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Abstract

Precise measurements of the Earth’s rotation have led to estimates of energy
dissipation near the core-mantle boundary, revealing a mismatch between the
observed and theoretical values. This discrepancy suggests that studying the
Earth’s rotational motion can offer insights into its internal physical processes.
Turbulence and surface roughness in the boundary layer have been proposed as
potential mechanisms to explain the discrepancy. However, there is still room
for improvement in quantifying these effects due to the lack of appropriate ex-
perimental or numerical results. To address this, we employ a local box model
to numerically investigate the boundary layer. This approach, compared to
a global spherical model, allows for the exploration of more extreme parame-
ter regimes, providing insights into the influence of turbulence. Additionally,
surface roughness is modeled by introducing undulations on the boundary to
assess its impact on viscous dissipation.

In this thesis, I present numerical simulations of oscillatory Ekman layers,
which are used to approximate the boundary layer, in both the laminar and
the turbulent regimes, with Reynolds numbers Re (based on boundary layer
thickness) up to 700. The total viscous dissipation in the boundary layer is
calculated by summing local contributions. The result shows a transition to
turbulence at about Re = 290 and an increase in the dissipation by a factor
of 1.86 at Re = 500. The increase is equivalent to an effective viscosity in-
creased by a factor of 3.46. This effect is too small to explain the dissipation
inferred from the nutation observation, thus suggesting that other dissipation
mechanisms must be at play. In addition, I derived a turbulence model and
then calibrated it using our numerical result. The turbulence model can be
extended to more extreme parameters, such as those corresponding to the lu-
nar core. The result is consistent with the values inferred from the analysis
of lunar laser ranging data. The effect of turbulent torque on the solution of
precession-driven flow is also discussed.

To study the effect of surface roughness, we implement a sinusoidal profile
on the boundary. Given that the boundary oscillates in time in our formulation,
we use a deforming mesh to capture the movement of the surface roughness.
This method allows our numerical model to reproduce the steady streaming
patterns observed in certain oscillatory flows over wavy surfaces. When applied
to the oscillatory Ekman layer, the introduction of roughness generates pressure
drag on the surface, with the drag amplitude increasing as the roughness height
grows.
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′
p) in the precessing frame. . 57
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Chapter 1

Introduction

1.1 Precession and Nutation of the Earth

Earth’s rotation axis is not fixed in space. The Greek astronomer Hipparchus
(c. 190 - c. 120 BC) is credited with discovering the secular variation of the
axis and measuring its rate of change. He observed that the position of certain
fixed stars was not truly fixed but slowly varied over time (Toomer, 1996).
According to a review by Ekman (1993), Hipparchus noted that the zodiacal
longitude of the star Spica was 2◦ ahead of its position compared to observations
made 148 years before. Together with other observations, he accounted the
observational uncertainty and suggested a rate of variation of at least 1◦ per 100
years, implying a period of ≤ 36, 500 years. By the 17th century, astronomical
observations had determined the precession rate to be 50 arcseconds per year,
corresponding to a period of 25, 920 years. This value, documented in Isaac
Newton’s Principia (first published in 1687), is remarkably close to the modern
estimation of 25, 770 years.

In 1747, James Bradley reported a “new Phenomenon, viz. an annual
change of declination in some of the fixed Stars” (Bradley, 1747). He discovered
that for some stars nearly opposite in right ascension, their declination changed
by nearly the same amount but in opposite directions, a phenomenon that could
not be explained by precession alone. This observation led to the discovery of
the Earth’s rotation axis moving around its mean position, a motion now known
as the principal nutation or Bradley nutation, with a period of about 18.6 years.

Figure 1.1 illustrates the variations in Earth’s rotation axis. The circular
cone with an angle of 23.5◦ represents the precessional path, while the small
oscillation superimposed on it represents the principal nutation. The number of
cycles of the oscillation is not to scale relative to the precession cycle. In reality,
for one cycle of precession, there are about 103 cycles of nutation, equating to
approximately three oscillations within one degree of arc on the precessional
path.

The physical origin of the precession and the nutation is mainly related to
the gravitational interaction between the Earth and the two celestial objects:
the Sun and the Moon. Given that the Earth can be approximated as a spheroid

1



2 Chapter 1 Introduction

Figure 1.1: Precession and nutation of the Earth. The circular cone with
an angle of 23.5◦ represents the precessional path, while the small oscillation
superimposed on it represents the principal nutation. Figure adapted from
Dehant and Mathews (2015).

bulging at the equator (oblate), this bulge acts like a handle that the Sun and
Moon use to exert torques on the Earth. The torques behave as if attempting to
align the equatorial bulge with the ecliptic plane. Note that although the orbital
plane of the Moon is not aligned with the ecliptic plane, the small inclination
angle, of about five degrees, does not affect the aforementioned description.
These torques change over time, depending on the positions of the Sun and the
Moon. For example, the torque exerted by the Sun reaches a maximum at the
solstices and becomes zero at the equinoxes. Despite the time variability, the
cumulative effect results in a net torque that causes the Earth’s rotation axis to
precess in the retrograde direction (i.e. the direction opposite to the primary
rotation; see Figure 1.2). On the other hand, the time-dependent components
of the torques are responsible for the periodic motions of the axis, known as
the nutations. The principal nutation is related to the precession of the pole of
the lunar orbit, which has a period of 18.6 years. Other nutations have periods
of approximately one-year, half-year, half-month, etc.

The torque-induced precession can be illustrated with a spinning top, which
exhibits similarities to the Earth’s precession. Consider an axially symmetric
spinning top placed on the Earth’s surface, with gravity acting downward. If
the rotation axis of the top is not parallel to the gravity, a torque will be
exerted on it. This torque behaves as if it is attempting to drag the top toward
the surface. Due to the top’s spinning motion, the axis ultimately precesses
in the prograde direction (i.e. in the same direction as the primary rotation).
In Figure 1.2, the spinning top can be represented by the rotating spheroid,
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Figure 1.2: Torque causing the Earth’s precession. The gravitational attrac-
tion from the Sun (or the Moon) on the equatorial bulge results in a torque
which behaves as if attempting to align the equatorial bulge with the ecliptic
plane. Although the orbital plane of the Moon is not aligned with the ecliptic
plane, the small inclination angle, of about five degrees, does not affect the
aforementioned description. Figure adapted from Stacey and Davis (2008).

with the distinction that the net torque exerted on the top is in the opposite
direction, causing the precession to be in the opposite direction as well. This
example demonstrates that the direction of precession depends on the direction
of the exerted torque.

Let’s consider a hypothetical scenario where the Earth bulges at the poles
and the rotation axis aligns with this elongated axis. In this case, the cumula-
tive effect of the torques from the Sun (or the Moon) would act as if attempting
to pull the axis toward the pole of the ecliptic. Consequently, the precession
would occur in the prograde direction, opposite to the direction when the Earth
has an equatorial bulge. That means, by observing the direction of precession,
we can infer the location of the bulges. A similar argument is found in Newton’s
Principia: “if ... the motion (of the nodes) be in antecedentia, there is a re-
dundance of the matter near the equator; but if in consequentia, a deficiency”
(Newton & Chittenden, 1850)1. Since the Earth’s rotation axis precesses in
the retrograde direction, that is the equinoxes (the nodes) go backwards (in
antecedentia)2, therefore the Earth bulges at the equator. This demonstrates
how we can learn about Earth’s interior structure by measuring variations in
the rotation axis.

Very long baseline interferometry (VLBI) is a technique that has been used
for more than 40 years to determine the Earth’s orientation, including the
rotation axis. The principle is to measure the differences in arrival time at
various Earth-based antennas of signals from radio sources. The measurement
allows the determination of the positions of both the radio sources and the

1This is the English edition translated by Andrew Motte, with a life of the author by N.
W. Chittenden.

2antĕcēdo means to proceed or to go before in Latin.
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antennas. The chosen radio sources are so distant that their positions can be
considered fixed in space, providing a stable reference for defining an inertial
frame. By defining an inertial frame based on the positions of the radio sources,
the relative positions of the antennas, which are located on Earth, then infer
the orientation of the Earth in the inertial frame.

As an example, Herring et al. (1986) analyzed data from the VLBI observing
sessions carried out between 1980 and 1984 to determine the Earth’s nutations.
By comparing their result to the prevailing theoretical model for nutations, they
estimated corrections to several nutations with periods ≤ 1 year. The largest
correction is related to the retrograde annual nutation, which is one of the many
tidal forcing components, and the correction was interpreted as a deficiency in
the core-mantle coupling mechanism as included in the model (see below).

1.2 Core-mantle coupling

Nutation observation, specifically the retrograde annual nutation, provides a
way to estimate the core-mantle coupling. The reason that the retrograde an-
nual nutation is sensitive to the core-mantle coupling is related to the existence
of a resonance at the free core nutation (FCN) of the Earth and the proxim-
ity of the retrograde annual frequency to the FCN frequency. In theory, FCN
is a rotational normal mode that already appears in a simplified two-layered
planet, where the inner layer consisting of inviscid fluid (core) is covered by a
rigid ellipsoidal mantle (Sasao et al., 1980; Dehant & Mathews, 2015; Rekier
et al., 2020). The pressure coupling due to pressure acting on the ellipsoidal
core-mantle boundary (CMB) couples the rotations of the mantle and the core,
thus giving rise to FCN when one excites an angle between the rotation axis of
the core and that of the mantle. The two-layered planet should be understood
as a minimal model that includes the necessary ingredients for FCN to exist
and as a demonstration of the importance of the core-mantle coupling. Pres-
sure coupling mainly controls the period of FCN, while dissipative mechanisms
control the damping.

Based on the prevailing theory in 1980’s by Wahr (1981), which was adopted
by the International Astronomical Union, the period of the Earth’s FCN is
about 460 days in the retrograde direction. The period is close to that of the
retrograde annual nutation (365.3 days) so the forced nutation is amplified
due to a resonance effect. The amplification depends on how close the forced
nutation period is to the period of the FCN thus on the coupling at the CMB.
According to Herring et al. (1986), the study based on the nutation observation
suggested a period of about 430 days for the Earth’s FCN. The discrepancy
was then interpreted as a deviation from the hydrostatic equilibrium figure,
with the peak-to-peak deviation of about 490m (Gwinn et al., 1986).

Gwinn et al. (1986) also estimated an upper bound for the fluid core viscos-
ity, based on the observation of the out-of-phase part of the retrograde annual
mutation. The observation was interpreted as an indication of a highly conduc-
tive lowermost mantle and a strong magnetic field in the core (Buffett, 1992;
Buffett et al., 2002). This interpretation was motivated by experiments on
mineral physics which implied the possibility of material with high conduc-
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tivity at CMB conditions (e.g. Knittle & Jeanloz, 1989). Later, attempts to
combine viscous and electromagnetic effects were carried out by Mathews and
Guo (2005) and Deleplace and Cardin (2006) with the goal of estimating the
viscosity and the magnetic field strength. Issues related to the magnetic field,
such as the contribution from the short wavelength components were stud-
ied by Buffett and Christensen (2007) and the field morphology by Koot and
Dumberry (2013).

Nevertheless, according to the analysis by Koot et al. (2010), the upper
bound for the kinematic viscosity ν of the fluid is at the order of 10−2 m2 s−1.
In comparison, theoretical calculations suggest a much lower value for the liq-
uid iron at the core condition: ν = 10−6 m2 s−1, based on the density func-
tional theory (Pozzo et al., 2013) or an ab initio molecular dynamics simula-
tion (Ichikawa & Tsuchiya, 2015). The discrepancy has long been attributed
to turbulence effects, but a quantitative study is missing. Therefore, one of the
purposes of this thesis is to quantify the effect of turbulence and check if it can
explain the discrepancy.

1.3 Boundary layer turbulence

Based on nutation observations, Gwinn et al. (1986) showed that the estimated
upper bound of the viscosity is a few orders larger than the theoretical value.
Similar results were obtained in the following studies, where the excess of vis-
cosity was argued as the evidence for turbulence in the boundary layer (Dele-
place & Cardin, 2006). However, the dimensional analysis made by Buffett and
Christensen (2007) and Koot et al. (2010) does not support this argument: the
corresponding eddy size is much larger than the boundary layer thickness. It
was proposed by Triana et al. (2021) that the boundary layer generated by pre-
cession might be turbulent and that could explain (part of) the eddy viscosity.
Buffett (2021) used a local Cartesian model to study the turbulence condition
for the boundary layer at CMB and found a hint of turbulence. This motivates
our exploration of the boundary layer of precession-driven flow in the turbulent
regime, hoping to gain some insight into the core-mantle coupling mechanisms.

1.4 Roughness on core-mantle boundary

The Earth’s CMB might have rich topography on various length scales. At
the largest length scale, the CMB is oblate along the rotation axis, as the
centrifugal force pulls materials toward the equator. The dynamic ellipticity of
the Earth’s core ef = (I3,f − I1,f )/I1,f , where I1,f is the equatorial moment of
inertia of the core and I3,f is its polar moment of inertia, has been determined
from nutation observations (e.g. Gwinn et al., 1986; Mathews et al., 2002; Koot
et al., 2010). Although there is variation in the estimated dynamic ellipticity
depending on the model, they all show a deviation from the hydrostatic value by
about 6% or less. Throughout this thesis, we adopt the value ef = 2.6× 10−3.
From a seismological viewpoint, there are studies suggesting undulations with
horizontal scales from tens to hundreds of kilometers or even more (see the
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Figure 1.3: Sketch for the precession-driven flow observed in the experiment
simulating the flow in the Earth’s core due to precession. Figure adapted from
Vanyo et al. (1995).

review of Koelemeijer, 2021). In terms of geodynamics, there are numerical
simulations showing that mantle convection could result in CMB topography
(e.g. Forte & Peltier, 1989, 1991; Soldati et al., 2012; Deschamps et al., 2018).

To study the small-scale roughness, Narteau et al. (2001) used a simple
model to simulate the physical-chemical interaction on CMB and their model
shows roughness developed during the simulation. The effect of roughness
on the dissipation related to nutation-driven flow has been discussed by Le
Mouël et al. (2006) and Buffett and Christensen (2007). The relation to gravity
and magnetic field was discussed by Mandea et al. (2015) and Dumberry and
Mandea (2022).

1.5 Precession-driven flow

Precession drives fluid motion within the Earth’s core. Experiments by Vanyo
et al. (1995) showed that, to a leading-order approximation, the core behaves
like a rigid body rotation, with its rotation axis lagging behind that of the
mantle in precession. In addition to this primary rotation, secondary flows
arise, such as cylindrical structures coaxial with the fluid rotation vector and
columnar wave patterns forming between the cylinders (see Figure 1.3). An
analytical solution for fluid rotation with a spheroidal CMB was first provided
by Busse (1968). The solution that Busses found is stationary in the precessing
frame. However, numerical simulations by Noir and Cébron (2013) showed that
for a non-axisymmetric ellipsoid, the resulting flow is unsteady and periodic.

The theory of precession forms the foundation for the subsequent discus-
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sion on turbulence and surface roughness effects. It describes how the liquid
core behaves when the mantle undergoes precession, influenced by the cou-
pling mechanisms at the CMB. The motion of the liquid core is referred to as
precession-driven flow. In this thesis, we focus on the leading-order approxi-
mation, where the core exhibits solid body rotation. A clear understanding of
these overall flow dynamics is essential for investigating the two key effects of
turbulence and roughness explored here.

To begin with, let’s consider a simplified two-layered planet with an incom-
pressible and viscous fluid core and a mantle rotating with angular velocity
Ωm and precessing with angular velocity Ωp. The CMB is assumed to be
spheroidal. The angle between Ωm and Ωp is denoted as α, the precession
angle. In the case of weak precession (Ωp ≪ Ωm), the leading order solution
for the flow may be expressed as a solid body rotation Ωf , which represents
the mean rotation vector of the fluid. Since the dominant forcing in the system
is solely related to precession and the fluid viscosity ν, the orientation of Ωf

depends on their relative amplitudes. If the viscosity is large enough, then Ωf

will tend to be aligned with Ωm; otherwise, it will be aligned with Ωp.
To better comprehend the physics behind the flow, we choose to sit in the

precessing frame. The advantage is two-fold: (1) the Poincaré term is absent
given constant Ωp and (2) a stationary solution can be found in this frame (e.g.
Busse, 1968). By considering the flow stationary, the Navier-Stokes equation
becomes

2Ωp × u+ u · ∇u = −1

ρ
∇P + ν∇2u (1.1)

Notice that precession comes into play through the Coriolis term. After ap-
plying r× to the equation and integrating over the volume V , we arrive at the
torque balance equation3. Except for the Coriolis term, other terms can be
converted into surface integral form. We arrive∫

V

r × (2Ωp × u) dV +

∮
∂V

(r × u)(u · n̂)dS =

−1

ρ

∮
∂V

(r × n̂)PdS + ν

∮
∂V

[r × (n̂ · ∇)u− u× n̂] dS

(1.2)

With the no-penetration condition, the second term on the left-hand side be-
comes zero. With a spherical boundary, the pressure term becomes zero. In
the end, the torque related to precession is balanced by the viscous torque.
These are the two competing mechanisms, pressure and viscous coupling, that
determine the flow field u. Noir et al. (2003) showed that the torque balance
equation can be used to solve for the fluid rotation Ωf , which is given in the

precessing frame where a Cartesian coordinate system (X̂
′
p, Ŷ

′
p, Ẑ

′
p) is defined

such that the Ẑ
′
p-axis and Ωm are aligned and Ωp is tilted toward the X̂

′
p-axis.

For demonstration purposes, let’s consider a case with spherical CMB. The
precession angle is α = 30◦ and the Poincaré number Po = Ωp/Ωm = 10−3.
Figure 1.4 is a polar plot showing the angular coordinates ofΩf . The concentric

3Specifically, it is unit density torque balance equation. The dimension is torque per
density.
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Figure 1.4: Polar plot showing the angular coordinates θf and ϕf of Ωf . The
pole aligns with Ωm while Ωp is at θ = 30◦. The curve shows the path of Ωf

when E is decreasing from 10−1 to 10−12, with the direction from Ωm toward
Ωp.

line indicates the co-latitude θ measured from Ẑ
′
p. There are two facts regarding

the solution: First, the fluid rotation vector is closer to Ωm when viscosity is
larger (i.e. E large), while closer to Ωp when viscosity is small. Second, the
path of Ωf between the two end members is not a straight line, but a curve.

Relevant parameters for the Earth’s and the Moon’s core precession are
summarized in Table 1.1. First of all, it is necessary to address the fluid
viscosity ν of liquid iron, the major composition in the cores of the Earth
and the Moon. In the following, the value ν = 10−6 m2 s−1 is adopted if not
mentioned otherwise. The parameters (mostly for Earth), if not specified, are
referred to in the textbook by Stacey and Davis (2008). For example, one
sidereal day has 86164 seconds, corresponding to Ωm = 7.292 × 10−5 rad s−1

and the precession period is 25770 years. Thus, the Poincaré number for Earth
is Po = 10−6. The precession angle is α = 23.45◦. The CMB radius is 3480 km,
leading to E = 10−15. The flattening of CMB derived from the nutation theory
is ϵf = 2.6 × 10−3, about 4% larger than the hydrostatic equilibrium value
(Mathews et al., 2002). For the Moon, the rotation rate is 2.662×10−6 rad s−1

and the precession period is 18.6 years. The Poincaré number for the Moon is
Po = 4 × 10−3. The precession angle is α = 1.54◦. According to the review
by Breuer et al. (2022), the estimate for the Moon’s core radius ranges from
200 to 380 km, which means E ≤ 3 × 10−12. This extreme value is taken
in the following discussion. For the flattening of the lunar core, I take the
core oblateness (2.2 ± 0.6) × 10−4 estimated from lunar laser ranging data by
Viswanathan et al. (2019).

Let’s begin with the Moon. By considering only the viscous torque, Gol-
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Table 1.1: Parameters of the Earth and the Moon relevant for core precession.

Earth Moon

Rate of rotation Ωm (rad s−1) 7.292× 10−5 2.662× 10−6

Rate of precession Ωp (rad s−1) 7.726× 10−12 1.070× 10−8

Obliquity α (deg) 23.45 1.54

Viscosity ν (m2 s−1) 10−6 10−6

Radius R (km) 3480 200 - 380

Thickness Lν (m) 0.1 0.6

Velocity U (m s−1) 4.1× 10−3 2.6× 10−2

Poincaré number Po 1× 10−7 4× 10−3

Ekman number E 1× 10−15 2.6× 10−12

Reynolds number Re 481 1.58× 104

dreich (1967) showed that the minimum viscosity to precess the lunar core at
18.6 years is given ν = 20r2 m2 s−1, where r is the core radius in the units of
lunar surface radius. Given the lunar surface radius 1738 km, the minimum
viscosity is around 0.3 to 1.0m2 s−1, at least five orders larger than the conven-
tional value. It suggests that the core is barely participating in the precession.
Figure 1.5 shows the angle between Ωf and Ωm, denoted as θf . Two cases
are presented: spherical and spheroidal boundaries. For the Moon, we found
θf = 1.47◦ and ϕf = 5.72 × 10−2 (deg). At low E, we see that the effect of
flattening is to bring Ωf closer to Ωm. We could imagine it in a physical way.
The flattening of the boundary acts like a handle. The torque exerted on it
will tend to align Ωf and the symmetry axis of the mantle, which is close to
Ωm. This tenancy is similar to the one affected by viscosity as the friction
tends to reduce the differential motion across the boundary. That is to say,
we may treat both flattening and viscosity as competing mechanisms and see
which one is dominant at a given viscosity (i.e. E for other parameters remains
unchanged). At high E, the two solutions are almost identical, implying that
the flattening effect is negligible, while at low E the solutions begin to deviate,
suggesting the other way around. For the Moon, the expected Ekman number
is in the order of 10−12. The difference between the two solutions is 0.07◦,
about 5%. In conclusion, the picture of a barely precessing lunar core remains
as the boundary flattening is too small to alter the result.

For Earth, the effect of flattening is much larger. Figure 1.6 shows the angle
θf as a function of E. At E = 10−15, we have θf = 9.29 × 10−4 (deg) and
ϕf = 1.93 × 10−3 (deg). The angle θf is smaller than 10−3 degrees, meaning
the Earth’s core is almost aligned with Ωm. Besides, we also see the two
features regarding the flattening, compared to the case of the Moon. First, the
flattening is large enough so that the angle θf is significantly reduced. Second,
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Figure 1.5: The solution of θf as a function of E for the Moon. The solution
is obtained from the implicit equation of Busse (1968), with the flattening
ϵf = 2.2 × 10−4 (orange curve). The case with spherical boundary (i.e. ϵf =
0) is presented for comparison (blue curve). The horizontal dash line is the
obliquity α = 1.54◦. The vertical dash-dot line is the Ekman number of the
Moon E = 2.6 × 10−12. For the Moon, the solution gives θf = 1.47◦ and
ϕf = 5.72× 10−2 (deg).

Figure 1.6: The solution of θf as a function of E for the Earth. The solution
is obtained from the implicit equation of Busse (1968), with the flattening
ϵf = 2.6 × 10−3 (orange curve). The case with spherical boundary (i.e. ϵf =
0) is presented for comparison (blue curve). The horizontal dash line is the
obliquity α = 23.45◦. The vertical dash-dot line is the Ekman number of the
Earth E = 10−15. For the Earth, the solution gives θf = 9.29×10−4 (deg) and
ϕf = 1.93×10−3 (deg). The lower panel is presented to specifically demonstrate
the variation of the orange curve.



1.6. Scope of the present study 11

Figure 1.7: The inflection point E as a function of flattening ϵf with various
Poincaré number Po. The inflection point E is obtained by taking the second
derivative of θf with respect to E for each given pair of ϵf and Po. The black
curve with Po = 10−7 can be related to the result for the Earth presented in
Figure 1.6. For example, the inflection point E is about 10−15 when ϵf = 0
(blue cure), while 10−6 when ϵf = 2.6×10−3 (orange curve). The figure on the
right hand side is a schematic diagram, showing the two domains separated by
the curve and the four quadrants originated at the turning point (see the text
for the discussion).

the transition of θf depends on ϵf . From the lower panel of Figure 1.6 we
see that the transition occurs at E ≈ 10−5, rather than the spherical case
at E ≈ 10−14. It becomes clear if we slowly vary ϵf and use the inflection
point (where the second derivative equals zero) to represent the transition (see
Figure 1.7). The black curve has Po = 10−7, representing the Earth with
varying ϵf , while the gray curves have larger Po, values indicated in the figure.
For all cases, the E’s of the inflection points become insensitive to ϵf when ϵf is
smaller than some critical value. These critical values are equal qualitatively to
their corresponding Poincaré numbers. If we can divide the whole area in the
RHS part of Figure 1.7 into four quadrants with the critical point as the origin,
then the solution of Ωf in the top-right quadrant will be closer to Ωm as the
viscosity and the flattening are large. On the other hand, in the bottom-left
quadrant, the solution of Ωf will be closer to Ωp. The curve itself distinguishes
two regions: the upper region is dominated by viscosity while the lower one is
by flattening. For example, in the upper region, for a given E, the variation in
ϵf will not significantly alter the solution, and vice versa.

1.6 Scope of the present study

The major focus of this thesis is on the boundary layer generated by precession-
driven flow. The boundary layer is simulated numerically using a local box
model, which is capable of exploring the turbulent regime and the effect of sur-
face roughness. The effect of turbulence is examined in the context of planetary
applications for the Earth and the Moon, as well as in laboratory experiments.
The roughness effect is studied by imposing a surface profile on the boundary.
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The work will be mainly concentrated on the numerical implementation and
the perspective

The effect of turbulence on the boundary layer dissipation is discussed in
Chapter 2, where the central scientific question is: what is the upper bound for
turbulent dissipation in the boundary layer? While this upper bound has been
inferred from Earth’s rotation observations, it has not yet been established
through numerical simulations. I will first present the theory for precession,
discuss the nature of the precession-driven flow, and then derive the governing
equation for the boundary layer flow, together with the corresponding analyt-
ical solutions for the flow and the shear stress. The relation to the solution
of precession-driven flow is further discussed by considering the viscous torque
and the dissipation. I address the numerical implementation of the box model
which is used to study the boundary layer flow. Friction velocity and kinetic
energy serve as the proxies for individual simulation. Mean velocity profiles are
presented to check if the boundary layer becomes turbulent and the result is
suitable for the similarity theory, which is used for extrapolation for the more
extreme parameter regime. Viscous dissipation is computed for their direct
implications for the Earth and the Moon.

Since the solution for precession-driven flow obtained in literature is gen-
erally based on laminar viscous torque, it is important to understand how the
solution changes when turbulent torque is considered. In Chapter 3, I demon-
strate the derivation for the torques to be expressed in terms of surface integral.
Then I focus on the viscous torque and estimate the torque when the boundary
layer becomes turbulent. Finally, I use the turbulent torque to recalculate the
solution for Ωf and discuss the implications for the Earth and the Moon as
well as for laboratory experiment setup.

Chapter 4 addresses the effect of surface roughness, which has been proposed
to enhance dissipation in the boundary layer. The aim is to determine how
introducing surface roughness impacts our findings on turbulent dissipation.
After reviewing the problem formulation for the boundary layer in precession-
driven flow, the chapter moves to the numerical implementation with a focus
on the surface roughness. A simple laminar case is presented to demonstrate
the validity of the method, followed by results in the turbulent regime.



Chapter 2

Turbulent dissipation in the
boundary layer of
precession-driven flow in a
sphere

This chapter is reproduced and modified from the following publication: Sheng-
An Shih, Santiago Andrés Triana, Jérémy Rekier, Véronique Dehant; Turbu-
lent dissipation in the boundary layer of precession-driven flow in a sphere. AIP
Advances 1 July 2023; 13 (7): 075025. https:// doi.org/ 10.1063/ 5.0146932 ,
with the permission of AIP Publishing. Minor modifications, including rear-
rangements and revisions, have been made to enhance the clarity and readability
of the text.

2.1 Introduction

The free core nutation (FCN) is a rotational normal mode of the Earth. Since
its frequency is close to a forced nutation, the retrograde annual nutation,
some properties of the FCN can be determined by measuring the resonant
amplitude and the phase lag of the forced nutation (e.g., Herring et al., 1986).
Inversions based on the observed phase lag placed an upper bound for the fluid
core kinematic viscosity of 0.54m2 s−1 (Gwinn et al., 1986), about six orders
larger than the value inferred from studies of liquid metal (see the review
of Lums & Aldridge, 1991); a low viscosity around ν = 10−6 m2 s−1 is still
favoured by recent studies based on ab inito calculations (e.g., Pozzo et al.,
2013; Ichikawa & Tsuchiya, 2015). Turbulence in the core’s boundary layers
can lead in principle to an enhanced eddy viscosity. Ohmic dissipation in
the core and mantle can also explain the discrepancy in viscosity (e.g., Buffett,
1992; Mathews & Guo, 2005; Deleplace & Cardin, 2006; Buffett & Christensen,
2007). However, accounting for the observed phase lag requires either a strong
magnetic field at the core-mantle boundary (CMB) or a highly conductive layer
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at the base of the mantle (Buffett et al., 2002; Mathews et al., 2002). Although
the flow near the CMB associated with the FCN motion is too weak to be
turbulent, the flow associated with precession might be strong enough to be
turbulent (Buffett, 2021; Triana et al., 2021). Thus it is important to properly
quantify the turbulent contribution to the energy dissipation from precessional
motion to obtain tighter bounds on the Ohmic dissipation.

Instabilities in the boundary layer of a precession-driven flow have been
previously identified in numerical simulations (Lorenzani & Tilgner, 2001);
however the thinness of the boundary layer makes it difficult to study experi-
mentally (see the review by Tilgner, 2015). That same reason, combined with
current computational constraints, preclude numerical studies from reaching
parameter regimes appropriate for planetary interiors where the Coriolis force
plays a central role. This limitation is reflected in the smallness of the Ekman
number E, representing the ratio of viscous to Coriolis forces and controlling
the thickness of the boundary layer (also known as the Ekman layer). It is
well-known that the thickness Lν of the Ekman layer scales as E1/2 (e.g. see P.
188 in Tilgner, 2015). We can define a local Reynolds number Re to quantify
the condition for turbulence in the boundary layer as Re = ULν/ν where ν
is the viscosity and U is the velocity. For the nominal value of the Earth’s
precession-driven flow, the Reynolds number is about Re = 500, higher than
the critical value of Re ∼ 150 for the onset of turbulence proposed by Sous et
al. (2013). With a global spherical model, Cébron et al. (2019) show that the
total viscous dissipation increases by a factor of 1.17 compared to the laminar
solution when Re is around 230. Buffett (2021) restricts the modeling domain
to the boundary layer and breaks it into pieces according to the co-latitude θ.
Using a local Cartesian model, similar to ours, he studies two representative
cases at θ = 0 and 60◦ and shows that the friction velocity u∗, a quantity
proportional to the square root of the surface shear stress (see the definition
below), increases by a factor of 1.2 at Re = 500 compared to the laminar
value. Buffett (2021) demonstrates a promising way to study turbulent effects
in the boundary layer from a local point of view. However, the connection to
the global picture is still missing. Dissipation depends not only on the surface
shear stress but also on veering angle β, the angle between the stress and the
fluid velocity on the boundary. In the present work, we investigate numerically
the local flow at different co-latitudes, integrating the results to obtain global
estimates of the possibly turbulent energy dissipation.

Energy dissipation in the lunar core due to precession is a key parameter to
understand the possible dynamo action in the past (Stys & Dumberry, 2020;
Zhang & Dumberry, 2021). The Re for the boundary layer flow is about 104,
much larger than Earth’s. Therefore, it has been believed that the boundary
layer is turbulent (e.g., Yoder, 1981). The model by Buffett (2021) is in princi-
ple not applicable to the moon not only because of the much higher Reynolds
number, but also because the flattening in their model must be much larger
than the ratio of precession to rotation (i.e. the Poincaré number Po). However,
in the lunar case, the latter condition is not met as the CMB flattening of 10−4

(Viswanathan et al., 2019) is smaller than the Poincaré number, Po = 4×10−3.
In order to extend the result of Buffett (2021), we investigate the problem by
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considering the case where the flattening is zero, i.e., a precessing fluid in a
spherical cavity.

The scaling of quantities in the boundary layer can be used to estimate
the dissipation at large Re. The theory for the scaling of u∗ and β in the Ek-
man layer was proposed by Csanady (1967). It was later improved by Spalart
(1989) to include higher order terms. The scaling has been studied via lab-
oratory experiments (Caldwell et al., 1972; Sous et al., 2013) and numerical
simulations (Coleman et al., 1990; Coleman, 1999; Shingai & Kawamura, 2004;
Deusebio et al., 2014; Braun et al., 2020). However, the Ekman layer in those
studies is steady, i.e., it remains constant in time, contrary to the one from
precession-driven flow which oscillates with diurnal frequency. The study of a
Stokes boundary layer, i.e. an oscillating boundary layer but without Coriolis
force, reveals complex behavior during the transition to turbulence: an insta-
bility growing in one oscillation cycle may eventually decay at intermediate Re
(Ozdemir et al., 2014). Besides, analytical solutions show that the u∗ associ-
ated with an oscillatory Ekman layer is smaller than that of a steady Ekman
layer by a factor of 21/4 (Buffett, 2021). Therefore, we want to know if the
scaling is applicable to the oscillatory Ekman layer typical in precession-driven
flow and establish the difference with those previous studies.

To investigate the turbulent dissipation in the boundary layer of precession-
driven flow, we conducted numerical simulations of an oscillatory flow under
rotation, also known as the oscillatory Ekman layer, within a local Cartesian
domain. Viscous dissipation was estimated for each simulation. Assuming that
these simulations approximate the local boundary layer of precession-driven
flow, we derived the total viscous dissipation across the entire boundary layer.
The results are compared with existing literature in the laminar regime, and we
discuss their implications for the Earth and the Moon in the turbulent regime.

2.2 Problem formulation

2.2.1 Precession-driven flow

We consider a spherical cavity with radius R filled with an incompressible and
viscous fluid, rotating with angular velocity Ωm, and precessing with angular
velocity Ωp. The angle between Ωm and Ωp is denoted as α, the precession
angle. In the case of weak precession (Ωp ≪ Ωm), the leading order solution
for the flow in the cavity may be expressed as a solid body rotation Ωf , which
represents the mean rotation vector of the fluid. According to Busse’s theory
(Busse, 1968), Ωf can be determined given the Poincaré number Po = Ωp/Ωm,
the Ekman number E = ν/(ΩmR

2), and the precession angle α. We choose our
reference frame as the one rotating with the fluid’s mean angular velocity, and
we refer to it as the fluid frame. In such frame the bulk of the fluid remains
at rest, and the cavity rotates with an angular velocity ∆Ω = (Ωm −Ωf ). A
boundary layer exists, the main focus of our study, with a nominal thickness
Lν =

√
ν/Ωf .

To determine Ωf we use the reduced model of Cébron et al. (2019) (i.e.,
their Eqs. 5-7), which yields results consistent with the steady-state solu-
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tion derived by Busse (1968) for the cases considered in this study. Their
solutions are obtained in the precessing frame where a Cartesian coordinate

system(X̂
′
p, Ŷ

′
p, Ẑ

′
p) is defined such that Ẑ

′
p-axis and Ωm are aligned. The

spherical coordinates of Ωf are denoted as the co-latitude θf and the longitude
ϕf . The coordinates are transformed to the local system by three steps: (1)

rotation of the coordinate system to align the Ẑ
′
p-axis with Ωf , (2) transfor-

mation from the precessing frame to the fluid frame, and (3) transformation
from the global system to the local system. Details about the transformation
are given in Appendix 2.A.

2.2.2 Governing equations

In the fluid frame, we define two Cartesian coordinate systems: one global
(X̂, Ŷ , Ẑ) and one local (x̂, ŷ, ẑ) (Figure 2.1). For the global coordinate sys-

tem, Ẑ is aligned with Ωf and the coordinate system co-rotates with the fluid.
For the local coordinate system, the x-axis is eastward, the y-axis is northward,
and the z-axis is in radial outward direction. The fluid domain extends from
z = 0 toward the negative z-axis. In the fluid frame, the flow velocity u satisfies
the Navier-Stokes equation:

∂u

∂t
+ u · ∇u+ 2 (Ωf +Ωp)× u = −∇P

ρ
+ ν∇2u+ r′ × (Ωp ×Ωf ) (2.1)

where P is the reduced pressure including the centrifugal force and r′ is the
position vector referring to any point inside the cavity. The last term, r′ ×
(Ωp ×Ωf ), is known as the Poincaré term (coined by Malkus, 1968) or the
Euler term, which is associated with the fictitious force appearing in such a
non-uniformly rotating reference frame. Since the flow is mainly confined to the
viscous boundary layer, we take Lν as the length scale to analyze Equation 2.1.
We further assume Lν is much smaller than the cavity radius R, so the cavity
curvature is neglected in the local model. Together with the differential velocity
U = R|∆Ω| as the velocity scale, Equation 2.1 can be written in dimensionless
form:

∂u∗

∂t∗
+ u∗ · ∇∗u∗ +

2

Re

[
k̂f + Po

(
Ωm

Ωf

)
k̂p

]
× u∗ = −∇∗P ∗ +

1

Re
∇∗2u∗

+

(
Lν

R

)(
Ωm

∆Ω

)2

Po

(
Ωf

Ωm

)[(
Lν

R

)
r∗ + R̂

]
×

(
k̂p × k̂f

)
(2.2)

where Re = ULν/ν is the Reynolds number and R̂ = R/R is a unit vector.
A superscript (∗) denotes dimensionless variables (the variable u∗ is not to
be confused with the friction velocity u∗ introduced later below). In the local
coordinate system, the vector k̂f is given by cos θ ẑ + sin θ ŷ, where θ is the
co-latitude.

Before moving on to the boundary conditions, it is necessary to specify
the orientations of Ωm and Ωf in a coordinate system defined in the pre-
cessing frame, which is rotating with Ωp. The coordinate system, denoted

as (X̂p, Ŷ p, Ẑp), is defined such that it coincides with (X̂, Ŷ , Ẑ) at t = 0.
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Figure 2.1: The sketch of a spherical cavity with a local box. Two coordinate
systems are shown: global (X̂, Ŷ , Ẑ) and local (x̂, ŷ, ẑ). The two vectors x̂
and ŷ denote the unit vectors along the directions of longitude ϕ and (negative)
co-latitude θ, while ẑ is along the radially outward direction.

Moreover, Ωm is tilted toward negative X̂p, forming an angle θf relative to
Ωf (see below for the definition of θf ). Under the no spin-up condition (i.e.,
Ωf = Ωm sin θf ), the differential rotation vector will be lying on the equatorial

plane: ∆Ω = −∆ΩX̂p. The coordinate is then transformed to (X̂, Ŷ , Ẑ) in
the fluid frame and further to (x̂, ŷ, ẑ) for the computation of boundary veloc-
ity, which is ∆Ω×R. In the local coordinate system, the boundary condition
at the lower end (z∗ → −∞) is u∗ = 0 (i.e., the bulk of the fluid sufficiently
away from the boundary is at rest). Note that, in the numerical implementa-
tion discussed below, the lower end is set at z∗ = −30. On the fluid surface
(z∗ = 0, corresponding to the CMB), the components of the velocity are given
by

u∗x = cos θ cos(Ωf t+ ϕ) (2.3a)

u∗y = − sin(Ωf t+ ϕ) (2.3b)

u∗z = 0 (2.3c)

where ϕ is the longitude. Thanks to the azimuthal m = 1 symmetry of the
flow, it is anticipated that the local flow field at a given ϕ0 is equivalent to the
flow at the prime meridian (ϕ = 0) with a lag time ϕ0/Ωf . For the numerical
implementation, we set ϕ = 0 and then the azimuthal dependence is retrieved
directly from Ωf t for post-processing analysis. That is, a time-average can be
treated as an azimuthal average.

We use the lunar parameters listed in Table 2.1 as an end-member case to
estimate the amplitude of the Poincaré term, where |k̂p × k̂f | = sin γ. The
ratio of the amplitudes of the Poincaré term to the viscous term is 4 × 10−6,
the value obtained in the turbulent regime where Re = 1.67 × 104. In the
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Table 2.1: Lunar parameters used in this study. R is the radius of lunar
core-mantle boundary (Viswanathan et al., 2019). α is the angle between the
symmetry axis and the ecliptic normal. We use Eqs. (5-7) of Cébron et al.
(2019) to compute Ωf ; the orientation (θf , ϕf ) is given the coordinate system

(X̂
′
p, Ŷ

′
p, Ẑ

′
p) whose Ẑ

′
p is aligned with Ωm. The angle between Ωf and Ωp is

denoted by γ.

Parameter Definition Units Value
ν m2 s−1 10−6

Ωm rad s−1 2.66× 10−6

Ωf Ωm cos θf rad s−1 2.659× 10−6

Ωp rad s−1 1.07× 10−8

R km 380

Lν

√
ν/Ωf m 0.61

α degree 1.543
θf degree 1.543
ϕf degree 0.060
γ degree 0.002
U RΩm sin θf ms−1 2.72× 10−2

Po Ωp/Ωm 4× 10−3

E ν/(R2Ωm) 3× 10−12

Re ULν/ν 1.67× 104

laminar regime, say Re = 5, we find the ratio is 7× 10−3, thus allowing us to
drop the Poincaré term in the Re range discussed in the present study. Second,
we consider the magnitude of (Ωm/Ωf ), which is equal to cos−1 θf under the
no spin-up condition. Given θf = 1.543◦ at Re = 1.67 × 104, the magnitude
is very close to unity with a difference of 0.04%. With lower Re (high ν), the
angle θf will be even smaller, thus making (Ωf/Ωm) closer to unity. Third, the
condition of weak precession (Po≪ 1) allows us to drop the precession vector
in the Coriolis term. With these approximations, we arrive at the reduced form
of Equation 2.2:

∂u∗

∂t∗
+ u∗ · ∇∗u∗ +

1

Re

(
2k̂f × u∗

)
= −∇∗P ∗ +

1

Re
∇∗2u∗ (2.4)

For comparison, we solve numerically both Equations 2.2 and 2.4 at Re = 500
and find no significant difference between the two solutions. In other words, ne-
glecting the precessional terms makes no difference in our case. In the following
all the discussion will be based on Equation 2.4. We note that Equation 2.4 is
generally identical to the one derived for a precessing spheroidal cavity (see the
Appendix of Buffett, 2021), even though the reasons to drop the Poincaré term
are different. In a precessing spheroid, the Poincaré term is balanced by the
terms associated with the flattening. Nevertheless, both formulations make
the governing equation resemble a simple rotating fluid. The appearance of
Equation 2.4 may seem counter-intuitive indeed, but it is important to remem-
ber the initial assumption that the container is precessing and that the flow is
mostly a uniform vorticity flow. The local model aims to examine the flow in
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a small rectangular box near the boundary. Precession comes into play when
we determine Ωf . The only difference to Buffett (2021) lies in the selection
of the rotation vector, where we employ Ωf in contrast to Ωm. Considering
the aforementioned assumption, that is, Ωf/Ωm ≈ 1, the discrepancy between
the two vectors becomes negligible. Nevertheless, we think that adopting Ωf is
more appropriate and self-consistent as the local model requires the bulk fluid
to be at rest, a condition that may not hold when employing Ωm in the mantle
frame. In Appendix 2.B, we derive the analytical solution in the laminar regime
where Re is small and the non-linear term can be neglected, which matches the
numerical result as expected.

2.2.3 Viscous dissipation

We are interested in quantifying the energy dissipation in the boundary layer.
In the local system, the input (output) power from the surface shear stress
τ is equal to the increase (decrease) of internal and kinetic energies (see e.g.
Section 16 in Landau & Lifshitz, 1987):

S (u · τ )z=0 = Ėint + Ėkin (2.5)

where S is the surface area. The increase in internal energy is further linked
to the energy dissipated in the system. Therefore, for an equilibrium system
where the change of kinetic energy reaches zero, the viscous power can be used
to infer the dissipation. Suppose that the area S correspond to a small patch
on the cavity surface dS = sin θ R2 dθ dϕ. We compute the total dissipation
via Dν = −

∫
(τ · u)dS. The local viscous power per unit area is defined as

Pvisc = τ · u for later use. We can integrate the laminar analytical solutions
to obtain the global laminar dissipation as (e.g. Cébron et al., 2019)

Dlam
ν = −2.62 I∆Ω2

√
νΩ/R (2.6)

where I = (8π/15)ρR5 is the moment of inertia of the fluid. This result is
consistent with the torque approach, which is given Appendix 2.B.

In the turbulent regime, the surface shear stress no longer follows the ana-
lytical solution, so we prescribe the turbulent stress as kρ|u|u (e.g. Williams et
al., 2001), where k is a dimensionless parameter which depends on the viscosity.
The total turbulent dissipation −(45π/32)kI∆Ω3 is obtained by integrating the
negative viscous power over the spherical surface. Since the dissipation is in-
dependent of the orientation of ∆Ω, one can take ∆Ω = ∆ΩẐ to simplify the
computation, as done by Yoder (1981). For an arbitrary orientation, we obtain
the same coefficient, −(45π/32), by approximating the integral as a Riemann
sum. Note that the stress prescription assumes that the stress is aligned with
the velocity, which is not true for most cases (see Figure 2.20 for the veering
angle at different θ), so the turbulent torque derived from this definition should
be thus treated with extra care. In order to determine the parameter k, we
adopt the approach by Cébron et al. (2019) and require Pvisc, computed from
turbulent and laminar stresses (Equations 2.34-2.35), to match at θ = 0; it gives
k = (u∗/U)2 cosβ. We notice that, when we substitute the laminar solutions
for u∗ and β into k and compute the total turbulent dissipation, the obtained
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Figure 2.2: Box model with Cartesian coordinates. The typical resolution is
E = 768 and N = 9. The dimension of the box is 30 × 30 × 30 in the unit of
Lν . Element density is higher near the top boundary to resolve the boundary
flow.

dissipation disagrees with the laminar expectation given in Equation 2.6. To
reconcile the inconsistency, we define the turbulent dissipation as

Dturb
ν = −2.62

√
2kI∆Ω3 (2.7)

In principle, one can match Pvisc at any θ. We choose θ = 0 because the
asymptotic similarity theory is used to estimate the friction velocity and veering
angle in this special case, where the presence of a logarithmic layer supports
the use of the theory. The purpose of this modification is to provide a way to
compute k and relate it to the total dissipation, which can be compared to our
numerical results.

2.3 Numerical implementation

We use the spectral element code Nek5000 (Fischer et al., 2007) to solve Equa-
tion 2.4 for an incompressible fluid in a Cartesian box. The domain is divided
into E elements, where solutions are represented by N -th order Lagrange in-
terpolation polynomials (see Figure 2.2). The typical resolution in the present
study is E = 768 and N = 9. The temporal discretization is based on a third-
order backward-difference scheme for implicit terms and on an extrapolation
scheme for explicit terms.

The domain is extended downward from z = 0. The non-dimensional size
is 30 × 30 × 30. The top boundary is a wall (representing the CMB), where
the velocity is specified to mimic the precessing container (mantle) as seen
from the fluid frame (recall Equation 2.3). The four lateral boundaries are
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Figure 2.3: Velocity profiles for the case Re = 500 and θ = 50◦. (Left) The

profiles of mean horizontal velocity
√
(u∗x)

2 + (u∗y)
2. (Right) The profiles of the

root-mean-square of the vertical velocity u∗z .

periodic. The bottom boundary is stress-free (i.e., no tangential stress) and
the normal velocity is zero. We have performed a height test to make sure that
the domain height of 30Lν is large enough to accommodate the boundary layer
flow (Figure 2.3). The profiles of mean horizontal velocity

√
[(u∗x)

2 + (u∗y)
2]

show no significant difference with larger domain height and the profiles of the
root-mean-square of the vertical velocity u∗z show that the energy is mainly
localized in the top region z∗ > −20. To resolve the boundary layer flow,
we use a higher element density near the top boundary. We will explore the
parameter space: Re = [5, 500] and θ = [0, 90◦]. Simulations for Re = 700 are
added to extend the Re range. We also simulate the case with Re = 600 at
θ = 0. The range of Re covers both the laminar and turbulent regimes of the
oscillatory Ekman layer.

The simulation always starts from the fluid at rest, where a random pertur-
bation in velocity with a root-mean-square amplitude of about 10−2 is imposed.
In most cases, the flow will go through a transient state for a certain period
and reach a statistically steady state (we shall refer to it as a steady state for
the sake of brevity in the following sections), which means time-averaged quan-
tities over oscillation period(s) remain constant. The mean values presented
below are obtained by taking time averages over oscillation periods. Due to
the homogeneity on x- and y-direction, all the values are also averaged on the
horizontal plane. The unit of time t⊕ presented below is 2π/Ωf , indicating the
period of the oscillating boundary. In what follows, the superscript (+) denotes
the quantities non-dimensionalized by the viscous wall scales, velocity u∗ and
length ν/u∗. The notation is chosen to describe the flow near the boundary.
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Table 2.2: Time-averaged quantities obtained from the box model with Re ≤
700 and θ = 0, including friction velocity u∗ and veering angle β. The time-
averaged quantities are obtained from the range 1 ≤ t⊕ ≤ 5, except for the
case Re = 300 where the range used is 3 ≤ t⊕ ≤ 5.

Re ⟨u∗⟩ /ulam∗ ⟨u∗⟩ /U ⟨β⟩ (degree)
5 1.00± 0.00 0.4471± 0.0004 45.0± 0.1
100 1.00± 0.00 0.1000± 0.0002 45.0± 0.2
200 1.00± 0.00 0.0707± 0.0002 45.0± 0.2
300 1.13± 0.02 0.0650± 0.0012 29.4± 1.5
400 1.21± 0.02 0.0606± 0.0012 25.6± 1.3
500 1.29± 0.03 0.0579± 0.0011 23.0± 1.1
600 1.37± 0.03 0.0558± 0.0011 21.0± 1.3
700 1.43± 0.03 0.0541± 0.0011 20.1± 1.4

2.4 Results

2.4.1 Surface shear stress

The friction velocity u∗ is a quantity commonly used to monitor the amplitude
of surface shear stress |τ |: u∗ =

√
|τ |/ρ (e.g. Tennekes et al., 1972). At θ = 0,

the laminar solution is ulam∗ = Re−1/2U , which serves as the benchmark for
low Reynolds number cases. Figure 2.4 shows the ratio u∗/u

lam
∗ as a function

of time at θ = 0 for different Re. We see that the friction velocity deviates
from its laminar solution when Re ≥ 300 and the deviation is larger for higher
Re. Concerning the case of Re = 300, it appears that the deviation from the
laminar solution by about 10% can be attributed to turbulence, as supported
by the presence of a logarithmic region presented later in this study. We observe
that the transient period happens before t⊕ = 3 (before t⊕ = 1 for Re = 400
and higher) and the friction velocity reaches a steady value. The result is
consistent with the one from Buffett (2021) where the solution at Re = 500
is about 20% larger than the laminar value after the onset of turbulence. To
obtain the mean value, we take a time average over the interval 1 ≤ t⊕ ≤ 5,
except for Re = 300 where we use the 3 < t⊕ < 5 interval (see Table 2.2).
We also calculate the mean values of the veering angle β, which is defined as
the argument difference between the boundary velocity vector uB,x+ iuB,y and
surface shear stress vector τx + iτy.

To refine the estimation of the critical Re, we conducted additional sim-
ulations for values between Re = 200 and 300. Figure 2.5 shows again the
time evolution of u∗/u

lam
∗ for the case with θ = 0. On top of the transient

oscillations due to the initial conditions, small fluctuations are observed for
most cases. The amplitudes of these fluctuations increase with higher Re. At
Re = 290, u∗/u

lam
∗ does not return to unity but instead reaches a new steady

state, indicating that the flow likely becomes turbulent.
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Figure 2.4: Friction velocity ratio u∗/u
lam
∗ as a function of time with different

Re at θ = 0. The means deviate appreciably from unity when Re ≥ 300 and it
almost reaches 1.3 when Re = 500. The Re = 5, 100, 200 curves overlap nearly
completely.

Figure 2.5: Friction velocity ratio u∗/u
lam
∗ as a function of time for the case

with θ = 0 and Re between 200 and 300.



24 Chapter 2 Turbulent dissipation

2.4.2 Extrapolation to extreme parameters

Scaling laws for turbulent flow have been extensively studied in the literature
(Tennekes et al., 1972). The primary goal of these scaling laws is to predict key
quantities in extreme parameter regimes that are currently inaccessible through
experiments or numerical simulations. Using dimensional analysis, the scaling
law for wall-bounded turbulent flow can be derived by separating the flow into
two regions. These regions are referred to in the literature as a surface layer
and an outer layer. The surface layer refers to the flow immediately below
the bounding surface while the outer layer refers to the region where the flow
can be considered as free-streaming. Csanady (1967) applied this approach to
derive a scaling law for the turbulent Ekman layer, which was later refined by
Spalart (1989) at intermediate Reynolds numbers. In this study, we employ the
scaling law—referred to here as the similarity theory—to extrapolate our results
to higher Reynolds number regimes. A notable implication of the similarity
theory is the emergence of a logarithmic velocity profile in a region between
the surface and the outer layers. Consequently, we also examine the velocity
profiles to determine whether a logarithmic profile is present.

The similarity theory (Csanady, 1967; Spalart, 1989) establishes a relation-
ship between (u∗, β) and Re of the following form:

U

u∗
cosϑ+

2

0.41
ln
U

u∗
=

2

0.41
lnRe− 1

0.41
ln 2 +B (2.8)

sinϑ =
A

U/u∗
(2.9)

ϑ = β +
2C5

Re2

(
U

u∗

)2

(2.10)

where 0.41 is known as the von Kármán constant. The constants A, B, and C5

are to be determined by fitting with either experimental or numerical results.
We use our numerical solution from Re = 300, 400, 500, 600, and 700 to find the
best fit parameters A = 5.74 and B = 1.55 with C5 = −25 (solid lines in Fig-
ures 2.6 and 2.7). The parameters are obtained by performing a least-squares
fit. Dashed lines show analytical solutions derived in the laminar regime for
comparison. The fitting is good for the friction velocity u∗, but rather inaccu-
rate at Re ≈ 200 for the veering angle β, indicating that the interpretation of
the result at low Reynolds number should be treated with caution.

The dynamics of a steady Ekman layer is a well-studied problem in the
literature, and its results have been referenced to provide insights into the
oscillatory Ekman layer and, by extension, the boundary layer of precession-
driven flow (e.g. Cébron et al., 2019; Buffett, 2021). For comparison, numerical
results from the steady Ekman layer studies in the literature are plotted in
gray in Figures 2.6 and 2.7. The friction velocity u∗ is about 8% larger in the
steady case, while the veering angle β appears to reach an asymptotic limit at
Re ≥ 103. The experimental result (Ã = 3.3, B̃ = 3.0) presented in Sous et al.
(2013) is plotted in blue. Note that the similarity theory used by Sous et al.
is equivalent to the reduced version of Equations 2.8 to 2.10 with C5 = 0. The
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relations to the present convention are given by

B = − Ã

0.41
+ 5.38 (2.11)

and

A =
B̃

0.41
(2.12)

leading to (A = 7.32, B = −2.67).

Figure 2.8 shows the horizontal velocity Q+ =

√
u′x

2
+ u′y

2
/u∗ at different

Reynolds numbers with θ = 0 and t⊕ = 5. The overbar indicates the spatial
average on the horizontal plane, and the prime symbol denotes the difference
with respect to the boundary velocity, i.e. u′i = ui − ui(z = 0). We adopt
this notation in order to compare our results to the law of wall formalism
(see Tennekes et al., 1972). According to the formalism, the velocity profile
is divided into three parts: a viscous sublayer Q+ = |z+|, a buffer layer, and
an inertial sublayer Q+ = (1/0.41) log |z+| + 5. The inertial sublayer is also
known as the logarithmic region. The region beyond, where the velocity reaches
a constant value, is in the bulk of the fluid. As Figure 2.8 shows, the velocity
profiles approach the one predicted by the law of the wall when Re ≥ 300.
A constant slope reveals the presence of a logarithmic region. The inset of
Figure 2.8 shows the Kármán measure Ξ = (|z+|dQ+/d|z+|)−1 (i.e. reciprocal
of the slope) for Re ≥ 300. A clear logarithmic region develops after Re ≈ 300.
In Figure 2.9, we show the velocity profiles at different time instants for the case
Re = 300 and find that the appearance of a logarithmic layer coincides with
an appreciable deviation of the dissipation from its laminar value, as expected
from the presence of turbulence. Besides, the velocity profiles show a maximum
above the logarithmic region, which is usually referred to as a low-level jet and
is also observed for a steady Ekman layer (Deusebio et al., 2014). The fact
that the maximum is not well represented in the case of Re = 700 implies that
the domain height should be increased accordingly if we want to extend the Re
range.

2.4.3 Viscous dissipation

Figure 2.10 shows the total kinetic energy, Ekin, for Re = 500 at different
θ. We observe that the total kinetic energies reach a steady state in most
cases. It implies that the time-averaged change of kinetic energy is zero and
the system is in an equilibrium state. According to the energy balance equation
(Equation 2.5), we can use the viscous power to approximate the dissipation.
Although we can compute the dissipation directly from our model, the reason to
use Pvisc is two-fold: (1) it is consistent with the conventional torque approach
to compute the dissipation, and (2) we want to apply the turbulence model
which is associated with the surface shear stress (i.e. u∗). Figure 2.11 shows
the time evolution of the three quantities (Ėint, Ėkin, and Pvisc) for the case at
Re = 500 and θ = 0, verifying the energy balance equation. In Figure 2.10, a
longer transient period is observed at θ = 50◦, but the flow eventually reaches a
steady state. At θ = 60◦, we see the Ekin increases without reaching saturation
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Figure 2.6: Friction velocity u∗/U as a function of Reynolds number Re. Light
blue circles: numerical solution; black line: best fit with A = 5.74, B = 1.55,
and C5 = −25; dashed line: laminar solution; blue dash-dotted line: A = 7.32
and B = −2.68 (Sous et al., 2013). Grey circles are numerical results for
the steady Ekman layer (Spalart, 1989; Coleman et al., 1990; Coleman, 1999;
Shingai & Kawamura, 2004; Marlatt et al., 2012; Braun et al., 2020); grey
dash-dotted line is the corresponding best fit with A = 5.40, B = 0.26, and
C5 = −52.

Figure 2.7: Following Figure 2.6. The veering angle β between surface shear
stress and boundary velocity seems to reach an asymptotic limit when Re ≥
103.
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Figure 2.8: Mean horizontal velocity Q+ =

√
u′x

2
+ u′y

2
/u∗ at different

Reynolds numbers with θ = 0 and t⊕ = 5. Dotted line: Q+ = |z+| for
|z+| ≤ 10 and Q+ = (1/0.41) log |z+| + 5 for |z+| > 10. (Inset) Kármán mea-
sure Ξ = (|z+|dQ+/d|z+|)−1 for Re ≥ 300. Dashed line: Ξ = 0.41. X-axis is
|z+| and y-axis is Ξ.

Figure 2.9: Mean horizontal velocity Q+ at different times t⊕ with θ = 0 and
Re = 300. The profile at t⊕ = 4 shows a closer resemblance to the law of the
wall, compared to the profiles at t⊕ = 3 and 5.
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Figure 2.10: Total kinetic energy Ekin with different θ at Re = 500. Most cases
reach a steady state within t⊕ = 5, while a long-period modulation is observed
for θ = 50◦ and an indefinite increase for θ = 60◦.

within the default simulation time t⊕ = 5. This phenomenon is directly related
to the well-known anomalous behaviour of the Ekman boundary layer thickness
at the so-called critical latitude, which is in our case at θ = 60◦ (e.g. see Section
8.07.1.4 in Tilgner, 2015). This is also observed in a laboratory experiment
where a large circular rotating tank with angular velocity Ω0 is subjected to a
period forcing by an oscillating plate, constituting the evidence of Ekman layer
resonance, i.e. the forcing frequency matches the inertial wave frequency given
by Ω0 (Vincze et al., 2019).

Figure 2.12 and Figure 2.13 show the viscous power per unit area Pvisc for
the cases θ = 50◦ and 60◦ with longer simulation time. Time-averaged values
over 4 oscillation periods are plotted in dots. The orange dot indicates the value
obtained in the default range, 1 ≤ t⊕ ≤ 5. As can be seen, for θ = 50◦, the
power reaches a steady value within t⊕ ≤ 5, suggesting that t⊕ = 5 is sufficient
for most cases. On the other hand, θ = 60◦ requires a longer transient before
reaching a steady value which approximates the laminar solution. This finding
suggests that we should replace the value obtained in the default range with
its laminar solution when computing the total dissipation.

Figure 2.14 shows the viscous power per unit area
〈
Pvisc∗

〉
at each co-

latitude θ, which we compute by taking a time-average in default range, 1 ≤
t⊕ ≤ 5, except for the case Re = 300. Note that we multiply the power by
Re to remove the viscosity dependence and to see the effect of turbulence.
As it can be seen, when Re ≥ 300, the power increases at almost every θ
compared to the laminar solution, while the models with Re ≤ 200 remain
close to the laminar solution. Given Re ≥ 300, the increments are not the
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Figure 2.11: Temporal evolution of the energy-related terms at Re = 500 and
θ = 0: change rate of internal energy dEint/dt (blue), change rate of kinetic
energy dEkin/dt (orange), and viscous power Pvisc (green). The change rate of
the kinetic energy is close to zero and the rest two almost overlap. The time-
averaged values over the interval 1 < t⊕ < 5 are 1.540 for dEint/dt, −0.002 for
dEkin/dt, and 1.542 for Pvisc.

same across θ. No increment is observed at the equator and barely present
near the critical latitude. The small increment at the critical latitude is the
consequence of insufficient simulation time; the power will eventually reach the
laminar solution, given a long enough simulation time. This latitude variation
can be attributed to the orientation of the rotation vector of the fluid, which
goes from perpendicular to the flow at the pole to parallel at the equator.
When parallel, there is no Coriolis force and the Ekman boundary layer flow
will reduce to the well-studied Stokes type, whose critical Reynolds number for
fully turbulent regime Re = 2500 (see e.g. Ozdemir et al., 2014) is higher than
the present setting.

Figure 2.15 shows the total global dissipation Dν in the boundary layer at
different Re. We obtain a global value by integrating the contributions from
each numerical simulation at different θ, using the trapezoidal rule. Since the
dissipation is symmetrical along the azimuthal direction and with respect to
the equator, we only need to integrate over the range 0 ≤ θ ≤ 90◦. Since Ekin

remains steady for most cases, the viscous power from surface shear stress will
be equal but with the opposite sign to the internal dissipation. Concerning
the diverging case at the critical latitude, we replace the value with its laminar
solution to avoid overestimation1. Therefore, we integrate −Pvisc over the
spherical surface to obtain Dν . To see the effect of turbulence, we normalize

1If we manually assign the analytical value to the viscous power at θ = 60◦, then the
dissipation will reduce up to 6%, depending on Re.
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Figure 2.12: Viscous power per unit area Pvisc (light blue curve) for the cases
θ = 50◦ with longer simulation time. Blue dot: time-averaged value over 4
oscillation periods. Orange dot: value obtained in the default range 1 ≤ t⊕ ≤ 5.
The default range is sufficient to obtain a steady value. The dashed line shows
the laminar solution.

Figure 2.13: Same as Figure 2.12 but for θ = 60◦. Simulation runs longer than
the default range are required for the viscous power to reach a steady value,
which seems to approach the laminar solution.
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Figure 2.14: Time-averaged viscous power per unit area
〈
Pvisc∗

〉
multiplied by

Re at different co-latitudes θ (degree). The gray dash line is computed via
Pvisc = τ ·u, where τ and u are given by the solutions obtained in the laminar
regime where the non-linear term is neglected – corresponding to the cases of
small Re .

the numerical solution with the laminar solution Dlam
ν , so it should be very close

to unity in the laminar regime if our numerical approach is valid. The values of
Dν/Dlam

ν are listed in Table 2.3. As can be seen at Re = 5, the difference to the
laminar solution due to limited co-latitudes is about −4%, which is associated
with the limited number of co-latitudes used2. The dissipation deviates from
the laminar solution when Re ≥ 300. A similar behaviour was also observed
in the global model by Cébron et al. (2019), where dissipation is found to be
mainly confined to the boundary layer.

Next, we plot the dissipation predicted by the turbulence model Dturb
ν

(Equation 2.7) in a dashed line (Figure 2.15). It can be seen that the pre-
diction overestimates the dissipation when Re ≥ 300. Since the turbulence
model assumes the parameter k at different θ’s are the same as the one at the
pole, this overestimation is possibly related to the fact that the actual dissi-
pation has latitudinal dependence, as shown in Figure 2.14. Even from the
limited Re range given in this study, latitudinal variation in the turbulence
effect is evident, thus raising the concern for the reliability of the turbulence
model based on k which is typically treated as a constant in the literature. To
accommodate the discrepancy, we introduce a new parameter χ and rewrite
the turbulent dissipation as

Dturb
ν = −2.62

√
2χkI∆Ω3. (2.13)

2The downward concavity of the Pvisc implies that the integration, based on trapezoidal
rule, will underestimate the dissipation.
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Figure 2.15: Boundary layer dissipation Dν as a function of Re. The dissipation
is normalized by its laminar solution Dlam

ν . Blue circle: present study; gray
square: Cébron et al. (2019). Dashed line: turbulence model Dturb

ν with χ = 1.0
and χ = 0.85.

Table 2.3: Normalized viscous dissipation Dν/Dlam
ν obtained from the box

model.

Re Dν/Dlam
ν

5 0.96
100 0.96
200 0.97
300 1.34
400 1.61
500 1.86
700 2.42

We find that χ = 0.85 marks the lower bound for the results obtained in this
study. The dissipation obtained at Re = 300, 400, 500 falls on the curve of
χ = 0.85. The excess dissipation at Re = 700 shows a hint of increasing
dissipation when Re is even larger.

2.5 Discussion and conclusions

We have derived the governing equation for the boundary layer generated by the
precession-driven flow in a spherical cavity, using a local Cartesian coordinate
system. Both the order of magnitude estimation and the numerical solution
suggest that the Poincaré term is negligible in the boundary layer if precession
is weak. In order to solve the governing equation numerically, we constructed a
local Cartesian box model to simulate the boundary layer flow. In the laminar
regime, we found that the total energy dissipation, which is computed from
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the local contributions obtained from the individual box models, is consistent
with the laminar value from previous studies based on a global model (e.g.
Cébron et al., 2019). In the turbulent regime, we have found that (1) the
flow at certain latitudes (i.e. θ = 60◦ and 90◦) may remain laminar, and (2)
the total energy dissipation deviates appreciably from the laminar value, by a
factor of 1.86. For the flow at the pole, θ = 0, the energy dissipation begins to
deviate from the analytical laminar expectation when Re ≥ 300, and the flow
exhibits turbulent characteristics, such as a logarithmic layer region, allowing
us to use an asymptotic similarity formalism. Using this, we have computed
the asymptotic curves for both u∗ and β as a function of Re, which can be used
to compute the total energy dissipation in the turbulent regime via turbulence
models.

In the conventional turbulence model, the total turbulent dissipation is
given as −(45π/32)kI∆Ω3, where the parameter k is supposed to quantify the
asymptotic behavior of the local dissipation in the turbulent regime at high Re.
Note that the derivation of the model implicitly assumes that k is independent
of latitude. Following the same approach as Cébron et al. (2019) to estimate
k via k = (u∗/U)2 cosβ, we have found that both (u∗/U) and β at high Re
can be computed from the best fit asymptotic curve obtained at θ = 0. In
order to recover the laminar solution (Equation 2.6) when Re goes into the
laminar regime, we propose a turbulence model by writing the total dissipation
as Equation 2.7. The overestimation of the turbulence model, compared to
the value obtained from the numerical solution, suggests that the assumption
on k may be inappropriate. At least for the case Re = 500, our numerical
solution shows that the flow is not even turbulent at certain latitudes, such as
the critical latitude or the equator. A thorough investigation of the latitudinal
variation on k combined with an investigation of the flow asymptotic behaviour
at each latitude would help establish a more reliable turbulence model. That
aside, the uncertainty of the turbulence model given by Equation 2.7 is about
15% in the Re ≤ 700 range.

The previous study by Deusebio et al. (2014) shows that the asymptotic
theory applied to the intermediate Re range (400 < Re < 775), where a log-
arithmic layer is observed, is sufficient to get a good prediction of u∗ and β
at high Re (= 1600). We adopt the theory for an oscillatory Ekman layer at
θ = 0 not only because we see the logarithmic layer in the flow but also because
the theory should be generally unaffected by imposing a time-varying bound-
ary velocity. The theory developed by Csanady (1967) and Spalart (1989) is
based on the assumption that there exists an overlapping region where the ve-
locity profiles in both the inner layer (i.e. the viscous sublayer) and the outer
layer (i.e. the free-stream region) match, a fact unaffected by imposing time
dependence.

Application of our results to the Earth’s core is possible in principle since
they are based on the reduced form of the governing equation (Equation 2.4),
which is identical to the one derived for a spheroidal cavity like Earth by
Buffett (2021). We are able to reach the Earth’s parameter regime with the
local Cartesian box model, so we don’t need to make extrapolations using a
turbulence model. Our numerical result shows that the total energy dissipation
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in the turbulent regime at Re = 500 is 1.86 times of the laminar value. If the
damping of FCN shares the same increasing factor, then the effective viscosity
will increase by a factor of 3.5, which is still far below the required amount (six
orders of magnitude higher) inferred from the observation. It implies that the
electromagnetic coupling may play a significant role in closing the gap.

An accurate calculation of the energy dissipation at the CMB in the Moon
is unfeasible since we lack a proper turbulence model, but also because inte-
rior models obtained from seismic and gravity measurements are poorly con-
strained. There are three relevant parameters: (1) the angle between the ro-
tation axes of the core and the mantle, (2) the lunar core radius, and (3) the
moment of inertia of the fluid core. There is no direct measurement for the ori-
entation of the core rotation axis. According to the dynamic argument that the
lunar CMB flattening is smaller than its Poincaré number, the core is unlikely
to share the precession of the mantle (Goldreich, 1967); the core rotation axis
should be thus closely aligned with the ecliptic normal. We use the reduced
model of Cébron et al. (2019) to compute the orientation of Ωf . The plausi-
ble range of core radius obtained from gravity measurements is 200 − 380 km
(Williams et al., 2014; Viswanathan et al., 2019). If we take the core radius
as 380 km, then the relative velocity at CMB will be around 2.72× 10−2 ms−1

and the Reynolds number will be 1.67 × 104. We obtain the moment of iner-
tia of the fluid core by taking the moment ratio Cf/C = 7 × 10−4 (Williams
et al., 2014). With our best fit parameters (A,B,C5) and the reduced turbu-
lence model (Equation 2.13), we obtain Dturb

ν = 72 or 84MW for χ = 0.85
or 1.0, respectively. For a smaller core, say Re = 200 km with the same mo-
ment ratio, the Reynolds number reduces to 8.79 × 103 while the dissipation
increases by about 10%. For comparison, we also compute the dissipation with
the parameters (A = 7.32, B = −2.67) (Sous et al., 2013) and the conventional
turbulence model, −(45π/32)kI∆Ω3; the obtained value is 126MW, about 60%
larger than our result. According to the analysis of lunar laser ranging (LLR)
data, the dissipation at CMB is about 58MW (Williams et al., 2001), 84MW
(Williams et al., 2014), and 73MW (Williams & Boggs, 2015), respectively.
Concerning the uncertainty of the interior model, it is still insufficient to say if
our model matches the observation or not, but at least we provide a set of pa-
rameters with numerical support, which can be used for the turbulence model.
A sensitivity test on the parameters (A,B,C5) shows that (1) β is sensitive to
A and also sensitive to C5 when Re < 103, and (2) the sensitivity of u∗/U to
both A and B decreases as Re increases (see Figures 2.16 to 2.18).

The implication for planetary cores with turbulent boundary layers should
be interpreted with care. In this study, the quoted Re for the Earth and the
Moon is obtained based on the laminar solution (e.g. Busse, 1968; Cébron et
al., 2019), where the boundary layer is treated in the laminar regime. However,
the obtained Re exceeds the critical value, suggesting that the boundary layer
is no longer laminar. For the Earth, the conclusion that the turbulence effect
is unlikely to account for the observed FCN damping remains as the Earth is
at the margin of turbulence. For the Moon, our purpose is to demonstrate a
way to forward compute the dissipation, and a more comprehensive model is
needed for future exploration.
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Figure 2.16: Sensitivity test on A. The reference parameters are (A = 5.74, B =
1.55, C5 = −25). Blue: A = 5.74; orange: A = 2.87 (−50%); green: A =
8.61 (+50%).

Figure 2.17: Sensitivity test onB. The reference parameters are (A = 5.74, B =
1.55, C5 = −25). Blue: B = 1.55; orange: B = 0.78 (−50%); green: B =
2.33 (+50%); red: B = −2.67.

Figure 2.18: Sensitivity test on C5. The reference parameters are (A =
5.74, B = 1.55, C5 = −25). Blue: C5 = −25; orange: C5 = 0; green: C5 = −52.
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We aim to demonstrate that through appropriate formulation, it is feasible
to complement the results from global models. By narrowing our focus to the
boundary layer exclusively, we can expand the parameter range and explore
the turbulent regime. Potential applications of this approach include spin-up,
libration, and precessing cylinders (Pizzi et al., 2021).
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Appendix 2.A: Transformation between reference
frames and coordinate systems

The solution of Ωf from Cébron et al. (2019) is given in precessing frame where

the coordinate system (X̂
′
p, Ŷ

′
p, Ẑ

′
p) is defined such that Ẑ

′
p is aligned with Ωm

and Ωp is on the X̂
′
p-Ẑ

′
p plane with the co-latitude α (Figure 2.19). We use

(θf , ϕf ) to denote the orientation of the fluid rotation vector. Since the global

coordinate system (X̂, Ŷ , Ẑ) defined in the present study has two features:

Ẑ is aligned with Ωf and it is defined in the fluid frame, we need a series of
transformation to adopt the solution in the present study. First, we implement

a two-step rotation: (1) rotation about Ẑ
′
p in counterclockwise direction by ϕf ,

and (2) rotation about the intermediate axis Ŷ
′′
p in counterclockwise direction

by θf (see e.g. Thornton & Marion, 2003). The transformation matrices are

λ1 =

 cosϕf sinϕf 0
− sinϕf cosϕf 0

0 0 1

 (2.14)

and

λ2 =

cos θf 0 − sin θf
0 1 0

sin θf 0 cos θf

 (2.15)

Coordinate of a vector x in the new coordinate system (X̂p, Ŷ p, Ẑp) is given by

[x]p = λ2λ1[x]
′
p. The rotations are chosen so that Ωm is on the X̂p-Ẑp plane

and leaning toward negative X̂p with co-latitude θf , which gives the boundary
conditions consistent with the ones mentioned in the main text. Second, a
transformation from the precessing frame to the fluid frame is given by (e.g.
Noir & Cébron, 2013)

λ3 =

 cosΩf t sinΩf t 0
− sinΩf t cosΩf t 0

0 0 1

 (2.16)

Figure 2.19: Schematic diagram for the associated vectors and transformations.
(Left) The angle between Ωm and Ωp is α. The co-latitude and longitude of
Ωf are θf and ϕf , respectively. Note that the magnitudes and orientations of
Ωm, Ωp, and Ωf are not to scale. (Middle) Counterclockwise rotation through

ϕf about Ẑ
′
p. (Right) Counterclockwise rotation through θf about Ŷ

′′
p .
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Finally, in order to solve the governing equations in local coordinate system,
one further transformation is needed, which is given by

X̂ = sin θ cosϕ r̂ + cos θ cosϕ θ̂ − sinϕ ϕ̂

Ŷ = sin θ sinϕ r̂ + cos θ sinϕ θ̂ + cosϕ ϕ̂

Ẑ = cos θ r̂ − sin θ θ̂

(2.17)

where r̂ = ẑ, θ̂ = −ŷ, and ϕ̂ = x̂ (see Figure 2.1). For example, the coordinates

of the fluid rotation vector Ωf , which in the (X̂
′
p, Ŷ

′
p, Ẑ

′
p) system is given by

Ωf (sin θf cosϕf , sin θf sinϕf , cos θf ), in the local coordinate system (x̂, ŷ, ẑ)

are (0,Ωf sin θ,Ωf cos θ). The coordinates ofΩp and R̂×(k̂p×k̂f ) are computed
in the same way.

Appendix 2.B: Analytical solution

We solve analytically Equation 2.4 in its dimensional form together with the
continuity equation:

∂u

∂t
+ u · ∇u = −1

ρ
∇P + ν∇2u− 2Ωf × u, (2.18)

∇ · u = 0 (2.19)

where Ωf = Ωf k̂f is the fluid rotation vector and P is the reduced pressure

including the centrifugal force. In the local coordinate system, the vector k̂f

is given by cos θ ẑ+sin θ ŷ, where θ is the co-latitude. Following Equation 2.3,
the boundary conditions require u = 0 at z = −∞; at z = 0, the velocities
are ux = U cos θ cos(Ωf t + ϕ), uy = −U sin(Ωf t + ϕ), and uz = 0, where
U is the relative velocity of the mantle and ϕ is the longitude. We have to
note that the governing equations generally imply a simple rotating fluid with
angular velocity Ωf , this due to the fact that the Poincaré term is neglected
in the boundary layer of the precession-driven flow. Yet, precession enters
the formulation through the boundary conditions. Nevertheless the following
formulation, borrowed from the classic Ekman layer analysis, serves not only
to demonstrate the flow but also to validate the result against known solutions
in the literature.

Analytical solutions are available to validate our numerical results in the
laminar regime. Equation 2.18 can be solved analytically by making some
assumptions. First, we assume the system is horizontally uniform, so that
the solution must be independent of x and y. From the continuity equation
∇·u = 0, we further have ∂uz/∂z = 0. Given that no vertical motion is allowed
on the top boundary, we end up with uz = 0 everywhere. Equation 2.18 then
becomes

∂ux
∂t

− 2Ωf cos θ uy = −1

ρ

∂P

∂x
+ ν

∂2ux
∂z2

(2.20)

∂uy
∂t

+ 2Ωf cos θ ux = −1

ρ

∂P

∂y
+ ν

∂2uy
∂z2

(2.21)
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2Ωf sin θ ux = −1

ρ

∂P

∂z
(2.22)

At infinity, given ux = uy = 0, the horizontal pressure gradient should be
zero: ∂P/∂x = ∂P/∂y = 0. Since ux is independent of x and y, derivative
of Equation 2.22 shows that the horizontal pressure gradient is invariant of
height. That means the horizontal pressure gradients are not involved in the
horizontal force balance.

From the boundary conditions, we assume that the solutions for the oscil-
latory Ekman layer are in the form

ux = Re
[
ei(Ωf t+ϕ)qx(z)

]
(2.23)

uy = Re
[
ei(Ωf t+ϕ)− iπ

2 qy(z)
]

(2.24)

uz = 0 (2.25)

where qx(z) and qy(z) are the functions to be solved. Substituting the solutions
into Equations 2.20-2.22 and solving for the qi(z), we end up with

qx(z) = C1e
σ+z + C2e

σ−z (2.26)

qy(z) = C1e
σ+z − C2e

σ−z (2.27)

where C1 = U(cos θ−1)/2, C2 = U(cos θ+1)/2, and σ± =
√

Ωf/ν
√
(1± 2 cos θ)i.

Notice that the sign of the term (1 ± 2 cos θ) changes at θ = 60◦ and 120◦, so
we cannot simply expand σ± at this stage. The above expression is easy to
implement for numerical computation. To get the physical picture, we expand
the solution at the three representative co-latitudes: θ = 0, 90◦, and 60◦. At
the north pole (θ = 0), the solution reads

ux = Ue
z√
2Lv cos

(
Ωf t+ ϕ− z√

2Lv

)
(2.28)

uy = −Ue
z√
2Lv sin

(
Ωf t+ ϕ− z√

2Lv

)
(2.29)

where Lν =
√
ν/Ωf is the thickness of steady Ekman layer. Given t0 and ϕ0,

the solution shows an Ekman spiral, which decays exponentially to the depth.
On top of that, the spiral is rotating in clockwise direction. At the equator
(θ = 90◦), the boundary drives the fluid in the direction parallel to the rotation
vector: there is no Coriolis force acting on the flow. The type of the boundary
flow then reduces to the Stokes boundary layer (e.g. Landau & Lifshitz, 1987):

ux = 0 (2.30)

uy = −Ue
z√
2Lv sin

(
Ωf t+ ϕ− z√

2Lv

)
(2.31)
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The depth of penatration is usually defined as
√

2ν/Ωf =
√
2Lν . At critical lat-

itudes where one of σ± becomes zero, the velocity profile shows a non-decaying
component; here is the case of θ = 60◦

ux = U

[
−1

4
e

z
Lν cos

(
Ωf t+

z

Lv

)
+

3

4
cosΩf t

]
(2.32)

uy = U

[
−1

4
e

z
Lν sin

(
Ωf t+

z

Lv

)
− 3

4
sinΩf t

]
(2.33)

That means the flow will penetrate all the way down into the bulk of the
fluid and the boundary layer has infinite thickness, which is against the very
first assumption of horizontal uniformity – the vertical gradient in velocity is
relatively larger than the horizontal ones in the thin boundary layer. This
breakdown in the local approximation, already pointed by Bondi and Lyttle-
ton (1953), was shown numerically to spawn internal shear layers which has
negligible contribution to the total dissipation (Hollerbach & Kerswell, 1995).

The shear stress can be computed directly from the velocity. The viscous
stress tensor is given by sik = µ(∂iuk +∂kui), where µ is the dynamic viscosity
(note ν = µ/ρ is the kinematic viscosity) (see e.g. Equations 15.2 and 15.8
in Landau & Lifshitz, 1987). On the top boundary z = 0, given the normal
vector n̂ = ẑ, the surface shear stress exerted on the fluid is τi = sijnj , i.e.,
τx = µ∂zux and τy = µ∂zuy:

τx = Re
[
µei(Ωf t+ϕ) (σ+C1 + σ−C2)

]
(2.34)

τy = Re
[
µei(Ωf t+ϕ)− iπ

2 (σ+C1 − σ−C2)
]

(2.35)

in the local Cartesian coordinate system. Similarly, we give the solutions at
the pole and the equator. At θ = 0, we have

τx =
µU√
2Lv

(cosΩf t− sinΩf t) =
µU

Lv
cos (Ωf t− 45◦) (2.36)

τy =
−µU√
2Lv

(sinΩf t+ cosΩf t) =
−µU
Lv

sin (Ωf t− 45◦) (2.37)

Comparison to the boundary velocity shows that the velocity is leading the
stress by 45 degrees. We define the veering angle β as the phase difference
between the boundary velocity and the surface shear stress3. It determines the
magnitude of the viscous power from τ : smaller β means larger power. At
θ = 90◦, we have

τx = 0 (2.38)

τy =
−µU√
2Lv

(sinΩf t+ cosΩf t) =
−µU√
2Lv

sin (Ωf t+ 45◦) (2.39)

3One can also consider the velocity and the stress vectors in complex form, e.g., u =
ux + iuy , and define the veering angle β as the argument difference between τ and u, i.e.,
β = Arg[τ ] − Arg[u]. However, the definition is only valid at the poles where the vector
components have the same magnitude.
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Figure 2.20: Veering angle β as a function of co-latitude θ. Veering angle is
defined as the phase difference between the boundary velocity and the surface
shear stress. The phase is computed by least square fit. Blue: derived from
the x-component; orange: derived from the y-component. At θ = 90◦, both
the velocity and the stress are zeros, so the phase cannot be defined.

Comparison with the boundary velocity at θ = 90◦ shows that the stress is
leading the velocity by 45◦. We note that the phases derived from the x-
and y-components evolve in opposite directions when θ increases from 0◦ (Fig-
ure 2.20). Derived from the y-component, β increases from −45◦ at the north
pole to +45◦ at the critical latitude and then remains till the equator. The flow
shows distinct features in the polar region and equatorial region, the border
being θ = 60◦.

From this Cartesian model we compute the viscous torque on a spherical
surface S of radius R by integrating the local contributions: Γ =

∫
R × τ dS.

In a spherical coordinate system, we have τθ = −τy and τϕ = τx, where τx
and τy are local stresses given by Equations 2.34 and 2.35. The local torque

is R × τ = −Rτϕθ̂ + Rτθϕ̂. Total torque is given by integrating over the
whole spherical surface. After changing to a global Cartesian coordinate system
(X̂, Ŷ , Ẑ), we have the torque exerted on the core

ΓX =

∫
(− cos θ cosϕτϕ − sinϕτθ)R

3 sin θdθdϕ (2.40)

ΓY =

∫
(− cos θ sinϕτϕ + cosϕτθ)R

3 sin θdθdϕ (2.41)

ΓZ =

∫
sin θτϕR

3 sin θdθdϕ (2.42)
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The integrals can be computed numerically. In the end, we have

Γ = −I∆Ω

√
νΩf

R

[
(0.258 sinΩf t+ 2.62 cosΩf t) X̂

+(−2.62 sinΩf t+ 0.258 cosΩf t) Ŷ
] (2.43)

where I = (8π/15)ρR5 is the moment of inertia of the sphere. In the fluid
frame, the torque circulates in clockwise direction. Transformed back to the
precessing frame (see Equation 2.16), the torque becomes

Γ = −I∆Ω

√
νΩf

R

(
2.62X̂p + 0.258Ŷ p

)
(2.44)

We note that the imposed boundary velocity in our local model implies that
the vector of differential rotation is given by ∆Ω = −∆ΩX̂p. In this case,
Equation 2.43 agrees with the ones derived from previous studies (e.g. Yoder,
1981; Williams et al., 2001; Cébron et al., 2019), where the results are based
on the solution for the spin-over mode (Greenspan, 1968). In principle, the
boundary velocity can be modified to represent other type of flow (e.g. spin-
up) and the above formulation can be applied to derive the corresponding
torque (e.g. Noir & Cébron, 2013).



Chapter 3

The effect of turbulent
torque on the solution of
precession-driven flow

3.1 Introduction

Precession-driven flow, particularly in the zeroth-order approximation as a rigid
body rotation, results from a torque balance, which involves viscous, pressure,
and precessional torques. Noir et al. (2003) demonstrated that an implicit
equation for fluid rotation can be derived by using viscous torque from the spin-
over mode. As we will show, this viscous torque holds for laminar boundary
layers. However, a key question arises: if the boundary layer becomes turbulent,
will the solution remain unchanged?

To address this, we first derive the viscous torque, demonstrating that it
can be approximated by the surface shear stress exerted on the boundary.
To approximate the boundary layer in precession-driven flow, we can use an
oscillatory Ekman layer, whose analytical and numerical solutions are discussed
in Chapter 2. Next, we estimate the torque in the turbulent regime, called the
turbulent torque, and update the solution for the fluid rotation.

3.2 Theoretical development

3.2.1 Torque balance

Precession-driven flow is resembling, to leading order, a rigid body rotation.
The fluid rotation can be determined by considering the torque balance on the
core. We follow the convention in literature to formulate the problem in the
precessing frame, which is attached to the Earth’s precession.

The Navier-Stokes equation in the precessing frame,

∂u

∂t
+ u · ∇u = −1

ρ
∇P + ν∇2u− 2Ωp × u, (3.1)

43
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leads to a torque balance equation1:∫
V

r × ∂u

∂t
dV +

∮
∂V

(r × u) (u · n̂) dS = −1

ρ

∮
∂V

(r × n̂)PdS

+ ν

∮
∂V

[r × (n̂ · ∇)u− u× n̂] dS −
∫
V

r × (2Ωp × u) dV

(3.2)

by applying r× to Equation 3.1 and integrating over the volume V . Equa-
tion 3.2 shows that the change of angular momentum is equal to the torques
exerted on the core, including pressure (first term on RHS), viscous (second
term on RHS), and precessional (third term on RHS) torques. First of all,
without any specific restriction, the non-linear term (second term on LHS) is
zero as long as the flow satisfies the no-penetration condition u · n̂. On top
of that, if the CMB is axisymmetric, then according to Busse (1968), there
exists a stationary solution and thus the inertia term is zero. Furthermore, the
pressure torque will vanish if the CMB is spherical so that r is parallel to n̂.

It is important to note that the non-linear, pressure, and viscous terms have
been transformed from volume integrals into surface integrals. I present the
surface integral formulations of the three torque components in the following.
The derivations demonstrate that the torque balance equation is valid for any
incompressible flow, regardless of whether Poincare flow is assumed. These
derivations rely on the divergence theorem, also known as Gauss’s theorem,
which is given by (see e.g. Chapter 3 of Arfken et al., 2011)∫

V

∇ · F dV =

∮
∂V

F n̂ dS (3.3)

where F is a vector and n̂ is the unit normal vector to the surface element
dS. Two useful alternative expressions can be derived by considering different
forms for the vector F . First, by setting F to be a×F , where a is a constant
vector field, we obtain: ∫

V

∇× F dV =

∮
∂V

n̂× F dS (3.4)

Additionally, by using the identity ∇ · (ψ∇ϕ) = ψ∇2ϕ+ (∇ψ) · (∇ϕ), where ψ
and ϕ are scalar functions, we derive:∫

V

ψ∇2ϕdV =

∮
∂V

ψ∇ϕ · n̂ dS −
∫
V

(∇ψ) · (∇ϕ) dV (3.5)

These derivations are made clearer by employing index notation, in which a
vector u is represented as uiêi, where êi are unit vectors and summation over
repeated indices is implied.

Pressure torque

−1

ρ

∫
V

(r ×∇P ) dV = −1

ρ

∮
∂V

P (r × n̂) dS (3.6)

1Specifically, it is a unit density torque balance equation.
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To derive the equation, I rewrite r × ∇P as P (∇ × r) − ∇ × (Pr) by using
vector identity. Since ∇× r = 0, the volume integral now can be converted to
a surface integral via Equation 3.4:

−1

ρ

∫
V

∇× (Pr) dV = −1

ρ

∮
∂V

P (r × n̂) dS (3.7)

which provides the first term on the RHS of Equation 3.2. It shows that the
pressure torque vanishes on a spherical surface, where r is parallel to n̂.

Non-linear torque∫
V

r × (u · ∇u) dV =

∮
∂V

(r × u) (u · n̂) dS (3.8)

I start the derivation by expressing r × (u · ∇u) as (u · ∇)(r × u), which can
be demonstrated via

(u · ∇)(r × u) = ut
∂

∂xt
(ϵijkxiuj êk)

= ϵijkut

(
∂xi
∂xt

)
︸ ︷︷ ︸

=δit

uj êk + ϵijkutxi

(
∂uj
∂xt

)
êk

= ϵijkuiuj êk + ϵijkutxi

(
∂uj
∂xt

)
êk = u× u+ r × (u · ∇)u

(3.9)

given that u×u = 0 for any u. Next, with ∇ ·u = 0, the term (u · ∇)(r ×u)
can be further expressed as ∇ · [u(r × u)]:

(u · ∇)(r × u) + (∇ · u)(r × u)

= ut
∂

∂xt
(ϵijkxiuj êk) +

(
∂ut
∂xt

)
(ϵijkxiuj êk)

=
∂

∂xt
(utϵijkxiuj êk) = ∇ · [u(r × u)]

(3.10)

where the term in the square bracket is a rank two tensor. Finally, applying
the divergence theorem leads to the desired expression (the second term on
the LHS of Equation 3.2). The applicability of the divergence theorem to a
rank two tensor can be proved by considering the conventional divergence the-
orem, Equation 3.3 denoted as

∫
V
(∂Fi/∂xi)dV =

∮
∂V

Fin̂idS, and an auxiliary
constant vector a:

ai

∫
V

∂Fij

∂xj
dV =

∫
V

∂

∂xj
(aiFij)dV =

∮
∂V

(aiFij)n̂jdS = ai

∮
∂V

Fij n̂jdS

(3.11)
The overall derivation shows that the torque expressed in the surface integral
is valid for any velocity field of an incompressible fluid.
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Viscous torque

ν

∫
V

r ×∇2u dV = ν

∮
∂V

[r × (n̂ · ∇)u− u× n̂] dS (3.12)

The logic behind the derivation is to apply Equation 3.5 to each component of
the volume integral:

ν

∫
V

ϵijkxi
∂2

∂x2t
(uj êk) dV

= ν

∫
ϵijkxin̂t

∂

∂xt
(uj êk) dS − ν

∫
ϵijk

(
∂xi
∂xt

)
︸ ︷︷ ︸

=δit

(
∂uj
∂xt

)
êk dV

= ν

∮
∂V

r × (n̂ · ∇)u dS − ν

∫
V

∇× u dV

(3.13)

The last term can be converted to a surface integral according to Equation 3.4,
leading to the second term on the RHS of Equation 3.2. Nevertheless, viscous
torque can be separated into two parts. The first part is related to the velocity
gradient along the normal direction, which is equivalent to the surface shear
stress. In the following, I will focus on this part.

3.2.2 Turbulent torque

We consider the viscous torque that is related to the surface shear stress exerted
on the boundary and denote it as

Γν =

∮
∂V

(r × τ ) dS (3.14)

where τ = µ(n̂ · ∇)u is the surface shear stress and µ = ρν is the dynamic
viscosity. To further analyze the viscous torque, we factor out the physical units
and evaluate the surface integral numerically using dimensionless variables. We
express the surface shear stress as:

τ = µL−1
ν Uτ ∗

0 (3.15)

where τ ∗
0 = (n̂ · ∇∗)u∗ and the superscript ∗ indicates dimensionless variables

or parameters. Note that τ ∗
0 is the velocity gradient along the normal vector

and serves as a proxy for the surface shear stress. The viscous torque can then
be written as

Γν = −I∆Ω

√
νΩf

R
Γ∗
ν (3.16)

where the viscous torque coefficients Γ∗
ν are defined as

Γ∗
ν = −

(
15

8π

)∮
∂V

(r̂ × τ ∗
0) sin θdθdϕ, (3.17)

and r̂ = r/R. The moment of inertia for a uniform sphere, I = (8π/15)ρR5,
has been used.
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To calculate Γ∗
ν explicitly, we adopt the solution for the surface shear stress

of an oscillatory Ekman layer, which was discussed in Chapter 2 both in the
laminar and the turbulent regime. It is important to note that the solution is
obtained in a local coordinate system with a frame of reference that is attached
to the fluid rotation. To adopt the solution, we will apply a series of coordinate
transformations between coordinate systems and reference frames, which have
been discussed in the previous chapter.

In the laminar regime, we use the analytical solution for the surface shear
stress, which is given by (see Appendix 2.B for the detailed derivation)

τ∗0,x = Re
[
ei(Ωf t+ϕ)

(
σ∗
+C

∗
1 + σ∗

−C
∗
2

)]
(3.18)

τ∗y,0 = Re
[
ei(Ωf t+ϕ)− iπ

2

(
σ∗
+C

∗
1 − σ∗

−C
∗
2

)]
(3.19)

where C∗
1 = (cos θ − 1)/2, C∗

2 = (cos θ + 1)/2, and σ∗
± =

√
(1± 2 cos θ)i.

Surface integration leads to a time-dependent viscous torque. We then apply
the coordinate transformation from the fluid frame to the precession frame
using Equation 2.16, resulting in the viscous torque coefficients:

Γ∗
ν = 2.62X̂p + 0.258Ŷ p (3.20)

This result is consistent with that obtained from the viscous decay of a spin-over
mode (Noir & Cébron, 2013).

To further explore the turbulent regime, we use the surface shear stress
obtained from the numerical simulations presented in the previous chapter.
Each simulation is used to approximate a single point on the spherical surface.
In the numerical model, we select one longitude, say ϕ = 0, and solve for the
time evolution. Due to the azimuthal symmetry observed in the boundary
velocity, the solutions at different ϕ are generally identical but different in
phase. That means integration in time is equivalent to ϕ-integration. We use
the time average to approximate the integration along ϕ and use the trapezoidal
method to integrate along θ. Table 3.1 shows the viscous torque coefficients at
different Re. Note that at low Re, the result is consistent with the analytical
solution obtained in the laminar regime. The small discrepancy is due to the
limited number of simulations conducted accross θ, ten in total. The values of
(2.50, 0.245) can be reproduced analytically by restricting to the same number
of θ used. Nevertheless, the result shows that both the equatorial components
increase as Re increases as a result of turbulence.

For extrapolation to higher Re, we use the turbulence model for viscous
dissipation (Equation 2.13): Dν = −2.62

√
2χkI |∆Ω|3 with χ = 0.85. Since

the dissipation can also be computed viaDν = −Γν ·∆Ω, it is possible to recover
the torque using this relation. In the fluid system, we define the differential
rotation as ∆Ω = −∆ΩX̂p. Thus, we obtain:

Γν · X̂p = −I∆Ω

√
νΩf

R

[
2.62

√
2χkRe

]
(3.21)

Recall that k = (u∗/U)2 cosβ, which we can estimate for a given high Re
from the similarity theory discussed in Section 2.4.2. Notice that from the
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Table 3.1: Viscous torque coefficients Γ∗
ν calculated based on the box model

up to Re = 700. The torque is calculated by summing the local contribution
(i.e. r̂ × τ ∗

0) over a spherical surface. The stresses at θ = 60◦ are replaced by
the analytical solutions.

Re Γ∗
ν · X̂p Γ∗

ν · Ŷ p Γ∗
ν · Ẑp

5 2.50 0.245 0
100 2.50 0.244 0
200 2.53 0.266 0.01
300 3.36 0.300 0.04
400 4.19 0.361 0.07
500 4.84 0.509 0.13
700 6.35 0.642 0.18

Figure 3.1: Viscous torque coefficient Γ∗
ν · X̂p as a function of Re. Solid line:

nominal value 2.62. Dashed line: turbulent torque (Equation 3.21). Dots:
numerical solutions obtained from the box model presented in Chapter 2.

dissipation alone, we can only infer the X̂p-component. No information on the

Ŷ p-component is available, as it is not associated with dissipation. Figure 3.1

shows the comparison of the viscous torque coefficient Γν · X̂p obtained from
the three different approaches: the analytical solution, the numerical solution,
and the turbulence model.

3.2.3 Approximate solution

The viscous torque derived by Noir et al. (2003) is equivalent to the one pre-
sented above. Their approach to derive viscous torque relies on the solution of
Greenspan (1968) for the viscous decay of the spin-over mode in a rotating fluid.
They showed that the torque balance equation can lead to an implicit equation
for the fluid rotation, which is identical to the one first derived by Busse (1968).
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Following the present formulation, we express the implicit equation as

Ωf

Ω2
f

= Ẑ +
A

A2 + B2
Ẑ × (Po k̂p × Ẑ) +

B
A2 + B2

Ẑ × Po k̂p (3.22)

where

A =
(
Γ∗
ν · Ŷ p

)√
E

Ωf
+ ϵf Ω

2
f + Po cosα (3.23)

and

B =
(
Γ∗
ν · X̂p

)√
E Ωf (3.24)

The vector Ẑ represents the mantle rotation as Ωm = ΩmẐ and the coefficient
ϵf stands for the polar flattening of the fluid core. For a given Re, we assign
the corresponding viscous torque coefficients Γ∗

ν and then solve for Ωf .

We check the sensitivity of the coefficients Γ∗
ν · X̂p on the solution for Ωf ,

which is represented by its angular coordinates θf and ϕf . We consider a case
with Po = 10−3 and α = 30◦. Figures 3.2 and 3.3 show θf and ϕf as a function

of Γ∗
ν · X̂p, with E ranging from 10−4 to 10−12. Either for high or low E (e.g.

10−4 or 10−12), the changes in θf and ϕf are relatively small. On the other
hand, for intermediate E (e.g. 106 to 10−10), the variation could be large. We
may conclude that the turbulent torque can only significantly alter the solution
of Ωf when conditions are right. For a given set of Po and ϵf , there is only
a certain range of E that the variation of Ωf is large. For the Earth and the
Moon, they are not in this range, so the turbulence effect on the solution of
Ωf is small.

3.3 Implications

We consider three cases—the Earth, the Moon, and a laboratory experiment—
where the Reynolds numbers suggest that the boundary layers may be turbu-
lent. We then apply the corresponding viscous torque coefficients and calculate
the updated Reynolds numbers. This iterative process is repeated until the re-
sults converge.

3.3.1 Earth and Moon

The relevant parameters for the Earth’s and the Moon’s precession are pre-
sented in Table 1.1. For the Earth, the initial Reynolds number is 481. By
applying linear interpolation to the viscous torque coefficients, Γ∗

ν , obtained
from numerical simulations, we determine values of 4.72 and 0.482 for the
two equatorial components, respectively. The updated Reynolds number dif-
fers from the initial value by only −0.0003%. For the Moon, with an initial
Reynolds number of 1.58× 104, our turbulence model (Equation 3.21) predicts

Γ∗
ν · X̂p = 51.48, resulting in an updated Reynolds number that differs from

the initial value by −0.02%.
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Figure 3.2: The solutions of θf as a function of Γ∗
ν · X̂p with different E

(different colors; see the legend). The dot on the left represents the solution

obtained at the laminar value of 2.62. We fix Γ∗
ν · Ŷ p = 0.259.

Figure 3.3: The solutions of ϕf as a function of Γ∗
ν · X̂p with different E

(different colors; see the legend). The dots on the left represent the solutions

obtained at the laminar value of 2.62. We fix Γ∗
ν · Ŷ p = 0.259.
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Figure 3.4: Components of the solution Ωf as a function of Po for the case
with Ekman number E = 2.3× 10−5, precession angle α = 15◦, and flattening
ϵf = 0.15. The colorbar represents the Reynolds number Re. Black line is the
updated solution.

3.3.2 Laboratory experiment

Nobili et al. (2021) showed that it is likely that the boundary layer of a pre-
cessing spheroid with a moderate precession angle becomes turbulent based on
their experiment setup. Here, we use the present formulation to estimate the
effect of turbulence on the fluid rotation. The experiment setup has Ekman
number E = 2.3 × 10−5, precession angle α = 15◦, and flattening ϵf = 0.15.
First, we use Busse’s implicit equation together with the laminar viscous torque
coefficients and solve for Ωf . We also calculate the corresponding Re for each
solution. Figure 3.4 shows the maximum Re is about 225, which according to
our numerical result is at the margin of becoming turbulent. Nevertheless, we
calculate the updatedΩf by using the corresponding Γ∗

ν . The result shows that
the turbulence effect is small and the difference of Ωf,y between the updated
solution to the original solution is within 5%.

3.4 Discussion and conclusions

The procedure to convert the volume integrals of the torques to the surface in-
tegrals involves various tricks from vector analysis and alternative forms for the
divergence theorem. I try to present a detailed and self-consistent derivation
with the vector notations that are common to recent physics textbooks, hop-
ing that the derivation itself helps readers to better understand the nature of
those torques. Specifically, regarding the non-linear torque, I was motivated by
Rochester (1962) who derived the surface integral form of the electromagnetic
torque, which was not discussed in the present study but could also couple the
core and the mantle of the Earth, by using the Maxwell stress representation.
The derivation presented in this chapter should be able to complement the
discussion on electromagnetic torque made in the literature (e.g. Greff-Lefftz
& Legros, 1995; Roberts & Aurnou, 2012; Kuang et al., 2017).

The impact of turbulent torque on the fluid rotation solution can be signif-
icant under certain combinations of relevant parameters. However, this is not
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the case for the Earth, the Moon, or the experimental setup discussed earlier,
where viscosity plays a minor role in the overall torque balance. Although
turbulence in the boundary layer increases viscous coupling, it remains insuffi-
cient to affect the final solution. For the Earth, this result is expected as the
Reynolds number is near the critical value so that the turbulence effect itself
is small. Besides, the Earth’s core-mantle boundary flattening is large enough
so that the pressure torque dominates the viscous torque. As argued by Buf-
fett (2021), viscosity can be considered as a correction to the solution of the
fluid rotation, ensuring the no-slip boundary condition, because the flattening
is much larger than the Poincaré number.

For the Moon, even though the above two restrictions for the Earth are
relaxed, the turbulence effect remains negligible. First, the Reynolds number
for the Moon’s boundary layer is at least one order larger than that of the Earth,
and thus the viscous torque coefficients are correspondingly larger, implying a
stronger turbulent effect. Second, the Moon’s core-mantle boundary flattening
is also smaller given its slower rotation. We even tested a scenario for the
Moon which has a spherical boundary, and the difference between the initial
and the updated solutions remained negligible. Indeed, the Moon’s shape also
constitutes a component of a triaxial ellipsoid due to the tidal force. Noir and
Cébron (2013) showed that for such non-axisymmetric geometries, forced flow is
unsteady and periodic. While this added complexity affects flow characteristics,
it should not change our conclusion that the effect of turbulence is negligible.
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Appendix 3.A: Viscous torque derived from spin-
over mode

In this paragraph alone, the convention is based on Noir and Cébron (2013)
and the equation number refers to therein. The time scale is Ω−1

0 , where Ω0

is the rotation of the cavity in the precessing frame. The coordinate system is
precessing and the z-axis is aligned with the mantle rotation vector; I shall call
it the mantle coordinate system in the precessing frame. In this coordinate sys-
tem, the mantle rotation vector is given by k̂ = (0, 0, 1), while the fluid rotation
vector is Ω = (Ωx,Ωy,Ωz), which is dimensionless. I used the python package
sympy to derive the analytical expression. The viscous torque (Equation A13) is
obtained by taking time derivative of the time evolution of the spin-over mode
(Equation A7) and spin-up/spin-down of the fluid (Equation A9). I noticed
that, in order to derive Equation A13, the exponential term in Equation A9,

(λ∗supEf tf ), should be replaced by (λ∗supE
1/2
f tf ). Besides, the coefficient in Eq.

(A11) should be λsup
√
EΩ. The credibility of Equation A13 is higher than

others because it also appeared in Cébron (2015) and the manuscript from
personal communication. Based on my calculation, the viscous torque is

LΓν =
√
EΩ

λrso
Ω2

 ΩxΩz

ΩyΩz

Ω2
z − Ω2

+
λiso
Ω

 Ωy

−Ωx

0

+ λsup
Ωz − Ω2

Ω2

 Ωx

Ωy

Ωz


(3.25)

where L is a 3 × 3 matrix related to inertia, E = ν/(Ω0R
2) is the Ekman

number, and (λrso, λ
i
so, λsup) are coefficients associated with the spin-over and

the spin-up.
In order to follow the analysis made in this chapter, I replace the coordinates

of the two rotation vectors with: Ωm = (0, 0,Ωm) and Ωf = (Ωf,x,Ωf,y,Ωf,z).
Besides, the torque is multiplied by ρR5Ω2

m to recover physical units. Finally,
the no spin-up condition is considered: Ωm ·Ωf−|Ωf |2 = 0, which is equivalent
to Ωm/Ω

2
f = 1/Ωf,z. Following the same approach, the torque now reads

Γν = I
√
νΩf

R

λrso
 Ωf,x

Ωf,y

Ωf,z − Ωm

+ λiso
Ωf

Ωf,z

 Ωf,y

−Ωf,x

0

 (3.26)

where I = L−1ρR5 is the inertia tensor. For a sphere, we have I = 8π
15 ρR

5δij
and (λrso, λ

i
so) = (−2.62, 0.258). Finally, we get

Γν = −I
√
νΩf

R

2.62
 Ωf,x

Ωf,y

Ωf,z − Ωm

+ 0.258

 −Ωf,y/ cos θf
Ωf,x/ cos θf

0

 (3.27)

where I = 8π
15 ρR

5 and θf = cos−1(Ωm · Ωf ). Further simplification made by
Cébron et al. (2019) to obtain tractable analytical solutions assumes that the
fluid rotates at the same rate as the boundary, i.e. Ωf = Ωm, which implies
θf = 0 under no spin-up condition, thus leading to their Equation A10.

The expression for the torque can be further simplified by changing the
coordinate system. Suppose the coordinate system is defined such that the
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z-axis is aligned with Ωf . I shall call this coordinate system the fluid system.
Recall that in the mantle system, the co-latitude of Ωf is θf and the longitude
is ϕf . We substitute the coordinates (Ωf,x,Ωf,y,Ωf,z) by functions of (θf , ϕf )
to facilitate coordinate transformation. The relations are given by Ωf,x =
∆Ωcos θf cosϕf , Ωf,y = ∆Ωcos θf sinϕf , and Ωf,z = Ωm − ∆Ωsin θf . After
the substitution, the torque reads

Γν = −I∆Ω

√
νΩf

R

2.62
cos θf cosϕf
cos θf sinϕf
− sin θf

+ 0.258

− sinϕf
cosϕf

0

 (3.28)

After the transformation to the fluid system, the torque will be equivalent to the
one given in Equation 3.20. The fluid rotation vector is given byΩf = (0, 0,Ωf )
and the mantle rotation vector is given by Ωm = Ωm(− sin θf , 0, cos θf ), which
is lying on the negative x-axis.



Chapter 4

The effect of roughness on
the boundary layer of
precession-driven flow

4.1 Introduction

Precession drives the fluid motion in the core. To leading order, the motion is
a rigid body rotation. A viscous boundary layer develops in order to satisfy the
no-slip boundary condition. Energy dissipates mainly in the boundary layer
due to viscous force. The viscous dissipation depends on whether the flow is
turbulent or not (Shih et al., 2023). In the case of turbulence, it might as
well be affected if roughness appears on the core-mantle boundary (CMB). A
quantitative assessment of the roughness effect (Buffett & Christensen, 2007)
often relies on dimensional arguments or laboratory experiments (Sleath, 1987),
involving a turbulent oscillatory flow over a rough surface.

Dimensional arguments for the roughness effect on viscous dissipation rely
on the concept of eddy viscosity, which can be approximated as νe ≈ v l where
v and l are the velocity and the size of the eddies. The eddy velocity can
be approximated by the large-scale velocity, while the eddy size can be ap-
proximated by the length scale of the roughness if present. For the Earth’s
precession-driven flow, the velocity is about 4.1 × 10−3 ms−1. In order to ob-
tain eddy viscosity larger than the conventional value for the outer liquid core
of ν = 10−6 ms−1, the required length scale should be > O(10−3)m. This sim-
ple dimensional argument suggests that boundary roughness with millimeter
scale could already affect the eddy viscosity. However, whether such small am-
plitude roughness can generate turbulence and the associated eddies remains
to be further studied.

In this chapter, I study the effect of roughness on the boundary layer of
precession-driven flow. The term roughness refers to small-scale undulations
of the CMB. The length scale is at the order of a few centimeters, compati-
ble with the boundary layer thickness. Large-scale topographies, which have

55
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wavelengths and heights of a few kilometers or larger, are not considered here;
addressing such topographies requires a different approach. For instance, Puica
et al. (2023) used spherical harmonics to parameterize CMB topography and
study its impact on tidally driven length-of-day variations. Precession-driven
flow, on the other hand, is a central focus of this study, as the flow is charac-
terized by the largest velocity amplitude in the boundary layer compared to
other rotationally driven flows like nutations.

In Section 4.2, I first determine the rotation of the fluid core based on the
model for an axisymmetric spheroid and then describe the governing equations.
In Section 4.3, I present the details of a local box model used to study boundary
roughness, with a focus on the derivation of forces and the implementation of
roughness. Finally, the results are presented in Section 4.4.2, followed by a
discussion and conclusions in Section 4.5.

4.2 Mathematical description of the problem

Let’s begin with Earth’s precession. The Earth’s rotation axis Ωm = Ωmk̂m

precesses around the axis Ωp = Ωpk̂p at angle α. This precession drives the
fluid motion within the Earth’s core. To the zeroth order, the fluid motion
resembles a rigid body rotation Ωf = Ωf k̂f . Note that k̂i, where i = m, p, f ,
are unit vectors. Roughness on the CMB can interact with this flow through
the boundary layer. To study the interaction, I formulate the problem in a
reference frame which is attached to Ωf , hereafter referred to as the fluid
frame. In this frame, the bulk of the fluid core is at rest while the mantle
rotates with ∆Ω = Ωm −Ωf .

The rotation of the fluid core is a crucial component of this formulation. To
determine Ωf , I rely on Busse’s solution, which is applicable to axisymmetric
spheroids (Busse, 1968). For this study, I consider the Earth as an axisymmetric
spheroid, leading to a stationary solution for Ωf obtained in the precessing
frame, which is attached to Ωp. Finally, the relation between the two reference
frames and the corresponding coordinate systems will also be introduced in the
following section.

4.2.1 Precession-driven flow

In the precessing frame, I define the coordinate system (X̂
′
p, Ŷ

′
p, Ẑ

′
p) such that

Ẑ
′
p is aligned with Ωm and X̂

′
p is in the direction of Ωp (see Figure 4.1).

Note that Ωm and Ωp point towards opposite hemispheres because the Earth’s
precession is in the retrograde direction. I adopt negative Ωp so that the angle

between Ẑ
′
p and k̂p is α. The vector Ωf has co-latitude θf and longitude ϕf .

The Earth rotates with an angular velocity of Ωm = 7.292 × 10−5 rad s−1,
while simultaneously precessing around the ecliptic normal at an angle of α =
23.5◦ with Ωp = −7.726 × 10−12 rad s−1. The rotation of the fluid core, with
a viscosity of ν = 10−6 m2 s−1, is coupled to the rotating mantle primarily
through the pressure torque exerted at the flattened core-mantle boundary
(CMB), which has a dynamical flattening ϵf = 2.6× 10−3.
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Figure 4.1: The coordinate system (X̂
′
p, Ŷ

′
p, Ẑ

′
p) in the precessing frame. The

angles θf and ϕf are not to the scale for the case of the Earth.

Based on the implicit equation of Busse (1968), I obtain the solution of Ωf

which has the angles θf = 1.62× 10−5 rad and ϕf = π + 3.38× 10−5 rad with
respect to Ωm. Boundary layer develops at the CMB. The boundary layer is
expected to have a thickness of Lν =

√
ν/Ωf = 0.1m if the flow is laminar and

away from the location where the boundary layer breaks down. Under the no
spin-up condition, the differential rotation is given by ∆Ω = Ωm sin θf . The
differential velocity at the CMB, with R = 3480 km, is U = ∆ΩR = 4.1 ×
10−3 ms−1. With the boundary layer thickness and the differential velocity,
the Reynolds number Re = ULν/ν is approximately 500.

The solution of Ωf is calculated using Brent’s method, a root-finding algo-
rithm. This method is employed to find the root of the implicit equation for Ωf

derived by Busse (1968). The value of θf obtained from this calculation aligns
with similar results found in the literature. For instance, Tilgner (2015) pro-
vides a detailed calculation procedure for determining θf , while Buffett (2021)
cites the value directly. These parameters, including θf and ϕf , are necessary
for calculating the relevant forces that are implemented in the local box model.

4.2.2 Governing equations in fluid frame

In the fluid frame, I define two sets of coordinate system: One global (X̂, Ŷ , Ẑ)
and the other is local (x̂, ŷ, ẑ) (see Figure 4.2). The origin of the global system
is at the center of the Earth, while the one of the local system is on the CMB
at R. These coordinate systems not only connect the solution obtained in the
precessing frame but also serve as the basis for the subsequent analysis.

For the global coordinate system, the origin is at the center of the outer
core, with Ẑ aligned with Ωf . The X̂ axis can be chosen arbitrarily; however,

I choose it such that Ωm tilts toward negative X̂ at t = 0, with the tilt an-
gle being θf . The local coordinate system is on the CMB with co-latitude θ
and longitude ϕ. In this system, the x̂ axis is eastward, the ŷ axis is north-
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Figure 4.2: The coordinate system (x̂, ŷ, ẑ) in the fluid frame.

ward, and the ẑ axis is in radial outward direction. In order to bring the
laminar solution into the local coordinate system, a series of coordinate trans-
formations is needed, incorporating the Euler angles θf and ϕf . I will present
the explicit expressions for these transformations in the following sections (see
Section 4.3.1).

In the fluid frame, the governing equation for the fluid motion u is given by

∂u

∂t
+ u · ∇u = −1

ρ
∇P + ν∇2u− 2 (Ωf +Ωp)× u− (Ωp ×Ωf )× r (4.1)

where ρ is the fluid density. Since the reference frame is not fixed in the
inertial space, there are noninertial terms appeared in the equation, such as
the centrifugal, Coriolis, and Euler forces. The centrifugal force is absorbed in
the pressure term. The third term on the right hand side is the Coriolis force
and the last term is the Euler force, which is due to the angular acceleration
of the reference frame. The vector r in general describes the position of any
fluid in the core. For the fluid motion near the CMB, I divide r into two parts,
R + r′, where r′ is the position vector originating from the local coordinate
system. Given that r′ ≪ R, the Euler force is dominated by − (Ωp ×Ωf )×R.

Moreover, in the fluid frame, the differential rotation of the mantle ∆Ω
drives the fluid motion. The boundary velocity uB = ∆Ω × R in the local
coordinate system is given by

uB,x = U cos θ cos(Ωf t+ ϕ) (4.2a)

uB,y = −U sin(Ωf t+ ϕ) (4.2b)

uB,z = 0 (4.2c)

The longitude ϕ can be interpreted as a phase shift in time. For the sake of
brevity in the following discussion, we set ϕ = 0.
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4.3 Local box model

I modify the local box model developed in Chapter 2 (see Page 20 for more
details) to study boundary roughness. Here I summarize the primary features
of such model and highlight several aspects relevant to the following discussion
on roughness. The box model was designed to study the boundary layer of
precession-driven flow, allowing the simulation to reach parameter regimes rel-
evant to the Earth. Originally, the solid-liquid boundary was flat, but in this
chapter I introduce a method to incorporate roughness on the boundary and
study its effects on the flow.

It is important to note that the design of the box model places limitations
on the roughness that can be studied. First, the length scale of the roughness,
both in amplitude and wavelength, needs to be of the same order of magnitude
as the boundary layer thickness since the box model is defined in the unit of
the thickness. Furthermore, the model requires periodic boundary conditions
to be applied to the four lateral boundaries, which limits the geometry of the
roughness since it has to be similarly periodic. The velocity assigned at the
top boundary to mimic precession-driven flow further complicates the imple-
mentation of roughness, as will be elaborated upon in the following sections.

The box model is defined in the local coordinate system (x̂, ŷ, ẑ), located
at R on the core-mantle boundary. Here, ẑ corresponds to the wall-normal
(vertical) direction, while x̂ and ŷ correspond to the wall-parallel (horizontal)
directions. The governing equation is non-dimensionalized using the differential
velocity U , the boundary layer thickness Lν , and the corresponding time scale
T = Lν/U . Consequently, Equation 4.1 becomes:

∂u∗

∂t∗
+ u∗ · ∇∗u∗ = −∇∗P ∗ +

1

Re
∇∗2u∗ + f∗

Coriolis + f∗
Euler (4.3a)

where

f∗
Coriolis = − 2

Re

[
k̂f + Po

(
Ωm

Ωf

)
k̂p

]
× u∗ (4.3b)

and

f∗
Euler = −

(
Lν

R

)(
Ωm

∆Ω

)2

Po

(
Ωf

Ωm

)(
k̂p × k̂f

)
×

[(
Lν

R

)
r′ ∗ + R̂

]
(4.3c)

Note that Re = ULν/ν is the Reynolds number, and Po = Ωp/Ωm is the
Poincaré number. A superscript (∗) denotes dimensionless variables in the

units of U , Lν , and T . Additionally, R̂ = R/R is a unit vector.
The coefficients of both f∗

Coriolis and f∗
Euler for the Earth can be found

in Table 1.1 and Table 1.1, or they can be evaluated from the parameters
therein. The ratio Ωm/Ωf can be expressed as 1/ cos θf under the no spin-up
condition. Given the smallness of θf , the ratio is close to unity, differing by
approximately O(10−10). Therefore, the ratio is set to one. The coefficient of
f∗
Euler is approximately 1.36 × 10−5. Given that Lν/R ≈ O(10−8), the Euler

force is dominated by the term proportional to (k̂p × k̂f ) × R̂. In this study,
except for the term associated with r′ ∗, the Coriolis and the Euler forces are
implemented with the aforementioned coefficients.
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Figure 4.3: Local box model with roughness. In the unit of Lν , the domain
size is 30× 30× 30 and the roughness height is H∗ = 0.5.

The governing equation is solved using Nek50001, an open-source computa-
tional fluid dynamic code based on the spectral element method. This method
combines the advantages of spectral methods, giving us the accuracy that we
require, and finite element methods, giving us the flexibility to model the com-
plex shape of the boundary (Patera, 1984). In a spectral element method, the
computation domain is divided into E deformable hexahedral elements, within
which data are represented using Nth-order tensor-product polynomials. For
this study, I use a rectangular domain of size 30× 30× 30 in units of Lν . The
domain consists of E = 768 elements, with N = 9. To increase spatial reso-
lution near the top boundary, where relevant flow dynamics in the boundary
layer take place, the heights of the elements are smaller. The top boundary is
solid (representing the CMB), with its velocity specified as to mimic the pre-
cessing mantle as seen from the fluid frame (see Equation 4.2). The four side
boundaries are periodic. The bottom boundary is stress-free (i.e. no tangential
stress) and the normal velocity is zero.

I use sinusoidal functions to approximate boundary roughness. Roughness
height h is defined with respect to the z = 0 plane. The roughness profile is
given by:

h∗(x∗, y∗) = −H
∗

2
(cos k∗x∗ + cos k∗y∗) (4.4)

where H∗ is the maximum height and k∗ = 2π/λ∗ is the wavenumber, with λ∗

being the wavelength. In the context of the local box model, the wavelength
is chosen to match the domain size, ensuring that the periodic boundary con-
ditions are satisfied. The minus sign ensures that, within the range [0, λ∗] for
both x∗ and y∗, the height h∗ reaches its maximum at the center of the domain
(see Figure 4.3).

1NEK5000 Version 20.0-dev. Argonne National Laboratory, Illinois. Available: https:
//nek5000.mcs.anl.gov.

https://nek5000.mcs.anl.gov
https://nek5000.mcs.anl.gov


4.3. Local box model 61

4.3.1 Explicit expression for the precession vector

In this subsection, I derive the explicit expression of the precession vector k̂p,
which is necessary in the local box model to calculate the Coriolis and the Euler
forces (refer to the governing equation of the model presented in Equation 4.3).

The derivation begins with the conventional expression of k̂p in the precessing
frame (e.g. Busse, 1968), followed by a series of coordinate transformations to
obtain the expression required for the local model.

Coordinate transformations

In the precessing frame, the global coordinate system (X̂
′
p, Ŷ

′
p, Ẑ

′
p) is defined

such that k̂m = Ẑ
′
p and k̂p = (sinα X̂

′
p + cosα Ẑ

′
p). The subscript p denotes

precession for both the rotation vector and the unit vectors of the coordinate
system. The fluid rotation vector k̂f is described by two angles θf and ϕf with

respect to k̂m (see Figure 4.4).
The local coordinate system (x̂, ŷ, ẑ) used for the box model is defined with

respect to an intermediate coordinate system (X̂, Ŷ , Ẑ). This intermediate

system is defined in the fluid frame, with Ẑ aligned with k̂f . Note that the

orientation of this intermediate system differs from (X̂
′
p, Ŷ

′
p, Ẑ

′
p), necessitating

a series of rotations to align the system.

A two-step rotation is applied to align Ẑ
′
p with k̂f : (1) a counterclockwise

rotation about Ẑ
′
p by ϕf , and (2) a counterclockwise rotation about the inter-

mediate axis Ŷ
′′
p by θf . The rotation matrices are given by (see e.g. Thornton

& Marion, 2003):

λ1 =

 cosϕf sinϕf 0
− sinϕf cosϕf 0

0 0 1

 (4.5)

and

λ2 =

cos θf 0 − sin θf
0 1 0

sin θf 0 cos θf

 (4.6)

Coordinate of a vector x in the new coordinate system (X̂p, Ŷ p, Ẑp) is given

by [x]p = λ2λ1[x]
′
p. The rotations are chosen so that k̂m lies in the X̂p-Ẑp

plane, leaning towards the negative X̂p with co-latitude θf .
Next, a transformation from the precessing frame to the fluid frame is given

by (see e.g. Noir & Cébron, 2013)

λ3 =

 cosΩf t sinΩf t 0
− sinΩf t cosΩf t 0

0 0 1

 (4.7)

After this transformation, the new coordinate system is denoted as (X̂, Ŷ , Ẑ).

This matrix indicates that any vector (except the one aligned with Ẑ) which is

fixed in the precessing frame traces a circular path around k̂f in the retrograde
direction in the fluid frame.
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Figure 4.4: Two-step rotation to align Ẑ
′
p with Ωf .

Finally, the relation between the global coordinate system and the local
coordinate system (x̂, ŷ, ẑ) is given by

X̂ = sin θ cosϕ r̂ + cos θ cosϕ θ̂ − sinϕ ϕ̂

Ŷ = sin θ sinϕ r̂ + cos θ sinϕ θ̂ + cosϕ ϕ̂

Ẑ = cos θ r̂ − sin θ θ̂

(4.8)

where r̂ = ẑ, θ̂ = −ŷ, and ϕ̂ = x̂. The co-latitude θ and longitude ϕ are defined
with respect to (X̂, Ŷ , Ẑ). A straightforward test can be done by checking if

the fluid rotation vector k̂f is aligned with Ẑ, as required. The coordinates of

k̂f in the (X̂
′
p, Ŷ

′
p, Ẑ

′
p) system are given by

k̂f =
(
sin θf cosϕf X̂

′
p + sin θf sinϕf Ŷ

′
p + cos θf Ẑ

′
p

)
, (4.9)

while in the local coordinate system (x̂, ŷ, ẑ) are

k̂f = (sin θ ŷ + cos θ ẑ) . (4.10)

Precession vector

In order to obtain the coordinates of k̂p in the (X̂, Ŷ , Ẑ) system, I first write

the coordinates of k̂p in the (X̂
′
p, Ŷ

′
p, Ẑ

′
p) system as a column matrix, and then

apply the transformation matrices λ1, λ2, and λ3 in sequence. Finally, I apply
the relation given in Equation 4.8 to transform the coordinates to the local
coordinate system (x̂, ŷ, ẑ). The final result is given by:

k̂p · x̂ ≡ kp,x =
[
− sin (α) sin (ϕf ) cos (Ωf t+ ϕ)

− sin (α) sin (Ωf t+ ϕ) cos (ϕf ) cos (θf )

+ sin (θf ) sin (Ωf t+ ϕ) cos (α)
] (4.11a)

k̂p · ŷ ≡ kp,y =
[
sin (α) sin (ϕf ) sin (Ωf t+ ϕ) cos (θ)

+ sin (α) sin (θ) sin (θf ) cos (ϕf )

− sin (α) cos (ϕf ) cos (θ) cos (θf ) cos (Ωf t+ ϕ)

+ sin (θ) cos (α) cos (θf )

+ sin (θf ) cos (α) cos (θ) cos (Ωf t+ ϕ)
]

(4.11b)
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k̂p · ẑ ≡ kp,z =
[
− sin (α) sin (ϕf ) sin (θ) sin (Ωf t+ ϕ)

+ sin (α) sin (θ) cos (ϕf ) cos (θf ) cos (Ωf t+ ϕ)

+ sin (α) sin (θf ) cos (ϕf ) cos (θ)

− sin (θ) sin (θf ) cos (α) cos (Ωf t+ ϕ)

+ cos (α) cos (θ) cos (θf )
]

(4.11c)

It can be checked that k̂p is a unit vector by (kp,x)
2 + (kp,y)

2 + (kp,z)
2 = 1.

Substitute the parameters (α, θf , ϕf ) for the Earth, Equation 4.11 becomes

kp,x = −0.40 sin (Ωf t+ ϕ)− 1.35× 10−5 cos (Ωf t+ ϕ) (4.12a)

kp,y = 0.92 sin (θ) + 1.35× 10−5 sin (Ωf t+ ϕ) cos (θ)

−0.40 cos (θ) cos (Ωf t+ ϕ)
(4.12b)

kp,z =− 1.35× 10−5 sin (θ) sin (Ωf t+ ϕ)

+ 0.40 sin (θ) cos (Ωf t+ ϕ) + 0.92 cos (θ)
(4.12c)

Note that the coefficients of k̂p depend on the position of the local coordinate
system. For example, at θ = 0, the vector traces a circular cone around ẑ with
an angle of approximately 23.5◦ to ẑ. Conversely, at θ = 90◦, the revolving
axis shifts to ŷ. Equation 4.12 is used to calculate f∗

Coriolis and f∗
Euler in the

local box model for the Earth.

4.3.2 Implementation of roughness

To conform to the roughness profile (Equation 4.4), I generate the mesh of
the model by first creating a square rectangular cube and then deforming the
coordinates of certain grid points. The coordinates along ẑ axis of the grid
points in the cube are zold. The original grid points with zold are assigned to
new coordinates given by znew = zold+dz. The displacement is defined as dz =
(zold +1)h for zold ≥ −1. For example, at the grid points on the top boundary
where zold = 0, the displacement equals the height given by Equation 4.4,
resulting in znew = h(x, y) as a function of x and y. The displacement decreases
with increasing depth and reaches zero at z = −1. The grid points below
remain at their original positions. The depth of zero displacement is chosen
to ensure that the roughness within the boundary layer is accurately modeled
while maintaining the regular structure of the grid points below.

The assigned velocity at the top boundary implies that the boundary rough-
ness changes in time (see the boundary velocity given in Equation 4.2). In order
to model this moving roughness, we first derive the temporal evolution of the
roughness profile and then assign the time-varying mesh deformation to the
model during simulation. To derive the temporal evolution of the roughness
profile, we begin by determining the trajectory of a given point (x, y) on the
boundary. Using the boundary velocity, the trajectory is obtained through
time integration:

x(t) =
U

Ωf
cos θ sin(Ωf t) + x0 (4.13a)
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Figure 4.5: Schematic diagrams of the moving roughness. Upper panel: initial
profile at t = 0. Lower panel: profile after a time interval ∆t. The shaded
region represents the fluid. The horizontal shift of the profile corresponds to
the vertical movements of individual grid points on the boundary.

y(t) =
U

Ωf
[cos(Ωf t)− 1] + y0 (4.13b)

where (x0, y0) are the coordinates at t = 0. Substitute (x, y) in Equation 4.4,
which represents the initial profile at t = 0, with (x0, y0). We obtain the
temporal evolution of the roughness profile:

h(x, y, t) = −H
2

[
cos

(
kx− k

U

Ωf
cos θ sin(Ωf t)

)
+cos

(
ky − k

U

Ωf

[
cos(Ωf t)− 1

])] (4.14)

The time-dependent terms can be interpreted as the phase shift, causing the
entire topography to shift horizontally. Alternatively, considering the height of
a specific point, the variation will oscillate over time.

Figure 4.5 presents schematic diagrams of the moving roughness. The upper
panel shows the initial profile at t = 0, described by a cosine function with a
single wavelength. The height is defined with respect to the z = 0 plane. The
shaded region represents the fluid. After a time interval ∆t (lower panel), the
profile shifts horizontally, resulting in vertical movements of individual grid
points on the boundary.

In Nek5000, mesh deformation can be specified through a mesh velocity. For
our case, the mesh velocity corresponding to the moving roughness is derived
from the temporal evolution of the roughness profile given in Equation 4.14.
The mesh velocity in the vertical direction is equal to the time derivative of
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the roughness profile:

∂h

∂t
= −H

2

[
k U cos θ cos (Ωf t) sin

(
kx− k

U

Ωf
cos θ sin(Ωf t)

)
− k U sin (Ωf t) sin

(
ky − k

U

Ωf

[
cos(Ωf t)− 1

])] (4.15)

Steady streaming

In this subsection, I compare qualitatively my result with a previous one in the
literature to make sure that the method works as expected. To facilitate this
comparison, certain modifications were made to the model. These modifications
are only relevant to the results presented in this subsection or as explicitly
stated elsewhere. One aspect that remains unchanged is the implementation
of the moving roughness, which is achieved by deforming the mesh during
simulation through the assignment of mesh velocity.

First, let’s consider a simplified version of the system discussed in the main
text, excluding Coriolis and Euler forces. The flow is governed by inertial force,
pressure, and viscous force, with the boundary executing a simple harmonic
oscillation in its own plane. This scenario, with a flat boundary, is a classic
example found in fluid mechanics textbooks (see, for example, Section 24 of
Landau & Lifshitz, 1987). The boundary layer formed in this case is also known
as the Stokes boundary layer.

Suppose that that the solid-liquid boundary is not flat but features rough-
ness or topography. Relevant studies in the literature discuss wave ripples (or
sand ripples) found at the bottom of sea waves in shallow waters. These wave
ripples typically manifest as periodic ridges perpendicular to the wave propaga-
tion direction. Experimental and theoretical studies have shown that the forma-
tion of wave ripples is related to the oscillatory motion of the bottom fluid (e.g.
Sleath, 1976; Kaneko & Honji, 1979). According to the theory presented by
Blondeaux (1990), an oscillatory flow interacting with a small-amplitude wavy
bottom generates circulating cells (also known as steady streaming), which
under certain circumstances, facilitate ripple formation. Figure 4.6 shows an
example of steady streaming where the flow near the perturbed boundary is di-
rected from the troughs towards the crests of the perturbation. It is important
to note that the figure illustrates the steady part of the velocity field, while the
time-dependent part oscillates accordingly.

The governing equation is modified for a simple oscillatory flow without
precession nor rotation, described by

∂u

∂t
+ u · ∇u = −∇P + ν∇2u (4.16)

The boundary velocity is given by:

uB,y = −U sin(ωt) (4.17)

where U is the maximum velocity amplitude and ω is the oscillation frequency.
The other velocity components are zero. The Stokes-layer thickness is defined
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as Lδ =
√
2ν/ω. Using the velocity scale U and the length scale Lδ, the

Reynolds number is defined as Reδ = ULδ/ν. To avoid confusion with the non-
dimensional variables introduced in the main text, variables in this subsection
will be presented with explicit expressions, such as y/Lδ.

The initial roughness profile is given by:

h(x, y) = −H cos(ky) (4.18)

where H is the maximum amplitude and k = 2π/λ is the wavenumber, with λ
being the wavelength. The y-coordinate of a point on the moving boundary is
obtained by integrating Equation 4.17 in time:

y(t) =
U

ω

[
cos(ωt)− 1

]
+ y0 (4.19)

where y0 is the coordinate at t = 0. By substituting y in Equation 4.18 by y0,
the temporal evolution of the roughness profile is obtained:

h(x, y, t) = −H cos

(
ky − k

U

ω

[
cos(ωt)− 1

])
(4.20)

Mesh deformation is specified through mesh velocity, which is equal to ∂h/∂t.
Simulation begins with u = 0 everywhere in the domain. To allow the

solution to reach a steady state, the simulation runs for 25 oscillation cycles.
Data are collected during the last cycle, with 20 snapshots of the velocity field
stored for post-processing. To obtain the pattern of steady streaming, I choose
a vertical plane parallel to the oscillation direction at the center of the domain.
The roughness profile at t = 0 serves as the basis for averaging. At each
time step, the solution is transformed so that the roughness profile matches
that at t = 0. The solutions from individual snapshots are then interpolated
onto the same grid points, and the time-averaged values are computed at each
point. Finally, to reduce the influence of initial conditions, the result is further
subtracted from the one with the same setup but without roughness (i.e. a flat
boundary).

Figure 4.7 shows the result obtained from the local box model with the
parameters Reδ = 0.1, λ/Lδ = 15.7, and H/Lδ = 0.1. Two circulating cells
are observed, with their centers located between z/Lδ = −2 and −3. The
flow direction near the rough boundary is from trough to crest. Although the
roughness profile is barely visible in the stream plot due to the small amplitude,
it can be referred to in the upper panel of Figure 4.5 for clarity. Note that
although a vertical plane at the center of the domain (x = 7.85) is chosen for
the plot, similar results can be found at different x (not shown) due to the
homogeneity along the x-direction. The qualitative agreement with the result
presented in the literature (see Figure 4.6) supports the validity of the method,
particularly the implementation of boundary roughness.

The mesh velocity assigned to represent the roughness movement is crucial
in reproducing the correct pattern of steady streaming. For comparison, the
result based on the same setup (Reδ = 0.1, λ/Lδ = 15.7, and H/Lδ = 0.1)
but without assigning mesh velocity exhibits a different pattern (not shown
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Figure 4.6: Steady streaming of the viscous oscillatory flow over a wavy wall
(Reδ = 0.1 and λ/Lδ = 15.7). The length unit is the Stokes-layer thickness Lδ.
Figure adapted from Blondeaux (1990). Permission is granted at no cost for
use of content in a Master’s Thesis and/or Doctoral Dissertation.

Figure 4.7: The time-averaged velocity field of the viscous oscillatory flow over a
rough surface (Reδ = 0.1, λ/Lδ = 15.7, and H/Lδ = 0.1). Both the streamline
and the amplitude (see the colorbar) are based on the velocity components uy
and uz parallel to the shown plane.
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here). In this case, the mesh was deformed before the simulation began and
then remained unchanged. The steady part of the velocity field exhibits two
circulating cells, but the direction near the roughness is from crest to trough.
Although in this case the horizontal displacement of the roughness is small
compared to the wavelength (i.e. the mesh deformation is barely visible), this
comparison highlights the importance of mesh velocity. The horizontal dis-
placement, U/ω (see Equation 4.19), in the unit of Lδ can be expressed as
U/(ωLδ) = Reδ, where the definitions of Lδ and Reδ have been used.

The amplitude of roughness height does not significantly affects the pattern
of steady streaming, although it does influence the velocity amplitude. A sim-
ulation with a similar setup (Reδ = 0.1 and λ/Lδ = 15.7), but with a reduced
roughness height of H/Lδ = 0.01, exhibits a steady streaming pattern (not
shown here) similar to that in Figure 4.7. However, the amplitude of vertical
velocity component uz/U is approximately one order of magnitude smaller than
in the previous case where H/Lδ = 0.1. This observation indicates that the
roughness height primarily scales the intensity of the flow without significantly
affecting the overall pattern.

4.3.3 Brief summary

In this study, I perform simulations with Re = 500 and θ = 0, varying the
roughness height H∗ from 0.1 to 0.5. I set the wavelength of the roughness
to λ∗ = 30. Other wavelengths could be chosen, provided that the horizontal
domain size is a multiple of λ∗. The boundary velocity uB is a critical factor
in driving the fluid motion, so the oscillation cycles will be represented by Ωf t
in the discussion of temporal evolution. All simulations start with a perturbed
velocity field which has root-mean-square amplitude of about 10−2 throughout
the domain.

I conduct a spatial resolution test for the case with H∗ = 0.5 by increasing
the number of elements in the domain toN = 1400, nearly doubling the original
resolution. The results show no significant changes, confirming that the initial
resolution is sufficient.

4.4 Results

4.4.1 Force balance

Estimating the magnitude of each forcing term in the governing equation
(Equation 4.3) provides insights into the force balance within the fluid. I cal-
culate these terms using relevant quantities output from the solver, such as
velocity and spatial derivatives at a given grid point. The temporal derivative
of u∗ is calculated using a second-order central difference:

∂u∗i
∂t∗

=
u∗i (t

∗
j+1)− u∗i (t

∗
j−1)

t∗j+1 − t∗j−1

(4.21)

where i = x, y, z refers to the three velocity components and t∗j represents the
individual time steps. To distinguish the nonlinear term, I refer to ∂u∗/∂t∗ as
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Figure 4.8: Dimensionless forces amplitude as a function of time at a single
point (x∗, y∗, z∗) = (15, 15, 0.5) for the case with Re = 5, θ = 0, and H∗ = 0.0.
Inertia: |∂u∗/∂t∗|, nonlinear: |u∗ · ∇∗u∗|, pressure: |∇∗P ∗|, viscous force:
| 1
Re∇

∗2u∗|, Coriolis force: |F ∗
Coriolis|, and Euler force: |F ∗

Euler|.

the inertial term. Figure 4.8 illustrates the magnitudes of the dimensionless
forces as a function of time at a single point (x∗, y∗, z∗) = (15, 15, 0.5) for the
case with Re = 5, θ = 0, and H∗ = 0.0. In the laminar regime, the dominant
forces are inertia, viscous, and Coriolis forces. The Euler force is at least four
orders of magnitude smaller than the other terms. Note that the amplitude of
the Euler force remains constant since it does not depend on the flow.

4.4.2 Effect of roughness

Let’s first look at the thickness of boundary layer. Figure 4.9 presents the
velocity profiles on the y-z plane at x∗ = 15 for the case with Re = 500, θ = 0,
and H∗ = 0.5. I choose the case for demonstration as the flow patterns are
representative of the other cases with different H∗ as well. The flow is mainly
confined to the region above z∗ ≈ −15, although some flow persists below
this level. Based on dimensional argument, the boundary layer thickness is
supposed to be proportional to (e.g. Csanady, 1967)

uτ
f

(4.22)

where uτ is friction velocity and f is the Coriolis parameter. In this study, I
substitute f with 2Ωf cos θ. The definition of friction velocity is uτ =

√
|τB|/ρ,

where |τB| is the magnitude of the shear stress on the boundary surface.
Shear stress on the boundary surface is defined as τB,i = sijnj , where

sij = µ(∂iuj +∂jui) is the stress tensor and nj (or in vector form n̂) is the unit
normal vector on the surface. Expressed in the dimensionless form, the shear
stress can be written as

τB,i = ρU2τ∗B,i (4.23)
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where

τ∗B,i =

(
1

Re

)
(∂∗i u

∗
j + ∂∗j u

∗
i )nj (4.24)

Then, friction velocity can be derived directly from the numerical result via
uτ = U

√
|τ ∗

B|.
Figure 4.10 shows the shear stress τ ∗

B per unit area on the boundary sur-
face. The horizontal components, τ∗B,x and τ∗B,y, exhibit sinusoidal oscillations
over time, with a frequency matching that of the boundary velocity. A phase
difference of approximately π/2 exists between these components, suggesting
that the amplitude of [(τ∗B,x)

2 + (τ∗B,x)
2]1/2 should remain constant. The mean

value within the interval Ωf t/2π = [1.0, 5.0], where the solution reaches a sta-
tistically steady state, is (3.33± 0.13)× 10−3. Table 4.1 summarizes the mean
values for other cases of H∗ within the same interval.

For laminar flow, the analytical expression for friction velocity is ulamτ =
Re−1/2 U (see e.g. Buffett & Christensen, 2007; Shih et al., 2023). Figure 4.11
shows the normalized friction velocity uτ/u

lam
τ as a function of time for Re =

500 and θ = 0 with roughness height H∗ ranging from 0 to 0.5. The results
indicate that roughness height does not significantly influence the magnitude of
uτ . For the case with H

∗ = 0.5, the mean value of uτ/u
lam
τ between the interval

Ωf t/2π = [1.0, 5.0], where the solution reaches a statistically steady state, is
1.29± 0.03 (one standard deviation). The mean values for the other cases fall
within the same range. Based on Equation 4.22, the boundary layer thickness
for Re = 500 and θ = 0 is about 14Lν , consistent with the observation of the
velocity profile on the y-z plane. In summary, the results suggest that roughness
height does not significantly influence the shear stress on the boundary surface
and the turbulent boundary layer thickness.

In the study by Buffett (2021), the reported value for uτ/u
lam
τ is 1.2, without

explicitly mentioning fluctuations in amplitude. An inspection of his time series
plot for uτ/u

lam
τ reveals variations in amplitude, with an estimated maximum of

approximately 1.42 and a minimum of about 1.17 after the onset of turbulence.
Averaging these extremes yields a value consistent with the range obtained in
the present study. While this method of estimation is not precise, it provides
a reasonable comparison, confirming that the results are in agreement.

Horizontal pressure drag arises when the boundary surface is not flat. Fig-
ure 4.12 shows the pressure field at Ωf t/2π = 5.00. On the top boundary, the
pressure distribution aligns roughly along the y-axis, perpendicular to the cor-
responding boundary velocity, which at the given time points toward positive
x-axis (see the fourth row of Figure 4.9). To calculate the pressure drag on
the top boundary, I sum the local contributions, P ∗n̂, and divide by the total
area. Figure 4.13 displays the three components of the pressure drag per unit
area, denoted as (P ∗

B,x, P
∗
B,y, P

∗
B,z). For the vertical component, P ∗

B,z reaches

a steady state, with a mean value of (1.40 ± 0.18) × 10−3 within the interval
Ωf t/2π = [1.0, 5.0]. The horizontal components, P ∗

B,x and P ∗
B,y, exhibit similar

temporal oscillations as the corresponding shear stress components, resulting
in a mean value of [(P ∗

B,x)
2+(P ∗

B,y)
2]1/2 equal to (1.65±0.39)×10−4. Table 4.1

summarizes the mean values for the other cases of H∗. The vertical component
remains consistent across different values of H∗, while the horizontal compo-
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Figure 4.9: Velocity profiles at x∗ = 15 for Re = 500, θ = 0, and H∗ = 0.5 at
four different phases.
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Figure 4.10: Shear stress τ ∗
B per unit area on the boundary surface as a function

of time for Re = 500, θ = 0, and H∗ = 0.5. A phase difference of approximately
π/2 exists between τ∗B,x and τ∗B,y. The mean value of [(τ∗B,x)

2+(τ∗B,x)
2]1/2 within

the interval Ωf t/2π = [1.0, 5.0] is (3.33± 0.13)× 10−3.

nents increase with H∗, showing a tenfold difference between H∗ = 0.1 and
0.5.

In literature, shear stress is usually expressed in term of dimensionless co-
efficient (e.g. Sleath, 1987; Buffett & Christensen, 2007). Following the con-
vention, I define the friction coefficient as

Cf =

√
(τB,x)2 + (τB,x)2

1
2ρU

2
(4.25)

and similarly the drag coefficient as

Cd =

√
(PB,x)2 + (PB,y)2

1
2ρU

2
(4.26)

where U is the far-field velocity relative to the boundary. Note that ρU2 is the
unit of non-dimensionalized shear stress and the pressure in the present study,
so both coefficients are simply two times the corresponding values presented in
Table 4.1. Figure 4.14 shows Cf and Cd as a function of H∗.

4.5 Discussion and Conclusions

In this study, I implement boundary roughness on a moving boundary. The
implementation relies on the time-dependent deforming mesh. Validation of
this method was examined by reproducing a well-studied case of oscillatory



4.5. Discussion and Conclusions 73

Figure 4.11: Friction velocity uτ/u
lam
τ as a function of time for Re = 500 and

θ = 0 with roughness height h∗ from 0 to 0.5.

Figure 4.12: Pressure field P ∗ at Ωf t/2π = 5.00 for Re = 500, θ = 0, and
H∗ = 0.5
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Figure 4.13: Pressure drag per unit area (P ∗
B,x, P

∗
B,y, P

∗
B,z) on the boundary

surface as a function of time for Re = 500, θ = 0, and H∗ = 0.5.

Figure 4.14: Friction coefficient Cf and drag coefficient Cd as a function of
roughness height H∗. Note that Cd = 0 at H∗ = 0 is not shown on the plot.
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Table 4.1: Shear stress τB and pressure P ∗ on the boundary surface within the interval Ωf t/2π = [1.0, 5.0].

h∗ [(τ∗B,x)
2 + (τ∗B,x)

2]1/2 τB,z [(P ∗
x )

2 + (P ∗
y )

2]1/2 P ∗
z

0.0 (3.34± 0.14)× 10−3 (−1.25± 1.31)× 10−7 0 (1.30± 0.15)× 10−3

0.1 (3.35± 0.14)× 10−3 (−1.68± 0.86)× 10−6 (1.06± 0.53)× 10−5 (1.34± 0.17)× 10−3

0.2 (3.35± 0.13)× 10−3 (−6.16± 1.75)× 10−6 (2.98± 1.24)× 10−5 (1.34± 0.18)× 10−3

0.3 (3.35± 0.14)× 10−3 (−1.39± 0.26)× 10−5 (6.15± 1.98)× 10−5 (1.35± 0.18)× 10−3

0.4 (3.35± 0.14)× 10−3 (−2.44± 0.35)× 10−5 (1.07± 0.30)× 10−4 (1.38± 0.20)× 10−3

0.5 (3.33± 0.13)× 10−3 (−3.77± 0.46)× 10−5 (1.65± 0.39)× 10−4 (1.40± 0.18)× 10−3
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flow over a wavy surface. Nevertheless, concerning the roughness effect on the
boundary layer of the oscillatory Ekman layer, the result shows that, for small-
amplitude roughness, the horizontal components of the surface shear stress
remain while those of the pressure exerted on the surface increase with rough-
ness height. The roughness heights considered in this study are smaller than
the boundary layer thickness expected in the laminar regime. Depending on the
roughness height, three roughness regimes are defined: hydraulically smooth,
transitionally rough, and fully rough (see e.g. the review by Kadivar et al.,
2021). The distinction among the three regimes is related to the drag on the
rough surface. In the hydraulically smooth regime, the drag is not modified.
In the transitionally rough regime, the drag is influenced by both the Reynolds
number and the roughness, while in the fully rough regime the drag becomes
independent of the viscous effect (Reynolds number). The critical roughness
height depends on the roughness type.

Another focus of the present study is the Euler force considered in the
oscillatory Ekman layer. I derive the explicit expression for the Euler force by
considering the precession vector within the local coordinate system in the fluid
frame. I choose to formulate the problem in the fluid frame in order to focus on
the fluid motion near the boundary. This formulation preserves the Euler force
in the governing equations. In contrast, the formulation by Buffett (2021) is
based on the mantle frame, where the precession-driven flow is initially solved
under the assumption of an inviscid fluid core. Viscosity is later introduced
as a correction for the boundary layer, which results in the Euler force being
omitted from the governing equations. Nevertheless, based on the magnitude
estimation, the Euler force is at least two orders smaller than the other forces,
suggesting the resemblance between the two formulations under the conditions
related to Earth’s precession.

In literature, oscillatory flow can also be simulated by introducing a body
force to drive the oscillation while keeping the boundary steady (e.g. Önder
& Yuan, 2019). Although this alternative method offers a different numerical
implementation, its consistency with the overall formulation requires careful
assessment. Another issue with the fluid-driving scheme concerns the Corio-
lis force. Preliminary simulations indicate that, within the bulk of the fluid,
the oscillation frequency matches that imposed by the body force. However, a
secondary peak appears in the frequency domain, approximately at 2Ωf cos θ,
where θ is the angle between Ωf and the boundary normal vector n̂. This rela-
tionship resembles the dispersion relation for inertial waves. For an unbounded
fluid rotating at Ωf , solutions in the form of plane waves ei(k·r−ωt) exist, with
the dispersion relation given by (Tilgner, 2015)

ω = ±2k̂ ·Ωf (4.27)

If the secondary peak observed in my simulations is indeed associated with
inertial waves, this suggests that the fluid-driving scheme offers a potential
opportunity to study inertial waves within the boundary layer.
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Conclusions

Core-mantle coupling in terrestrial planets and moons involves various mecha-
nisms, such as pressure, viscous, and electromagnetic interactions. Our under-
standing of these mechanisms remains uncertain, either due to poorly con-
strained interior properties or to gaps in our theoretical knowledge of the
processes involved. Specifically, the uncertainty related to viscous coupling
is related to boundary layer turbulence and roughness, both of which have
been discussed in the literature, but quantitative analysis remains scarce. To
investigate these effects, we use a local Cartesian model for studying the oscil-
latory Ekman layer, which proves to be a valid proxy for the boundary layer
of precession-driven flow. This local model enables us not only to explore the
turbulent regime but also to study the effect of surface roughness on the flow.

Turbulence

The effect of boundary layer turbulence on Earth’s core dynamics may be
marginal. Our numerical results show that turbulent dissipation in the bound-
ary layer of precession-driven flow, with a Reynolds number of Re = 500, is
1.86 times larger than the laminar prediction, corresponding to an increase in
effective viscosity by a factor of 3.5 (Chapter 2). However, this increase is too
small to explain the discrepancy seen in nutation observations if only turbulence
is considered, as these observations require at least a two-order-of-magnitude
increase in viscosity. If viscosity is considered as the only mechanism to explain
the differences between the nutation theory and the observation, our result thus
suggests that other mechanisms, such as electromagnetic coupling, likely play
a significant role in dissipation, pointing to the presence of a strong magnetic
field at the core-mantle boundary (CMB) or a highly conductive layer in the
lowermost mantle. A recent study by Sikdar and Dumberry (2023) indicates
that the Reynolds number at the CMB may be smaller when mantle compli-
ance is taken into account. Their analysis, which calculates the precession of
the fluid core based on an elastically deforming Earth, estimates a Reynolds
number of Re = 247. This suggests an even smaller turbulence effect compared
to the aforementioned estimate at Re = 500.

The critical Reynolds number for boundary layer turbulence, which we iden-
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tified as approximately Re = 290 for the onset of turbulence in an oscillatory
Ekman layer at the pole, could be influenced by other factors. Buffett (2021)
demonstrated that stratification in the boundary layer may suppress turbu-
lence, with the degree of suppression depending on the strength of the strat-
ification. Similarly, Desjardins et al. (2001) found that the critical Reynolds
number could increase by up to a factor of three when accounting for the
presence of a magnetic field at the CMB. Nevertheless, given that stratification
tends to dampen turbulence and the influence of electromagnetic forces appears
to be marginal, our inferred critical value of Re ≈ 290 remains a reasonable
approximation for Earth.

The behavior of the boundary layer varies with latitude (or co-latitude θ).
For instance, while the boundary layer becomes turbulent at most latitudes
when Re = 500, the flow remains laminar at θ = 60◦ and 90◦. Caution
is needed when interpreting results at θ = 60◦, as the Ekman layer breaks
down there. The flow is not fully confined to the boundary layer but extends
throughout the entire domain. At θ = 90◦, the flow clearly shows no signs of
turbulence—though this might change with the introduction of surface rough-
ness. What remains clear is that any inference about turbulence must account
for latitudinal variations. Ignoring this can lead to overestimating or underes-
timating the turbulent effect, depending on the approach.

Dissipation in the lunar core has been estimated to range from 58 to 84MW
(Williams et al., 2001, 2014; Williams & Boggs, 2015). Our turbulence model
predicts a turbulent dissipation of approximately 72MW. Surface roughness
can further amplify the effect of turbulence, but since our estimation—based on
a smooth surface—falls within the observed range, it suggests one possibility
that the effect of topography is minimal. This further implies that, from a
hydraulic perspective, the core-mantle boundary of the Moon may be relatively
smooth, or that the surface roughness on the scale of the boundary layer is much
smaller than the boundary layer itself.

We also examine the self-consistency of the current formulation by recalcu-
lating the solution for fluid core rotation using turbulent torque under relevant
conditions (Chapter 3). The original solution, based on the theory of Busse
and models from previous studies, typically relies on the viscous torque that
is valid in the laminar regime. By incorporating turbulent torque into the
recalculation, we found that for certain parameter combinations, the solution
exhibits significant changes. However, for the Earth, the Moon, and the ex-
perimental setup we discussed, the impact of turbulence on the final solution
remains minimal.

Roughness

We observed that surface roughness generates pressure drag, which increases
with greater roughness height (Chapter 4). This suggests that surface rough-
ness can exert a pressure torque on fluid rotation. In the literature, pressure
torque is typically discussed in the context of large-scale CMB topographies,
often expressed in terms of spherical harmonics (e.g. Wu & Wahr, 1997; Puica
et al., 2023). These topographies have wavelengths on the order of thousands of
kilometers (around degree 20), much larger than the boundary layer thickness.
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Our results show that local models can offer a useful approach for evaluating
the influence of smaller-scale surface roughness on pressure drag.

Another intriguing subject is the generation mechanisms of surface rough-
ness. In fact, there are relatively few studies that address surface roughness
in detail. From a seismological perspective, the length scales involved are too
small to be resolved for such deep interior structures. Two notable studies have
discussed the implications of surface roughness for boundary layer dissipation
(Le Mouël et al., 2006) and its correlation with gravity and magnetic fields
(Mandea et al., 2015). Both studies reference the work of Narteau et al. (2001),
which used a 2D cellular automata model to simulate physical processes such
as dissolution, crystallization, and diffusion. In their model, element transport
in the fluid is parameterized by a diffusion coefficient that represents the likeli-
hood of an element moving between neighboring points without accounting for
density gradients. The transition intensities are the same in both horizontal di-
rections, implying that flow in the boundary layer is not explicitly modeled—at
most, it is implicitly included in the diffusion coefficient.

However, studies of offshore tidal bedforms reveal that the interaction be-
tween oscillatory flow and a cohesionless material surface can generate periodic
patterns on the surface (Vittori & Blondeaux, 2022). This raises the question
of whether similar mechanisms occur in the boundary layer of precession-driven
flow, which is also oscillatory in nature. Using our local Cartesian model, we
have been able to reproduce flow patterns related to the formation of wave
ripples. This offers insights into how surface roughness on the CMB might be
generated and how it interacts with fluid flow.

Final words

Since nature is far too complex to simulate in its entirety, we must rely on
models that approximate reality by simplifying certain aspects of the problem
at hand. The local Cartesian model we employ simulates a rotating fluid in an
infinite space subjected to an oscillating boundary, which leads to the formation
of an oscillatory Ekman layer. We then use the calculated viscous dissipation
and shear stress from this model to approximate conditions at a single point
within the boundary layer of precession-driven flow. Although this approach
limits our focus on the boundary layer alone, it provides a way to proceed in
the parameter regime that is close to reality.

Technology is advancing at an extraordinary pace, and it is conceivable that
one day a supercomputer will be capable of simulating nature with remarkable
accuracy. However, we cannot predict when that will become a reality. For now,
we must continue using models to approximate natural phenomena, allowing
us to explore and appreciate the intricacies of the physical world.
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