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Abstract

We present an asynchronous algorithm for solving the stochastic unit commitment (SUC)
problem using scenario decomposition. The algorithm is motivated by the scale of problem
and significant differences in run times observed among scenario subproblems, which can result
in inefficient use of distributed computing resources by synchronous parallel algorithms. Dual
iterations are performed asynchronously using a block-coordinate subgradient descent method
which allows performing block-coordinate updates using delayed information. We provide
convergence guarantees for the asynchronous block-coordinate subgradient method based on
previous results for incremental subgradient methods and stochastic subgradient methods.
The algorithm recovers candidate primal solutions from the solutions of scenario subproblems
using recombination heuristics.

The asynchronous algorithm is implemented in a high performance computing cluster and
we conduct numerical experiments for two-stage SUC instances of the Western Electricity
Coordinating Council (WECC) system and of the Central Western European (CWE) system.
The WECC system that we study consist of 130 thermal generators, 182 nodes and 319 lines
with hourly resolution and up to 1000 scenarios, while the CWE system consist of 656 thermal
generators, 679 nodes and 1073 lines, with quarterly resolution and up to 120 scenarios. When
using 10 nodes of the cluster per instance, the algorithm provides solutions that are within
2% of optimality to all problems within 47 minutes for WECC and 3 hours, 54 minutes for
CWE. Moreover, we find that an equivalent synchronous parallel subgradient algorithm would
leave processors idle up to 84% of the time, an observation which underscores the need for
designing asynchronous optimization schemes in order to fully exploit distributed computing
on real world applications.



1 Introduction

The recent integration of significant shares of renewable energy resources into electric power sys-
tems has motivated the industry and academic communities to investigate efficient alternatives for
scheduling power systems in the presence of uncertainty. Among the different alternatives that
have been proposed (see [TvAFL15] and references therein for a recent survey), stochastic unit
commitment (SUC) is a common approach which is able to incorporate uncertainty and estimated
probability distributions explicitly into the problem formulation. The use of stochastic program-
ming for short-term scheduling of electric power systems was initially proposed in the seminal work
of Takriti et al. [TBL96] and Carpentier et al. [CGCR96] as a methodology to cope with demand
uncertainty. The scope for application of SUC has, since then, been extended to renewable en-
ergy fluctuations and system contingencies, among other sources of uncertainty in power systems
operations.

SUC studies commonly use decomposition methods to handle the scale of the problem, which
increases linearly with the number of scenarios. Takriti et al. [TBL96] use Lagrange relaxation
of non-anticipativity constraints (i.e. scenario decomposition), a progressive hedging heuristic
to obtain non-anticipative solutions. Carpentier et al. [CGCR9I6] use an augmented Lagrange
relaxation over generators and a proximal point method to maximize the dual function while
recovering primal solutions by assigning assigning a quadratic penalty to demand shedding. Shiina
and Birge [SB04] use a column generation approach in order to provide feasible production and
commitment schedules to a restricted master SUC problem. Cerisola et al. [CBFLT09] compare
scenario decomposition with variants of Benders decomposition and stress the importance of finding
good initial solutions. Additional decomposition schemes for SUC are described in [TvAFL15].

For the most part, the solution of SUC instances in the literature has been limited to small test
cases, even when using decomposition methods. Several recent studies have exploited distributed
computing along with decomposition methods in order to advance towards realistic instances.
Papavasiliou et al. [POR15] implement scenario decomposition in a high performance computing
(HPC) cluster to solve instances of the WECC system with up to 1000 scenarios in at most 24
hours within an optimality gap of 1% — 2.5%. Cheung et al. [CGSM™15] decompose the problem
by scenarios and use progressive hedging on a multi-processor workstation and on an HPC cluster
to solve instances of the WECC system with up to 100 scenarios in at most 25 minutes within an
optimality gap of 1.5% — 2.5%. Kim and Zavala [KZ15] propose an interior point cutting-plane
algorithm to handle dual iterations in scenario decomposition and solve SUC instances based on
the IEEE 118-bus test system with up to 32 scenarios, using an HPC cluster, in 6 hours within an
optimality gap of 0.01%.

Other recently proposed methods, which do not exploit distributed computing directly, have
also being used to solve large SUC instances. Among them, Schulze et al. [SGM15] use a stabilized
Dantzig-Wolfe decomposition to solve multi-stage SUC instances of the British system with up to
50 scenarios in 2 hours within an optimality gap of 0.1%. van Ackooij and Malick [vAM16] use
primal-dual decomposition along with bundle methods to solve SUC instances of the French system
with up to 250 scenarios within an optimality gap of 1%, however no solution times are reported.

Scenario decomposition has inspired several algorithms for general stochastic mixed integer pro-
grams. Carge and Schultz [CS99] propose a scenario decomposition method where non-anticipativity
constraints are gradually enforced through a branch-and-bound algorithm. Lubin et al. [LMPS13]
extend the previous method to a parallel computing setting by solving the dual problems at each
node of the branch-and-bound tree using an structure-exploiting interior point solver. Ahmed
[Ahm13, Ahm15] proposes an alternative approach for stochastic integer programs where solutions
to scenario subproblems are directly used for primal recovery while, at the same time, these solu-
tions are separated from subproblems in order to improve the bound of the relaxation. Ryan et al.
[RRA16] develop several improvements over Ahmed’s original algorithm, including a distributed
asynchronous implementation.

Other distributed methods for stochastic programming do not stem directly from scenario de-
composition. Lubin et al. [LHPA13] propose a distributed memory simplex algorithm for stochastic
linear programs. Munguia et al. [MOR15] propose a branch-and-bound algorithm for stochastic
mixed integer programs on which each node of the tree is solved using Lubin’s method. Moritchs
et al. [MPSO01] propose a nested asynchronous decomposition algorithm for multistage stochastic



linear programs. Chaturapruek et al. [CDR15] propose and prove optimal convergence for asyn-
chronous stochastic gradient descent methods on unconstrained stochastic programs with strongly
convex and differentiable objective functions.

A crucial aspect to scenario decomposition is the method used to optimize the dual function,
which is separable, convex and non-differentiable. Certain specialized methods allow exploiting
the separable structure of the dual function in a distributed computing infrastructure. Nedi¢ et
al. [NBO1, NBBO1, Ned02] analyze incremental subgradient algorithms, on which each update
is made along the direction of the subgradient of a part of the objective function. Coordinate
descent methods are a different approach to exploit the structure of minimization problems for
which it is cheaper to compute the gradient with respect to a subset of variables (coordinates)
than it is to compute the full gradient of the objective. Wright [Wril5] provides a recent survey on
coordinate descent methods. Nesterov [Nesl12] provides worst-case complexity results of random-
ized coordinate descent methods for smooth optimization. Fercoq and Richtdrik [FR13] propose
a parallel synchronous coordinate descent method for minimizing non-differentiable simple com-
posite functions. The authors use Nesterov’s smoothing technique [Nes05] to obtain a smooth
approximation of the non-decomposable part of the objective and perform a line search separately
on each coordinate ot each iteration, as proposed by Tseng [Tse01]. Liu et al. [LWRT15], on the
other hand, propose an asynchronous parallel stochastic coordinate descent method for minimizing
differentiable smooth convex functions over simple separable constraint sets.

Stochastic unit commitment, despite its attractiveness, has failed to become an industry stan-
dard due to several reasons, most importantly the difficulty of the mathematical programs involved
and the design of a market structure consistent with the treatment of uncertainty. In the present
paper we aim at advancing the state-of-the-art with respect of the first problematic by develop-
ing an asynchronous scenario decomposition scheme that fully exploits the power of distributed
computing. The main innovation of the developed scheme is that we minimize the dual func-
tion using a specialized asynchronous block-coordinated subgradient algorithm. Our algorithm
does not require differentiability or strong convexity assumptions commonly used in the literature
[Nes12, Wril5, LWR T 15, CDR15], and it differs from the algorithm of Fercoq and Richtarik [FR13]
in that we perform iterations asynchronously and without the need for line search, which would
be prohibitively expensive in our context. We provide convergence guarantees for the proposed
algorithm based on previous results for stochastic subgradient methods [Erm83] and incremental
subgradient methods [NB01, NBBO1, Ned02]. Primal recovery is also carried out asynchronously
and in parallel to the dual iterations, either by recovering solutions from scenario subproblems,
as proposed in [Ahm13, Ahm15], or by using recombination heuristics, similar to those proposed
in [CS99]. The proposed asynchronous algorithm allows us to solve limited-size SUC instances
faster than the state-of-the-art [CGSM™15] and to solve SUC instances for systems larger than the
state-of-the-art [vAM16] within operationally acceptable time frames.

The rest of the paper is organized as follows. Section 2 introduces the stochastic unit com-
mitment problem and its scenario decomposition in a stylized fashion. Section 3 presents the
asynchronous distributed block-coordinate subgradient method and provides convergence guaran-
tees for the dual iterations. Section 4 describes the HPC implementation of the dual algorithm and
the recovery of primal feasible solutions. In this section we also cover aspects of communications
and load balancing. Section 5 presents the numerical results for the WECC and CWE systems.
Finally, section 6 presents the conclusions of the study and points to directions of future research.

2 Scenario decomposition

A general linear stochastic mixed integer program can be written as problem (1) — (4) [LS04].

N
T, o T,
max ;(Ci v, +d] w;) (1)
st. v, —u=0, i=1,...,N () (2)
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In this formulation, ¢ indexes scenarios, u corresponds to non-anticipative variables, v; are local
copies of non-anticipative variables at each scenario, w; are recourse variables of each scenario,
(2) models non-anticipativity constraints, (3) models constraints separable by scenario and (4)
corresponds to constraints for state variables. We assume that I/ is a bounded convex set and that
D;,i = 1,...,N are bounded (not necessarily convex) sets. Throughout this document we use
boldface to denote vectors, lowercase letters to denote variables and uppercase letters to denote
parameters or sets. Additionally, we use partial indexation of vectors to keep notation simple, i.e.
z=[zl ... 2}]7 and z; € R™.

In the context of SUC, w; tipically correspondsto commitment variables of thermal generators
(binary decisions), but it can also include production variables of inflexible thermal generators
(continuous decisions), while w; includes commitment variables of fast generators, production
variables of all generators and flows over the network (mixed integer decisions). D; describes the
feasible operation domain for scenario ¢ in terms of production constraints (minimum stable level,
maximum capacity, maximum ramp rates, minimum up/down times) and power grid constraints
(power balance, reactance, flow limits), and U corresponds to a convex relaxation of the production
constraints for variables included in u. See [PO13] for a detailed description of the SUC model.

Following [TBL96| we relax problem (1)—(4) by associating multipliers x; to non-anticipativity
constraints, obtaining the dual problem (5), where fy and f; are defined according to (6) and (7),
respectively.

N
min  fo(x) + Z fi(xi) (5)
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filzi) = sup ((cf +2])v+djw) i=1,....N (7)

Scenario decomposition schemes for solving (1)—(4) are based on solving the dual problem (5)
and generating primal solutions based on the solution to subproblems. The objective of problem (5)
has a separable structure. Moreover, by evaluating the component functions fo and f;, 1 =1,..., N
at a certain &, we obtain a subgradient of the objective at &. These two properties motivate the
use of subgradient algorithms for solving (5) and evaluating the component functions in parallel
in order to speed up the algorithm [POR15]. A third important property of problem (5) remains
nevertheless ignored, namely, the differences in evaluation times between component functions.

In our context, the evaluation of f; at a certain &;, i = 1,..., N, requires the solution of a large
mixed integer linear problem, while the evaluation of fy at a certain & requires solving a small
linear program, hence the evaluation of f requires only a small fraction of the times that it takes
to evaluate f; for any given . This differ from the usual scope of application of coordinate descent
methods, where component functions are easy to evaluate [Nes12, FR13, Wril5, LWR'15]. Even
more, for a given & and two component functions f; and f;, the evaluation times of f; and f; can
be dramatically different (we have observed differences of more than 7500%). These differences
in evaluation time can also arise for the same component function evaluated at two different «’s.
Altogether, these differences can render synchronous parallel algorithms ineffective because the
time between iterations is limited by the component function which requires the greatest time to
be evaluated. The main aim of the present work is to overcome this limitation.



3 Asynchronous distributed block-coordinate subgradient
method

In this section we present a minimization method that exploits the special structure of (5) in order
to effectively harness distributed computing. The proposed method been inspired by previous work
on incremental subgradient algorithms by Nedi¢ et al. [NB01, NBB01, Ned02].

For reasons that we explain subsequently, we replace the non-decomposable component function
fo by a smooth approximation f{', defined in equation (8), as done in [FR13]. Given pu > 0 and
certain ug € U, f{' is a convex differentiable function and its gradient has Lipschitz constant Lj
[Nes05, Thm. 1]. We focus then on solving problem (9), where X is a convex set, onto which it is
easy to project.

)= sup ( (- in)u— gl wol3) ©)

ueld
N
min f(2) = [ () + Z fi(w;) (9)

The solution of problem (9) will be an approximated solution to problem (5) [Nes05]. Note
that problem (9), as well as problem (5), are non-differentiable convex optimization problems.
Block-coordinate descent methods are able to exploit the separable structure in problems (5)
and (9), however, they are not guaranteed to converge to an optimal solution for non-differentiable
problems since their convergence results in the literature either depend on smoothness assumptions
[Nes12, Wril5, LWR*15, CDR15] or use line search over x; at each iteration [Tse01, FR13], which
is prohibitively expensive in our context.

In what follows, we propose an asynchronous randomized distributed block-coordinate subgra-
dient method and prove that it converges with probability 1 to an optimal solution for problem
(9). For ease of presentation, we first introduce a serial variant of the proposed method and then
we generalize it to the asynchronous distributed setting.

3.1 Serial method

Let’s consider a block version of the randomized coordinate descent method [Nes12] for minimizing
f. At iteration k, with current iterate z*, we select uniformly at random a block j(k) from
{1,..., N} and compute the next iterate £**! using the following update rule

it = Px {wk — Ak IjT(k-) (Ij(k)vf# (a”k) + g(j<k)7m§(k))>:| (10)

where )y is the step size, ¢g(j,z) € 9f;(x) and I; is a matrix that maps V f{' to its components
relevant to block j, i.e.

li= [0"1 x(Zi ) Ln;xn, Onj *(Z 41 "1)}
with 1, «,, corresponding to the identity matrix.
Although f is a non-differentiable function, thanks to the smoothness of f}, the update rule

(10) is equivalent to the update rule of the stochastic subgradient method, as we show in the
following proposition.

Proposition 1. Let J be a discrete uniform random variable on the set {1,..., N}. The expected
direction of update rule (10), E[I7(I,V f§ (x*) + g(J, «%))| 2*], coincides with the direction of a
subgradient of f at x*.

Proof. By inspection we have that,
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Figure 1: Computation model for the asynchronous distributed method. At each iteration k the
Updating system communicates the current iterate x* to the Subgradient computation system,
which in turn, communicates back the last computed subgradient for each component function.
The parallelism of this scheme resides within the Subgradient computation system.

N
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The stochastic subgradient method and its convergence have been well studied in the literature,
see for instance [Erm83, Thm. 2]. By extension, with an appropriate selection of the step size Ay
(diminishing, nonsummable, square summable), the method defined by the update rule (10) will
converge to an optimal solution with probability 1.

Note that update rule (10) requires computing the gradient of f{ and a subgradient of f;) at
each iteration k, which makes it more expensive than the subgradient method when we consider an
entire pass over data, i.e. IV iterations of the method, which is the minimum amount of iterations
required to update every block of variables. Nevertheless, since the cost of computing the gradient
of f is almost negligible compared to the cost of computing a subgradient of f; for any i, the
extra cost in practice would not be noticeable.

3.2 Asynchronous distributed method

The idea behind the asynchronous distributed method is essentially the same as in the serial
method presented in the previous subsection, with the exception that subgradients of component
functions are computed in parallel to the updates. Specifically, following [NBBO01], we use the com-
putation model presented in Fig. 1. Note that the subgradients communicated by the Subgradient
computation system to the Updating system might have been computed at previous iterates, in
other words, the subgradient information available to the Updating system might have delays. We
denote these delays by I(k), the total number of updates since the last evaluation of the gradient
of fl, at iteration k; and £(j, k), the number of updates to block j since the last computation of its
subgradient, at iteration k. Considering delays, we propose update rule (11) for the randomized
block-coordinate subgradient method, where j(k) is selected uniformly at random from {1,..., N}.

mk-{-l — PX |:$k _ >\k . Iﬂk) (Ij(k)vfg (wk—l(k)) _’_g(](k)’wfflu(k)yk)))} (11)

The presence of delays implies that Proposition 1 is no longer valid for update rule (11).
Nevertheless, we can use essentially the same idea in order to prove convergence of the method
defined by rule (11) as the one we used in the previous subsection, that is, to show that the
expected update direction coincides with the direction of the approximate subgradient of the
objective function and that the error in the approximate subgradient vanishes as the iterations
advance. Our analysis is based on the Supermartingale Convergence Theorem and the subsequent
assumptions.

Theorem 1 (Supermartingale Convergence Theorem [BT96, Prop. 4.2]). Let X;, ¥; and Z,,
t=0,1,2,..., be three sequences of random variables and let F;, t = 0,1, 2,..., be sets of random
variables such that F; C Fyyq for all . Suppose that:



(a) The random variables X;, Y; and Z; are nonnegative, and are functions of the random
variables in JF;.

(b) For each t, we have E[X;y1|F] < X¢ — Vi + Z;.

(c) There holds Y ;2 Z; < oc.
Then, we have Y ;° 0Y; < 00, and the sequence X; converges to a non-negative random variable
X with probability 1.

Assumption 1 (Subgradient boundedness). The subgradients of component functions are bounded
above by some positive constants. In particular, there exist positive constants C' and D such that

sup ||V (=) +9(.y)|, <C and  sup |g(jz;)||, < D.
je{1,--- ,N} je{1,--,N}
z,y €X reX

Assumption 2 (Delay boundedness). There exist a positive integer L (possibly unknown) such
that (k) < L,Vk=1,...,00 and £(j,k) < L,Vj=1,....,.NVk=1,...,00

Assumption 3 (Diminishing-bounded stepsize). The stepsize Ay might be a function of =¥, x
2", but not of the block coordinate to be updated j(k). Further, the sequence {\;} is bounded
above and below by a deterministic sequence {~x}, such that

k—1
)

G’Ykﬁ)\kﬁé’%’%:m Z’Yk—oo Z’Yk<00

where G, G, r, q are positive constants.

For SUC instances, Assumption 1 is ensured by the boundedness of the sets U and D;,i =
1,..., N of the primal problem (1) — (4), while Assumption 2 will hold as long as the evaluation
time of all component functions is finite. The selection of a stepsize which is consistent with
Assumption 3 is discussed in subsection 3.3.

The following lemma conveys the key idea of our analysis and the rest of the proof follows
almost directly from it.

Lemma 1. Let Assumptions 1 and 2 hold. Additionally, let J be a discrete uniform random
variable on the set {1,...,N} and F, = {zF,2*=! ... 2°}. Then, the expected direction of

update rule (11), E[IT(I1,V f4 (k1)) + g(J,x(’;*e(j’k))ﬂ Fx], coincides with the direction of an
approximate subgradient of f at a*.

Proof. Recall that a vector g is said to be an approximated or e-subgradient of a convex function
f at xif

(x—y)Tg> f(x) — f(y) —¢, Vz € Dom(f).
On the other hand, for the expected direction of update rule (11) we have

V- (@t —y)TE 1] (ng (@) gl ) 7] =

N (12)
(" —y) 'V (x +Z ah —y)Tg(j,xl e(]’k)), Vy € X.
The first term in the right-hand side of (12) j;; be expanded as follows
(" —9) VI (@ 10) = (@0 —y) Vi (@) ¢ (@ -t ““)TW (z*)~
(a* — wkfl(k))T(vfé‘(m ) = Vit (= ))
zﬁw%—ﬁ@wwﬁ—mhww(vm@ﬂ ZHCaD)

(
> i (@) = @) — [ — 2O, |V b) - Vg 0 |
(

ak) — fi(y) — Li||a* — 2@,



where in the second line we use the convexity of f§ ((x — y)TVfi(x) > fi'(z) — fi(y)), in the
third line we use the Cauchy-Schwarz inequality, and in the fourth line we use the definition of the
Lipschitz constant of the gradient of f/'. Following a similar reasoning, each of the terms under
the sum on the right hand side of (12) can be expanded as follows

@k —y,) 7902} ) = £ (ah) = fi(y)) = [ = 2OV, |lg(iat) — g (il 0|

> f5(5) = fi(y;) 2D [[a" — 2" 0P,

2

where in the second line we use Assumption 1. Furthermore, Assumptions 1 and 2 allow us to
bound the difference between current and delayed iterates using the stepsize as

k—1 k—1 k—1
ka _ a,,,k—e(j,lc)||2 <C Z A\, <C Z Aoy Hwk _ xkfl(k)H; < 2 Z A2
m=k—£(j,k) m=k—L m=k—L

which along with the previous expressions lead us to the relation (13), concluding the proof.

N @ -y E 1] (LA @) (105 O0)) [ 7] =

k-1 k-1 (13)
&) = f(y) — ((JQL(; > A, +20DN > )\m>
m=k—L m=k—L

O

Lemma 1 shows that the update direction of rule (11) should, in average, be close to a sub-

gradient of the objective and that the error in the subgradient is bounded by the sum of the last

L stepsizes, hence by choosing a stepsize consistent with Assumption 3 this error will vanish as k

grows. In the following, Proposition 2 gives an estimate of the progress of the asynchronous method

at each iteration, based on the result of Lemma 1, while Proposition 3 presents a straightforward
consequence of Assumption 3.

Proposition 2. Let Assumptions 1, 2 and 3 hold and let F = {x* "~ ..., °}. Then, for the
sequence {x*} generated by the update rule (11), we have that

B[l — yl317] <lla* — gl 235 (f(@) ~ () +

Yy C2LE k—1 , k—1 (14)
ARC? + 20\ > AL +4CDN D Am.

m=k—1L m=k—L

Proof. Let h; = I]»T(IijéL(a:k’l(k)) +9(7, a:j_e(j’k))) and J be a discrete uniform random variable
on the set {1,...,N}. Then for all k =1,...,00 and y € X, we have

4t — yl|3 = [Py [2* — k)] — ],
<l = Mhyy — y||§
< |lz" — yll3 — 2xe(z" — y)Thj) + NC3,

where in the second line we use the nonexpansive property of the projection. Therefore, for the
expectation conditioned on Fj, it holds that

E[l* " — yl3]|Fe] < [l — ylI3 — 2xe(z” — ) E[hs|Fi] + \eC?

Finally, by substituting E[h;|F;] in the last relation using (13) (Lemma 1) we obtain the desired
inequality. [



Proposition 3. Let Assumption 3 hold. Then, we have

i)\k:oo, ix < o0, ZAk Z Am < 00, ZAk Z A, < oo,
k=0 k=0

= m=k—L k=0 m=k—L

where for notational convenience we let A_; = A\g VI € N.

Proof. The first two inequalities follow directly from Assumption 3. For the third inequality we
have

[eS) k—1 -1

Z)\k Am < é2i7k Ym < GA2L§7]€—L < o0,
k=0

m=k—L m=k—L k=0

E

I
el

where for the last inequality we use the fact that {7} is non-increasing and, therefore, an_:l,% L Ym

< Lvg_1 Vk. The same reasoning applies to the fourth inequality of the present proposition. [
Finally, in the following theorem, we apply Theorem 1 to the result of Proposition 2 in order
to prove the convergence of the asynchronous method to an optimal solution.

Theorem 2. Let Assumptions 1, 2 and 3 hold, and assume further that the optimal solution set
X* is nonempty. Then the sequence {xy} generated by the randomized method converges to some
optimal solution with probability 1

Proof. From Proposition 2, with y = x*, we obtain

* * Ak *
Eflla" = 25| 7] <lla® — 2|5 - 257 (f(&*) = f(="))+
) C2L* k—1
MO +2=00 Y AL +4CDA, Z Am
m=k—L m=k—L

Using Proposition 3 and by the Supermartingale Convergence Theorem (theorem 1), with proba-
bility 1 and for each x* € X* we have

o0

S (@) - fla)) < oo, (15)

and with probability 1 the sequence {||€* — x*||2} converges to a random variable. The rest of the
proof follows exactly the proof of [Ned02, Prop. 3.4] (see also [Erm83, Thm. 2]) and it is repeated
here only for self-containedness.

For each x* € X*, let Q.+« denote the set of all sample paths for which equation (15) holds
and {||wk — :n*||2} converges. By convexity of f, the set X* is convex, so there exist vectors
Vo, V1,...,Vp € X* that span the smallest affine set containing X*, and are such that v; — v,
j=1,... p, are linearly independent.

The intersection Q = ﬁé’:lQUj has probability 1, and for each sample path in €2, the sequences
{||wk — ijg}, j =0,...,p, converge. Thus, with probability 1, {z*} is bounded, and therefore
it has limit points. Furthermore, for each sample path in , by equation (15) and the relation
Y reo Ak = 00, it follows that

liminf = f*,
k—o0

implying that {x*} has at least one limit point that belongs to X* by continuity of f. For any
sample path in €2, let  and 2 be two limit points of {x*} such that & € X*. Because the sequences
{||ack - ’Uj”g}, j=0,...,p, converge, we must have

@ —vjlls = [|& = vjll2, Vj=0,1,....p

Moreover, since & € X*, the preceding relation can hold only for & = & by convexity of X* and
the choice of vectors v;. Hence, for each sample path in Q, the sequence {z*} has a unique limit
point in X*, implying that {x*} converges to some optimal solution with probability 1. O



The result presented in Theorem 2 extends the state-of-the-art by providing a convergence
guarantee for the asynchronous block-coordinate descent method for non-differentiable optimiza-
tion problems with the structure of problem (9) without the need for a line search on @) at each
iteration [Tse01, FR13].

An important remark is that the asynchronous incremental method proposed in [NBBO01] is
guaranteed to converge to an optimal solution for both problem (5) and problem (9), while also
exploiting their decomposable structure to a certain extent. We leaned towards block-coordinate
descent instead of incremental methods because of two main reasons:

e The choice between incremental and block-coordinate subgradient methods can have signifi-

cant implications for the magnitude of delays whenever we are minimizing a problem with the
structure of problem (9), where a gradient of f} is much easier to evaluate than a subgradient
of fy forany i =1,..., N, and X = R" (uncounstrained optimization).
The incremental subgradient method at iteration k selects at random a component function,
j(k) €{0,1,..., N}, and perform an update following the direction of the computed subgra-
dient for the selected component function. Whenever j(k) > 1, the algorithm will update
block-coordinate j(k), which will cause the current gradient of f§' and the subgradient Titk)
to gain one unit of delay. On the other hand, every time j(k) = 0, the algorithm will update
the entire vector @, adding one unit of delay to all the subgradient information available to
the Updating system. This effect, unavoidable for the problem structure analyzed in [NBBO01],
is undesirable because errors on the update direction depend directly on the magnitude of
the delays.

The block-coordinate subgradient method at iteration k& updates only the coordinates of
block j(k) € {1,..., N}, causing the available gradient of f{ and subgradient f;) to gain a
unit of delay, but leaving unaffected the rest of the subgradient information available to the
Updating system. Moreover, new gradients for f{' can be computed very fast and continuously
as iterations advance, allowing to maintain small delays throughout the solution process.

e For SUC instances and, in general, for Lagrangian relaxation of constraints linking duplicated
variables, as the dual multiplier & approaches an optimal value, u and v; start becoming
similar for all <. As a consequence, the gradient of f§' will tend to point in an opposite
direction to the subgradient of f; for any ¢« = 1,..., N, making the incremental method
susceptible to oscillations in «.

3.3 Stepsize selection and function value estimation

Although Assumption 3 might seem to restrict the stepsize to a diminishing series of the type
1/k9, it also allow us to use a stepsize similar to the dynamic stepsize proposed by Polyak for the
subgradient method [Pol69],

f=h) - f*
llg(*) 113 °

The original Polyak stepsize requires knowledge of the objective value at the current iterate
f(z*), the optimal value f* and the norm of the subgradient at the current iterate ||g(*)||2, none
of which are available for the asynchronous method. Instead, we use estimates for each of the
aforementioned quantities. An estimate of the current objective, which is also an upper bound on
the objective of the primal problem (1)—(4), can be obtained at the cost of evaluating f; as follows

A\ =D g(z") e of(z¥),0 < p<2.

N
F(@®) & fii= fo([(@ ) @ )TT) 0 £ (), (16)
j=1

while an estimate of the subgradient norm g can be computed using the last known subgradients
for the component functions,
2 }

N
Vfét(wk—l(k)) + Z Ijg(j, m;kf(j,k))

Jj=1

||9(93k)||2 R gk := max {0,
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where o is a small positive constant intended to prevent that g = 0 (note that due to the delays,
gr = 0 does not imply that = is optimal). An underestimate for the optimal value fr can be
obtained from a feasible solution to the primal problem, computed as described in section 4.2. We
assume that this is a strict underestimate, i.e. 8 < f* — fj, for some 6 > 0, in other words, we
assume that strong duality is never attained for realistic SUC instances .

Using these estimates, we propose the following dynamic stepsize,

p  min{¢ fi— fi}
(1 + rk)s 9t
where p, 7, £ are positive constants and 1/2 < ¢ < 1. The goal of £ is to prevent the method from
taking long steps whenever the underestimate of the optimal value is loose. The proposed stepsize
Mk, as defined in equation (17), agrees with Assumption 3, as can be seen from the following
inequality,

A = , (17)

0
pé"}/kS)\k §p§~’yk,
o

therefore, by Theorem 2, the asynchronous algorithm using the proposed stepsize will converge
with probability 1 to an optimal solution.

Setting the parameters for the stepsize (17) is a much simpler task than selecting the parameters
for a diminishing stepsize of type 1/k?. For the proposed stepsize, we only need to decide the
proportion of the Polyak stepsize that we would like to have at two different iteration counts and
the rate at which we want to decrease this proportion, and then adjust p,r and ¢ accordingly.
By contrast, for a diminishing stepsize of type 1/k? it is necessary to determine a ’good’ initial
stepsize, which can require several trial-and-error runs of the algorithm.

4 High performance computing implementation

The analysis in the previous section provides convergence guarantees for the asynchronous dual
optimization algorithm, based on the conceptual computation model of Fig. 1. An actual imple-
mentation of the algorithm, on the other hand, requires a description of the different subprocesses
running in parallel, the information to be shared between them and a primal recovery scheme
in order to obtain feasible solutions for the primal problem (1)—(4). Under these considerations,
we implement the asynchronous algorithm for SUC as presented in Fig. 2. The main differences
between the conceptual implementation (Fig. 1) and the actual implementation (Fig. 2) are the
following:

e There is no clear separation between the Updating system and the Subgradient computation
system in the actual implementation. The Updating system is contained within the Master
process, while the Subgradient computation system is split between Master, the f{' gradient
evaluator and the Subgradient evaluator i, 1 =1,..., M.

e The Upper bound update process, not present in the conceptual implementation, is a process
dedicated exclusively to computing dual function values, which corresponds to upper bounds
on the optimal primal objective. This process is commonly absent in the literature of asyn-
chronous algorithms, as it is not always possible or necessary to estimate the value of the
dual function.

e The Primal recovery and Recourse evaluator s, s = 1,..., R processes, also not present in
the conceptual implementation, are dedicated to obtaining feasible solutions to the primal
problem (1)—(4), which provide lower bounds on the optimal primal objective.

The ability to continuously compute both lower and upper bounds allows establishing a natural
termination criterion, UB — LB < ¢, as well as terminating the algorithm early at a certain wall
time while still obtaining a feasible solution and a bound.

In the following we present in detail each process of the algorithm and how it communicates
with the other processes. Processes are presented in pseudocode, making repeated use of the
following procedures/functions:

11
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Figure 2: Asynchronous distributed algorithm for stochastic unit commitment. Each box corre-
sponds to a different process running in parallel. Each arrow indicates information transmitted
between processes.

launch(process). Starts process and continues to the next line (does not wait for termination).

send(message;process). Sends message to process. message is an object whose attributes can
be accessed as message.attribute. Messages can only contain small amounts of information,
larger portions of information are communicated by writing and reading operations on a
shared space (hard drives or memory).

get_next_message(message), get_all_messages(list). Each process stores incoming messages in a
queue, preserving the order of arrival, without pausing execution. get_next_message(message)
assigns the first-arriving message in the queue to message and removes it from the queue.
get_all_ messages(list) copies all messages from the queue to list. If there are no messages
in the queue when executing these procedures, execution is paused until the first message
arrives and the procedure is then executed.

read(local; file). Reads the content of file and assigns it to local, where local is a local variable of
the process where the routine is executed.

write(local; file), write®(local variable; file). Writes the content of local to file, overwriting file
if it already exists. The form write* only overwrites if the content of local is newer than
information already in file.

append(local; file). Appends the content of local to file.

extractfirst(list). Returns the first element from list and removes it from list.

4.1 Dual algorithm implementation

The dual algorithm is at the core of the implementation presented in Fig. 2 and it comprises the
Master process, the f§ gradient evaluator, the Upper bound updater and M Subgradient evaluators.

12



Algorithm 1: Master.

Data: Starting point 2°, estimated subgradients of component functions at x°, g? Vi=0,...,N,
number of dual processors M + 2 (M < N), stepsize parameters p, g, r, &, o, termination gap
€ and termination time 7'
Result: An upper bound on the primal objective UB and a primal solution (u*, w*) with
objective value LB, such that UB — LB < € or run time greater or equal to 7T'.
/* initialize local variables and shared registers */
1 Let k:=0, z := 2, g, = g? Vi=0,...,N, LB := —oc0, UB := 400, message := NULL
fori=1,...,N do write(x;; >sh:x_’> + )
3 fori=1,...,N do write([z; UB]; >sh:x.UB_’ + 1)
/* launch subprocesses */

N

4 launch(Upper bound updater)
5 launch(Primal recovery)
6 fori=1,...,M do
7 launch(Subgradient evaluator i)
8 send(type := new update, block := i; Subgradient evaluator )
9 end
10 launch(f} gradient evaluator)

/* main loop */
11 repeat
12 get_next_message(message) /* wait until message arrives before proceeding */
13 if message.type = new subgradient then
14 i := message.block
15 l := message.evaluator
16 read(g;; *sh:g-i’) /* read new f; subgradient x/
17 read(gy; *sh:g0?) /* read last fl' gradient */
18 kE+=1
19 j :=random(1, N) /* select block to be updated */
20 x;=x; — Mk,p,7,¢,§,0) - (I;90 +g;) /* perform BCD update */
21 write(az;; *sh:x.’ + j)
22 send(type := new update, block := j; Subgradient evaluator [)
23 send(type := new update, block := j; f{' gradient evaluator)
24 else if message.type = new upper bound then
25 ‘ U B := message.value /* update upper bound */
26 else if message.type = new lower bound then
27 ‘ LB := message.value /* update lower bound */
28 end
29 until UB — LB < ¢ or run_time > T
30 read(primal_solution, ’sh:incumbent’) /* collect primal solution information */
31 stop(all) /* terminate all subprocesses */

The execution starts with the Master process, presented in pseudocode in Alg. 1. The main
tasks of the Master, besides initialization and termination, are to perform the block-coordinate
updates and to manage the subgradient evaluation processes. Updates are performed following the
evaluation of a subgradient for a certain component function by a Subgradient evaluator. After
an update has taken place on block j(k), the Master will instruct the re-computation of the
subgradient of component function j(k).

The Subgradient evaluator process, presented in Alg. 2, works on the tasks assigned by the
Master, basically evaluating a component function for a certain iterate and returning the result.
The f' gradient evaluator, presented in Alg. 3, on the other hand, is continuously providing new
gradients for f}'. Note that multiple updates of  might take place while the f§' gradient evaluator
is solving problem (8). Additionally, while only an update on block ¢ would require f; to be re-
evaluated, any update of  requires that fj is re-evaluated in order to maintain the subgradients
up-to-date. In order to avoid evaluating f{' for old iterates, lines 7-10 of Alg. 3, refresh the local
version of x to the current iterate, prior to the next f} evaluation.

The proposed implementation of dual iterations is effectively self-regulating the task load bal-
ancing, in the sense that it will assign more Subgradient evaluators to compute subgradients of the
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Algorithm 2: Subgradient evaluator [.

Data: Functions f;, i =1,..., N, termination time 7.

1 Let message := NULL, y := 0, UB := +00, h := 0, primal_information := NULL
2 repeat
3 get_next_message(message) /* receive task from Master */
4 i := message.block
5 read(y; *sh:x_’ + 1) /* read current multipliers */
6 evaluate f;(y) /* solve problem (7) */
7 | UB:=fi(y)
8 h := get_element (9 f;(y)) /* get a subgradient of f; */
9 primal_information := get_primal_solution(fi(y))

/* update f; subgradient register x/

10 write*(h; *sh:g_’ + i)
11 send(type:= new subgradient, block:= i; Master)

/* update f; upper bound register x/
12 write*([y UB); ’sh:x_UB_’ + 1)
13 send(type:= new component evaluation, block:= 4; Upper bound updater)

/* make primal information available for primal recovery x/
14 append (primal_information; ’sh:primal_pool’)
15 send(type:= new component evaluation, block:= 4, evaluator:= [; Primal recovery)

16 until run_time > T

Algorithm 3: f§ gradient evaluator.

Data: Starting point «°, f& function, termination time 7.
Let @ := a°, gy := 0, message_list := []
repeat
evaluate fj'(x) /* solve problem (8) */
g0 = Vi (@)
write(g,; ’sh:g-0?) /* update fl' gradient register */
get_all_messages(message_list) /* collect all messages received */
for msg in message_list: msg.type = new update do

1 := msg.block

read(x;; *shix_’ + i) /* update multipliers information */

© 00 N0 A W N

10 end
11 message_list := []
12 until run_time > T

most difficult component functions, so that in the long-run subgradients are computed with the
same frequency for all component functions. This can be seen by considering an instance where
all components functions are equally difficult to evaluate, except for one f;+ which is much more
difficult to evaluate than the rest. Since at each update the block-coordinate is selected by uniform
sampling, j* might be selected while its subgradient is already being evaluated for a previous it-
erate by a certain Subgradient evaluator process. As the iterations advance, there will be multiple
Subgradient evaluators working on j* for different iterates. The number of Subgradient evaluators
working on j* will continue to grow until the frequency at which we obtain new subgradients for f;«
matches the frequency of evaluation of the rest of the component functions. This load balancing
mechanism contributes to maintaining the delay ¢(;5*, k) at small values at all times.

The Upper bound update, presented in Alg. 4, provides estimates of the current dual function
value to the Master. These estimates are computed using relation (16), i.e. gathering the last
evaluated x; of each component function f;,i = 1,..., N and computing fy for a composite of
the evaluated dual multipliers. The Upper bound update works in a very similar fashion to the f§
gradient evaluator, but collecting the evaluated dual multipliers from the Subgradient evaluators
instead of collecting the current iterates from the Master. New upper bounds are communicated
to the Master as soon as they are computed.

The computation of estimated subgradients of component functions at x° (cf. Alg. 1) and
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Algorithm 4: Upper bound update.

Data: Starting point °, upper bounds to component function values at °, UB? Vi =0,..., N, NS
function, termination time 7.

1 Let & :=a° UB; :=UB? Yi =0,..., N, message_list := []

2 repeat

3 evaluate fo(x) /* solve problem (6) */
4 UBy = fo (CE)

5 if Zf\;o UB; < UB then /* update upper bound */
6 UB:=Y" UB;

7 send(type:= new upper bound, value:= U B; Master)

8 end

9 get_all_messages(message_list) /* collect all messages received */
10 for msg in message_list: msg.type = new component evaluation do
11 i := msg.block
12 read([x; UB;); sh:x UB_’ + 1) /* evaluated multipliers information */
13 end
14 message_list := []

15 until run_time > T

upper bounds for component function values at x° (cf. Alg. 4), although not presented in the
algorithms for simplicity, is also performed in parallel and using all the computational resources
available (that is, resources that will be assigned to the dual algorithm or to primal recovery). At
this stage, we evaluate f; approximately at x° by substituting D; by a relaxed constraint set, for
alli =1,..., N, which provides estimates for the subgradients and upper bounds on the function
values. In particular, for SUC instances, we relax the intertemporal constraints in D; and we
obtain the estimates by solving a sequence of optimal power flow problems subject additionally to
minimum stable levels and maximum capacity constraints of generators.

4.2 Primal recovery

Primal recovery is an essential component of any Lagrangian relaxation scheme. Although there
exist exact methods for recovering primal solutions in the case of linear programs [AW09], these
methods do not extend to the mixed integer case and primal recovery relies, generally, on heuristics
in the latter case.

In the case of stochastic unit commitment instances, we exploit of the fact that given v such
that (v, w;) € D; for certain ¢ and some w;, then ¥ € U and (v,w;) € D; for some w; for
any j = 1,...,N. In other words, any solution to a scenario subproblem v can be used as a
non-anticipative solution (primal candidate) which we can fix, and then compute the recourse
solutions w; in order to obtain a complete primal solution and a lower bound on the objective
[Ahm13, Ahm15]. Recovering a feasible non-anticipative solution on every iteration for every
scenario, however, leads to an enormous number of primal candidates which then need to enter a
queue for evaluation. Within this context, we test three rules to determine the order with which
primal candidates are evaluated:

e First-in-first-out (FIFO).

e Random order (RND), motivated by the possibility that a good solution might appear any-
where in the sequence of solutions to scenario subproblems.

e Last-in-first-out (LIFO), an approach that takes into account that as dual iterations advance,
solutions to scenario subproblems tend to more almost non-anticipative (v; = v;, 4,j =
1,...,N), therefore scenario subproblem solutions in later iterations could have better overall
performance.

e Additionally, we propose a fourth method based on importance sampling (IS). First, we pick
a sample of the scenarios based on their estimated importance. Then, we average the current
subproblem solution associated to the sampled scenarios and project the averaged solution
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onto the feasible set for v. This method allows us to create primal candidates that combine
the characteristics that make a solution optimal for a representative subset of the scenarios
while, at the same time, to generate different candidates after each dual iteration if necessary.
The latter will not be possible if we were to average the solutions to all scenario subproblems,
as suggested in [CS99], since the average of the solution to all scenario subproblems does not
change significantly from one iteration to the next.

The four primal recovery methods (FIFO, RND, LIFO, IS) are embedded in the Primal recovery
process presented in Alg. 5, which uses the Recourse evaluators, Alg. 6, to obtain complete
primal solutions for the primal candidates in a similar fashion as the Master uses the Subgradient
evaluators. The evaluation of primal candidates is also asynchronous, in the sense that a new
candidate is generated and starts to be evaluated as soon as computational resources are available,
without waiting for another candidate to be fully evaluated. New lower bounds are communicated
to the Master as soon as the information about the incumbent is collected and saved.

5 Numerical results

We implement the proposed asynchronous algorithm as described in the previous section in Mosel,
using the module mmjobs to handle communications and solving the subproblems with XPress
[CH14]. We configure XPress to solve the root node in all subproblems using the barrier algorithm
and we set the termination gap of subproblems to 1%.

We test the proposed algorithm on instances of the WECC [POR15] and CWE [AP16] sys-
tems. Sizes and solution times of scenario subproblems are presented in Table 1, where it can
be appreciated that the instances used in the present study are of the same or more difficulty
than the state-of-the-art. Numerical experiments ran on the Sierra cluster hosted at the Lawrence
Livermore National Laboratory. Each node of the Sierra cluster is equipped with two Intel Xeon
EP X5660 processors (12 cores per node) and 24GB of RAM memory.

5.1 Western Electricity Coordinating Council system instances

The WECC system instance [POR15] is composed of 130 thermal generators, 182 nodes and 319
lines. It features multiarea renewable production with hourly resolution over a 24 hour horizon for
8 representative day types, one weekday and one weekend day per season. The number of scenarios
ranges from 10 to 1000, and each scenario is associated with different renewable production profiles
and contingencies.

The solution times of these instances are summarized in Table 2 for different configurations
of the asynchronous algorithm. Regarding dual methods, 'diminishing’ corresponds to a stepsize
of the type 1/k, 'polyak’ corresponds to the Polyak stepsize defined in equation (17), where the
diminishing part is set to decrease from 0.5 to 0.25 in 50V iterations with ¢ = 1, and 'polyak-long’
is equivalent to ’polyak’ with the sole difference that the stepsize decreases from 1 to 0.75 in 50N
iterations. Primal methods correspond to the four methods described in subsection 4.2. We use 2
nodes to solve the 10 scenario instances and 10 nodes to solve the 100 and 1000 scenario instances.
The number of dual and primal processes, M and R, are determined according to

M

min { N, round <a # available processors ) }

’ # processors per Subgradient evaluator

R := # available processors — M,

where « is the proportion of processors dedicated to subgradient computation, given as an input
to the script. The number of processors per Subgradient evaluator is set to 1 for WECC instances.
Stars in the last column indicate that the termination time 7" was reached without achieving the
1% target optimality gap.

On the one hand, from the perspective of dual optimization, Polyak-like stepsizes outper-
form 1/k stepsizes when considering a 1% termination criterion. In all our instances and test
runs, Polyak-like stepsizes provided better results as a default option without the need for tuning.
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Algorithm 5: Primal recovery.

B R B V]
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35

Data: Number of primal processors R, initial collection of m° primal candidates {f)l, .o, 0M0}
(R<mg-N < R+ N), primal recovery method PRM, termination time 7.

Let m:=m°, o :=9'Vi=1,...,m, F(l,i) := —co ¥l =0,...,m,i=1,..., N, primal_queue:= [|,

message := NULL, ©"** := 0, @"**' := 0, LB := -0

primal_queue = 37, "N [(index := I, block := )] /* generate initial tasks */

/* launch recourse evaluators and assign intial recovery tasks */

fors=1,...,R do
nc := extractfirst(primal_queue)
launch(Recourse evaluator s)
send (type:=recovery, candidate:=nc.index, block:=nc.block; Recourse evaluator s)
end
/* main loop */
repeat
get_next_message(message)
if message.type = new component evaluation then
‘ read(primal_pool, ’sh:primal_pool’) /* read what’s new in the pool */
else if message.type = primal recovered then
t := message.candidate
s := message.evaluator
F(t, message.block) := message.value
/* update incumbent if a candidate is evaluated for all blocks */
if is_it_fully_evaluated(t) then
if S, F(t,i) > LB then

,Dbest = ,Dt
fori=1,..., N do read(w>**, *sh:primalsol_cand_’ + t + _block_ + 1)
write([2"°* @], ’sh:incumbent’)

LB := YN F(t,9)
send(type:= new lower bound, value:= LB; Master)

else
| fori=1,...,N do delete(’sh:primalsol_cand_’ + ¢ + _block_ + i)
end
end
/* generate new candidates if necessary */
if primal_queue = [] then
m+=1

©™ := generate_candidate(PRM, primal_pool)
primal_queue += vazl[(index := candidate, block := )]
end
/* assign next recovery task to the released evaluator */
nc := extractfirst(primal_queue)
send (type:=recovery, candidate:=nc.index, block:=nc.block; Recourse evaluator s)

end
until run_time > T
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Algorithm 6: Recourse evaluator s.

Data: Vectors c¢;,d; and sets D;, i =1,..., N, termination time 7.
Let message := NULL, v := 0, w :=0, LB := —00

repeat

read(?; ’sh:v.’ + ¢)
W = argmaxy {d; w: (0, w) € D;}
LB :=clv+df'w

1

2

3 get_next_message(message)
4 t := message.candidate

5 l := message.block
6

7

8

/* receive task from Primal recovery

/* read primal candidate

/* compute recourse solution

/* compute candidate value on block [
/* make partial primal solution available to Primal recovery

9 write(w; ’*sh:primalsol_cand_’ + ¢ + _block- + [)

10 send(type := primal recovered, candidate:= ¢, block:= [, value:= LB, evaluator:= s; Primal
recovery)

11 until run_time > T

Table 1: Scenario subproblem sizes and solution times for different instances used in the present

study (highlighted in boldface) and in the literature.

Subproblem solution times for WECC

[POR15] correspond to the winter weekend instance with 100 scenarios, while subproblem solution
times for CWE [AP16] correspond to the spring weekday instance with 120 scenarios.

Subproblem solution

Instance Rows Columns Non-zeros Integers .

time [s], avg. (max.)
WECC [CGSM T 15] 69 447 28943 240724 4080 9.4 (25.7)
WECC [POR15] 34104 23090 129216 3074 10.8 (64.9)
EDF [vAM16] 812906 73562 - 26122 - -
CWE [AP16] 553 871 389112 1769973 9752 | 3691.5 (5877.8)

Table 2: Solution time statistics for WECC instances, over 8 representative day types.

N Dual Primal M R Solution time [s], avg. (max.)
method method 2% optimality 1% optimality
10 | diminishing  FIFO 10 11 | 59.2  (120.1) | >1382.1  (*1800.0)
10 | diminishing RND 10 11 | 780  (195.5) | >1364.7  (*1800.0)
10 | diminishing LIFO 10 11 | 729  (199.2) | >1383.9  (*1800.0)
10 | diminishing IS 10 11| 796  (183.6) | >1286.6  (*1800.0)
10 polyak FIFO 10 11 | 1827  (629.7) 5047 (1500.6)
10 polyak RND 10 11 | 1824  (619.2) 500.0  (1380.3)
10 polyak LIFO 10 11 | 159.0  (478.1) 4450 (1249.9)
10 polyak IS 10 11| 1358  (471.8) 4123 (1427.8)
10 | polyak-long IS 10 11| 76.1  (289.5) | 217.4  (651.5)
100 polyak FIFO 86 29 | 1957.7  (9657.9) | >9722.3  (¥10800.0)
100 polyak RND 86 29 180.3 (492.8) | >3283.6  (*10800.0)
100 polyak LIFO 86 29 | 221.2  (624.3) | >2514.3 (*10800.0)
100 polyak IS 86 29 | 161.8  (453.8) 824.6  (2482.9)
100 | polyak-long IS 98 17 | 95.4  (226.7) | 413.2 (1108.4)
1000 polyak IS 86 28 | 1472.6  (5095.0) | 104969  (30836.9)
1000 | polyak-long IS 97 17 | 858.6 (2799.9) | 4364.1 (11140.1)
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Table 3: Asynchronous execution statistic for the best performing configuration on WECC in-
stances. The table includes the instances with the smaller and larger average f; evaluation time,
and the instances with the smaller and larger synchronous idle time.

fi evaluation time [s Ratio Synchronous

N Day type Avg. Sd. - of passes | idle time [%)
10 Autumn, WE 4.1 2.0 1.38 52.0%
10 Winter, WE 10.5 5.9 1.45 53.1%
10 Summer, WE 4.5 1.1 2.29 25.0%
10 Spring, WD 5.2 3.2 2.20 60.2%
100 Summer, WE 4.4 1.2 2.60 56.5%
100 Winter, WE 10.8 6.8 1.69 74.0%
1000 Autumn, WE 4.8 2.9 3.67 82.2%
1000 Winter, WE 12.0 8.0 1.97 84.3%
1000 Summer, WE 4.9 1.9 4.63 71.6%

Moreover, tuning a Polyak-like stepsize, as done in the present work by using a longer stepsize,
can bring significant benefits to the overall convergence.

For primal recovery, we observe that the three methods that recover solutions directly from
solution to scenario subproblems (FIFO, RND, LIFO) exhibit similar performance for the 10 sce-
nario instances. RND and LIFO outperform FIFO on instances with 100 scenarios. The IS method
significantly outperforms its counterparts in all instances.

Solution times presented in Table 2, for the best performing configuration (highlighted in bold-
face), largely outperform the results of [POR15], in which 1000 scenario instances (23.1 million
variables, 35.9 million constraints and 3.1 million integers) were solved in up to 24 hours using
1000 processors. Instead, the best performing algorithm in this paper solves the same instance
in less than 4 hours using 120 processors. Similar speedups are observed for instances with fewer
scenarios with respect to [POR15]. The current state-of-the-art method for systems of similar scale
to the WECC instances used in this work, [CGSM™15] (see Table 1), is able to solve instances with
up to 100 scenarios within 1.5-2.5% optimality within 25 minutes, while the proposed algorithm
solves them to 1% optimality in 18.5 minutes and to 2% suboptimality in less than 5 minutes.

The asynchronous execution statistics presented in Table 3 indicate the importance of the idle
time of processors in parallel algorithms. f; evaluation times exhibit a relative standard deviation
(sd./avg.) that ranges between 23.8% and 70.9%, which hints that synchronous algorithms can
suffer from important idle times. Note that the number of evaluations of f; (passes) is different for
each i at the termination of the algorithm. We report the ratio between the number of times that
fi is evaluated for most commonly and least commonly evaluated scenarios, which can range from
1.38 to 8. We estimate the idle time of a synchronous subgradient algorithm [POR15] as the time
that processors would be idle if we were to have M = N (assigning one scenario per processor)
and only moving to the next iteration once f; for all i = 1,..., N are evaluated. The synchronous
idle times range from 25.0% to 84.3% of the total computation time, with the idle proportion of
time growing as we increase the number of scenarios. These results indicate that synchronous
algorithms, although simpler in conception and implementation, are not the optimal design choice
for exploiting high performance computing, especially when tackling problems decomposed in a
large number of components.

5.2 Central Western European system instances

The CWE system instance is essentially the same considered in [AP16] with the difference that
in the present work we additionally include the commitment of nuclear units and the selection
of the set point of CHP power plants (around which CHPs can vary their production within a
limited range [DA15], a continuous variable) as first-stage decisions of SUC. The instance constists
of 656 thermal generators, 679 nodes and 1037 lines, featuring multiarea renewable production
with quarterly resolution over a 24 hour horizon (96 periods) for 8 representative day types and
collections of 30, 60 and 120 scenarios fo renewable production. Each scenario subproblem of the
CWE instances is almost one order of magnitude larger, in terms of matrix size, than the scenario
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Table 4: Solution time statistics for WECC instances, over 8 representative day types. All instances
use the Polyak stepsize ("polyak’) to perform dual updates.

N Primal M R Solution time [s], avg. (max.)
method 2% optimality 1% optimality

30 RND 30 55 | 2509.9 (5498.3) 5311.4 (11530.1)
30 LIFO 30 55 | 2501.8 (5629.8) 5626.0 (13730.1)
30 IS 30 55| 26743  (5643.4) 46282 (8689.2)
60 RND 43 29 | 3950.6 (6623.8) | >16753.5 (*36000.0)
60 IS 43 29| 35458  (7021.6) | >10409.9  (*36000.0)
120 IS 43 29 | 6503.7 (14059.4) | >29058.3 (*54000.0)

Table 5: Worst optimality gaps at different wall-times, for the best configuration and over 8
representative day types for CWE instances.

Worst optimality gap
20° 1 hour 2 hours 4 hours
30 5.11% 3.86% 1.21% 0.85%
60 | 100.00% 4.15% 1.71% 1.32%
120 | 100.00% 4.67% 3.82% 1.95%

N

subproblems of the largest instance considered in the SUC literature [vAM16] (see Table 1).

Tables 4 and 5 present solution statistics for the proposed algorithm on the CWE instances.
We use 10 nodes for all instances and two processors are used by each Subgradient evaluator.
Solution times are much larger that those observed for the WECC, nevertheless they remain
within operationally acceptable time frames for day-ahead scheduling. Moreover, given 4 hours of
termination time, the algorithm is able to find solutions within 2% of optimality for all instances.

The increase in overall solution times with respect to the WECC instances results mostly from
the time required for solving scenario subproblems, as shown in Table 6. For spring weekday
instances, in particular, an important proportion of subproblems reach the MIP time limit (set
to 5400 seconds). Whenever this occurs, and the MIP solver is not able to find a good feasible
integer solution, we apply a specialized rounding heuristic to the solution of the root in order to
obtain an estimated subgradient of the corresponding component function. Note that for certain
instances the algorithm did not evaluate all f; before finishing, which implies that the proposed
algorithm terminates before a synchronous algorithm would even perform its first iteration. For
theses cases we can only estimate a lower bound on the synchronous idle time, which are indicated
in the last column of Table 6. We observe that, as for the WECC instances, synchronous schemes
can dramatically underutilize parallel computing infrastructure.

Table 6: Asynchronous execution statistics for best configuration on CWE instances. The table
includes the instances with the smaller and larger average f; evaluation time, and the instances
with the smaller and larger synchronous idle time.

N Day type fi evaluation time 3] fi eval. reached Ratio of | Synchronous
Avg. Sd. MIP time limit [%] | passes | idle time [%]
30 Winter, WE 1102.6 451.4 0% 3 >42.7%
30 Spring, WD 5235.0 759.9 71.0% 1.5 6.9%
30 Winter, WD 1277.2 526.3 0% 2.5 51.1%
60 Winter, WE 954.3 381.2 0% 5 >70.0%
60  Spring, WD | 4805.5 | 1273.4 51.0% 3 >29.0%
60  Autumn, WD 1303.0 330.6 0% 4.5 33.1%
120 Winter, WE 975.5 378.3 0% 4 >80.2%
120 Spring, WD 3690.5 2167.2 33.6% 5.5 14.0%
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6 Conclusions

We propose an asynchronous dual decomposition algorithm for stochastic unit commitment, in
which dual iterations are performed using a specialized block-coordinate subgradient method, for
which we provide convergence guarantees. We propose a high performance computing implemen-
tation of the algorithm and test it on instances of the WECC and CWE systems. The algorithm
is able to solve all instances within operationally acceptable time frames. Furthermore, we find
that synchronous algorithms dramatically underutilize high performance computing infrastructure,
resulting in processors idle time of up to 84.3%, which stresses the need for designing asynchronous
algorithms to tackle large-scale real world problems.

Future extensions of the present work will focus on the application of the developed asyn-
chronous decomposition framework for tackling (i) multi-stage stochastic unit commitment in-
stances of real power systems and (4i) detailed deterministic unit commitment problems over large
interconnected power systems, integrating the optimization of transmission and distribution sys-
tems through convex relaxations of AC power flow constraints [CNHT16].
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