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Abstract

In randomized clinical trials, methods of pairwise comparisons such as the

‘Net Benefit’ or the ‘win ratio’ have recently gained much attention when

interests lies in assessing the effect of a treatment as compared to a standard of

care. Among other advantages, these methods are usually praised for deliver-

ing a treatment measure that can easily handle multiple outcomes of different

nature, while keeping a meaningful interpretation for patients and clinicians.

For time-to-event outcomes, a recent suggestion emerged in the literature for

estimating these treatment measures by providing a natural handling of cen-

sored outcomes. However, this estimation procedure may lead to biased esti-

mates when tails of survival functions cannot be reliably estimated using

Kaplan–Meier estimators. The problem then extrapolates to the other out-

comes incorporated in the pairwise comparison construction. In this work, we

suggest to extend the procedure by the consideration of a hybrid survival func-

tion estimator that relies on an extreme value tail model through the General-

ized Pareto distribution. We provide an estimator of treatment effect measures

that notably improves on bias and remains easily apprehended for practical

implementation. This is illustrated in an extensive simulation study as well as

in an actual trial of a new cancer immunotherapy.

KEYWORD S

clinical trial, generalized pairwise comparisons, generalized Pareto distribution, Kaplan–
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1 | INTRODUCTION

In randomized clinical trials, several outcomes of interest are commonly evaluated on each individual, among which
some may measure the time until an event of interest occurs. Primary analysis usually focuses on a single (primary)
endpoint. When this endpoint is a time-to-event variable, traditional estimators of the treatment benefit typically rely
on a proportional hazards (PH) assumption, where one assumes that the ratio of hazards of an event in both treatment
groups is constant over time. Testing for a treatment effect is then performed via a log-rank procedure, known to have
maximum power in case of PH, and the treatment effect is usually summarized by estimating the hazard ratio through
a Cox regression model. However, as is well-known, such a measure only has a straightforward interpretation for sum-
marizing the treatment effect when the restrictive PH assumption is met. In practice, there are many situations where
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this is not the case, and common examples are anticancer immunotherapy trials, such as the CA184-024 melanoma trial
considered in this manuscript.

An alternative analysis for such time-to-event data is based on pairwise comparison methods, see for example, ref.
[1–3]. These procedures are praised for their ability to handle multiple outcomes, possibly of a different nature, while
still resulting in an easily interpretable treatment effect measure. Additionally, while they also maintain a simple rela-
tion with the hazard ratio in case of PH, these nonparametric methods do not rely on PH assumptions. This broadens
their range of applicability for appropriately measuring the treatment effect in contrast to the hazard ratio, see ref. [4,5]
or [6,7] in the context of immunotherapy trials. As a result, methods of pairwise comparison have gained in popularity
for analyzing clinical trial data.

In this context, we concentrate on the treatment effect measure suggested by ref. [1], denoted by Δτ and named here
‘Net Benefit’. For ease of reading, we present mainly a univariate setting in this paper. Our suggestions are however
directly applicable to multivariate settings as well, as will become clear later. Let Tt

1,…,Tt
nt denote the time-to-events

for the individuals in the treatment group, considered to be i.i.d. copies of Tt �Ft, while Tc
1, …, Tc

nc are the outcomes
of the control group, considered to be i.i.d. copies of Tc �Fc with Tt and Tc being independent. The Net Benefit Δτ is
defined as

Δτ ≔P Tt >Tcþ τð Þ�P Tc >Ttþ τð Þ,

for some τ≥ 0 corresponding to a threshold of clinical relevance, see for example, ref. [1] or [3] and references therein.
In this simple situation with one outcome of interest, Δτ is thus interpreted as the probability that a randomly drawn
patient from the treatment group survives at least τ units of time longer with respect to the event of interest than a ran-
domly drawn patient from the control group, minus the probability of the opposite situation.

In practice, when one disposes of fully observed samples for both groups, a natural estimation of Δτ, as proposed by
ref. [1] and readily extending the U-statistic of the Wilcoxon-Mann–Whitney test, is obtained by

bΔτ ¼ 1
ntnc

Xnt
i¼1

Xnc
j¼1

1 Tt
i >Tc

j þ τ
� �

�1 Tc
j >Tt

i þ τ
� �h i

: ð1:1Þ

Estimating Δτ thus amounts to comparing all pairs of observed time-to-events for both groups, and classify the latter
pairs as either ‘wins’ (i.e. Tt

i >Tc
j þ τ), ‘losses’ (i.e., Tc

j >Tt
i þ τ) or ‘neutral’ pairs (i.e., jTc

j �Tt
i j < τ), an approach that

is equivalent to the one required for the computation of the win ratio proposed by ref. [2].
However, a common nuisance when studying time-to-event outcomes is the possible presence of (right-)censoring

in the data, as some individuals may leave the study early or may not have yet experienced the event of interest at the
time of the analysis. Hence, instead of relying on some realizations of the variables Tt and Tc, one only observes the
minimum of it and censoring variables. That is, the observed samples are Yℓ

i , η
ℓ
i

� �
, i¼ 1,…, nℓ, where Yℓ ¼ min Tℓ,Cℓ

� �
and ηℓ ¼ 1 Tℓ ≤Cℓ

� �
, ℓ� c, tf g. Providing an appropriate estimation procedure for Δτ then constitutes a challenge since

we no longer dispose of fully observed data.
For the situation with τ¼ 0, a first suggestion in this context was historically proposed by ref. [8], where the ratio-

nale is to keep classifying pairs as wins or loses but only if there is no ambiguity regarding the category to which the
pair belongs. All pairs which we are not able to classify due to censoring are considered ‘uninformative’, regardless of
the observed times composing the pair. When considering several outcomes, these uninformative pairs can then be clas-
sified based on one of the other outcomes. Unsurprisingly, Gehan's procedure for only one outcome is highly sensitive
to the censoring proportion in the data, as more and more pairs are uninformative for higher censoring proportions.4

pointed out that under proportional hazards, the censoring-induced bias in the estimate of the univariate Net Benefit
could be removed by using the number of informative pairs (instead of the total number of pairs) in the denominator
of (1.1).

The procedure recently proposed by ref. [3], which we will henceforth refer to as the ‘Peron’ procedure, aims at
avoiding the censoring-induced bias by extending the ideas of ref. [9]. In particular, the suggestion is to replace the ‘def-
inite’ classification of a pair as win, loss, or neutral, by a corresponding probability for each pair to belong to one of
these three categories based on all available data. Using this procedure, the estimator of the Net Benefit (1.1) is rep-
laced by
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bΔτ ¼ 1
ntnc

Xnt
i¼1

Xnc
j¼1

bP Tt
i >Tc

j þ τjΩn

� �
�bP Tc

j >Tt
i þ τjΩn

� �h i
, ð1:2Þ

where Ωn denotes all relevant information in the data for the estimation of the probabilities. Hence, instead of fully
contributing to one of the classification groups, the contributions of pairs of observations may here be split over groups
with weights corresponding to conditional probabilities of belonging to each group. Of note, for informative pairs
(i.e., not ‘uninformative’ in Gehan's sense), the methodology uses the same classification as Gehan's rule.

In practice, Equation (1.2) suggests one has to estimate quantities of the type P Tt
i >Tc

j þ τjΩn

� �
, whose calculation

will depend on the observed values of Yt
i ,Y

c
j , η

t
i and ηci contained in the pair (see Table 3 in ref. [3]). For instance, if one

disposes of a pair for which both observed outcomes are censored, that is, ηti ¼ ηcj ¼ 0, then its probability to be a win
when the observed outcomes are such that jYt

i �Yc
j j < τ is given by

P Tt
i >Tc

j þ τjYt
i ,Y

c
j , η

t
i ¼ 0, ηcj ¼ 0

� �
¼ �1

St Y t
i

� �
Sc Yc

j

� �Z ∞

Yc
j

St sþ τð ÞdSc sð Þ,

where Sℓ sð Þ¼P Tℓ > s
� �

, for ℓ� c, tf g:
In terms of estimation, one is required to replace the true survival functions Sℓ, evaluated over the whole open

interval Yc
j ,∞

h �
, by appropriate estimators bSℓ �ð Þ, ℓ� c, tf g. Péron et al. used the Kaplan–Meier estimator for this task,

although the authors acknowledged that when the largest observation is censored, the Kaplan–Meier estimator is only
defined up to that point. A direct consequence is that, due to censoring, one may underestimate the probabilities to be
in either of the three categories if the tails of St or Sc are not suitably estimated. Hence, these estimated probabilities do
not sum up to 1, and the remaining probability that is not assigned to either of the categories is then considered ‘unin-
formative’. In the context of Net Benefit or win ratio estimation, the Peron procedure will then generate a growing pro-
portion of uninformative pairs among all pairs when the proportion of censoring increases, simply because the
estimators for the survival functions are no longer appropriate in the tails. Ultimately, this induces a bias for bΔτ towards
0 (value of no treatment effect) as very few pairs with long times to event remain informative, a problem similar to the
Gehan procedure although much attenuated in comparison to the latter.

In this paper, we aim at improving on the Peron procedure for pairwise comparison of censored outcomes, by rely-
ing on a suitable estimation of St �ð Þ and Sc �ð Þ over their whole support. That is, we suggest to replace the use of the
Kaplan–Meier estimator by a hybrid semiparametric estimator that is composed of a Kaplan–Meier estimator in most
of the observed support of the survival function, and completed with a suitable extrapolation for the tail of the distribu-
tion. As will be detailed later, instead of relying on common parametric families of distributions for this extrapolation,
our proposal takes its roots in extreme value theory for this task. By adopting this hybrid survival function for the esti-
mation of the Net Benefit or win ratio, we will be able to reduce (if not suppress) the bias towards 0 of the treatment
effect estimator. Additionally, by suppressing the need to rely on ‘uninformative’ weights, our procedure avoids unnec-
essary complications when considering multiple outcomes; the arguments of ref. [3] can then readily be used for this
multivariate setting, be it for the construction of the Net Benefit, the win ratio, or any other relevant treatment effect
measure based on pairwise comparison (see e.g., ref. [10]).

The rest of this paper is organized as follows. Section 2 summarizes the results of extreme value theory that will be
exploited in this paper for the construction of the hybrid survival function estimator. Section 3 details the procedure
using the hybrid survival function, henceforth referred to as ‘EVT’, for the estimation of Δτ. An extensive simulation
study is conducted in Section 4 to investigate as many aspects as possible of the EVT procedure in comparison with the
Peron procedure. Lastly, an application to an actual randomized trial of a new cancer immunotherapy is developed in
Section 5, where we illustrate how the EVT procedure improves over the Peron procedure whilst keeping all of its
advantages.

2 | HYBRID SURVIVAL FUNCTION ESTIMATION

In this section, we consider the problem of estimating, in a flexible and general way, a survival function over its whole
support in the presence of censoring. Figure 1 illustrates the usual issue of appropriately estimating the tail behavior of
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the survival function when the last observation in the sample is censored. Our context is thus implicitly one where com-
pleting survival curves towards 0 is both relevant and reasonably feasible. That is, we assume on the one side that the
limited amount of information in the tails of the observable curves is due to practical considerations regarding time-to-
event variables, rather than indications about the behavior of the underlying populations (for instance, the presence of
a proportion of subjects immune to the event of interest). On the other side, we assume that the observable largest times
are representative enough of the underlying population survival curves. Typical situations for our context include the
presence of an ‘important’ censoring proportion in the data, for instance when the event of interest affects a small pro-
portion of patients during time of follow-up, or in interim analyses of a long-term trial. As is conventionally done in
survival analysis, we will consider two potential sources of censoring: ‘follow-up’ censoring which arises from the lim-
ited follow-up available on some patients at the time of the analysis (including some patients who dropped out of the
trial and for whom no longer follow-up can be obtained, and ‘administrative’ censoring, which arises from the fact that
the analysis takes place whilst follow-up is still on-going).

Several authors have already studied the ambition of completing Kaplan–Meier curves with a parametric tail,
mainly in relation to mean (residual) lifetime estimation (MRL). Indeed, MRL can only be estimated in a nonparamet-
ric fashion if the last observation of the study is an event, which would lead the Kaplan–Meier estimator of the survival
function to drop to 0. Early publications include,11–13 where extrapolation of the tail of the Kaplan–Meier estimator is
carried out based on a parametric fit that is estimated from all the data. As highlighted for instance by ref. [14,15], such
a parametric modeling typically provides a poor fit to the tail of the curve. This is to be understood by the fact that most
events lie at the beginning of the time to event curve, driving the parametric fit to be much more appropriate for this
part of the curve than for the tail. The latter being in fact of primary interest, a natural alternative is to base the parame-
ter estimation solely on tail data, as proposed in ref. [14–16]. All these approaches however suffer from the inherent
lack of data in the tail, and still leave the analyst with the delicate choice of a particular parametric model. Goodness-
of-fit procedures have been proposed for the latter task, for instance in ref. [13,15], but in practice these have little
capacity to detect a poor fit in the presence of censoring due to the limited available information in the data.

In order to circumvent these shortcomings,17 recently suggested to opt for a hybrid estimation of survival functions
for MRL estimation, with extrapolation in the tail based on extreme value theory. In our context, several justifications
underpin a similar choice instead of a purely parametric or nonparametric approach. First, the parametric modeling
that will result from extreme value theory only applies to the tails of the survival functions, which is the region where
the nonparametric Kaplan–Meier starts to fail. Hence, we avoid the need to choose a parametric model for the survival
function in a region of its support where a Kaplan–Meier estimator already provides a suitable and flexible tool. Second,
the domain of extreme value theory is explicitly designed to model probabilities of events that are more extreme than
any previously observed. In contrast to more traditional parametric assumptions for survival functions, this makes
extreme value theory well suited for our objective given that we are in a context of limited information in the tail due to
censoring. Of note, the use of extreme value theory also allows us to model each survival curve separately, thereby
avoiding the need to adopt any other restrictive assumption (e.g., PH) about the joint behavior of the latter. In short
thus, we only model the tails of the survival functions parametrically and separately, and we do not require any para-
metric choice of family distributions.
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FIGURE 1 Illustration of Kaplan-Meier (KM) estimator of survival functions for samples with either 10% of censoring (left), 50%

censoring (middle), or 10% of censoring during the study and 10% of administrative censoring (right).
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Turning now to the theory of extreme values, the latter is based on two main approaches for the consideration of
‘extreme’ events: block maxima and peaks-over-thresholds (see e.g., ref. [18]). We will focus on the second approach,
where the idea is to consider as extreme any observation that is above some fixed high time threshold u�ℝþ.

More concretely, considering only one group of individuals in order to avoid unnecessary notations, our interest lies
here in the behavior of the excesses of our time to event above some fixed threshold, conditionally on the knowledge
that the threshold is indeed exceeded. That is, we are interested in the limiting distribution of T�u jT > u, where T�
FT is the time to event of interest. The cornerstone result on which we build the hybrid survival function estimator is
the so-called Pickands-Balkema-de Haan theorem:19,20 under core conditions for FT mentioned below, we have for t>0
and u!∞,

P T�u≥ tjT > uð Þ!G tð Þ≔ 1þ ξt
σu

� ��1=ξ

þ
, ð2:1Þ

where t½ �þ ¼ max 0, tð Þ, σu ¼ σþ ξ u�μð Þ, and where μ, σ>0 and ξ are location, scale and shape parameters, respec-
tively. The distribution G is called the Generalized Pareto Distribution (GPD). Leaving aside for now the conditions on
FT under which the theorem holds, one observes that regardless of the shape of the center of this distribution, the theo-
rem states that the shape of its tail (i.e., the excesses above some threshold) always takes a very special form, provided
we are far enough in the tail (u!∞). In other words, the GPD offers a natural parametric approximation for the
modeling of conditional distributions of excesses, as long as the threshold u is chosen to be sufficiently large for the
asymptotic result to be reasonably employed.

The necessary and sufficient condition on FT under which the above theorem holds is usually called the extended
regular variation property.21 As the name suggests, this condition essentially states that the distribution FT is suffi-
ciently regular in order for tail behaviors to be captured in a single broad family of parametric distributions. To illus-
trate the latter condition, some examples of distributions for FT that are encompassed by the theorem are given below,
categorized by values of ξ as this parameter completely determines the upper tail behavior and the support of G (see
e.g., ref. [18]):

ξ>0 is the heavy-tailed Fréchet case. Examples of distributions FT included here are Pareto or Fréchet
distributions.

ξ¼ 0 is the light-tailed Gumbel case. Examples include the exponential, Weibull and Log-normal
distributions.

ξ<0 is the bounded-tailed Weibull case. Examples include beta or uniform distributions.

The theorem only concerns the limiting behavior of the tail, hence we suggest to flexibly estimate the survival curve
in two parts: first using a nonparametric estimator until the threshold u, whose choice is to be discussed further, and
then using the above-described result to parametrically extrapolate the tail behavior beyond u. That is, since for t>0,

P T ≥ tþuð Þ¼P T ≥ tþujT ≥ uð ÞP T ≥ uð Þ,

a natural semiparametric estimator for ST tð Þ¼ 1�FT tð Þ is given by

bST tð Þ¼
bSKM tð Þ, t≤ u

bSKM uð Þ 1þbξ t�uð Þbσu
� ��1=bξ

þ
, t> u

8>><>>: ð2:2Þ

where bSKM is the classical nonparametric Kaplan–Meier estimator of ST , and where bξ and bσu are appropriate estimators
of ξ and σu, respectively. An illustration of this estimator is provided in Figure 2.
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3 | IMPROVED NET BENEFIT ESTIMATION PROCEDURE

To use the suggested hybrid estimator in the context of estimating Δτ, Equation (2.2) requires both an appropriate
choice for the thresholds uℓ,ℓ� t, cf g, and estimation of the parameters of the GPD. We consider again the one sample
situation for ease of presentation. That is, we observe Yi, ηið Þ, i¼ 1,…,n, where Yi ¼ min Ti,Cið Þ and ηi ¼ 1 Ti ≤Cið Þ for
C a censoring variable independent of T. Estimation of ξ and σu is carried out in two steps:

1. Choose a threshold u and select the m observations Yi that are above u. The choice of u is a typical bias-variance
trade-off: one has to choose u large enough for the asymptotic result of (2.1) to be reasonably employed, but on the
other hand u should not be too large in order to dispose of a sufficiently important sample size m of extreme obser-
vations for estimation of the parameters. While for complete observations, many advanced methods have been
suggested in the literature (see e.g., ref. [22] for a review), for censored data an automatic choice of u is still the sub-
ject of ongoing research. The additional difficulty as compared to complete observations is that the threshold that
would be in some sense optimal may very well lie beyond the last observed event, an issue that may be especially
acute in the case of administrative censoring.

Nevertheless, in our context, extensive simulation studies seem to corroborate the suggestion of ref. [17] (see
also ref. [23] for more extensive simulations) consisting in simply setting u as the 80% quantile of the observed event
times. In other words, in both our simulation study and our real data analysis, we will leave 20% of observed event
times above u in order to estimate ξ and σu. While such a choice is arbitrary, simulations suggest that it is reason-
able in most situations, and that the bias reduction for the Net Benefit estimator is similar for a wide range of
choices.

2. Based on the sample Yu
i , ηi

� �
, i¼ 1,…,m, where Yu

i ≔Yi�u jYi >u, obtain estimators of ξ and σu. Several methodol-
ogies may potentially be employed, see for example,24,25,26 suggest a one-step Newton–Raphson approximation to
the maximum likelihood estimators. Here, we adopt maximum likelihood estimators for ξ and σu obtained by mini-
mizing the censored negative log-likelihood, that is,

bξ,bσu� �
¼ argmin

ξ, σuð Þ
log σuð Þ

Xm
i¼1

ηiþ
Xm
i¼1

1
ξ
þηi

� 	
log 1þξYu

i

σu

� �
þ

( )
:

In the presence of censoring, this approach can be constrained to ensure that the obtained GPD distribution has finite
k-th moment. This is a consequence of the fact that the latter moment only exists if ξ<1=k. Hence, for real data appli-
cations with time-to-events variables, it is sufficient to constrain the optimization with ξ<1=2 so that the distribution
has a finite variance.
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FIGURE 2 Illustration of semi parametric estimator of survival functions for samples with either 50% censoring (left), or 10% of

censoring during the study and 10% of administrative censoring (right).
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We can now use the hybrid estimator (2.2) in each treatment group in order to improve on the Peron method. For
instance, taking the example of the censored pair reported in Section 1, if the observation Yc

j and the thresholds ut and
uc are such that Yc

j < uc < ut� τ, then the estimated probability to be a win becomes

bP Tt
i >Tc

j þ τjYt
i ,Y

c
j , η

t
i ¼ 0, ηcj ¼ 0

� �

¼ �1bSt Y t
i

� �bSc Yc
j

� � Z uc

Yc
j

bStKM sþ τð ÞdbScKM sð Þ
(

þ
Z ut�τ

uc
bStKM sþ τð ÞdbScEVT sð Þþ

Z ∞

ut�τ

bStEVT sþ τð ÞdbScEVT sð Þg,

where bSℓEVT sð Þ¼bSℓKM uℓ
� �

1þbξℓ s�uℓ
� �

=bσℓuh i�1=bξℓ
þ

, ℓ� c, tf g.

4 | SIMULATION STUDY

In this section, we use Monte Carlo simulations to assess the performance of the EVT procedure for estimation of Δτ, in
particular with regard to the censoring-induced bias in a univariate setting. To explore this, we first describe the settings
considered, with the simulated data being subject to both administrative and lost to follow-up censoring. Censoring will
always be considered non-informative. We then proceed to describe the different estimators of Δτ considered here. In
order to provide a full picture of the performance of the EVT procedure against its competitors, several settings will
then be considered where we let the following characteristics vary: censoring proportions, thresholds of clinical rele-
vance τ, population Net Benefit Δτ and type of time-to-event distributions. Of note, in all cases the censoring distribu-
tion is considered to be the same in both groups, while actual censoring proportions may differ between groups as these
depend on the interplay between censoring times and time to event times. All censoring distributions will be calibrated
to obtain the desired censoring proportions defined for the treatment group.

4.1 | Simulation settings

We consider two main settings for data generation:
Setting 1 We consider the following:

a. Time-to-events: Tt
1,…,Tt

n i.i.d. Exp λtð Þ and Tc
1,…,Tc

n i.i.d. Exp 1ð Þ for nt and nc � 500, 1000f g: The parameter λt is cho-
sen such that Δτ � 0, 1=3, 1=2f g, where we may determine that

Δτ ¼ e�τλt � λte�τ

1þ λt
:

Note that this is a situation of proportional hazards, where the simple correction of ref. [4] (dividing by the number of
informative pairs) works well.

b. Censoring times: C1,…,Cntþnc i.i.d. Unif 0,Mð Þ and additional administrative censoring with end of study at time tM .
The parameters M and tM are chosen in order to attain censoring proportions during the study pc � 0%,…, 45%f g
and administrative censoring pMc � 0%, 10%, 20%f g, focusing only on the treatment group. The procedure to cali-
brate M and tM will be described next. For now, note that given Δτ ≥ 0 in our settings, we will almost always have a
greater censoring proportion in the treatment group than in the control group, and the difference will grow as Δτ

grows.
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Setting 2 We consider the following:

a. Time-to-events: Log-normal distributions with shift in mean, that is Tt
1,…,Tt

n i.i.d. Log - Normal μt, 0:5ð Þ and
Tc
1,…,Tc

n i.i.d. Log - Normal 1, 0:5ð Þ for nt,nc � 500, 1000f g. The parameter μt is again chosen such that
Δτ � 0, 1=3, 1=2f g. This is a situation where the simple correction of4 breaks down.

b. Censoring times: as in setting 1.

Now, the procedure to define M and tM in settings 1 and 2, with M > tM to be coherent, is similar to the paper of.17

That is, since pc is the proportion of censoring during the study and C is uniformly distributed, we first have

pc ¼P C<T,C< tMð Þ¼ 1
M

Z tM

0
ST cð Þdc:

On the other hand, for an observation to be administratively censored, either it is fully observed but at a time greater
than tM , or it is classically censored but again at a time greater than tM . Hence, some straightforward calculations
lead to

pMc ¼P tM <T <Cð ÞþP tM <C<Tð Þ¼ M� tMð ÞST tMð Þ
M

:

Depending on the particular type of distribution for Tt and the choices of pc and pMc , we thus have a system of two equa-
tions with two unknowns that can be numerically solved for M and tM .

As a remark, note that the procedure used to mimic administratively censored data is here simplified by the neglect
of accrual times, and hence somehow considers that all observations that are censored at tM entered the study at the
same time. This is of course of no impact on the validity of the methodology nor on the major tendencies that will be
observed in this section, as the importance of the procedure lies in correcting for incomplete survival function estima-
tors, and the latter would also be present if all patients had different accrual times.

Lastly, the following estimators of Δτ are considered:
Peron: estimator of ref. [3] implemented in the R package BuyseTest.
Gehan: estimator of ref. [8] implemented in the R package BuyseTest.
EVT: proposed estimator with the weighting scheme of ref. [3] along with the above-exposed hybrid survival func-

tion estimators.
EVT ben: Benchmark for EVT, as it is the exact same estimator as EVT, but with parameters ξ and σu of the GPD

distribution estimated with full knowledge of observations, that is, as if there was no censoring. This will serve in order
to illustrate the impact of appropriately estimating the GPD parameters.

4.2 | Varying censoring proportions

We start our simulation study with an investigation of the impact of increasing censoring proportions on the behavior
of the considered estimators. To this end, we focus on setting 1 with fixed τ¼ 0 and Δτ ¼ 1=3. Figure 3 reports the simu-
lation results for different sample sizes and different censoring proportions, due to lost to follow-up and administrative
censoring.

As expected, the Gehan estimator is extremely sensitive to growing censoring proportions, as already discussed in
the literature. The Peron, EVT and EVT benchmark estimators have a very similar behavior when the censoring pro-
portion is moderate. This is because appropriate tail modeling is not yet crucial, given that Kaplan–Meier estimation is
still mostly available in the latter region as well. However, when censoring proportions increase, the anticipated bias
towards 0 of the Peron estimator begins to manifest itself, whereas the EVT and EVT benchmark estimators resist bet-
ter: tail modeling becomes more crucial. With heavy censoring, for example, if pc ¼ 45% and pMc ¼ 20%, EVT worsens
as appropriately modeling the tail becomes challenging based on the available information. It should however be noted
that the deterioration primarily concerns the variance. These results suggest that the somewhat arbitrary choice of a
threshold uℓ corresponding to the 80% quantile of the observed events seems acceptable when applied to the estimation
of Δτ estimation, although the choice is of course not to be taken as indisputable in practice.
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Two last comments may be warranted here. First, when considering increasing sample sizes (i.e., left column versus
right column), it is interesting to observe that for most situations where the Peron estimator is biased, it does not seem
to fade away when sample sizes increase. This is a direct consequence of the fact that the Kaplan–Meier estimator is
not consistent in the tail for such simulation settings. And as a last comment, it is worth emphasizing that the variances
of the Peron and Gehan estimators may not be compared with the variance of the proposed estimator. Indeed, both
Gehan and Peron will classify less and less observations as either wins, losses or neutral when censoring increases, and
their variance may therefore slightly decrease with increasing pc and pMc , since classifying fewer observations induces
less variability. In contrast, EVT still attempts to classify every pair, and exhibits therefore an increasing variance for
greater censoring proportions.

FIGURE 3 Δτ (Net Benefit, ‘NB’) estimation for 500 datasets for setting 1 based on τ = 0, Δτ = 1/3, for nt and nc �{500,1000}, pc � {0,

…, 45%} and pMC � {0, 10%, 20%}. The true Δτ is in dotted brown.
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4.3 | Varying thresholds τ

In this section, we consider the impact of an increasing threshold of clinical relevance τ. In particular, we consider
again setting 1 with a Net Benefit Δ0 ¼ 1=3 for τ¼ 0, with pc � 15%, 30%f g and pMc � 10%, 20%f g (i.e., similar to
Figure 3 for τ¼ 0). Here we let τ increase, and consider again two different samples sizes for each group, as nt and
nc � 500, 1000f g. Hence, everything is similar to the previous section except for the definition of the population parame-
ter of interest.

The results of this simulation study are presented in Figure 4. It is important to realize that, in the Peron procedure,
considering higher thresholds of clinical significance amounts to exploring further the tails of Sℓ, ℓ� c, tf g. It then
comes as no surprise that the performance of the Peron estimator deteriorates as τ grows, since we are here in settings
where the Kaplan–Meier curves do not drop to 0 in addition to being highly variable in the tail. It should however be
noted that this deterioration for higher thresholds already happens for fairly moderate censoring proportions here, in
contrast to the results of the previous section where τ¼ 0. In contrast, when one is able to appropriately model the tails
of St and Sc with respect to the amount of censoring (i.e., compare results of EVT and EVT benchmark), there is no
striking deterioration of the quality of estimation of Δτ, as suggested by the results of EVT for increasing values of τ.

4.4 | Varying net benefits Δτ

In this section, we consider a slightly different setting as we here focus on the impact of the actual value Δτ on the esti-
mation procedures. The rationale for this section is related to the previous section, and is based on two observations;
first, higher (absolute) values of the population parameter Δτ are related to the survival functions of both groups being
more distant from one another. And second, the weights involved in the Peron procedure require to explore the tails of
Sc calculated with the observed times of the treatment group, and vice-versa. Hence, one may conjecture that the

FIGURE 4 Δτ estimation for 500 datasets for setting 1 based on Δ0 = 1/3 with increasing τ � {0, 1, 1.5}, for nt and nc � {500, 1000}, pc �
{15%, 30%} and pMC � {10%, 20%}. The true Δτ is in dotted brown.
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greater the value of the population parameter Δτ, the further we will need to explore the tails of Sc, and thus the worse
the impact on the Peron estimator if censoring is such that Kaplan–Meier estimators do not suitably capture the tail
behavior. Considering fixed censoring and fixed value of τ, we thus expect that the quality of the Peron estimator deteri-
orates when Δτ increases. We analyze if this phenomenon has a similar impact on the EVT estimator.

We keep the same simulation setting as above, but instead of having a unique censoring distribution for both
groups, and hence different censoring proportions for both groups, we now simulate different censoring distributions in
order to have similar censoring proportions. If we do no adopt this operation, we will alter the results because increas-
ing Δτ implies having higher time-to-event values for the treatment group. This, in turn, implies higher values of M
and tM if we want to keep pc and pMc fixed, which at last implies less censoring for the control group. Hence, if we do
not pay attention to this, by increasing Δτ, we reduce the overall censoring proportion (i.e., in both groups) which of
course affects the performance of the estimators, while our objective is here to study the impact of Δτ for fixed censor-
ing. So, we simulate two separate distributions that are such that pc and pMc are fixed and the same for both groups,
regardless of the value of Δτ.

Figure 5 shows the simulation results for values of Δτ � 0, 1=3, 1=2f g, with smaller sample sizes than before. The
performance of the Peron estimator deteriorates for increasing values of Δτ, given that this induces exploring more the
tails of the Kaplan–Meier estimators. In contrast, if tail modeling is appropriate using the suggested hybrid estimators
for the survival functions, then exploring further the tails has little impact on the quality of estimation of Δτ. This is
confirmed by the good behavior of the EVT estimator for all values of Δτ.

4.5 | Varying time-to-event distributions

To complete our simulation study, we investigate the impact of an alternative distribution for the time-to-event vari-
able. In particular, we consider setting 2 where the distributions of survival times are no longer exponential, but rather

FIGURE 5 Δτ estimation for 500 datasets for setting 1 based on τ = 0 with increasing Δτ � {0, 1/3, 1/2}, for nt and nc � {100, 200}, pc �
{15%, 30%} and pMC � {10%, 20%}. The true Δτ is in dotted brown.
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log-normal with common variance between groups. We then conduct the same simulations as above to study the effects
on all estimators of varying censoring proportions, varying values of τ and varying values of Δτ. For sake of brevity, we
only display here the results for varying thresholds τ. This is depicted in Figure 6, which is in all aspects similar to
Figure 4, except for the survival time distributions.

As can be observed, very similar conclusions to the ones holding for Figure 4 can be drawn here: the EVT estimator
resists very well to the need of exploring further the tails of the survival functions as compared to the Peron estimator
when the threshold τ increases.

5 | ACTUAL RANDOMIZED TRIAL

We consider the data from the CA184-024 trial (ClinicalTrials.gov number, NCT00324155), which was an international
anticancer immunotherapy trial having recruited 502 patients with previously untreated metastatic melanoma. These
patients were assigned in a 1:1 ratio to a new treatment (dacarbazine plus ipilimumab) or a control treatment
(dacarbazine plus placebo). We focus here on overall survival (OS), which was the primary outcome of the study.27

An interesting feature of this study was the delayed effect of the experimental treatment versus the control. This is
displayed in the left side of Figure 7, where survival curves only start to diverge after several months. This feature of
delayed effect becomes increasingly encountered in modern immunotherapies, as argued in ref. [7] where the same trial
is analyzed using the Peron procedure. A direct consequence is that the proportional hazards assumption is violated.
Hence, traditional methods such as log-rank tests have to be adapted and interpretation of the associated hazard ratios
become even more cumbersome for communication with patients and clinicians.6 In contrast, treatment effects mea-
sured through pairwise comparisons still lead to accessible interpretations whether or not hazards are proportional. In
addition, the simulation study in ref. [7] suggests that statistical testing based on simple permutation techniques for Δτ

tends to have higher power than standard log-rank testing in contexts of delayed effects, which makes the use of Δτ

particularly appealing for analyzing the present data.

FIGURE 6 Δτ estimation for 500 datasets for setting 2 based on Δ0 = 1/3 with increasing τ � {0, 1, 1.5}, for nt and nc � {500, 1000},

pc �{15%, 30%} and pMC �{10%, 20%}. The true Δτ is in dotted brown.
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The right side of Figure 7 displays the graphs of bΔτ computed for OS and different values of τ ranging from 0 to
42months. This corresponds to a maximal threshold of clinical relevance that leaves five patients at risk in the control
group. In this graph, all pointwise 95% confidence intervals are constructed using ten thousand permutations of the
original dataset, and are hence constructed under the null hypothesis H0 :Δτ ¼ 0: It should be noted that using permu-
tations implicitly amounts to assuming similar censoring distributions in both groups. Of course, one could also con-
sider constructing confidence intervals by bootstrapping samples instead of simply permuting group allocations,
leading to arguably more appropriate intervals under the alternative. See for example, Chapter 9 of ref. [28] for an over-
view of permutation techniques in survival analysis, and ref. [29] on the use of permutation and bootstrap techniques
for inference on the Mann–Whitney effect (a linear transformation of the Net Benefit) and the win ratio.

Returning to Figure 7, an interesting feature of the right side is the divergence that starts to appear between EVT
and its competitors for higher values of τ, while being in good agreement for smaller values of τ. Since the censoring in
the sample is fairly moderate (21.6% for treatment, 13.5% for control) and is such that the end of the Kaplan–Meier cur-
ves are arguably not too far away from 0, it is natural to recognize that the EVT and Peron estimators present similar
results for small values of τ as appropriate tail modeling is expected to be of moderate impact here. On the other hand,
when considering higher values of τ, the weighting scheme of the Peron estimator is such that one needs to explore the
tails of the survival curves further and further. At some point, for high values of τ, most of the pairs will thus heavily
rely for their classification on appropriate tail modeling and the Peron estimator is expected to be biased towards 0, as
more and more uninformative weights are introduced in the procedure. In contrast, no uninformative weight is intro-
duced at all in the EVT estimator, which explains the divergence of curves for bΔτ observed in the graph. An interesting
consequence is that, since the resampling technique uses the exact same procedure for every permuted sample as for
the original one, the two-sided pointwise confidence intervals of the Peron and Gehan estimators are both driven
towards 0 for higher values of τ. As a result, the latter two procedures fail at detecting a statistical significant treatment
effect at a 5% level for the highest values of τ. This again suggests that the EVT estimator is more able to detect long-
term and delayed effects, as suggested by the elevated and sustained values of bΔτ for the EVT estimator as a function of
τ. Next, in order to complete our analysis, we also consider an artificial situation where we increase the proportion of
administrative censoring for OS by introducing a limit of 39months above which every observation will now be consid-
ered censored as well. This is intended to roughly mimic the situation of an analysis of early data that would have been
conducted, for example, for an interim analysis of the trial. The resulting Kaplan–Meier curves for both treatment arms
are depicted on the left-side of Figure 8.

We conduct a similar study for the evolution of Δτ as a function of τ. In particular, we consider here varying values
of τ ranging from 0 to 33months, and compare again the Peron and EVT estimators of Δτ based on this artificial
dataset. This is depicted on the right-side of Figure 8, where we also include the curves for bΔτ based on the original
dataset. The most interesting feature of the graph is that, contrary to the Peron estimator, the EVT estimators based on
either the original or the artificial dataset are extremely similar for every value of τ. This is a natural consequence of
providing a tail modeling of survival curves that is quite similar between the original and artificial datasets, provided
the proportion of administrative censoring is reasonable. In contrast, the Peron procedure evidently suffers from the

FIGURE 7 Left: survival functions of OS for the CA184-024 trial data. For both groups, the Kaplan-Meier estimator is displayed in full

line, while tail extrapolation using the tools of the paper is in dotted line. Vertical dotted lines indicate the threshold above which parametric

tail extrapolation is operated. Right: estimated Net Benefits Δτ for OS in the CA184-024 trial data. Pointwise 95% two-sided confidence

intervals are constructed using ten thousand permuted samples.
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lack of information in the Kaplan–Meier curves with the artificial dataset, driving the resulting estimator even more
towards 0 than with the original dataset.

6 | DISCUSSION

Methods based on pairwise comparison form an attractive toolbox for the analysis of clinical trial data, as they allow for
the handling of several outcomes of interest, possibly including thresholds of clinical relevance, and still manage to
keep an interpretation that is arguably better suited for communication with patients than traditional statistical meth-
odologies. These advantages come at the cost of several challenges, among which the handling of censored outcomes is
most typical in practice. Our work aims at tackling this challenge, building on the recent suggestion of ref. [3] and
improving on the latter by providing a suitable tail estimation for the survival functions involved in the methodology.
This improvement is required when the censoring mechanism in the data is such that the tails of survival functions are
no longer reliably estimated using a Kaplan–Meier estimator. In such situations, the Peron estimator is affected by a
bias for the treatment effect estimator towards the value indicating no treatment effect. Additionally, the Peron method-
ology will relies on the concept of ‘uninformative’ weights, which is more of an artifact of the estimator rather than a
population concept in the context of pairwise comparisons. Besides the univariate setting, this uninformative quantity
is further bothersome when including additional outcomes in the pairwise comparison construction.

In order to avoid these two issues, we suggested to use cornerstone results from extreme value theory that allow to
parametrically model the tails of the survival functions of each treatment group separately, and where the parametric
choice is specifically designed for tail modeling. A crucial aspect of this strategy is that, by modeling tails for each treat-
ment arm, no assumption is made about the joint behavior of the latter. In that sense, our suggestion preserves one of
the strengths of pairwise comparisons methodologies when dealing with censoring. Indeed, the latter are often praised
to be free of assumptions concerning the joint behavior of survival functions, which contrasts particularly with the haz-
ard ratio relying crucially on the PH assumption. Hence, we improve on the pitfalls of the Gehan and Peron estimators,
and most importantly this improvement is the product of a set of assumptions that are arguably the least restrictive one
could reasonably invoke.

As a result, when tail modeling is appropriately performed, the EVT estimator improves over the Peron estimator in
all situations where tail exploration is influential. This was confirmed in our simulation study as well as in the analysis
of the CA184-024 trial. An important highlight of our simulations is the stability of the EVT estimator with respect to
increasing values of the threshold τ when tail modeling is appropriate. As sensitivity analysis of Δτ with respect to τ are
often highlighted as one of the main strengths of the definition of Δτ compared to alternative measures of treatment
effect, this represents a considerable improvement of the EVT estimator over the Peron estimator. In a similar fashion,
in the CA184-024 trial it was also illustrated that interim results obtained during the study may be expected to vary less
over time with the inclusion of supplementary information, provided these interim results do not happen too early on
during the study. As a consequence, one may speculate that the EVT estimator may also help in detecting earlier on
during the study statistically significant long-term treatment effects than the Peron or Gehan estimators. Of course, the

FIGURE 8 OS data for the CA184-024 trial with artificial censoring at 39 months. Left: for both groups, the Kaplan-Meier estimator is

displayed in full line, while tail extrapolation using the tools of the paper is in dotted line. Right: comparison of estimated Δτ for EVT and

Péron based on either the original or the artificial dataset that includes more administrative censoring.
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generalization of these conclusions is conditional to the appropriate use of the tail extrapolation methods employed in
this paper.

A natural extension of the results of this paper is the consideration of multiple prioritized outcomes. In this case,
pairs that are not completely classified on a first outcome that serves as highest priority, are classified on the next priori-
tized outcome with a weight that is given by the (estimated) probability to be neutral on the first outcome. The compar-
ative results between our procedure and the Peron and Gehan estimator will naturally extend to this case: bias issues
will spread throughout the prioritization rule for the latter estimators, while our procedure will be able to avoid such
issues in all settings where survival tail modeling is appropriate.

Nevertheless, as for any procedure, the range of applicability of our methodology is in practice constrained by the
appropriateness of our underlying assumptions. In particular, we suggest here to improve on tail modeling of survival
functions through the use of extreme value theory, as this alleviates the choice of a specific family of distributions for
the tails of survival functions. This however also implies that we consider the latter objective to be realistic with respect
to the censoring mechanism in the data. If, on the contrary, the dataset is contaminated by too much censoring, in par-
ticular in the tail, then the procedure may no longer be appropriate in the sense that one will attempt to employ tools
of extreme value theory based on the complete observations that are, essentially, not extreme observations. A direct
consequence is that one will rely on an asymptotic result for parametric modeling, that is, u!∞ in the Pickands-
Balkema-de Haan theorem, while disposing of too little information in the data to let this threshold be high enough.
Eventually, this may drive the pairwise comparison estimator to be biased, through a mechanism that is very much sim-
ilar to the one occurring when choosing the ‘wrong’ parametric distribution in parametric statistics. In practice thus, a
first basic step before embracing our methodology is the visual inspection of both Kaplan–Meier curves in order to eval-
uate how appropriate a parametric tail modeling would be for the ‘extreme event’ region. Of note, the restriction
induced by too heavy censoring is not unique to our methodology, as it is also applicable to the procedures of Peron
and Gehan. In such situations, one should instead turn to alternative modeling assumptions that are however out of
the scope of this paper.

A related restriction for our methodology concerns the underlying assumption of regularity of the survival func-
tions. By aiming to extrapolate on the tails of the latter, we indeed assume the information in the sample suffices for
the latter task. This essentially amounts to assuming that the survival functions are sufficiently regular in the tails with
respect to the region of their support containing the observations we consider to be extreme. If, on the contrary, the tails
present some unexpected behavior with respect to the available information, which could for instance occur with par-
ticular mixture of distributions, one should not expect to appropriately capture this unforeseen behavior with the
approach described in this paper.

To further extend the underlying assumptions of our context, we point out that, by attempting to complete survival
functions towards 0, we implicitly assume all individuals are essentially subject to the event of interest. In practice, one
should therefore be careful to distinguish situations where observing a Kaplan–Meier estimator that is not dropping
towards 0 is either only an implication of classical censoring, or is instead an indication that not all subjects are in fact
susceptible of experiencing the event of interest (e.g., in cure rate models). The tools suggested in this paper are to be
considered only valid for the former situation, that is, when no cured observations are present at all. Extensions of
pairwise comparisons to the latter situation are under current research but beyond the scope of this paper. Once the
objective of tail modeling seems attainable and justified in practice, two choices remain to be made for employing our
procedure; first, we need to define the thresholds ut and uc above which survival times will be considered extreme, and
second we need to define an estimation procedure for the parameters of the GPD. Extensive simulations seem to illus-
trate the fact that these choices can be quite generic in our setting, as results were stable with respect to different inves-
tigated options. This comes as a consequence of the fact that appropriate tail modeling of survival functions are, in our
context, building blocks in a broader pairwise comparison estimation procedure. Hence, fine-tuning of these choices
may not be as crucial as in other contexts (e.g., for mean residual lifetime estimation). In practice thus, relying on maxi-
mum likelihood estimation for the GPD parameters and defining ut and uc as 80% quantiles of fully observed times is a
simple option to start using our procedure. Of course, potential improvements in the literature on extreme value theory
with censored observations may further spread to our applied context as well.
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