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Abstract—Federated learning is envisioned to be a key enabler
of network functionalities based on artificial intelligence. Multiple
access mechanisms supporting the learning task must then be
designed, in order to provide an efficient interplay between the
communication and computation resources.

This work considers thus a multi-level slotted random access
scheme autonomously optimised by each node. Due to their
mutual coupling, the nodes’ interaction is an instance of the
Best Response Dynamics (BRD) of a Generalised Nash Equi-
librium Problem (GNEP). Within this framework, levers are
identified, guaranteeing the convergence of the interactions to
an equilibrium point at which the federated learning task is
supported. These levers, on which the network manager can act,
are validated by numerical simulations. These latter moreover
show that the performance loss due to the autonomous character
of the nodes is negligible with respect to the result of a centralised
optimisation.

On a broader mathematical level, this work defines a class of
GNEPs for which sufficient convergence conditions for the totally
asynchronous BRD are obtained. The considered class, named the
GNEPs with polyhedral strategy sets and variable right-hand
sides, encompasses a wide variety of GNEPs, and in particular
GNEPs which are neither jointly convex nor generalised potential
games. The obtained conditions depend on the first and second
derivatives of the objective and constraint functions, and they
constitute thus an off-the-shelf framework to study the BRD of
GNEPs belonging to the identified class.

Index Terms—Federated learning, Multiple access, Game The-
ory, Generalised Nash Equilibrium Problem, Best Response
Dynamics, Convergence

I. INTRODUCTION

ITH the development of functionalities based on ar-

tificial intelligence and machine learning, wireless
networks will have to support the learning processes of
many applications. While alleviating the computational bur-
den, cloud-based implementations require gathering the local
information of all nodes, leading to a heavy communication
load. Thus, the framework of Federated Learning (FL) [1]] has
been developed, in which the model underlying a distributed
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dataset is iteratively inferred. Each iteration starts with the
server broadcasting the current global model to the nodes,
named the workers. Then, each worker locally updates the
model, and sends back the updated model to the server.
Finally, the updated local models are aggregated into a new
global model. Such procedure enables to preserve the private
character of the nodes’ datasets. However, spectrum scarcity,
and the limited computational capabilities of the devices, call
for an optimisation of the utilisation of the communication and
computation resources [2].

The resource allocations of different workers are however
coupled, either by the shared communication resources, or
by the FL requirements. By jointly considering all workers,
centralised optimisation algorithms enable to reach a global
optimum. Nevertheless, they require gathering the optimisation
information into a unique node, and this thus contradicts the
privacy-preserving character of FL. To avoid this, methods
which leave both the computation and the information to the
workers seem adequate. The framework of Game Theory (GT)
is therefore particularly relevant, as it considers the nodes as
the decision-makers [3]]. In such setting, the challenge moves
from solving a complicated optimisation problem, to the anal-
ysis of the interactions occurring between the workers. More
precisely, one must ensure the workers find a point at which
no worker has an interest in changing its resource allocation,
such stable point being named an equilibrium. When the
equilibrium is reached iteratively, the sequence of resource
allocation profiles occurring between the initial profile and
the equilibrium point is named the game dynamics. One of the
most straightforward dynamics is the Best Response Dynamics
(BRD), which lets each worker iteratively update its resource
profile in order to optimise its own local performance. Due to
its simplicity, the BRD is of great interest in wireless scenarios,
and obtaining convergence guarantees is therefore critical.

Owing to the FL requirements, the workers’ optimisation
problems are however coupled both through the objective and
constraint functions. The resulting interactions are thus an
instance of a Generalised Nash Equilibrium Problem (GNEP)
[4]], as opposed to traditional Nash equilibrium problems. To
the authors’ knowledge, obtaining convergence guarantees for
the BRD of a GNEP, and applying these to an FL problem,
is however an unsolved problem. This paper provides thus
1) a framework to obtain convergence guarantees for the BRD
of GNEP, and ii) an analysis of the convergence conditions
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associated with an FL scheme. As this work brings together
elements from wireless networks, FL and GT, the terms node,
worker, and player will be used interchangeably below.

A. Related Works

a) FL resource allocation: Resource allocation for FL
tackles the problem of allocating the computation and com-
munication resources to optimise the FL performance. The
performance metrics are among others the accuracy of the
trained model, the training latency, the energy consumption
or the privacy [5]. To that aim, literature provides models
linking the training accuracy to the number and quality of
learning iterations, which can then be connected to the time,
computation and energy consumption [6f], [[7]. With such links,
performance optimisation can be performed, for instance to
optimise the energy and latency [8[|-[12], the learning error
[13]], [14], the communication success probability [15] or
privacy [16]. However, the above works consider centralised
schemes, for which the required side-information exchange
can be an issue.

Instead, workers can be considered as autonomous and
competitive, and their interaction must then be studied within
the GT framework [17]. This framework has for instance
been used in order to properly design incentive mechanisms
pushing the devices to participate in the learning process
[18]], [19], and preventing them from acquiring the model
without actively participating in the learning task [20]. Still
in a GT perspective, the models developed in [21]], [22] show
that workers are not only coupled through their objective
functions, but also through their constraints. Indeed, since FL
updates must wait for all active workers, each worker has
typically latency constraints which depend on the action of
the others. Instead of a classical Nash equilibrium problem,
such constraint coupling makes it an instance of a GNEP [4].
The benefit of considering a GT approach is that it naturally
captures the delocalised and autonomous characteristics of the
network, by considering the workers as the decision-makers.

In this autonomy perspective, the multiple access mech-
anisms envisioned for FL. must be discussed. Dynamically
adapting the resource allocation plan of an orthogonal access
scheme to the workers’ needs would require lots of side-
information exchanges. Avoiding this, Random Access (RA)
mechanisms [23] let the nodes communicate sporadically
and adaptively on a shared communication resource. In RA
mechanisms, at a given time, each node has some probability
to try to transmit information to the access point. This prob-
ability, named the access probability or the communication
probability, impacts not only the considered node, but also the
others since they all share the same resource. The access point
may then receive nothing, receive the communication from one
node, or from several nodes simultaneously. In this third case,
a collision is said to occur, which usually results in the access
point being unable to decode any of the communications.
Thanks to their uncoordinated character, RA schemes are
envisioned as a key enabler of Machine-Type Communications
(MTCs), in which many nodes communicate with a server
[24]]-[26]. As the communication decisions belong to the
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nodes and not to a central authority, such protocols indeed
adapt very well to a change of the communicating nodes,
and efficiently scale with their number. Such MTC setting
precisely occurs during the uplink communication step of
FL, when the workers transmit their updated model to the
server. RA schemes have thus been considered for FL, such
as Carrier Sensing Multiple Access (CSMA) [27], ALOHA
[28]] and Multi-Channel ALOHA [29]-[32]. In such schemes,
optimising the protocol parameters to mitigate the rate loss
due to the collisions is nevertheless critical [24], [27], [30].
As discussed above, this access optimisation depends on the
parameters of the other nodes. Instead of performing a cen-
tralised optimisation, coupling a RA mechanism with a GNEP
approach enables to design a fully autonomous FL process
with both the resource allocation and the access optimisation
performed locally at each node. Yet, to the authors’ knowledge,
such perspective has not yet been considered in the literature.

b) Algorithms for GNEPs: The study of GNEPs dates
back to the works of Debreu [33]], [34], in which the problem
was known as an abstract economy problem. Since then, many
properties of the equilibrium points (existence, uniqueness,
stability) as well as algorithms enabling to find such equilibria
have been studied [4], [35]], [36]]. Most of these algorithms
are based on reformulations of a GNEP into an equivalent
problem, which can then be solved using tailored, centralised
methods [37]-[42]. It should be noted that a particular class
of GNEPs, named the jointly convex GNEPs, benefits from
stronger equivalences and simpler algorithms. This class is
characterised by the fact that the shared constraints are convex,
and identical for all players.

As they are centralised, the above algorithms require to
gather the players’ information into a unique node, and then
to communicate back the obtained equilibrium point. These
algorithms are consequently not suited to scenarios in which
side-information exchanges are an issue, as it is the case in
this paper. Hence, schemes which let both the information and
the computation localised into the players must be considered,
being named decomposition methods in the GT literature. To
that aim, the equilibria of a GNEP can be obtained by solving
a sequence of classical Nash equilibrium problems [43]. If
the algorithm used to solve these latter can be decomposed,
then the GNEP algorithm is an instance of a decomposition
method. More recently, in [44], [45], decomposition methods
based on projection and proximal operators have been shown
to converge to an equilibrium.

While avoiding the sharing of players local information, the
above methods are still demanding in terms of computations
and convergence speed. They involve multi-layer loops, in
which the inner loop solves parametrised problems till conver-
gence, while the outer loop updates the parameters in order
to drift towards an equilibrium. Additionally, coordination
is still required in order to synchronise the loops entrance
and exit. The BRD, being a decomposition method, alleviates
these problems, especially when the players’ updates are
asynchronous. For some specific instances of GNEPs, BRD
convergence guarantees have been obtained using ad-hoc ar-
guments [46]-[48]. However, as the developments are specific
to the considered scenarios, they cannot be applied to other
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problems. For the class of the generalised potential games,
a particular class of GNEPs, convergence of a regularised
version of the BRD can be ensured [49], [50]. This class,
characterised by the fact that all players implicitly optimise a
unique potential function, is nevertheless quite peculiar.

However, there currently exists no theoretical convergence
guarantees for the BRD of general GNEPs. Practice has shown
it often reaches an equilibrium [4], but counterexamples have
also been exhibited [49]. This gap between theory and practice
calls thus for conditions delimiting GNEPs for which BRD
convergence is ensured.

B. Contributions

Filling the above gaps, this paper contributes to the two-fold
goal of i) on the applicative level, designing and analysing a
fully autonomous multiple access scheme supporting an FL
algorithm, and ii) on a broader mathematical level, providing
convergence conditions for the BRD of GNEPs.

For the FL, the detailed contributions are as follows.

e An autonomous slotted multi-level random access mech-
anism is developed, in which each worker locally designs
its access probabilities so as to support the FL task.

o Conditions on the convergence of the RA probabilities
towards an equilibrium are obtained, enabling to extract
levers instrumental to the control of the workers’ inter-
actions. These levers are validated numerically, showing
that convergence can be ensured with high probability,
even with many workers and high accuracies.

o The workers’ performance at the equilibrium is numer-
ically compared to the one achieved when performing
a joint, centralised optimisation across all workers. This
comparison shows that the loss due to the autonomous
worker behaviour is negligible.

For the BRD of GNEPs, this paper provides the following.

o A class of GNEPs, named the GNEPs with polyhedral
strategy sets and variable Right-Hand Sides (RHSs), is
delimited. Beside standard convexity and differentiability
assumptions, this class is characterised by the fact that
the constraints of each player must be linear in its own
variables, with a possibly nonlinear dependence in the
other players’ variables limited to the RHS term.

« For this class, sufficient convergence conditions for the
totally asynchronous BRD are obtained. These conditions
depend on the first and second derivatives of the objective
and constraint functions. They thus constitute an off-the-
shelf framework to study the BRD of GNEPs belonging
to the delimited class.

C. Organisation

This paper is structured as follows. First, in Section [[I} the
FL scenario is described, and the coupled optimisation prob-
lems of the devices are formulated. Then, Section defines
the class of GNEPs with polyhedral strategy set and variable
RHSs, and Section [[V] provides the sufficient convergence
conditions for the BRD convergence. The developed tools are
finally applied to the FL problem in Section [V] and they are
validated numerically.
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D. Notations

Scalars are written as normal letters: a or A, column vectors
as boldface lower-case ones: a = [as,...,a,] = lai]i ;.
matrices as boldface upper-case ones: A, and sets with cal-
ligraphic letters: A = {a1,...,a,} = {a;},—,. Vector and
matrix elements can also be indexed as [a]; and [A],;. The
notation a_; denotes the same vector as a, without the ith
element. The size-n identity matrix is written as I,,, the full-
zero vector and matrix as 0,, and 0,,,,, and the full-one vector
as 1,,. When it is clear from the context, the size indices are
made implicit. For a vector a, ||al| is a generic notation for any
vector norm, while its 2-norm is denoted as |/al,. Diag (a)
refers to the diagonal matrix A with diagonal elements A;; =
a;. For a matrix A, AT stands for its transpose and AT for
its Moore-Penrose pseudo-inverse. Its maximum and minimum
singular values are obtained as oyax (A) and oy (A), and
its spectral radius (i.e., the largest modulus of its eigenvalues)
as p (A). When it is symmetric, its maximum and minimum
eigenvalue are denoted as Apax (A) and Ay, (A), and its
condition number is defined as k(A) 2 Amax(A)/Anin(A).
Given two matrices of same dimensions, >, >, < and <
are element-wise inequalities. The sets of real scalars, size-
n vectors and size-m X n matrices are denoted as R, R" and
R™*™ while A = [l;u] is the closed real interval between
[ and u. Given two sets A; and Ay, A; X Ay stands for
their Cartesian product, and ><qu1 A, &2 A1 X ... X Ag. The
cardinality of A is denoted as |.A|. The set 2 is the power
set of A, i.e., the set of all its subsets. Given a (possibly
vector) function f (x), [f(x)], is another notation for f (a).
For the scalar function f (x,y) with x € R", y € R™, the
vectors and matrices V, f (X,¥) € R, V2 _f (X,y) € R"™*"
and Viy f (X, ¥) € R™™™ group the first and second-order
derivatives evaluated at (X,y). When it is clear from the
context, the distinction between the differentiation variables
and the evaluation variables is not made. The gradient of a
vector function f: R™ — RP, evaluated at X is denoted as
V«f (X) € RP*™. Finally, P o] is the probability for the event
o to occur.

II. RANDOM ACCESS FOR FEDERATED LEARNING

In order to introduce the class of problems which are tackled
in this paper, an FL scenario is described in Section
and the associated RA communication problem is presented
in Section

A. Federated learning description

In an FL setting, a dataset, i.e. a collection of input/output
pairs, is distributed among an ensemble of () nodes. The aim
of the nodes is to collectively infer a unique global model
of the input/output relationship, valid across the whole dis-
tributed dataset. As represented in Figure [T} an FL algorithm
achieves this by iteratively updating local and global versions
of the model. More precisely, the learning process consists
of K three-step rounds [5[], named communication rounds
in the literature, coordinated by a server collocated with an
access point. These three steps are respectively the model



This article has been accepted for publication in IEEE Internet of Things Journal. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/J10T.2024.3364756

IEEE INTERNET OF THINGS JOURNAL

1. Model aggregation ((( )))
EEA

(g D

1w

;§‘

X K

L

3. Uplink % =
(B
(=3 CER

Fig. 1. FL protocol illustration, adapted from [7]]. A server, collocated with
an access point, implements a FL procedure with 3 workers. This procedure
consists in K communication rounds of three steps each. The operations
performed at each step are described in the white rectangles, the blue color
refers to the access point, while the colors red, green and yellow correspond
respectively to the first, second and third worker.

aggregation step, the local computation step, and the uplink
communication step. During the aggregation step, the server
fusions the previously received local models into a global
model, and wirelessly sends it to the workers. Then, for the
computation step, each gth worker performs 7, local model
updates. Finally, the updated models are communicated back
to the server within the uplink communication step. As the
workers may have different dataset sizes, computation and
communication resources, FL algorithms may be improved by
letting the server select only a subset Py, of the ) workers
at each kth round [51], different at each communication
round k. In such setting, workers with lower computation
and communication durations will typically be selected more
often than the others. At the condition that the subsets P}’s
eventually span all ) workers, such mechanism enables to
speed up the learning process. Assuming constant latencies
across the communication rounds, the total learning time Ty
is thus obtained as

K
Tiot = ];1 <TO + gg%f {Tchomp,(I + Tcomm,q}) ) (1)

with T the aggregation step duration, T¢omp,q the duration
of one iteration of the local model update of the gth node,
and Tiomm,q the uplink communication duration for the gth
node. While the local model updates are performed in parallel,
the uplink step requires all workers to communicate with the
unique access point, the total communication load scaling
thus linearly with the number of workers. Hence, when there
are many workers, this step becomes the bottleneck, and the
multiple access scheme must thus be optimised. To keep
the learning duration below a desired latency T}, the access
scheme must give to the gth node, when selected by the server,
a rate greater than a minimum rate requirement [y, 4. This
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minimum rate reads as

s
A
Rup,q =

T : @
K TO - Tchomp,q
with s the model size. The numbers of local model updates
T4 and communication rounds K can be linked to the desired
accuracy losses ¢; and ¢4, respectively at the end of the local
model updates, and at the end of the global learning process.
To remain general, these links are modelled with functions
{ fq}qQ:1 and g, respectively giving the minimum number of
local iterations and communication rounds required to reach
the accuracy losses ¢; and ¢g:

74 > fo(ar),

These function are such that the f,’s decrease with ¢;, while
g increases with ¢; but decreases with €, [[7], [11]], [12]], [52].
This work accommodates any model for 7, and K, even exper-
imental data which would provide the above relationships. It
can also be noticed that the model f, may be different for each
worker. This enables to encompass FL protocols letting each
worker decides how to achieved the desired local accuracy.
To highlight the impact of the global parameters ¢, and T}
on the minimum rate requirement R, q, this latter can be
written as Ry, 4 (€4, Ty) in the following, and it is represented
in Figure [2]

K > g(e,€). 3)

Minimum uplink rate

Rup,q (¢4, Ty) [MHz]

10

g Ty [min]

Fig. 2. Minimum uplink rate as a function of the global accuracy loss €4 and
learning duration T}, from computation model and parameters of [7|]. The
model reads as fg (¢;) £ Cy In % whatever ¢ and g (¢;,€e9) = 1€251 In ei,
and the parameters are C7 = 100.5, C2 = 20, ¢ = 0.1, Ty = 0.33gs,
Teomp,q = 3.3ms and s = 10 Mb.

In order for the workers to have the knowledge of the
minimum rate requirement (]ZI), they must be aware of the
accuracy models (3), and they must know the parameters
s, Ty, €¢, €1, Ty and Teomp,q- The quantities s, Ty, €, and
€ will typically be specified by the application requiring
the federated learning service. The durations Ty and Teomp,qs
however, depend on the server and workers computation speed.
They can be estimated from their hardware specifications, and
on the information collected along their past operations.

B. Multiple access uplink communication scheme

The multiple access scheme must now be designed so as to
support the minimum rate requirement of the many workers.
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To that aim, a slotted RA scheme is considered: common time
slots are shared by the workers, which have some probability,
named the access probability, to try to transmit part of the
model to the access point on a given time slot. This probability
must be carefully designed, as if several workers are active
at the same time slots, then all communications are lost.
As discussed in the introduction and in the literature, RA
protocols are particularly suited to the uplink communication
step of FL [28], [32], as they mitigate the signalling overhead.
Also, the access probabilities of the devices can be seamlessly
adapted to their heterogeneity: if one device suffers from
poor propagation conditions, and thus from a low rate per
communication slot, its access probability can be increased.
This enables to increase the number of communication slots
during which the device is active, and thus at the end to enable
to support the transmission of the model. Moreover, since
resources are not allocated device by device, RA schemes
seamlessly adapt to the set of selected devices, which changes
at each communication round. Furthermore, by giving the
communication decisions to the workers, RA protocols scale
very well with the number of devices. The drawback of
these advantages is that a loss of performance with respect to
orthogonal multiple access schemes is expected. The analysis
carried out in this paper precisely enables to balance the
above advantages with this performance loss, depending on
the considered scenario.

The considered RA scheme is a slotted multi-level ALOHA-
like protocol. As for the traditional ALOHA protocol, the
uplink communication step is divided in N, time slots, de-
vices having some probability to send part of the updated
model to the access point at each slot. The difference with
respect to the traditional protocol, in which workers have
one idle and one active level, lies in the fact that each qth
worker has A, + 1 levels, the Oth one being the idle state
while the A, others differ in terms of power and rate. The
rate and communication power of the a,th activity level are
respectively denoted as Ry, and P, , , with the idle state
being such that (Ry0,P;0) = (0,0). At each time slot,
devices draw thus one of their state according to a probability
profile x, = [xqﬂq}fqzo on its activity levels. With these
elements, the FL. scheme considered in this work is described
by Algorithm [I] algorithm details being discussed below.
In Algorithm , the notation -(*) applies to all quantities
which vary with the communication round, and denotes the
quantity at communication round k. The global model which is
broadcasted by the server at round k is denoted as w®) | while
the model which has been updated by the gth worker is written
as w((l ) . Finally, the notation w((]k) = [wé ) (k)
updated model concatenated with the idle probablllty of the
qth worker.

] denotes the

At each communication round, Algorithm [l lets each se-
lected worker design its probability profile, as described below
by (6). Such choice depends on the worker interests, but
must in all cases support the uplink communication of the
FL task. In other words, the qth node, when selected by the
server, must have an average rate higher than Ry, ,. This
average rate depends both on the probability profile of the
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Algorithm 1 FL with uplink RA optimisation - gth node

Select an initial probability profile x(O) with xg% > 1—zy™
for k=1,...,K do
if Selected at round & then
Receive the global model w(*)
Receive X (¥) & HqQ:1 1 =P, + Py,

Compute 0yq, (x_g) =P

(k 1)

X(k)
Obtain the updated model w( ) after 74 local updates
Design the probability profile xgk) according to (6))
Lt ) £ [ufd), 23]
forn—l,...,Ns do

Draw a4 according to xgk)

Using activity level a4, send part of w( )

considered worker x,, and on the ones of all the other workers
X_g 2 (X1, 1t is computed as

Ry (x4,x

Z Zq,aq q,aq q,aq (X*Q) ) €]

ag=1

with 6, o, (x_,) the communication success probability of the
gth device when it employs activity level a,. For a communi-
cation to be successful, no other selected worker should use
the channel simultaneously, and the channel should support the
targeted rate. Considering that for each communication round,
each rth worker is selected independently with a probability
P, by the servelﬂ the probability that the rth worker transmits
during one slot is given by (1 — 2,0) P,. Thus, 6,4, (x—4)
reads as

aq,aq (X—q) = IF)cov,aq,q H (1 —-P.+ Prxr,O) 5 (5)
T#q

with Peoy o, 4 the probability the targeted rate is below the
channel capacity, named the coverage probability. It depends
on the fading statistics, and can be computed as Peoy,q, 4 £

P {B log, (1 + L‘hl) > Rq’aq], with B the bandwidth,

|hq\2 £ L,(, the channel power gain including the path loss
L, and the small-scale fading (,, and ~y, the noise power
spectral density. This coverage probability can be obtained
from the Cumulative Distribution Function (CDF) of (g,
written F¢, (x), as

]Pcov,aq,q =1~

It should be noted that the other workers’ impact lies in the
(1 =P, +P,z,0) factors of the success probability expres-
sion (B). Indeed, these factors are between 0 and 1, and thus
they decrease the success probability as the number of workers

'As explained above, the worker selection might depend on their compu-
tation and communication resources. By adapting the selection probability to
the workers capability, the system model considered in this paper enables to
mimic selection schemes such as the one of [51].
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increases. Additionally to the rate constraint, a maximum ac-
tive probability 2" is considered to avoid channel congestion.
This maximum active probability depicts the sharing of the
communication resource among the workers, and thus scales
as O (%) A method to select an adequate value for this
parameter as a function of the FL parameters is moreover
discussed in Section [Y} To conclude the devices’ description,
each one is associated with an utopia probability profile xgu),
being its ideal utilisation profile. Such profile models his
interest, which can depend on the consumed energy, monetary
incentives involved in the FL process, type of the devices, etc.
An utopia profile example is given in Section for workers
minimising their power consumption.

With these elements, the probability profile design of the
qth device is captured by the following optimisation problem,

2
min Xg — X(")
Xq q q )

s.t.

1- xl;ax S Lq,0,
0<2Zga, Vag=1,...,4,, (6)

Aq
Zaq:O ‘rq1aq - 1’

Ry (2g,%—q) > Rupg-

This optimisation problem is a quadratic program, which can
efficiently be solved using specialised solvers, or with the
Dijkstra alternating projection method [53]]. To that aim, the
qth node must know at each communication round the success
probability of all its activity levels. This can be achieved in the
following manner. Each gth node appends a header containing
24,0 to the model during the uplink communication. Then, the
server computes the value X £ H?Zl (1 =Py +Pyz40), ei-
ther based on the received probabilities, or based on probabil-
ities of the previous round for inactive nodes. Next, X is sent
together with the model during the downlink communication
step. Each node can finally compute the success probability of
its agth activity level as 0y.4, (Xx—¢) = ]P’COWMW.
By transmitting the product X instead of all z,¢’s, the header
sizes are constant whatever the number of nodes (Q, and
insignificant with respect to the model size s.

The challenge raised by the above is that the optimisation
problems of the @ nodes are coupled together through their
rate constraint. Thus, the optimum probability profile of each
node, named the Best Response (BR), changes at each com-
munication round depending on the probability profile of the
other nodes. Moreover, such changes are asynchronous since
in Algorithm (1} only the devices selected by the server are
allowed to modify and communicate back their probability
profile. Ensuring the asynchronous BR updates quickly reach
an equilibrium at which the FL task runs smoothly is therefore
critical. Such updates are named in the literature the asyn-
chronous BRD, while the problem of getting an equilibrium of
optimisation problems coupled through their constraints is an
instance of a GNEP. However, the literature does not provide
convergence guarantees for the BRD of a GNEP, especially
as the considered GNEP is neither jointly convex, nor a
generalised potential game. Hence, the aim of this paper is
precisely to develop such a framework. This will enable to get
insights on the levers the server has to control the interactions,

and in particular on the maximum active probabilities 27" and
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on the available activity levels. Below, a general framework
able to analyse the BRD of GNEPs is first developed in
Section [[ll] and Section [V} and then applied to the FL setting
in Section [Vl

III. GNEP CLASS DEFINITION

In the above section, an FL scenario has been considered,
in which devices must adapt their activity profile based on the
ones of the others. Their interaction comes from their coupled
rate constraints, which make such problem an instance of a
GNEP. In this section, the formal definition of a GNEP is
first provided in Section and then the class of GNEPs
considered in this work is delimited in Section Finally,
the BRD definition is introduced in Section These
definitions will enable to provide BRD convergence conditions
in the next section.

A. Generalised Nash Equilibrium Problem Definition

A GNEP models the interactions between () players indexed
in Q = {1,...,Q}, each controlling a n,-dimensional vector
of variables, denoted x, and named its strategy. The strategy
profile of all players can either be denoted as X or (xq,X_q),
with x_g £ {x,}, 4, denoting the strategy profile of all
players except the g-th one. For each g-th player, the fixed set
X, and the player-dependent strategy set Xy (x_q) : X_g —

2% are introduced, with X_, £ X Lq X,. The notation

2% denotes the power set of X, i.e., the set of all its
subsets. The above strategy set definition implies thus that
X, (x_4) C X, whatever x_, € X_,. Thus, the sets
?q delimit the extreme-values of the strategy-dependent sets.
Letting X £ Xqul ?q, the set )V, is furthermore introduced as
Vo 2 {§|x_q € Xq,%Xq € Xy (x_q)}, representing the global
strategy profile which are feasible for the ¢-th player given
X_q4. Constrained by its player-dependent strategy set, the g-
th player targets the minimisation of the objective function
Uq (Xq,X—q) : Vg — R. The players’ interaction reads thus as

minimisey,

g (Xg,X—q) ,
S.t. gy 3 @

Xq € Xy (x—g) -

Given a strategy profile of the other players x_, the minimis-
ers of the above problem are grouped into the set BR, (x_,),
named the BR set. In this context, an equilibrium xF e X of
a GNEP is such that xF € BR, (x’fq) Vg € Q, i.e. they are
the fixed points of the BR mapping.

B. Considered GNEP class

The GNEPs tackled in this work are limited to the class
which we named GNEPs with polyhedral strategy sets and
variable right-hand sides. GNEPs belonging to this class are
those whose set-valued mappings X, (x_,) can be written as

p;ixq < (x—g), Vi€, }
f);jxq =g (X=q)» ViE€Ty )’

®)
with Z, £ {1,...,I,} and J, £ {1,...,J,} the sets of
inequality and equality constraints, and ~v,,;: ¥4 — R,

Xy (x—g) = {xq € R"
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Yg.i: X—q — R the possibly non-linear Right-Hand Side
(RHS) functions which depend on the other players. The sets
I, € Z; and J,, € J, are furthermore introduced as the
sets of constraints for which the RHS function depends on
the strategy of the r-th player. The GNEPs are furthermore
assumed to satisfy the four below assumptions, the first three
being standard in the GNEP literature. In Assumption [2} C*
is the class of functions which are continuously differentiable
up to the kth order.

Assumption 1 (Convexity and non-emptiness). For each q-th
player, Vx_, € X,

o X, (x_4) is non-empty and bounded;
o X, is compact and convex;
o Uy (Xq,X_q) is strongly convex in x, on Xy (X_g).

Assumption 2 (Continuity and differentiability). For each g-
th player, VX € ),

o ug(xg,x_y) is C? in Xq,
o Vi, g (Xq,x_q) is Ctin x_g;
o {Vai (x=g)}icz, and {74 (x-q)};c 7, are Clin x_,

Assumption 3 (Constraint qualification). For each g-th player,

e Vx_, € X_,, the Slater constraint qualification holds
for Xy (x_y), ie, Ixq € X, (x_q) such that ¥i € I,
Py.iXg < Vq.i (X—q)-

o The family {pq.; }j ¢z, is linearly independent.

Assumption [I] ensures that the optimisation problem of the
g-th player always admits a unique solution. In that case, the
BR mapping of the g-th player is single-valued and denoted
as BRy (x_o) : Xy — X The GNEP equilibria are then
points xE € & such that xq BR, ( ) Vg € Q. Grouping
the BR mapping of all players, the global BR mapping is
defined as BR(X) £ {BR,(x_¢)}, : X — X, and
equilibrium points are equivalently defined as points satisfying

E _ BR (xF).

To state the last assumption, given X, the set of active

inequality constraints is defined as

I3 ={ie Iq’p;—,ixq =7, (X—g)} - )
Then, the ensemble of all sets of linearly independent con-
straints which can be active at the same time, with at least
one depending on the r-th player is introduced as

3X € Y, 5.4 T =15

32,. £({7TC1T, {{pi}ieI ; {f)j}jej} is lin. indep.
INZy. #0or INJy #10
(10)

where lin. indep. abbreviates linearly independent. The prob-
lem is also looked at when the inequality constraints are
perturbed by v, € Re, and the following sets are defined
similarly to the above:

Kf"’q = {ie Iq|p;ixq

=Yg (X—g) +vgi}, (11
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V6>0, ﬂieyqu ERL] B
with ||Vq||2 <est.I= ]C;‘7Vq
{pi}iel 5 {f)j}jej} is lin. indep.
INTS, £Dor TNT5 £0

/Rl 20T CT,

qr -

12)

Assumption 4 (Set insensitivity to perturbations). For each
pair (q,7) of players, with q # r, ﬁT = JJr

The above assumption means that when considering in-
finitesimally small perturbations, the sets of possibly active
constraints are not modified. To better grasp this last assump-
tion, the below example illustrates its impact.

>

©) 1

Fig. 3. Strategy set of Example [T} the constraint index being denoted by
circled numbers. The moving constraints are depicted with dashed lines.

Example 1. Let us consider a two-player GNEP, in which the
first player controls a size-2 vector x1 £ (71,1, l‘l’g]T and the
second a scalar strategy xo € Xo = [0; 1]. The strategy set
of the first reads as

[ 1 0} X1 S 0
[O - 1] X1 S 0
X1 (,’EQ) £ X1 € R2 [1 O] x1 < 29 R
[0 1] X1 < )
[1 1] X1 < 21’2

being represented in Figure Constraint 5 can be
seen to be redundant with the others. As constraints
3, 4 and 5 depends on the second player, this gives
1%y = {3,4,5}. Depending on X, the set IX ¢
{041} 1,2} {2}, {2.3}, {3} {3, 4,5} . {4} . {4. 1}
Removing the linearly dependent constraints, and
the sets which do not depend on the second player,
3, = {{2,3},{3}.{4},{4,1}}. Yer, considering
infinitesimal perturbations of constraints 3, 4 and 5, ICX Ve
(0.00.11:2), 2, 2:3) 18] 5.4.9) (4], (. 11U
{{3,4},{4,5},{3,5}}. This gives =
{{2,3},{3},{4},{4,1}} U{{3,4},{4,5},4{3, 5}} whlch is
different from Ji5. This is an example of a pathological case
in which the constraint sets are sensitive to infinitesimally
small perturbations, and which are thus not covered by this
paper. As it can be noticed, this happens because the fifth
constraint follows the third and fourth one whatever x5, and
therefore is redundant. If one considers the same problem
but with the fifth constraint removed, then this equivalent
Jormulation becomes insensitive to perturbations.
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C. Best response dynamics definition

As detailed above, this work considers the dynamics nat-
urally arising from a GNEP: the BRD. Such dynamics lets
players iteratively update their strategy according to their BR,
and it can respectively be termed synchronous, sequential
or totally asynchronous if all players update their strategy
respectively at the same time, one after the other or at any
desired time, with possibly outdated information on the other
players strategy.

For the sake of the BRD definition, each g-th player is
associated with a set V;, of its update times and with the times
{0}
g-th player knows the strategy of the r-th player which has
been used at time 7Z (n), and not the current one. Naturally,
these times are such that 77 (n) < n, as players can only
use past and current information. Let xé”) be the strategy
of the g-th player at time n, and define the strategy profile
of other players as seen at time m by the ¢-th player as
X(jqq(n)) = {xq(frq(n)) . With these definitions, the BRD

#
is described by Algorithmq

which denote the fact that at time n, the

Algorithm 2 Totally Asynchronous Best Response Dynamics

Set x(9 € X,
for n =0 — oo do
forg=1,...,Q do
1 .
o1 _ | BRy (X<_rq (n))) ifn e N,
! x{" otherwise.

The synchronous (resp. sequential) BRD is obtained by
setting the gth player update times as N, = {1,2,...} (resp.
N, ={¢,q+Q,q+2Q,...}), with up-to-date information:
7d(n) = n, Yn € N, Vg,r € Q with ¢ # r. In
the asynchronous case, for the BRD to be well-defined, the
below assumption is introduced [54], naturally holding in any
practical scenario.

Assumption 5 (BRD). For each q-th player,
o its strategy is updated infinitely often: |Ny| = oo;
o the outdated information about any r-th player is eventu-
ally purged from the system: limy_, o, 72 (ng) = oo with
{nk} an increasing sequence in N.

The first part of the assumption prevents some of the players
from stopping the updates of their strategy, while the second
ensures that as the time grows, they eventually base their
updates on up-to-date information.

IV. CONVERGENCE OF THE BEST RESPONSE DYNAMICS
TOWARDS AN EQUILIBRIUM

In this section, sufficient conditions ensuring the existence
and unicity of an equilibrium, as well as the convergence of
the BRD towards it, are obtained. These conditions, formally
stated below in Theorem (1| are the major theoretical contri-
bution of this paper. They depend on a convergence matrix
I' € R9O*? which translates both the objective functions’
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interaction and the strategy sets’ interaction. This matrix is
obtained as

[r,, 2 \/ ([F”"J‘Lj e,

with T'% T ¢ RQXQ, The objective part is computed as

[I\obj} 2 ) maxgew — (V2 uq(g)) if ¢ #r,
qr 0 otherwise.
(14)
The constraint part is build as
cons Ay Oq'r lf q ?é T,
T ]‘1’" o { 0 otherwise, as)
with, when g # r,
Coqr & max L % {H (Viqxq Ug (i))
Zed),
Omax (Eqr,IanI)+ Gyrz (X—q)) } )
(16)
Amax ()

where  (-) £

pe—— is the condition number of a symmetric

matrix and ()" the Moore-Penrose inverse operator. For each

Ic JI]T, the above matrices are defined as

T T
A {p%i}iezflf? A {pqd}iez}j)
Eqr,l' - ~T . ) qu,l' - ~T } )
pq}] jquOr pq;] jEJ‘J\qur
a7 (FarzFgz)
T
N {Vx/Yq,i (X—q)}
il
X 1495] —q

qu,I £ I-F ' qu,I7

i€zl
b

JETS,

with the inequality constraint indices partitioned between
Iy £ IN7T5, and Iy 2 7\ I, The matrix T,z is
the projector onto the null space of F, 7, being well-defined
since constraint sets of J(ET are linearly independent, ensuring
Fg 7 is full row rank. If Fg, 7 is empty, the above must be
understood as Il,. 7 = I. The definition of the convergence
matrix I' enables to state the main theorem of this paper,

guaranteeing convergence of the BRD associated with a GNEP.

Theorem 1. If a GNEP with polyhedral strategy sets and
variable right-hand sides fulfils Assumptions [I|to [|, and if it
satisfies p(I') < 1, then
o it admits a unique equilibrium x
o the totally asynchronous BRD, if it respects Assumption
converges to the equilibrium x;
o the iterates x\™) of the synchronous BRD converges

linearly to x¥ with a rate p (T):

E.
s

[ = x| < (pm)”

x|
C' being a constant depending on the choice of norm.

Proof. The proof amounts at showing that the GNEP BR
mapping BR(X) : X - X is a | contraction under some well-
chosen block-maximum norm, X being a compact set. Then,
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from [54] Chapter 3 and 6], the above theorem is obtained. The
challenge lies in proving that p (I') < 1 provides a sufficient
condition for the contraction property of the BR mapping, as
detailed in Appendix [A] O

The above theorem provides a sufficient condition for the
convergence of the BRD. What is particularly interesting with
this theorem is that it describes a systematic procedure for
any GNEP with polyhedral strategy sets and variable RHSs.
This procedure consists in building the convergence matrices
of the objective part and constraint part, and then computing
the spectral radius of I'. Nevertheless, finding the maximum
over all strategies X € X’ might be difficult for some problems,
especially when there are many players and when the strategy
sets are high-dimensional. In such cases, it must be kept
in mind that any upper-bound for the off-diagonal elements
can also be considered. This will lead to a convergence
matrix T' with a greater spectral radius [55, Fact 4.11.18],
and thus p (f‘ < 1 also provides existence and convergence
guarantees.

To the authors’ knowledge, the above theorem is the first
result providing a framework able to study the convergence
of the totally asynchronous BRD of a GNEP. Even for the
peculiar class of generalised potential games, the convergence
guarantees provided in [49] only hold if the BRD is regularised
by some 2-norm objective function. If instead the classical
Nash equilibrium problems are considered, i.e., those with
fixed strategy sets, then the above theorem boils down to
the state-of-the-art results of [3]]. As far as the existence is
concerned, it in fact holds under Assumptions [I] to [3] only,
whatever the spectral radius value [4, Theorem 6]. A GNEP
for which existence holds but not convergence is of little
interest for an autonomous system. This is why the existence
result is provided together with the convergence conditions in
Theorem [

Before moving to the FL scenario analysis, a toy example
is studied in order to illustrate the procedure provided by
Theorem [11

Example 2. A two-player GNEP G¢ parametrised by 0 <
¢ < 1.5 is considered. The players’ objective functions and
strategy sets are defined as

{ (51 (Z‘l,xg)j (.Z‘l — C..Z‘Q + 1)2 , (17)

(18)

The first player is thus a classic player while the second is
characteristic of GNEPs since his strategy set depends on
x1. The associated BR mappings are obtained by solving the
quadratic univariate optimisation problems defined by
and (T8). By inspection, the BRs are obtained as

BR; (22) = min {max {czy — 1,-2},2},
BR2 (.’El) =1- CX1,

as displayed in Figure 4| As it can be observed from the
optimisation problems and strategy set mappings, or from
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the BR mappings, the parameter c measures in some sense
the players’ coupling. Players are independent when ¢ = 0,
slightly coupled for small c’s while they become highly coupled
as c increases. Analysing the fixed points of these BR map-
pings, it appears the GNEP has a unique equilibrium given
by xF = [i%Jrll, 062111]- The sequential BRD, obtained with
M = {2,4,6,...} and N» = {1,3,5,...}, is depicted in
Figure | its behaviour depending on the parameter c. When
0 < ¢ < 1 (case (a)), the BRD always converges towards
the equilibrium. When ¢ = 1, (Case (b)), then the BRD
gets stuck in cycles. The same behaviour is observed when
1 < ¢ < 1.5 (case (c)), except that in this case, all starting
points lead to the same cycle. It can moreover be checked that
the same behaviour occurs for the synchronous BRD in which
N1 = N2 =1{1,2,3,...}, and for the asynchronous BRD.

'

BRs (21)

T — - -

/-

g

—2

.
2
|
)

// N
.
B

ity

(a)0<c<1

3—cZ

3
SRR
1—cxiv .
N

BR, (11

(c)l<e<1b

Fig. 4. Illustration of the GNEP of Example|2|. for three different parameters
c. While the strategy set of the first player is always [—2;2], the gray area
depicts the strategy set of the second player, depending on x1. The green
and blue solid lines correspond respectively to the BR of the first and second
player, and their intersection is therefore an equilibrium of the game. For
this example, such an equilibrium is always unique, whatever 0 < ¢ < 1.5.
The sequential BRD is displayed with red arrows, from two different starting
points.

Now that the convergence has been assessed visually,
conditions provided by Theorem [I| can be investigated. The
GNEP has polyhedral strategy sets with variable RHSs, and
it fulfils Assumptions [I| to For the objective interaction
part, computing the second order derivatives of the objective
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functions, the convergence matrix reads as

obj |0 ¢
e P o]

To analyse the constraint set interaction, the player-dependent

active constraints sets are computed as 3]{2 = 0, 351 =
{1},{2}}. This gives Ey 1y = -1, Faqy = Ooxi,
Goiqiy (1) = ¢ and Eyqoy = 1, Fyoy = 0Ogxu,

Go1 2} (21) = 55, leading to,

0 0
I‘COV!S - [C O] M

Finally, one can compute

p(F)=p<[\/0§C SD = V2,

from which one can conclude the asynchronous BRD converges
ifc< 4%/5 ~ 0.84. Comparing this condition with Figure a it
appears that as expected, the obtained convergence conditions
are sufficient but not necessary.

V. ANALYSIS OF THE FEDERATED LEARNING SCENARIO

In this section, the tools developed in the above section
are applied to the FL RA scenario in Section [V-A] Then, a
numerical analysis validates the obtained theoretical insights
in Section [V-Bl

A. Existence and convergence conditions

To be able to apply the GNEP framework to the FL scenario
(©), it must first be checked it belongs to the considered GNEP
class. To stick with the generic GNEP notations (7)), the objec-

2
tive functions are identified as u, (x4, %x_q) = qu — xg“) ‘

The inequality constraints of the player-dependent sets X, (x,)
are written in the form of (), with Z, = {1,..., A, + 2},

o —e€; V’L':17...,Aq+1,
Pai =\ —w, i=4,+2
amx — 1 i=1,
Vi (X_g) = . Vi=2,...,4,+1,
e i=Aq+2,

T, TP APz

where e; is the zero vector with a 1 at the th index, and
w;— = [(), Ry1Peov,i,gs--s quAq]P’C(,V’Aq,q]. The equality con-
straint leads to J, = {1}, Pg,1 = 14,41, and 741 (x_¢) = 1.
The set of constraints depending on the other players are
furthermore defined as 7, = {A,+2}, J,. = 0. Finally,
the fixed strategy space X, always encompassing X (x,), is
introduced as
Zq,0 Z 1- xglax’
Xq eRAq‘H Lq,a, 20, Vaq = ].,...,Aq7

Aq _
Zaq:() xq,aq =1

Without loss of generality, it is assumed the activity levels are
sorted so that the elements of w, are increasing. To ensure
that Assumptions |1| to 4| hold, and especially to ensure non-
emptiness and the Slater constraint qualification, it is sufficient
to show that it exists ¥ > 0 such that the strategy profile

X, 2
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[1— a2l +v,v,... v,z — Agv| fulfils the minimum rate
constraint with a strict inequality, whatever the strategies of the
other players. Considering the worst case scenario at which all
other players have z, o = 1 — '™, this translates into

Aq

max §
wq,Aqxq -V (w%Aq - quaq) >

ag=1

RUPJZ
Hr;&q (1 - ]P)Tx?ax)

A positive v satisfying the above thus exists for all players if

max Rup,q 1
0210 | T Ry, Beon ity g g (1~ Bra™)

< 1.

19)

The LHS of the above, denoted peyis, 1S named the existence
number since as noted above, Assumptions [I] to [3] ensure an
equilibrium exists. In the expression of the existence number,
g™ Rg 4,Pcov,4,,q 1 the maximum achievable average rate
when no collision occurs, and thus Buw.q/e™ Ry 4, Peov,a,.q de-
picts the exigence of the FL communication demand compared
to the devices’ capability. The simplicity of the considered
RA scheme comes with an additional /T, L, (1-P.2™™) factor,
translating the rate loss due to the collisions. Thus, the
existence analysis enables to identify a first lever the FL server
has to control the interactions.

Lever 1 (Maximum effective rate). To support an FL scheme
targeting a global accuracy €, within a duration Ty, the
devices must have access to a maximum effective rate
g Ry, a,Peov, A, ,q significantly higher than the minimum rate
requirement Ry, 4 (€4,Ty).

Now that the existence of an equilibrium is guaranteed, the
convergence of the BRD towards this equilibrium must thus
be assessed through Theorem [T} As shown in Appendix [B] the
spectral radius of the convergence matrix is equal to

V2

p(T) = — 0(®),
[Tg=y (1= Pgzg™)
with
PqRup,q :
[(_)]qr 2 1o, ™ 71IRq,i]Pcov,i,q7Rq,i+1Pco\',i+1,qI if 7 75 9
0 otherwise,

and it can be bounded as [55, Fact 4.10.16]

V2
P = HqQ:1 (1 - qufzmx)

pox, [ @ VR )
] q:17'AaQ L |Rq,iPcov,i,q - Rq,i+1]P)cov,i+1,q
i=

yeer g

Similarly to the existence number, the convergence number is
defined as peony = p (T'). Since Theorem |1| requires the above
to be strictly smaller than 1, the following levers are identified.

Lever 2 (Maximum active probability). The convergence
guarantees of the BRD improve when the maximum active
probabilities of the devices decrease.

Lever 3 (Neighbouring activity levels). The convergence
guarantees of the BRD improve when the smallest rate dif-
ference between consecutive activity levels Ry q,Peova,q —
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Ry o, 41Pcov,a,+1,4 across all devices and activity levels,
increases.

As in classical random RA schemes, Lever [2| states that
devices should not occupy to many slots, to avoid channel
congestion. Lever [3] avoids situations in which a very slight
change of probability of the other devices would push the
gth worker to switch from the a,th activity level to the
neighbouring one. Doing so, it could impact another device
which would do similarly, and the BRD could not converge to
an equilibrium. The above levers enable the server to act on
the RA parameters (i.e., the maximum active probabilities and
the rates of the activity levels) in order to guarantee existence
and convergence. In this line of thought, it is interesting to
determine how such parameters should scale with the number
of players (), in order to preserve the guarantees, or in
other words to keep the existence and convergence numbers
unchanged. The below lever identify thus how such scalability
should be performed.

Lever 4 (Scalability w.r.t. the number of devices Q). In
order to guarantee the convergence to an equilibrium, the
devices’ rates should grow in (9(@8, while the maximum

active probability should scale as O é .

As for any multiple access scheme, the above translates
the fact that when the number of devices increases, the
total communication load also increases. Thus, to keep the
communication time constant, the devices should occupy the
channel less frequently, but with a higher rate. To support this,
the access point should provision a bandwidth proportional to
the device number, or loosen the latency constraint 7.

B. Numerical analysis

To complement and validate the above theoretical analysis, a
numerical evaluation is performed in this section. Based on [[7]],
the simulation parameters are selected as follows, except oth-
erwise stated. A model of size 10 Mb is trained across ) = 50
workers, all being selected at each communication round, i.e.
P, = 1 whatever ¢q. The learning process must be finished
within Ty, = 10 min, with the centralised step duration T =
0.33 s and the duration of one iteration of a local model update
Ttomp,q = 3.3 ms whatever ¢. The local and global accuracies
are set to ¢, = 0.1, ¢, = 1072, making the number of local
iterations and communication rounds equal to 7, = 230 and
K = 102, with the model of Figure E} As discussed above
in Lever [ the bandwidth provisioned by the access point is
given by B = Q) By, With Bypy = 20 MHz. The devices are
uniformly located inside a circle of radius R = 100 m, their
distance with respect to the BS being denoted d,. Their power
gain is given by |hq|2 = Bd, *(y, with the path loss intercept
[ = 34dB, the path loss exponent o« = 4 and the unit-mean
fading coefficient (,. Since Rayleigh fading is considered, (,
follows an exponential distribution. The noise power spectral
density is 7, = 1071°W /Hz. All devices have access to 3
activity levels, with the same power profile P, ., = 7Yg,a, B,

and [’)’q,aq]z 0= [07 10710, ><10’9] W/Hz. To achieve a

coverage proi)ability of 0.9 for all devices and activity levels,
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the rates, different across the players, are defined as Rq,aq =

Blog, (1+“22272" ), with T' = 9.77dB. The maximum
active probability is set to zg®™* = 1/q for all players. To
conclude the devices’ description, it remains to specify their
interest, modelled by their utopia profile. Considering low-
power devices, their objective is to minimise the consumed
power, here dependent on the average communication power

P,(x4) & Equzo Tq,a,Py.a,- The utopia profile is then
defined as x" = 1 [—Pq,aq]:qzo with € = 107°, as it enables

to minimise this average power:

A
2 92 X
’2 + E § xq,aqpcons,q,aq~

2
2
= g3 + %
aq=0

-
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Fig. 5. CDF of the existence number, for different global accuracy require-
ments and maximum active probability. Existence numbers above 1 would lack
existence guarantees, but this does not happen for the considered parameters.

1) Theoretical sufficient conditions: Within this setting,
the theoretical conditions guaranteeing the existence of the
equilibrium, and the convergence of the BRD towards it, can
be assessed across the different worker locations. To that aim,
the Cumulative Distribution Function (CDF) of the existence
number peise (I9), and the one of the convergence number
peony are analysed respectively in Figure [5] and Figure [6] The
analysis is carried out for different global accuracy losses and
maximum active probabilities. As predicted by Levers [I] to [3]
the impact of the parameters is as follows. As the accuracy
losses decrease (i.e., for more accurate trained models), both
the existence and convergence conditions are harder to fulfil.
Considering the effect of the maximum active probability on
the existence conditions, it appears that both too low and too
high probabilities should be avoided. In the first case (low
xg™), the workers might not have the possibility to occupy
enough communication slots to be able to transmit the whole
model. In the second case (high z®), the problem comes
from the fact that the other workers might occupy the channel
very frequently, resulting in a lot of collisions. This leads to
a number of successful communications too low to support
the FL task, jeopardising the equilibrium existence. When
all devices share the same maximum active probability, from
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Fig. 6. CDF of the convergence number, for different global accuracy
requirements, maximum active probability, and number of activity levels.
Convergence numbers greater than 1 do not ensure convergence, as depicted
by the gray area.

(T9), the optimum value for the existence conditions is at
:cgla" 1/, which is precisely the default value for this
parameter. This is different for the convergence conditions,
as increasing the active probability always makes them worse.
Finally, the number of activity levels has also been varied,
the four following power vectors being considered: [0,1],
[0,0.5,1], [0,0.33,0.67,1] and [0,0.25,0.5,0.75,1] W. As
the maximum power is constant, the existence number stays
identical for these four profiles, and thus it is not represented.
However, as expected and observed in Figure |§|, increasing A,
reduces the probability of satisfied convergence conditions.

The above shows that it is critical for the server to tweak the
communication levers so as to ensure existence and conver-
gence. Instead of blindly selecting zy** = 1/qQ, the server can
among others design the maximum active probability based on
the accuracy demand, number of players and available activity
levels. For instance, x‘;a" can be selected so as to guarantee
the two below conditions, with 6 and 0’ the desired existence
and convergence probabilities,

]P[pexist < 1] > 97 ]P[pconv < ]-} > 0/'

As discussed above, this translates in lower and upper bounds
on xg‘a" for the existence condition, and a lower bound only
for the convergence. Any value can then be selected in this
range. Figure [7] shows, for different accuracy requirements
and number of players, the middle point of this range. This
emphasises the link between the FL parameters, and the
levers the network designer has in order to make the player
interactions converge. As it can be observed in the figure,
the selected maximum active probability decreases with the
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Selected xy'**

1073
0

No solution

Fig. 7. Selected maximum active probability as a function of the number
of players, and accuracy requirement. The selected probability ensures the
existence and convergence conditions are satisfied at least with probability
0 =6 = 0.9. The red area represents the parameters for which there is
no maximum active probability satisfying both the existence and convergence
conditions.

number of players, and with the accuracy requirement. It can
also be noticed that when the FL application is too demanding,
then no maximum active probability can guarantee at the same
time existence and convergence with the desired probabilities.

Rate factor CDF (fixed mg"‘”‘)
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Fig. 8. CDF of the rate factor 7, for different global accuracy requirements.
On the upper graph, the maximum active probability is set to 0.07, while
the bottom graph has this probability adapted to the accuracy loss and power
levels.

2) Actual convergence behaviour: Now that the theoretical
conditions have been assessed, the impact of the parameters
on the actual convergence of the BRD can be investigated. The
BRD considered in the FL scheme, described in Algorithm m
is synchronous when P, = 1, as it is the case in the
numerical simulations. Based on Theorem [I] the convergence
rate can then be measured through the rate factor n £
x|, /||x™ —x”||,. For the theoretical analysis to be
validated, the impact of the parameters on 7 should mirror their
impact on the convergence number pcony. Figure [8|and Figure 9]

&S
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Fig. 9. CDF of the rate factor n, for different number of activity levels, with
€g = 2-1073. On the upper graph, the maximum active probability is set
to 0.07, while the bottom graph has this probability adapted to the accuracy
loss and power levels.

depict the CDF of 7 for different accuracy requirements and
number of activity levels. As it can be observed in the upper
panels, when xﬂqn""‘ is kept fixed, the CDF of the rate factor
shows the same dependency with respect to the parameters
as the convergence number, validating the convergence con-
ditions. This dependency is however undesirable, as the goal
is to quickly reach a situation at which the rate constraints of
all players are satisfied, whatever the FL parameters. In the
bottom graphs, zg** is thus adapted to €, and A, to ensure
existence and convergence with high probability. For Figure [§]
this is achieved through the relationship depicted in Figure [7]
linking the accuracy and player number to the maximum active
probability, while a similar relationship has been obtained for
Ay, although not represented in the paper. Thus, the bottom
panels show that by selecting the maximum active probability
through the theoretical conditions, the convergence behaviour
becomes almost constant, and consequently holds for a large
range of FL parameters.

To conclude this discussion, it should be noted that the
above is a proof of concept demonstrating the identified levers
enable a control of the interactions. As it is unlikely for the
server to have access to a relationship similar to the one of
Figure [/] future works should focus on the design of practical
algorithms able to select the RA parameters adapted to the FL
parameters, based on the above identified levers.

3) Performance at the equilibrium: Now that the theoretical
conditions, and the actual BRD convergence, have been nu-
merically assessed, the performance of the FL. scheme can be
evaluated. From the theoretical guarantees, the rate constraints
are known to be fulfilled once the scheme has converged to
the equilibrium. It remains to evaluate the objective functions
of the workers, their power consumption in this case. To that
aim, Figure [I0] depicts the CDF of the communication power
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Fig. 10. CDF of the consumed communication power at the equilibrium, for
various :c{}"‘"‘, with €y = 10~4. The value z‘;a" = 0.008 is the one obtained
with Figure [7] The average powers are respectively 1.56 mW, 1.39 mW and
1.32mW for :c{l““" = 0.004, 0.008 and 0.012. In the TDMA case, the
average power is 0.7 mW.

of the workers, for several maximum active probabilities and
with ¢, = 10~%. As it can be observed, higher maximum
probabilities enable to decrease the power consumption. In-
deed, when the maximum active probability is low, the devices
have few communication slots to communicate the model and
they thus more likely use their maximum power. However,
communicating more frequently at a smaller rate is more
energy efficient than using few communication slots at a high
rate. Therefore, for the same throughput constraint, having
higher maximum active probabilities enables to favour more
energy efficient solutions.

Figure [I0] also depicts the consumed power when the
workers communicate in a TDMA manner. In this setting,
the workers have access to the channel a fraction X of the
time, and must select the power P ., enabling to transmit the
whole model within the available time resources. As expected,
the power consumed by the active communications is smaller
in the TDMA cases, especially in the high power regime.
Nevertheless, the advantage in terms of consumed power
should be put in balance with the higher complexity of TDMA
protocols over RA schemes. For instance, TDMA mechanisms
require to perform an allocation of the time resources. This
allocation must be communicated to the workers, while it
may change at each round if different subsets of workers
are selected. To conclude this discussion, it should be noted
that the framework developed in this paper precisely enables
to reveal such advantages and disadvantages, and to identify
levers able to control them. In this case, the carried out analysis
shows that the value of z/** is such a lever.

4) Comparison with a centralised optimisation: To con-
clude the analysis, the equilibrium point provided by the
BRD can be compared to the global optimum of a centralised
optimisation problem. This ceQntralised problem is the minimi-
sation of Zqul qu - xl(]u) ‘ with x, € X, (x_,) whatever
q € (). Such problem is a convex problem, which must
be solved with cone-programming solvers, such as MOSEK,
due to the coupled non-linear rate constraints [56[]. The
global solution x°™ of this problem can then be compared
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to the equilibrium point xF. By jointly considering all de-
vices, the centralised solution is able to control the collision
probability, and therefore to favour high activity probability
profiles if they enable to reduce the collision probability.
In that way, the devices communicate less frequently with
a higher power, but the reduce of the collision probability
makes this strategy eventually less power hungry. Figure
depicts the CDF of the distance between xE and x°", denoted
Ay 2 é (|2 — xcem| 2, and the CDF of the relative power

2’ —E —5cent

consumption excess Frejexc £ ézq Pqﬁ%ﬁq, for various
maximum active probabilities, with €, = 16*4. As it can be
observed, the equilibrium and the centralised solution remain
very close to each other, both in terms of distance between
the strategies, and of total power consumption. To illustrate
this, it is noticed that when using the value given by Figure
ie., x;na" = 0.008, the relative power excess remains below 1%
more than 99% of the time. As expected, for greater maximum
active probabilities, the power consumption excess increases,

even if it remains limited for the considered parameters.

CDF of the distance w.r.t. global optimum
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Fig. 11. (Upper panel) Distance CDF between centralised optimum and

equilibrium, and (Bottom panel) CDF of the relative power difference. In
this figure, zg™ = 0.008 is obtained through Figure

VI. CONCLUSION

In this work, an FL scenario has been studied, with a focus
on the uplink communication step. A slotted multi-activity RA
scheme has been designed, in which each node autonomously
selects its probability profile. This selected profile is the one
closest to a utopia profile, under a minimum rate constraint.
This constraint depending on the other workers’ choices, the
optimisation problems are coupled together, and the resulting
interactions have been formulated as an instance of the BRD
of a GNEP.

By studying the convergence conditions of the BRD, levers
have been identified, guaranteeing that the node interactions
converge to an equilibrium. A numerical analysis has been
performed, illustrating the identified levers. By studying the
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performance at the equilibrium, a negligible loss has been
observed with respect to the solution of a centralised opti-
misation.

On the mathematical level, a class of GNEPs has been
identified, for which convergence conditions can be obtained
for the totally asynchronous BRD. This class is defined by
i) the fact that the strategy sets must be polyhedral, with
variable right-hand sides, and ii) standard differentiability and
convexity assumptions. The sufficient convergence conditions
depend on the spectral radius of a convergence matrix, this
latter being built in a systematic way from the objective and
constraint functions.

Future works include the study of other wireless scenarios
calling for a GNEP analysis, which would thus benefit from
the developed theoretical framework.

APPENDIX A
PROOF OF THEOREMI]

The proof of Theorem [I] consists in four steps. First, it is
shown in Lemma [I] that the convergence can be linked to the
spectral radius of a matrix whose off-diagonal elements are
the Lipschitz constants of the BR mappings of the players.
Then, Lemma [2] proves that under the considered assumptions,
a finite Lipschitz constant exists for each pair of player.
Next, Lemma E] links the Lipschitz constant value to the
norm of the gradient of the BR mapping. Finally, Lemma []
provides an upper-bound on the gradient which only depends
on the objective and constraint functions. Throughout the
below proof, the lemmas are illustrated on Example [2|

A. Convergence matrix construction

Given the BR mapping of the g-th player BR, (x_,)
and considering another player r, let L, be the Lips-
chitz constant associated with BR, (x_,), considering it
as a function of the r-th player strategy only. That is,
Y (%, X (q) 5 (¥r: X () € X,

IBRg (xr,%(4.r)) = BRg (yr,X—(9,) ||, < Lar % = ¥rl2 s

where x_(, ) denotes the vector X without the variables of the
qth and rth player. Grouping all the constants into the matrix
A € RY*Q defined as

al, 2 { g

the following lemma gives a sufficient condition for the BR
mapping to be a contraction.

if r #gq,
otherwise,

Lemma 1. The BR mapping BR: X — X satisfies
IBR(X) -BR(Y)[la <p(A)[X-Fla, VXFEX

with ||-|| o a well-chosen block-maximum norm. When p (A) <
1, the BR mapping is thus a contraction of modulus p (A).

Proof. Considering the BR mapping of the first player, given
X_1,y-1, the vectors £(T) are defined as

X if r=2,
€ =4 [ya, o Yr1, %y, Xg] i3 < <Q,
Vo1 itr=Q+1.
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They enable to bound the BR difference as
[IBR1 (x-1) = BRi (y-1)ll;

3 (pr ) - (<)

r=2

[Br () - BRa ()
2

)

2

<

i Mo

’
2
T

<

Mo

Lor [[%r = yrll2>

I|
N

from the triangular inequality and the definition of the Lip-
schitz constant L, since S(T‘H) is equal to S(T) with x,
replaced by y,.. Doing so similarly from the other players, and
letting f, £ [BRy (x—g) = BRy (y—g)ll5: €4 £ xq — ¥qllos
the following element-wise inequality is obtained

0<f<Ae, Vx,yey.

As it can be shown by following similar steps than those of [3}
Appendix C], the above implies the BR is a contraction with
modulus p (A) when such modulus is strictly smaller than 1,
under a weighted block-maximum norm depending on A. [

The lemma enables to move the focus from the coupled
interactions between the () players together, to the interaction
between each couple of players. It remains thus to i) prove the
Lipschitz constants L, exist, and ii) obtain an expression for
these constants. Before jumping to the next part of the proof,
the lemma is applied to Example [2]

Proof Example - Part 1. From the expression of the BRs, the
Lipschitz constants can be obtained as 115 = Loy = ¢, leading
to p (A) = c. The lemma ensures thus BRD convergence when
c < 1, being in this case both sufficient and necessary.

B. Lipschitz property of the best response mapping

The goal of the the second part of the proof is to show
that for all pairs ¢,r, the BR mapping of the g¢th player
admits a finite Lipschitz constant L, w.r.t. the strategy of the
rth player. To facilitate the proof notations, the optimisation
problems of all pairs of players are abstracted into a generic

problem Py, (t) defined as
BR, (t) £

argmin  u (x,t) —x ' v(®

20
x € X, (t), 20

X
s.t.

with

X, (t) = {x e R"”

p;x < (t) + Ul(b) Viel
px=7(t)+u\” VieJ

with Z £ {1,...,I} and J = {1,...,J}. In the above, x €
X C R™ mirrors the strategy of the ¢-th player, t € 7 C R™
the one of the r-th player and v(®) € R", v(¥) e R!, v(®) ¢
RY are additional perturbations instrumental to the next steps
of the proof. The perturbation size is governed by a parameter

€ since v = [v(‘l),v(l’),v(c)]—r € V¢ with

Ve={veR"H||v|, <}
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The set z¢ is defined as Z¢ =
{(x,t,v)|x € Xy (t),t € T,v €V}, and the sets Z° C T
and J° C J are moreover introduced as the constraints
depending on t, i.e. those for which the RHS function is not
constant. Similarly to the game assumptions, the problem
family Py, (t) is assumed to satisfy the following.

Assumption 6.
empty;
o The unperturbed strategy set Xo (t) is bounded, non-
empty and fulfils the Slater constraint qualification, V't €
T’.
o The family {p; }j ¢z 18 linearly independent;
o The RHS functions {v; (t)};c, and {7; (t)}
int, Vt € T,
o Whatever (x,t,0) € Z¢, the objective function u (x,t) is
strongly convex and C? in x, and its gradient with respect
tox is Cl in t.

o The set T is compact, convex and non-

1
jeg are C

Comparing the above assumptions and generic optimisation
problem (20) with Assumption [I} it appears the objective
function of the players might not be defined, convex, or
differentiable on the perturbed set. Yet, the Whitney extension
theorem [57|] ensures that the objective function of the qth
player can be extended outside X', while keeping a contin-
uous function with continuous derivatives. Since the strong
convexity property can be linked to the second derivative
information, such extension is strongly convex for e small
enough. Hence, the generic objective function u (x,t) must
be understood as the continuously differentiable extension of
the player objective functions.

The below lemma then proves that under Assumption [6] a
finite Lipschitz constant M, exists with respect to both t and
v. As a corollary, it proves that for v = 0, a Lipschitz constant
L exists with respect to t only, being the constant needed for
the convergence matrix construction. Yet the fact that the BR
mapping is Lipschitz also w.r.t v will be crucial for the next
steps of the proof.

Lemma 2. If Assumption [0 is satisfied, the BR mapping of
Py (t) admits M, < co such that Vt,t € T, Vv,v € V¢,

t—t
V—V/

oo s, (¢)], <

2
This implies 3L < oo such that Vt,t € T,

om0 (6)], <2 e <],

Proof. The proof of Lemma [2] consists in two steps. First, it
is shown that the boundedness, non-emptiness and constraint
qualification assumption of X (t) can be extended to X, (t)
for small enough perturbations, ensuring the BR mapping is
well-defined. Then, the Lipschitz property of the mapping is
proved.

For the first part, the boundedness property trivially holds
since perturbations are themselves bounded. Then, it is noticed
X (t) satisfies the regularity property introduced in [58].
Indeed, the Slater constraint qualification ensures there exists
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a point x such that all equality constraints are verified, and
all inequality constraints are inactive. Moreover, the equality
constraint family {p; }j c.7 1s linearly independent. Then, using
successively [958, Corollary 2, Theorem 2], the regularity of
Xp (t) is obtained. From [58, Theorem 1], this implies small
enough perturbations leave the system regular, implying in
turn the existence of a point leaving the constraints inactive
while satisfying the equality constraints. Hence, for ¢ small
enough, Xy (t) is bounded, non-empty and satisfies the Slater
constraint qualification.

For the second part, since the optimisation problem Py (t)
is strongly convex problem and satisfies the Slater constraint
qualification, it admits a unique minimiser BR, (t) which is
also the unique solution of the associated Karush-Kuhn-Tucker
(KKT) conditions, for all (t,v) € T x V. Moreover, BRy (t)
satisfies the Mangasarian-Fromovitz constraint qualification
since this latter is implied by the Slater constraint qualification
and the linear independency of the equality constraints [59],
[60]. The constant rank constraint qualification furthermore
holds at any point (x,t,v) € X x 7 X V€ since linear
constraints are considered [61]]. Therefore, from [62, Theorem
3.6], this implies the BR mapping is Lipschitz continuous
w.r.t. (t,v) as the differentiability assumptions of the theorem
hold. O

The above lemma ensures that for each pair of player, the
constant L, is finite. The next part of the proof thus focuses
on computing this value. Before this, the above lemma is
applied to Example [2|

Proof Example - Part 2. Focusing on the first player, the
associated generic optimisation problem is given by

BR, (t) = argmin (z—ct+1)* — vz

s.t. —2—v <z <2403,

witht € T = [1 — 2¢;3+ ¢|. To make sure the strategy set
remains non-empty, € can for instance be chosen such that
€ < 0.1. The associated BR is

BR, (t) = min{max{ctf 1+ %1,7271)2} ,2+113}.

It can be checked that the above problem satisfies Assump-
tion [6] and that its BR is Lipschitz w.r.t both t and v, as
predicted by the lemma.

C. Lipschitz constant as a function of the gradient

Now that a finite Lipschitz constant has been proven to
exists, this subsection shows that it can be linked to the
gradient of the BR mapping. Hence, the Lipschitz constant,
globally measuring how quickly a function varies, is linked to
the gradient, locally measuring the rate of change of a function.

To that aim, two sets are introduced, int S denoting the inte-
rior of the set S. First, T¢' £ {t € int 7| VBRg (t) exists }
is defined as the differentiable points of the unperturbed BR
mapping. Then, inspired from [63]], the set of well-behaved
points is defined as

WeE{(t,v) € intT x int V|

Py (t) has lin. indep. constraints at BRy, (t)
SCS holds for Py (t) at BR, (t) ’
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with SCS standing for Strict Complementary Slackness. All
well-behaved points are such that the BR mapping is differ-
entiable [64], but the converse is not true: (t,0) € W9 <«
t € THM, In the next part, an expression of the gradient will
be obtained for the well-behaved point only, this explaining
thus why the below lemma considers both 7§ and W*.

Lemma 3. The Lipschitz constant L of BRg (t) w.rt t is
given by

L= SUpP Omax (VtBRO (E))
teTgn

< lim

SUP  Omax (VtBRv (f)) .

=0T (£3)ews

Proof. From Lemma 2} the unperturbed BR mapping BRg (t)
is Lipschitz continuous. Thus, for all t € int 7, its Clarke
generalised gradient is defined as [65]], [66]:

V:BRy (t) £ con {A € R™™|
3t — t with t” € T¢'", V({BRyg (t*) — A} .

The Lipschitz constant on int 7 is then obtained as

L= sup max  Omax (A),

teint T AEV:BRo ()

from successively [67, Theorem 9.2, Proposition 9.24, Theo-
rem 9.6.2] and the fact that the matrix norm induced by the
vector euclidean norm is the maximum singular value of the
matrix. Since [67, Theorem 9.58 and 2.33] shows that points
in 7\ int 7 do not modify the Lipshitz constant, the above
is valid for 7, including its boundary. Since the generalised
gradient is a limit point of a sequence of gradients at the
differentiable points, the equality part of Lemma [3]is obtained.

Considering only well-behaved points in the above Clarke
generalised gradient definition does not work. Indeed, the ill-
behaved points (those which are not well-behaved) are not
negligible in int 7, the negligibility property being defined
in [63]]. Whatever t € int 7T, fixed, the set of ill-behaved
point is however negligible in int V¢, since the differentiability
assumptions of [63] are satisfied. This in turn implies that the
set of ill-behaved points is negligible in int 7 x int V¢. The
projected generalised gradient of the BR mapping with respect
to t at (£,0) € int 7 X int V° can then be defined as

7 VBR (f)
£ con{A € R"X”L| 3(t”,v*) = (t,0)
with (t”,v”) € W, Vi BR,,» (t’) — A},
where the sequence of converging gradient is allowed to
explore the perturbations. The meaning of the m{ VBRy (f)
notation is that first the generalised gradient with respect to
both t and v is computed as VBRg (f), and then only the t

part is kept through the 7y operator. Such projected gradient
satisfies [66, Proposition 2.3.16]

VtBRO (E) Q TI'tVBRO (E) s

and thus the inequality part of the lemma is obtained. O
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In the next part of the proof, Lemma [ provides an
expression of the BR gradient directly from the objective
and constraint functions. Yet, such expression is only valid
for the well-behaved points, and not all differentiable points.
This explains why W€ is introduced, although only providing
an upper-bound on the Lipschitz constant. Before moving to
the next part of the proof, the above lemma is applied to
Example

Proof Example - Part 3. For the first player, the set of
. . . . . diff __ - —1 3
differentiable points is obtained as T§™ = int T \ {Tv h

and thus
L= sup |VtBR0 (E)‘ = max {0,¢,0} = c.
267’0&“
To identify the well-behaved points, the KKT triplet is obtained
as

(BRV (t> 7/‘5,1?”2,2)
(=2 — w9, —2 — 2¢ct — v1 — 2v9,0)
ifet < —1—% — g,
(ct —1+%,0,0)
otherwise,
(2 + v3,2ct — 6 + vy — 2?]3,0)
ifct >3 — 5 + s,

with i, | and yif, , the multipliers associated with the first and
second constraint. There exists no (t,v) for which the linear
independency does not hold, but there exist points at which
both the multiplier is zero and the associated constraint is
active, i.e. points at which the strict complementary slackness
does not hold:

W= {(t,v) €int T X int V*

ct+ 5 +vo

ct+ 5 — w3
The Lipschitz upper-bound, being exact in this case, is thus
obtained as

L < lim  sup

V:BRy (¢)| = max{0,¢,0} =c.
e—0+ (Z,V)EW‘ | t ( )‘

D. Gradient expression from the optimisation problem

This last step of the proof obtains an expression of the
gradient from the objective and constraint functions. To that
aim, the second-order derivatives of the objective function are
introduced as

H (x,t) = V2, u(x,t) € R,

K (x,t) = VZu (xt) € R™*™,
On the constraint side, the set of active inequality constraints at
(x,t,v) is denoted as T (x) = {z € I‘p;rx = (t) + vgb)}

and the total number of active constraints as 7% (x) =
|Z¢ (x)| + J. Then, the first-order constraint derivatives are

grouped into the matrices
T
N [{Pi }iGIf,(x)

Pri 2 | e
B {pJ'T}jEJ
{ Vv (t)}ieI"j(x)

{viuw}f

e er,(x) xXn

)

Sz (t) = € RrvGoxm
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Lat )

Merging the objective and constraints part, the following
idempotent matrices are defined as

R(x,t,v)

N { {In ~HPT (PH'PT)" P] if 7t (x) > 0,
I,

(x,t,v)
otherwise,

RL (X,t,V) éI’rL—R(X7t7V)a

where ()+ denotes the generalised inverse operator while [-],
means that all matrices inside the brackets are evaluated at
z. With these definitions, the gradient of the BR mapping is
obtained in the following lemma.

Lemma 4. The gradient of BR, (t) with respect to t at a
point (t,v) € W€ is given by

ViBR, (t) = [—RHflK + RJ.PJrS} (BRy (t),t,v)

Proof. The above is a direct consequence of |64, Section 4],
showing that for well-behaved points,

ViBR, (t)

— |[-RH'K+H'PT (PH'PT) 8] :

(BRy (t),t,v)

‘When no constraint is active, the second term of the above is
0. When at least one is active, since at well-behaved points
the linear independence of the constraints holds, P is full-row
rank and thus a factor PP+ = I can be introduced to make
R, appear. [

Due to the intricate expression of R, computing the max-
imum singular value of the above over all possible (t,v) is
challenging, although required by Lemma [3] Hence, the below
lemma simplifies the expression and discards the dependency
on the idempotent matrix RY. It also leverages the fact that
for the constraints independent of t, the lines of S are 0. To
take into account this fact, the rows of P and S are permuted
and partitioned as

o] no[5]

with E and G be the lines of the constraints dependent on t,
and F those of the fixed ones. The projector onto the null space
of F is moreover introduced as II = I, — F ' (FFT)_1 F,
being well-defined for the well-behaved points.

Lemma 5. The maximum singular value of the gradient of
BR,, (t) with respect to t at a point (t,v) € W€ is bounded
by

omax (VtBRy (1))
Tiax (K)

Proof. The positive definite matrix H is factorised asNH_1 =
LLT. Defining R = L7'RL and R, = I, — R, these
matrices are idempotent and symmetric (i.e., they are projec-

tors). This enables to bound them as o2 ([R R ﬂ) =

max

+ 1 (H) 02,0, ((BID) G)}
(BRy(t),t,v)
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Amax (RRT +R.RT) = Amax (I) = 1. Then, from [55,
Cor. 9.6.4, Fact 9.14.14]

Omax (_RHilK + RLP+S)
.. [ -LTK
= Omax (L [R RL} |:L_1P+S:|) )

ax (LK) + 08 (LT1PFS),

From the continuity of the BR mapping, of the derivatives,
and of the maximum singular value and minimum eigenvalue
operators, the above expression is continuous in both t and
v. Therefore, the vanishingly small perturbations can be dis-
carded, and the whole set 7 can be considered. This leads
to

- ¢ Toexl) 4 (D) s (PFS).

From [55| Fact 6.1.6.xxx], any permutation matrix 3 is such
that PTS = (XP)" XS, showing that the rows of P and
S can be permuted with the same performutation. This thus
makes the E, F and G submatrices appear, leading to, from
[55) Fact 6.1.6, 6.5.18, 2.17.3],

1+
Ps= ] [
B 'ET] [EET EFT}l [G}
~ |FT| [FET FFT| |o]’
= [ET (EIET) ' - (1, - E" (ENE") '] G
- (EI)* G,
concluding the proof. O

The expression provided by Lemma [3] still depends on the
optimisation problem solution BR. (t) which is in general
not known. Moreover, the impact of the vanishingly small
perturbations is not clear from the above expression. To
circumvent this, the following set is introduced, grouping all
possible sets of linearly independent active constraints, with
at least one depending on t:

Ve > 0,3 (x,t,v) € Z°€ s.t. f:I\t,(x)
gt={7 {{pi}iei AD; }jej} is linearly independent
INI°#4Por JNJ°#£0

From the above definition, it can be noticed that for problems
for which Assumption E] holds, the above can be defined with
v = 0 without loss of generality.

Lemma 6. The Lipschitz constant of BRo (t) w.rt t is
bounded by

Tiax (K)

L2 < max
= B {/\2. (H)}
xEXo(t) i

+ max {k(
teT
XEXp(t)

H)} max < o3, (EH) G);.
i

Proof. Considering the worst case active constraint set instead
of the actual one, the Lipschitz constant is upper-bounded as

2 (K

L?< lim  sup Umaxi()

e—07T (t,v)ew* )‘mm (H)
x=BR.(t)

E(H)max{ o2 ((EH) G)}

Zedt

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

U?nax (L) O—IQIIEX (K) + 01r2nax (L7 ) max (P S)

2
2 O max (K)
< Ain (H) .
- mial b C CoD)
X= 0

Since BRy (t) is yet difficult to obtain in closed form and to
maximise upon, the maximum is instead taken over all x €
Xo (t), concluding the proof of Lemma [6] O

Proof Example - Part 4. The first player optimisation prob-
lem is such that 37 = () since no constraint depends on t,
and therefore the second term can be ignored. The Lipschitz
constant upper-bound is thus given by

—2c
L< max { =2 } =c,
te[l—2c;34] 2
z€[—2;2]

the bound being in this case exact. For the second player,

It = {{1},{2}}. Therefore,

2¢)? 2
L< max ( 02) +max<{ —, 2 = V2.
te[—2;2] 2 4’

we[l—ct ; 3—0%]

In this case, the upper-bound overestimates the actual Lips-
chitz constant.

APPENDIX B
CONVERGENCE CONDITIONS FOR THE FEDERATED
LEARNING SCENARIO

First, it is noticed that as there is no objective function inter-
actions, I°® = 0 and thus one can focus on the constraint part.
Moreover, the 2-norm objective leads to Vx x, Uq (X) = I for
all workers, with the associated condition ‘humber equal to
1. It remains to look at the linearly independent constraints
sets which can be active at the same time, with at least
one constraint depending on the other players. Such sets
always include the (A, + 2)th constraint since it is the only
one depending on the other players. To preserve a linearly
independent set, considering an active (A4, + 2)th constraint
and the active equality constraint, only A, — 1 lower bounds
can be active at the same time. Therefore,

I ={SC{l,..., A+ 1}|IS| < A, — 1} U{A, +2}.

In the above, one could refine the definition of 3} by studying
which lower bound sets could never be jointly active. Yet, this
is challenging and such result would typically depend on xt(z ),
and thus this direction is not pursued here. Given Z € qu,
the indices of the active lower-bounds are deﬁned as 7* £
T\ {A,+2} and their number is denoted by N = |Z| — 1.
The variables not constrained by the lower bounds are indexed
inZN* = {1,..., 4, + 1}\ Z? and their number is defined as
m= Ay+1—N. The elements of w, related respectively to the
variables constrained by the lower bounds, and those for which
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it is not the case, are grouped into w, 7. and w, 7~. With these
definitions, the matrices instrumental to the definition of the
convergence matrix are obtained as

—Iy 0N><m:|
1y, 1L

Eqr,I = [_Wq,Ia —Wq7INa] y qu,I = |:

_ Rup.q P,
Gyrz(xg) = [Hp;éq(l—m,wpz,,,o) ey PLCRRRRLY I

With respect to the definition provided in Theorem [T} one can
notice that the columns of E,, 7 and F;,. 7 have been permuted
for the sake of simplicity, since permutation matrices can be
introduced into opax (Eqr7Iqu,I)+ Gz (x_q)) without
modifying its value. Using standard matrix theoretic properties
for partitioned matrices, the projector Il,, 7 is obtained as

0., — Onxn Onxm
qr, T = 0 I — 1,1
mXn m m

A Rup,q P,

Letting &g = this leads to

[1,,(A—P,+Ppap0) 1—Pr+Przy0)’

(thIHq7‘7Z)+ Ggr,z (X—q) =

Eqr Oy Onxa,
whose maximum singular value is obtained as
Omax ((Eqr,Iqu,I)+ qu,I (X—q)) (21)
Eqr
[CRESE=)
gqr

.
N

It remains to maximise the above with respect to the other
players strategies, and to the constraint sets. For this latter, it
is noticed that by removing a index iy from ZN?, the above
quantity never decreases:

2
Z w;i _ (Ziezm wz)

m
1€IN

(ZiEIN“\{io} wi) i

m—1
i€ZN\{ip}
2
(ZieINa\{io} Wq,i — (m —1) wq,io)
B m(m —1) '

Thus, the smallest sets ZN* must be considered, being at least
of size 2 since m = A, +2 —|Z| > 2 for linearly independent
constraint sets. Moreover, for sets with two elements, it can
be observed that consecutive w, ;’s will lead to the maximum
of @), if the wy ;’s are sorted. In that case, the convergence
matrix elements are obtained as

I\cons A Rup,q IP?“
[ ]QT‘ - 1 — P, pmax (1 _P max)
Hp;éq ( — Tplp ) &y

V2

ming—o,.. .4,~1|Wq,i — Wa,i+1|’
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To conclude the convergence analysis, it is noticed that
p(T) = p(TT'T™!) whatever the invertible matrix T [55,

Fact 4.45 xii], and that the desired expression is obtained with
Pq
' T-Poal™ S

x

T = Diag (| —fpe. -
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