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Abstract

Simulations of flows containing non-spherical particles (fibres or ellipsoids) rely on
the knowledge of the equation governing the particle motion in the flow. Most models
used nowadays are based on the pioneering work of Jeffery (1922), who obtained an
equation for the motion of an ellipsoidal particle immersed in a Newtonian fluid,
despite the fact that this model relies on strong assumptions: negligible inertia,
unconfined flow, dilute regime, flow unperturbed by the presence of the suspended
particle, etc. In this work, we propose a dumbbell-based model aimed to describe
the motion of an inertial fibre or ellipsoid suspended in a Newtonian fluid. We
then use this model to study the orientation kinematics of such particle in a linear
shear flow and compare it to the inertialess case. In the case of fibres, we observe
the appearance of periodic orbits (whereas inertialess fibres just align in the flow
field). For spheroids, our model predicts an orbit drift towards the flow-gradient
plane, either gradually (slight inertia) or by first rotating around a moving oblique
axis (heavy particles). Multi-Particle Collision Dynamics (MPCD) simulations were
carried out to assess the model predictions in the case of inertial fibres and revealed
similar behaviours.
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1 Introduction

Suspensions of rigid non-spherical particles (ellipsoids or fibres) are encoun-
tered in many biological and engineering systems, including aerosols, paper-
making or short-fibre composite moulding processes such as SMC. Modelling
the evolution of the flowing microstructure is thus necessary to predict the
impact of the particles on the rheology of the suspension, as well as the mo-
tion and orientation kinematics of the suspended particles. In the context of
composite manufacturing, changes in fibre orientation correspond to changes
in the final mechanical properties of the part. and similarly in the paper and
pulp industry, the orientation distribution of cellulose fibres in the final prod-
uct is a key factor of its quality.

Such suspensions have been extensively studied at different modelling scales.
Depending on the level of details and accuracy required for a particular appli-
cation, one may want to address a problem at a specific scale or even to adopt
a multi-scale approach by “upscaling” the properties across the scales. We
propose hereunder a succinct overview of the three different modelling scales
usually considered in the context of fibre suspensions and refer to the review
by Petrie [41] or the recent monograph [9] for further details.

• Microscopic scale: the scale of the particle itself. Each particle’s orientation
is described by a unit vector along its symmetry axis and Jeffery’s theory [30]
(see below) lays the foundation for most models governing its kinematics.
• Mesoscopic scale: the scale of a population of particles, whose orientation

state is described by a probability density function (pdf). Such pdf lies
both in physical (space and time) and conformational space and provides
a complete, unambiguous description of the fraction of particles oriented
along a given direction at any location and any time. Its evolution is given
by a Fokker-Planck equation, whose solution is often impracticable due to
the inherent high-dimensionality of the problem (the so-called “curse of
dimensionality”).
• Macroscopic scale: the scale of the the part, whose conformation state is

often characterised by the first moments of the aforementioned probability
density function. For fibres, the second-order orientation tensor [3] is often
chosen as a coarse, yet concise, description of the orientation state in the
part, and its time evolution is governed by the Folgar-Tucker model [3,23]
built directly upon Jeffery’s theory. Macroscopic models are often easy-to-
compute and offer a crude description of the orientation state. They usually
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Figure 1. General modelling framework composed of nine conceptual bricks explor-
ing the three scales involved in the multi-scale description of a suspension of particles
[2]. For each scale, the main challenge (either conceptual or computational) is also
mentioned.

rely however on mathematical closure approximations [4,17,18,20] whose
impact is quite unpredictable.

Over the last few years, we proposed a modelling framework to describe sus-
pensions of fibres and ellipsoids immersed in a Newtonian matrix based on
the dumbbell model (originally initiated in [10]) and we extended this model
to successively address more complex situations [9]. We showed a new way
to obtain Jeffery’s kinematics for a fibre by considering a Stokesian hydro-
dynamic drag force acting on the dumbbell beads [15]. We were then able
to activate bending mechanisms by considering higher gradients of the fluid
velocity field at the scale of the particle [1]. Suspensions of charged fibres (as
carbon nanotubes for example) were then described using the same modelling
framework in [39]. In [2], we proposed a systematic multi-scale approach com-
posed of nine conceptual bricks aimed at describing a suspension of particles
using the dumbbell model. At each modelling scale are raised the questions of
describing the conformation of the suspended particles, the evolution of this
conformation, and the contribution to the stress (rheology) of the particles.
This systematic approach is summarized in Fig. 1 and we refer the interested
reader to [2] for further details and the application of this approach to a di-
lute suspension of rigid fibres in a Newtonian fluid. This modelling framework
was also applied successfully to describe rigid clusters composed of rods [2].
Recently, we adapted the dumbbell model to propose a description of fibre
suspensions subject to wall and confinement effects (when the flow gap is
narrower than the fibre length) [40,47]. In the present work, the dumbbell
model is enriched to study the impact of particle inertia on the kinematics of
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a suspended fibre or spheroid (axisymmetric ellipsoid).

Studies dedicated to the effects of inertia on the dynamics of non-spherical
particles in a flow usually make a distinction between fluid inertia and particle
inertia. The former is often characterised by the Reynolds number, defined as

Re =
ρf γ̇L

2

µ
(with ρf the fluid density, γ̇ the shear rate, L the particle length

and µ the fluid viscosity), and the latter measured by the Stokes number

St = ρp
ρf

Re = ρpγ̇L2

µ
(with ρp the density of the inertial particle) [31]. Hence,

four distinct scenarios can be considered.

In his pioneering work, Jeffery [30] derives the orientation kinematics of an
inertialess, force-free, torque-free spheroid immersed in a Stokes (Reynolds
number zero) linear shear flow of Newtonian fluid. His model predicts that such
a spheroid is constrained in one of an infinite set of (one-parameter) closed
orbits, the so-called “Jeffery orbits”. The particular choice of orbits, bounded
on the one hand by a circular motion in the shear plane (tumbling) and on the
other hand by a rolling motion around the vorticity axis (log-rolling), depends
on the initial orientation. The resulting motion is often referred to as kayaking.

There is a long history of deriving equations of motion for suspended particles
taking into account effects of fluid inertia. Saffman [46] addressed the impact
of fluid inertia dynamics of a nearly spherical particle in a shear flow, and
Hinch and Leal [27] discussed later the important role of fluid inertia on the
kinematics of inertialess particles. More recently, Ding and Aidun [19] solved
the Boltzamnn equation to study the impact of strong fluid inertia on the
motion of solid particles (cylinders and ellipsoids) and then Subramanian and
Koch examined the inertial effects of fibres [48] and ellipsoids [49] motion in a
shear flow using a generalization of the reciprocal theorem for Stokes flow. Yu
et al. [51] studied numerically the rotation behavior of both prolate and oblate
spheroids in Couette flow at moderate Reynolds numbers using the distributed
Lagrangian multiplier based fictitious domain. Over the last few years, there
has been a surge of interest, lead by Lundell and co-authors, in determining
the effects of fluid and particle inertia, either by analytical analysis and pertur-
bation methods [12,21,22] or lattice Boltzmann simulations [34,42,43,44,45],
depicting a rich dynamics containing several bifurcations between rotational
states due to inertial effects.

The effect of particle inertia alone was investigated by Altenbach [5,6] for a
fibre suspended in several homogeneous creeping flows. They observed a parti-
cle drift towards the flow plane for flow fields with dominant vorticity (elliptic
and rotational flows). Lundell and Carlsson [31] found a similar behaviour for
inertial ellipsoid in a linear shear flow: for small St the particle slowly drifts
from its kayaking motion towards the flow plane, whereas for larger values of
St, rotation around an oblique axis is exhibited [31,32].

4



In this paper, we propose a model describing the orientation kinematics of
inertial particles based on a dumbbell representation of the suspended fibre.
This microstructural approach is then generalized to suspended ellipsoids in a
straightforward way, and we are able to provide an equation of motion, which
is the counterpart of the classical Jeffery equation for inertial particles. From
this microscopic kinematics, we then pave the way towards a micro-macro
description of suspensions of such particles.

The remainder of the paper is organized as follows. The modelling frame-
work and the dynamical system describing the orientation behaviour of sus-
pended inertial particles are presented in Section. 2. Sections 3 and 4 show
some numerical simulations illustrating the kinematics of particles, fibres and
spheroids, immersed in a simple shear flow, either by integrating the dynam-
ical system at the microscopic scale (scale of a single particle) or by solving
directly the Fokker-Planck equation describing the evolution of the orienta-
tion probability density function of a population of suspended particles. In
Section 5, we present qualitative comparisons of predictions using our model
and direct numerical simulations performed using Multi-Particle Collision Dy-
namics (MPCD). Finally, Section 6 draws the main conclusions of our work
and discusses some observations as well as possible extensions to our model
addressing the impact of inertia on the orientation of particles immersed in a
fluid flow.

Remark 1. In this paper, we consider the following tensor products, assuming
Einstein’s summation convention:

• if a and b are first-order tensors, then the single contraction “·” reads (a ·
b) = aj bj;
• if a and b are first-order tensors, then the dyadic product “⊗” reads (a ⊗

b)jk = aj bk;
• if a and b are respectively second and first-order tensors, then the single

contraction “·” reads (a · b)j = ajk bk;
• if a and b are second-order tensors, then the double contraction “:” reads

(a : b) = ajk bkj.

2 Kinematics of inertial fibres and spheroids

In this section, we first derive the equations ruling the dynamical system
describing a suspended fibre immersed in a Newtonian fluid of viscosity η
and then extend our microscopic model for a suspended spheroid. The end of
this section is an attempt towards a multi-scale description of a population
of suspended inertial particles: first at the mesoscopic scale, considering the
pdf of orientation and its associated Fokker-Planck evolution, and then at the
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Figure 2. Dumbbell representation of a fibre

macroscopic scale, retaining only the first moments of the pdf.

2.1 Microscopic modelling

2.1.1 Dumbbell model of an inertial fibre

A fibre is modelled as a rigid dumbbell consisting of a rod linking two beads
on which act hydrodynamic forces, as depicted in Fig. 2. In this work, the
mass of the fibre is not neglected and we thus consider that each bead has a
mass m. The rod’s length is 2L and its 3D-orientation is given by the unit
vector p located at the rod centre of gravity G and aligned with its axis.

The hydrodynamic force FH acting on each bead depends on the difference of
velocities between the fluid at the bead location and the bead itself. For the
bead located at pL, the former is given by v0 +∇v ·pL (with v0 the velocity
of the fluid at the centre of gravity G) and the latter by ẋG + ṗL (with ẋG
the velocity of the centre of gravity G). The hydrodynamic force acting on the
bead located at pL thus reads

FH(pL) = ξ(v0 +∇v · pL− (ẋG + ṗL)), (1)

where ξ is a friction coefficient.

Imposing Newton’s second law of motion and rotation on the whole dumbbell
would provide relations governing the behaviour of the dynamical system. We
chose equivalently to apply d’Alembert’s principle and introduce the so-called
inertial forces as forces acting on the dumbbell’s beads. Imposing Newton’s
second laws then reduces to enforcing balance of forces and torques.
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The inertial pseudo-forces FI acting on each bead simply scales with the ac-
celeration of the bead and thus reads (for the bead located at pL)

FI(pL) = −m(ẍG + p̈L), (2)

with m the mass of the bead.

Balance of forces yields∑
F = 0 ⇐⇒ FH(pL) + FI(pL) + FH(−pL) + FI(−pL) = 0 (3)

⇐⇒ 2ξ(v0 − ẋG)− 2mẍG = 0 (4)

or
mẍG = ξ(v0 − ẋG). (5)

Due to the symmetry of the problem, the only possibility for the resulting
torque to vanish is that the total force applied on each bead acts along p, that
is ∑

τ = 0 ⇐⇒ FH(pL) + FI(pL) = αp, (6)

with α ∈ R. Thus, using Eq. (5), we can write

ξL(∇v · p− ṗ)−mLp̈ = αp. (7)

Taking into account that p · p = 1, and thus ṗ · p = 0 and p̈ · p + ṗ · ṗ = 0,
we can obtain the value of α by premultiplying Eq. (7) by p

α = ξL(∇v : (p⊗ p)) +mL(ṗ · ṗ), (8)

Inserting the expression of α back in (7) gives

ξ(∇v · pL− ṗL)−mp̈L = ξL(∇v : (p⊗ p))p +mL(ṗ · ṗ)p, (9)

or
mp̈ = ξ(∇v · p− (∇v : (p⊗ p))p− ṗ)−m(ṗ · ṗ)p. (10)

To summarize, the second-order dynamical system governing the kinematics
of an inertial suspended fibre is

mẍG = ξ(v0 − ẋG) (11)

mp̈ = ξ(∇v · p− (∇v : (p⊗ p))p− ṗ)−m(ṗ · ṗ)p. (12)

The first equation describes the translational displacement of the fibre, whereas
the second equation governs its rotational motion. Note that Eq. (12) contains
the expression of the classical inertialess Jeffery’s equation

ṗ = ∇v · p− (∇v : (p⊗ p))p, (13)
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Figure 3. Bi-dumbbell representation of a 2D spheroid

for infinite aspect ratio ellipsoids (rods). Thus, we observe that when the mass
of the dumbbell beads is set to zero, we recover the usual kinematics: the rod
centre of gravity is moving with the fluid velocity, v0 = ẋG, and the orientation
kinematics are given by Jeffery’s equation Eq. (13).

The orientation kinematics Eq. (12) are the same that the ones derived inde-
pendently by Altenbach and co-authors [5,6] using a different approach based
on the expression of the hydrodynamic moment exerted on the fibre provided
by Brenner [11]. We thus showed here an alternative way of recovering this
model using a dumbbell description, which in our case can be generalized
directly to suspended ellipsoids.

2.1.2 Dumbbell model of an inertial spheroid

Extending this modelling approach to inertial ellipsoids is now straightforward.
As depicted in Fig. 3, an ellipsoid is described as a bi-dumbbell in 2D (tri-
dumbbell in 3D) with again hydrodynamic forces acting on the inertial beads.
In the remainder of this paper, we restrict our discussions to spheroids, that
is axisymmetric ellipsoids. In the case of inertialess fibres, such a description
proved to recover successfully Jeffery’s kinematics for spheroids [2]

ṗ = Ω · p + λ(D · p− (D : (p⊗ p))p), (14)

8



where D and Ω are respectively the symmetric and skew-symmetric parts
of the velocity gradient ∇v and λ is the axisymmetric ellipsoid shape factor
(defined from the ellipsoid aspect ratio r)

λ =
r2 − 1

r2 + 1
=
L2

1 − L2
2

L2
1 + L2

2

. (15)

Using the same rationale as in the case of rods: introducing inertial forces
(d’Alembert principle) and enforcing balance of forces and torques, we obtain
the dynamical system governing the behaviour of a suspended inertial spheroid
immersed in a Newtonian fluid. The system is actually the same as the one
obtained for fibres, except that it now contains the general form of Jeffery’s
equation (Eq. (14))

mẍG = ξ(v0 − ẋG) (16)

mp̈ = ξ(Ω · p + λ(D · p− (D : (p⊗ p))p)− ṗ)−m(ṗ · ṗ)p. (17)

The system (16)-(17) is the most general since Eqs (11)-(12) are recovered
when λ = 1 (rods can be seen as infinite aspect ratio ellipsoids); therefore we
will use this formulation for the rest of this paper.

Besides, this system can be rewritten as a system of first-order differential
equations

ẋG = vG (18)

v̇G =
ξ

m
(v0 − vG) (19)

ṗ = w (20)

ẇ =
ξ

m
(Ω · p + λ(D · p− (D : (p⊗ p))p)−w)− (w ·w)p. (21)

2.1.3 Dimensional analysis

For the sake of completeness, we briefly show in this section how to obtain
a dimensionless formulation of the orientation kinematics (17). Introducing
the dimensionless time t̃ = ξ

m
t, the first and second derivatives with respect

to time now read d·
dt

= ξ
m

d·
dt̃

and d2·
dt2

= ξ2

m2
d2·
dt̃2

. The dimensionless dynamical
system is thus given by

d2p

dt̃2
=
m

ξ
(Ω · p + λ(D · p− (D : (p⊗ p))p))− dp

dt̃
−
(

dp

dt̃
· dp

dt̃

)
p. (22)
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If we normalize the fluid velocity gradient by the magnitude of the strain rate
tensor γ̇ =

√
2D : D, Ω = γ̇Ω̃ and D = γ̇D̃, we can now write

d2p

dt̃2
= St (Ω̃ · p + λ(D̃ · p− (D̃ : (p⊗ p))p))− dp

dt̃
−
(

dp

dt̃
· dp

dt̃

)
p, (23)

where the Stokes number St = mγ̇
ξ

is a dimensionless number characterising
the intensity of particle inertia.

2.2 Mesoscopic description of a population of inertial particles

We now move to a population of suspended particles. Instead of describing
each particle conformation individually, the microstructure conformation may
be characterized by a probability density function – pdf– ψ. Since this pa-
per mainly focusses on the orientation dynamics, we will assume that ψ =
ψ(t,p, ṗ), that is we consider the orientation distribution independent of the
space coordinates. Contrary to the inertialess case where particles are as-
sumed to move with the fluid velocity, here particles should be transported
using the equation of motion (16). Moreover, it is important to notice that
when inertia is considered, the particle rotational velocity ṗ is also a conforma-
tion coordinate of the pdf. Hence, balance of probability yields the following
Fokker-Planck equation

∂ψ

∂t
+∇p · (ṗψ) +∇ṗ · (p̈ψ) = 0, (24)

where the angular dynamics of the particle given by Eq. (17) is used for p̈,
and ∇p and ∇ṗ are the gradients in conformation space. The pdf ψ is subject
to the normalisation condition∫∫

ψ(t,p, ṗ) dṗ dp = 1. (25)

Moving from a single particle to a mesoscopic description of a population of
particles by a pdf is a straightforward step. However, the difficulty in prac-
tice is the intrinsic high-dimensionality of the Fokker-Planck equation whose
solution is often intractable using standard methods. Indeed, in the general
case above (Eq. (24)), the pdf actually lies in a 5-dimensional space: 1 for t,
2 for p (a unit vector in 3D can be represented by two angles) and 2 for ṗ.
In Section 4, we present some results obtained by solving a reduced version of
this Fokker-Planck equation in the case of a 2D flow. Addressing 3D flows and
the impact of inertia on the translational motion of the particles through the
complete Fokker-Planck equation (see below) may be possible using a sepa-
ration technique such as the PGD [7,8,16] to circumvent the so-called “curse
of dimensionality”. Over the last decade, the PGD method was successfully
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applied to Fokker-Planck equations of high dimensions (up to 20) encountered
in kinetic theory problems [14].

Addressing the translational and rotational movement of the population of
particles at once using a Fokker-Planck approach is an alternative route that
is out of the scope of this paper. In that case, we may consider the pdf
φ(x, ẋ, t,p, ṗ) along with its associated Fokker-Planck evolution equation

∂φ

∂t
+∇x · (ẋφ) +∇ẋ · (ẍφ) +∇p · (ṗφ) +∇ṗ · (p̈φ) = 0, (26)

where Eqs. (16) and (17) are used for ẍ and p̈ respectively. However, the
dimensionality of that equation now jumps to 11 (3 for x, 3 for ẋ, 1 for t, 2
for p and 2 for ṗ).

2.3 Towards a macroscopic model

Deriving a macroscopic model for the orientation of inertial particles appears
to be a tedious task, especially since new macroscopic tensors need to be
defined, along with corresponding closure approximations. In App. A, we pave
the way towards such a macroscopic model and underline the difficulties arising
when trying to obtain a closed model.

3 Numerical simulation of a single particle in a simple shear flow

We consider a simple shear flow given by v =
[
γ̇y 0 0

]T
. This flow is depicted

in Fig. 4. The flow is in the x-direction, the gradient in the y-direction and
the vorticity in the z-direction. The orientation of the particle is described
by the unit vector p aligned with its principal axis, that is, using a spherical
coordinate system, by the two angles φ and θ.

We solved numerically the dynamical system describing the motion of a sus-
pended particle and discuss in this section the various behaviours observed
when starting from different configurations. In practice, we solved Eqs. (18)–
(21) using an implicit Adams-Moulton scheme of order 2 (trapezoidal rule)
and a Newton-Raphson method to solve the nonlinear problem at each time
step. In the particular case where m = 0, Eqs. (18)–(21) are singular and we
simply solve the classical (inertialess) Jeffery model.

For the sake of clarity, we first show some results when the particle principal
axis is initially aligned in the flow-gradient plane (θ0 = π

2
) and then explore
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Figure 4. Spheroid particle placed in a linear shear flow. The flow is in the
x-direction, the gradient in the y-direction and the vorticity in the z-direction.
The orientation of the principal axis of the particle is given by the unit vector p.

the general case. The reason is that in the general case the orbits are no
longer periodic and we observe a drift of the particle trajectories towards the
flow-gradient plane, as discussed below.

3.1 Particle initially aligned in the flow-gradient plane

We first study the orientation kinematics of rigid fibres. Figure 5 depicts the
components px = [p]x and py = [p]y of the unit vector pointing in the direction
of the fibre, as well as the angle φ giving its orientation in the xy-plane. The
fibre is initially at rest and lies in the flow-gradient plane with (φ0, θ0) =(

9π
10
, π

2

)
. The results are shown for various values of the Stokes number from

0 (inertialess case) to 5. Without particle inertia (grey curve), the particle
simply aligns in the flow direction (equilibrium position). Once particle inertia
is introduced, we now observe periodic orbits, since inertia induces a jump of
the fibre over the equilibrium position. For slightly inertial fibre, the period
can be very long (the inertialess case may be seen as the limit case with
an infinite period). Figure 7 shows the evolution of the orientation period
as a function of the Stokes number. We can also notice that the minimum
orientation speed is reached after the particle has jumped over the equilibrium
position. Another consequence of particle inertia on the orientation kinematics
is the delay observed when starting the motion from rest.

Similarly, Fig. 6 depicts the situation for an inertial spheroid of aspect ratio r =
4 under the same conditions. According to Jeffery model, inertialess ellipsoids
already exhibit periodic tumbling orbits, where the particle aligns most of the
time with the flow lines and rotates quickly half a turn periodically (Fig. 6, grey
curve). With particle inertia, the same kinematics is observed but the period
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Figure 5. Evolution of the orientation of a fibre immersed in a shear flow for various
values of the Stokes number
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Figure 6. Evolution of the orientation of a spheroid of aspect ratio r = 4 immersed
in a simple shear flow for various values of the Stokes number

is now shortened. The symmetry of the orbit shape around the equilibrium
position is also lost when particle inertia is considered: the particles approaches
the aligned orientation quite quickly and departs from it slowly. Again, a delay
at the start of the shear flow is evidenced and of course, the more massive the
spheroid is, the longer is the delay.

Figure 7 shows the evolution of the orientation period as a function of the
Stokes number in the case of fibres (which can be seen as spheroids of infi-
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Figure 7. Rotation period of a fibre (orange line), a spheroid of aspect ratio r = 10
(green) and a spheroid of aspect ratio r = 4 (blue) as a function of the Stokes
number

nite aspect ratio) (orange line), spheroids of aspect ratio r = 10 (green) and
spheroids of aspect ratio r = 4 (blue). Massive particles tend to rotate with
constant angular velocity once put in motion, as shown in Figs. 5 and 6. In the
case of a shear flow with shear rate γ̇ = 1, this angular velocity is φ̇ = −0.5
(the particle rotates with the vorticity), hence an angular period T = 4π, as
reported in Fig. 7.

3.2 Particle initially not aligned in the flow-gradient plane

We now move to the general case and focus on the kinematics of spheroids.

In Fig. 8, we depict the orientation trajectories for spheroids of aspect ratio
r = 10 for different values of the Stokes number. The initial configuration of
the particles is (φ0, θ0) =

(
0, π

8

)
and is shown in orange. In each case, the

simulation was run for tγ̇ ∈ [0, 250]. The orientation is shown as a point on
the unit sphere, which is the direction of the unit vector oriented along the
particle principal axis.

A inertialess spheroid (Fig 8(a)) exhibits the classical kayaking motion, with
the so-called periodic Jeffery orbits. When inertial effects are introduced, the
trajectories do not follow describe periodic orbits anymore. At low Stokes
number, the particle is seen to spiral outwards, that is we observe a slight
drift of the particle trajectory towards the flow-gradient plane (Figs. 8(b)-
(c)). When the particle inertia is further increased a dramatic change in the
orientation kinematics occurs. The spheroid now spirals a little bit before
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(g)

Figure 8. Orientation trajectories of spheroids of aspect ratio r = 10 with initial
condition (φ0, θ0) =

(
0, π8

)
(in orange) for different values of the Stokes number

rotating around a tilted axis, that will gradually align with the z-axis with
increasing time Figs. 8(d)-(g). As shown in Fig. 8, the angle of this tilted axis
with the flow gradient plane depends on the intensity of inertial effects, but
also on the initial orientation and aspect ratio of the spheroid.

This complex and somehow strange behaviour was also observed by Lundell
and Carlsson [31], who studied the impact of particle inertia using a different
but related approach. They obtained an equation of motion for the particle by
coupling the analytical expression of the hydrodynamic torque on the spheroid
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(given by Jeffery) with the angular-momentum equation for the particle. In
particular, the rotation of the spheroid around a tilted axis is clearly shown
in Fig. 4 of [31].

4 Numerical simulation of a population of particles in a simple
shear flow

In this section, we show the feasibility of solving the Fokker-Planck equation
describing the orientation kinematics of a population of inertial particles. For
the sake of simplicity, we consider a homogeneous population of 2D spheroids
immersed in a shear flow. In this case, the orientation of a single particle
in the xy-plane is described by the angle φ and the pdf reads ψ = ψ(φ, φ̇).
Equation (24) thus reduces to

∂ψ

∂t
+∇φ · (φ̇ψ) +∇φ̇ · (φ̈ψ) = 0, (27)

where φ̈ = − sin(φ) [p̈]x + cos(φ) [p̈]y and p̈ is given by Eq. (17).

Figure 9 depicts snapshots of the probability density function ψ(φ, φ̇) obtained
by solving the Fokker-Planck equation (27) for a population of 2D ellipsoids
with St = 1 and aspect ratio r = 4 initially at rest around the orienta-
tion φ0 = 5π

6
. We used a finite-difference solver and a 4th-order Runge-Kutta

scheme for the time integration. The problem being purely convective, a slight
artificial diffusion is used to stabilize the numerical solution. The grid size is
here (nφ, nφ̇) = (241, 81) and ∆t = 5 · 10−3 s. We observe that the population
of particles rotates in the shear flow, and slows down when approaching the
orientations φ = kπ, k ∈ Z, that is the orientation where the principal axis of
the particle is oriented in the flow field. Due to the inertial effects, the points
where the magnitude of the orientation speed is the smallest are not exactly
at φ = kπ.

5 Comparisons with Multi-Particle Collision Dynamics simulations

We propose here to compare the predictions given by our dumbbell model with
direct numerical simulations using Multi-Particle Collision Dynamics (MPCD)
in the case of inertial fibres.

The MPCD algorithm [33] has been developed to take into account the solvent-
solute interactions, even if those effects are due to thermal fluctuations. The
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Figure 9. Snapshots of the pdf ψ obtained by solving the Fokker-Planck equa-
tion (27) for a population of 2D ellipsoids with St = 1 and aspect ratio r = 4
initially at rest about the orientation φ0 = 5π

6

main idea consists in using particles and in mimicking the mesoscopic be-
haviours as it has been done in other techniques such as Dissipative Particles
Dynamics [28,37] or Smooth Particles Hydrodynamics [13].

As in toy models, where the detail of the microscopic physics is dismissed to
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retain only the pertinent symmetries, MPCD schemes are based on peculiar
symmetries: the trajectories of the particles are stochastic but verify classical
laws of conservation. Here we propose to set our system in a micro-canonical
ensemble. So we impose the conservation of the number of particles, the volume
and the energy. The linear momentum and the angular momentum are also
conserved. To insure the extensive property of the system, these constraints
have to be checked at the scales of the coarse-graining.

The usual MPCD algorithm [24] consists of two steps. First particles move
through a streaming process during a time step ∆t (Eq. (28)). The ballistic
motion of the particles insures the advection of the fluid. This process is off-
lattice. Secondly, particles collide (Eqs. (29) and (30)). In each cell ξ of an
regular grid of mesh size d0, the particles get the momentum of the centre
of mass except some fluctuations. These ones are updated with a random
rotation Ωt

ξ (Eq. (30)). Because of the linearity of the rotation and because
it conserves the scalar product, this so-called collision conserves the linear
momentum and the kinetic energy:

rt+∆t
i = rti + ∆t vti, (28)

Vt
ξ =

1∑
mi

∑
i∈ξ

miv
t
i, (29)

vt+∆t
i = Vt

ξ + Ωt
ξ

[
vti −Vt

ξ

]
. (30)

But, it has been shown that there is a lack of conservation of the Galilean
boost [29] and that the conservation of the angular momentum is violated [25]
in this algorithm.

The first problem is due to the presence of a fixed grid. This is solved by
using a global stochastic displacement δt of the grid [29]. The second problem
has been cured by many variations [24,38,50]. But usually angular momentum
and kinetic energy cannot be both conserved in micro-canonical ensemble. We
propose an adapted algorithm where positions and velocities follow the same
stochastic rotation around the position Rt

ξ of the centre of mass:

Rt
ξ =

1∑
mi

∑
i∈ξ

mir
t
i, (31)

Vt
ξ =

1∑
mi

∑
i∈ξ

miv
t
i, (32)

vt+∆t
i = Vt

ξ + Ωt
ξ

[
vti −Vt

ξ

]
, (33)

rti = Rt
ξ + Ωt

ξ

[
rti −Rt

ξ

]
, (34)

rt+∆t
i = rti + ∆t vt+∆t

i + δt. (35)

In this scheme, we neglect the time of collision and the energy cost of the rear-
rangements occurring during it (Eqs. (33) and (34)). Therefore, both the an-
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gular momentum and the kinetic energy are constant during collisions. Equa-
tion (35) contains the streaming step and the jiggling of the grid.

To decrease the computing time, we adapt the initial two-dimensional algo-
rithm of [33] to the three-dimensional problem. The operators Ωt

ξ are chosen
in a set of nr given rotations of a single angle ω around nr axes which are
regularly distributed over the unitary sphere. For any axis of vector u, we
added the constraint to use the opposite axis, i.e. −u. Then there is no net
rotation in average.

Equivalently, nδ three-dimensional displacements δ of the grid are stochasti-
cally drawn from an urn without replacement, but periodically refilled such
that the mean < δ >nδ= 0. The maximum displacement along each direction
is also less than d0/2.

We will show elsewhere [26] that the obtained fluid is a Maxwell gas for which
the linear hydrodynamic laws hold. And we are able to measure classical trans-
port coefficients as a function of nr, nδ, the angle ω and the density of the
fluid ρ.

We modelled a rod R as a line of N equally disposed beads, with no width,
but with a mass mb. The order of magnitude of the inter-distance re is d0, so
each microscopic part of the rod follows the microscopic motion of the fluid
but we study a macroscopic rod, i.e. N � 1. The mass of the bead mb is a
free parameter and can be different from the mass of fluid particles mf . The
dynamics of beads is composed of two steps. First they exchange momentum
and energy with the ambient fluid. Therefore, they take part in the sum of
Eqs. (31), (32) and (33). This implies also that the rod is thermalised at the
fluid temperature. Secondly, the assembly of beads follows the kinematics of
a perfect solid. So the fibre gets a motion of translation at a velocity vtG,

vtG =
1

N

∑
i∈R

vti,

and a rotation around the axis of the angular momentum in the framework of
the centre of mass of the rod rtG,

Lt
G =

∑
i∈R

mi(r
t
i − rtG)× vti,

with a rotation speed αt = |Lt
G|/J , where J is the momentum of inertia.

We consider that nothing happens at a smaller time scale than ∆t. So we
compute the kinematics at the first order, using an explicit Euler algorithm.
The updated velocity of each bead is just its relative displacement during this
step.

We first wanted to use a cubic system of linear size ` with periodic boundary
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nr ω nδ min(δ) ρ ` mf ∆t d0 mT kBT N re

1986 π/2 54 0.01 4 128 1 1 1 100 1 200 0.5

Table 1
Table of MPCD parameters

conditions for the positions and the Lees-Edwards conditions for the velocity.
Such boundary conditions conserve the temperature of the MPCD fluid alone.
But the kinematics of the rod are purely deterministic. This leads to a total
decrease of energy and creates a heat well. To maintain a constant energy we
choose to introduce a third sort of particles constituting a thermostat. To do
so, these particles of mass mT enter in the collision process of MPCD when we
compute the properties of centre of mass (Eqs. (31) and (32)). The streaming
process does not hold for the thermostat particles. We fix their positions at
constant values in the physical framework, and so they follow the stochastic
motion δ on the grid. Initially, there is a layer of particles at y ∈ [−d0/2; 0[
and another one at y ∈ [`; ` + d0/2[. Their velocity is updated to mimic a
moving surface at temperature T :

vi = [γ̇`Θ(y − `) + η 0 0]T ,

where Θ is the Heaviside function and η is a Gaussian distributed noise with a
variance kBT/mT . We will show elsewhere [26] that this thermostat succeeds in
maintaining the temperature constant. However there is a discrepancy between
the temperature we want to reach Tr and the measured temperature Tm. This
discrepancy can be overcome since there is a linear dependency between Tr
and Tm for a given system.

In MPCD algorithms, the fluid is a gas. To avoid longitudinal waves, one has
to check that the Mach number remains negligible : Ma � 1. This implies a

condition on the shear rate : γ̇` �
√
kBT/mf . Here, we set γ̇ = 1/320. The

value of the other MPCD parameters are listed in Table 1.

With these three types of particles, we get a thermostated sheared fluid with
an infinitely thin but inertial rod. We follow the rod dynamics for different
bead mass mb. Our direct simulations presented in Fig. 10 are consistent with
the results of our dumbbell model (Fig. 5), except that MPCD algorithm is
intrinsically driven by the thermal fluctuations. Thus, when mb is low, the
rod performs one flip in the flow and then stops its rotation. Although the
mechanical model does not allow any rotation, the MPCD dynamics shows a
regime of stochastic motion (see the purple curve in Fig. 10). The amplitude
of this motion depends on the length of the rod. As there are more beads,
the stochastic rotation is smoothened. For larger mass, the inertial effects
become predominant and destroy the thermal fluctuations. We recover the
same rotations which tend to be sinusoidal as the rod mass is increased.
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Figure 10. MPCD simulations of the evolution of the orientation of a fibre immersed
in a shear flow for various fibre masses

6 Conclusion

In this paper, we addressed the modelling of inertial fibres and spheroids im-
mersed in a simple shear flow and focussed on the orientation kinematics of
such particles. We extended the so-called dumbbell model to include inertial
forces and derived a dynamical system giving the equations of motion and
orientation of a suspended particle in a Newtonian fluid. This approach, able
to address fibre and ellipsoidal particles (seen as bi- or tri-dumbbells) allows
us to unify and to generalize the few studies dedicated to the effects of par-
ticle inertia in the literature [5,31]. We observed the appearance of periodic
orbits for fibres immersed in a simple shear flow (whereas inertialess fibres
just align in the flow field) and studied the impact of inertia on the period
for fibres and for spheroids. In the case of spheroids, our model also predicts
an orbit drift towards the flow-gradient plane, either gradually (slight inertia)
or by first rotating around a moving oblique axis first (massive particles). We
also explored the multi-scale modelling of suspensions of inertial particles and
showed that the Fokker-Planck approach was an appealing route to describe
the orientation state a population of particles. Finally, a qualitative validation
of our model using MPCD was proposed.

When addressing non-dilute suspensions, interparticle interactions can no longer
be neglected. In order to take those into account in the case of inertial par-
ticles, an approach at the microscopic level is to use the equations of motion
derived in this work within a direct numerical simulation framework as the one
proposed in [35,36] (that is currently based on the classical Jeffery kinemat-
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ics). At the meso- and macroscopic scales, the effects of fibre-fibre interactions
proved to be reasonnably well described by diffusion mechanisms as proposed
by Folgar & Tucker [23].

As mentioned previously, this work focusses solely on the impact of particle
inertia while fluid inertia continues to be neglected. Thus, strictly speaking,
the present model is only valid only for Reynolds number zero (Re = 0), but
this analysis can however give some indications on the behaviour of heavy
suspended particles when fluid inertia is weak or negligible. The dumbbell
model itself seems unable to incorporate the effects of fluid inertia and in
situations where this cannot be neglected, other modelling and simulations
strategies, either based on analytical expansions or lattice Boltzmann and
MPCD, must be considered. The effects of fluid and particle inertia are thought
to be in competition [42]. Fluid inertia, characterized by the Reynolds number
Re, is the dominating effect when the particle is close to being aligned with
the vorticity direction (and as long as the major axis is almost stationary)
and leads to a non-planar motion (in particular to the log-rolling and inclined
rolling states) [42]. On the other hand, particle inertia, characterized by the
Stokes number St, leads to a drift towards a planar tumbling about the minor
axis (as shown in this work and in [31]). This competition in the Re − St
plane thus determines the transitions between the different rotational states
(tumbling, log-rolling, kayaking). This work focussed on the regime with St > 0
and Re = 0. However, the rich dynamical behaviour and bifurcations brought
to light for combined particle and fluid inertia, either in the case of neutrally-
buoyant particles for which Re = St (a line in the parameter-space) [42], or
in the case Re 6= St [44] (see in particular Fig.11 in [44] showing a state-plot
diagram with the different rotational states depending on the value of Re and
St), suggests that both effects are strongly coupled and intricate.

Finally, the translational motion of inertial particles was out of the scope of
this paper but is also an important question in industrial applications to study
potential migration phenomena. For that purpose, the proposed model could
be enriched using a higher-order gradient description [1] to address flows where
the velocity gradient is now longer constant at the scale of the fibre. Moreover,
another important question is sedimentation, since high-density particles may
be subject to gravity and thus their trajectories would not follow the flow
streamlines anymore.

A A tentative macroscopic model

In this appendix, we pave the way towards a macroscopic model describing
the orientation of inertial particles and underline the difficulties arising when
trying to obtain a closed model.
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At the microscopic scale the pdf is usually replaced by its first non-vanishing
moments. However, in the case of inertial particles, the classical second-order
orientation tensor a (second moment of the pdf) is not enough to build a
macroscopic model. Indeed, this orientation tensor reads

a(t) =
∫∫
S
(p⊗ p) ψ(t,p, ṗ) dp dṗ, (A.1)

(with S the unit sphere on which p is defined) and its first and second deriva-
tives with respect to time respectively read

ȧ =
∫∫
S
(ṗ⊗ p + p⊗ ṗ) ψ dp dṗ, (A.2)

and

ä =
∫∫
S
(p̈⊗ p + 2(ṗ⊗ ṗ) + p⊗ p̈) ψ dp dṗ. (A.3)

A careful derivation of these expressions is given in App. B.

A first problem arises when inserting the expression for the particle kinematics
p̈ = p̈(p, ṗ) given by Eq. (17) in Eq. (A.3) since it is not possible to express
ä as a function of a and ȧ due to the presence of the term ṗ ⊗ ṗ. It is thus
needed to introduce another macroscopic tensor. We choose

b =
∫∫
S
(ṗ⊗ ṗ) ψ dp dṗ. (A.4)

Equipped with this new tensor, insertion of Eq. (17) in Eq. (A.3) yields

ä =
ξ

m
(Ω · a− a ·Ω + λ(D · a + a ·D− 2A : D)− ȧ)− 2 Tr(b)a + 2b,

(A.5)
where A is the fourth moment of the distribution. Similarly to the microscopic
case, this kinematics contain the expression of the classical macroscopic Jeffery
model ȧJ = Ω · a− a ·Ω + λ(D · a + a ·D− 2A : D).

However, the macroscopic kinematics (A.5) require: (i) a closure approxima-
tion for the fourth moment A [4,17,18,20]; (ii) an evolution equation for the
new macroscopic tensor b. The latter reads

ḃ =
∫∫
S
(p̈⊗ ṗ + ṗ⊗ p̈) ψ dp dṗ, (A.6)

but unfortunately, inserting the particle kinematics given by Eq. (17) in this
expression does not allow us to express ḃ as a function of a, ȧ and b. Thus this
problem does not admit a closed form, and designing the appropriate closure
approximations required here is a delicate task out of the scope of this work.
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B Time derivatives of the second-order orientation tensor

The expression of the time derivatives of the second-order orientation tensor
a must be derived carefully. Without any loss of generality, we consider the
element at index (i, j), i, j = 1, 2, 3 of Eq. (A.1)

aij =
∫∫
S
pipj ψ dp dṗ. (B.1)

By taking the derivative of this equation with respect to time, we have

ȧij =
∫∫
S
pipj ψ̇ dp dṗ, (B.2)

and using Fokker-Planck equation Eq. (26), we have

ȧij =
∫∫
S
pipj

(
−∂(ṗkψ)

∂pk
− ∂(p̈lψ)

∂ṗl

)
dp dṗ. (B.3)

Performing integration by parts on the surface of the unit sphere S (no bound-
ary) and sorting the terms, we obtain

ȧij =
∫∫
S

∂(pipj)

∂pk
ṗkψ dp dṗ +

∫∫
S

∂(pipj)

∂ṗl
p̈lψ dp dṗ, (B.4)

ȧij =
∫∫
S
(δikpj + piδjk) ṗkψ dp dṗ + 0, (B.5)

ȧij =
∫∫
S
(ṗipj + piṗj) ψ dp dṗ + 0, (B.6)

(δij is the Kronecker delta, δij = 1 if i = j, else δij = 0). Finally, coming back
to a tensor notation, the time evolution of the second-order moment a is given
by

ȧ =
∫∫
S
(ṗ⊗ p + p⊗ ṗ) ψ dp dṗ. (B.7)

Following the same rationale, the second derivative with respect to time of the
second-order orientation tensor reads

ä =
∫∫
S
(p̈⊗ p + 2(ṗ⊗ ṗ) + p⊗ p̈) ψ dp dṗ. (B.8)
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