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Derivation of the beam model 

Figure S.1 indicates the sign convention followed for the derivation of the beam model. 

 

Figure S.1. Sign convention 

 

Figure S.2 presents the boundary conditions and loading parameters of the beam bending 

model. 

 

Figure S.2. Boundary and loading conditions 
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The different vectors entering the problem are defined as 
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Force and moment equilibrium is expressed as 

 

1 2Σ 0 x v vF F F    , (1) 

 

1 2Σ 0 y h hF F F    , (2) 
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Figure S.3. shows the imaginary cut made in the beam to determine the forces and moment 

along its length. This leads to the following expression for the forces and moment 

 

 
1

1

Σ 0   
v

x x

h

N x F
F

S x F


  
 

 
 (4) 

 

Σ 0 x xM    

     1 1 0 1          0v x hM x M F F xi         



  1 1 0 1 v x hM x M F F x       

  2 1 0 1 1 0 1     v rod h rod v x hM x M F F L F F x         

   2 1 0 0 1( )  v rod x h rodM x M F F L x         

        2 2 2  v rod h rodM x M F L x F L x        . (5) 

 

 

Figure S.3 Imaginary cut in the beam. 

 

The stress is determined as 
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Corresponding for the dorsal part, 𝑦 = −𝑅, to 
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The maximum tensile stress localization (𝑥𝜎 𝑚𝑎𝑥) is obtained by differentiating 𝜎𝑠𝑢𝑟𝑓 with respect 

to x and setting the result to zero: 
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By assuming that fracture occurs at the position corresponding to the maximum tensile stress 

(𝑥𝑓𝑟𝑎𝑐𝑡 = 𝑥𝜎 𝑚𝑎𝑥), one gets 

 

 2
1

2

  2
  sin

spineh
fract

v spine spine

F
x X

F L L

   
  

 
 

 , 

     2 2 22

2 2

   
 v rod h v

max rod fract rod fract

rod v v rod

F R F FM
L x L x

I F F A
  

 
      

 
 . (9) 

 

Considering that fatigue cracking occurs as soon as the tensile stress in the dorsal part of the 

rod reaches the fatigue endurance limit of the material of the rod (𝜎𝑚𝑎𝑥 = 𝜎𝑒𝑛𝑑) 
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The quantities 𝜎𝑚𝑎𝑥 and 𝑥𝜎 𝑚𝑎𝑥 can be determined in the following way 
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Among these solutions, only four of them are comprised between 0 and 𝐿𝑠𝑝𝑖𝑛𝑒 
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In order to find the final value, a two-step procedure is followed. First, the solutions in terms of 

 𝑥𝜎 𝑚𝑎𝑥 are estimated. The solutions lying outside the 0 ≤  𝑥 ≤  𝐿𝑟𝑜𝑑 interval are not valid and 

are rejected. Finally, the remaining solutions are inserted into 𝜎𝑠𝑢𝑟𝑓(𝑥) expression to calculate 

the level of stress. The final solution for 𝑥𝜎 𝑚𝑎𝑥 is the one leading to the largest stress on the 

dorsal surface of the rod: 



 

max

max

max

max

max

0

1

max

2

3

( )

( )
 0  ,    max

( )

( )

surf

surf

i rod

surf

surf

x

x
x L

x

x

























     




 . (13) 

 

 

 


