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We present a setting for the study of torsion theories in general categories. The idea 
is to associate, with any pair (T , F) of full replete subcategories in a category C, the 
corresponding full subcategory Z = T ∩ F of trivial objects in C. The morphisms 
which factor through Z are called Z-trivial, and these form an ideal of morphisms, 
with respect to which one can define Z-prekernels, Z-precokernels, and short Z-
preexact sequences. This naturally leads to the notion of pretorsion theory, which is 
the object of study of this article, and includes the classical one in the abelian context 
when Z is reduced to the 0-object of C. We study the basic properties of pretorsion 
theories, and examine some new examples in the category of all endomappings of 
finite sets and in the category of preordered sets.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

We present a setting for the study of torsion theories in general categories. Torsion theories in special 
non-additive categories have been studied by several authors in the past forty years (see for instance [1–
5,9,18,19,21,26–30], and the references therein). These special cases concern categories that are pointed, 
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or homological, or semi-abelian, or with equalizers and pushouts, and so on. Our more general approach 
is based on the idea that a (pre)torsion theory is simply a pair (T , F) of full (replete) subcategories of 
a category C, with T the torsion subcategory and F the torsion-free subcategory, for which the ideal of 
morphisms (in the sense of [8]) consists of the morphisms that factor through an object in the full (replete) 
subcategory Z := T ∩F . Given a pretorsion theory (T , F) we call trivial the objects in Z. Thus the starting 
idea is a pair (T , F) of full subcategories for which the intersection Z = T ∩ F replaces the zero object 
when the base category is not pointed. Under some natural mild assumptions, such a setting already allows 
us to obtain most of the basic results that are well known for classical torsion theories. For instance, the 
torsion-free subcategory F is epireflective in C, and the torsion subcategory T is monocoreflective in C. 
Several new situations can then be studied and understood under this perspective.

After establishing the basic properties of our pretorsion theories, we have discovered that there is a large 
overlapping between our results and the results in [18] and [19]. The main difference is that, in [18] and 
[19], a closed ideal N of null morphisms of the category C is fixed first of all, assuming that the identity 
1X : X → X of every object X of C has a kernel and a cokernel with respect to N , and then defining a 
torsion theory relatively to the ideal N as a pair (T , F) of full subcategories of C. In our approach, we 
firstly fix the pair of subcategories (T , F), and then consider kernels and cokernels relatively to the ideal 
generated by the objects in the intersection Z = T ∩ F . In this way, we don’t need kernels and cokernels 
of the identity morphisms in the category. The simplest example of a pretorsion theory that satisfies our 
conditions, but not those in [18], is the category C = 2 obtained from the partially ordered set {0, 1} with 
0 < 1. This category has two objects (0 and 1) and three morphisms (the two identities and a unique 
further morphism 0 → 1). In this category, there is a pretorsion theory (C, {1}) according to our definition 
(see Example 6.4), but the identity 0 → 0 does not have a {1}-prekernel. This example shows that, in our 
approach, the subcategory Z is not required to be both a reflective and a coreflective subcategory in C, 
differently from [18,19]. For the rest, the large overlapping with [18] is due to the fact that in both papers 
we try to develop the standard elementary well known elementary properties of torsion theories in abelian 
categories starting from our weak axioms.

We are grateful to Marco Grandis and Sandra Mantovani for some useful suggestions.

2. Basic facts and definitions. Pretorsion theories

In this section, we give a brief presentation of the results of [10, Section 4] we need in this paper.

Let C be an arbitrary category and Z be a non-empty class of objects of C. For every pair A, A′ of objects 
of C, we indicate by TrivZ(A, A′) the set of all morphisms in C that factor through an object of Z. We will 
call these morphisms Z-trivial.

Let f : A → A′ be a morphism in C. We say that a morphism ε : X → A in C is a Z-prekernel of f if the 
following properties are satisfied:

(1) fε is a Z-trivial morphism.
(2) Whenever λ : Y → A is a morphism in C and fλ is Z-trivial, then there exists a unique morphism 

λ′ : Y → X in C such that λ = ελ′.

Proposition 2.1. [10, Proposition 5.1] Let f : A → A′ be a morphism in C and let ε : X → A be a Z-prekernel 
for f . Then the following properties hold.

(a) ε is a monomorphism.
(b) If λ : Y → A is any other Z-prekernel of f , then there exists a unique isomorphism λ′ : Y → X such 

that λ = ελ′.
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(The proof of this Proposition and the other results presented in this Section is simple, and can be found 
in [10, Section 4].)

Dually, a Z-precokernel of f is a morphism η : A′ → X such that:

(1) ηf is a Z-trivial morphism.
(2) Whenever μ : A′ → Y is a morphism and μf is Z-trivial, then there exists a unique morphism μ′ : X → Y

with μ = μ′η.

If Cop is the opposite category of C, the Z-precokernel of a morphism f : A → A′ in C is the Z-prekernel 
of the morphism f : A′ → A in Cop. Hence, from Proposition 2.1, we get:

Proposition 2.2. Let f : A → A′ be a morphism in a category C and let η : A′ → X be a Z-precokernel of f . 
Then the following properties hold.

(a) η is an epimorphism.
(b) If ζ : A′ → Y is another Z-precokernel of f , then there exists a unique isomorphism ϕ : X → Y satisfying 

ζ = ϕη.

Let f : A → B and g : B → C be morphisms in C. We say that

A
f

B
g

C

is a short Z-preexact sequence in C if f is a Z-prekernel of g and g is a Z-precokernel of f .

Clearly, if A
f

B
g

C is a short Z-preexact sequence in C, then C
g

B
f

A is a short 
Z-preexact sequence in Cop.

Remark 2.3. Given any full subcategory Z of C, the morphisms of C which factor through Z is an ideal 
of morphism in the sense of Ehresmann [8]. This means that the class of Z-trivial morphisms satisfies the 
property that the composite

X
f

Y
g

Z

is Z-trivial whenever one of the two morphisms f or g is Z-trivial. Categories with an assigned ideal of 
morphisms were later considered by R. Lavendhomme [23], and by M. Grandis in his foundational work on 
homological and homotopical algebra [15–17]. More recently, kernels, cokernels and short exact sequences 
with respect to an ideal of morphisms have been considered by various authors. In particular, torsion theories 
defined with respect to an ideal of morphisms were first introduced by S. Mantovani [25], and then also 
investigated by M. Grandis and G. Janelidze [18]. M. Gran, Z. Janelidze, D. Rodelo and A. Ursini [13,14]
have studied several exactness properties in algebra in categories equipped with an ideal of morphisms. In 
this paper, we only consider the ideals generated by the identities of the objects in the full subcategory Z
of C.

The following lemma is particularly important for the rest of the paper (Cf. [10, Lemma 4.4]):

Lemma 2.4. Let C be a category, Z a non-empty class of objects of C and let f : A → B, g : B → C be 
morphisms in C. The following statements hold.

(a) If g is a Z-precokernel of f , then f is Z-trivial if and only if g is an isomorphism.
(b) If f is a Z-prekernel of g, then g is Z-trivial if and only if f is an isomorphism.
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Proof. (a) Suppose f Z-trivial. The identity morphism 1B : B → B is clearly a Z-precokernel of f . By the 
uniqueness up to isomorphism of Z-precokernels (Proposition 2.2), there is a unique isomorphism h : C → B

such that hg = 1B . Hence g is an isomorphism.
Conversely, suppose that g is an isomorphism. Since gf is Z-trivial, i.e., gf factors through an object in 

Z, the same holds for f , that is, f is Z-trivial.
Statement (b) follows by duality. �
Another fact that will be freely used in the rest of the paper is the following elementary result.

Lemma 2.5. Let C be a category, let Z be a non-empty class of objects of C and let

A
f

B
g

C

be a short Z-preexact sequence. If α : X → A, β : C → Y are isomorphisms, then the sequence

X
fα

B
βg

Y

is also Z-preexact.

Definition 2.6. Let C be an arbitrary category. A pretorsion theory (T , F) in C consists of two replete 
(= closed under isomorphism) full subcategories T , F of C, satisfying the following two conditions. Set 
Z := T ∩ F .

(1) homC(T, F ) = TrivZ(T, F ) for every object T ∈ T , F ∈ F .

(2) For every object B of C there is a short Z-preexact sequence

A
f

B
g

C

with A ∈ T and C ∈ F .

In the rest of the paper, whenever we will deal with a pretorsion theory (T , F) for a category C, the 
symbol Z will always indicate the intersection T ∩ F . Notice that if (T , F) is a pretorsion theory in a 
category C, then (F , T ) turns out to be a pretorsion theory in Cop.

Proposition 2.7. [10, Proposition 4.5] Let (T , F) be a pretorsion theory in a category C, and let X be any 
object in C.

(a) If homC(X, F ) = TrivZ(X, F ) for every F ∈ F , then X ∈ T .
(b) If homC(T, X) = TrivZ(T, X) for every T ∈ T , then X ∈ F .

As a corollary, we have that given a pretorsion theory (T , F) in a category C, any two of the three classes 
T , F , Z determine the third one. Moreover:

Corollary 2.8. Let (T , F) be a pretorsion theory in a category C. Then the three classes T , F and Z are all 
closed under retracts.

Proof. In order to show that T is closed under retracts, suppose that T is an object of T , X an object in 
C, and f : X → T and g : T → X are morphisms in C with gf = 1X . For any object F in F and morphism 
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h : X → F , we have that h = hgf , where hg ∈ homC(T, F ) = TrivZ(T, F ). Thus hg is Z-trivial, so h = hgf

is also Z-trivial. This proves that homC(X, F ) = TrivZ(X, F ) for every F ∈ F . By Proposition 2.7, X ∈ T . 
This shows that T is closed under retracts. Dually, F is closed under retracts. Clearly, an intersection of 
full subcategories closed under retracts is closed under retracts. �
Remarks 2.9. (a) As a consequence of Axiom (2) in Definition 2.6, if (T , F) is a pretorsion theory, then, for 

an object B of C, there is a short Z-preexact sequence A
f

B
g

C. Since the composite morphism 
gf is Z-trivial, there exists an object in Z. Therefore the intersection Z = T ∩ F is always a non-empty 
class.

(b) It is possible that there are objects B in C such thathomC(Z, B) = ∅ for every Z ∈ Z (or the dual: 
there can exist objects B in C such that homC(B, Z) = ∅ for every Z ∈ Z.) For instance, an example is 
given by the pretorsion theory cited in the Introduction, i.e., the category C obtained from the partially 
ordered set {0, 1} with 0 < 1. In this category, for the pretorsion theory (C, {1}) (Example 6.4), there is no 
morphism Z → 0 for Z ∈ Z = {1}.

3. First properties of pretorsion theories

First of all, we prove that the short Z-preexact sequence given in Axiom (2) of Definition 2.6 is uniquely 
determined, up to isomorphism.

Proposition 3.1. Let C be a category and let (T , F) be a pretorsion theory for C. If

T
ε

A
η

F and T ′ ε′

A
η′

F ′

are Z-preexact sequences, where T, T ′ ∈ T and F, F ′ ∈ F , then there exists a unique isomorphism α : T → T ′

and a unique isomorphism σ : F → F ′ making the diagram

T
ε

α

A
η

F

σ

T ′ ε′

A
η′

F ′

commute.

Proof. The morphism η′ε ∈ hom(T, F ′) is Z-trivial, because T ∈ T and F ′ ∈ F . Since ε′ is a Z-prekernel 
of η′ there is a unique α : T → T ′ with ε = ε′α. Similarly, since ηε′ is Z-trivial and ε is a Z-prekernel of 
η, there is a unique β : T ′ → T with ε′ = εβ. Since ε and ε′ are monomorphisms it follows that α is an 
isomorphism (with inverse β). The proof that there is an isomorphism σ : F → F ′ is similar. �
Example 3.2. As an example, consider an object B ∈ T and any short Z-preexact sequence

A
f

B
g

C with A ∈ T and C ∈ F . For such a sequence, we have that g is a morphism 
from an object in T to an object in F , hence g is Z-trivial. Then f is an isomorphism by Lemma 2.4(b).

Let C be a category and let (T , F) be a pretorsion theory for C. By definition and the Axiom of Choice for 

classes, for every object X of C, it is possible to fix a short Z-preexact sequence t(X)
εX

X
ηX

f(X),
where t(X) ∈ T and f(X) ∈ F . Moreover, in the choice of such a short Z-preexact sequence for each object 
C of C, we can assume by Lemma 2.5 that:
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(1) For every object Z ∈ Z = T ∩ F , the chosen short Z-preexact sequence is the sequence 

Z
1Z

Z
1Z

Z.

(2) For every object T ∈ T \ Z, the chosen short Z-preexact sequence for T is a sequence of the form 

T
1T

T F for an object F ∈ F .

(3) For every F ∈ F , the chosen short Z-preexact sequence is a sequence of the form T F
1F

F

for some T ∈ T .

Now let ϕ : A → B be a morphism in C and consider the diagram

t(A)

t(ϕ)

εA
A

ηA

ϕ

f(A).

f(ϕ)

t(B)
εB

B
ηB

f(B)

(D)

in which the two rows are the short Z-preexact sequences chosen above. Since ηBϕεA is Z-trivial and εB is 
a Z-prekernel of ηB, there exists a unique (dotted) morphism t(ϕ) : t(A) → t(B) satisfying εBt(ϕ) = ϕεA. 
Dually, since ηA is a Z-precokernel of εA, there is a unique (dotted) morphism f(ϕ) : f(A) → f(B) such 
that f(ϕ)ηA = ηBϕ. These assignments are clearly functors t : C → T and f : C → F , and they actually 
determine the following adjunctions:

Proposition 3.3. Let (T , F) be a pretorsion theory in a category C. Then:

(a) The functor f : C → F is a left-inverse left-adjoint of the (full) embedding eF : F → C.
(b) The functor t : C → T is a left-inverse right-adjoint of the (full) embedding eT : T → C.

Proof. We only need to check (a), the proof of (b) is dual.
Given an object A ∈ C, consider any morphism ϕ : A → eF (F ), where F ∈ F .

t(A)
εA

A
ηA

ϕ

eFf(A)

eF (ϕ)

eF (F )

Since t(A) ∈ T , the composite ϕεA is Z-trivial. By the universal property of the Z-precokernel ηA of εA, 
there exists a unique morphism ϕ : f(A) → F in F such that eF (ϕ)ηA = ϕ. This shows that the functor 
f : C → F is left adjoint to eF : F → C, with η the unit of the adjunction (the functor f is thus uniquely 
determined, up to natural isomorphism). The equality f ◦ eF = 1F follows from the choices (1) and (3) 
above. �

Thanks to Propositions 3.3, 2.1 and 2.2 we immediately see that

Corollary 3.4. Given any pretorsion theory (T , F) in a category C, the torsion-free subcategory F is an 
epireflective subcategory of C

C ⊥

f

F ,
eF

(1)
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i.e., a reflective subcategory with the property that each component of the unit η of the adjunction (1) is an 
epimorphism. Dually, the torsion subcategory T is monocoreflective in C

T ⊥

eT

C,
t

(2)

i.e., a coreflective subcategory having the property that each component of the counit ε of the adjunction (2)
is a monomorphism.

As a consequence, we get that the torsion-free subcategory F is closed under limits in C, whereas the 
torsion subcategory T is closed under colimits in C. This extends the classical situation of the abelian 
setting [7] and of the homological one [2]. From t ◦ eT = 1T and f ◦ eF = 1F , we get that ET := eT ◦ t and 
EF := eF ◦f are two idempotent functors C → C with natural transformations ε : ET → 1C and η : 1C → EF . 
The idempotent functor ET : C → C is a subfunctor of the identity functor on C (by Proposition 2.1).

Lemma 3.5. Let Z ⊆ F be full subcategories of a category C. Assume that Z is closed under retracts in C
and that F is reflective in C. If T is an object of C and the T -component ηT : T → f(T ) of the unit η of the 
adjunction

C ⊥

f

F
eF

is Z-trivial, then f(T ) ∈ Z.

Proof. By assumption there is a commutative triangle

T
ηT

α

f(T )

Z

β

where Z ∈ Z. The universal property of ηT and the fact that Z ∈ F imply that there exists a unique 
γ : f(T ) → Z such that γηT = α. It follows that

βγηT = βα = ηT = 1f(T )ηT ,

and βγ = 1f(T ). Since Z is closed in C under retracts, we conclude that f(T ) ∈ Z. �
Proposition 3.6. The following conditions hold in any pretorsion theory (T , F) in a category C:

(a) f(T ) ∈ Z for every T ∈ T .
(b) For every T ∈ T , there exists a short Z-preexact sequence of the type

T
1T

T
ηT

Z

with Z ∈ Z.
(c) The restriction f̂ : T → Z of f is the left adjoint of the embedding Z → T .
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Proof. (a) For every T ∈ T , the morphism ηT : T → f(T ) is Z-trivial, since T ∈ T and f(T ) ∈ F . Moreover, 
by Corollary 2.8, Z is closed under retracts. Then apply Lemma 3.5 to get the conclusion.

(b) For any T ∈ T there is a short Z-preexact sequence

t(T )
f

T
η

f(T )

with f(T ) ∈ Z by (a). The morphism f is an isomorphism, and the sequence required in (b) is the short 

Z-preexact sequence T T
η

f(T ) .
(c) If f(T ) ∈ Z for every T ∈ T , we can restrict the functor f : C → F to the functor f̂ : T → Z, which 

is then the left adjoint of the inclusion Z → T . �
In particular, we have the following

Proposition 3.7. Let C be a category and let (T , F) be a pretorsion theory for C. The following conditions 
are equivalent for an object C of C:

(a) C ∈ T .
(b) C ∼= t(C).
(c) C ∼= t(X) for some object X in C.

Dually, we have:

Proposition 3.8. Let C be a category and let (T , F) be a pretorsion theory for C. The following conditions 
are equivalent for an object C of C:

(a) C ∈ F .
(b) C ∼= f(C).
(c) C ∼= f(X) for some object X in C.

Let Z ⊆ F be full subcategories of a category C. Set

F⊥Z := {T ∈ C | homC(T, F ) = TrivZ(T, F ), for every F ∈ F}.

Proposition 3.9 (Cf. [2, Lemma 4.7]). Let Z ⊆ F be full subcategories of a category C. Assume that Z is 
closed under retracts in C and that F is reflective in C. Let f : C → F denote the left adjoint of the inclusion 
F ⊆ C. Then

F⊥Z = {T ∈ C | f(T ) ∈ Z}.

Proof. For any object A in C, let ηA : A → f(A) be the A-component of the unit of the adjunction. First 
take an object T in C such that f(T ) ∈ Z. Given an object F ∈ F and any morphism α : T → F , there 
is a unique morphism α : f(T ) → F satisfying α = αηT . Since f(T ) ∈ Z, it follows immediately that α
is Z-trivial. Conversely, take an object T ∈ F⊥Z . In particular, the morphism ηT : T → f(T ) is Z-trivial. 
Since Z is closed under retracts, it suffices to apply Lemma 3.5 to get the conclusion. �

The classical identity t(A/t(A)) = 0 for the radical t associated with a torsion theory in an abelian 
category now becomes:
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Proposition 3.10. Let (T , F) be a pretorsion theory in C. There is a natural transformation ζ : EFET →
ET EF . Moreover EFET (C) and ET EF (C) are objects of Z for every C in C.

Proof. From Proposition 3.6(a), we know that f(t(C)) ∈ Z, and from its dual we have that t(f(C)) ∈ Z. 
We must show that for every object C of C there is a natural morphism ζC : f(t(C)) → t(f(C)). Applying 
the functor t to the morphism ηC : C → f(C), we get a morphism t(ηC) : t(C) → t(f(C)). This is a Z-
trivial morphism, because t(f(C)) ∈ Z (by the dual version of Proposition 3.6(a)). Moreover, the morphism 
ηt(C) : t(C) → f(t(C)) is the Z-precokernel of the identity t(C) → t(C). Hence there is a unique morphism 
ζC : f(t(C)) → t(f(C)) such that t(ηC) = ζC ◦ ηt(C).

To prove the naturality of ζ, let ϕ : C → C ′ be a morphism in C, and consider the diagram

ft(C)

ft(ϕ)

ζC
tf(C)

tf(ϕ)

t(C)
ηt(C) t(ηC)

t(ϕ)

t(C ′)
ηt(C′) t(ηC′ )

ft(C ′)
ζC′

tf(C ′),

(3)

where:
(a) The trapezoids on the left and on the right commute by the naturality of η and the functoriality of t.
(b) The upper triangle and the lower triangle commute by the definition of ζ.
(c) ηt(C) is an epimorphism.

It follows that the outer rectangle in diagram (3) commutes. This proves that the transformation ζ is 
natural. �
Example 3.11. Here is an example of a pretorsion theory for which the natural transformation ζ of Propo-
sition 3.10 is not an isomorphism. Consider the non-modular lattice N5:

F

C

Z ′

Z

T

The partially ordered set N5 is a category with five objects, for which for any pair of objects X, Y there 
is at most one morphism X → Y , and such a morphism exists if and only if X ≤ Y . We will denote 
this unique morphism by X ≤ Y . In this category, T is the initial object, F is the terminal object, and 
two objects are isomorphic if and only if they are equal. Consider the pretorsion theory (T , F) for which 
T = {T, Z, Z ′} and F = {F, Z, Z ′}, so Z = {Z, Z ′}. It is easy to check that this is a pretorsion theory. For 
instance, the short Z preexact sequences for the five objects of the category are T ≤ T ≤ Z, Z ≤ Z ≤ Z, 
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Z ′ ≤ Z ′ ≤ Z ′, T ≤ C ≤ F and Z ′ ≤ F ≤ F . Hence ft(C) = Z and tf(C) = Z ′, so that ft(C) and tf(C)
are not isomorphic.

We already know from Proposition 3.7 that T = { C ∈ C | C ∼= t(C) }, i.e., T = { C ∈ C | C ∼= ET (C) }. 
By duality, F = { C ∈ C | C ∼= EF (C) }. Also, Z = { C ∈ C | C ∼= t(C) ∼= f(C) }. Now we have that:

Proposition 3.12. Let (T , F) be a pretorsion theory in C. Then

Z = {C ∈ C | C ∼= ET EF (C) }.

Proof. If C ∼= ET EF (C), we have C ∈ Z by Proposition 3.10. Conversely, if Z ∈ Z, the short Z-preexact 
sequence relative to Z is the sequence

Z
1Z

Z
1Z

Z.

Hence f(Z) = Z, so EF (Z) = Z, and therefore Z = t(Z) = ET (Z) = ET EF (Z). �
4. Closure properties

Definition 4.1. Let C be a category and Z a non-empty full subcategory of C. We say that a full replete 
subcategory S of C is closed under Z-extensions if, for every short Z-exact sequence S1 → X → S2 in C, 
where S1, S2 ∈ S, then X ∈ S.

Proposition 4.2. Let (T , F) be a pretorsion theory in a category C. Then the three subcategories T , F and 
Z are all closed under Z-extensions.

Proof. Fix any object X of C and a short Z-preexact sequence

t(X) k
X

p
f(X),

where t(X) ∈ T and f(X) ∈ F . Let T1
f

X
g

T2 be a short Z-preexact sequence in C, where 
T1 and T2 belong to T . Since pf is Z-trivial and g is a Z-precokernel of f , then there exists a unique 
morphism γ : T2 → f(X) such that p = γg. By definition, γ is Z-trivial and thus p is Z-trivial too, a 
fortiori. Lemma 2.4(b) implies that k is an isomorphism. Since T is replete, it follows that X ∈ T . Dually, 
F is closed under Z-extensions. The assertion for Z follows immediately from the fact that Z = F ∩T . �
Proposition 4.3. Let C be a category, (T , F) be a pretorsion theory in a category C, and Z = T ∩ F .

(a) Assume that Z is closed under coproducts in C. If X = {Xj}j∈J is a family of objects of T and there 
exists a coproduct X of X in C, then X ∈ T .

(b) Assume that Z is closed under products in C. If Y = {Yj}j∈J is a family of objects of F and there exists 
a product Y of Y in C, then Y ∈ F .

Proof. (a) Let {Xj}j∈J be a family of objects in T , and write ij : Xj → X for the canonical morphism to 
the (object part of their) coproduct, for any j ∈ J . Let α : X → F be any morphism with F ∈ F , and it 
will suffice to show that α is Z-trivial (by Proposition 2.7). Since X ⊆ T , the morphism αij : Xj → F is 
Z-trivial, for every j ∈ J , that is, there exists an object Zj of Z and morphisms ϕj : Xj → Zj , fj : Zj → F
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such that αij = fjϕj . By assumption, there exists a coproduct Z of the family {Zj}j∈J of objects of Z, and 
it belongs to Z. If lj : Zj → Z is the canonical morphism, there is a unique morphism ϕ : X → Z such that 
ϕij = ljϕj . The unique morphism f : Z → F such that fj = flj (for every j ∈ J) clearly satisfies fϕ = α, 
and this shows that α is Z-trivial.

Statement (b) clearly holds, by duality. �
Let us consider full replete subcategories Z ⊆ F of a category C. We say that F is Z-normal epireflective 

in C if the inclusion functor eF : F → C has a left adjoint f : C → F with the property that each component 
ηA : A → f(A) of the unit of the adjunction is a Z-precokernel.

Lemma 4.4. Let C be a category and let Z be a full subcategory of C. If p is a Z-precokernel of some 
morphism, then p is also the Z-precokernel of its Z-prekernel e : A → B whenever the latter exists. In this 

case, A
e

B
p

C is a short Z-preexact sequence in C.

Proof. Let q : X → B be a morphism such that p is a Z-precokernel of q. Since pq is Z-trivial and e : A → B

is a Z-prekernel of p, there is a unique morphism α : X → A such that q = eα. Now let λ : B → Y be any 
morphism with λe Z-trivial. A fortiori, λq = λeα is Z-trivial. Since p is a Z-precokernel of q, there exists 
a unique morphism λ1 : C → Y satisfying λ = λ1p, as desired. �
Proposition 4.5. Let C be a category and let Z be a non-empty full subcategory of C closed under retracts. 
The following conditions on a full replete subcategory F of C are equivalent:

(a) F is the torsion-free subcategory of a pretorsion theory (T , F) in C such that Z = T ∩ F .
(b) F is Z-normal epireflective in C; for any A ∈ C, the A-component ηA : A → f(A) of the unit has a 

Z-prekernel εA : t(A) → A; and εt(A) : t(t(A)) → t(A) is an isomorphism for every A ∈ C.

Proof. (a) ⇒ (b) follows from Propositions 3.3 and 3.7.
(b) ⇒ (a) First note that, since F is Z-normal epireflective, Lemma 4.4 implies that, for every object A

of C, the sequence of morphisms

t(A)
εA

A
ηA

f(A)

is Z-preexact.
Now define T to be the full subcategory of C whose objects A are those for which ηA : A →

f(A) is Z-trivial. By definition Z ⊆ T . For every Z ∈ Z, since εZ : t(Z) → Z is Z-trivial and 

t(Z)
εZ

Z
ηZ

f(Z) is Z-preexact, we infer that ηZ is an isomorphism, in view of Lemma 2.4, 
and thus Z ∈ F , because F is replete. It follows that Z ⊆ T ∩ F . Conversely, if C ∈ T ∩ F , there is no 
restriction in assuming that the unit ηC is the identity on C (since C ∈ F), and ηC is Z-trivial (because 
C ∈ T ). But Z is closed under retracts, so C ∈ Z. This proves that Z = T ∩ F .

As we have seen in the first part of the proof of (b) ⇒ (a), for every object A of C, the sequence of 
morphisms

t(t(A))
εt(A)

t(A)
ηt(A)

f(t(A))

is Z-preexact. Since, by assumption, εt(A) is an isomorphism, Lemma 2.4 implies that ηt(A) is Z-trivial. 
This proves that t(A) is in T for every A ∈ C.
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Finally, let u : T → F be a morphism, where T ∈ T and F ∈ F . Then there is a unique morphism 
u : f(T ) → F such that u = uηT (since F ∈ F). The fact that T ∈ T means that ηT is Z-trivial and thus, 
a fortiori, u is Z-trivial. Therefore (T , F) is a pretorsion theory in C. �
5. Projective objects

In our setting, by a projective object we shall always mean projective with respect to epimorphisms.

Proposition 5.1. Let C be a category and let Z be a non-empty full subcategory of C consisting of projective 
objects. If f : A → B is any morphism, then any Z-precokernel of f (if it exists) is a regular epimorphism.

Proof. Assume that there exists a Z-precokernel p : B → C of f . By definition, pf is Z-trivial, and thus we 
can pick an object Z ∈ Z and morphisms α : A → Z, β : Z → C such that βα = pf . Since, by assumption, 
Z is projective and p is an epimorphism (see Proposition 2.2 (a)), there exists a morphism β : Z → B such 
that β = pβ. To show that p is a regular epimorphism, it suffices to prove that p is the coequalizer of 
f, βα : A → B. Clearly, pβα = βα = pf . Now take any morphism q : B → C ′ such that qf = qβα. Then 
qf is Z-trivial, because it is equal to qβα. Since p is a Z-precokernel of f , there exists a unique morphism 
q1 : C → C ′ satisfying q = q1p. This allows us to conclude. �
Remark 5.2. The assumption on the full subcategory Z of C in Proposition 5.1 breaks the duality of the 
setting. This assumption implies that any Z-precokernel is a regular epimorphism, not that any Z-prekernel 
is a regular monomorphism.

Recall that an extremal epimorphism is a morphism f : X → Y with the following property: whenever 
there is a commutative triangle

X
f

u

Y

I

m

with m a monomorphism, then m is an isomorphism. Note that if a composite gf is an extremal epimorphism, 
then g is an extremal epimorphism.

Corollary 5.3. Let (T , F) be a pretorsion theory in a category C. Suppose that Z = T ∩ F consists of 
projective objects. Then:

(a) the subcategory T is closed under extremal quotients;
(b) the subcategory F is closed under subobjects.

Proof. (a) Consider an extremal epimorphism g : T → C, where T ∈ T . We have a commutative diagram

T

t(g)

T
ηT

g

f(T )

f(g)

T (C)
εC

C
ηC

f(C),

where εCt(g) = g is an extremal epimorphism. Since εC is a monomorphism (by Proposition 2.1), it is then 
an isomorphism. Thus εC is an isomorphism, and C ∈ T .
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(b) Let n : N → F be a monomorphism with F ∈ F . Then n factors through the reflection ηN : N → f(N), 
i.e., there is a unique ϕ : f(N) → F with ϕηN = n. This implies that ηN is a monomorphism. Since it is 
also a regular epimorphism (by Proposition 5.1), it follows that ηN is an isomorphism, and N ∈ F . �
Corollary 5.4. Let C be a category in which any arrow f has a factorization f = mp, where p is an extremal 
epimorphism and m is a monomorphism. Let T , F be full replete subcategories of C such that Z := T ∩ F
consists of projective objects, and assume that for every object X in C there exists a short Z-preexact sequence 
T → X → F , for some T ∈ T and F ∈ F . Then the following conditions are equivalent.

(a) (T , F) is a pretorsion theory.
(b) T is closed under extremal quotients and F is closed under subobjects.

Proof. The fact that (a) implies (b) is clear, by Corollary 5.3. Conversely, take objects T ∈ T , F ∈ F
and any morphism f : T → F . By assumption, there are an extremal epimorphism p : T → Z and a 
monomorphism m : Z → F such that f = mp. By condition (b), Z ∈ T ∩ F = Z, being it an extremal 
quotient of T and a subobject of F . Thus f is Z-trivial. The conclusion follows. �

There are situations where T ∩ F = Z is precisely the full subcategory of projective objects in C, as in 
Example 6.1 of the pretorsion theory (Equiv, ParOrd) in the category Preord of preordered sets, where 
Equiv is the category of equivalence relations and ParOrd the category of partially ordered sets (see [10]
and Example 6.1 for more details).

Note that, since projective objects are always closed under retracts, Proposition 4.5 gives the following:

Corollary 5.5. Let C be a category. Suppose that Z is the non-empty full subcategory of C that consists of all 
the projective objects in C. The following conditions are equivalent:

(a) F is the torsion-free subcategory of a pretorsion theory (T , F) in C, with Z = T ∩ F .
(b) F is Z-normal epireflective in C, for any A ∈ C the A-component ηA : A → f(A) of the unit has a 

Z-prekernel εA : t(A) → A, and εt(A) : t(t(A)) → t(A) is an isomorphism.

6. Examples

6.1. The category of preordered sets

In [10], the following example was studied in detail. Let Preord be the category of preordered sets. Its 
objects are all pairs (A, ρ), where A is a set and ρ is a preorder on A, that is, a relation on A that is reflexive 
and transitive. The pretorsion is the pair (Equiv, ParOrd), where Equiv consists of all (A, ρ), where A is 
a set and ρ is an equivalence relation on A, that is, a preorder that is also symmetric, and ParOrd consists 
of all (A, ρ), where A is a set and ρ is a partial order on A, that is, a preorder that is also antisymmetric. 
It is easily seen that in the category Preord: epimorphisms are exactly the morphisms that are surjective 
mappings; monomorphisms are exactly the morphisms that are injective mappings; an object of Preord
is projective if and only if it is a trivial object, that is, an object in Z = Equiv∩ ParOrd. An object of 
Preord is injective if and only if it is of the form (X, ω), where X is any set and ω := X ×X is the trivial
equivalence relation on X, that is, xωy for every x, y ∈ X. A generalization of this example of pretorsion 
theory has been studied in [11], where the category of preordered sets is replaced by any category of internal 
preorders in an exact category.
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6.2. The category of endomappings of finite sets

A related example is given in [12]. Let M be the category whose objects are all pairs (X, f), where 
X = {1, 2, 3, . . . , n} for some non-negative integer n and f : X → X is a mapping. Notice that, for n = 0, 
X is the empty set. The morphisms in M from (X, f) to (X ′, f ′) are the mappings ϕ : X → X ′ such that 
f ′ϕ = ϕf . The pretorsion theory in M is the pair (T , F), where T consists of all objects (X, f) of M with 
f : X → X a bijection, and F consists of all objects (X, f) of M with fn = fn+1, where n = |X|. The 
trivial objects, that is, the objects in Z := T ∩ F are the pairs (X, 1X), where 1X : X → X is the identity 
mapping.

There is a functor U : M → Preord, which is a canonical embedding [12]. It associates to any object 
(X, f) of M the preordered set (X, ρf ), where ρf is the relation on X defined, for every x, y ∈ X, by 
xρfy if x = f t(y) for some integer t ≥ 0. Any morphism ϕ : (X, f) → (X ′, f ′) in M is a morphism 
ϕ : (X, ρf ) → (X ′, ρf ′) in Preord, because if x, y ∈ X and xρfy, then x = f t(y) for some integer t ≥ 0. 
From the equality f ′ϕ = ϕf , we get that ϕ(x) = ϕf t(y) = f ′tϕ(y), so ϕ(x)ρf ′ϕ(y).

It is possible to view M as a subcategory of Preord (via U). Via this identification, one has that 
T = M ∩ Equiv and F = M ∩ ParOrd [12].

The only projective trivial object of M, that is, the only object of Z that is projective in M, is the 
empty set. To see it, consider any object (X, 1X) in Z with X �= ∅. Consider the object ({1, 2}, (1 2)) (set of 
two elements 1, 2 with the transposition (1 2) of those two elements) of M. Then there are no morphisms 
(X, 1X) → ({1, 2}, (1 2)). Therefore the unique (constant) mappings α : X → {1} and β : {1, 2} → {1}, are 
surjective morphisms in M, hence they are epimorphisms in M, but there is no morphism γ : (X, 1X) →
({1, 2}, (1 2)) such that βγ = α. This shows that no trivial object (X, 1X) with X �= ∅ is projective in M.

6.3. The pretorsion theory in 6.2 extended to infinite sets

Now we generalize the example in 6.2 from the case of sets X = {1, 2, 3, . . . , n} to the case of X any 
set, possibly infinite. Let M′ be the category whose objects are all pairs (X, f), where X is any set and 
f : X → X is any mapping. The morphisms in M from (X, f) to (X ′, f ′) are the mappings ϕ : X → X ′

such that f ′ϕ = ϕf . Thus M′ can be seen as the category (variety) of all algebras X with one operation f
that is a unary operation and no axiom. Like in [12], it is possible to associate to f : X → X two graphs. 
The directed graph Gd

f with set of vertices X and one arrow x → f(x) for each vertex x ∈ X. And the 
undirected graph Gu

f with set of vertices X and set of edges L := { {x, f(x)} | x ∈ X, x �= f(x) }. The 
undirected graph Gu

f decomposes as a disjoint union of its connected components.
Let us determine the connected component of the graph Gu

f containing a fixed vertex x0 ∈ X. The 
connected component of x0 in Gu

f consists of all vertices x ∈ X for which there exists a path of finite length 
from x0 to x in Gu

f . In our graph Gu
f , the vertices at a distance ≤ 1 from x0 are exactly those in the set 

{x0, f(x0)} ∪ f−1(x0). Hence the connected component of x0 is the closure of {x0} with respect to taking 
images and inverse images via f . Starting from the fixed vertex x0 ∈ X, we can define a sequence of vertices 
x0, x1, x3, . . . in X with xi+1 = f(xi) for every i ≥ 0. We have two cases, according to whether the vertices 
x0, x1, x3, . . . in X are all distinct or not.

First case: The vertices x0, x1, x3, . . . are all distinct. In this case, set B0 := { xi | i ≥ 0 }.
Second case: The vertices x0, x1, x3, . . . are not all distinct. In this case, let i0 ≥ 0 be the smallest index 

i ≥ 0 such that xi = xj for some j > i. Now let j0 be the smallest index j > i0 with xi0 = xj0 . Set 
B0 := {xi0 , xi0+1, . . . , xj0−1}, so that B0 has j0 − i0 elements.

In both cases, we have that f(B0) ⊆ B0. Now recursively define subsets Bi+1 of X setting Bi+1 := f−1(Bi)
for every i ≥ 0. One easily sees by induction that Bi+1 ⊇ Bi for every i ≥ 0. Thus the chain of subsets Bi

of X is ascending. Clearly, the connected component of Gu
f containing x0 is 

⋃
Bi.
i≥0
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In order to visualize the structure of this connected component of the graph Gd
f , notice that f(Bi) ⊆ Bi−1

for every i ≥ 1. Set A0 := B0 and Ai+1 = Bi+1 \ Bi for every i ≥ 0. Then we have a union 
⋃

i≥0 Ai of 
pairwise disjoint sets, f(Ai+1) ⊆ Ai for every i ≥ 0 and f(A0) ⊆ A0. We have, like above, two cases. In 
the first case, in which all the vertices x0, x1, x3, . . . are distinct, Gd

f is a tree. In the second case, in which 
A0 = B0 = {xi0 , xi0+1, . . . , xj0−1} has j0 − i0 elements, the vertices on A0 are on a directed cycle of length 
j0 − i0 > 0, and the connected component of x0 in the graph Gd

f is a forest on a cycle. Cf. [12].
Like in Example 6.2, there is a functor U ′ : M′ → Preord. It associates to any object (X, f) of M′ the 

preordered set (X, ρf ), where ρf is defined, for every x, y ∈ X, setting xρfy if x = f t(y) for some integer 
t ≥ 0. Any morphism ϕ : (X, f) → (X ′, f ′) in M′ is a morphism ϕ : (X, ρf ) → (X ′, ρf ′) in Preord. The 
functor U ′ : M′ → Preord is a canonical embedding. Like in Example 6.2, the functor U ′ allows us to view 
M′ as a subcategory of Preord.

We don’t go too much into details now, because the proofs are all very similar to those in [12]. We get 
that the class C′ := M′ ∩Equiv consists of all objects (X, f) of M′ for which the relation ρf is symmetric, 
that is, consists of all objects (X, f) for which the connected components of Gu

f are either isolated points or 
finite circuits. Equivalently, C′ consists of all objects (X, f) of M′ for which f is a bijection and for every 
x ∈ X there exists t > 0 such that x = f t(x).

The class F ′ := M′ ∩ ParOrd consists of all objects (X, f) of M′ for which the relation ρf is anti-
symmetric, that is, consists of all objects (X, f) for which Gu

f is a forest, i.e., Gu
f does not contain circuits 

(of length > 0). Equivalently, C′ consists of all objects (X, f) of M′ such that, for every x ∈ X and every 
integer t > 0, if x = f t(x), then x = f(x).

The intersection Z ′ := C′ ∩ F ′ consists of all pairs (X, f) with f : X → X the identity mapping of X. 
Hence Z ′ is a full subcategory of M′ isomorphic to the category Set of sets. A morphism ϕ : (X, f) → (X ′, f ′)
in M′ is Z ′-trivial if and only if it is constant on the circuits of Gu

f and its image f(X) consists of points 
of X ′ fixed by f ′.

The pair (C′, F ′) is a pretorsion theory for M′. For every object (X, f) of M′, the Z ′-preexact short exact 
sequence of Axiom (2) is the sequence (A0, f0) → (X, f) → (X/ ∼, f), where A0 := { x ∈ X | x = f t(x) for 
some integer t ≥ 1 }, f0 : A0 → A0 is the restriction of f , and ∼ is the equivalence relation on X (congruence 
of the universal algebra (X, f)), defined, for every x, y ∈ X, by x ∼ y if there exist positive integers t, t′

such that x = f t(y) and y = f t′(x).

6.4. Finite linearly ordered sets

Every preordered set (P, ρ) is a category with P as its class (set) of objects, for every p, q ∈ P no 
morphism p → q if p �ρ q, and one morphism p → q if p ρ q. We will now completely describe all torsion 
theories in the case of the partially ordered set X := {1, 2, 3, . . . , n}, where n is a fixed positive integer and 
the preorder is the usual partial order ≤ on X. For p, q ∈ X with p ≤ q, the unique morphism p → q will be 
denoted by p ≤ q as well. For p ≤ q in X, the subset {p, p + 1, . . . , q − 1, q} of X consisting of all q − p + 1
integers t with p ≤ t ≤ q will be denoted by [p, q] (the interval from p to q). If A is a subset of X, we will 
denote by A + 1 the set A + 1 := { a + 1 | a ∈ A, a �= n }.

Proposition 6.1. Let n be a fixed positive integer, X be the linearly ordered set {1, 2, 3, . . . , n} and T, F be 
subsets of X. The following conditions are equivalent.

(a) (T, F ) is a pretorsion theory for the category X.
(b) T ∪ F = X, 1 ∈ T and n ∈ F . Moreover, for every i = 1, 2, . . . , n − 1, if i ∈ T and i + 1 ∈ F , then 

either i ∈ F or i + 1 ∈ T .
(c) There exist two subsets A and C of X such that C ∩ (A ∪ (A + 1)) = ∅ and C ∪ A ⊂ X. Moreover, 

defining B := X \ (A ∪ C), we have that T = A ∪B, F = B ∪ C, 1 ∈ T and n ∈ F .
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Proof. (a) ⇒ (b). Let (T, F ) be a pretorsion theory for the category X. The Z-preexact sequence relative 
to the object 1 of X satisfying Axiom (2) must be of the form t ≤ 1 ≤ f . Since 1 is the least element of X, 
we must have t = 1. Hence 1 ∈ T . Similarly, n ∈ F .

Clearly, T ∪F ⊆ X. Conversely, suppose p ∈ X. Set t := max(T ∩ [1, p]) and f := min(F ∩ [p, n]). Notice 
that such two elements t and f exist because 1 ∈ T and n ∈ F . Then t ≤ p ≤ f . Since every morphism 
from t ∈ T to f ∈ F is Z-trivial, there exists z ∈ Z := T ∩ F with t ≤ z ≤ f . Hence we have the two cases 
t ≤ z ≤ p ≤ f and t ≤ p ≤ z ≤ f . Suppose t ≤ z ≤ p ≤ f . By the maximality of t, it follows that t = z. 
From Lemma 2.4(a), we get that p = f . Hence p ∈ F in this case. Similarly, if t ≤ p ≤ z ≤ f , we have 
p ∈ T . Therefore T ∪ F = X.

Finally, let i = 1, 2, . . . , n − 1 be such that i ∈ T and i + 1 ∈ F . Since every morphism from i ∈ T to 
i + 1 ∈ F is Z-trivial, there exists z ∈ Z with i ≤ z ≤ i + 1. Therefore either i = z or z = i + 1, that is, 
either i ∈ F or i + 1 ∈ T .

(b) ⇒ (c). Suppose that (b) holds, and set A := T \ F , B := T ∩ F and C := F \ T . The condition “for 
every i = 1, 2, . . . , n −1, if i ∈ T and i +1 ∈ F , then either i ∈ F or i +1 ∈ T” can be restated as “there does 
not exist i = 1, 2, . . . , n −1 such that i ∈ T , i +1 ∈ F , i /∈ F and i +1 /∈ T”, i.e., “((T \F ) +1) ∩(F \T ) = ∅”, 
that is, “(A + 1) ∩C = ∅”. Hence, from (b), we have that the two subsets A := T \ F and C := F \ T of X
are such that C ∩ (A ∪ (A + 1)) = ∅ and C ∪ A ⊂ X, because X \ (C ∪ A) = Z. Moreover, we have that 
B = T ∩ F = Z, B = X \ (A ∪ C), T = A ∪B and F = B ∪ C.

(c) ⇒ (b). Suppose that (c) holds, so that we have subsets A, B, C, T, F of X such that C∩(A ∪(A +1)) =
∅, B = X \ (A ∪C) �= ∅, T = A ∪B and F = B ∪C. Then T ∪F = A ∪B ∪C = X. Finally, as we have seen 
in the proof of (b) ⇒ (c), the condition “for every i = 1, 2, . . . , n − 1, if i ∈ T and i + 1 ∈ F , then either 
i ∈ F or i + 1 ∈ T” is equivalent to (A + 1) ∩ C = ∅, which holds by (c).

(b) & (c) ⇒ (a). If (b) and (c) hold, then Z := T ∩ F = B �= ∅. In order to prove that every morphism 
from t ∈ T to f ∈ F is Z-trival, we must show that there exists z ∈ Z with t ≤ z ≤ f . Suppose the contrary. 
Then [t, f ] ⊆ A ∪C. Let t be the greatest element in [t, f ] ∩A. Then t+1 ∈ C. This contradicts the condition 
C ∩ (A ∪ (A + 1)) = ∅. Hence Axiom (1) in the definition of pretorsion theory is satisfied. As far as Axiom 
(2) is concerned, fix an element p ∈ X. Since X is the disjoint union of A, B and C, we have three possible 
cases:

If p ∈ A, then the Z-preexact sequence relative to p satisfying Axiom (2) is p ≤ p ≤ z, where z :=
min(B ∩ [p, n]). Such an element z exists because B ∩ [p, n] �= ∅. Otherwise [p, n] ⊆ A ∪ C. Let p be 
the greatest element in [p, n] ∩ A. Then p + 1 ∈ C. (Notice that n ∈ C.) This contradicts the condition 
C ∩ (A ∪ (A + 1)) = ∅.

If p ∈ B, then the Z-preexact sequence relative to p satisfying Axiom (2) is p ≤ p ≤ p, trivially.
If p ∈ C, then the Z-preexact sequence relative to p satisfying Axiom (2) is z ≤ p ≤ p, where z :=

max(B ∩ [1, p]). Such an element z exists because B ∩ [1, p] �= ∅. Otherwise [1, p] ⊆ A ∪ C. Let p be the 
greatest element in [1, p] ∩ A. (Notice that now 1 ∈ A and p ∈ C.) Then p + 1 ∈ C. This contradicts the 
condition C ∩ (A ∪ (A + 1)) = ∅. �
6.5. Topological groups

Let C be the category Grp(Top) of topological groups, T the category Grp(Ind) of topological groups 
endowed with the trivial topology, and F the category of Grp(T0) of T0 topological groups. Then 
(Grp(Ind), Grp(T0)) is a pretorsion theory in Grp(Top) [2]. In this example, Z consists of topological groups 
with one element, and Z-trivial morphisms are the morphisms α : (G, ·, τG) → (H, ·, τH) such that α(g) = 1H
for every g ∈ G. The canonical short (pre)exact sequence relative to a topological group (G, ·, τG) is

0 ({1G}, ·, τi)
j

(G, ·, τG) π (G/{1G}, ·, τq) 0
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where ({1G}, ·, τi) is the closure of the trivial subgroup {1G} in (G, ·, τG) (with the induced topology), and 
π is the canonical mapping.

Another example of pretorsion theory in the category Grp(Top) of topological groups is given by the 
pair (Grp(Conn), Grp(TotDis)), where Grp(Conn) is the category of connected groups and Grp(TotDis) is the 
category of totally disconnected groups. In this case the canonical short exact sequence corresponding to a 
topological group (G, ·, τG) is

0 (Γ1G
, ·, τi)

l (G, ·, τG)
ϕ

(G/Γ1G
, ·, τq) 0

where (Γ1G
, ·, τi) is the connected component of the unit 1G of the topological group (G, ·, τG), and ϕ is the 

canonical mapping.

6.6. The Kolmogorov quotient of a topological space

This is a generalization of the example in the first paragraph of 6.5. Let C = Top be the category of 
topological spaces and T0 be the subcategory of all T0 topological spaces. A topology on a set X is a 
partition topology if there is an equivalence relation on X for which the equivalence classes are a base of 
open sets for the topology. Let P be the full subcategory of Top whose objects are all topological spaces 
whose topology is a partition topology. Clearly, Z := P ∩ T0 consists of all discrete topological spaces. We 
claim that (P, T0) is a pretorsion theory in Top. It is easily seen that: (1) If X, Y are topological spaces, 
a continuous function f : X → Y is Z-trivial if and only if there is a partition of X into clopen subsets 
such that f is constant on each of these clopen subsets; (2) If X is a topological space whose topology is a 
partition topology, Y is a T0 space and f : X → Y is a continuous mapping, then f is Z-trivial.

Let (X, τ) be any topological space. If x, y are two points of X, we write x ≡ y if, for each open set 
U , U contains either both x and y or neither of them (that is, if {x} = {y}). This relation ≡ on X is an 
equivalence relation, called topological indistinguishability.

Let KX := X/ ≡ denote the quotient space, endowed with the quotient topology. The topological space 
KX is the Kolmogorov quotient of X. The space KX is T0, the quotient map q : X → KX is open and 
induces a bijection between the topology on X and the topology on KX. Let πτ be the partition topology 
on X induced by the equivalence relation ≡. The identity mapping k : (X, πτ ) → (X, τ) is continuous. Then, 
in order to prove that (P, T0) is a pretorsion theory in Top, it will be enough to verify that the sequence of 
morphisms

(X,πτ )
k (X, τ)

q
KX

in Top is Z-preexact. Since πτ is a partition topology and KX is a T0 space, it follows that qk is Z-trivial.
Let λ : (X, τ) → Y be any morphism in Top such that λk = λ : (X, πτ ) → Y is Z-trivial. Let u : (X, πτ ) →

Z, v : Z → Y be morphisms such that λk = vu, where Z is some discrete space. If x, y ∈ X are such that 
x ≡ y, consider the open neighborhood u−1({u(x)}) of x (here we are using the facts that u is continuous and 
that Z is discrete). Since πτ is the partition topology induced by ≡, it follows [x]≡ = [y]≡ ⊆ u−1({u(x)}). 
In particular, y ∈ u−1({u(x)}) and thus, since λ = vy, λ(x) = λ(y). This proves that λ induces the mapping 
λ0 : KX → Y , [x]≡ �→ λ(x), which is the unique mapping such that λ = λ0q. Finally, λ0 is continuous, 
essentially because q is surjective and open and λ = λ0q. This proves that q is a Z-precokernel of k. Similarly, 
one easily proves that k is a Z-prekernel of q.

This example of pretorsion theory (P, T0) in Top extends both the first example in 6.5 and the example of 
pretorsion theory (Equiv, ParOrd) on Preord (Alexandrov-discrete spaces). By “extension” we mean via 
the forgetful functor Grp(Top) → Top and the embedding functor of the subcategory of Alexandrov-discrete 
spaces into Top.
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6.7. Totally disconnected topological spaces

Let Top be the category of all topological spaces. Recall that the connected components of a topological 
space X are the maximal connected subsets of X. They are closed subsets of X and form a partition 
of X. Let F be the category of all totally disconnected topological spaces, that is, those for which the 
connected components are the one-point sets. Let T be the category of all topological spaces for which 
the connected components are open subsets. It is possible to check that (T , F) is a pretorsion theory in 
Top. Now Z := T ∩ F is the category of all discrete topological spaces. For any topological space X, let 
∼ be the equivalence relation on X whose equivalence classes are the connected components of X. Endow 
the quotient set X/ ∼ with the quotient topology, i.e., the finest topology making the canonical projection 
q : X → X/ ∼ continuous. Then f(X) := X/ ∼ is totally disconnected. For any continuous map ϕ : X → Y

to a totally disconnected space Y , there exists a unique continuous map f̃ : X/ ∼ → Y with ϕ = ϕ̃q. Notice 
that if T ∈ T , then T/ ∼ is a discrete topological space, so that every continuous mapping ϕ : T → Y with 
Y ∈ F factors through the discrete topological space T/ ∼, hence is Z-trivial. For any topological space 
(X, τ), let στ be the coarsest topology weaker than both τ and the partition topology on X determined 
by the partition into connected components. A base for the topology στ is given by the sets conn(x) ∩ U , 
where conn(x) denotes the connected component of any element x ∈ X and U is any open subset in the 
topology τ . The short Z-preexact sequence corresponding to any topological space (X, τ) is the sequence 

(X,στ )
i (X, τ)

q
X/∼ , where i : (X, στ ) → (X, τ) is the identity.

7. Final remarks. Other torsion theories in the literature

In this last section, we briefly compare our approach with the torsion theories studied in [2,6,18,19,21].

Remark 7.1. Let H be a homological category, i.e., a category that is pointed (with a zero object 0), regular 
and protomodular. Following [2, Definition 4.1], a torsion theory in H is a pair (T , F) of full replete 
subcategories of H satisfying the following axioms.

(1) For every T ∈ T , F ∈ F , homH(T, F ) = {0} (here 0 denotes the zero morphism T → 0 → F from T to 
F ).

(2) For every object X ∈ C, there exists a short exact sequence

0 → T → X → F → 0,

where T ∈ T and F ∈ F .

In view of [2, Lemma 4.3(1)], if (T , F) is a torsion theory for H, then Z consists of (the replete subcategory 
of) the zero object 0 of C. The fact that Z = {0} implies that Z-preexact sequences in H are classical exact 
sequences, so that every torsion theory in a homological category is a pretorsion theory in the sense of this 
article.

Of course, in order to define a torsion theory as here above, it suffices to assume that H is a pointed 
category, as was done by Janelidze and Tholen in [21]. Also this general notion of torsion theory is a special 
case of our notion of pretorsion theory, essentially for the same reason as that recalled above: when Z = {0}, 
Z-preexact sequences reduce to the usual exact sequences. Note that the following result, proved in [21], is 
a relevant special case of Proposition 4.5:

Corollary 7.2 ([21]). For a full replete subcategory F of a pointed category C with kernels and cokernels the 
following conditions are equivalent.
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(1) F is the torsion-free part of a torsion theory (T , F) in C.
(2) F is a normal epireflective subcategory of C, and the radical induced by the reflector f : C → F is 

idempotent.

Remark 7.3. Another notion of torsion theory is studied in [18]. In that paper, torsion theories in multi-
pointed categories are studied. In those categories, the identity of any object has a Z-prekernel and a 
Z-precokernel. In this paper, we study a case more general than that, because, in our case, it is possible 
that there are objects B in C such that homC(Z, B) = ∅ for every Z ∈ Z (Remark 2.9(b)). For such an 
object B, the identity 1B : B → B cannot have a Z-prekernel.

Moreover, in the torsion theories studied in [18], the category Z turns out to be a reflective and coreflective 
subcategory of C, and this is not true in our case. For instance, if, like in the previous paragraph, there 
is an object B in C such that homC(Z, B) = ∅ for every Z ∈ Z, the embedding Z ↪→ C cannot have a 
right adjoint. Let us also mention the fact that this approach to torsion theories using ideal of morphisms 
was already adopted in [25]. In the article [17], torsion theories in the context of semiexact categories were 
studied.

Remark 7.4. In Monoid Theory, there are three apparently related notions:
(1) Congruences on a monoid M , that is, equivalence relations on the set M compatible with the binary 
operation · and the nullary operation 1 on M . All such congruences arise as kernel pairs of some monoid 
morphism f : M → N , i.e., as equivalence relations on M of the form ∼f , where x ∼f y if f(x) = f(y).
(2) The equivalence class [1M ]∼ of the identity 1M of M with respect to a congruence ∼ on M , i.e., the 
subset f−1(1N ) for some monoid morphism f : M → N .
(3) Ideals of M , that is, non-empty subsets I of M such that, for every i ∈ I and every x ∈ M , both xi and 
ix belong to I.

Clearly, for a monoid M congruences as in (1) determine equivalence classes as in (2), but not conversely. 
If the monoid M is a group, the converse holds, as is well known, and the equivalence classes as in (2) are 
the normal subgroups. The same property holds, more generally, in any ideal determined category [20].

On the other hand, ideals as in (3) are related to the notion of monoids with zero. For every monoid 
morphism f : M → N , where N is a monoid with zero 0N , f−1(0N ) is either the empty set or an ideal of 
M . Given any ideal I of M , it is possible to define a congruence on M setting, for every x, y ∈ M , x ∼I y

if either x = y, or both x ∈ I and y ∈ I. Moreover, for any ideal I of M , the quotient monoid M/ ∼I turns 
out to be a monoid with zero. For a group, the unique ideal is the improper subset.

For rings R with identity 1R, ring morphisms that map 1 to 1, and congruences in (1) compatible with 
the ring operations, we have that there is a one-to-one correspondence between congruences (compatible 
with + and ·) and subsets as in (2), which are exactly the ideals I of the ring as in (3). One has that 
f−1(1N ) = 1M + f−1(0N ). Thus (1), (2) and (3) are equivalent concepts for rings.

All this has its counterpart in categories, where we have the notion of congruence R on a category C [24, 
p. 52], and for any congruence R it is possible to construct the quotient category C/R [24, Section II.8]. 
Here a congruence R is a function that assigns to each pair of objects a, b of C an equivalence relation Ra,b

on the set homC(a, b), in a way compatible with composition. An ideal I in a category C is a function that 
assigns to each pair of objects a, b of C a subset Ia,b of the set homC(a, b) so that, for all objects a, b, c, d
of C, if f ∈ homC(a, b), g ∈ Ib,c, h ∈ homC(c, d), then hgf ∈ Ia,d. For every ideal I in a category C, 
there is an associated congruence R on C defined, for every f, g ∈ homC(a, b), by fRa,bg if either f = g or 
both f and g belong to Ia,b. Notice that ideals of a category C are exactly the subfunctors of the functor 
hom: Cop × C → Set, and quotient categories C/R, with R a congruence in C, are exactly the quotient 
functors of the functor hom: Cop × C → Set.

We can define a notion of quasi-zero object in a category C, in the same spirit as quasi-terminal objects
were defined in [22, A1.5.14]. They are the objects z of C such that there is at most one morphism from, 



20 A. Facchini et al. / Journal of Pure and Applied Algebra 225 (2021) 106503
and to, any object a in C. In other words, | homC(a, z)| ≤ 1 and | homC(z, a)| ≤ 1 for every object a of C. 
Suppose we are in the special case studied in this paper, in which C is a category, Z is a non-empty class 
of objects of C, and I is the ideal of C generated by the identity morphisms of the objects in Z. If R is the 
congruence associated to I, then all objects of Z become quasi-zero objects in the quotient category C/R.

Finally, when the category C is additive, there is a one-to-one correspondence between the congruences 
on C that are compatible not only with composition but also with addition, and the ideals I in C for which 
Ia,b is a subgroup of the group HomC(a, b) for every pair a, b of objects of C.
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