n

(s)

∣∣∣∣
s=F−1

S
(−(i1,...,id))
n

(α)

= 1 +O
(
n−1/2

)
and

f
S
(−(i1,...,id))
n

(F−1

S
(−(i1,...,id))
n

(α)) = ϕ
(
Φ−1 (α)

)
+O

(
n−1/2

)
where O

(
n−1/2

)
are uniform for i = 1, ..., n. Let us now choose w = 1/sn in Lemma 3.5 2),

we deduce that

s2
n

∂

∂α
E
[
Gd (Xi1,n, . . . , wXid,n) |Sn = F−1

Sn
(α)
]

=
d∑
j=1

∂Gd

∂xj
(0, . . . , 0)

σ2
ij

ϕ (Φ−1 (α))
+ o (1) .

Acknowledgments We would like to thank Adrien Saumard for discussions and fruitful
remarks about the convergence in distribution of sums of random variables to log-concave
distributions.
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