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Abstract 
"Matching Pursuits" is a signal expansion tech- 

nique whose efJiciency for video coding has already 
been demonstrated in  the MPEG-4 community. In  this 
paper, we foccus our attention on some aspects of the 
algorithm. Firstly, the relevance of the orthogonaliza- 
tion of the signal expansion is investigated. Secondly, 
a subband dictionary is proposed as an alternative to  
the Gabor dictionary, used up to now. Equivalent lev- 
els of quality are achieved with both dictionaries but 
the computational cost is signijicantly reduced when 
using the subband one. Eventually, the entropy cod- 
ing stage of the algorithm is studied. 

1 Introduction 
Efficient video coders use motion models. In gen- 

eral, a future frame is predicted from the past frame, 
using local motion information. Then, the prediction 
error, also named Displaced Frame Difference (DFD), 
is compressed using techniques involving some signal 
expansion methods. Typically, the Discrete Cosine 
Transform is used but this paper focuses on a new 
emerging DFD compression technique. The method is 
based on the Matching Pursuits [l] that decomposes 
a signal into a linear expansion of waveforms selected 
from a redundant dictionary of functions. This is a 
complete expansion, i.e. any function can be writ- 
ten as a linear combination of the dictionary reference 
functions. 

Let's remind the principle of Matching Pursuits 
(MP). Given a large and redundant dictionary 77 = 

of vectors in L2(R) ,  such that l)grII = 1, MP 
performs an adaptive expansion of any vectors f in 
L 2 ( R )  over a set of waveforms selected from D, in or- 
der to best match its structures. Let g,, E V. The 
vector f can be decomposed into 

where Rf is the residual vector after approximating f 
in the direction of g r o .  Clearly, g,, is orthogonal t o  
Rf, hence 

To minimize IIRfll, we must choose g,, such that 1 < 
f ,gyo > I is maximum. This is the first step of the 
approximation procedure. It is repeated iteratively on 
the obtained residue. If the decomposition is carried 
up to order m, f is decomposed into a sum of m atoms 
< R" f ,  g,,, > gyn  and of the mth order residue R" f ,  
1.e. : 

m-1 

f = < R " . f , g y n  >gyri + R"f (3) 
n = O  

Convergence of the process is ensured by equation ( 2) , 
i.e. the residue energy is always decreasing. MP can 
be viewed as a way to build signal adapted bases. By 
progressively isolating the structures of the signal that 
are coherent with respect to the chosen dictionary It 
provides an adaptive signal representation in which 
the most significant coefficients are first extracted. 
This is a key issue for very low bit rate coding appli- 
cations. Moreover, in the context of prediction error 
coding, this selective transmission of significant coef- 
ficients is even more relevant as the DFD is a sparse 
image, containing packets of  information where the 
motion prediction model is inadequate. 

The extension of the MP technique to the DFD cod- 
ing has already successfully been implemented by Neff 
and Zakhor [a] and Banham [3]. Firstly, a dictionary 
composed of a set of 2-D separable Gabor functions 
is chosen. Secondly, the dictionary is extended to the 
picture domain by allowing the centre of each function 
to be translated in each pixel position. A direct ex- 
tension of the MP algorithm would require to examine 
each 2-D dictionary structure at all possible pixel lo- 
cation in the DFD. As stated by Neff and Zakhor [2], 
assuming that the DFD is sparse with packets of en- 
ergy where the motion prediction is inadequate, we 
can limit the search in a window around these high- 
energy packets. 

In section 2, an original method performing the or- 
thogonalization of the signal expansion is described. 
Its relevance for MP encoding is discussed. In sec- 
tion 3,  a new subband dictionary is proposed to reduce 
the signal expansion process complexity by exploiting 
results achieved in wavelet and multiresolution the- 
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ory. In section 4,  an original method is proposed to 
code the location of the expended signal (:oefficients. 
It brings some improvements to the one proposed by 
Neff and Zakhor [a] by taking into account some a 
priori knowledge deduced both from the motion infor- 
mation and from the predicted frame. 

2 
During the expansion process, after m steps, the 

energy of the residue could be reduced if f was ap- 
proximated by its orthogonal projection over the space 
generated by (gy,)O<n<,. This step, called back- 
projection, is only useful when the number of atoms 
reaches the size of the original signal [l]. Let’s exam- 
ine this process in detail. Mallat [l] performed it when 
the complete set of vectors (gYn)O<n<m had been cho- 
sen. This required the computatiEn of < R” f ,  g7, > 
‘do 5 R < m. Here, the back projection, when neces- 
sary, is performed at  each step of the algorithm. So, it 
is referred to as an ”in the loop” back projection. 
Let V, be the space generated by (gy,)O<n<m. and 
W, be the orthogonal complement of V, in L2(R). 
Ps is the orthogonal projector on the subspace S ,  i.e. 
for any f in L 2 ( R ) ,  Ps f is the closest vector to f that 
can be written as a linear expansion of basis vectors 
of S .  After m - 1 steps, f is decomposed into : 

”In the Loop” Back Projection 

m-2 

f = Pv,-,f + Pw,-,f = cn,m-lgy, + Pw,-lf 

(4) 
n=O 

with Cn,m-l =< Pw,f,gYn > + ~ ~ ~ ~ + ,  xl,,k, where 
xn,k results from the back-projection of Rk’ f on gYI. 
To explicit the way it is computed, lets examine what 
happens at step m. First, gym-, is chosen to maximize 
I < Pw,-~ f,gYm-l > I. f is decomposed into : 

f = Pv,-,f+ < PWm-lflg,,-l > g,,-, + R”f (5) 

and 

The back projection step consists to the orthogonal 
projection of Rm f on V,. So, as R” f is orthogonal 
to g,,-,1 

m-2 

R“f = xj,mgyj + Pw,(Rmf) (7 )  
j = O  

At this step, Pw,(Rm f) = Pw, f .  The knowledge of 
coefficients ~ j , ~ ,  0 5 j < m - 1 permits to1 loop the 
loop and to go on the iterative process from equation 
(4). Inserting equation (7) in equation (6:), the or- 
thogonality of Pw,,,-, f with each of the m - 1 vectors 
of gy,)o<i<m-l provides a system of m - 1 (equations 
wit 6 m 5 1 unknowns, i.e. ’d 0 5 i < m - 1, 

This can be written in the form of a (m - 1) x (m  - 1) 
linear systems Ax = b with ai , j  =< g,, , g,, > and bi = 
- < P ~ , - ~ . f ~ i ? r , - ~  >< qYm-,,gY, >. At each step, 
only the coefficients bi ,  i.e. values of < gy,-l,gy, >, 
have to be computed. These values are used to ful- 
fil the last row and last column of matrice A for the 
next step. Actually, for MP applications, one may 
store the correlation value of each couple of dictio- 
nary functions, the shift between these functions being 
a parameter. Only shift values resulting in overlapped 
functions have to be stored. For a couple of func- 
tion (fit f2) of length 11,./2, I1 + 12 - 1 values have to 
be stored. For 2-D applications, the use of separable 
dictionary functions only requires the storage of the 
correlation values for the 1-D functions. This shows 
that the cost of the computation of the coefficients of 
equations (8) is extremely low. 

The resulting system is a sparse linear system, i.e. 
lots of coeficients are null. Non-zero coefficients ap- 
pear only when the function chosen at  one step is cor- 
related with previously selected function(s). The sys- 
t8em can be solved by the conjugate gradient method. 
This method is a general method for solving linear 
systems but it is especially attractive and efficient for 
large sparse systems [4]. 

In the context of DFD coding, it appears that the 
“in the loop” back-projection process only slightly im- 
proves the mean value of the PSNR along the se- 
quence. Typically, improvements in the range 0.1 - 0.2 
dB occur, e.g. for hall-monitor at 10 kbits/s, PSNR-Y 
is improved of 0.12 dB. Actually, improvements only 
occur when lots of correlated atoms are chosen in the 
same picture area. In this case, improvement is signifi- 
cant. In other cases, back-projection is useless. Never- 
theless, as stated before, the computational cost of the 
back-projection is low and proportional to the corre- 
lation between the atom that have been selected. So, 
complexity is increased only if significant improvement 
is possible, depending on the sequence to code. 

3 Dictionary Choice: Towards a Sub- 

From the reminder of Mallat’s MP description (see 
section I) ,  it appears clearly that any complete sub- 
set of L2(r )  may be used as a dictionary. The energy 
conservation will always ensure the convergence of the 
iterative process. However, this convergence will be 
increased if the waveforms of the dictionary match the 
expended signal structures. In a coding context, fast 
convergence means few significant coefficients to trans- 
mit. A way to improve convergence is to increase the 
size of the dictionary but, of course, it will increase 
the bit budget allocated to the definition of the wave- 
forms that are actually used to represent the signal. 
So, more than a computational complexity constraint, 
a coding efficiency constraint will restrict the size of 
the dictionary. An optimal dictionary will thus con- 
tain a limited number of waveforms that match well 
the common prediction error structures. As prediction 
error is localized, the waveforms should have a good 
spatial localization. 

band Dictionary 
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Figure 1: (a) Structure for the undecimated Discrete 
Wavelet Transform. Bold lines refer to  the classical 
decimated wavelet transform structure. (b) Structure 
of the decimated Discrete Wavelet Packet Transform 
whose undecimated version defines the MP dictionary 
functions. 

As a conclusion, it appears that there exist few con- 
straints to  fix the choice of the dictionary. A good 
choice could be to use a dictionary that reduce the 
complexity of the iterative process. The costliest part 
of the process is the computation of the inner prod- 
ucts between dictionary functions and the signal to  
decompose. This inner product or correlation cal- 
culation is equivalent to  a filtering procedure. MP 
should strongly benefit from the choice of a set of 
dictionary functions whose equivalent filter bank can 
be described through an efficient computational struc- 
ture. It is worth noting that the large efforts carried 
out in order to  provide efficient implementations of 
the wavelet transform [5] may be exploited to build 
computationally efficient dictionaries for MP. The al- 
gorithms that are discussed here, i.e. the ‘% trous” 
algorithm [6] and the undecimated version of the mul- 
tiresolution wavelet representation algorithm [7], are 
filter bank structures. These structures perform an 
undecimated discrete wavelet transform [5] and can 

Gabor 
Dictionary 

Low cost 
subband 
dictionary 

PSNR-Y = 3 1.21 dB 
PSNR-U = 35.96 dB 
PSNR-V = 31.92 dB 

PSNR-Y = 3 1.32 dB 
PSNR-U = 35.94 dB 
PSNR-V = 31.95 dB 

PSNR-Y = 32.92 dB 
PSNR-U = 38.84 dB 
PSNR-V = 39.39 dB 

PSNR-Y = 32.81 dB 
PSNR-U = 38.65 dB 
PSNR-V = 39.21 dB 

Figure 2: Comparison of the mean PSNR values ob- 
tained with both dictionaries. 

be represented by the diagram of figure 1.a. h (9) is a 
low-pass (high-pass) filter. 

In figure 2, a comparison is performed between the 
“classical” 400 2-D Gabor functions dictionary and a 
subband dictionary, i.e. a dictionary whose functions 
results from a tree structured filter bank. Actually, 
Haar functions have been used as h and g filters and 
the wavelet structure of figure 1.a has been general- 
ized to  the wavelet packet structure of figure 1.b. The 
impulse response of each node of this tree structure 
has been used as a 1-D dictionary function. The new 
dictionary contains 169 (13 x 13) functions. Its ma- 
jor interest versus the Gabor dictionary is its compu- 
tational low complexity. During the DFD expansion 
process, each time an atom is searched for, inner prod- 
ucts between the dictionary functions and the signal to  
expand have to be performed, the atom being defined 
by the maximum inner product value. With Gabor 
functions, using a 16 x 16 search window, 1733312 mul- 
tiplications and about the same number of additions 
have to be performed each time an atom is searched 
for (see [2]). With the subband dictionary, this num- 
ber is strongly reduced due to  the tree structure of the 
filter bank. 

Let S be the size of the search window. For the 
undecimated version of the transform, L being the 
length of the h and g filters (here, L = a ) ,  compu- 
tation of S samples at the ith level of the tree re- 
quires the knowledge of S + CiZj 2‘(L - 1) j < i 
samples at the j t h  level of the tree. This implies 
that, in order to compute S samples at the 4 th  level 
of the tree, S + 15 samples have to  be available at 
the Oth level, i.e. on the non filtered data. At each 
node of the tree, when using Haar functions, one ad- 
dition (or subtraction) and one multiplication by the 
1/&‘ normalization factor have to be performed for 
each computed sample. So, the number of opera- 
tions for filtering the data  in the vertical direction is 
&tep = (S+15). 2.NSn with S+15 = number of 
rows that have to  ge’pre-computed before horizontal 
filtering, n = indices of the node of the filter in the tree 
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structure and N S ,  = number of samples computed 
at  node n. Developing this formula, we have xtep = 

For each of the 13 sets of S.(S + 15) vertically pre- 
computed data, horizontal filtering is performed. The 
number of operations is Wstep  = 13.S.(Ck,,, 32.NSn). 
With S = 16, Tstep = + Hstep  results in 143400 
operations, i.e. 71700 multiplications anld the same 
number of additions. Nevertheless, for ME’ expansion 
purposes, the number of operations can still be re- 
duced. Indeed, with a subband approach using Haar 
filters, the normalization factor only depends on the 
depth of the node in the tree structure. Actually, h 
and v being the depth of the horizontal and vertical 
component of the 2-D dictionary function, the normal- 
ization factor is c = (~ /z /Z)~ . ( l  = ( I / ~ / Z ) ~ + ” .  
servation. In a first step, coefficients are computed 
only using additions or subtractions (as if the filters 
where ( 1 , l )  and (1, -1) instead of ( 1 / d ,  l/&) and 
( 1 / 4 ,  -1/fi)). After this, coefficients of nodes with 
the same v + h are grouped. For each of the 9 groups, 
the maximum coefficient is extracted. Only these 9 
maximum coefficients are normalized to extract the 
maximum one. As a conclusion, the extraction of an 
atom only requires 71700 additions (or subtractions) 
and 9 multiplications. 

The 71700 additions and 9 multiplicatiions of the 
subband dictionary have to be compared to the 
1733312 multiplications and 1733312 additions of the 
Gabor dictionary. Assuming that additions are as 
costly as multiplications, this means that the subband 
dictionary permits a complexity reduction by a factor 
of nearly 50! This reduction concerns the most expen- 
sive part of the MP texture coding. So, it is significant. 

Note: to produce results of figure 2 ,  the MPEG-4 
Verification Model Software has been used as a basic 
platform and the rate control has been synchronized to 
the one of the MPEG-4 VM4 regulation model accord- 
ing to the method described by Neff and Zakhor [a]. 
The Atom parameters have been entropy coded as de- 
scribed in the next section. 

(SS 15). [a. (S+ 14) .2+ 2. (S+ 12) .4+ 2. (S+8) .4+ 2 .S.2]. 

An efficient implementation can b enefit from this ob- 

4 Entropy Coding 
4.1 Positions 

Actually, the information defining the atoms distri- 
bution map is divided in three parts. The map being 
split in 8 x 8 blocks, the first part distinguishes the 
blocks containing atom(s) from others. The second 
part tells the number of atoms in each blocks. The 
third part specifies the atoms positions in each non 
empty block. 

Some correlation exists between the amplitude of 
the motion field used to predict the current frame and 
the position of the atoms used to expend the predic- 
tion error. Besides, atoms will preferably be located 
in areas containing atoms in the previous frame. The 
splitting of the picture into 8 x 8 blocks is a simple 
way to take into account this a przorz knowledge. In- 
deed, atoms are localized around moving areas and in 

I O  khitdr 

Blocks translated or whose neighhor 
lias been translated dunng MC 

~ BIcc:h trilnslated ~ Bhrcks with iltiims 
dunng Maion Compensation 111 the previous picture 

20 kbirsk 

Total hit hudget 
Rr atom coding 

I Bhlcks with atoms 

138033 40868 

47SO(791S)*~ 8448 (14171)*1 

YUV type 5540 

Function indices 14503 55875 

25060 Amplitude 7960 

a) Definition of the six block categories, 
Figure (b) Bit 3: bu 6 get allocated to the coding of the atom 
parameters for sequences “Hall-Monitor” . 

areas with atoms in the previous picture. For each 
block, some information is available: does the corre- 
sponding block in the previous picture contain atoms? 
Has the block been translated during motion compen- 
sation? If not, has one of its neighbours been trans- 
lated? Using this information, blocks in the current 
picture are classified in 6 categories summarized in fig- 
ure 3.a. Each category is characterized by the prob- 
ability p a  that any of its blocks contains atoms. For 
each picture and for each category, a binary sequence 
(one digit by block of the category) telling whether 
the corresponding block contains atom(s) or not will 
be encoded through an adaptive truncated run length 
(ATRL) code [SI. 

For blocks containing atoms, the number of atoms 
is specified. If N ( i )  is the number of atoms in the 
ith block with atoms, the sequence of positive num- 
bers N ( i )  - 1 is entropy encoded through an Univer- 
sal Variable Length Coder [9]. This coder is based on 
the mapping of the numbers into binary memoryless 
sources encoded by ATRL. 
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At this step, for each block containing atoms, the 
exact positions of atoms in the block has to be defined. 
Again, this will be done through run length encoding 
of the binary sequence resulting from an original scan- 
ning of the pixels of the blocks containing atom(s). In 
these blocks, atoms are more probably located on the 
border of the block or on the edge of the predicted 
signal. So, inside a block, pixel should be sorted in de- 
creasing order of their probability to support an atom. 
For the preliminary results presented here, pixels have 
been classified in decreasing order of their local gradi- 
ent value (= sum of the absolute luminance difference 
between the pixel and each of its neighbors). In order 
to favour pixels along the border of the block, their 
gradient value is doubled. The sorted pixels are then 
scanned to build a binary sequence that will be run 
length encoded. This scanning goes over the blocks in 
a cyclic way, examining a single pixel of each block at  
a time. For each scanned pixel, a number of 1-symbol 
equal to the number of atoms the pixel supports is 
added to the binary sequence. Then a 0-symbol is 
added to the binary sequence to tell to go on the 
scanning. Of course, as the total number of atoms 
is known for each block, when this number is achieved 
for a block, remaining pixels of the block do not need 
to be scanned any more. They can be skipped. 
4.2 YUV space, Function Indices and 

The type (Y,U,V) of each atom is encoded using 
ATRL. Fixed Huffman tables are used to code the 
functions indices. In order to fit the statistics of a 
large range of picture, a single huffman table is not 
sufficient. Indeed, eficient motion compensation re- 
sults in high frequency and sharply located prediction 
errors. Functions with a short spatial extent are thus 
more probable. On the other hand, at lower quali- 
ties, when the prediction error is spread on large areas, 
functions with a larger spatial extent best match the 
error signal. As a result, we decided to use a multi- 
huffman coding strategy. Moreover, an attempt has 
been made to take into account some a priori knowl- 
edge deduced from the predicted picture about the 
shape of the prediction error in the surrounding of an 
atom location. Indeed, knowing the predicted picture 
and the atom location, some function shapes become 
more probable than others, e.g. along a vertical edge, 
vertical atoms are more probable than horizontal ones. 
This brings 4-5 % coding efficiency improvement. The 
coefficients magnitudes are coded in reference to the 
lower magnitude in the picture (transmitted on six 
bits), using fixed Huffman codes. Of course, one bit 
is used to code the sign of the coefficient amplitude. 
4.3 Entropy Coding Results 

Table of figure 3.b presents the coding cost of the 
atom distribution map. A comparison is performed 
between the method proposed by Neff and Zakhor [2] 
and the one proposed in section 4.1. Significant im- 
provements occur (more than 15 %). It is worth noting 
that a more effective method has been developped in 
the MPEG-4 group for the “combine shape, motion 
and texture” coding mode (see MPEG-4 VM descrip- 
tion). It also exploits the correlation that exist be- 

Magnitude 

tween picture motion and atom location. It produces 
results that are close to the one presented here. More- 
over, it is block-based and more flexible. Authors rec- 
ommend thus the reader to inform himself about this 
method which is also more suitable for object-based 
coding. 

5 Conclusion 
This paper has achieved one major result: the def- 

inition of a new subband dictionary that is both ef- 
fective and efficient. Two other lessons can be drawn 
from this work: the atom distribution map coding ef- 
ficiency can be increased by taking into account some 
a priori knowledge about the picture content, the or- 
thogonalization of the signal expansion projection is 
low cost but only slightly improves coding quality. 
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