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Abstract

Association measures based on concordance, such as Kendall’s tau, Somers’ delta or Good-
man and Kruskal’s gamma are often used to measure explained variations in regression
models for binary outcomes. As responses only assume values in {0, 1}, these association
measures are constrained, which makes their interpretation more difficult as a relatively
small value may in fact strongly support the fitted model. In this paper, we derive the set
of attainable values for concordance-based association measures in this setting so that the
closeness to the best-possible fit can be properly assessed.

Keywords: concordance and discordance, correlation, conditional expectation, logistic re-
gression, GLM.



1 Introduction and motivation

Consider a binary response Y € {0,1}, with 1 coding “success” and 0 coding “failure”, say.
There are numerous situations in which the analyst wants to predict Y by means of a set
of covariates Xi,...,X,. See e.g. Lombrozo (2007) or Martignon et al. (2008) and the
references therein for applications in psychology. The covariates are generally combined in
a linear or additive way to form a score S. This score brings some information about Y.
Throughout this paper, we assume that the regression function s — E[Y|S = s] is strictly
increasing, i.e. that the larger S, the larger Y on average. This assumption is fulfilled in the
vast majority of regression and classification models.

There are various ways to assess the quality of a regression model. We refer the interested
reader e.g. to Forster (2000). For a dichotomous response Y, this includes the overall
model evaluation, tests about specific regression parameters as well as validation based on
predicted probabilities. In this paper, we are interested in the latter aspect. Once the model
has been fitted, we have a set of observed response values together with the corresponding
predicted success probabilities. It is then natural to check whether high probabilities are
indeed associated with observed successes and low probabilities with observed failures. The
degree to which the predicted probabilities agree with the actual outcomes can be expressed
using a measure of association such as Kendall’s tau, Goodman and Kruskal’s gamma or
Somers’ delta. See e.g. Mittlbok and Schemper (1996) or Peng et al. (2002). These measures
of association rely on the concept of concordance. Recall that a pair of observations is said
to be concordant if the observation with the larger value of the first component has also the
larger value for the second component. The pair is said to be discordant if the observation
with the larger value of the first component has the smaller value of the second component.
In our case, this means that larger predicted success probabilities, or higher scores are
associated with more responses equal to 1, and vice versa.

Kendall’s tau is a classical measure of association based on this construction, defined as
the probability of concordance minus the probability of discordance. Whereas Kendall’s tau
is an efficient tool for measuring the strength of dependence between continuous outcomes,
it looses many of its good properties when it is applied to discrete variables. In particular,
it is no more distribution-free and its range is restricted to a sub-interval of [—1,1]. As
we will see further in this work, Kendall’s tau cannot attain a very large value because
a large proportion of the pairs are tied. Therefore, several dependence measures based on
concordance and discordance probabilities have been introduced to deal with discrete random
variables. Their respective differences lie in the treatment of ties. Such concordance-based
dependence measures include Kendall’s tau b, Stuart’s tau ¢, Goodman and Kruskal’s gamma
and Somers’ delta. For a general presentation of these association measures, we refer the
interested reader e.g. to Agresti (1996).

It has been documented that some of these association measures cannot attain a value of 1
even when the outcome is completely determined by the predictor, i.e. when the fit is perfect.
See e.g. Table 3 in Mittlbok and Schemper (1996). In this paper, we derive best-possible
bounds on these measures of association. Comparing the actual values to these bounds
helps data analysts in deciding whether the agreement between predicted probabilities and
observed outcomes is high enough to support the candidate model. The remainder of this
paper is organized as follows. Section 2 describes the regression models for dichotomous



responses considered in this paper. In Section 3, we recall the definition of the association
measures considered in this paper and we establish several useful representations. In Section
4, we derive the best-possible bounds on these association measures. The final Section 5
discusses the results based on numerical illustrations and concludes the paper.

2 Regression model

2.1 Regression function

Let us consider a binary (or dichotomous) response Y € {0, 1} predicted by means of a score
S, with
PlY =1 =E[P[Y =1[5]] =p € (0,1).

Throughout the paper, we assume that the regression function
s = E[Y|S=s]=P[Y =1|5 = 5]
is strictly increasing, with

lim P[Y =1|S=s]=0and lim PY =1|S=s|=1
§——00 s—+00
The monotonicity assumption on the conditional expectation ensures that Y and S are
positively related. In particular, the following inequalities for the covariances

C[v,S] = C[E[Y]S],5] >0

and
ClY,E[Y|S]] = V[E[Y]S]] >0

both hold when the regression function is increasing.

For binary responses, the monotonicity condition imposed to the regression function is
equivalent to regression dependence as defined by Lehmann (1966), which requires that Y
increases with S in first-degree stochastic dominance. In general, however, this is not true
and we refer the reader to Shea (1979) for a detailed analysis.

2.2 Examples

Typical examples include the logistic link function such that

PlY = 1|5 = 4

= exp(s)
PlY = 0|5 = §]

SPY=1S=s5=—"—
[ | ° 1+ exp(s)’

s=1In

the probit link function such that
s=0 Py =1|S =s]) & PlY = 1|S = 5] = ®(s)

where ® denotes the distribution function of the standard Normal distribution, and comple-
mentary log-log link such that

s=In(—InP[Y =0[S=s]) ©PY =1|S=s] =1—exp ( — exp(s)).
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Notice that the validation procedures discussed in the present paper do not question the
appropriateness of the chosen link function as long as it remains increasing, but they only
consider the association of observed successes with larger predicted success probabilities.
As it will become clear in the remainder of this paper, only the dependence between the
score S and the response Y matters. Our approach thus also applies to the case where the
link function is estimated in a nonparametric way, as with projection pursuit estimates for
instance, as well as when machine learning tools are used to predict Y.

2.3 Two cases of interest

In the remainder of the paper, we consider two cases:

Case 1 all the covariates X3, ..., X, are discrete or categorical so that the score S assumes
its values in a finite or countable subset of the real line. Henceforth, we denote the
support of S as {s1,S2,...,8,} With s < s9 < ... < 8,,. In this case, the distribution

function Fg of S is a step function, equal to j/m when its argument falls between s;
and s;11. We further assume that s — E[Y|S = s] is continuous in this case.

Case 2 the score is continuous, with (an interval of) the real line as support. This is for
instance the case when at least one of the covariates is continuous so that the score also
is. Further, we assume that the distribution function Fs of the score S is continuous
and strictly increasing.

Notice that, even in Case 2, we are back to Case 1 when dealing with observed data as soon
as we use the empirical distribution function of the fitted scores for inference purposes.

3 Concordance-based association measures

3.1 Concordance and discordance

Consider independent copies (Y1, Z1) and (Ya, Zs) of (Y, Z). Here, Y is the binary response
and Z can be either the score S or the predicted success probability P[Y = 1|S]. Then,
(Y1, Z1) and (Y3, Z5) are said to be concordant if (Y7 — Y2)(Z; — Z3) > 0 holds true whereas
they are said to be discordant when (Y; — Y32)(Z1 — Z3) < 0.

Many tied pairs (that is, pairs of observations that have equal values of Y or Z) occur
in practice. If all the covariates are categorical (Case 1) so that the score is discrete then
pairs of observations that have equal values of Z may be encountered. In Case 2, scores are
continuous so that no ties occur for the second component. Specifically, the probability that
a tie occurs is given by

PlY) =Y, or Z; = Z5) in Case 1
P[(Y1 = Y5)(Z1 — Z3) = 0] =
P[Y; = Y3] in Case 2.

The following property will be useful in the remainder of this paper.



Property 3.1. If the regression function is continuous and strictly increasing,
Pl(Y1 = Y3)(S1 — 8) > 0] = P[(Y1 — Yo)(P[Y; = 1]S1] — P[Yz = 1|S5]) > 0].

Proof. The probability of concordance is not modified when Z is transformed using a con-
tinuous strictly increasing function g, i.e.

P[(V1 = Y2)(Z1 — %) > 0] = P[(Y1 = Y2)(9(%1) — 9(Z2)) > O].

Considering Z; = S; and for g the regression function, i.e. g(s) = E[Y|S = s|, yields the
announced result. O

Based on Property 3.1, the assumption that the regression function s — E[Y]S = s]
is continuous and strictly increasing implies that the concordance probability for the pair
(Y, E[Y|S]) coincides with the concordance probability for the pair (Y, .5).

Let us now establish some useful expressions for concordance probabilities.

Property 3.2. Let H denote the joint distribution function of the pair (Y, Z). We then
have

PV~ Y)(Z — Z) > 0] = 2B[H(Y,Z)| ~ PYy = Yi] - PIZ, = )]
= 2P[Y71 :O,YQ = 1,Zl < ZQ]

Proof. As Z; and Z, are independent and identically distributed, we have

P[Zl < ZQ] = P[Zl < ZQ] + P[Zl = ZQ]
= P[Zl > ZQ] + P[Zl = Zg]
1-PlZy =24
= [ 21 2] + P[ZI = ZQ]
1+ P[Z, = Z5]

This allows us to write

P[}GS}/Q721§Z2] = 1_P[}/1>}/2]_P[Zl>Z2]+P[}/1<}/2,Zl<22]

PlY,=Y)] P[Z =2
= PYi <Y, Z) < Zo) + [12 2], [12 2]

The concordance probability can finally be expressed as

P[(Yi = Y2)(Z1 — Z) > 0] = 2P[Y; < Ya, Z1 < Zs)]
= 2P[Y1 <Y5, 7, < 2] - P[Y1 = Y3] = P[Z) = Z,], (3.1)

as announced. Considering the second expression, starting from

Pl(Y1 —Y5)(Z1— Z5) >0
PlY) < Y5, 2, < Zy) =PV} > Yo, Z) > Zy] = (Y1 2)(21 2) ]

Then,
P{(Yy = Y2)(Z1 — Z3) > 0] =2P[Y1 =0,Y2, = 1,71 < Zs],

which ends the proof. O



Notice that in (3.1), only the first term involves both Y and Z, the two other ones
depending only on marginal distributions of Y and Z, respectively.

The next result shows that the maximum value for the concordance probability is attained
when Y and Z are perfectly dependent. It extends previous results by Denuit and Lambert
(2005) and Mesfioui and Tajar (2005) who considered pairs of counting random variables
whereas here, we deal with a binary response Y together with a possibly continuous score S.

Proposition 3.3. Let us consider the random pair (Y, Z*) obeying the Fréchet-Hoffding
upper bound, i.e.

o Co(0ifU<1-
74 =F,'(U) and Y :{ 1i§U>1—§

where U is uniformly distributed over the unit interval [0,1]. Then, the inequality
P(Y1 = Y2)(Z1 = Z2) > 0] < P[(V)" = Y3') (21 = Z5) > 0]
holds for every (Y, Z) with the same marginals as (Y'*, Z").
Proof. The joint distribution function of the random pair (Y, Z) satisfies
H(y, z) <min{Fy(y), Fz(z)} for all y and z.
This ensures that
E[H(Y, Z)] < Emin{Fy(Y), Fz(Z)}]

holds true. Now, the inequality E[g(Y, Z)] < E[g(Y*, Z*)] is known to be valid for every su-
permodular function g (see e.g. Denuit et al., 2005, Section 6.2.4). As every joint distribution
function is supermodular, we also have

Elmin{Fy(Y), Fz(2)}] < Elmin{Fy (Y"), Fz(Z")}],
so that
E[H(Y, Z)] < E[min{Fy(Y"), Fz(Z")}]

is true. Hence, as
P[yu <y, Z" < z] = min{Fy(y),Fz(y)}a

we have the announced result by Property 3.2. O]

3.2 Kendall’s tau

Kendall’s tau (also known as Kendall’s tau a, to distinguish it from its variants discussed in
Remark 3.5 below) is a widely used measure of dependence between Y and Z, defined as

7Y, Z] = P[(Y1 = Ya)(Z1 — Z5) > 0] — P[(Y1 — Y2)(Z1 — Z2) < (]

With continuous random variables, one can show that Kendall’s tau is completely determined
by the copula and unrelated to the marginal distributions. This is no more true in general
as shown for instance in Neslehova (2007) who studies Kendall’s tau for random variables
that are not necessarily continuous. When the involved random variables are valued in the
non-negative integers, we refer the reader to Denuit and Lambert (2005) for a detailed study.
The general discrete case is covered by Mesfioui and Tajar (2005).

The next result establishes the general expression for Kendall’s tau in our context.
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Property 3.4. Let H denote the joint distribution function of the pair (Y, Z). We then
have

TlY,Z] = AE[H(Y,Z)] — PY1 =Y, — P|Zy = Zo) — P[Yy = Yo, Zy = Zy] — 1.
If Z is continuous (Case 2), the latter expression simplifies into
TV, Z] = 4EH(Y,Z)] - 2(1 —p(1 —p)).
Proof. As
Pl(Y1 = Y2)(Z1 — Z2) > 0] + P[(Y1 — Y2)(Z1 — Z5) < O] + P[(Y1 = Y2)(Z1 — Z3) = 0] =1
we have
T[Y, Z] = 2P[(Y1 — Ya)(Z1 — Z2) > 0] — 1 + P[(Y1 — Ya)(Z1 — Z5) = 0].

The announced result then directly follows from Property 3.2. The second part of the result
comes from
P(Z = Z5] = P[Y: = Y3, Zy = Z5] = 0

when Z is continuous, and
PlY; = Yo = p* + (1 - p)*.

Hence,
TY,2) = AB[H(Y, Z)] - P[Y: = Y] — 1 = 4E[H(Y, Z)] — 2(1 - p(1 - p)),
which ends the proof O

Remark 3.5. Variants of Kendall’s tau have been proposed in the literature, to address the
issue of ties. For instance, Kendall’s tau b has been proposed by Kendall (1945) and is
defined as

TlY, Z]
VP £ VIVPIZ £ 2]
The denominator does not involve the joint distribution of (Y, Z) so that the upper bound
on 71,[Y, Z] is easily derived from the upper bound on 7[Y, Z] established in the next section.

Also, we do not discuss Kendall’s tau ¢ proposed by Stuart (1953) as it reduces to 7. = 27
when binary variables are involved.

Tb[Y, Z] =

3.3 Goodman and Kruskal’s gamma

The measure gamma proposed by Goodman and Kruskal (1954) is a conditional version of
Kendall’s tau, given that no tie occurs. Specifically,

P[(Y1 = Y5)(Z1 — Z5) > 0] — P[(Y1 = Y3)(Z1 — Z5) < (]

P[(Y1 = Y2)(Z1 — Z2) > 0] + P[(Y1 = Y2)(Z1 — Z2) < (]
T[Y, Z]

1 —P[(Y1 = Y2)(Z1 — Z5) = 0]

7[Y> Z] =

6



For continuous random variables, Goodman and Kruskal’s gamma obviously coincides with
Kendall’s tau. Goodman and Kruskal’s gamma is based on the numbers of concordant and
discordant pairs of observations and ignores tied pairs of observations.

For a study of the properties of Goodman and Kruskal’s gamma, we refer the interested
reader e.g. to Agresti (1990).

3.4 Somers’ delta

Somers (1962) proposed a measure similar to Goodman and Kruskal’s gamma, but for which
pairs of untied on Y serve as the base rather than only those untied on both Y and Z.
Population version of Somers’ delta is

P[(Y1 = Y5)(Z1 — Z5) > 0] = P[(Y1 = Y3)(Z1 — Z5) < (]

o2} = PV, 2 1)

7Y, Z]
1 -P[Y; =Yq]

It is worth mentioning that Somers’ delta is not symmetric, a fact often regarded as unde-
sirable except in regression problems where the response and the score do not play the same
role. As ties can only occur in one component in the binary regression case under Case 2,
Somers’ delta and Goodman and Kruskal’s gamma coincide.

The denominator in d[Y, Z] does not depend on the joint distribution of (Y, Z) so that
bounds on Somers’ delta are easily derived from the bounds on Kendall’s tau obtained in
the next section.

4 Bounds on concordance-based association measures

In order to measure the goodness-of-fit, we aim to measure the strength of the association
between the response Y € {0, 1} and the corresponding predicted success probability P[Y =
1]S5] € [0,1]. Hereafter, we derive the upper bound on such goodness-of-fit measures.

4.1 Bounds on concordance probabilities
4.1.1 Case 1

In this case, Z is valued in {z1, 23, ..., 2, } with

sj when Z = S
Zj =
ElY|S = s;] when Z = E[Y|S5].
Notice that z; < 29 < ... < z,. Define
zj» = F;'(1 —p) = inf{z € R|Fz(z) > 1 - p}
and set zg = 0. As I is a step function, we have
zj*:zjwhenl—]i<p§1—i.
m m



Proposition 4.1. In Case 1,
Pl(Yy = Y2)(Z1 — Z2) > 0] < 2p(1 — p) — 2(Fz(zj+) = 1+ p) (1 = p — Fz(zj--1))
and the upper bound can be attained.

Proof. By Proposition 3.3, it suffices to show that
P((Ys — Ya)(Z1 — Z5) > 0] = 2p(1 — p) — 2(Fz(2j+) — 1+ p) (1 — p — Fz(zj_1))
when the random pair (Y, Z) obeys the upper Fréchet-Hoffding bound, i.e. when

1if U;>1—p (4.1)

Zy=F;*U;) and Y; = {

for ¢+ = 1,2, where U; and U, are independent random variables, uniformly distributed over
the unit interval [0, 1]. In that case, we have

P[(Yi = Yo)(Z1 — Z2) > 0] = 2P[Vi=0,Ya=1,7, < Z)
= 2P[U; <1—p,Uy>1—p, F;N ) < F N (Uy))
= P[F Y Uh) < FY(U)|UL <1 —p, Uy > 1 —p]
PlU; <1—-p,Uy>1—p]
= 2(1-P[F;'(Uh) = F; (U)|U; <1 —p, Uy > 1 —p]) (1 = p)p.

Now, since
P[F, ' (U)) = F; (U)|U; <1 —p, Uy > 1 —p
= P[Ul > Fz(ZJ* ) U2 < Fz(Zj*)|U1 S 1 - D, U2 > 1 —p]
= P[Ul > Fz(ZJ* 1)|U1 <1-— ]P[UQ < FZ(ZJ'*)’UQ >1 —p]
l—p P
_ (]_ e FZ(Zj*—1>) (Fz(Zj*) —1 +p) (42)
I—p p
we get
Pl(Yy = Y2)(Z1 — Z5) > 0] = 2p(1 — p) — 2(F2(z») = 1+ p) (1 —p — Fz(zj+_1)).
This ends the proof. ]

4.1.2 Case 2
Let us now turn to the case where Z is continuous.

Proposition 4.2. In Case 2,
P[(Y1 = Y2)(Z1 — Z2) > 0] < 2p(1 — p)

and the upper bound can be attained.



Proof. By Proposition 3.3, it suffices to show that the concordance probability is equal to
2p(1 — p) when the random pair (Y, Z) obeys the upper Fréchet-Hoffding bound, i.e. when
(4.1) holds. This is indeed the case as

P{(Yy = Y2)(Z1— Z3) > 0] = 2PY1=0,Y,=1,7; < Z,]
= 2P[U1§1—p,U2>1—p,U1<U2]
2p(1 —p)
This ends the proof. O

Notice that the upper bound established in Proposition 4.2 is related to the one of
Proposition 4.1 as Fz(zj+) becomes 1 — p in the continuous case. The second term appearing
in the upper bound of Proposition 4.1 is an improvement compared to Proposition 4.2 when
the range of the score is constrained to be discrete.

4.2 Kendall’s tau

In her study of Kendall’s tau for random variables not necessarily continuous, Neslehova
(2007) derives the following upper bound on Kendall’s tau:

[V, 2] < V(1 = B[R (Y) - By (Y=))) (1 - B[F2(2) - Fz(Z-))), (4.3)
where Fy(y—) = P[Y < y| and Fz(2—) = P[Z < z|. For binary responses Y,
EFy(Y) = Fy(Y=)]=(1-p)*+p”

and
S (P[Z = 2))” in Case 1
E[Fy(Z) — Fz(Z-)] =
0 in Case 2.

Thus, (4.3) becomes

\/2p(1 ~p) (1 -y (PZ = zj])Q) in Case 1

Y, Z] < (4.4)
2p(1 — p) in Case 2.
Mesfioui and Quessy (2010) provide the following upper bound on Kendall’s tau
r[Y, 2] < 2min {E[Fy (Y ), E[F2(Z-)]} (4.5)

which improves the one obtained in Neslehova (2007) since
2B[Fy (Y =) =1 - E[Fy(Y) - Fy(Y—)]

and

2E[F,(Z-)] = 1 - E[F4(Z) — F4(Z-)).
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For a binary response Y, (4.5) can be rewritten as
min {Qp(l —p),1 -2 (P[Z= zj])Q} in Case 1
T[Y, Z] < (4.6)
2p(1 — p) in Case 2.

In the remainder of this section, we derive upper bounds sharper than (4.6) in Case 1 while
we find back the same upper bound in Case 2.

4.2.1 Casel

Let us start with the case where Z is valued in {z1,...,2,}.

Property 4.3. In Case 1,
TV, Z] < 2p(1 = p) = 2(Fz(2j+) = 1+ p) (L = p = Fz(2j-1))
and the upper bound can be attained.

Proof. By Propositions 3.3 and 4.1, it suffices to notice that when the random pair (Y, Z)
obeys the upper Fréchet-Hoffding bound, i.e. under (4.1), we get

P(Y1 = Y2)(Z) — Zy) < 0] = 2P[Y; =1,Y2=0,2, < Z]
= 2P[U; >1—p, Uy <1—p, F;U,) < F;Y(U,)] = 0.

4.2.2 Case 2

Let us now turn to the case where Z is continuous.

Property 4.4. In Case 2,

and the upper bound can be attained.

Proof. We know from Proposition 4.2 that there is a joint distribution for (Y, Z) maximizing
the concordance probability and setting the discordance probability to zero. The upper
bound is obtained in this case and is equal to

1-PY, =Yy =1~ (p° + (1 -p)*) = 2p(1 —p).
This ends the proof. m

The upper bound in Property 4.4 is the one obtained by Mesfioui and Quessy (2010),
which appears to be the best-possible one. It is not affected by the distribution of the score
S. It only depends on p and cannot exceed 0.5, the value obtained when p = 0.5. This
constraint must be taken into account when interpreting the values obtained for Kendall’s
tau in a regression analysis as a relatively small value may in reality be so close to the upper
bound that it strongly supports the model fit.

Comparing Properties 4.3 and 4.4, we see that the second term in the upper bound
of Property 4.3 improves the upper bound of Property 4.4 when the range of the score is
constrained to be discrete. In Case 2, Fz(z;+) becomes 1 — p and this term disappears.

10



Remark 4.5. Let us further investigate the particular case when (Y, S) obeys the upper
Fréchet-Hoeftding bound. This means that there exists a unit uniform random variable U
such that

Y=F"U)=1U>1~-p]and S = Fg'(U) (4.7)

where I[A] is the indicator of the event A, equal to 1 when A is realized and to 0 otherwise.
In this case,

EY|S=s] = P[Y=1|F;'(U)=s]
= PU>1-plU = Fs(s)]
= I[s>Fg'(1—p)]
which implies that E[Y]|S] is a Bernoulli random variable with probability of success p. Thus,
Y and E[Y|S] are perfectly dependent Bernoulli random variables with the same probability
of success p.

Recall that Kendall’s tau associated to two Bernoulli random variables By and Bs, with
respective means p; and ps, is of the form

T[Bl, BQ] = 2p00 — 2(1 —pl)(l —pg) with Poo = P[Bl = Bg = 0]

This implies that the upper bound in Property 4.4 is 2poy — 2(1 — p)? with pgy = 1 — p
under the dependence structure (4.7). This provides an alternative derivation of the result
established in Property 4.4.

4.3 Goodman and Kruskal’s gamma
4.3.1 Case 1

Let us first consider the case where Z is discrete.
Property 4.6. In Case 1, v[Y, Z] <1 and the upper bound can be attained.

Proof. From the monotonicity property of Goodman and Kruskal’s gamma with respect to
the concordance order established in Mesfioui and Tajar (2005, Proposition 2.7), we have
that

WY, Z] <[y, 2]

It is easily seen that Goodman and Kruskal’s gamma can be rewritten as

7Y, Z]
TV, Z] — 2P[(Ys — Ya)(Z1 — Z2) < O]

VY, Z] =
As P[(Y" = Yo)(Z1 — ZY) < 0] = 0 when (Y“, Z") obeys the upper Fréchet-Hoffding upper
bound, as shown in the proof of Property 4.3, we have

TIY" ZY]

YU 74 —
W, 27 Ty, Z4]

=1
This ends the proof. m
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4.3.2 Case 2

Let us now turn to the continuous case.
Property 4.7. In Case 2, v|Y, Z] < 1 and the upper bound can be attained.

Proof. Since
P((Yi = Ya)(Z1 — Z) = 0] = P[¥1 = Ya] = p* + (1 — p)?,

we get
Y, Z]
Y, Z] =
WA TRz - Z) =
Y, Z]
2p(1 —p)
so that we deduce from Property 4.4 that the upper bound is 1 and can be attained. This
ends the proof. O

5 Discussion

In the preceding sections, we have established upper bounds on concordance probabilities
and then on concordance-based association measures, such as Kendall’s tau, Somers’ delta
or Goodman and Kruskal’s gamma, holding when the response variable Y is valued in {0, 1}.
The commonly-used Kendall’s tau is constrained in such a case and cannot attain the value
1, which makes its interpretation more difficult. Let us now investigate the behavior of
Kendall’s tau with the help of numerical illustrations.

Let us first assume that the joint distribution function H of the random pair (Y, .5) is a
member of the Fréchet family. This means that, for all (y,s) € {0,1} x R,

H(y,s) = 0max {Fy(y) + Fs(s) — 1,0} + (1 — ) min { Fy-(y), Fs(s)}, 6 €[0,1].

Under the Fréchet-Hoffding lower bound max {Fy + Fg — 1, O}, the concordance prob-
ability is zero and the discordance probability is 2p(1 — p) in Case 2. This directly follows
from Property 4.4 by noting that (Y, S) obeys the Fréchet-Hoffding lower bound if, and only
if (1—Y,.S) obeys the Fréchet-Hoffding upper bound with modified success probability 1— p.
Thus, we get in Case 2 that

T[Y,E[Y|S]] = 7[Y,5]
= 02p(1 —p) + (1 —0)(—2p(1 — p))
= 2(20—1)p(1 —p)

when H belongs to the Fréchet family. In this case, we thus see that 7[Y, E[Y[S]] linearly
increases with the dependence parameter 6 while it varies quadratically with the marginal
parameter p.

Copulas can also be used to define bivariate distributions with discrete margins. Recall
that a copula C' is a joint distribution with unit uniform marginals. In opposition to the

12



situation found in the continuous case, there is in general no unique way to express the joint
distribution as a function of their marginal distributions. Sklar’s representation in terms
of copulas can nevertheless be used in a constructive way to define the joint distribution
function of (Y, .5) as

H(y,s) = P[Y <y,5 < 5] = C(Fy(y), Fs(s)). (5.1)

Let us now take for C' in (5.1) a member of Ali-Mikhail-Haq family, defined for all
(u,v) € [0, 1) by
Co(u,v) = 1w 6e[-1,1].
o 1—6(1—u)(1—v) ’
The next result is useful to compute Kendall’s tau when H is obtained from (5.1) for some
copula C' (in particular, when C'is a Ali-Mikhail-Haq copula).

Property 5.1. In Case 2, when H is obtained from (5.1), we have
T[YV.E[Y|S]] = 7[Y.S] = 4E[H(0,5)] —2(1 - p)
= 4E[C(1—p,U)] —2(1 - p)
where U is a random variable uniformly distributed over [0, 1].
Proof. Define
Fsyy=1(s) = P[S < s|Y = 1] and Fgy—o(s) = P[S < s|Y =0].
Clearly,
Fs(s) = pFsyy=1(s) + (1 — p)Fgjy—o(s)
and q
E[Fsyy=1(9)|Y = 1] = E[Fgjy—o(S)|Y = 0] = 5
We then have
BH(Y,S)] = E[H(0,9)]Y =0/(1 —p)+E[Fs(S)]Y = 1]p
— ElFgy—o(s)|Y = 0)(1 — p)? + E[F5(S)]Y = 1]p

:.Q$f+m&wmuﬂm (5.2)

Now,
E[Fs(9)Y =1 = pE[Fsy=1(9)|Y = 1]+ (1 — p)E[Fsy=o(5)|Y = 1]

1—p) (%E[sto(s)] - %E[FSYO(SHY = 0])

NI NI
+

1 (1-p)?
+§mmaay_75—. (5.3)

We conclude from (5.2) and (5.3) that

2 2

E[H(Y,$)] = 5+ BIH(©,9)] = & +E[C(1 - p,U)].

and the announced result is then deduced from Property 3.4. O
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In Case 2 with C'in (5.1) a member of Ali-Mikhail-Haq family, one deduces from Property
5.1 that

1
rlY, 5] = 4BIH(0.5)] - 2(1 ~p) =4 | Col1 = pru)du —2(1 - p),
0
which, after standard calculations, leads to

WD) (1 gy (1 — 6p) +p8) —20—p). B e [-11]\ {0}

with 7[Y,S] = 0 when 6 = 0. We notice that the copulas max{u + v — 1,0} and min{u, v}
corresponding to the Fréchet-Hoffding lower and upper bounds, respectively, do not belong
to the Ali-Mikhail-Haq family. Thus, the bounds for 7[Y, S] corresponding to this model are
different from the ones established in Property 4.4. In fact, the upper bound on 7[Y, S] for
the current model is

_4(1]9; P (1~ p) (1~ p) + p) — 21— p). (5.4)

Figure 5.1 diplays for p € {0.05,0.1,0.3,0.5,0.9} the values for 7[Y;S] in Case 2 when
the joint distribution function H of (Y, .S) belongs to the Fréchet family or is obtained from
(5.1) with C' in the Ali-Mikhail-Haq copula family. The horizontal line corresponding to the
upper bound obtained in Property 4.4 is also visible. When p is small or large (i.e. close to
0 or 1), the upper bound is small. For instance, a Kendall’s tau above 0.08 or 0.15 when
p = 0.05 or p = 0.1, respectively, can be considered as large given the restricted range of
admissible values. Such values thus support the model fit.

As mentioned previously, the copula min{u,v} corresponding to the Fréchet-Hoffding
upper bound does not belong to the Ali-Mikhail-Haq family so that the value of Kendall’s
tau in this case stays below the upper bound, being constrained by (5.4). Also, the upper
bound from Property 4.4 and the value for Kendall’s tau when H belongs to the Fréchet
family remains unaffected when p is replaced with 1 —p. However, this is no more true when
H is obtained from (5.1) with C' in the Ali-Mikhail-Haq copula family.

To end with, let us mention that squared values of association measure are sometimes
used (see e.g. Mittlbock and Schempen, 1996). The bounds derived in the present paper
are easily adapted to this setting. Notice that the increasingness of the regression function
ensures that the response and the predicted success probability are positively correlated.
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Figure 5.1: Values for 7[Y, S] as a function of # € [0.5, 1] in Case 2 when the joint distribution
function H of (Y, S) belongs to the Fréchet family or is obtained from (5.1) with C' in the
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