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Preface

In the eighth of his Ten Short Re�ections on the Future of Income Inequality,
Branko Milanovic (2016) expresses the idea that economics has methodologically
shifted from a concern with representative agents and averages to a concern with
heterogeneity and inequality. For an economic outcome, it means that the whole
distribution is of interest, and not only the average result. To perform proper
analyses requires adapting the statistical procedures to these speci�cities. One ex-
ample is the quantile regression of Koenker and Bassett (1978), which determines
explanatory factors for each quantile of the distribution, in contrast with a classical
linear regression which focuses on the conditional average. This thesis proposes a
new methodology in the emergent toolbox: the Lorenz regression. It is a �exible
and theoretically grounded procedure used to measure the extent of inequality in
a variable that can be attributed to a set of explanatory factors.

A leading application of this thesis is to be found in the context of equality of
opportunity. Loosely speaking, this criterion requires that individuals' chances of
economic success do not depend on circumstances beyond their control. It is an
essential feature of modern discourse. Proclaimed achieved by some, it is used to
justify the unequal rewards �owing from the market economy. Others consider it
imperfect and use it as a justi�cation for more reforms. Determining the extent
to which opportunities are equalized is therefore crucial. Disputes concerning its
de�nition and place are mainly the realm of philosophers and economists. How
should equality of opportunity be de�ned? More speci�cally, how can one trans-
form the notions of chance of economic success or circumstances into observable
quantities? What does is it mean that chances of economic success do not depend
on circumstances?

Once these questions are settled, inequality of opportunity needs to be measured.
After all, one wants to be able to determine whether opportunities are more equal-
ized now than before, whether it is better achieved in a country or another, what
circumstances bear the most impact in the individual's fate, etc. In this respect,
the perspective o�ered by statistics proves useful because it helps formalize and
carry out the following considerations.

(i) While one is interested in a given population, say the Belgian population
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over the age of eighteen, surveys are conducted on a subset of it, a represen-
tative sample. The passage from a �xed but unobserved population to an
observed but random sample yields uncertainty. This uncertainty needs to
be internalized and controlled in a form or another. For a given measure of
inequality of opportunity, statistics determines an inferential procedure, able
to characterize the value of the chosen metric in the population using the
information obtained from the sample.

(ii) Using theoretically sound techniques, statistics may help select the relevant
circumstances, i.e. those that most determine the chance of economic success,
and in determining their respective contributions.

(iii) Finally, these statistical methods can be made readily accessible through
open-source software implementations. This allows the practitioner to per-
form a statistical analysis of inequality of opportunity on his or her preferred
data.

The characterization of these issues entails a series of choices. In this thesis, in-
equality is measured with the Gini coe�cient, a decision justi�ed by its interesting
properties as well as its widespread use. The information contained in the explana-
tory factors is exploited by turning the attention to the explained Gini coe�cient.
This quantity is the Gini coe�cient of a conditional expectation and has a natural
resonance in the context of equality of opportunity. Finally, an assumption on the
precise form of this conditional expectation is made with the single-index model.
This choice is relevant as it brings �exibility and simpli�es greatly the estimation
process. In this work, we build the Lorenz regression, an estimation and inferential
procedure for the explained Gini coe�cient. The manuscript is divided into several
chapters.

Chapter 1. Preliminaries. This chapter presents a selected survey of the lit-
erature relevant to this thesis. It opens with issues raised by economics, i.e. the
formalization of equality of opportunity and the measurement of inequality. Then,
the statistical techniques used throughout this work are presented at a general
level. More speci�cally, the idea of semiparametric regression, with the special
case of the single-index model, as well as the concept of penalized regression are
introduced.

Chapter 2. The Lorenz regression. This chapter is devoted to the unpe-
nalized Lorenz regression. In the context of the single-index model, we show that
the explained Gini coe�cient is the outcome of a maximization programme, where
the objective function is the covariance between the response and the cumulative
distribution function of a linear combination of the explanatory factors. The es-
timation procedure based on this result is a particular case of the monotone rank
estimator of Cavanagh and Sherman (1998). We make use of this connection to
provide inference for the explained Gini coe�cient. A continuity correction is pro-
posed when all covariates are discrete. The content of this chapter is joint work
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with C. Heuchenne and is published in Computational Statistics and Data Analy-
sis.

Chapter 3. The penalized Lorenz regression. The unpenalized Lorenz regres-
sion is prone to overestimate the explained Gini coe�cient when many explanatory
factors are included. This chapter addresses this issue by proposing a penalized
bootstrap procedure which selects the relevant explanatory factors and produces
valid inference for the explained Gini coe�cient. We show the so-called oracle
property of the estimator and develop a coordinate-descent algorithm to obtain it
numerically. The content of this chapter is joint work with C. Heuchenne and E.
Pircalabelu. A �rst procedure based on the LASSO penalty is published in the
Proceedings of the 22th European Young Statisticians Meeting. A more general
procedure was submitted for publication.

Chapter 4. An application to equality of opportunity. In this chapter,
we use the explained Gini coe�cient as a measure of inequality of opportunity,
with the penalized Lorenz regression as estimation procedure. The metric thus ob-
tained is more stable than a classical measure of inequality, which is routinely based
on the Gini coe�cient of �tted values computed from a log-linear regression. We
also build a procedure based on the Shapley Value decomposition to break down
the explained Gini coe�cient into contributions of each selected circumstance. The
procedure is applied on data obtained from the European Union Statistics on In-
come and Living Conditions. The content of this chapter is joint work with C.
Heuchenne and P. Van Kerm.

Chapter 5. The LorenzRegression R package. This chapter introduces the
LorenzRegression package, an implementation in the R language of the Lorenz
and penalized Lorenz regressions. Its use is similar to customary packages per-
forming regression analysis, making it as user-friendly as possible. It also contains
methods to display and visualize the results of the analysis. Computationally in-
tensive parts of the code are written in C++. The main functions are carefully
described and illustrated on income data. The content of this chapter is joint work
with C. Heuchenne and was submitted for publication.

Chapter 6. Discussion and extensions. The Lorenz regression is charac-
terized by several constitutive features. It produces inference for a measure of
explained inequality based on the Gini coe�cient and assuming a statistical single-
index model. Informed either by statistical or economical concerns, one may wish
to challenge these bedrock elements in order to extend the reach of the procedure.
This chapter proposes concrete answers to the following questions: may the Lorenz
regression be applied outside the context of inequality measurement? How may
one generalize the procedure to other inequality measures? Can one do without
the assumption of the single-index model?





Contents

1 Preliminaries 1
1.1 The Ilocos dataset . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Inequality of opportunity . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Inequality measurement . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Semi-parametric regression . . . . . . . . . . . . . . . . . . . . . . . 7
1.5 The single-index model . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.6 Penalized regression . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 The Lorenz regression 17
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2 The Lorenz regression methodology . . . . . . . . . . . . . . . . . . . 19
2.3 Inference in the Lorenz regression . . . . . . . . . . . . . . . . . . . . 22
2.4 Accommodating for discrete covariates . . . . . . . . . . . . . . . . . 28

2.4.1 The random continuity correction . . . . . . . . . . . . . . . 28
2.4.2 Statistical properties of the continuity corrections . . . . . . . 30
2.4.3 Comparison with the mean-rank correction . . . . . . . . . . 34

2.5 Monte-Carlo simulations . . . . . . . . . . . . . . . . . . . . . . . . . 37
2.5.1 Performance of the estimation . . . . . . . . . . . . . . . . . . 37
2.5.2 Range of the explained Gini coe�cient in presence of ties . . 40
2.5.3 Performance of the bootstrap . . . . . . . . . . . . . . . . . . 41

2.6 Empirical illustration . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.8 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3 The penalized Lorenz regression 53
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.2 The penalized bootstrap Lorenz regression . . . . . . . . . . . . . . . 55
3.3 The SCAD-FABS algorithm . . . . . . . . . . . . . . . . . . . . . . . 60

3.3.1 The FABS algorithm . . . . . . . . . . . . . . . . . . . . . . . 61
3.3.2 The SCAD-FABS algorithm . . . . . . . . . . . . . . . . . . . 62



xii Contents

3.3.3 Properties of the SCAD-FABS algorithm . . . . . . . . . . . 64
3.4 Monte-Carlo simulations . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.4.1 Comparison with competitors . . . . . . . . . . . . . . . . . . 66
3.4.2 Consistency and asymptotic normality . . . . . . . . . . . . . 67
3.4.3 Coverages of the con�dence intervals . . . . . . . . . . . . . . 68

3.5 Empirical illustration . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.7 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.7.1 Asymptotic properties of the penalized Lorenz regression . . 74
3.7.2 Properties of the SCAD-FABS algorithm . . . . . . . . . . . 88

4 An application to equality of opportunity 95
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
4.2 A decomposition procedure for the explained Gini coe�cient . . . . 96
4.3 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.4.1 Inequality of opportunity estimates . . . . . . . . . . . . . . . 101
4.4.2 Contribution of each circumstance . . . . . . . . . . . . . . . 105

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
4.6 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

5 The LorenzRegression R package 113
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
5.2 Implementation of the Lorenz regression . . . . . . . . . . . . . . . . 114

5.2.1 The Lorenz regression . . . . . . . . . . . . . . . . . . . . . . 115
5.2.2 The penalized Lorenz regression . . . . . . . . . . . . . . . . 115

5.3 End-user functions and methods . . . . . . . . . . . . . . . . . . . . 116
5.4 Illustration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

5.4.1 Descriptive analysis . . . . . . . . . . . . . . . . . . . . . . . 119
5.4.2 The Lorenz regression . . . . . . . . . . . . . . . . . . . . . . 120
5.4.3 The penalized Lorenz regression . . . . . . . . . . . . . . . . 123

5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

6 Discussion and extensions 129
6.1 An application of the Lorenz regression in binary classi�cation . . . 130

6.1.1 A small introduction to binary classi�cation . . . . . . . . . . 130
6.1.2 Link with the Lorenz regression . . . . . . . . . . . . . . . . . 132

6.2 A generalization of the Lorenz regression to the extended Gini family134
6.2.1 The extended Gini family of inequality measures . . . . . . . 134
6.2.2 The extended Lorenz regression . . . . . . . . . . . . . . . . . 135

6.3 A nonparametric Lorenz regression . . . . . . . . . . . . . . . . . . . 136

References 139



Chapter 1

Preliminaries

The methodology developed in this thesis, summarized under the term Lorenz re-
gression, proposes an inferential procedure for the explained Gini coe�cient. This
object is central to this work. It connects semi-parametric regression techniques
with inequality measurement to produce a measure of explained inequality with
natural applications, e.g. in the context of equality of opportunity. Formally, it
is the Gini coe�cient of the conditional expectation of a response given certain
covariates, assuming a single-index model.

This work is therefore indebted to several methodological directions. In this chap-
ter, we review them and set out the necessary vocabulary and notations. Before
turning to this task, we introduce the Ilocos dataset, provided in the R package
ineq (Zeileis, 2014), as it will be used to provide applied examples. The literature
review opens in Section 1.2 with the notion of inequality of opportunity, which
gives a motivation for the use of the Lorenz and penalized Lorenz regression. More
speci�cally, this introduction provides background material for Chapter 4. The
literature on inequality measurement is discussed in Section 1.3. The main notions
introduced are the Lorenz curve, Gini coe�cient and concentration index. Sec-
tion 1.4 presents the broad idea of the semi-parametric regression, an interesting
compromise between the e�ciency of parametric techniques and the �exibility of
non-parametric ones. The particular case of the single-index model is tackled in
Section 1.5. These sections provide su�cient material to understand the Lorenz
regression procedure developed in Chapter 2. Section 1.6 introduces the concept
of penalized regression. It provides supportive material to the penalized Lorenz
regression set out in Chapter 3.

Throughout this thesis, we aim to explain the inequality of a random variable
Y ∈ R, using the information contained in a random vector X = (X1, . . . , Xp)⊺ ∈
Rp. The variable Y is therefore called the response. In the applications it is an
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economic outcome, e.g. a measure of income. In the particular case of equality
of opportunity, we call it the advantage variable. The vector X gathers the ex-
planatory variables, called covariates. In the case of equality of opportunity these
correspond to circumstances, i.e. variables over which the individual has no con-
trol. The estimation is based on a sample (X⊺

i , Yi)
⊺
i=1,...,n of n independent and

identically distributed copies of (X⊺, Y )⊺.

We conclude this section with some notations and abbreviations. The notations
E[·], V[·] and C[·, ·] correspond to the expected value, variance and covariance op-
erators. For an event A, the indicator function 1{A} ∈ {0, 1} takes value 1 if A
occurs and 0 otherwise. For a generic function f(·), we denote the �rst and second
derivatives by f ′(·) and f ′′(·). For a vector b, we denote its k-th element by bk. The
notation ||.|| refers to the L2-norm of a vector. For a matrix B, we denote by Bkl

the element at row k and column l. We abbreviate the probability density function
by PDF, and the cumulative distribution function by CDF. Also, the abbreviation
DGP is used for the data generating process. Finally, the notation i.i.d stands for
independent and identically distributed.

1.1 The Ilocos dataset

The Ilocos dataset contains economic data on 632 households in the Philippines.
We use total household income (income) as response variable and the following
covariates :

� sex: a factor with two levels, "male" (518 observations) and "female" (114
observations), indicating the biological sex of the household head.

� family.size: a numerical variable indicating the family size. Results range
from 1 to 13, with a mean of 5.19 and a median of 5.

� urbanity: a factor with two levels, "rural" (301 observations) and "urban"

(331 observations).

� province: a factor with four levels: "Ilocos Norte" (65 observations),
"Ilocos Sur" (68 observations), "La Union" (116 observations) and
"Pangasinan" (383 observations).

1.2 Inequality of opportunity

In economics and political philosophy, there exist many ways to materialize the
notion of equality of opportunity. This thesis follows the route traced by John
Roemer in his classical book Equality of Opportunity (1998). Roemer starts with
a distinction between two types of conditions of success. Circumstances corre-
spond to variables over which individuals have no control, such as the education of
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their parents, or their country of birth. In contrast, conditions of success relating
to the individuals' own choices are labelled as e�ort. In essence, equality of op-
portunity (EOP) requires that relevant economic outcomes, called advantages, do
not depend on circumstances. Similarly, inequality of opportunity (IOP) emerges
whenever di�erentials in economic outcomes are explained by individuals having
di�erent circumstances.

In what follows, we formalize the notion of EOP. We call opportunity set one
possible value of the vector of circumstances. Then, we partition the population
into types such that two individuals are of the same type if and only if they have
the same opportunity set. On that basis, there exist two approaches to characterize
EOP: the ex-ante and the ex-post perspectives.

The ex-post perspective is a direct translation of the idea that EOP occurs when
individuals exerting the same degree of e�ort are rewarded equivalently. Formally,
two individuals in di�erent types are in the same tranche if they correspond to the
same quantile in their respective distributions of e�ort. In other words, a tranche
gathers individuals exerting the same degree of e�ort. EOP then requires that,
for each tranche, the advantage is the same across the types. A di�culty in this
procedure is that one needs to be able to rank observations based on e�ort.

In the ex-ante approach, one �rst computes a value for the opportunity set in
each type. Then, EOP requires that this value is the same across the types. Here,
the challenge consists in �nding a relevant valuation procedure for the opportunity
set. One solution is proposed by the ex-ante utilitarian approach, which values
the opportunity set by the conditional expectation of the advantage given the
opportunity set.

A new distinction arises as we move to measuring IOP. A �rst approach en-
tails to compare the observed distribution of the advantage with a counterfactual
distribution that assumes EOP. For a given inequality index, an indirect measure
is constructed as the di�erence between the value of the index obtained on the
observed distribution and the one computed on the counterfactual. Alternatively,
direct measures of IOP examine the inequality that is left when, for each individual,
we only take into account the information provided by his or her circumstances. In
this work, we provide an ex-ante utilitarian and direct measure of IOP. Formally,
this implies to �nd a relevant measure of the inequality of the conditional expec-
tation of the advantage given the circumstances.

The next section introduces the measure of inequality that we use throughout
this thesis, i.e. the Gini coe�cient. The sections that follow address the question
of how to model the conditional expectation.
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1.3 Inequality measurement

We view inequality as a relative measure of dispersion of a random variable, relative
in the sense that it is independent of the scale of the variable. Throughout this
thesis, we are interested in analyzing the inequality of the response variable Y . We
divide this section in two parts. The �rst introduces tools available to describe the
inequality of Y . The second addresses the question of how to include information
provided by the covariates X.

Let Y ∈ R with E[Y ] > 0 be a continuous random variable with CDF FY (·).
We therefore do not require that all incomes be strictly positive.1 We will make
use of two main tools to describe the inequality of Y . The �rst is the Lorenz curve,
a graphical representation of inequality where the cumulative share of the response
is displayed for each cumulative share of the population. The second is the Gini
coe�cient. It summarizes inequality in an index ranging from 0 (perfect equality)
to 1 (perfect inequality). For a thorough exposition of the Lorenz curve and Gini
coe�cient, we refer the interested reader to Chapter 2 of Yitzhaki and Schechtman
(2013).

The Lorenz curve (LC) of Y at p, where p is a �xed probability, is de�ned as

LCY (p) :=
E[Y 1{FY (Y ) ≤ p}]

E[Y ]
.

Notice that LCY (0) = 0 and LCY (1) = 1. A graph of the curve obtained on the
Ilocos data is displayed in red and dotted in Figure 1.1. The Lorenz curve is
always convex and, when Y ∈ R+, strictly increasing. Two extreme scenarios are
displayed in black. In the case of perfect equality, the curve coincides with the
45◦ line and all individuals receive the same share of income. If Y ∈ R+, perfect
inequality traces a curve that is equal to 0 for p < 1 and jumps to 1 for p = 1.
This corresponds to the situation where one individual gathers the whole mass of
income. The Gini coe�cient is de�ned as twice the area between the 45◦ line and
the Lorenz curve. It is also equivalent to the following de�nition

GiY :=
2C[Y, FY (Y )]

E[Y ]
.

In case of perfect equality, the coe�cient reaches its lower bound, i.e. GiY = 0. In
case of perfect inequality and if Y ∈ R+, it reaches the upper bound GiY = 1. In
the Ilocos dataset, the Gini coe�cient of income is of 42%.

In a Lorenz curve, the vertical and horizontal axes are constructed using the same

1In practice, the only restriction is E[Y ] ̸= 0. If E[Y ] < 0, the analysis would be performed
on −Y .
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Figure 1.1: Lorenz curve of income on the Ilocos data

variable. Indeed, the curve traces the cumulative share of Y owned by each cumu-
lative share of the population, ordered in terms of variable Y again. In a concen-
tration curve, the two axes may be based on di�erent variables. More precisely, the
concentration curve (CC) of Y with respect to a new variable W at p is de�ned as

CCY,W (p) :=
E[Y 1{FW (W ) ≤ p}]

E[Y ]
.

where FW (·) is the CDF of W . Similarly to the Lorenz curve, CCY,W (0) = 0 and
CCY,W (1) = 1. It coincides with the 45◦ line in two instances, either in the case of
perfect equality, when all individuals receive the same value of Y , or in the case of
independence between Y and W . If the cumulative ranks of W correlate positively
(negatively) with the response, the concentration curve lies below (above) the 45◦

line. Two extreme scenarios of perfect inequality arise. The �rst is similar to the
Lorenz curve: the concentration curve is 0 for p < 1 and jumps to 1 for p = 1. This
happens when the individual with the highest value of W holds all the income in
the population. In the second, the concentration curve is 0 for p = 0 but attains 1
as soon as p > 0. This occurs when the individual with the lowest value of W holds
all the income. Figure 1.2 displays the Lorenz curve of income (red and dotted)
and the concentration curve of income with respect to family.size (green and
dashed) in the Ilocos dataset. We observe that the curve is below the 45◦ line.
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This means that bigger families tend to gather more income. The concentration
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Figure 1.2: Concentration curve of income with respect to family.size on the
Ilocos data

index is the equivalent of the Gini coe�cient when the ordering is based on W .
Formally, it is de�ned as

CIY,W =
2C[Y, FW (W )]

E[Y ]
.

In case of independence or perfect equality, one obtains CIY,W = 0. In case of per-
fect inequality, one has CIY,W = 1 if the association between Y and W is positive
and CIY,W = −1 if the association is negative. In the Ilocos data, the concentration
index of income with respect to family.size is of 9%. The concentration curve
and concentration index are heavily used in health economics (Wagsta� et al., 1991;
Kakwani et al., 1997). In this context, Y is a health outcome and W is a mea-
sure of socioeconomic status. The concentration index therefore measures health
inequality when individuals are ordered based on their socioeconomic status.

Several methods have been proposed to make use of the information provided by
covariates X. Mostly, the literature has focused on decomposing the Gini coe�-
cient of Y or the concentration index of Y with respect to W into contributions
of the covariates. The simplest case arises when the response Y neatly decom-
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poses into a linear combination of X. For example, Lerman and Yitzhaki (1985)
introduced a decomposition of the Gini coe�cient of income in the contributions of
various income sources. Using this methodology, Garner (1993) assessed the role of
di�erent household budget components in total expenditure inequality. Yitzhaki
(1994b) analyzed the distributional e�ects of commodity taxation. Assuming a
linear regression model between Y and X, Wagsta� et al. (2003) introduced a de-
composition of the concentration index in the context of health economics, see also
Jones and Nicolás (2004) and van Doorslaer and Koolman (2004). Interestingly,
these tools are also used outside the realm of inequality measurement. Shalit and
Yitzhaki (2003) and Denuit et al. (2014) used a decomposition of the concentration
curve to check the e�ciency of a �nancial portfolio.

When the covariates X are discrete, they induce a partition of the popula-
tion into a number of groups. Yitzhaki (1994a) proposed a decomposition of the
Gini coe�cient into three components: within-group inequality, between-groups
inequality and an overlapping term. Therefore, contrary to the decomposition of
the variance, the Gini coe�cient does not decompose neatly into within-group and
between-groups terms. Within-group inequality boils down to computing the Gini
coe�cient inside each group. Between-groups inequality is obtained by the Gini
coe�cient applied on the vector of group means. The �nal term measures the
extent to which the distributions of the di�erent groups overlap.

In the context of IOP measurement, a di�erent route is generally taken. First,
�tted values are obtained by estimating the conditional expectation of the advan-
tage given the circumstances. Then, IOP is measured with the estimated Gini
coe�cient of the �tted values. The information contained in the covariates is
therefore exploited at the level of the conditional expectation and not to perform
a decomposition of the inequality measure. The conditional expectation can be
estimated with the nonparametric estimator proposed by Van de Gaer (1993). In
this case, the �tted value of an individual is the empirical mean of the advantage
of the individuals with the same opportunity set. However, the number of types
grows exponentially with the number of circumstances. In order to avoid unreliable
estimation, the researcher should restrict the number of circumstances considered.
At the other extreme lies the parametric approach of Bourguignon et al. (2007),
where �tted values are obtained from a linear model on log-advantages. The main
drawback with this method lies in its lack of �exibility. For a more thorough review
of the literature on IOP measurement, we refer the reader to Ramos and Van de
gaer (2016) and Brunori et al. (2018).

1.4 Semi-parametric regression

Regression analysis aims to estimate the relationship between a response variable
and a vector of covariates. It is made of three steps. First, the researcher speci�es
what the relationship measures. Here, we consider that the quantity of interest
is the conditional expectation of Y given X. Other quantities could be used, for
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example the conditional quantile function. Second, a statistical model is proposed.
Third, the model is estimated with a suitable procedure. The �rst two steps are
illustrated with Equation (1.4.1).

E[Y |X = x] = m(x). (1.4.1)

The �exibility of the model is determined by the amount of information injected
in the function m(·). At one end of the spectrum lies the fully nonparametric
approach, where only mild regularity conditions are imposed, e.g. di�erentiability.
At the other extreme lies the parametric approach, in which case m(·) is fully
speci�ed using a �nite number of parameters. The simplest example of the latter
is the linear regression model, where

E[Y |X = x] = x⊺β0,

and β0 = (β0,1, . . . , β0,p)
⊺ is a vector of regression coe�cients. Parametric models

bene�t from two main advantages. They allow for precise estimation and are easy
to interpret. In economics, the coe�cients of a linear regression are interpreted as
marginal e�ects since

∂E[Y |X = x]

∂xk
= β0,k.

Hence, β0,k is the answer to the following question: with how many units does
Y increase or decrease when xk is increased of one unit ? More generally, impos-
ing a parametric form to m(·) is convenient for estimation purposes, as well as to
materialize restrictions imposed by economic theories. However, it also results in
a lack of �exibility. The proposed model may not account for the phenomenon
that generated the observed data. In that case, the model is misspeci�ed and the
conclusions drawn from the analysis are �awed.

In nonparametric regression, no structural form is imposed on m(·), which makes
it less subject to misspeci�cation. In practice, the resulting �t adapts more �exibly
to the data. This is illustrated in Figure 1.3, which displays parametric and non-
parametric regression �ts for the Ilocos data, where the response is log-income
and the covariate is family size. The parametric �t is obtained by a simple linear
regression, while the nonparametric �t is obtained with a Nadaraya-Watson esti-
mator (Nadaraya, 1965; Watson, 1964), implemented in the R package np (Hay�eld
and Racine, 2008).

However, because the model structure needs to be estimated from the data,
nonparametric regression su�ers from a lack of precision. Since the domain of m(·)
is in Rp, the amount of data required to estimate the conditional expectation at a
satisfactory rate increases dramatically as p becomes large. This issue is known as
the curse of dimensionality, see Stone (1980).
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Figure 1.3: Regression of log-income on family size on the Ilocos data

Semiparametric regression strives to �nd a middle-ground between parametric and
nonparametric techniques. Its model structure involves both an unknown function
and a �nite number of parameters. For example, the single-index model assumes
that

E[Y |X = x] = H(x⊺θ0),

where H : R → R is an unknown function and θ0 ∈ Rp is a vector of parameters.
The random variable X⊺θ0 is called the index and the function H(·) is called the
link function. This model structure does not su�er from the curse of dimensionality
since H(·) is unidimensional. One contribution of the parametric part is therefore
to achieve dimension reduction. Another is to retain interpretability. Consider
two covariates Xk and X l observed on the same scale. Let the marginal rate of
substitution of Xk for X l be de�ned as

MRSk,l :=
∂E[Y |X = x]/∂xk

∂E[Y |X = x]/∂xl
.

It represents the rate at which X l must increase if Xk is reduced of one unit and
one wishes to keep the expected response at the same level. In a single-index model,
this marginal rate of substitution is obtained as

MRSk,l =
θ0,k
θ0,l

.

The nonparametric part brings more �exibility since H(·) is left unspeci�ed. We
refer the interested reader to Horowitz (2009) for a more complete exposition of
nonparametric and semiparametric techniques with applications to economics. The
next section focuses on the characterization and estimation of a single-index model.
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1.5 The single-index model

We recall that the single-index model assumes

E[Y |X = x] = H(x⊺θ0). (1.5.1)

Throughout this thesis, we also assume that H(·) is strictly increasing. This allows
us to frame the division of labour between the parametric and nonparametric parts
in a particular way. The index identi�es the ranks of the conditional expectation,
while the link function transforms them into actual predictions. Contrary to the
linear regression case, we only assume that the ordering structure of the conditional
expectation is obtained as a linear combination of the covariates.

Without further restrictions, the model is not identi�able. This issue is well ex-
plained in Chapter 2 of Horowitz (2009). We illustrate it here in the case of a
strictly increasing link function. First, the parameter vector θ0 needs to be nor-
malized. Let k > 0 and θ∗0 = kθ0, then X⊺θ0 and X⊺θ∗0 produce the same ranks.
Hence, the model is not identi�able. In the literature, the constraint θ0,1 = 1 is
often used. In our case, this choice is not reasonable since we want to produce
feature selection in Chapter 3. Instead, we require ||θ0||= 1, where we recall that
||·|| denotes the L2-norm.

A second problem emerges with the presence of discrete covariates. For illus-
tration, consider that X is made of two binary variables coded as {0, 1}. In this
case, X⊺θ0 ∈ {z1 := 0, z2 := θ0,1, z3 := θ0,2, z4 := θ0,1 + θ0,2}. Remark that the
vectors θ0 = (1/

?
3,
a
2/3)⊺ and θ∗0 = (1/2,

?
3/2)⊺ produce the same ranking,

i.e. {z1 < z2 < z3 < z4} and are therefore indistinguishable. Even though this
model is not identi�able, it is still informative. For example, θ∗∗0 = (−1/2,

?
3/2)⊺

is distinguishable from the other two vectors since it produces the ranking {z2 <
z1 < z4 < z3}. As we will argue and formalize in Chapter 2, θ0 is identi�able up to
a region. Identi�ability is restored by the following conditions, based on Theorem
2.1 in Horowitz (2009).

(SI1) H(·) is a strictly increasing and di�erentiable function.

(SI2) X contains at least one continuous variable. If it contains discrete variables,
they must not divide the support of X⊺θ0 into disjoint subsets.

(SI3) The support of X is not contained in any proper linear subspace of Rp.

(SI4) The norm ||θ0||= 1.

In the remaining of this section, we review two estimation procedures of a single-
index model: the weighted nonlinear least squares (WNLS) estimator of Ichimura
(1993), and the monotone rank (MR) estimator of Cavanagh and Sherman (1998).
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For a more complete exposition, we refer again the interested reader to Chapter 2
of Horowitz (2009).

At �rst glance, the estimation of the link function and parameter vector are
intertwined. If the link function were known, the model would be fully parametric
and an estimator for θ0 could be obtained as the solution of the weighted least-
squares problem

min
θ

n∑
i=1

ω(Xi)[Yi −H(X⊺
i θ)]

2, (1.5.2)

where ω(·) is a weight function. For a �xed θ, the link function can be estimated
with the kernel regression estimator

Ĥ(z, θ) :=
1

nhĝ(z, θ)

n∑
i=1

Yiκ

�
z −X⊺

i θ

h



,

where ĝ(z, θ) is the kernel density estimator

ĝ(z, θ) :=
1

nh

n∑
i=1

κ

�
z −X⊺

i θ

h



,

with bandwidth h and kernel function κ(·). For an unknown link function, an esti-
mation procedure for θ0 is obtained by plugging Ĥ(X⊺

i θ, θ) into Equation (1.5.2).
Ichimura (1993) adapts this estimation procedure in three ways. First, it avoids
that ĝ(X⊺

i θ, θ) gets too close to 0. Second, observation i is excluded from the com-
putation of Ĥ(X⊺

i θ, θ). Third, it includes the weight function also in the estimation
of the link function. More precisely, let g(·, θ) be the PDF of X⊺θ. Also, de�ne
Ax := {x : g(x⊺θ, θ) ≥ η,∀θ ∈ Θ} and Anx := {x : ||x − x∗||≤ 2h, for some x∗ ∈
Ax}, where η is a small positive constant and Θ is the parameter space. The WNLS
estimator solves

min
θ

n∑
i=1

1{Xi ∈ Ax}ω(Xi)[Yi − Ĥi(X
⊺
i θ, θ)]

2, (1.5.3)

where

Ĥi(z, θ) :=
1

nhĝi(z, θ)

∑
j ̸=i

1{Xj ∈ Anx}ω(Xj)Yjκ

�
z −X⊺

j θ

h




ĝi(z, θ) :=
1

nh

∑
j ̸=i

1{Xj ∈ Anx}ω(Xj)κ

�
z −X⊺

j θ

h



.

Call θ̂WNLS the solution to (1.5.3). The consistency and asymptotic normality of
θ̂WNLS are established in Theorems 5.1 and 5.2 in Ichimura (1993).
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Since we assume that the link function is strictly increasing, it is possible to
derive an estimator of θ0 irrespective of H(·) as X⊺θ0 only a�ects the ordering
structure of the conditional expectation. A �rst estimator in this category is the
maximum rank correlation (MRC) estimator of Han (1987), obtained as

θ̂MRC := argmax
θ

n∑
i=1

∑
j ̸=i

1{Yi > Yj}1{X⊺
i θ > X⊺

j θ}.

Another candidate is the monotone rank (MR) estimator, introduced by Cavanagh
and Sherman (1998) and de�ned as

θ̂MR := argmax
θ

n∑
i=1

∑
j ̸=i

M(Yi)1{X⊺
i θ > X⊺

j θ}, (1.5.4)

where M(·) is an increasing function, determined by the user. Theorems 1 and
2 in Cavanagh and Sherman (1998) determine the consistency and asymptotic
normality of θ̂MR. In this thesis, the MR estimator is of special interest since the
Lorenz regression developed in Chapter 2 involves a special case of this estimator.

1.6 Penalized regression

Regression analysis often involves variable selection. The purpose of this step con-
sists in �nding the subset of the variables which accounts best for the phenomenon
under study. To achieve this, the chosen model should strike a balance between
goodness of �t and parsimony. The most straightforward way to proceed, called
subset selection, consists in comparing models using a criterion which encompasses
these two aspects such as, for example the AIC criterion, see Akaike (1998). In
most cases, it is not feasible to perform this comparison across all possible submod-
els, as it would involve �tting 2p models, and stepwise searches are implemented.
This approach has the disadvantage of being unstable. Indeed, small changes in
the data may result in very di�erent models being selected, see Breiman (1996).

An alternative consists in the use of penalized regression. This procedure adds
to the objective function underlying the estimation process a penalty on the ampli-
tude of each coe�cient. If the penalty is sparsity-inducing, it will lead to a selection
of the covariates. We divide the remaining part of this section in three parts. We
start by focusing on linear regression. The �rst part introduces the least absolute
shrinkage and selection operator (LASSO) developed by Tibshirani (1996). The
second part presents the smoothly clipped absolute deviation (SCAD) proposed by
Fan and Li (2001). Then, we move to the single-index model and introduce the
penalized maximum smoothing rank correlation (PMSRC) estimator of Lin and
Peng (2013).
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In the context of linear regression, a penalized estimator of β0 is found by
solving

min
β

�
n∑

i=1

[Yi −X⊺
i β]

2 +

p∑
k=1

pλ(|βk|)

�
, (1.6.1)

where pλ(·) is the penalty function and λ > 0 is the penalty parameter, some-
times also called regularization parameter. The LASSO estimator β̂LASSO(λ) of β0

solves (1.6.1) with pλ(x) = λx. The LASSO is therefore a constrained optimiza-
tion problem, where the constraint is imposed on the L1-norm of the coe�cient
vector. It is important to notice that, in general, no analytic solution is available.
Several algorithms have been proposed to solve the LASSO e�ciently, for example
least-angle regression (Efron et al., 2004) or the coordinate-descent algorithm of
Friedman et al. (2007). We focus our explanation on the latter because it bears
some similarity with the SCAD-FABS algorithm introduced in Chapter 3. Assume
that each covariate is standardized such that it has a mean of 0 and a variance of
1. In the very speci�c case of a single covariate, the LASSO has a simple analytic
expression, given by

β̂LASSO(λ) = S(β̂, λ) :=


β̂ − λ if β̂ > 0 and |β̂|> λ

β̂ + λ if β̂ < 0 and |β̂|> λ

0 if |β̂|≤ λ

(1.6.2)

where S(·, λ) is called the soft-thresholding function and β̂ = 1
n

∑n
i=1 XiYi is the

simple least-squares estimator. The coordinate-descent algorithm exploits this idea
in the case of multiple covariates. At each step, it updates only one coe�cient by
solving a univariate problem, where the response variable is given as the partial
residuals obtained with all the other covariates. For coe�cient k, the update rule
is the following. Consider an estimator β̃ = (β̃1, . . . , β̃p)

⊺ and de�ne the partial

residual for observation i as Y
(k)
i =

∑
l ̸=k β̃lX

l
i , where X l

i is the i-th observation
of variable X l. The update rule is

β̃k(λ) = S

�
1

n

n∑
i=1

Xk
i (Yi − Ỹ

(k)
i ), λ



.

This step is repeated for k = 1, . . . , p, 1, . . . , p, . . . until convergence is met. In
practice, this procedure is applied to a decreasing grid of values for λ and each
solution is used as starting value for the next problem. The coordinate-descent is
the method of choice in the widely used R package glmnet (Friedman et al., 2010).
We apply it on the Ilocos data, with model log(income) ~ sex*family.size +

sex*urbanity + province, i.e. we regress log-incomes on family size, urbanity,
province and sex, and allow for an interaction between sex and family size and sex
and urbanity. Figure 1.4 is a traceplot, showing the evolution of each coe�cient
value as the L1-norm increases.
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Figure 1.4: Traceplot of the LASSO algorithm on the Ilocos data

As a motivation for the SCAD, Fan and Li (2001) introduce three criteria that
an appropriate penalty function should satisfy.

1. Sparsity. The penalty should ensure that irrelevant covariates are discarded.
To do so, the procedure should be able to set coe�cients exactly equal to
zero. The LASSO satis�es this property. Also, subset selection can be seen
as a sparse procedure.

2. Continuity. The penalty is a continuous function. This ensures that the
penalized estimator does not move too much when the original coe�cient
changes slightly. Again, the LASSO satis�es this property. However, subset
selection does not. If the coe�cient is too small, it is set to zero. But as soon
as it passes a given threshold it simply gets unpenalized.

3. Unbiasedness. The penalized estimator is una�ected by the penalization when
the original estimator is large enough. This property is satis�ed by subset
selection for the same reason as before. It is not satis�ed by the LASSO as
its �rst derivative is constant.

Short of satisfying the unbiasedness requirement, the LASSO is not suitable to
perform proper inference on the parameter vector. One solution is the debiased
LASSO, see Zhang and Zhang (2014). Another lies in adapting the penalty to
ensure that large enough coe�cients are unpenalized. This is the idea underlying
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the SCAD penalty, whose �rst derivative satis�es

p′λ(x) =


λ if x ≤ λ
aλ−x
a−1 if λ < x ≤ aλ

0 if x > aλ

(1.6.3)

where a > 2 is an arbitrary constant. A plot of the SCAD is displayed in Figure
1.5 for the usual value a = 3.7 and di�erent choices of λ. The case λ = 1 here
corresponds to the LASSO.
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Figure 1.5: Plot of the SCAD penalty for di�erent choices of λ

By construction, the SCAD penalty satis�es the requirements presented above.
Because of this, the resulting estimator enjoys the so-called oracle property, which
ensures two speci�c guarantees. First, the variable selection process is consistent,
in that it sets to zero the estimated coe�cients of the irrelevant covariates with a
probability tending to one, see Theorem 1 in Fan and Li (2001). The second con-
cerns inference and states that the estimated coe�cients of the active covariates
are asymptotically normal, with a rate of convergence una�ected by the selection
process, see Theorem 2 in Fan and Li (2001).

We now turn to penalized procedures for single-index models. In Section 1.5,
we drew a distinction between techniques where the link function is estimated and
rank-based procedures avoiding this issue by exploiting the monotonicity of the link
function. A penalized example of the former is the pro�le least-square estimator
of Liang et al. (2010), proposed in the slightly more general context of a partially
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linear single-index model.2 The link function is replaced by a local linear esti-
mator. Then, the parameter vectors are estimated by solving a SCAD-penalized
least-squares programme. The oracle property of the estimator is established in
Theorem 2 in Liang et al. (2010). We now turn to rank-based penalized procedures
and focus on the penalized maximum smoother rank correlation (PMSRC) estima-
tor of Lin and Peng (2013). They start from the MRC estimator of Han (1987)
and adapt it in two ways. First, they replace the discrete objective function by the
following smooth approximation

Sn(θ) :=
1

n(n− 1)

n∑
i=1

∑
j ̸=i

1{Yi > Yj}Φ
�
(Xi −Xj)

⊺θ

h




where Φ(·) is the CDF of a standard normal random variable and h > 0 is a
bandwidth. Second a SCAD penalty is added to the optimization programme.
Formally, the PMSRC estimator is obtained as

θ̂PMSRC := argmax
θ

�
Sn(θ)−

p∑
k=1

pλ(|θk|)

�
, (1.6.4)

where pλ(·) is the SCAD penalty. Theorems 1 and 2 in Lin and Peng (2013)
establish the oracle property of the estimator. The numerical solution can be
obtained by the Newton-Raphson algorithm developed by Lin and Peng (2013) or
by the forward and backward stagewise (FABS) algorithm, a coordinate-descent
algorithm proposed by Shi et al. (2018) and reviewed in Chapter 3.

2In this case, one assumes that E[Y |X = x,W = w] = H(x⊺θ0) +w⊺β0, where W is a vector
of covariates for which the impact on the response is known to be linear.



Chapter 2

The Lorenz regression

The Lorenz regression is an estimation procedure for the Gini coe�cient of the con-
ditional expectation of a response given a vector of covariates, assuming a single-
index model. The measure of inequality thus obtained is called the explained Gini
coe�cient and it boils down to a concentration index between the response and a
linear combination of the covariates. Unlike methods based on decompositions of
inequality measures, the procedure does not assume a linear relationship between
the response and the covariates. Inference can be performed by noticing a simi-
larity with the monotone rank estimator, introduced by Cavanagh and Sherman
(1998). A continuity correction is presented in the presence of discrete covariates.
The Lorenz-R2 is a goodness-of-�t measure evaluating the proportion of explained
inequality and is used to build a test of joint signi�cance of several covariates.
Monte-Carlo simulations and a real-data example are presented. The content of
this chapter is based on the manuscript

Cédric Heuchenne and Alexandre Jacquemain. Inference for
monotone single-index conditional means: A Lorenz regression
approach. Computational Statistics & Data Analysis, 167(C),
2022. ISSN 0167-9473. doi: 10.1016/j.csda.2021.107347.

2.1 Introduction

The Lorenz regression attempts to quantify the explanatory power of a set of co-
variates concerning the inequality of a response. As we reviewed in Section 1.3,
the literature on this subject tends to be clustered around either parametric ap-
proaches, lacking �exibility, and nonparametric ones, yielding unreliable estimates
when too many covariates are included. An example of the former is the decom-
position method of Wagsta� et al. (2003), which assumes a linear model between
the response and the covariates. In the IOP context, Bourguignon et al. (2007),
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estimate the inequality in the conditional expectation of the advantage given the
circumstances, using a log-linear model. In the nonparametric framework, Yitzhaki
(1994a) derives a decomposition of the Gini coe�cient when the covariates partition
the population into a number of groups. Using the same idea of a partition, Van
de Gaer (1993) proposes a nonparametric measure of IOP. However, both methods
are unreliable when the number of covariates gets too large. They also presuppose
that the covariates are discrete.

In this chapter, we propose to measure the inequality of the response reproduced by
some covariates with the explained Gini coe�cient. We argue that it strikes a bal-
ance between �exibility and interpretability. It corresponds to the Gini coe�cient
of the conditional expectation of the response given the covariates and is therefore
a natural ex-ante utilitarian measure of IOP. Still, it is based on a semiparametric
single-index model, which is more �exible than usual parametric approaches. We
refer the reader to Chapter 1 for an exposition of the relevant literature. The con-
text of IOP is explained in Section 1.2. The measurement of inequality is tackled
in Section 1.3. The literature concerning semiparametric regression is exposed in
Section 1.4. More speci�cally, the single-index model is thoroughly discussed in
Section 1.5. In what follows, we recall the main features of the single-index model
and the optimization programme underlying the monotone rank estimator. We
assume

E[Y |X = x] = H(x⊺θ0), (2.1.1)

where H(·) is a strictly increasing link function and θ0 is a parameter vector satis-
fying ||θ0||= 1. Further conditions are required to ensure the identi�ability of the
model, see conditions (SI1)-(SI4) in Section 1.5. The estimator of θ0 proposed by
the Lorenz regression is a special case of the MR estimator introduced by Cavanagh
and Sherman (1998) and de�ned as

θ̂MR := argmax
θ

n∑
i=1

∑
j ̸=i

M(Yi)1{X⊺
i θ > X⊺

j θ}.

where M(·) is an increasing function chosen by the user. In the context of the
Lorenz regression, it is the identity function.

This chapter is divided into several sections. In Section 2.2, we introduce the
main notions of this chapter, i.e. the explained Gini coe�cient and the propor-
tion of explained inequality, and illustrate their use with a simple example. The
explained Gini coe�cient is the Gini coe�cient of a conditional expectation. How-
ever, thanks to the structure of the single-index model, it can be rewritten as the
solution of a maximization programme. This opens the door to the inference pro-
cedure established in Section 2.3. The consistency and asymptotic normality of the
estimators are obtained by noticing a similarity with the MR estimator. As the
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covariance matrix of the estimator of θ0 is di�cult to estimate, we advocate for
the use of bootstrap. Beyond constructing usual con�dence intervals, we propose
a test of joint signi�cance for several covariates. Finally, a genetic algorithm is
proposed to obtain a numerical solution of the estimator. Thus far, it is assumed
that X contains at least one continuous covariate. In Section 2.4, we tackle the
identi�ability of the model and the estimation of θ0 and GiY,X when all covariates
are discrete. The vector θ0 is identi�able up to a region, which is determined by
the ordering of the index that it induces. In terms of estimation, we propose to
break the ties in the ordering of the index with a random assignment. We compare
our solution with the mean-rank assignment and present some arguments in favor
of our proposal. Section 2.5 illustrates the performance of the estimation proce-
dure via Monte-Carlo simulations. A real data application is presented in Section
2.6. Section 2.7 provides a discussion over the advantages of the procedure as well
as its limitations. The proofs of the results presented throughout the chapter are
relegated to Section 2.8.

2.2 The Lorenz regression methodology

We call explained Gini coe�cient the Gini coe�cient of the conditional expectation
of Y givenX in the assumed single-index model, and denote this quantity by GiY,X .
Throughout this chapter, we also use the notation Fθ for the CDF of X⊺θ and
FH(·) for the CDF of H(X⊺θ0). The logic underlying the Lorenz regression can be
understood from the chain of equations presented in Proposition 2.1.

Proposition 2.1. Let (X⊺, Y )⊺ ∈ Rp × R, with 0 < E[Y ] < ∞, be continuous
random variables satisfying Equation (2.1.1) with H(·) strictly increasing. Assume
conditions (SI1) to (SI4) presented in Section 1.5 are satis�ed. Then, it holds that

GiY,X :=
2C[H(X⊺θ0), FH(H(X⊺θ0))]

E[H(X⊺θ0)]
(2.2.1)

=
2C[Y, FH(H(X⊺θ0))]

E[Y ]
(2.2.2)

=
2C[Y, Fθ0(X

⊺θ0)]

E[Y ]
(2.2.3)

= max
θ,||θ||=1

2C[Y, Fθ(X
⊺θ)]

E[Y ]
. (2.2.4)

Denoting by θ∗ the value of θ which solves (2.2.4), it also holds that θ∗ = θ0 is
unique.

In what follows, we sketch the proof of each of these results and detail their impli-
cations.
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� Equation (2.2.2) is a direct consequence of the law of iterated expectations.
In this formulation, the conditional expectation only intervenes through the
ordering structure it generates, i.e. through FH(H(X⊺θ0)). In the context
of estimation, this tells us that one does not need a good estimator of the
conditional expectation per se. One only needs an estimator that reproduces
well its CDF. Notice that this result holds irrespective of whether the single-
index model is assumed.

� Equation (2.2.3) exploits the monotonicity of the link function H(·). It indi-
cates that, in the context of the assumed single-index model, an estimator for
the explained Gini coe�cient can be obtained without having to estimate the
nonparametric part, i.e. the link function H(·). Only the parametric vector
θ0 needs to be estimated.

� Equation (2.2.4) opens the door to a simple estimation procedure for θ0 and
for GiY,X . This procedure would rely on maximizing the empirical covariance
between Y and the empirical CDF of the indexX⊺θ. We now turn to the proof
of this �nal result. Notice that, in the continuous case, Fθ(X

⊺θ) ∼ U [0, 1],
where U [0, 1] denotes the continuous uniform distribution de�ned on the unit
interval. Therefore, it holds that

argmax
θ,||θ||=1

2C[Y, Fθ(X
⊺θ)]

E[Y ]
= argmax

θ,||θ||=1

E[Y Fθ(X
⊺θ)]. (2.2.5)

Consider (X⊺
1 , Y1)

⊺ and (X⊺
2 , Y2)

⊺, two i.i.d copies of (X⊺, Y )⊺. It holds that

E[Y Fθ(X
⊺θ)] = E[Y11{X⊺

1 θ ≥ X⊺
2 θ}]

=
1

2
E[Y11{X⊺

1 θ ≥ X⊺
2 θ}] +

1

2
E[Y21{X⊺

2 θ ≥ X⊺
1 θ}]

=
1

2
E[H(X⊺

1 θ0)1{X
⊺
1 θ ≥ X⊺

2 θ}] +
1

2
E[H(X⊺

2 θ0)1{X
⊺
2 θ ≥ X⊺

1 θ}],

where the last line exploits the law of iterated expectation. Evaluated at θ0,
and using the monotonicity of H(·), the objective function becomes

E[Y Fθ0(X
⊺θ0)] =

1

2
E[max{H(X⊺

1 θ0), H(X⊺
2 θ0)}],

which establishes that the maximum is indeed attained at θ0. The proof of
its uniqueness is more technical and is obtained from the proof of Theorem
1 in Cavanagh and Sherman (1998).

A second object of interest is the proportion of explained inequality (PEI), denoted
by PEIY,X and de�ned as

PEIY,X :=
GiY,X
GiY

.
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assuming perfect equality cannot occur, i.e. GiY > 0. In this thesis, we will often
refer to GiY,X as measuring explained inequality and to GiY as measuring total
inequality. The PEI therefore measures the proportion of explained inequality over
total inequality. This terminology is justi�ed by the following proposition.

Proposition 2.2. Let (X⊺, Y )⊺ ∈ Rp × R be continuous random variables, with
0 < E[Y ] < ∞. Then, it holds that

PEIY,X ∈ [0, 1].

The lower bound is a direct consequence of the fact that both the numerator and
denominator are Gini coe�cients and therefore bounded from below by 0. The
upper bound is a corollary of Theorem 3.1 and Remark 6.2 in Das Gupta (1999),
which shows that, at any point, the concentration curve of Y with respect to any
variable W lies above the Lorenz curve of Y . Interestingly, Proposition 2.2 does
not rely on the assumption of the single-index model. The ratio between the Gini
coe�cient of the conditional expectation of the response given the covariates and
the Gini coe�cient of the response is always between 0 and 1.

We now illustrate the notions of explained Gini coe�cient and proportion of ex-
plained inequality in the IOP context by means of a simple example. Consider
three datasets A, B and C. For a given measure of economic advantage Y and a
set of circumstances X, we estimate the Gini coe�cient of Y , the explained Gini
coe�cient of Y given X and the PEI. We obtain the estimates xGiY , xGiY,X andyPEIY,X displayed in Table 2.1. Total inequality, i.e. the inequality of the economic

Table 2.1: (Explained) Gini coe�cients and PEI in datasets A, B and C (all results
are expressed in percentage points)

A B CxGiY 23.4 24.5 33.1xGiY,X 10.2 9 11.6yPEIY,X 43.6 36.7 35

advantage, is the lowest in dataset A. However, there is more inequality of oppor-
tunity in dataset A than in dataset B since the explained Gini coe�cient is larger
in the former case. It is also in dataset A that unequal opportunities explain the
largest share of total inequality since it displays the largest PEI. Finally, dataset C
su�ers both from the largest total inequality and the largest IOP. Still, it is in that
dataset that unequal opportunities explain the lowest share of total inequality. In
practice, datasets A and B could correspond to two di�erent age-cohorts of the
same country. Namely, A would correspond to young individuals and B to older
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ones. In the beginning of the work-life, earnings inequality is lower but is more
heavily related to circumstances. As seniority increases, the burden of circum-
stances becomes lighter even though total inequality is larger. This would explain
the results observed in Table 2.1 for A and B. Dataset C could correspond to
another country displaying both more total inequality and more IOP, even though
the latter explains a lower share of the former. This �ctitious illustration is not
arbitrary as the estimates are taken from the real data application analyzed in
Chapter 4.1

Further interpretations can be drawn from the Lorenz regression by analyzing the
coe�cient vector θ0. First, the sign of each element θ0,k is easy to interpret. A
value of zero indicates that the circumstance does not contribute to the inequal-
ity of the advantage, i.e. it does not create inequality of opportunity. A positive
(negative) coe�cient rather refers to a notion of concordance (discordance). In or-
der to understand what it entails, consider that the associated covariate represents
the number of siblings. A positive coe�cient corresponds to a situation where a
larger share of the advantage is amassed by the individuals with larger families. If,
instead, more advantage is gathered in the hands of individuals with less siblings,
the coe�cient would then exhibit a negative value.

By the assumption of monotonicity of the link function, the ratio between co-
e�cients compares the relative impact of two circumstances on the advantage vari-
able. We recall that the marginal rate of substitution (MRS) of Xk for X l, all
other things being equal, is given by

MRSk,l :=
∂E[Y |X = x]

∂xk

N
∂E[Y |X = x]

∂xl
=

θ0,k
θ0,l

.

This quantity can be consistently estimated without the need to estimate the link
function H(·).

2.3 Inference in the Lorenz regression

This section develops as follows. We start by presenting the estimators for the
quantities of interest in the Lorenz regression, i.e. the parameter vector, the ex-
plained Gini coe�cient and the proportion of explained inequality. Then, we turn
to inference with a twofold objective: �rst of constructing con�dence intervals and
tests for the explained Gini coe�cient; second, of developing a test of joint sig-
ni�cance of one or several covariates in explaining the inequality of the response.
Finally, we present a genetic algorithm to obtain numerical solutions for the pro-
posed estimators.

1See Table 4.3. Dataset A is the young-age cohort of Belgium in 2011 (BE11Y); dataset B is
the old-age cohort of Belgium in 2011 (BE11O); dataset C is the old-age cohort of Spain in 2011
(ES11O).
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Given n i.i.d samples (X⊺
i , Yi)

⊺
i=1,...,n, a consistent and asymptotically normal es-

timator for the Gini coe�cient of Y is given by

xGiY :=
2

n2

n∑
i=1

n∑
j=1

Yi

Y
1{Yi ≥ Yj} −

n+ 1

n
, (2.3.1)

where Y is the empirical mean of Y . The subtraction of (n+1)/n is related to the
fact that the empirical CDF of Y evaluated at each observation point has expected
value (n+ 1)/(2n).

As Equation (2.2.3) indicates, the explained Gini coe�cient can be expressed as
the concentration index of Y with respect to X⊺θ0. If θ0 were known, an estima-
tor could therefore be obtained by replacing the indicator in Equation (2.3.1) by
1{X⊺

i θ0 ≥ X⊺
j θ0}. In practice, θ0 is unknown and needs to be estimated. As we al-

ready mentioned, Equation (2.2.4) opens the door to an estimation procedure that
does not entail to estimate nor to assume a speci�c form for H(·). More precisely,
we estimate θ0 and GiY,X with

θ := argmax
θ,||θ||=1

1

n2

n∑
i=1

n∑
j=1

Yi1{X⊺
i θ ≥ X⊺

j θ}, (2.3.2)

GiY,X :=
2

n2

n∑
i=1

n∑
j=1

Yi

Y
1{X⊺

i θ ≥ X⊺
j θ} −

n+ 1

n
. (2.3.3)

For ease of representation, we will often denote the estimator of the CDF of X⊺θ
evaluated at observation i by

F̂i(θ) :=
1

n

n∑
j=1

1{X⊺
i θ ≥ X⊺

j θ}.

The optimization programme displayed in Equation (2.3.2) therefore becomes

θ := argmax
θ,||θ||=1

1

n

n∑
i=1

YiF̂i(θ). (2.3.4)

The estimator θ is a special case of the MR estimator proposed by Cavanagh and
Sherman (1998) and introduced in Equation (1.5.4). The consistency of θ there-
fore follows from Theorem 1 in Cavanagh and Sherman (1998) and its asymptotic
normality is established by Theorem 2 in the same source. The consistency and
asymptotic normality of the estimated explained Gini coe�cient are derived in the
more general case of the penalized Lorenz regression in Chapter 3. An estimator
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for PEIY,X is obtained by plugging the estimated Gini coe�cients. We call this
quantity the Lorenz-R2 and denote it by LR2. Formally, it is given by

LR2 :=
GiY,XxGiY =

1
n2

∑n
i=1

∑n
j=1 Yi1{X⊺

i θ ≥ X⊺
j θ} − n+1

n
Y
2

1
n2

∑n
i=1

∑n
j=1 Yi1{Yi ≥ Yj} − n+1

n
Y
2

. (2.3.5)

Proposition 2.3 establishes that the Lorenz-R2 always lies between 0 and 1. A value
close to 0 appears when the covariates do not help in reproducing the inequality of
Y . A value close to 1 is attained when they help reproduce almost all the inequality.
The Lorenz-R2 is therefore a goodness of �t measure based on the proportion of
inequality reproduced by the covariates.

Proposition 2.3. Let LR2 be de�ned as in Equation (2.3.5), we have

LR2 ∈ [0, 1].

Proof. The proposition is a direct consequence of the following chain of equations.

1

n2

n∑
i=1

n∑
j=1

Yi1{Yi ≥ Yj} ≥ 1

n2

n∑
i=1

n∑
j=1

Yi1{X⊺
i θ ≥ X⊺

j θ} (2.3.6)

≥ n+ 1

n

Y

2
. (2.3.7)

The inequality in (2.3.6) is trivial so we focus on proving (2.3.7). Denote by
(Y(1), . . . , Y(n))

⊺ the response vector permuted such that the observations are or-
dered in increasing order in terms of the vector X⊺θ. For example, Y(1) is the
response for the observation with the lowest value of the index X⊺θ. Consider
θ− := −θ. We can write

n∑
i=1

n∑
j=1

Yi1{X⊺
i θ ≥ X⊺

j θ} =

n∑
i=1

Y(i)i

n∑
i=1

n∑
j=1

Yi1{X⊺
i θ− ≥ X⊺

j θ−} =

n∑
i=1

Y(i)(n− i+ 1).

Now recall that θ is the solution to Equation (2.3.2). Therefore, it holds that

n∑
i=1

Y(i)i ≥
n∑

i=1

Y(i)(n− i+ 1). (2.3.8)

The desired inequality is then easily obtained after rearranging the terms.

The proof of Proposition 2.3 enriches the understanding of the bounds of the
Lorenz-R2. The upper bound is attained when (2.3.6) reaches the equality. This
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happens when the estimated index X⊺θ perfectly reproduces the ranking of the
response vector (Y1, . . . , Yn)

⊺. The lower bound is obtained when (2.3.8) reaches
the equality. This occurs when the covariates have no explanatory power, in the
sense that θ and −θ yield the same value of the objective function displayed in
(2.3.2).

We now move to the issue of constructing tests and con�dence intervals. Cavanagh
and Sherman (1998) discuss the estimation of the asymptotic covariance matrix of
the MR estimator. More speci�cally, two approaches are presented. The �rst is
based on numerical derivatives of the objective function but it yields unstable re-
sults. The second relies on a nonparametric estimation of several model quantities,
e.g. the density function of the index and the link function. However, this method
is numerically intensive and removes the advantage of not having to estimate the
link function. Besides, both methods involve crucial choices of smoothing parame-
ters. We direct the interested reader to Subbotin (2007) for a thorough discussion
of the drawbacks of these methods. An alternative lies in the use of bootstrap. The
advantage of this method lies in the absence of any smoothing parameter. Interest-
ingly, Subbotin (2007) establishes the consistency of bootstrap procedures for the
MR estimator. Con�dence intervals and tests may then be constructed either by
bootstrapping the asymptotic covariance matrix only (parametric bootstrap), or
rather by bootstrapping the distribution of θ directly (basic bootstrap). Theorem 3
in Subbotin (2007) implies the consistency of the basic bootstrap, while Theorem
4 from the same source guarantees the consistency of the parametric bootstrap.
A third method to construct con�dence intervals consists in directly plugging the
quantiles of the bootstrap distribution of θ (percentile bootstrap). More precisely,
(1− α)-level con�dence intervals for θ0,k are given by

CIBasic :=

�
2θk − qθ∗

k;1−α
2
; 2θk − qθ∗

k;
α
2

�
,

CIPercentile :=

�
qθ∗

k;
α
2
; qθ∗

k;1−α
2

�
,

CIParametric :=

�
θk ± z1−α

2

b
Σ

∗
kk?
n

�
,

where θ
∗
is the estimator of θ0 in the bootstrap sample. Moreover, qθ∗

k;a
is the boot-

strap estimator of the a-quantile of the distribution of θ
∗
k and Σ

∗
is the bootstrap

estimator of the asymptotic variance-covariance matrix of θ
∗
. Finally, za is the a-

quantile of the standard normal distribution. With this in mind, it is easy to obtain
bootstrap con�dence intervals and to build tests concerning GiY,X . For example,
one could test the equality of the explained Gini coe�cients between two countries.

Central to the motivation of this paper is the idea of assessing whether a set of



26 Chapter 2. Lorenz regression

covariates explains signi�cantly the inequality of the response. Accordingly, we de-
velop a bootstrap test for the joint signi�cance of d variables. For each i = 1, . . . , n,
assume Yi = H(X⊺

i θ0) + ϵi, with H(·) strictly increasing and ϵi independent from
Xi. The null and alternative hypotheses of the desired test are respectively given
by

H0 : θ0,k, . . . , θ0,k+d−1 = 0

H1 : ∃j ∈ [0, d− 1] such that θ0,k+j ̸= 0,

with k ≤ p − d + 1. The idea underlying the following testing procedure lies in
comparing the Lorenz-R2 under the null hypothesis with the unconstrained one.
Accordingly, we reject H0 if dropping the d variables leads to a signi�cant decrease
in explained inequality. Speci�cally, we use the following test statistic

U :=
LR2

LR2
H0

=
1
n2

∑n
i=1

∑n
j=1 Yi1{X⊺

i θ ≥ X⊺
j θ} − n+1

n
Y
2

1
n2

∑n
i=1

∑n
j=1 Yi1{X(0)⊺

i θ
(0) ≥ X

(0)⊺
j θ

(0)} − n+1
n

Y
2

,

whereX(0)
i is the matrix of covariates obtained after dropping columns k to k+d−1

from Xi and θ
(0)

is the estimator of θ0 based on X
(0)
i . More precisely,

θ
(0)

:= argmax
θ,||θ||=1

1

n2

n∑
i=1

n∑
j=1

Yi1{X(0)⊺
i θ ≥ X

(0)⊺
j θ}.

Intuitively, one rejects the null hypothesis if the observed value of U is su�ciently
larger than 1. In order to obtain a bootstrap sample for the test statistic under
H0, the constraint imposed by the null hypothesis must be incorporated in the
resampling mechanism. To do so, we compute the residuals under H0. These are
obtained as

ϵ̂
(0)
i = Yi − Ĥ(0)

�
X

(0)⊺
i θ̂(0)

	
,

where Ĥ(0)(·) is an estimator ofH(·) underH0. Then, ϵ
(0)∗
i is randomly drawn with

replacement from ϵ̂
(0)
1 , . . . , ϵ̂

(0)
n . The bootstrap sample is obtained as (X⊺

i , Y
∗
i )

⊺
i=1,...,n,

where

Y ∗
i = Ĥ(0)

�
X

(0)⊺
i θ̂(0)



+ ϵ

(0)∗
i .

The p-value of the test is approximated with p∗ = Pn(U
∗ ≥ Uobs), where Pn

indicates that the probability is conditional on the original sample (X⊺
i , Yi)

⊺
i=1,...,n.

Also, Uobs is the observed value of U in the original sample and U∗ is obtained as

U∗ =
1
n2

∑n
i=1

∑n
j=1 Y

∗
i 1{X

⊺
i θ

∗ ≥ X⊺
j θ

∗} − n+1
n

Y ∗

2

1
n2

∑n
i=1

∑n
j=1 Y

∗
i 1{X

(0)⊺
i θ̂(0)∗ ≥ X

(0)⊺
j θ̂(0)∗} − n+1

n
Y ∗

2

,



2.3. Inference in the Lorenz regression 27

where θ
∗
is the unconstrained estimator of θ0 in the bootstrap sample and θ

(0)∗
the

constrained one. Also, Y ∗ is the empirical mean in the bootstrap sample. Finally,
p∗ can be estimated via Monte-Carlo simulations.

The described procedure opens the door to the estimation of the link function
H(·). Upon estimation of θ0, we obtain an estimated index X⊺θ. In a second
stage, we estimate H(·) as a nonparametric smoother of Y given X⊺θ, subject to
the constraint that H(·) is strictly increasing. To achieve this, we use the procedure
laid down by Chernozhukov et al. (2009), hereafter called rearrangement method,
which starts from an initial estimator of H(·) and makes it increasing by taking its
quantile function. Interestingly, this rearrangement operation weakly reduces the
estimation error of the initial estimator, see Proposition 1 in Chernozhukov et al.
(2009).

We close this section with the issue of the numerical solution of the Lorenz regres-
sion. The estimation of θ0 requires to solve the discrete maximization programme
displayed in (2.3.2). In this respect, our contribution consists in proposing a genetic
algorithm with the double advantage of being fast and reducing the risk of local
minima. The genetic algorithm is a generic method for solving optimization prob-
lems. It iteratively proposes solution candidates and assesses their score through
a �tness function. The evolution of the candidates is governed by the principles of
crossover and mutation. Convergence is met when the �tness has not improved for
a su�ciently large number of generations. For a quick introduction of the method
and its implementation in R via the library GA, we refer the reader to Scrucca
(2013). In our context, the only technical di�culty lies in the incorporation of the
unit-norm constraint. We propose the following principles to address this issue.

(i) Candidates γ are vectors of size p− 1 de�ning two possible solutions

θ1(γ) = (γ⊺,−(1− ||γ||))⊺

θ2(γ) = (γ⊺, 1− ||γ||)⊺.

(ii) We ensure that the initial population of candidates satis�es the unit-norm
constraint. We adapt the mutation and crossover mechanisms to ensure that,
at each iteration, the candidates satisfy ||γ||≤ 1.

(iii) The �tness function Fit(γ) associated to candidate γ is de�ned by

Fit(γ) := max{Fit1(γ),Fit2(γ)}, (2.3.9)

where, for k ∈ {1, 2},

Fitk(γ) :=
n∑

i=1

YiF̂i(θk(γ)).
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2.4 Accommodating for discrete covariates

The situation where all covariates are discrete creates two distinct issues: the ques-
tion of ties management in the estimation of the Gini coe�cient and the problem
of non-identi�ability in the single-index model. We solve the �rst issue with a
continuity correction, which amounts to break the ties at random. Concerning the
second, we argue that the parameter vector θ0 is identi�able up to a region, and
this is su�cient to uniquely identify and consistently estimate the explained Gini
coe�cient.

The remaining of this section develops as follows. In Subsection 2.4.1, we
introduce the random continuity correction and compare it with the alternative
mean-rank correction. At the population level, the two corrections are equivalent,
i.e. they de�ne the same corrected explained Gini coe�cient. Subsection 2.4.2
establishes the identi�ability and consistency of the estimator of the corrected
explained Gini coe�cient, obtained with either of the two continuity correction
methods. In Subsection 2.4.3, we compare the random assignment with the mean-
rank solution and provide some arguments in favor of our choice. Equations (2.4.1)
to (2.4.3) present the estimators of the CDF of the index in the continuous and
discrete cases.

F̂i(θ) =
1

n

n∑
j=1

1{X⊺
i θ ≥ X⊺

j θ} (continuous) (2.4.1)

9Fi(θ) =
1

n

n∑
j=1

1[X⊺
i θ > X⊺

j θ] +
1

2
1[X⊺

i θ = X⊺
j θ] (discrete - mean-rank) (2.4.2)

F̃i(θ) =
1

n

n∑
j=1

1[X⊺
i θ > X⊺

j θ] + 1[X⊺
i θ = X⊺

j θ, Vi > Vj ], (discrete - random)

(2.4.3)

where (Vi)i=1,...,n are i.i.d copies of V ∼ U [0, 1].

2.4.1 The random continuity correction

From Schechtman and Zitikis (2006), we know that keeping the CDF in the de�ni-
tion of the Gini coe�cient leads to an inconsistency between its interpretation as
a covariance on one side and a surface between the egalitarian line and the Lorenz
curve on the other side. In order to restore the concordance between these two
perspectives, it is enough to replace the CDF by a suitable alternative. One of
these alternatives, presented in Lerman and Yitzhaki (1989), leads to an estimator
where the average rank is given in every situation where a tie occurs. In this sec-
tion, we propose another solution. It consists in a random assignment of the ranks
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a�ected by a situation of ties. Equations (2.4.4) to (2.4.6) display the usual CDF,
providing the ordering structure in the continuous case, and the two corrections
used in the discrete case.

Fθ(t) = P (X⊺θ ≤ t) (continuous) (2.4.4)

9Fθ(t) = P (X⊺θ < t) +
1

2
P (X⊺θ = t) (discrete - mean-rank) (2.4.5)

F̃θ(t) = P (X⊺θ < t) + V P (X⊺θ = t), (discrete - random) (2.4.6)

where V ∼ U [0, 1].

In the full discrete case, the concordance between maximizing C[Y, Fθ(X
⊺θ)] and

E[Y Fθ(X
⊺θ)] is compromised. Essentially, this is due to the fact that Fθ(X

⊺θ) ∼
U [0, 1] no longer holds. Proposition 2.4 provides an impulse for using the random
correction as it shows that F̃θ(X

⊺θ) ∼ U [0, 1] is always guaranteed.

Proposition 2.4. Let Z be a non-continuous random variable with CDF F (·)
having a �nite number of discontinuities, and let F̃ (·) be de�ned as in Equation
(2.4.6). Then, F̃ (Z) ∼ U [0, 1].

The proof of this result is relegated to Section 2.8. The corrected objective func-
tion is G̃(θ) := E[Y F̃θ(X

⊺θ)]. By Proposition 2.4, it is equivalent to maximizing
the following corrected concentration index

�CIY,X⊺θ :=
2C[Y, F̃θ(X

⊺θ)]

E[Y ]
.

The corrected explained Gini coe�cient is �GiY,X = �CIY,X⊺θ0 .

In the population, the random and the mean-rank corrections are completely equiv-
alent, in that

E[Y F̃θ(X
⊺θ)] = E[Y 9Fθ(X

⊺θ)] (2.4.7)

C[Y, F̃θ(X
⊺θ)] = C[Y, 9Fθ(X

⊺θ)]. (2.4.8)

Consequently, the corrected explained Gini coe�cient is uniquely de�ned, irrespec-
tive of the choice between the two correction methods. Equation (2.4.7) emerges
as a trivial consequence of the independence of V . In order to show that Equa-
tion (2.4.8) holds, it is enough to show that E[ 9Fθ(X

⊺θ)] = 1
2 . To do so, let

z1, z2, . . . denote the values of Z := X⊺θ0 arranged in ascending order and de�ne
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πk := P (Z = zk). We have

E[ 9Fθ(X
⊺θ)] =

∑
k≥1

� k∑
l=1

πl −
πk

2
]
�
πk

=
1

2

�
2
∑
k≥2

k−1∑
l=1

πlπk +
∑
k≥1

π2
k

�
=

1

2

�∑
k≥1

πk

�2
=

1

2
.

We now introduce the correction in the sample. We focus our exposition on the
random solution. However, the estimators based on the mean-rank are similarly
constructed. The corrected estimator for θ0 is

θ̃ := argmax
θ,||θ||=1

G̃n(θ), (2.4.9)

with the corrected objective function

G̃n(θ) :=
1

n

n∑
i=1

YiF̃i(θ),

where F̃i(θ) is de�ned in Equation (2.4.3). The new estimator for the explained
Gini coe�cient is

�GiY,X :=
2

n

n∑
i=1

Yi

Y
F̃i(θ)− 1. (2.4.10)

Notice that, in contrast with the former estimator of the (explained) Gini coe�-
cient, the subtraction is of −1. This stems from the fact that the corrected version
of the empirical CDF has expected value 1/2.

In Subsection 2.4.2, we show that both corrections provide strong statistical guar-
antees in terms of estimating the true corrected explained Gini coe�cient. In
Subsection 2.4.3, we provide some arguments in favor of using the random solu-
tion.

2.4.2 Statistical properties of the continuity corrections

As mentioned in the beginning of this section, the single-index model is not iden-
ti�able when all covariates are discrete. We accommodate this issue by adapting a
construction developed in Section 5 of Cavanagh and Sherman (1998). We argue



2.4. Accommodating for discrete covariates 31

that it best characterizes the extent of the identi�ability of θ0. Throughout this
section, we assume that (X⊺, Y )⊺ satisfy Equation (2.1.1) with H(·) strictly in-
creasing on its points of de�nition. Finally, we focus our exposition on the random
solution but all results also hold using the mean-rank correction.

Since the formal development is quite technical, we �rst introduce the general
idea with a simple illustration. Assume that X is made of two binary covariates.
As such, X has four distinct values that we denote

x1 := (1, 0)⊺

x2 := (0, 1)⊺

x3 := (0, 0)⊺

x4 := (1, 1)⊺.

Consider that the true parameter vector is θ0 = (
?
3
2 , 1

2 )
⊺, such that

x⊺
4θ0 > x⊺

1θ0 > x⊺
2θ0 > x⊺

3θ0.

The parameter vector θ0 is indistinguishable from any other value of θ that leads
to the same ranking. However, it is distinguishable from values of θ leading to a
di�erent ordering. In this case, θ0 is therefore distinguishable from, say, ( 1?

2
, 1?

2
)⊺

or ( 1?
4
,
?
3?
4
)⊺, but not from (

?
2?
3
, 1?

3
)⊺. Consider now a second situation where

θ0 = ( 1?
2
, 1?

2
)⊺. This entails

x⊺
4θ0 > x⊺

1θ0 = x⊺
2θ0 > x⊺

3θ0.

Now, θ0 is indistinguishable from any value of θ that satis�es the orderings

x⊺
4θ > x⊺

1θ > x⊺
3θ

x⊺
4θ > x⊺

2θ > x⊺
3θ.

In this situation, θ0 is indistinguishable from ( 12 ,
?
3
2 )⊺ and (

?
3
2 , 1

2 )
⊺. It is however

distinguishable from (− 1
2 ,
?
3
2 )⊺ for example.

In conclusion, θ0 is identi�ed up to a region, which is characterized by the strict
inequalities in the ordering of the index x⊺θ0. To formalize this identi�ability, we
de�ne a vector of representatives, where each representative is an arbitrary member
of its region. We will not be able to identify θ0 but only the representative of its
region. This has, however, no consequence in terms of identi�cation of the explained
Gini coe�cient. We return to the example developed above in order to illustrate
this point. Let θ0 = ( 1?

2
, 1?

2
)⊺. Let (X⊺

1 , Y1)
⊺ and (X⊺

2 , Y2)
⊺ be two i.i.d copies of

(X⊺, Y )⊺. We have

G̃(θ0) = E[Y11{X⊺
1 θ0 > X⊺

2 θ0}] +
1

2
E[Y11{X⊺

1 θ0 = X⊺
2 θ0}]

= E[H(X⊺
1 θ0)1{X

⊺
1 θ0 > X⊺

2 θ0}] +
1

2
E[H(X⊺

1 θ0)1{X
⊺
1 θ0 = X⊺

2 θ0}],
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where the �rst line exploits the independence of V and the second line uses the
law of iterated expectation and the monotonicity assumption of the link function.
Denote p(xk) := P (X = Xk), we have that

G̃(θ0) = H(x⊺
4θ0)p(x4)

�
p(x1) + p(x2) + p(x3) +

1

2
p(x4)

�
+H(x⊺

1θ0)p(x1)
�
p(x3) +

1

2
p(x1) +

1

2
p(x2)

�
+H(x⊺

2θ0)p(x2)
�
p(x3) +

1

2
p(x1) +

1

2
p(x2)

�
+H(x⊺

3θ0)
[p(x3)]

2

2
.

Consider now θ = ( 12 ,
?
3
2 )⊺. It holds that

G̃(θ) = H(x⊺
4θ0)p(x4)

�
p(x1) + p(x2) + p(x3) +

1

2
p(x4)

�
+H(x⊺

1θ0)p(x1)
�
p(x2) + p(x3) +

1

2
p(x1)

�
+H(x⊺

2θ0)p(x2)
�
p(x3) +

1

2
p(x2)

�
+H(x⊺

3θ0)
[p(x3)]

2

2
.

Noticing that H(x⊺
2θ0) = H(x⊺

1θ0), we have that G̃(θ) = G̃(θ0). This illustrates
the fact that �CIY,X⊺θ = �GiY,X for any θ in the region of θ0.

Alternatively, consider θ = (− 1
2 ,
?
3
2 )⊺. We have that

G̃(θ) = H(x⊺
2θ0)p(x2)

�
p(x4) + p(x3) + p(x2) +

1

2
p(x2)

�
+H(x⊺

4θ0)p(x4)
�
p(x3) + p(x1) +

1

2
p(x4)

�
+H(x⊺

3θ0)p(x3)
�
p(x1) +

1

2
p(x3)

�
+H(x⊺

1θ0)
[p(x1)]

2

2
.

Hence,

G̃(θ)− G̃(θ0) = [H(x⊺
2θ0)−H(x⊺

4θ0)]p(x2)p(x4)

+

�
H(x⊺

2θ0)−
H(x⊺

1θ0) +H(x⊺
2θ0)

2

�
p(x1)p(x2)

+ [H(x⊺
3θ0)−H(x⊺

1θ0)]p(x1)p(x3)
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is strictly negative by the assumption of monotonicity. This illustrates the fact
that �CIY,X⊺θ < �GiY,X for any θ outside the region of θ0.

This construction justi�es the passage from the original parameter space to a
discrete vector of representatives, arbitrarily chosen from each region. We now
formalize the idea in general. Suppose X has possible values x1, . . . , xN . Let
B1, . . . , Bl be open regions where x⊺

j θ ̸= x⊺
kθ for any k ̸= j and such that any pair

of θ share the same ordering of {x⊺
1θ, . . . , x

⊺
Nθ} if and only if they live in the same

region. These regions are bounded by hyperplanes H1, . . . ,Hm where x⊺
j θ = x⊺

kθ
for at least one pair k ̸= j. In our illustration, examples of these regions are given
by

B1 = {x⊺
4θ > x⊺

1θ > x⊺
2θ > x⊺

3θ},
H1 = {x⊺

4θ > x⊺
1θ = x⊺

2θ > x⊺
3θ},

B2 = {x⊺
4θ > x⊺

2θ > x⊺
1θ > x⊺

3θ}.

Denote by I(θ) the subspace de�ned by the strict inequalities in the ordering of
{x⊺

1θ, . . . , x
⊺
Nθ} implied by θ. Our conceptualization starts from the region where

θ0 falls, whether it's an open region or a hyperplane. The important step is the
following. We merge all the regions characterized by I(θ) ⊆ I(θ0). In the illus-
tration, if θ0 ∈ B1, or if θ0 ∈ B2, the set of strict inequalities fully describes the
region and no grouping needs to be made. If θ0 ∈ H1, the set of strict inequalities
is I(θ0) = {x⊺

4θ > x⊺
1θ > x⊺

3θ and x⊺
4θ > x⊺

2θ > x⊺
3θ}. In this case, for any θ in B1

or B2, we have I(θ) ⊆ I(θ0). Hence, the three regions need to be merged. This
construction formalizes the idea that θ0 can be identi�ed up to the region de�ned
by the strict inequalities in the ordering of the index. The resulting regions, as
well as the remaining hyperplanes and open regions, are then summarized by a
vector of representatives. The new parameter space is denoted by Θ∗. Proposition
2.5 establishes the identi�ability of the explained Gini coe�cient. The point (i)
ensures that all parameter vectors inside the region of θ0 yield the same value of
the corrected concentration index, i.e. �CIY,X⊺θ = �GiY,X . The point (ii) ensures
that the concentration index is maximized only in the region of θ0. Its proof is
relegated to Section 2.8.

Proposition 2.5. Let (X⊺, Y )⊺, where X is a vector of discrete covariates and Y
is a continuous random variable with E[Y ] < ∞. Let G̃(θ) be de�ned as above and
θ∗0 be the representative of the region of θ0. Then, it holds that

(i) G̃(θ) = G̃(θ0) for all θ in the same region as θ0.

(ii) The representative θ∗0 is the unique maximizer of G̃(θ∗), for θ∗ ∈ Θ∗.

Finally, Theorem 2.1 ensures the consistency of the estimated explained Gini coef-
�cient.
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Theorem 2.1. Let (X⊺, Y )⊺, where X is a vector of discrete covariates and Y is
a continuous random variable with E[Y ] < ∞. Also, let V ∼ U [0, 1] independent
of (X⊺, Y )⊺. Assume the single-index model with the link function H(·) strictly
increasing on its points of de�nition. Besides, let G̃(θ) and G̃n(θ) be de�ned as
above. Then, it holds that

(i) G̃n(θ) → G̃(θ) almost surely for all θ∗ ∈ Θ∗.

(ii) P (θ
∗ ̸= θ∗0) = O(1/n), where θ

∗
is the solution to (2.4.9) maximized on Θ∗

and θ∗0 denotes the representative of the region where θ0 lies.

The strategy of the proof is exactly similar to that of Theorem 3 in Cavanagh and
Sherman (1998). (i) follows from standard results on U-statistics. (ii) is guaranteed
by the almost sure convergence of G̃n(θ), the continuity of G̃(θ), and the fact that
G̃(θ) is uniquely maximized in θ0.

The �ndings established in this subsection prompt a more general comment. The
identi�ability of θ0 is not required in order to identify and consistently estimate
the suitably corrected explained Gini coe�cient. What matters is that, in all in-
stances, we are able to identify the ordering structure yielded by the index. In this
respect, assumption (SI2) is not needed. However, the reasoning can be further
developed. For similar reasons, assumptions (SI3), i.e. absence of multicolinearity,
and assumption (SI4), i.e. the normalization of θ0 are not needed to identify and
consistently estimate the explained Gini coe�cient.

2.4.3 Comparison with the mean-rank correction

As already stated, the mean-rank and random corrections are equivalent in the
population and both methods provide the statistical guarantees developed in Sub-
section 2.4.2. In practice, however, the two methods are not equivalent. We develop
two arguments in favor of the random assignment. The �rst consists in the idea
that the mean-rank solution discriminates against solution vectors lying on the
hyperplanes {H1, . . . ,Hm}. The second is the ability of the random solution to
quantify the severity of the ties issue on the value taken by the explained Gini
coe�cient. We elaborate these two arguments in turn.

Consider data generated by the assumed single-index model, with only two bi-
nary covariates, and using parameter vector θ0 = ( 1?

2
, 1?

2
)⊺. In this setup, the

number of bounding regions is quite low and a discrete algorithm could be used to
estimate the parameter vector. Besides θ0, we consider two alternative vectors of
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parameters

θ1 :=

�?
3?
4
,
1?
4


⊺

,

θ2 :=

�
1?
4
,

?
3?
4


⊺

,

which, without loss of generality, are the representatives of their regions. Finally,
we suppose that our sample is made of n = 20 observations and consists in a
balanced design, i.e. 5 observations in each of the 4 possible values of X. In
what follows, we focus on observations for which X = (1, 0)⊺ =: x1 and those
for which X = (0, 1)⊺ =: x2. In this way, x⊺

1θ0 = x⊺
2θ0, while x⊺

1θ1 > x⊺
2θ1 and

x⊺
1θ2 < x⊺

2θ2. For a ≤ b, denote by U{a, b} the discrete uniform distribution with
support {a, a+ 1, . . . , b}. Table 2.2 shows the ranks that each method attaches to
those observations if the index is built upon either θ0, θ1 or θ2. For example, each
observation with value x1 is given a rank of 10.5 if we are considering θ0 and the
average-rank solution. They have a rank randomly drawn between 6 and 15 if we
are using the random solution.

Table 2.2: Rank granted to each group of observations

Average rank Random rank
x1 x2 x1 x2

θ0 10.5 10.5 U{6, 15} U{6, 15}

θ1 13 8 U{11, 15} U{6, 10}

θ2 8 13 U{6, 10} U{11, 15}

Estimating θ0 requires to maximize the scalar product between the response
and the vector of index ranks. Denote by y1 (y2) the mean response for obser-
vations with covariate vector x1 (x2). From the table, it is clear that θ0 is never
chosen by the average-rank solution, unless y1 = y2. Indeed, if y1 > y2, one would
pick θ1. Conversely, if y1 < y2, one would pick θ2. This is not the case with the
random rank solution since it depends on the generation of the uniform random
variables. We performed 1000 Monte-Carlo simulations to con�rm this intuition.
More speci�cally, we generated 1000 samples from the DGP presented in Equation
(2.5.4), with two binary covariates and parameter vector θ0 = ( 1?

2
, 1?

2
)⊺. In each

iteration, we recorded the maximizer(s) of the objective function. Table 2.3 counts
the number of times θ0, θ1 and θ2 maximize the objective function.

As we can observe, θ0 is almost never chosen with the average-rank solution. The
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Table 2.3: Number of times each parameter vector maximizes the objective function

θ0 θ1 θ2
Average rank 8 505 503

Random rank 177 435 420

8 instances where θ0 maximizes the objective function correspond to situations
where there is no observation either in x1 or x2. In this case, the three values of
θ provide the same value for the objective function. This is not the case for the
random solution. In total, θ0 maximizes the objective function in 177 instances.
Beyond the same 8 instances where θ0, θ1 and θ2 all reach the optimum, there
are 16 instances where θ0 and one of either θ1 or θ2 maximize the objective func-
tion. This situation occurs when the generation of the uniform random variables
ends up yielding the same rank vectors for θ0 and for either θ1 or θ2. Hence, the
153 remaining instances correspond to situations where θ0 is the sole maximizer of
the objective function. Recall that it never occurs with the average rank method.
The overall conclusion of this exercise runs as follows: the average-rank solution
discriminates against certain types of solutions. These solutions are characterized
by equal values of the index but made up with di�erent values of the covariates.
While the random solution remains neutral about this, the average-rank solution
tries to disaggregate the index as much as possible.

Beyond statistical considerations, each procedure to solve the ties issue induces a
di�erent de�nition of the explained Gini coe�cient and therefore a di�erent value
for this quantity. Facing one dataset, it would be interesting to have an idea of
how small or large the coe�cient can get. In this respect, our random assignment
solution o�ers some help. If one repeats the generation of the vector of uniform
variables a large number of times in the estimation of the explained Gini coe�-
cient, the random solution sweeps through the di�erent possibilities of attaching
ranks to the ties. In this way, we internalize the variability related to the ties issue
and are able to assess its in�uence. We formalize this procedure in the remaining
of this section. Under mild assumptions, this variability is independent from the
estimation of θ0. As such, one does not need to re-estimate θ0 each time.

In what follows, we work conditionally on having observed the data (x⊺
i , yi)

⊺
i=1,...,n

and suppose that ties in the index only happen if xi = xj . The corrected CDF
was introduced in Equation (2.4.3). Here, we denote it by F̃i(θ, V ) to highlight the
dependence on both θ and V = (V1, . . . , Vn)

⊺. We can decompose it as follows

F̃i(θ, V ) = 9Fi(θ) + :Fi(V ), (2.4.11)



2.5. Monte-Carlo simulations 37

where 9Fi(θ) is the estimator of the CDF based on the mean-rank solution intro-
duced in Equation (2.4.2), while :Fi(V ) is given by

:Fi(V ) =
1

n

n∑
j=1

1{xi = xj}
�
1{Vi > Vj} −

1

2

�
.

The �rst term, 9Fi(θ), is deterministic but depends on θ. The second term, :Fi(V ),
does not depend on θ thanks to our simplifying assumption, but it is a random
variable with mean 0. This decomposition entails that we can separate out the
impact of V from the impact of θ in the estimation of the CDF. This opens the door
to the following procedure. Choose a number of generations M . For m = 1, . . . ,M ,
generate V m = (V m

1 , . . . , V m
n )⊺, where (V m

i )i=1,...,n is a sample of i.i.d U [0, 1]
random variables. For each iteration m, estimate the explained Gini coe�cient
with

xGimY,X =
2

n

n∑
i=1

yi
y
F̃i(θ̃, V

m)− 1, (2.4.12)

where θ̃ is computed only once. We illustrate this procedure in Section 2.5.2.

2.5 Monte-Carlo simulations

This section is divided into three Monte-Carlo exercises. In the �rst, we implement
the estimation procedure for θ0 with a genetic algorithm and compare its perfor-
mance with the WNLS estimator of Ichimura (1993) introduced in Section 1.5.
In the second, we illustrate the procedure laid down in Subsection 2.4.3 to assess
the impact of ties on the range of values taken by the explained Gini coe�cient.
Finally, we examine the performance of the bootstrap.

2.5.1 Performance of the estimation

Consider generic estimators θ̂ for θ0 andxGiY,X for GiY,X . We evaluate the quality of
the estimation via three criteria : the mean L2-distance between θ̂ and θ0, the mean
integrated squared error (MISE) of the regression curve and, most importantly, the
mean squared error (MSE) of the explained Gini coe�cient. These three quantities
are respectively de�ned as

Distance.θ := E[||θ̂ − θ0||] (2.5.1)

MISE.Curve := E
�∫ �

H(x⊺θ̂)−H(x⊺θ0)
	2

dFX(x)

�
, (2.5.2)

MSE.Gini := E
��xGiY,X −GiY,X

	2�
, (2.5.3)
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where FX(·) is the joint CDF of the X vector. These criteria are estimated with
1000 Monte-Carlo replications. We use the following DGP

Yi = H
�
θ0,1X

1
i + . . .+ θ0,cX

c
i + θ0,c+1Z

1
i + . . .+ θ0,c+dZ

d
i

�
ϵi, (2.5.4)

where i = 1, . . . , n and ||θ0||= 1. For each i = 1, . . . , n, the covariates (Xk
i )k=1,...,c

are i.i.d standard normal variables, while (Zk
i )k=1,...,d are i.i.d Bernoulli variables

with probability of success equal to 0.5. In this subsection, we �x c = 4 and d = 2
and use the parameter vector

θ0 = (0.0923,−0.0889, 0.0506, 0.2838,−0.2074, 0.2270)⊺.

Finally, ϵi is a lognormal noise with mean 1 and a variance set to ensure a signal-
to-noise ratio of 3. Throughout this section, we consider the following link function

H(t) = 1000 exp

�
1 +

1

2
(t− 1)3

�
.

Our competitor, the WNLS estimator, is available in the R package np and was
introduced in Section 1.5. In the Lorenz regression, the monotonicity of the link
function allows us to build an estimation procedure where only the ordering of the
index matters. This corresponds to the passage from Equation (2.2.2) to Equation
(2.2.3). The WNLS estimator does not rely on this monotonicity assumption so
that Equation (2.2.3) no longer holds. Consequently, and contrary to our proce-
dure, the ranks of X⊺θ̂WNLS and of H(X⊺θ̂WNLS) are not identical. For the WNLS
procedure, the estimator of the explained Gini coe�cient is therefore based on the
ranks of the �tted values, and not on those of the index.

Let us �rst focus on the explained Gini coe�cient. The boxplot of the estimates
obtained with each method is displayed in Figure 2.1. The horizontal line cor-
responds to the actual value of the parameter, i.e. around 23.88%. While the
distribution of Lorenz estimates is centred on the true value, this is not the case
for the WNLS estimator. Since the link function is not restricted to be increasing,
the WNLS estimator tends to over�t the data and therefore to overestimate the
explained Gini coe�cient. Figure 2.2 reinforces our conclusion that the Lorenz re-
gression provides a better estimator, even though the gap closes down with sample
size.

We now compare the two estimators in terms of the other two criteria. Figures
2.3 and 2.4 show their evolution with sample size. They con�rm the better perfor-
mance of the Lorenz regression since the L2-distance is always lower in comparison
with the WNLS estimator. A similar pattern emerges for the estimation of the
regression curve.
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2.5.2 Range of the explained Gini coe�cient in presence of

ties

In this subsection, we strive �rst to highlight the de�nition problem of the explained
Gini coe�cient inherent to the discrete case. Second, we wish to illustrate the
procedure explained at the end of Subsection 2.4.3. The point of the exercise is not
to assess the estimation quality of the explained Gini coe�cient. We work on one
dataset, generated with the same DGP and link function as before and concentrate
on a pure discrete scenario with d = 4. We generate M = 1000 uniform random
vectors V 1, . . . , V M and use these to estimate a vector of explained Gini coe�cients,
following Equation (2.4.12). This computation is undertaken using θ0, i.e. the value
that we used to generate the data, as well as using θ̃. The two boxplots displayed
in Figure 2.5 show the distribution of the explained Gini coe�cient estimated with
the random solution. In the �rst, we plug the estimated vector of parameters θ̃. In
the second, we rather use θ0. The two boxplots are symmetric so that the median
is close to the mean. The dashed and dotted lines represent the explained Gini
coe�cients obtained with the average-rank method for θ0 and θ̃ respectively. As
expected, the two boxplots are centered on these lines. On average, the random
method provides the same explained Gini coe�cient as the average-rank solution.
We also observe that the two boxplots display the same variability. This stems
from the fact that the variable part of the explained Gini coe�cient is independent
from the value taken by the parameter vector. Finally, the total size of the boxplots
indicate that the ties issue is not too severe. Indeed, their range is only slightly
larger than 0.003.
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2.5.3 Performance of the bootstrap

We assess the performance of the bootstrap test of joint signi�cance using the same
DGP as in Section 2.5.1, again with 4 continuous and 2 discrete covariates. Even
though the data are generated with a multiplicative error model, the bootstrap
procedure described in Section 2.3 can still be used, by transforming the response
Y into log(Y ) before estimation. We test the joint signi�cance of θ4 and θ5, with
a signi�cance level of α = 0.05, and use 500 Monte-Carlo replications for the boot-
strap. The vectors of parameters under the null and alternative hypotheses are
given by

θ1 θ2 θ3 θ4 θ5 θ6
Under H0 0.5504 0.1790 −0.1724 0 0 0.0982
Under H1 0.44032 0.14320 −0.13792 0.1 0.1 0.07856

In what follows, we evaluate the power of our testing procedure. To do so, we
generate 600 datasets using the aforementioned DGP with the parameter vector
corresponding to the alternative hypothesis. We run the test of joint signi�cance
for each dataset and record the proportion of rejection. In parallel, we generate 600
datasets with the parameter vector corresponding to the null hypothesis. Based on
these datasets, we approximate the distribution of the test statistic under the null
hypothesis, allowing us to compute a theoretical power curve, isolating the power
loss due to bootstrapping. Figure 2.6 displays the power curves thus obtained. As
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Figure 2.6: Theoretical and bootstrapped power curves

expected, both power curves converge to 1 as the sample size increases. The vertical
distance between the two curves illustrate the power loss related to bootstrapping.
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Though this di�erence is not negligible for small and medium sample sizes, it is
never larger than 22% and it closes down relatively quickly. With a sample of 100
observations, our procedure already attains a power of 96.5%.

We evaluate the performance of the basic, percentile and parametric bootstrap
con�dence intervals with their lengths and coverages, using a con�dence level of
95%. Similarly to the bootstrap test, we use 500 Monte-Carlo replications for the
bootstrap and 600 replications for the estimation of the coverages and lengths. We
use the same DGP as the one previously proposed for the alternative hypothesis.

The lengths of the intervals are displayed for di�erent sample sizes in Table
2.4. The evolution of the coverages is displayed in Figure 2.7. The three methods
yield intervals of similar lengths. In terms of coverage, parametric and percentile
bootstrap o�er the same results. They perform better than basic bootstrap in
small samples while the picture is unclear for larger samples. The three methods
seem to slightly undercover the true value of the parameter.

Table 2.4: Lengths of the 95% bootstrap con�dence intervals for GiY,X

Basic Percentile Parametric
Sample size 40 0.1561 0.1561 0.1566

50 0.1419 0.1419 0.1420
80 0.1144 0.1144 0.1146
100 0.1040 0.1040 0.1042
160 0.0830 0.0830 0.0832
200 0.0748 0.0748 0.0750
400 0.0532 0.0532 0.0533

Finally, we turn to con�dence intervals on elements of the parameter vector θ0.
Without loss of generality, we focus on θ0,1. Results about the lengths are gathered
in Table 2.5 while the evolution of the coverages with sample size is displayed in
Figure 2.8. From these, we can conclude that the three methods yield intervals of
similar lengths but basic bootstrap seems to undercover the true parameter.

2.6 Empirical illustration

In economics, attention has often been directed to identify the main determinants
of wages. A classical starting point is the wage equation proposed by Mincer and
Polachek (1974) of the form

log(W ) = β0 + β1S + β2E + β3E
2 + ϵ, (2.6.1)

where W is the wage, S is schooling, E is professional experience and ϵ is an un-
observable error term. Focusing on these two covariates is of course restrictive and



2.6. Empirical illustration 43

0.90

0.92

0.94

100 200 300 400
Sample size

C
ov

er
ag

e Methods

Basic

Parametric

Percentile

Figure 2.7: Coverages of the 95% bootstrap con�dence intervals for GiY,X

Table 2.5: Lengths of the 95% bootstrap con�dence intervals for θ0,1

Basic Percentile Parametric
Sample size 40 0.1912 0.1912 0.1893

50 0.1630 0.1630 0.1618
80 0.1216 0.1216 0.1211
100 0.1080 0.1080 0.1075
160 0.0797 0.0797 0.0793
200 0.0698 0.0698 0.0696
400 0.0472 0.0472 0.0472

many papers went beyond this basic setup. For example, Griliches (1976) drew
attention on a bias which stems from ignoring ability while it is at the same time
expected to be in�uenced by schooling and to have an e�ect on wages. In this
section, we apply the Lorenz regression methodology on these determinants with
the objective of visualizing the inequality that they help to reproduce.

Our discussion is based on data resulting from the Young Men's Cohort of the
National Longitudinal Survey (NLS-Y), a survey started in 1966 on individuals of
ages 14-24. The excerpt we use is available in the dataset Griliches contained
in the R package Ecdat (Croissant and Graves, 2020). Besides wage, schooling
and experience, we include the following variables in our analysis: age (A), abil-
ity (IQ), marital status (MS) and degree of urbanisation of the area where the
subject lives (DU). Ability was computed as IQ scores collected in a school sur-
vey conducted in 1968. All the remaining variables were observed in 1980. The
degree of urbanisation is a dummy determining whether the individual lives in a
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Figure 2.8: Coverages of the 95% bootstrap con�dence intervals for θ1

metropolitan area. Before delving into modelling, we note that the considered wage
distribution exhibits a mean of 1000, a median of 948 and a Gini coe�cient of 0.222.

We �rst restrict the attention to schooling and experience, allowing for a quadratic
term on experience. The underlying models are presented in (2.6.2) and (2.6.3)
and are more general than Mincer and Polachek (1974) equation since they do not
impose a log link function.

E[W |S,E] = H[1]

�
θSS + θEE + θE2E2

�
, (2.6.2)

E[W |S,E] = H[2] pθSS + θEEq . (2.6.3)

Table 2.6 displays the estimated parameters, bootstrap standard deviations and

Table 2.6: Lorenz regressions for (2.6.2) and (2.6.3)

(2.6.2) (2.6.3)
Estimate Std dev CI Estimate Std dev CI

θS 0.552 0.133 [0.398;0.912] 0.786 0.055 [0.733;0.908]

θE 0.437 0.237 [-0.279;0.584] 0.214 0.055 [0.092;0.267]

θE2 -0.011 0.011 [-0.018;0.020]

95% percentile bootstrap con�dence intervals corresponding to Equations (2.6.2)
and (2.6.3). We observe that only schooling is signi�cant when a quadratic experi-
ence term is included. However, experience becomes signi�cant when the quadratic
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term is dropped. As expected, the Lorenz-R2 decreases very slightly from (2.6.2)
to (2.6.3), i.e. from 0.391 to 0.389.

As a second step, we augment our model with several control variables. In Equa-
tion (2.6.4), we introduce marital status, degree of urbanisation, age and ability,
as measured by IQ.

E[W |S,MS,DU,A,E, IQ] = H[4](θSS + θMSMS + θDUDU

+ θAA+ θEE + θIQIQ). (2.6.4)

Table 2.7 displays the output of the Lorenz regression corresponding to Equation

Table 2.7: Lorenz and log-linear regressions for (2.6.4)

Lorenz regression Log-linear regression
Estimate Standard error CI Estimate Standard error CI

Intercept / / / 4.689 0.182 [4.332;5.047]

θS 0.123 0.030 [0.086;0.206] 0.054 0.008 [0.038;0.069]

θMS 0.372 0.117 [0.034;0.490] 0.169 0.044 [0.082;0.255]

θDU 0.429 0.097 [0.344;0.686] 0.202 0.029 [0.145;0.260]

θA 0.029 0.021 [0.002;0.085] 0.014 0.005 [0.004;0.024]

θE 0.037 0.016 [0.008;0.067] 0.016 0.004 [0.008;0.024]

θIQ 0.01 0.005 [0.005;0.024] 0.004 0.001 [0.002;0.007]

(2.6.4), as well as the results of a linear regression on log-wages, using the same
covariates. Both methods o�er similar conclusions. However, the Lorenz regres-
sion provides us with further interpretations. The Lorenz-R2 is of 0.48, indicating
that we can reproduce 48% of the observed inequality with our covariates. Figure
2.9 displays the observed and explained Lorenz curves. By computing marginal
rates of substitution, we can also compare the magnitude of two coe�cients. For
example, the MRS of DU with respect to MS is of 1.153 meaning that, all other
things being equal, the degree of urbanisation has a marginal impact on wages
1.153 times more important than marital status. Also, the MRS of S with respect
to E is of 3.324, meaning that, all other things being equal, spending one more
year of schooling has three-times more impact than a further year of professional
experience.

Interestingly, our dataset contains a variable recording the individual's residency.
Namely, we know if he or she lives in a Southern or Northern state. Dividing
our dataset on the basis of this information and using model (2.6.4), we �t two
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distinct Lorenz regressions. This allows us to compare the explained Gini coe�-
cient in Northern and Southern states. Results are gathered in Table 2.8. The

Table 2.8: Lorenz regressions distinguishing between Northern and Southern states

South North South North
θS 0.212 0.097 Lorenz-R2 0.535 0.4753

θMS 0.255 0.253 xGiY 0.2517 0.2096

θDU 0.431 0.570 xGiY,X 0.1347 0.0996

θA 0.003 0.056 xGiY −xGiY,X 0.117 0.11

θE 0.094 0.011

θIQ 0.006 0.013

Gini coe�cient obtained when ranking individuals in terms of explained income is
higher in Southern states (13.47% against 9.96% in Northern states. In some sense,
this was expected since the Gini coe�cient of wages is higher in Southern states
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(25.17% against 20.96% in Northern states). Still, it is worth mentionning that
the unexplained part of inequality, i.e. the di�erence between the actual and the
explained Gini coe�cients, is rather similar between the two situations (11.17% in
Southern states against 11% in Northern states). This stems from the fact that
the model explains a larger proportion of the observed inequality in the Northern
states. Indeed, the Lorenz-R2 there is of 53.5% against 47.53% in Southern states.

Having estimated the index in Equation (2.6.4), we may estimate the link function
using the rearrangement method and compare it with an exponential �t. The latter
is obtained from a classical linear regression of log-wages on the estimated index.
More speci�cally, we assume log(W ) = α+βT +ε, where T is the estimated index,
E[ε|T ] = 0 and ε is independent from T . Denote by α̂ and β̂ the OLS estimators
of α and β. We have E[W |T ] = exp(α+ βT )E[exp(ε)]. The �rst piece is estimated
using exp(α̂ + β̂T ) while the second is estimated by the empirical mean of the
W/exp(α̂+ β̂T ) vector. As we can observe in Figure 2.10, both curves exhibit the
same behaviour.
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Figure 2.10: Nonparametric and parametric �t of the wage equation

The purpose of this empirical example was to provide a �rst illustration of the
Lorenz regression and the interpretations that can be build upon. In this case,
this methodology yields quite similar results to a linear regression on log-wages.
This provides some evidence supporting the logarithm as link function in the wage
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equation proposed by Mincer and Polachek (1974).

2.7 Discussion

The explained Gini coe�cient introduced in this chapter provides information on
the inequality of a response variable that a set of covariates helps reproducing. This
measure bene�ts from several advantages. It is straightforward to interpret as it
corresponds to the Gini coe�cient of the conditional expectation of the response
given the covariates. Also, it rests on a semiparametric single-index model, which
allows for dimension reduction without sacri�cing too much in �exibility. Finally,
only the parametric part of the model needs to be estimated. Indeed, the explained
Gini coe�cient can be obtained as the solution of a maximization programme where
the nonparametric link function does not intervene.

The inference procedure proposed in Section 2.3, called Lorenz regression, builds
on this last point. The estimator obtained for the parameter vector of the single-
index model is a special case of the monotone rank estimator of Cavanagh and
Sherman (1998) and is therefore consistent and asymptotically normal. Since its
covariance matrix can be di�cult to estimate, we suggest to produce inference using
bootstrap. We also propose a test of joint signi�cance for several covariates. The
test statistic involves the Lorenz-R2, which measures the proportion of inequality
explained by the covariates. In practice, the estimates can be numerically obtained
using a genetic algorithm. In the simulation analysis performed in Section 2.5, the
Lorenz regression performs at least as good as the proposed competitor, i.e. the
WNLS estimator of Ichimura (1993).

The situation where all covariates are discrete is problematic, both in theory and
in practice. In theory, because it breaks the identi�ability of the single-index model
and, in practice, because it induces ties in the index. Section 2.4 tackles these two
issues. The empirical CDF is replaced with a corrected version, which breaks the
ties on a random basis. This solution is compared to the mean-rank assignment.
Theoretically, we show that the explained Gini coe�cient is still identi�able and is
consistently estimated with the corrected estimation procedure.

Two drawbacks arise from the form of the maximization programme underlying
the Lorenz regression. First, it produces an estimator of the explained Gini coef-
�cient that never decreases as one keeps introducing new covariates. Performing
an estimation on many covariates may therefore lead to an overestimation of the
explained inequality. Second, the objective function being discrete, we proposed a
genetic algorithm to perform the optimization numerically. When the number of
covariates is large, the algorithm may fail to converge. The procedure introduced in
Chapter 3 tackles these problems by adapting the Lorenz regression in two ways.
First, the discrete objective function is replaced with a smooth approximation.
Second, a SCAD penalty is added to ensure sparsity.
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2.8 Proofs

Proof of Proposition 2.4

We need to show that P (F̃ (Z) ≤ q) = q for q ∈ [0, 1]. Let F−1(q) := inf{z ∈ R :
F (z) ≥ q}. Obviously, we can restrict the proof to the region included between the
�rst and last points of discontinuity of F (·). Three situations need to be covered.

(i) q is located in the middle of the jump, i.e. F (F−1(q)−) < q < F (F−1(q)).
This situation is treated �rst.

(ii) q is located at the end of the jump, i.e. F (F−1(q)) = q. This situation is
treated second.

(iii) q is located at the start of the jump, i.e. F (F−1(q)−) = q. This case can be
treated in the exact same way as (ii) and is therefore not covered.

Let us start with situation (i). We have

P (F̃ (Z) ≤ q) = P
�
F̃ (Z) ≤ F (F−1(q)−)

	
+ P

�
F (F−1(q)−) < F̃ (Z) ≤ q

	
.

Regardless of the value of V , F̃ (Z) ≤ F (F−1(q)−) occurs when Z < F−1(q).
Hence, the �rst piece boils down to F (F−1(q)−). After conditioning on Z = F−1(q)
and using the de�nition of F̃ (·), the second piece becomes

P
�
F (F−1(q)−) < F (F−1(q)−) + V rF (F−1(q))− F (F−1(q)−)s ≤ q

���Z = F−1(q)
	

× P (Z = F−1(q))

= P

�
0 < V ≤ q − F (F−1(q)−)

F (F−1(q))− F (F−1(q)−)

����Z = F−1(q)



× (F (F−1(q))− F (F−1(q)−)).

Using the independence and uniformity of V , we obtain the desired result.

We now move to situation (ii). Let z1 and z2 respectively be the �rst and sec-
ond points of discontinuity of F . Suppose z1 < F−1(q) < z2. Then, it holds
that

P (F̃ (Z) ≤ q) = P (F (Z−) + V (F (Z)− F (Z−)) ≤ q)

=

∫ z1

−∞
dF (z−) + P (F (z−1 ) ≤ F (Z−) + V (F (Z)− F (Z−)) ≤ F (z1))

+

∫ F−1(q)

z1

dF (z).
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Besides,

P (F (z−1 ) ≤ F (Z−) + V (F (Z)− F (Z−)) ≤ F (z1))

= P (F (z−1 ) ≤ F (z−1 ) + V (F (z1)− F (z−1 )) ≤ F (z1)|Z = z1)P (Z = z1)

= P (0 ≤ V ≤ 1|Z = z1)(F (z1)− F (z−1 )) = F (z1)− F (z−1 ).

Hence,

P (F̃ (Z) ≤ q) = F (z−1 ) + F (z1)− F (z−1 ) + F (F−1(q))− F (z1) = F (F−1(q)) = q.

By induction, this is true for all q such that F (F−1(q)) = q.

Proof of Proposition 2.5

We start by rewriting the objective function G̃(θ). Let (X⊺
1 , Y1)

⊺ and (X⊺
2 , Y2)

⊺ be
two i.i.d copies of (X⊺, Y )⊺. As mentioned earlier, it holds that

G̃(θ) = E[Y11{X⊺
1 θ > X⊺

2 θ}] +
1

2
E[Y11{X⊺

1 θ = X⊺
2 θ}].

Using the law of total expectation, we have

2G̃(θ) = E[H(X⊺
1 θ0)1{X

⊺
1 θ > X⊺

2 θ}] + E[H(X⊺
2 θ0)1{X

⊺
2 θ > X⊺

1 θ}]

+ E

�
H(X⊺

1 θ0) +H(X⊺
2 θ0)

2
1{X⊺

1 θ = X⊺
2 θ}

�
.

If pj := P (X = xj) and pk := P (X = xk), we have

2G̃(θ) =
∑
j,k

G̃j,k(θ)pjpk, (2.8.1)

where

G̃j,k(θ) :=

�
H(x⊺

j θ0)1{x
⊺
j θ > x⊺

kθ}+H(x⊺
kθ0)1{x

⊺
kθ > x⊺

j θ}

+
H(x⊺

j θ0) +H(x⊺
kθ0)

2
1{x⊺

j θ = x⊺
kθ}

�

We now strive to prove part (i). Consider θ in the same region as θ0. Let

I1 := {j, k : x⊺
j θ0 > x⊺

kθ0 or x⊺
kθ > x⊺

j θ}
I2 := {j, k : x⊺

j θ0 = x⊺
kθ0.

Start with {j, k} ∈ I1. Because θ is in the same region as θ0, the two param-
eter vectors yield the same ordering and Gj,k(θ) − Gj,k(θ0) = 0. Consider now
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{j, k} ∈ I1. Since x⊺
j θ0 = x⊺

kθ0, whether one chooses H(x⊺
j θ0), H(x⊺

kθ0), or the
average of the two yields the same value. Hence, we have Gj,k(θ) − Gj,k(θ0) = 0
again, which concludes the proof of the �rst part.

We now turn to the proof of part (ii). From Equation (2.8.1) and by noticing
that H(x⊺

j θ0) > H(x⊺
kθ0) whenever x

⊺
j θ0 > x⊺

kθ0, it is clear that G̃(θ) is maximized
in θ∗0 . In order to show that the maximum is unique, suppose per contra that there
exists θ∗1 ̸= θ∗0 which also maximizes G̃(θ). Then, there must exist at least one pair
(xj , xk) such that

x⊺
j θ

∗
0 > x⊺

kθ
∗
0 and x⊺

j θ
∗
1 < x⊺

kθ
∗
1 if θ∗1 ∈ {B1, . . . , Bl}, (2.8.2)

or x⊺
j θ

∗
1 = x⊺

kθ
∗
1 if θ∗1 ∈ {H1, . . . ,Hm}. (2.8.3)

Since x⊺
j θ

∗
0 > x⊺

kθ
∗
0 , we have H(x⊺

j θ
∗
0) > H(x⊺

kθ
∗
0). Let us now examine the contri-

bution of (xj , xk) to Equation (2.8.1) for θ∗0 and for θ∗1 . It consists of H(x⊺
j θ

∗
0) for

θ∗0 . For θ
∗
1 , it amounts either to H(x⊺

kθ
∗
1) in the situation described by (2.8.2), or

to
H(x⊺

j θ
∗
1 )+H(x⊺

kθ
∗
1 )

2 in (2.8.3). In any case, this contradicts the fact that G̃(θ) is
maximized in θ1.





Chapter 3

The penalized Lorenz regression

The explained Gini coe�cient is a measure of inequality of the conditional expec-
tation of a response given a vector of covariates, assuming a single-index model.
An estimator for this quantity was proposed in Chapter 2. However, it is prone to
overestimation when many covariates are included. In this chapter, we propose a
penalized bootstrap procedure which selects the relevant covariates and produces
valid inference for the explained Gini coe�cient. The obtained estimator achieves
the oracle property. Numerically, it is computed by the SCAD-FABS algorithm,
an adaptation of the FABS algorithm to the SCAD penalty. The performance of
the procedure is ensured by theoretical guarantees and assessed via Monte-Carlo
simulations. Finally, a real data example is presented. The content of this chapter
is based on the manuscripts

Alexandre Jacquemain, Cédric Heuchenne, and Eugen Pircal-
abelu. A lasso-type estimation for the lorenz regression. In the
Proceedings of the 22th European Young Statisticians Meeting,
pages 41�45, 2021.

Alexandre Jacquemain, Cédric Heuchenne, and Eugen Pircal-
abelu. A penalised bootstrap estimation procedure for the
explained Gini coe�cient, 2022a.

3.1 Introduction

Facing large micro-data covering hundreds of covariates, the Lorenz regression
methodology introduced in Chapter 2 may face several issues. First, the objective
function in Equation (2.3.2) is non-di�erentiable, which complicates the numerical
solution. A genetic algorithm was proposed in Section 2.3 but its performance may
be altered in datasets of large dimension. Another issue is over�tting. In large
datasets we might expect some covariates to be irrelevant but, at the same time,
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to bear some empirical correlation with the response. Much like the R2 in linear
regression, the estimated explained Gini coe�cient never decreases as one keeps
introducing new covariates. Facing a sparse model, where some of the elements of
θ0 are equal to 0, an estimation of the full model will lead us to overestimate the
explained Gini coe�cient.

These concerns echo the justi�cations underlying the use of penalized regressions,
introduced in Section 1.6. Indeed, these procedures provide proper inference of the
model parameters and automatic selection of the covariates, even in a situation
where the number of covariates is large. Procedures based on the SCAD penalty
ensure a strong statistical guarantee: the oracle property of the estimator. We
refer the reader to Fan and Li (2001) for the original procedure and to Lin and
Peng (2013) for an adaptation to the single-index model.

In this chapter, we present a penalized Lorenz regression combined with a pairs
bootstrap procedure. The proposed methodology presents several advantages.
First, it makes it possible to include many covariates without inducing an over-
estimation of the explained Gini coe�cient. Second, the penalization leads to
a selection of the relevant covariates. Finally, the pairs bootstrap allows us to
construct con�dence intervals for the explained Gini coe�cient without having to
estimate the link function H(·) of the single-index model, see Equation (2.1.1) for
the de�nition of the model. The proposed procedure comes with statistical and
numerical guarantees. Through the use of a SCAD penalty, the estimator achieves
the oracle property. On the numerical side, we adapt the FABS algorithm pro-
posed by Shi et al. (2018) to a SCAD penalty. Hence, we bene�t from a procedure
enjoying good theoretical properties as well as a fast and e�cient algorithm to
obtain estimates. From the viewpoint of the estimation of a single-index model,
the most obvious competitor is the penalized maximum smoothing rank correlation
(PMSRC) estimator introduced in Equation (1.6.4). Compared to this procedure,
the advantage of the penalized Lorenz regression consists in the fact that it uses
more information at the level of the response. It is therefore expected to provide
a better tradeo� between �exibility and e�ciency. This point is con�rmed by the
favourable simulation results displayed in Subsection 3.4.1.

As we already motivated in Section 2.2, the Lorenz regression methodology has
a natural application in the context of equality of opportunity. In the so-called
ex-ante utilitarian approach, constructing a measure of IOP is characterized by a
two-stage nature. First, the advantage variable is �tted in an econometric model
where the economic advantage is the response variable and circumstances are co-
variates. Second, the estimated model is used in combination with a measure of
inequality in order to evaluate the extent of IOP. Blending these two stages harmo-
niously remains an issue in the literature. A recent approach measures IOP with
the Gini coe�cient of �tted values obtained via machine learning methods, see for
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example Brunori et al. (2018). Interestingly, this method produces an automatic
selection of the relevant circumstances and does not rest on a restrictive parametric
model. However, as discussed in Escanciano and Terschuur (2022), it is prone to
lead to a biased estimation of IOP due to the absence of robustness of the Gini co-
e�cient with respect to the derivation of the �tted values. Also, the method comes
with no inferential procedure. Escanciano and Terschuur (2022) propose a debi-
ased estimator and a valid inferential procedure based on orthogonal moments. In
practice, the debiased estimator boils down to the empirical concentration index of
the economic advantage with respect to the �tted values. This discussion connects
with the chain of equations presented in Proposition 2.1. Instead of constructing
an estimator of GiY,X based on its original de�nition, i.e. Equation (2.2.1), Escan-
ciano and Terschuur (2022) propose to exploit Equation (2.2.2) so that the �tted
values are only used to rank observations. Using the assumption of the single-index
model, our estimation goes one step further since the ranking is based on the index
and the �tted values do not need to be obtained. This �nding unveils a new advan-
tage of our procedure. In the assumed single-index model, the estimated explained
Gini coe�cient corresponds to the debiased estimator proposed by Escanciano and
Terschuur (2022).

This paper is organized as follows. In Section 3.2, we present the penalized boot-
strap Lorenz regression and provide asymptotic results for the estimated param-
eter vector and for the explained Gini coe�cient. We also discuss the selection
of the regularization parameter. The SCAD-FABS algorithm is presented in Sec-
tion 3.3, along with convergence properties. Similarly to the FABS algorithm, we
show that each solution along the SCAD-FABS path is a δ-approximate solution
to the penalized programme from Equation (3.2.1). Simulation results assessing
the performance of the procedure are displayed in Section 3.4. We confront the
penalized bootstrap Lorenz regression to real data in Section 3.5 and a discussion
on the method is provided in Section 3.6. The proofs of the results exposed in this
chapter are gathered in Section 3.7.

3.2 The penalized bootstrap Lorenz regression

This section develops as follows. First, we introduce the penalized Lorenz regres-
sion programme and provide asymptotic results for the estimated parameter vector
and the explained Gini coe�cient. Second, we turn to the bootstrap procedure and
the choice of the regularization parameter.

Given n i.i.d samples (X⊺
i , Yi)

⊺
i=1,...,n, the penalized Lorenz regression solves the
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following optimization programme

θ̂ := argmax
θ,||θ||=1

{
Gn(θ)−

p∑
k=1

pλ(|θk|)

}
, (3.2.1)

where pλ(·) is a nonconcave penalty function and λ > 0 is a penalty parameter.
The non-penalized objective function is a smooth approximation of the objective
function displayed in Equation (2.3.2). It is given by

Gn(θ) :=
1

n2

n∑
i=1

n∑
j=1

YiK

�
X⊺

i θ −X⊺
j θ

h



, (3.2.2)

whereK(·) is the integral of a kernel function and h is its corresponding bandwidth.
In essence, Equation (3.2.1) is an adaptation of the programme characterizing the
penalized maximum smoothing rank correlation (PMSRC) estimator proposed by
Lin and Peng (2013) and introduced in Equation (1.6.4). The di�erence lies in the
original objective function. While the PMSRC is an adaptation of the maximum
rank correlation estimator introduced by Han (1987), our estimator is related to
the monotone rank estimator proposed by Cavanagh and Sherman (1998). In both
cases, the idea consists in combining smoothing techniques and penalization with
the double advantage of facilitating the estimation procedure and avoiding over�t-
ting.

While the main results of this section allow for a general penalty, we will de-
velop an algorithm and implement our method with the SCAD penalty, de�ned
in Equation (1.6.3). Without loss of generality, we order the covariates such that
{1, . . . , s} are active and {s+ 1, . . . , p} are non-active. Let θ0 = (θA⊺

0 , θI⊺0 )⊺ be the
unknown parameter vector. The vector θA0 is related to the s active covariates,
while θI0 = 0 corresponds to the non-active part. In Theorem 3.2, it will also be
useful to write ϑ0 = (θ0,1, . . . , θ0,s−1)

⊺, i.e. θA0 = (ϑ⊺
0 , θ0,s)

⊺.

Call f(·) the joint density of X and g(·) the density of Z = X⊺θ0. Also, denote by
FY,X(·) and FY,Z(·) the joint distribution functions of (Y,X⊺)⊺ and (Y, Z)⊺ respec-
tively. We will use the following regularity conditions in order to prove the main
results.

(RC1) X is bounded with compact support X . Also, we denote the compact support
of Z by Z.

(RC2) H(X⊺θ0) has �nite �rst and second moment and H(·) is twice continuously
di�erentiable.

(RC3) g(·) is twice continuously di�erentiable. Also, for each l = 1, . . . , p and m < l,
the joint density of (X l, Z)⊺ is four-times continuously di�erentiable and the
joint density of (X l, Xm, Z)⊺ is three-times continuously di�erentiable.
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(RC4) κ(·) is a density function with compact support [−1, 1] such that κ(−1) =
κ(1) = 0, and satisfying

∫
vlκ(v)dv = 0 for l = 1, 2 and

∫
vqκ(v)dv ̸= 0 for

some q ≥ 3. Also, κ(·) is twice continuously di�erentiable. Denote by K(·)
the CDF related to κ(·).

(RC5) nh6 → 0 and nh5(log(h−1))−1 → ∞.

(RC6) pλ(·) has piecewise continuous second derivatives and bounded third deriva-
tives.

(RC7) E[Y Fθ(X
⊺θ)] has a unique maximum with respect to θ. Also, the second

derivative of the function θ 7→ Fθ(x
⊺θ) is continuous with respect to x and θ.

(RC1)-(RC5) are standard conditions to obtain strong consistency results for a
kernel density estimator and its �rst and second derivatives, and for the numerator
of a Nadaraya-Watson estimator, as in the works of Silverman (1978), Mack and
Silverman (1982) and Mack and Müller (1989). (RC6) is necessary to perform Tay-
lor expansions of the objective function displayed in (3.2.1) and is satis�ed for the
SCAD. Finally, (RC7) is needed to ensure the local consistency of θ̂. As already
stated, the �rst part of the assumption is proven under mild conditions in Theorem
1 from Cavanagh and Sherman (1998).

Theorems 3.1 and 3.2 are adaptations of Theorems 1 and 2 from Lin and Peng
(2013) to our context. Their proofs are deferred to Subsection 3.7.1.

Theorem 3.1. Let (X⊺
i , Yi)

⊺
i=1,...,n be i.i.d random vectors satisfying Equation

(2.1.1) with H(·) strictly increasing, ||θ0||= 1, and E[Y 2
i ] < ∞. If maxk{p′′λ(|θ0,k|)} →

0 and (RC1)-(RC7) hold, then there exists a local maximizer θ̂ of Equation (3.2.1)
such that

||θ̂ − θ0||= Op(n
−1/2 + an),

where an := max{p′λ(|θ0,k|) : θ0,k ̸= 0}.

With the SCAD penalty, an = 0 with a proper choice of λ. This allows us to
obtain a

?
n-consistent estimator for the coe�cient vector θ0. This is an advantage

over the LASSO penalty, where the convergence rate is Op(n
−1/2 + λ). De�ne

b := [p′λ(|θ0,1|)sign(θ0,1), . . . , p′λ(|θ0,s−1|)sign(θ0,s−1)]
⊺ − p′λ(θ0,s)

θ0,s
ϑ0 (3.2.3)

Theorem 3.2. Let (X⊺
i , Yi)

⊺
i=1,...,n be i.i.d random vectors satisfying Equation

(2.1.1) with H(·) strictly increasing, ||θ0||= 1, θ0,s > 0 and E[Y 2
i ] < ∞. Assume

that an = 0 and

lim inf
n→∞

lim inf
x→0+

p′λ(x)/λ > 0.
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If λ → 0 and
?
nλ → ∞ as n → ∞, and (RC1)-(RC7) hold, then the

?
n-consistent

local maximizers θ̂ = (θ̂A⊺, θ̂I⊺)⊺ of Theorem 3.1, where θ̂A = (ϑ̂⊺, θ̂s)
⊺ estimates

θA0 and θ̂I estimates θI0, satisfy

1. Sparsity : P (θ̂I = 0) → 1, as n → ∞.

2. Asymptotic normality :
?
n[ϑ̂ − ϑ0 + Σ−1b]

d→ N(0,Σ−1Ω(Σ−1)⊺), where Σ
is an invertible (s − 1) × (s − 1) matrix de�ned in (3.7.11), b is a vector of
dimension s−1 de�ned in (3.2.3) and Ω is an (s−1)× (s−1) matrix de�ned
in (3.7.12).

With the SCAD penalty, as λ → 0 and in light of Equation (1.6.3), each com-
ponent of the vector b is set to 0. In that case, the penalized Lorenz regression
enjoys two major properties. The �rst is the property of sparsity, which indicates
that the estimated coe�cients attached to the non-active covariates are set to zero
with a probability tending to one. The second is the asymptotic normality of the
estimated parameter vector related to the active covariates. The convergence rate
is the same as what one would obtain with the monotone rank estimator computed
on the active set of covariates. The selection process does not lead to any loss of
e�ciency. Hence, our estimator enjoys the oracle property discussed in Section 1.6.
Finally, notice that due to the constraint ||θ̂||= 1, the last active covariate can be

viewed as a function of the others, namely θ̂s =
a
1− ϑ̂⊺ϑ̂. As a consequence, the

asymptotic normality is obtained on ϑ̂ rather than on θ̂A.

An estimator xGiY,X for the explained Gini coe�cient is obtained by plugging θ̂

into Equation (2.3.3), where θ̂ is the
?
n-consistent estimator of Theorem 3.2.

Theorem 3.3 establishes the asymptotic normality of xGiY,X . Its proof is deferred
to Subsection 3.7.1.

Theorem 3.3. Let (X⊺
i , Yi)

⊺
i=1,...,n be i.i.d random vectors with E[Yi] > 0. If

the conditions of Theorem 3.2 hold, then
?
n[xGiY,X − GiY,X ]

d→ N(0, σ2
ζ ), where

σ2
ζ := V[ζi] and ζi is de�ned in Equation (3.7.13).

As in Theorem 3.2, we achieve the same rate of convergence as an unpenalized pro-
cedure undertaken on the set of active covariates. In the penalized procedure, the
asymptotic normality and unbiasedness comes from the estimated index being itself
asymptotically normal and unbiased. This, in turn, stems from the use of an un-
biased penalty function, i.e. the SCAD. In this construction, an alternative would
be to use the debiased LASSO (Zhang and Zhang, 2014). However, a more general
comment is worth making. From Escanciano and Terschuur (2022), it appears that
we could accommodate for some bias in the estimation of the index. This is due
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to the construction of xGiY,X , that uses the index only through its ordering struc-
ture. Following this route, it would be possible to relax the requirements on the
estimation of θ0. Interestingly, one of the conditions on the estimated index would
be that the sign of the di�erence in the estimated index converges in probability
to the sign of the di�erence in the true index. Thanks to Theorem 3.1, it is easy to
show that this is satis�ed, even for the LASSO. In light of this, the LASSO is an-
other candidate to provide an unbiased estimation of the explained Gini coe�cient.

Even though the variance is di�cult to estimate in practice, the asymptotic nor-
mality of the estimated explained Gini coe�cient opens the door to a parametric
bootstrap procedure where the quantiles of the normal are used and the variance
is estimated via bootstrap. Section 3.4.2 evaluates the asymptotic normality of the
estimated explained Gini coe�cient for several sample sizes, while Section 3.4.3
compares di�erent bootstrap procedures. To anticipate slightly the discussion, the
conclusion will be that the parametric bootstrap produces the best performance.

The proposed bootstrap procedure is described in Algorithm 1. In a nutshell, the
idea consists in constructing training bootstrap resamples (X∗⊺, Y ∗)⊺ drawn with
replacement from the pairs (X⊺

i , Yi)
⊺, and validation bootstrap samples (X̃∗⊺, Ỹ ∗)⊺

corresponding to the out-of-bag (OOB) samples, i.e. the data unused in the con-
struction of the training samples. As we know from bootstrap aggregating tech-
niques, the size of the validation samples will be approximately of n

e , where e is
Euler's number. The training samples are then used to obtain samples of boot-
strap estimators for θ0 and for GiY,X on a grid of λ values. The validation samples
can then be used to determine an optimal λ. At the end of the procedure, one
has at disposal samples of bootstrap estimates xGi∗(λ) that one can use to produce
con�dence intervals.

The choice of the regularization parameter λ is of great importance. An optimal
value should strike the balance between under- and over-penalization and, hence,
between under�t and over�t of the explained Gini coe�cient. As we have just
stated, the bootstrap procedure o�ers a �rst method to select it : λOOB is the
value of λ which performs best in terms of explained Gini coe�cient in the out-
of-bag resamples. Another possibility lies in the use of a BIC-like criterion, as
proposed in Lin and Peng (2013). Formally, λBIC is obtained as the value of λ
which maximizes

BICλ := log(xGiY,X;λ)− kλ
log(n)

2n
,

where kλ is the number of covariates selected using λ. Also, we write xGiY,X;λ in
order to acknowledge the dependence of the estimated explained Gini coe�cient on
λ through θ̂. As the simulation results from Section 3.4 and the real data example
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Algorithm 1: Bootstrap procedure

Data: (X⊺,Y)⊺ ∈ Rn×(p+1)

, where X denotes the matrix of covariates and Y is the response vector.
for b = 1 to B do
Generate the training bootstrap sample (X∗⊺

b ,Y∗
b)

⊺ ∈ Rn×(p+1)

Obtain θ̂∗b (λ) by solving Equation (3.2.1) on (X∗⊺
b ,Y∗

b)
⊺ via the

SCAD-FABS algorithm from Section 3.3, using a λ sequence;
Plug θ̂∗b (λ) and (X∗⊺

b ,Y∗
b)

⊺ into Equation (2.3.3) and call the obtained

estimator xGi∗b(λ);
Generate the validation bootstrap sample (X̃

∗⊺
b , Ỹ

∗
b)

⊺ ∈ Rñb×(p+1);
Plug θ̂∗b (λ) and (X̃

∗⊺
b , Ỹ

∗
b)

⊺ into Equation (2.3.3) and call the obtained

estimator �Gi∗b(λ)
end

Obtain λOOB as the solution to maxλOOB-score(λ) := 1
B

∑B
b=1

�Gi∗b(λ);
For each λ, retrieve xGi∗(λ) := (xGi∗1(λ), . . . ,xGi∗B(λ))⊺ ∈ RB

from Section 3.5 indicate, λOOB tends to select fuller models, while λBIC favours
sparser ones. In practice, the user might decide between these two options by
balancing the OOB-scores attained at λOOB and λBIC with the simplicity of the
models that they induce.

3.3 The SCAD-FABS algorithm

The FABS has been developed by Shi et al. (2018) to solve penalized problems
with di�erentiable but typically non-convex loss functions and the adaptive LASSO
penalty. Its fundamental logic resembles the coordinate-descent algorithm of Fried-
man et al. (2007) presented in Section 1.6. It starts with a very large value for λ,
imposing full sparsity, and then allows at each step the penalty parameter to relax.
Hence, it produces a whole solution path ranging from high to low sparsity. For
each λ, the optimization problem is solved using a coordinate-descent algorithm.
To facilitate the comparison, we review the construction of the FABS algorithm in
a pure LASSO setting. Then, we introduce the SCAD-FABS algorithm and present
its convergence properties.
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3.3.1 The FABS algorithm

For a grid of penalty parameters, the FABS solves

min
θ

Q(θ) := L(θ) +

p∑
k=1

pλ(|θk|), (3.3.1)

where Q(·) is the objective function and L(·) is a general loss function. We fo-
cus here on a pure LASSO setting, where p′λ(x) = λ. An iteration in the FABS
is characterized by two actions. First, it updates only one coe�cient by a �xed
amount. Either this update is a backward step, where the magnitude of the co-
e�cient decreases. This operation is undertaken if it reduces the value of the
objective function. Otherwise, the iteration consists in a forward step, where the
magnitude of the coe�cient increases. The second action concerns the update of
the penalization parameter λt.

For a given index k, the updated coe�cient vector is of the form

θt+1 = θt − sign(θtk)1kϵ (backward step) (3.3.2)

θt+1 = θt − sign
�
∇kL(θ

t)
�
1kϵ (forward step) (3.3.3)

where θt (θt+1) represents the vector of coe�cients at iteration t (t+1), 1k denotes
the vector of size p taking value 1 at the kth component and 0 everywhere else,
ϵ is the step size of the algorithm and ∇ is the gradient vector. The fact that
a forward update, as established in Equation (3.3.3), increases the magnitude of
the coe�cient is proven in Lemma 1 in Shi et al. (2018). The index k is chosen
optimally, using a �rst-order Taylor expansion of L(θt+1) around θt. Formally, the
coordinate to be updated at (t+ 1) is determined as follows

k = argmin
l∈At

{
−∇lL(θ

t)sign(θtl )
}

(backward step)

k = argmax
l=1,...,p

|∇lL(θ
t)| (forward step)

where At := {k ∈ {1, . . . , p} : θtk ̸= 0}. Finally, λt is updated as follows

λt+1 = λt (backward step)

λt+1 = min{λt, Lt,t+1
ϵ } (forward step) (3.3.4)

where Lt,t+1
ϵ := L(θt)−L(θt+1)

ϵ . The update rule for λt generates a path of values for
the regularization parameter that is a decreasing step function. For a given value,
the algorithm minimizes the objective function by searching for the best direction.
However, at some iteration, the objective function can no longer be decreased with
this value of the regularization parameter. Hence, λt needs to make a jump, and the
process is reiterated to search for the best direction that minimizes the objective
function with this new value of the regularization parameter. Therefore, (3.3.4)
ensures that an update occurs only when the objective function can no longer be
improved using λt. Then, λt+1 is chosen such that Q(θt+1, λt+1) = Q(θt, λt+1).



62 Chapter 3. Penalized Lorenz regression

3.3.2 The SCAD-FABS algorithm

The SCAD-FABS solves the minimization problem displayed in (3.3.1) using the
SCAD penalty function. The vector θt+1 is obtained according to Equations (3.3.2)
and (3.3.3). The form of the forward and backward steps is therefore the same as
in the FABS. Also, the index k is chosen optimally, based on Taylor expansions.
In a backward step, a Taylor expansion of the objective function around θt gives

Q(θt+1) = Q(θt)−∇kQ(θt)sign(θtk)ϵ+O(ϵ2).

The index of the updated coe�cient at iteration (t+ 1) is then given by

k = argmin
l∈At

{
−∇lQ(θt)sign(θtl )

}
.

In a forward step, the Taylor expansion gives

Q(θt+1) = Q(θt)− |∇kL(θ
t)|ϵ+ p′λ(|θtk|)ϵ+O(ϵ2),

where p′λ(|θtk|) is de�ned according to Equation (1.6.3) for |θtk|> 0 and p′λ(|θtk|) is
set to λ if θtk = 0. For k /∈ At, the result is obtained with a Taylor expansion
of the loss while, for k ∈ At, the result is obtained using a Taylor expansion of
the loss and of the penalty, combined with Lemma 3.1. The index of the updated
coe�cient is obtained as

k = argmax
l=1,...,p

{
|∇lL(θ

t)|−p′λ(|θtl |)
}
.

Note that the choice of the direction di�ers from the FABS. The reason is the
following. Since the derivative of the LASSO penalty is constant, coupled with the
fact that only one coe�cient is updated by a �xed amount, the penalty part does
not play a role in the Taylor expansion of the FABS in Section 3.3.1. Using a SCAD
penalty, this no longer applies and the whole objective function must be considered.

The update rule for λt follows the same spirit as in the original FABS. An up-
date is conducted when the objective function can no longer be improved using λt,
i.e. Q(θt+1, λt) > Q(θt, λt). Consider a forward update on coe�cient k. Using a
Taylor expansion of pλt(|θt+1

k |) around |θtk|, it approximately holds

Q(θt+1, λt) > Q(θt, λt) ⇔ L(θt)− L(θt+1) < p′λt(|θtk|)ϵ.

This occurs when
λt > Lt,t+1

ϵ if |θtk|≤ λt

λt > 1
a

�
(a− 1)Lt,t+1

ϵ + |θtk|
�

if λt < |θtk|≤ aλt

Lt,t+1
ϵ < 0 if |θtk|> aλt.

(3.3.5)
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Notice that, in the last case, λt plays no role since p′λt(|θtk|) = 0 and, hence, λt

should not be updated. We now focus on the form of the update for λt. In the
event of an update, λt+1 is chosen to ensure that approximately Q(θt+1, λt+1) =
Q(θt, λt+1), which happens whenever

λt+1 = λt+1
A := Lt,t+1

ϵ if |θtk|≤ λt+1 (3.3.6)

= λt+1
B :=

1

a

�
(a− 1)Lt,t+1

ϵ + |θtk|
�

if λt+1 < |θtk|≤ aλt+1. (3.3.7)

Using Equation (3.3.6), we choose λt+1 = λt+1
A if |θtk|≤ λt+1

A . Using Equations
(3.3.6) and (3.3.7), we choose λt+1 = λt+1

B if |θtk|> λt+1
A and λt+1

B ≤ |θtk|≤ aλt+1
B .

It is easy to prove that this boils down to choosing λt+1 = max{λt+1
A , λt+1

B }. The
situation |θtk|> aλt+1

B implies Lt,t+1
ϵ < 0 and can be disregarded due to the loss

improvement check introduced in the SCAD-FABS algorithm, presented in Algo-
rithm 2. Taking our last results together with Equation (3.3.5), the update rule
for λt becomes

λt+1 =

{
min

�
max{λt+1

A , λt+1
B }, λt

�
if |θtk|≤ aλt

λt otherwise.
(3.3.8)

Algorithm 2: The SCAD-FABS algorithm

Data: (X⊺,Y)⊺ ∈ Rn×(p+1)

Initialization: start from the empty solution and compute
k = argmax

l=1,...,p
|∇lL(0)|;A0 = {k}

θ0 = −sign(∇kL(0))1kϵ

λ0 =
1

ϵ
[L(0)− L(θ0)]

Backward step: for each iteration t ≥ 1, compute
k = argmin

l∈At

{
−∇lQ(θt)sign(θtl )

}
∆k = −sign(θtk)1k

If L(θt +∆kϵ)− L(θt)− ϵp′λt(|θtk|) < 0, take a backward step. Then
θt+1 = θt +∆kϵ
λt+1 = λt

Otherwise, take a forward step.
Forward step: set Bt = {1, . . . , p} and compute

k = argmax
l∈Bt

{
|∇lL(θ

t)|−p′λ(|θtl |)
}

If L
�
θt − sign

�
∇kL(θ

t)
�
1kϵ

�
> L(θt), set Bt = Bt\{k} and return to the

computation of the index k to be updated. Otherwise, set
θt+1 = θt − sign

�
∇kL(θ

t)
�
1kϵ

λt+1 =

{
min

�
max{λt+1

A , λt+1
B }, λt

�
if |θtk|≤ aλt

λt otherwise.

Stopping rule: Update t → t+ 1, repeat the backward and forward steps and

stop when λt+1 ≤ 0 or Bt = ∅. The �nal iteration is then given by T = t.
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Notice the presence of a loss improvement check in the forward step. This step
is unnecessary in the classical FABS algorithm as proposed by Shi et al. (2018).
Indeed, an increase in the loss would imply Lt,t+1

ϵ < 0, which would cause λt+1 < 0
and the algorithm would stop. In the SCAD-FABS, updates on coe�cients whose
amplitude exceed aλt do not yield updates on λt. Hence, one needs to ensure that
these coe�cients are not updated if they yield an increase in the loss.

We use the SCAD-FABS algorithm in order to solve (3.2.1). Following Lin and
Peng (2013), we incorporate the constraint ||θ||= 1 by considering the Lagrangian
function related to our problem. The loss function is thus given by

L(θ) = −Gn(θ) + γ

p∑
k=1

θ2k. (3.3.9)

We then apply the SCAD-FABS with a = 3.7, as suggested by Fan and Li (2001),
and γ = 0.05 throughout the paper. Extensive simulations in Section 3.4 have
shown that these values worked well in practice. We close this section by reviewing
the properties of the SCAD-FABS algorithm.

3.3.3 Properties of the SCAD-FABS algorithm

Throughout this section, we assume that L(·) has bounded second-order deriva-
tives. The proofs of the following results are deferred to Subsection 3.7.2. Lemma
3.1 indicates that a forward step always increases the amplitude of the updated
coe�cient. As long as no backward step is taken, the solution path is therefore
monotone.

Lemma 3.1. Let θtk with k ∈ At be updated via a forward step. Then, θt+1
k =

θtk + sign(θtk)ϵ, i.e. sign(∇kL(θ
t)) = −sign(θtk).

The SCAD-FABS exploits the di�erentiability of the loss and penalty functions
through Taylor expansions. As such, it produces approximation errors. Lemmas
3.6, 3.7 and 3.8, presented in Subsection 3.7.2, show that the approximation error is
of order O(ϵ2), where we remind the reader that ϵ is the step size of the algorithm.
Proposition 3.1 implies that the objective function never increases from t to t+ 1,
up to an approximation error of order ϵ2. This stems from the fact that λt is
updated whenever it becomes impossible to improve the score further with that
value of the regularization parameter.

Proposition 3.1. The SCAD-FABS algorithm ensures that, for all t, Q(θt+1, λt+1) ≤
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Q(θt, λt). More precisely, if k is the index of the updated coe�cient, then it holds

Q(θt+1, λt+1) < Q(θt, λt)− dtkϵ
2

2(a− 1)
(backward step)

Q(θt+1, λt+1) ≤ Q(θt, λt)− ctkϵ
2

2(a− 1)
, (forward step)

where dtk and ctk ∈ [0, 1].

In the remaining of this section, we show that the SCAD-FABS enjoys the same δ-
optimality property as the FABS. A candidate is called a δ-approximate solution if
it satis�es the KKT conditions associated to the constrained optimization problem,
up to a tolerance δ. We adapt the de�nition introduced by Shi et al. (2018) to the
SCAD penalty. The parameter vector θ = (θ1, . . . , θp)

⊺ is called a δ-approximate
solution with regularization parameter λ if the following two conditions are met

|∇lQ(θ, λ)| ≤ δ if θl ̸= 0

|∇lL(θ)| ≤ p′λ(|θl|) + δ if θl = 0.

In what follows, the path refers to the collection of iterations {t = 1, . . . , T : λt+1 <
λt}, where T is the last iteration.

Theorem 3.4. Every solution θt, with t = 1, . . . , T , along the SCAD-FABS path
is a δ-approximate solution with regularization parameter λt and δ = mϵ, where m
is the upper bound of the second-order derivatives of L(·).

Theorem 3.4 shows that any point along the SCAD-FABS path is a δ-approximate
solution, with δ proportional to the step size ϵ. The SCAD-FABS algorithm enjoys
therefore the same optimality condition as the FABS. As ϵ → 0, the KKT conditions
are recovered and each point along the path converges to a stationary point of
(3.3.1).

3.4 Monte-Carlo simulations

In this section, we evaluate the performance of the penalized Lorenz regression
combined with the proposed bootstrap procedure by means of Monte-Carlo simu-
lations. As a �rst step, we focus on the quality of the estimation of the explained
Gini coe�cient and the performance of the model selection. Then, we evaluate the
consistency and asymptotic normality of the estimated explained Gini coe�cient.
Finally, we turn to the coverage of the con�dence intervals.
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Throughout the simulations, we will use the following DGP

Yi = Q(Fθ0(X
⊺
i θ0))ϵi,

where i = 1 . . . , n and ||θ0||= 1. Q(·) is the quantile function of the lognormal
distribution, with parameters tailored to ensure an expected value of 2400 and an
explained Gini coe�cient of 0.11. This choice is justi�ed by the popular use of
the lognormal distribution in empirical work concerning income distributions, see
Cowell and Flachaire (2015). Two scenarios are considered for the distribution
of X. In a �rst case, X follows a multivariate normal distribution with mean 0,
unit variance and a correlation matrix following an AR(1) process with correlation
parameter ρ = 0.3. In a second case, X follows a multivariate Student distribution
with 3 degrees of freedom, mean 0, variance of 3 and the same correlation matrix
as before. The variable ϵi is a lognormal noise with mean 1 and a variance set to
ensure that V[Yi]/V[H(X⊺

i θ0)] = 3/2. Concerning the kernel, we use

K(u) =


0 if u < −1
9
8u− 5

8u
3 + 1

2 if u ∈ [−1, 1]

1 if u > 1,

and set the bandwidth to h = Cn−1/5.5. The constant C is chosen from the grid
(0.2, 0.5, 1, 2, 5) as the value that maximizes the OOB-score (bootstrap procedure)
or that maximizes the BIC criterion (BIC procedure).

We consider two setups. The �rst is low-dimensional with n = 100 and p = 20
(Setup 1) while the second is high-dimensional with n = 100 and p = 120 (Setup
2). In both cases, 5 of the covariates are active and the parameter vector is
θ0 = (−

?
3
5 , 3

5 , 0, 0,−
?
7
5 , 1

5 ,
?
5
5 , 0⊺)⊺, where 0⊺ is a vector of zeroes of size 13 in

Setup 1 and of size 113 in Setup 2. Unless speci�ed otherwise, we sample M = 400
di�erent datasets from the proposed DGPs and, for each simulation run, B = 400
bootstrap resamples are used.

3.4.1 Comparison with competitors

We start by examining the performance of the penalized bootstrap Lorenz regres-
sion in terms of estimation and model selection. The regularization parameter λ
and the bandwidth h are either selected using the BIC-like criterion or the boot-
strap procedure. We denote the results as SCAD-FABS (BIC) and SCAD-FABS
(Bootstrap) accordingly. Our competitor is the PMSRC estimator, obtained via
the procedure proposed by Lin and Peng (2013), denoted as PMSRC (LP) or com-
puted using the FABS algorithm of Shi et al. (2018), denoted as PMSRC (FABS).
In both cases, the optimal regularization parameter is obtained via the BIC-like
criterion proposed by Lin and Peng (2013).
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Table 3.1: Estimation quality

Setup 1 Setup 2
Normal Student Normal Student

RMSE.Gini expressed in %

PMSRC (LP) 1.39 1.62 1.56 2.02
PMSRC (FABS) 1.12 1.25 1.28 1.58

SCAD-FABS (Bootstrap) 1.07 1.09 1.18 1.34
SCAD-FABS (BIC) 1.09 1.15 1.04 1.13

Distance.θ

PMSRC (LP) 0.39 0.42 0.48 0.53
PMSRC (FABS) 0.28 0.31 0.40 0.45

SCAD-FABS (Bootstrap) 0.25 0.29 0.37 0.43
SCAD-FABS (BIC) 0.25 0.28 0.32 0.39

The estimation quality is evaluated by the square-root of MSE.Gini, where the
latter criterion is de�ned in Equation (2.5.1). We also use the mean L2-distance
between the estimated parameter vector and the true parameter vector, as de�ned
by Distance.θ in Equation (2.5.2). These quantities were estimated with M simu-
lation runs. In order to assess the performance of the model selection, we examine
the number of correctly selected zero and nonzero coe�cients.

As we can observe from Table 3.1, our procedure o�ers performances at least as
good as the competitors. In Setup 1, the best results are o�ered by the bootstrap
procedure. In Setup 2, the BIC-like criterion seems to perform slightly better. In
both cases, the worst performer is the PMSRC estimator obtained with the proce-
dure of Lin and Peng (2013). The two metrics provide similar conclusions.

Table 3.2 displays the number of correctly selected zero and nonzero coe�cients.
As to be expected, the bootstrap procedure is the best in terms of correctly se-
lecting the non-zero coe�cients. However, the procedures relying on BIC criteria
perform better in terms of identi�cation of the zero coe�cients.

3.4.2 Consistency and asymptotic normality

In what follows, we provide an assessment of the consistency and asymptotic nor-
mality of the estimated explained Gini coe�cient, using the SCAD-FABS on Setup
1 with multivariate normal covariates. These results were obtained usingM = 2000
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Table 3.2: Number of correctly selected zeroes and nonzeroes

Normal Student
Nonzeroes Zeroes Nonzeroes Zeroes

Setup 1 5 15 5 15

PMSRC (LP) 3.83 14.68 3.70 14.59
PMSRC (FABS) 4.38 14.23 4.33 14.10

SCAD-FABS (Bootstrap) 4.86 10.92 4.76 10.59
SCAD-FABS (BIC) 4.35 14.83 4.36 14.66

Setup 2 5 115 5 115

PMSRC (LP) 3.30 114.30 3.11 114.21
PMSRC (FABS) 3.72 114.24 3.54 114.02

SCAD-FABS (Bootstrap) 4.46 105.26 4.23 105.63
SCAD-FABS (BIC) 4.20 114.44 4.12 113.84

datasets from the proposed DGP. Figure 3.1 displays the performance of the BIC
and bootstrap procedures for sample sizes ranging from 50 to 1000. On the left
side of the �gure, we observe that, when the sample size increases, both procedures
tend to identify correctly both the active and non-active sets. It also con�rms
that the BIC criterion yields the best performance for the identi�cation of the zero
coe�cients. On the other hand, the bootstrap procedure is the best at correctly
identifying the active set. Concerning the explained Gini coe�cient, the right hand
side of the �gure indicates that both procedures yield a consistent estimator and
follow very close trajectories in terms of mean squared error.
Figure 3.2 assesses the normality of the estimated explained Gini coe�cient ob-
tained on samples of size 1000. The qqplot on the left indicates that most quan-
tiles of xGiY,X follow the quantiles of a Normal distribution. We observe however
some deviations for the largest quantiles, indicating that the distribution is slightly
right-skewed. The histogram on the right is centred at 0.11, the true value of the
explained Gini coe�cient, and decays in a bell shaped way, as expected.

3.4.3 Coverages of the con�dence intervals

We construct 95%-con�dence intervals for the explained Gini coe�cient using the
bootstrap methods introduced in Section 2.3. As in the last section, we �rst fo-
cus on Setup 1 with multivariate normal covariates and perform our simulations
on M = 2000 di�erent datasets. We display results using the bootstrap and BIC
procedures. The quality of the con�dence intervals is assessed in terms of their
lengths and coverages.
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Figure 3.1: Consistency of the SCAD-FABS on Setup 1

Figure 3.3 displays the evolution of the coverages and lengths for di�erent sample
sizes. Solid lines refer to BIC while dashed lines correspond to the bootstrap proce-
dure. Several observations are worth making. With low sample sizes, all con�dence
intervals undercover the true parameter. However, the coverages converge to the
target level of 95% as the sample size increases. In terms of types of bootstrap,
a clear ranking emerges. The basic bootstrap performs the worst. The percentile
bootstrap comes second while the parametric bootstrap provides the best perfor-
mance. Finally, BIC yields slightly wider con�dence intervals with better coverages
while the contrary goes for the bootstrap procedure.

We now consider results obtained on Setup 2, with multivariate normal covari-
ates and a sample size of 100. Table 3.3 gathers the results of 95% parametric
bootstrap con�dence intervals for GiY,X . The �rst line displays the coverage of
the con�dence interval. As before, we observe a better performance of the BIC
procedure. The second line shows the proportion of times the explained Gini co-
e�cient is smaller than the whole con�dence interval. In this respect, the BIC
procedure performs the best. The third line shows the proportion of times it is
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Figure 3.2: Asymptotic Normality of the SCAD-FABS on Setup 1, sample of size
1000

higher than the con�dence interval. Here, the bootstrap procedure yields the best
performance. This di�erence illustrates the idea that the BIC-like criterion favours
sparser models and, hence, will tend to underestimate. On the other hand, the
bootstrap procedure will tend to overestimate because it will select fuller models.
The �nal line displays the length of the intervals. As before, BIC leads to wider
con�dence intervals.

3.5 Empirical illustration

Our discussion is based on the Griliches dataset introduced in Section 2.6. We
recall that the response is wage and we include the following covariates: schooling
(Schooling), experience (Exp), age (Age), ability (IQ), marital status (Married),
degree of urbanisation (Urban) and a dummy indicating whether the individual
lives in a Southern State (South). Some descriptive statistics were already given
in Section 2.6. We recall that the Gini coe�cient of wage is of 22%. The concen-
tration indices of wage with respect to age, schooling, experience and ability are
respectively of 4.34%, 7.21%, 0.71% and 6.14%.

We run a penalized bootstrap Lorenz regression including all the covariates as well
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Figure 3.3: Coverages and Lengths of con�dence intervals for GiY,X on Setup 1

as the interactions between the binary and the numeric ones. We let the procedure
select the variables to include in the �nal model. In essence, it does so by balancing
the complexity of the model with the extra amount of explained inequality that a
deshrink in the coe�cient would bring. Figure 3.4 plots the trace of the algorithm,
with the value C selected by the bootstrap procedure, as in Section 3.4. The hori-
zontal axis displays the evolution of the penalty parameter (in terms of − log(λ)),
while each line corresponds to the value taken by a given coe�cient. At any time,
the vector of coe�cients is normalized in order to have a unit L2-norm. When
the algorithm starts, penalization is the highest and schooling is the �rst covariate
to enter the model. This makes sense since, as we have seen, this is the variable
for which we observe the highest concentration index. As the algorithm proceeds,
new variables enter the model but they may also shrink back to 0. We observe
this phenomenon for variable South for example. Figure 3.5 plots the evolution of
the estimated explained Gini coe�cient. At the beginning of the algorithm, it is
equal to 7.21% and coincides with the concentration index of income with respect
to schooling. As sparsity reduces and new variables enter the model, the estimated
explained Gini coe�cient increases to reach 10.7% at the end of the algorithm.
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Table 3.3: Results of 95% parametric bootstrap con�dence intervals for GiY,X ,
Setup 2 and sample size of 100

Bootstrap BIC

GiY,X ∈ CI 91 95
GiY,X < CI 7.25 0.50
GiY,X > CI 1.75 4.50

Length 4.02 4.55
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Figure 3.4: Trace plot of the SCAD-FABS on the Griliches data

We now compare the model �ts obtained with the BIC and bootstrap procedures.
Using the BIC-like criterion, 11 variables are included : Age (as well as interaction
with South), Schooling (as well as interactions with South, Urban and Married),
Exp (as well as interaction with South andMarried) and IQ (as well as interaction
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Figure 3.5: Estimated explained Gini coe�cient along the SCAD-FABS on the
Griliches data

with South). With the bootstrap procedure, 13 variables are selected. Compared to
the BIC procedure, the interaction between IQ and South is not selected. Three
extra covariates are selected: Urban (including interaction with IQ and Exp).
Table 3.4 summarizes the model �ts associated to each selection procedure. The
results are extremely similar, with an estimated explained Gini coe�cient of 10.7%
and a 95% con�dence interval around [9.2%, 12.2%].

3.6 Discussion

The penalized Lorenz regression is proposed as a method to produce estimation and
inference for the explained Gini coe�cient in a high-dimensional setting. Several
features make it a suitable choice. First, it shares the good properties of the Lorenz
regression developed in Chapter 2. The statistical model underlying the procedure
is a single-index and is therefore more �exible than fully parametric models. Also,
the link function H(·), which corresponds to the nonparametric part of the model,
does not need to be estimated.

Second, the penalized Lorenz regression provides some improvements to the
original procedure. The addition of a SCAD penalty ensures that irrelevant co-
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Table 3.4: Estimated explained Gini coe�cient and OOB-score

λOOB λBIC

xGiY,X 10.702% 10.701%
OOB-score 9.90% 9.88%

Parametric Bootstrap 95% CI [9.20%, 12.21%] [9.15%, 12.25%]

variates are discarded with a probability tending to one and avoids to overestimate
the explained Gini coe�cient. The presence of a di�erentiable approximation in
the objective function allows the use of the SCAD-FABS algorithm, for which con-
vergence properties are established. The procedure also enjoys strong statistical
guarantees. It yields an asymptotically normal estimator for the explained Gini
coe�cient, with a convergence rate una�ected by the selection process. The in-
ference for the explained Gini coe�cient and the selection of the regularization
parameter can be dealt with in a single bootstrap procedure. In the simulations,
the procedure proved to be at least as good as the proposed competitors.

What is missing is an assessment of the contribution of each covariate to the
explained Gini coe�cient. The estimated parameter vector θ̂ provides such a con-
tribution but it has no direct interpretation in terms of inequality. Also, it is com-
puted on the full model only and therefore measures a contribution of one covariate
given the others. A procedure based on the so-called Shapley Value decomposition
is proposed in Chapter 4 in order to �ll this gap.

3.7 Proofs

3.7.1 Asymptotic properties of the penalized Lorenz regres-

sion

We provide the proofs of Theorems 3.1, 3.2 and 3.3. We also state and prove some
technical results related to the asymptotic properties of the penalized Lorenz re-
gression.

We rewrite Equation (3.2.2) as

Gn(θ) =
1

n

n∑
i=1

YiF̂θ(X
⊺
i θ),

where

F̂θ(t) :=
1

n

n∑
i=1

K

�
t−X⊺

i θ

h



.
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In what follows, for any function φθ(y), denote∇θ0φθ(y) = [∂φθ(y)/∂θ1, . . . , ∂φθ(y)/∂θp]
⊺|θ=θ0 .

Also,∇2
θ0
φθ(y) is a [p×p]matrix whose [k, l] element is given by [∂2φθ(y)/∂θk∂θl]|θ=θ0 .

Lemma 3.2. Assume (RC1)-(RC4). Then, for any 0 < δ < 1,

sup
z∈Z

|F̂θ0(z)− Fθ0(z)| = op(1) (3.7.1)

sup
z∈Z

|F̂ ′
θ0(z)− F ′

θ0(z)| = op(1) (3.7.2)

sup
z,z′∈Z

|F̂ ′
θ0
(z)− F ′

θ0
(z)− F̂ ′

θ0
(z′) + F ′

θ0
(z′)|

|z − z′|δ
= Op(1). (3.7.3)

Proof. Relations (3.7.1) and (3.7.2) are direct consequences of Theorem 3 in Yam-
ato (1973) and Theorem A in Silverman (1978) respectively. Hence, we focus on
proving (3.7.3). Let dn(z) := F̂θ0(z)−Fθ0(z) and βn(z, z

′) := (d′n(z)−d′n(z
′))/|z−

z′|δ. We have that d′n(z) − d′n(z
′) = (z − z′)d′′n(z

∗) for some z∗ between z and z′.
Hence, it holds

|βn(z, z
′)| ≤ |z − z′|1−δsup

z∈Z
|d′′n(z)|

≤ C sup
z∈Z

|d′′n(z)|,

for some constant C. The supremum above is Op(1) by Theorem C in Silverman
(1978). This �nishes the proof.

Proposition 3.2. Assume (RC1)-(RC4). Then,

1

n

n∑
i=1

{
YiF̂θ0(Zi)− YiFθ0(Zi)− E[Y F̂θ0(Z)|Xn] + E[Y Fθ0(Z)]

}
= op(n

−1/2),

where Xn = {(X⊺
i , Yi)

⊺, i = 1, . . . , n} and Zi = X⊺
i θ0.

Proof. We are going to use Lemma 19.24 from van der Vaart (1998), with

f̂n : (y, z) 7→ yF̂θ0(z) = ydn(z) + yFθ0(z)

f0 : (y, z) 7→ yFθ0(z),

where dn(z) := F̂θ0(z)− Fθ0(z). De�ne the class

F = {(z, y) → y[d(z) + Fθ0(z)], d ∈ C1+δ
1 (Z)},

where C1+δ
1 (Z) is the class of di�erentiable functions d de�ned on Z satisfying

||d||1+δ≤ 1, where ||d||1+δ= max{supz|d(z)|, supz|d′(z)|}+supz,z′ |d′(z)−d′(z′)|/|z−
z′|δ. From Lemma 3.2, we have that P (dn ∈ C1+δ

1 (Z)) → 1 as n → ∞. We start
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by showing that F is Donsker. From Theorem 19.5 in van der Vaart (1998), this
reduces to showing that∫ 1

0

b
logN[](ϵ,F , ||·||PY,Z

)dϵ < ∞, (3.7.4)

where N[] is the bracketing number, PY,Z is the probability measure related to
FY,Z and ||·||PY,Z

denotes the L2(PY,Z)-norm. By Corollary 2.7.2 in van der Vaart
and Wellner (1996), O(exp(ϵ−2/(1+δ))) brackets are needed for d(z). Hence, the
bracketing entropies logN[](ϵ,F , ||·||PY,Z

) are growing with order slower than ϵ−2.
Hence, (3.7.4) holds and F is Donsker. To be able to use Lemma 19.24 from van
der Vaart (1998), it remains to show that∫ ∫

y2[F̂θ0(z)− Fθ0(z)]
2dFY,Z(y, z) = op(1).

This is a direct consequence of Lemma 3.2 and E[Y 2] < ∞.

Proposition 3.3. Assume (RC1)-(RC4). Then,

1

n

n∑
i=1

YiF̂θ0(Zi) =
1

n

n∑
i=1

{
YiFθ0(Zi) +

∫ ∫
yη(Zi, z)dFY,Z(y, z)

}
+ op(n

−1/2),

with η(Zi, z) = K((z − Zi)/h)− Fθ0(z). Also, E[η(Zi, z)] = O(h3).

Proof. Using Proposition 3.2, we have

1

n

n∑
i=1

YiF̂θ0(Zi) =
1

n

n∑
i=1

YiFθ0(Zi) + ErY [F̂θ0(Z)− Fθ0(Z)]|Xns+ op(n
−1/2).

Also, we can write

ErY [F̂θ0(Z)− Fθ0(Z)]|Xns = 1

n

n∑
i=1

∫ ∫
yη(Zi, z)dFY,Z(y, z),

To �nish the proof, we show that E[η(Zi, z)] = O(h3). Let Z = [z1, z2], we have

E
�
K

�
z − Zi

h


�
=

∫ z2

z1

K

�
z − t

h



dFθ0(t)

=

�
K

�
z − t

h



Fθ0(t)

�z2
z1

+

∫ z2

z1

1

h
κ

�
z − t

h



Fθ0(t)dt

= K

�
z − z2

h



+

∫ z+h

z−h

1

h
κ

�
t− z

h



Fθ0(t)dt−

�
1−K

�
z2 − z

h


�
=

∫ 1

−1

κ(u)Fθ0(z + hu)du

= Fθ0(z) +O(h3),
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where the last equality comes from a Taylor expansion of Fθ0(z + hu) around z.
This closes the proof.

De�ne next

ĝ(z) :=
1

nh

n∑
i=1

κ

�
z − Zi

h




r̂(z) :=
1

nh

n∑
i=1

κ

�
z − Zi

h



X⊺

i .

Hence, ĝ(z) is a kernel density estimator of g(z) and r̂(z) is an estimator of r(z) :=
g(z)E[X|Z = z]⊺. Let r̂k(z) denote the kth component of the vector r̂(z), r̂k(z)
then corresponds to the numerator of a Nadaraya-Watson estimator of Xk on Z.
These objects will play a role in the asymptotic representation of ∇Gn(θ0). Indeed,
we can write

D̂(x, x⊺θ0) := ∇θ0 F̂θ(x
⊺θ) = xĝ(x⊺θ0)− r̂(x⊺θ0)

D(x, x⊺θ0) := ∇θ0Fθ(x
⊺θ) = xg(x⊺θ0)− r(x⊺θ0).

Notice that supz∈Z |ĝ(z)− g(z)| = op(1) by (3.7.2).

Lemma 3.3. Assume (RC1)-(RC4). Then, for any 0 < δ < 1,

sup
z∈Z

|ĝ′(z)− g′(z)| = op(1) (3.7.5)

sup
z,z′∈Z

|ĝ′(z)− g′(z)− ĝ′(z′) + g′(z′)|
|z − z′|δ

= Op(1) (3.7.6)

Proof. Relation (3.7.5) is proven in Theorem C from Silverman (1978). The proof
of (3.7.6) follows that of (3.7.3) and uses again Theorem C from Silverman (1978),
applied to the second derivative of ĝ(z).

Lemma 3.4. Assume (RC1)-(RC4). Then, for any 0 < δ < 1,

sup
z∈Z

|r̂(z)− r(z)| = op(1) (3.7.7)

sup
z∈Z

|r̂′(z)− r′(z)| = op(1) (3.7.8)

sup
z,z′∈Z

|r̂′(z)− r′(z)− r̂′(z′) + r′(z′)|
|z − z′|δ

= Op(1) (3.7.9)

Proof. We start with the proof of (3.7.7). Write |r̂(z)−r(z)|≤ |r̂(z)−E[r̂(z)]|+|E[r̂(z)]−
r(z)|. Using Proposition 4 fromMack and Silverman (1982), we have that supz∈Z |r̂(z)−
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E[r̂(z)]|= op(1). Also,

E[r̂(z)] =
1

h
E
�
κ

�
z − Z

h



X

�
=

1

h

∫ z2

z1

κ

�
z − t

h



E[X|Z = t]g(t)dt

=
1

h

∫ z+h

z−h

κ

�
t− z

h



r(t)dt

=

∫ 1

−1

κ(u)r(z + hu)du

= r(z) +O(h3),

where the last step uses a Taylor expansion of r(z + hu) around z and the fact
that r(·) is three times continuously di�erentiable. This closes the proof of (3.7.7).
The same structure can be applied to the proof of (3.7.8). First, supz∈Z |r̂′(z) −
E[r̂′(z)]|= op(1) follows as a special case of Theorem 2 from Mack and Müller
(1989). Then,

E[r̂′(z)] =
1

h

∫ 1

−1

κ′(u)r(z + hu)du

=

∫ 1

−1

κ(u)r′(z + hu)du

= r′(z) +O(h3)

where the second equality uses integration by parts and the fact that κ(−1) =
κ(1) = 0. The last equality is obtained using a Taylor expansion of r′(z + hu)
around z and the fact that r(·) is four times continuously di�erentiable. This
�nishes the proof of (3.7.8). The proof of (3.7.9) follows that of (3.7.3) and uses
again Theorem 2 from Mack and Müller (1989), applied to the second derivative
of r̂(z).

Proposition 3.4. Assume (RC1)-(RC4). Then,

1

n

n∑
i=1

{
YiD̂(Xi, Zi)− YiD(Xi, Zi)− E[Y D̂(X,Z)|Xn] + E[Y D(X,Z)]

}
= op(n

−1/2).

Proof. As in the proof of Proposition 3.2, we use Lemma 19.24 from van der Vaart
(1998), now with

f̂n : (x, z, y) 7→ yD̂(x, z) = y[xd1n(z) + d2n(z)] + yD(x, z)

f0 : (x, z, y) 7→ yD(x, z),
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where d1n(z) := ĝ(z)− g(z) and d2n(z) := r̂(z)− r(z). De�ne the class

F := {(x, z, y) → y[xd1(z) + d2(z) +D(x, z)], (d1, d2) ∈ C1+δ
1 (Z)}.

From Lemmas 3.2, 3.3 and 3.4, we have that P (d1n ∈ C1+δ
1 (Z)) → 1 and P (d2n ∈

C1+δ
1 (Z)) → 1 as n → ∞. With this in mind, the proof that F is Donsker is the

same as in Proposition 3.2. It remains to show that∫ ∫
y2[xd1n(x

⊺θ0) + d2n(x
⊺θ0)]

2dFY,X(y, x) = op(1).

This is a direct consequence of Lemmas 3.3, 3.4, and the fact that E[Y 2] < ∞.

Proposition 3.5. Assume (RC1)-(RC4). Then,

1

n

n∑
i=1

YiD̂(Xi, Zi) =
1

n

n∑
i=1

{
YiD(Xi, Zi) +

∫ ∫
yη1(Xi, x)dFY,X(y, x)

}
+ op(n

−1/2),

with

η1(Xi, x) :=
x

h
κ

�
x⊺θ0 −X⊺

i θ0
h



− Xi

h
κ

�
x⊺θ0 −X⊺

i θ0
h



−D(x, x⊺θ0).

Also, E[η1(Xi, x)] = O(h3).

Proof. Using Proposition 3.4, we have

1

n

n∑
i=1

YiD̂(Xi, Zi) =
1

n

n∑
i=1

YiD(Xi, Zi) + ErY [D̂(X,Z)−D(X,Z)]|Xns+ op(n
−1/2).

The expectation above can be written as

1

n

n∑
i=1

∫ ∫
yη1(Xi, x)dFY,X(y, x).

Hence, E[η1(Xi, x)] = x⊺E[ĝ(x⊺θ0)]−E[r̂(x⊺θ0)]−D(x, x⊺θ0). By Taylor expansions
similar to that operated in the proof of Lemma 3.4, we have E[ĝ(z)] = g(z)+O(h3)
and E[r̂(z)] = r(z) +O(h3). This implies that E[η1(Xi, x)] = O(h3) and closes the
proof.

Denote by D̂2(x, x⊺θ0) := ∇2
θ0
F̂θ(x

⊺θ) and by D2(x, x⊺θ0) := ∇2
θ0
Fθ(x

⊺θ).

Proposition 3.6. Assume (RC1)-(RC4). If E[Y 2] < ∞, then it holds that

1

n

n∑
i=1

YiD̂
2(Xi, Zi)− E[Y D2(X,Z)] = op(1). (3.7.10)
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Proof. The left-hand side of (3.7.10) can be rewritten as

1

n

n∑
i=1

{YiD
2(Xi, Zi)− E[Y D2(X,Z)]}+ 1

n

n∑
i=1

Yi[D̂
2(Xi, Zi)−D2(Xi, Zi)].

The �rst term is op(1) by the weak law of large numbers since E[|Y D2(X,Z)|] < ∞.
We now focus on the second term. By Markov's inequality, it is su�cient to show
that

E
����� 1n

n∑
i=1

Yi[D̂
2(Xi, Zi)−D2(Xi, Zi)]

�����→ 0,

as n → ∞. Since E[Y 2] < ∞, it is enough to show that

sup
x∈X

|D̂2(x, x⊺θ0)−D2(x, x⊺θ0)|= op(1).

Notice that

D̂2(x, x⊺θ0) =
1

nh2

n∑
i=1

κ′
�
x⊺θ0 −X⊺

i θ0
h



[x−Xi][x−Xi]

⊺.

The [k, l] element of this matrix can be decomposed into xkxlĝ′(x⊺θ0)−xkr̂′l(x
⊺θ0)−

xlr̂′k(x
⊺θ0) + m̂′

kl(x
⊺θ0), where

m̂kl(z) :=
1

nh

n∑
i=1

κ

�
z − Zi

h



Xk

i X
l
i .

Similarly, we can decompose the [k, l] element of D2(x, x⊺θ0) into xkxlg′(x⊺θ0) −
xkr′l(x

⊺θ0)− xlr′k(x
⊺θ0) +m′

kl(x
⊺θ0), where

mkl(z) := g(z)E[XkX l|Z = z].

Using Lemmas 3.3 and 3.4, we are left with showing that supz∈Z |m̂′
kl(z)−m′

kl(z)|=
op(1) for any k, l, which is proven in the same way as (3.7.8). This closes the
proof.

Proof of Theorem 3.1

Let αn := 1/
?
n+an and Jn(θ) := Gn(θ)−

∑p
k=1 pλ(|θk|). Following Lin and Peng

(2013), we show that for any given ϵ > 0, there exists a constant C such that

P

�
sup

||u||=1,u⊺θ0=0

Jn

�
(1− C2α2

n)
1/2θ0 + Cαnu

	
< Jn(θ0)

�
≥ 1− ϵ.
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Let θ∗ := (1 − C2α2
n)

1/2θ0 + Cαnu. Since pλ(|θ0,k|) = 0 for k ∈ {s + 1, . . . , d}, it
holds

Jn(θ
∗)− Jn(θ0) ≤ Gn(θ

∗)−Gn(θ0)−
s∑

k=1

�
pλ(|θ∗k|)− pλ(|θ0,k|)

�
.

After Taylor expansions of Gn(θ
∗) around θ0 and of pλ(|θ∗k|) around |θ0,k|, we have

Jn(θ
∗)− Jn(θ0) ≤ I1 + I2 + I3,

with

I1 = r∇Gn(θ0)s⊺[θ∗ − θ0]

I2 =
1

2
[θ∗ − θ0]

⊺∇2Gn(θ0)[θ
∗ − θ0][1 + op(1)]

I3 = −
s∑

k=1

�
p′λ(|θ0,k|)sign(θ0,k)[θ∗k − θ0,k] +

1

2
p′′λ(|θ0,k|)[θ∗k − θ0,k]

2[1 + o(1)]
�
.

We �rst focus on I1. Using Proposition 3.5, the weak law of large numbers and
E[|Y D2(X,Z)|] < ∞, we have that ∇Gn(θ0) = Op(n

−1/2). Using the de�nition
of θ∗ and a Taylor expansion of (1 − C2α2

n)
1
2 around 1, we conclude that I1 =

Op(Cαn/
?
n). Let us now consider I2. Using Proposition 3.6, ∇2Gn(θ0) = Op(1).

Hence, I2 = Op(C
2α2

n). Finally, I3 is bounded above by

sαnCan + sα2
nC

2 max{|p′′λ(|θ0,k|)|: θ0,k ̸= 0}.

Hence, choosing a su�ciently large C, I2 is the dominating term. The fact that it
is asymptotically negative stems from (RC7).

Proof of Theorem 3.2

Take any θA such that ||θA−θA0 ||= Op(1/
?
n) and ||θA||= 1, and take any constant

C. We show that

Jn((θ
A⊺, 0⊺)⊺) = max

||θI ||≤C/
?
n
Jn((θ

A⊺, θI⊺)⊺).

It is su�cient to show that for some small ϵn = C/
?
n and for k = s+1, . . . , p, we

have

∇kJn(θ) < 0 for 0 < θk < ϵn

> 0 for − ϵn < θk < 0.

We have

∇kJn(θ) = ∇kGn(θ)− p′λ(|θk|)sign(θk)
= Op(n

−1/2)− p′λ(|θk|)sign(θk),
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using a Taylor expansion of ∇kGn(θ) around θ0 as well as Propositions 3.5 and
3.6. Hence,

∇kJn(θ) = λ
�
− p′λ(|θk|)

λ
sign(θk) +Op

� 1?
nλ

	�
.

Recall that lim infn→∞ lim infx→0+ p′λ(x)/λ > 0. Hence, asymptotically, the sign
of ∇kJn(θ) is fully determined by the sign of θk. This closes the �rst part of this
proof. Now we move on with the proof of the asymptotic normality. Since θ0,s > 0,
it is easy to show that there exists (θ̂1, . . . , θ̂s−1)

⊺ that is a
?
n-consistent local

solution of the following maximization programme

max
(θ1,...,θs−1)

Jn

��
θ1, . . . , θs−1,

gffe1−
s−1∑
k=1

θ2k, 0
⊺


⊺
�
.

Let θ̂s =
b
1−

∑s−1
k=1 θ̂

2
k, θ̂A = (θ̂1, . . . , θ̂s) and θ̂ = (θ̂A⊺, 0⊺)⊺. For all k =

1, . . . , s− 1, θ̂k must satisfy

∂

∂θ̂k
Jn

��
θ̂1, . . . , θ̂s−1,

gffe1−
s−1∑
k=1

θ̂2k, 0
⊺


⊺
�

= 0.

We develop this derivative, starting with the part related to the non-penalized
objective function. We have

∂

∂θ̂k
Gn

��
θ̂1, . . . , θ̂s−1,

gffe1−
s−1∑
k=1

θ̂2k, 0
⊺

⊺
�

=
1

n

n∑
i=1

Yi

�
1

n

n∑
j=1

κ

�
X⊺

i θ̂ −X⊺
j θ̂

h



[Xk

i −Xk
j ]

h

�

− θ̂k

θ̂s

1

n

n∑
i=1

Yi

�
1

n

n∑
j=1

κ

�
X⊺

i θ̂ −X⊺
j θ̂

h



[Xs

i −Xs
j ]

h

�
.

Using a Taylor expansion on the function (θ̂1, . . . , θ̂s−1)
⊺ 7→ κ(

X⊺
i θ̂−X⊺

j θ̂

h ) around
(θ0,1, . . . , θ0,s−1)

⊺ and the previous notations, the partial derivative above can be
written as

∇kGn(θ0)−
θ̂k

θ̂s
∇sGn(θ0) +

s−1∑
l=1

∇2
klGn(θ0)[θ̂l − θ0,l]−

s−1∑
l=1

θ0,l
θ0,s

∇2
ksGn(θ0)[θ̂l − θ0,l]

− θ̂k

θ̂s

s−1∑
l=1

∇2
lsGn(θ0)[θ̂l − θ0,l] +

θ̂k

θ̂s

s−1∑
l=1

θ0,l
θ0,s

∇2
ssGn(θ0)[θ̂l − θ0,l] + op(1).
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We focus now on the part related to the penalty. Using the consistency of θ̂k, we
have

∂

∂θ̂k

{
s−1∑
k=1

pλ(|θ̂k|) + pλp
b
1−

∑s−1
k=1 θ̂

2
kq
}

= p′λ(|θ̂k|)sign(θ̂k)1{θ̂k ̸= 0}

− p′λ(θ̂s)
θ̂k

θ̂s
+ op(1).

Using again the consistency of θ̂k, Taylor expansions of p′λ(|θ̂k|) around θ0,k and of
p′λ(θ̂s) around θ0,s, the partial derivative above writes as�

p′λ(|θ0,k|)sign(θ0,k)− p′λ(θ0,s)
θ̂k

θ̂s
+ p′′λ(|θ0,k|)[θ̂k − θ0,k]

�
1{θ̂k ̸= 0}

+
θ̂k

θ̂s

s−1∑
l=1

�
p′′λ(θ0,s)

θ0,l
θ0,s

�
(θ̂l − θ0,l) + op(1).

Finally, we can get rid of the indicator since 1{θ̂k ̸= 0} converges in probability
to one. Notice that in the case of the SCAD, the penalty is only piecewise dif-
ferentiable. However, this is not an issue since λ → 0 as n → ∞. Hence, for a
su�ciently large n, the value of θ0,k will not lie at a discontinuity point. In what
follows, we adopt the subsequent notations. For a vector v, we denote by ṽ the
vector obtained by taking the �rst s− 1 elements of v. For a matrix M , we denote
by M̃ the matrix formed by taking the �rst s − 1 rows and columns of M . Also,
we denote by M̃.,s the vector formed by taking the �rst s− 1 rows and �xing the
s-th column of M . De�ne

Σ1 := E[Y D̃2(X,Z)].

Σ2 := E[Y D̃2
.,s(X,Z)]

θ̃⊺
0

θ0,s
.

Σ3 :=
θ̃0θ̃

⊺
0

θ2
0,s

E[Y D2
ss(X,Z)].

Σ4 is an (s − 1) × (s − 1) diagonal matrix where the diagonal is given by
[p′′λ(|θ0,1|)sign(θ0,1), . . . , p′′λ(|θ0,s−1|)sign(θ0,s−1)]

⊺.

Σ5 :=
θ̃0θ̃

⊺
0

θ2
0,s

p′′λ(θ0,s).

Ω1 := E[ξ̃iξ̃⊺i ].

Ω2 :=
θ̃0θ̃

⊺
0

θ2
0,s

E[(ξsi )2].

Ω3 := E[ξ̃iξsi ]
θ̃⊺
0

θ0,s
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where

ξi := YiD(Xi, Zi) +

∫ ∫
yη1(Xi, x)dFY,X(y, x).

Also, let

Σ := −Σ1 +Σ2 +Σ⊺
2 − Σ3 +Σ4 − Σ5 (3.7.11)

Ω := Ω1 +Ω2 − Ω3 − Ω⊺
3 . (3.7.12)

In order to avoid any confusion with the notations of Section 2.4, we de�ne ϑ0 = θ̃0

and ϑ̂ =
˜̂
θ. Recall that b is de�ned in Equation (3.2.3). Then, we have

?
nΣ[ϑ̂− ϑ0 +Σ−1b] =

?
n∇̃Gn(θ0)−

ϑ0

θ0,s

?
n∇sGn(θ0) + op(1)

=
1?
n

n∑
i=1

�
ξ̃i −

ϑ0

θ0,s
ξis



+ op(1),

where the last equality uses Proposition 3.5. Notice that E[YiD(Xi, Zi)] = 0 be-
cause the function θ 7→ E[Y Fθ(X

⊺θ)] is maximized in θ0. Hence, using Proposition
3.5 and the central limit theorem, we have

?
nΣ[ϑ̂− ϑ0 +Σ−1b]

d→ N(0,Ω),

which concludes the proof.

Proposition 3.7. Assume (RC1)-(RC7). Then,

1

n

n∑
i=1

�
1{X⊺

i θn ≤ x⊺θn} − 1{X⊺
i θ0 ≤ x⊺θ0} − P (X⊺θn ≤ x⊺θn|Xn)

+ P (X⊺θ0 ≤ x⊺θ0)

�
= op(n

−1/2)

uniformly in x ∈ X and in θn
p→ θ0, with θn,s > 0.

Proof. In this proof, we will make use of Corollary 2.3.12 in van der Vaart and Well-
ner (1996). We �rst show that fn(Xi) := 1{X⊺

i θn ≤ x⊺θn} − 1{X⊺
i θ0 ≤ x⊺θ0} −

P (X⊺
i θn ≤ x⊺θn|Xn) + P (X⊺

i θ0 ≤ x⊺θ0) belongs to a Donsker class. De�ne θC0 =

(
θ0,1
θ0,s

, . . . ,
θ0,s−1

θ0,s
,
θ0,s+1

θ0,s
, . . . ,

θ0,p
θ0,s

)⊺ and θCn = (
θn,1

θn,s
, . . . ,

θn,s−1

θn,s
,
θn,s+1

θn,s
, . . . ,

θn,p

θn,s
)⊺, where

θn
p→ θ0. Also, let xc = (x1, . . . , xs−1, xs+1, . . . , xp)⊺. Notice that the �rst term of

f(Xi) can be rewritten as 1{Xs
i ≤ x⊺θCn −XC⊺

i θCn }. De�ne the class

F :=

{
x 7→ r1{xs ≤ t− xC⊺θC} − 1{xs ≤ u− xC⊺θC0 } − P (Xs ≤ t−XC⊺θC)

+ P (Xs ≤ u− xC⊺θC0 )s, t ∈ R, u ∈ R, θC ∈ ΘC

}
,
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where θC is a vector of size (p− 1) de�ned on a compact set ΘC . We prove that F
is Donsker using the same reasoning as in Proposition 3.2. We focus on the class
F1 := {x 7→ 1{xs ≤ t − (xc)⊺θc}, θc ∈ Θc, t ∈ R}. The other terms can be dealt
with in a similar way. Embed θC into a hypercube [θl1, θ

u
1 ] × . . . × [θlp−1, θ

u
p−1] of

dimension (p−1). For all j, partition [θlj , θ
u
j ] into O(ϵ−2) intervals of length O(ϵ2).

Hence, we partitioned θC into O(ϵ−2(p−1)) hypercubes. Denote by Ri one such
hypercube. For each non-empty Ri, let

Γl
i(X

C) := min
θC∈(Ri∩ΘC)

(Xc)⊺θC

Γu
i (X

C) := max
θC∈(Ri∩ΘC)

(Xc)⊺θC .

Now, notice that, for all t, there exists an i such that

1{Xs ≤ t− Γu
i (X

C)} ≤ 1{Xs ≤ t− (Xc)⊺θC} ≤ 1{Xs ≤ t− Γl
i(X

C)}.

De�ne Pu
i (t) := P (Xs ≤ t−Γu

i (X
C)) and partition the line into segments tuik, with

k = 1, . . . , O(ϵ−2), and with Pu
i -probability less than a fraction of ϵ2. Similarly,

de�ne P l
i (t) := P (Xs ≤ t− Γl

i(X
C)) and partition the line into segments tlik, with

k = 1, . . . , O(ϵ−2), and with P l
i -probability less than a fraction of ϵ2. Denote by

tlik1
the largest tlik ≤ t and denote by tlik2

the smallest tuik ≥ t. Brackets for 1{Xs ≤
t− (Xc)⊺θC} are then given by [1{Xs ≤ tlik1

−Γu
i (X

C)},1{Xs ≤ tuik2
−Γl

i(X
C)}].

Let us now compute their size. Denoting ||·||PX
the L2(PX)-norm, we have

||1{Xs ≤ tuik2
− Γl

i(X
C)} − 1{Xs ≤ tlik1

− Γu
i (X

C)}||2PX

= P (Xs ≤ tuik2
− Γl

i(X
C))− P (Xs ≤ tlik1

− Γu
i (X

C))

= P l
i (t)− Pu

i (t) +O(ϵ2)

=

∫ �
FXs|XC (t− Γl

i(x
C)|xC)− FXs|XC (t− Γu

i (x
C)|xC)sdFXC (xC)

�
+O(ϵ2)

=

∫ �
sup
xs,xC

fX1|XC (xs|xC)ϵ2
�
dFXC (xC) +O(ϵ2) = O(ϵ2),

where fXs|XC and FXs|XC denote the conditional density and the conditional CDF
of Xs with respect to XC , and FXC is the CDF of XC . Hence, the brackets are
of size O(ϵ). In conclusion, the bracketing number associated to F1 is O(ϵ−2p).
Using Theorem 19.5 in van der Vaart (1998), it follows that F1 is Donsker. By
straightforward computations, F is also Donsker. We have

V[fn(X)|Xn] = V[1{X⊺θn ≤ x⊺θn} − 1{X⊺θ0 ≤ x⊺θ0}|Xn]

≤ E[(1{X⊺θn ≤ x⊺θn} − 1{X⊺θ0 ≤ x⊺θ0})2|Xn]

≤ E[(1{X⊺θn ≤ x⊺θn} − 1{X⊺θ0 ≤ x⊺θ0})|Xn]
2/3

= op(1),
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where the last line uses the continuous mapping theorem and the fact that θn
p→ θ0.

Since F is Donsker, it follows from Corollary 2.3.12 in van der Vaart and Wellner
(1996) that

lim
α↓0

lim sup
n→∞

P

�
sup

f∈F,V[f ]<α

n−1/2

���� n∑
i=1

f(Xi)

���� > ϵ



= 0,

for each ϵ > 0. We obtain the desired result by restricting the above probability to
elements in F satisfying θC = θCn .

Proof of Theorem 3.3

We can rewrite

xGiY,X =
1

Y

2

n

n∑
i=1

Yi

�
1

n

n∑
j=1

1{X⊺
j θ̂ ≤ X⊺

i θ̂}
�
− n+ 1

n

where θ̂ is the estimator of Theorem 3.2. Using Proposition 3.7 and the same
notations as in Theorem 3.2, we can write

2?
n

n∑
i=1

Yi

�
1

n

n∑
j=1

1{X⊺
j θ̂ ≤ X⊺

i θ̂}
�
= An1 +An2 + op(1),

with

An1 =
2?
n

n∑
i=1

Yi

�
1

n

n∑
j=1

1{X⊺
j θ0 ≤ X⊺

i θ0}
�

An2 =
2

n

n∑
i=1

Yi

∫ ?
n

�
1

{
xs ≤ [X̃i − x̃]⊺

ϑ̂

θ̂s
+ [XI

i − xI ]⊺
θ̂I

θ̂s
+Xs

i

}
− 1

{
xs ≤ [X̃i − x̃]⊺

ϑ0

θ0,s
+Xs

i

}�
dFX(x̃, xs),

where we recall that X̃i is the vector obtained by taking the �rst s − 1 elements
of Xi. Let us �rst focus on An2. We can rewrite the integral displayed inside the
sum as∫ ?

n

�
FXs

�
[X̃i − x̃]⊺

ϑ̂

θ̂s
+ [XI

i − xI ]⊺
θ̂I

θ̂s
+Xs

i



− FXs

�
[X̃i − x̃]⊺

ϑ0

θ0,s
+Xs

i


�
dFX̃(x̃),

where FXs is the CDF of Xs and FX̃ is the CDF of X̃. Using Theorem 3.1, a
Taylor expansion on the piece inside the integral yields

fXs

�
[X̃i − x̃]⊺

ϑ0

θ0,s
+Xs

i


�
[X̃i − x̃]⊺

?
n

�
ϑ̂

θ̂s
− ϑ0

θ0,s

�
+ [XI

i − xI ]⊺
?
n
θ̂I

θ̂s



+ op(1).
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By Theorem 3.1 and the property of sparsity proven in Theorem 3.2, the part
related to θ̂I is negligible. Using the same development as in Theorem 3.2, we have

?
n

�
ϑ̂

θ̂s
− ϑ0

θ0,s

�
=

?
n[ϑ̂− ϑ0]

θ0,s
− ϑ̂

θ̂s

?
n[θ̂s − θ0,s]

θ0,s

=
1

θ30,s

1?
n

n∑
i=1

{
[θ20,s + ϑ0ϑ

⊺
0 ]ξ̃i −

ϑ0

θ0,s
ξsi

}
+ op(1).

Hence,

An2 =
1

θ30,s

1?
n

n∑
i=1

{
E[ρ⊺i ]

�
[θ20,s + ϑ0ϑ

⊺
0 ]ξ̃i −

ϑ0

θ0,s
ξsi


}
+ op(1),

where

ρi = 2Yi

∫
fXs

�
[X̃i − x̃]⊺

ϑ0

θ0,s
+Xs

i



[X̃i − x̃]dFX̃(x̃).

We now focus on An1. We can write

An1 =
?
nUn1 + op(1),

where

Un1 =
2

n(n− 1)

∑
i<j

Yi1{X⊺
j θ0 ≤ X⊺

i θ0}+ Yj1{X⊺
i θ0 ≤ X⊺

j θ0}

is a U-statistic. Let mH(t) := E[Yi1{X⊺
i θ0 ≥ t}]. Using Theorem 12.3 in van der

Vaart (1998) and the fact that E[Y 2
i ] < ∞, we have

?
n[Un1 − 2G(θ0)] =

2

n

n∑
i=1

rYiFθ0(X
⊺
i θ0) +mH(X⊺

i θ0)− 2G(θ0)s+ op(1),

and has mean zero. Using the last developments and the fact that E[Yi] > 0, we
can write

?
n[xGiY,X −GiY,X ] =

1?
n

n∑
i=1

ζi + op(1),

where

ζi :=
1

E[Yi]

�
2YiFθ0(X

⊺
i θ0) + 2mH(X⊺

i θ0)− 4G(θ0) +
E[ρ⊺i ]
θ30,s

�
[θ20,s + ϑ0ϑ

⊺
0 ]ξ̃i −

ϑ0

θ0,s
ξsi




.

(3.7.13)

Hence,
?
n[xGiY,X −GiY,X ]

d→ N(0, σ2
ζ ), with σ2

ζ := V[ζi].
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3.7.2 Properties of the SCAD-FABS algorithm

Proof of Lemma 3.1. Let k ∈ At be updated via a forward step. Then, it both
holds that

L(θt − sign(θtl )1lϵ)− L(θt)− ϵp′λt(|θtl |) ≥ 0 ∀l ∈ At (3.7.14)

L(θt+1) < L(θt). (3.7.15)

(3.7.14) holds because t → t+1 is not a backward step and (3.7.15) comes from the
fact that a forward step always decreases the loss. Now, assume per contra that
θt+1
k = θtk − sign(θtk)ϵ. Equation (3.7.15) implies L(θt − sign(θtk)1kϵ) − L(θt) < 0,
which contradicts (3.7.14).

Lemma 3.5. Consider that coe�cient k is updated via a forward step.

(a) If λt+1 = λt and |θtk|≤ λt, then λt ≤ λt+1
A .

(b) If λt+1 = λt and λt < |θtk|≤ aλt, then λt ≤ λt+1
B .

Proof. Recall that λt is updated according to (3.3.4). Also, λt+1
A and λt+1

B are
determined by (3.3.6) and (3.3.7).

We start with the proof of part (a). Let λt+1 = λt and |θtk|≤ λt. We may face two
scenarios

λt+1
A ≥ λt+1

B (3.7.16)

λt+1
B > λt+1

A . (3.7.17)

In situation (3.7.16), λt ≤ λt+1
A holds trivially because λt = λt+1. Assume now

that (3.7.17) holds. Using the de�nition of λt+1
A and λt+1

B , we have λt+1
B < |θtk|.

Hence, we must have λt+1
B < |θtk|≤ λt, which contradicts λt ≤ λt+1

B . Hence, (3.7.17)
cannot happen, which closes the proof of part (a).

We move to the proof of part (b). Let λt+1 = λt and λt < |θtk|≤ aλt. Once
again, we may face either (3.7.16) or (3.7.17). If (3.7.17) holds, then λt ≤ λt+1

B

arises trivially from λt+1 = λt. Assume now (3.7.16). Using the de�nition of λt+1
A

and λt+1
B , we now have λt+1

B ≥ |θtk|. Hence, we must have λt < |θtk|≤ λt+1
B , which

closes the proof of part (b).

Lemma 3.6. Let k ∈ {1, . . . , p} be updated via a forward step and λ > 0. Then,
there exists some ctk ∈ [0, 1] such that

Q(θt+1, λ)−Q(θt, λ) = L(θt+1)− L(θt) + p′λ(|θtk|)ϵ−
ctkϵ

2

2(a− 1)
.
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Proof. Let λ > 0 and consider that k ∈ {1, . . . , p} is updated via a forward step.
By Lemma 3.1, we have θt+1 = θt + sign(θtk)1kϵ. We face the following situations:

|θt+1
k | ≤ λ (3.7.18)

|θtk|≤ λ < |θt+1
k |≤ aλ (3.7.19)

λ < |θtk| < |θt+1
k |≤ aλ (3.7.20)

λ < |θtk| ≤ aλ < |θt+1
k | (3.7.21)

|θtk| > aλ. (3.7.22)

In situation (3.7.18), there is no approximation error since

pλ(|θt+1
k |)− pλ(|θtk|) = λϵ = p′λ(|θtk|)ϵ.

Let us move to situation (3.7.19). Then, we have

pλ(|θt+1
k |)− pλ(|θtk|) = p′λ(|θtk|)ϵ− c2k,1

ϵ2

2(a− 1)
,

where ck,1 :=
|θt+1

k |−λ

ϵ ∈ [0, 1]. Consider now situation (3.7.20). Then, we have

pλ(|θt+1
k |)− pλ(|θtk|) = p′λ(|θtk|)ϵ−

ϵ2

2(a− 1)
.

In cases covered by (3.7.21), we have

pλ(|θt+1
k |)− pλ(|θtk|) = p′λ(|θtk|)ϵ− (1− c2k,2)

ϵ2

2(a− 1)
,

where ck,2 :=
|θt+1

k |−aλ

ϵ ∈ [0, 1]. Obviously, there is no approximation error in
(3.7.22) since

pλ(|θt+1
k |)− pλ(|θtk|) = 0 = p′λ(|θtk|)ϵ.

Lemma 3.7. Let k ∈ At be updated via a backward step and λ > 0. Then, there
exists some dtk ∈ [0, 1] such that

Q(θt+1, λ)−Q(θt, λ) = L(θt+1)− L(θt)− p′λ(|θtk|)ϵ−
dtkϵ

2

2(a− 1)
.

This result can be proven by the same reasoning as the one used in the proof of
Lemma 3.6.
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Lemma 3.8. Let k ∈ {1, . . . , p} be updated via a forward step. Then, ∀l ̸= k such
that L(θt − sign(∇lL(θ

t))1lϵ)− L(θt) < 0, it holds

L(θt+1)− L(θt − sign(∇lL(θ
t))1lϵ) +

�
p′λt(|θtk|)− p′λt(|θtl |)

�
ϵ ≤ etk − etl

2
ϵ2,

where etk = ∇2
kkL(

9θ), with 9θ between θt and θt− sign(∇mL(θt))1kϵ and ∇2 denotes
the Hessian matrix.

Proof. Consider that k ∈ {1, . . . , p} is updated via a forward step. Using a Taylor
expansion, we have

L(θt+1)− L(θt) = −∇kL(θ
t)sign(∇kL(θ

t))ϵ+
etk
2
ϵ2.

This implies that

[|∇kL(θ
t)|−p′λt(|θtk|)]ϵ = L(θt)− L(θt+1)− p′λt(|θtk|)ϵ+

etk
2
ϵ2.

Remark that, in a forward step, the left hand side of the previous equation is
maximized on the set {l ∈ {1, . . . , p} : L(θt − sign(∇lL(θ

t))1lϵ) − L(θt) < 0}.
Hence, for such coe�cients, it holds that

L(θt)− L(θt − sign(∇lL(θ
t)))− p′λt(|θtk|)ϵ+

etl
2
ϵ2 ≤ L(θt)− L(θt+1)− p′λt(|θtk|)ϵ+

etk
2
ϵ2,

which leads us to the desired result.

Proof of Proposition 3.1

Let k be the index of the updated coe�cient. We �rst show that, in a backward
step, it holds

Q(θt+1, λt+1) < Q(θt, λt)− dtkϵ
2

2(a− 1)
.

Since we are considering a backward step, it both holds λt+1 = λt and

L(θt+1)− L(θt)− ϵp′λt(|θtk|) < 0.

Using Lemma 3.7, this implies

Q(θt+1, λt+1)−Q(θt, λt) < −dtk
ϵ2

2(a− 1)
.

We now prove that, in a forward step, it holds

Q(θt+1, λt+1) ≤ Q(θt, λt)− ctkϵ
2

2(a− 1)
. (3.7.23)
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Assume �rst that λt+1 = λt+1
A . Recall that λt+1

A = Lt,t+1
ϵ and |θtk|≤ λt+1

A . Using
Lemma 3.6, it holds

Q(θt+1, λt+1
A )−Q(θt, λt+1

A ) = − ctkϵ
2

2(a− 1)
.

Since λt+1
A ≤ λt, we also have Q(θt, λt+1

A ) ≤ Q(θt, λt). Taken together, the last
two results yield (3.7.23). Second, consider that λt+1 = λt+1

B . Recall that λt+1
B =

1
a [(a−1)Lt,t+1

ϵ + |θtk|] and |θtk|> λt+1
B . Using the same reasoning as in the last point

yields (3.7.23). Third, we assume that λt+1 = λt and |θtk|≤ λt. Using Lemma 3.6,
it holds

Q(θt+1, λt)−Q(θt, λt) = L(θt+1)− L(θt) + ϵλt − ctkϵ
2

2(a− 1)

≤ L(θt+1)− L(θt) + ϵλt+1
A − ctkϵ

2

2(a− 1)

= − ctkϵ
2

2(a− 1)
,

where the inequality in the second line is due to Lemma 3.5. Fourth, let λt+1 = λt

and λt < |θtk|≤ aλt. Relation (3.7.23) is proven similarly to the last situation.
Finally, assume |θtk|> aλt. The result emerges using Lemma 3.6 and the fact that
a forward step never increases the loss.

Proposition 3.8. If λt+1 < λt and k is the index of the updated coe�cient, then
∀l ∈ At, it holds

Q(θt, λt) ≤ Q(θt + sign(θtl )1lϵ, λ
t) +

ϵ2

2

�
ctl

a− 1
+ (etk − etl)

�
Q(θt, λt) ≤ Q(θt − sign(θtl )1lϵ, λ

t) +
dtlϵ

2

2(a− 1)
.

Proof. Let λt+1 < λt and k be the index of the updated coe�cient. Consider any
l ∈ At. We �rst show that

Q(θt, λt) ≤ Q(θt + sign(θtl )1lϵ, λ
t) +

ϵ2

2

�
ctl

a− 1
+ (etk − etl)

�
. (3.7.24)

We can safely restrict to the set {l ∈ At : L(θt + sign(θtl )1lϵ)−L(θt) < 0}. Indeed,
on the complementary set, (3.7.24) is obviously true since θt leads to lower penalty
and loss values. Write θ̃ := θt + sign(θtl )1lϵ. We prove the result by showing that
it both holds

Q(θt, λt) ≤ Q(θt+1, λt) +
ctkϵ

2

2(a− 1)
(3.7.25)

Q(θt+1, λt)−Q(θ̃, λt) ≤ ϵ2

2

�
(ctl − ctk)

a− 1
+ (etk − etl)



. (3.7.26)
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Let us �rst focus on (3.7.25). Suppose �rst that λt+1 = λt+1
A . In that case,

λt ≥ λt+1
A ≥ |θtk|. Hence

Q(θt, λt) = Q(θt+1, λt) + L(θt)− L(θt+1)− ϵλt +
ctkϵ

2

2(a− 1)

≤ Q(θt+1, λt) + L(θt)− L(θt+1)− ϵλt+1
A +

ctkϵ
2

2(a− 1)

= Q(θt+1, λt) +
ctkϵ

2

2(a− 1)
.

Consider now that λt+1 = λt+1
B . We have λt ≥ λt+1

B ≥ λt+1
A and λt+1

B < |θtk|≤
aλt+1

B . Hence, |θtk|≤ aλt. But it might either be that |θtk|≤ λt or λt < |θtk|≤ aλt.
In the �rst situation, relation (3.7.25) follows from the exact same reasoning as
above. If λt < |θtk|≤ aλt, we have

Q(θt, λt) = Q(θt+1, λt) + L(θt)− L(θt+1)− ϵ
aλt − |θtk|
a− 1

+
ctkϵ

2

2(a− 1)

≤ Q(θt+1, λt) + L(θt)− L(θt+1)− ϵ
aλt+1

B − |θtk|
a− 1

+
ctkϵ

2

2(a− 1)

= Q(θt+1, λt) +
ctkϵ

2

2(a− 1)
.

We now turn to proving (3.7.26). We have

Q(θ̃, λt)−Q(θt, λt) = L(θ̃)− L(θt) + p′λt(|θtl |)ϵ−
ctlϵ

2

2(a− 1)

Q(θt+1, λt)−Q(θt, λt) = L(θt+1)− L(θt) + p′λt(|θtk|)ϵ−
ctkϵ

2

2(a− 1)
.

Together, these two equations imply that

Q(θt+1, λt)−Q(θ̃, λt) = L(θt+1) + p′λt(|θtk|)ϵ− [L(θ̃) + p′λt(|θtl |)ϵ] +
ϵ2

2(a− 1)
(ctl − ctk)

≤ ϵ2

2

�
(ctl − ctk)

a− 1
+ (etk − etl)



.

The inequality in the last equation is justi�ed as follows. First, following the proof
of Lemma 3.1, it is easy to show that sign(θtl ) = −sign(∇lL(θ

t)). We can then use
Lemma 3.8 to obtain the desired inequality. Now, we show that

Q(θt, λt) ≤ Q(θt − sign(θtl )1lϵ, λ
t) +

dtlϵ
2

2(a− 1)
.
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Since t 7→ t+ 1 is a forward step, it means that no backward step is taken. Hence,
for all l ∈ At, we have

L(θt − sign(θtl )1lϵ)− L(θt)− ϵp′λt(|θtl |) ≥ 0.

Using Lemma 3.7 leads to the desired result.

Proof of Theorem 3.4

Let t be such that λt < λt+1 and consider that k is the index of the updated coef-
�cient. Recall that m is the upper bound of the second order derivatives of L(·).

Suppose �rst that l ∈ At, we want to show that |∇lQ(θt, λt)|≤ mϵ. Remark
that ∇lQ(θt, λt) = ∇lL(θ

t) + p′λt(|θtl |)sign(θtl ). Using Taylor expansions of L(θt +
sign(θtl )1lϵ) and of L(θt − sign(θtl )1lϵ), both around θt, we have

L(θt + sign(θtl )1lϵ)− L(θt) = ∇lL(θ
t)sign(θtl )ϵ+

etl
2
ϵ2 (3.7.27)

L(θt − sign(θtl )1lϵ)− L(θt) = −∇lL(θ
t)sign(θtl )ϵ+

etl
2
ϵ2. (3.7.28)

Using Lemma 3.6, we can rewrite (3.7.27) as

Q(θt + sign(θtl )1lϵ, λ
t) = Q(θt, λt) + p′λt(|θtl |)ϵ+∇lL(θ

t)sign(θtl )ϵ+
etl
2
ϵ2 − ctlϵ

2

2(a− 1)
.

Using Proposition 3.8, we have

Q(θt, λt) ≤ Q(θt + sign(θtl )1lϵ, λ
t) +

ϵ2ctl
2(a− 1)

+
ϵ2

2
[etk − etl ].

Putting the last two results together, we obtain that

ϵp′λt(|θtl |) +∇lL(θ
t)sign(θtl )ϵ+

etk
2
ϵ2 ≥ 0.

Since etk ≤ m, we get

−
�
∇lL(θ

t)sign(θtl ) + p′λt(|θtl |)
�
≤ mϵ

2
. (3.7.29)

We now focus on (3.7.28). Using Lemma 3.7, we rewrite it as

Q(θt − sign(θtl )1lϵ, λ
t) = Q(θt, λt) + p′λt(|θtl |)ϵ−∇lL(θ

t)sign(θtl )ϵ+
etl
2
ϵ2 − dtlϵ

2

2(a− 1)
.

Again, using Proposition 3.8, we have that

Q(θt, λt) ≤ Q(θt − sign(θtl )1lϵ, λ
t) +

ϵ2dtl
2(a− 1)

.
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These last two results imply that

∇lL(θ
t)sign(θtl ) + p′λt(|θtl |) ≤

mϵ

2
. (3.7.30)

Together, (3.7.29) and (3.7.30) lead to the desired result.

Consider now that l /∈ At. We want to show that |∇lL(θ
t)|≤ p′λt(|θtl |) + mϵ.

Using a Taylor expansion of L(θt − sign(∇lL(θ
t))1lϵ) around θt, we have

L(θt − sign(∇lL(θ
t))1lϵ)− L(θt) = −∇lL(θ

t)sign(∇lL(θ
t))ϵ+

etl
2
ϵ2,

which we can rewrite as

|∇lL(θ
t)| = L(θt)− L(θt − sign(∇lL(θ

t))1lϵ)

ϵ
+

etl
2
ϵ. (3.7.31)

In what follows, we restrict to the set {l /∈ At : L(θt − sign(∇lL(θ
t))1lϵ)−L(θt) <

0}. Notice that in the complementary set, we directly have |∇lL(θ
t)|≤ mϵ. Using

Lemma 3.8, we have

L(θt+1)− L(θt − sign(∇lL(θ
t))1lϵ)

ϵ
≤ p′λt(|θtl |)− p′λt(|θtk|) +

etk − etl
2

ϵ. (3.7.32)

Returning to Equation (3.7.31), we can write

|∇lL(θ
t)| = L(θt)− L(θt+1)

ϵ
+

L(θt+1)− L(θt − sign(∇lL(θ
t))1lϵ)

ϵ
+

etlϵ

2

≤ Lt,t+1
ϵ + p′λt(|θtl |)− p′λt(|θtk|) +

etkϵ

2
,

where the inequality is implied by (3.7.32). Suppose that |θtk|≤ λt. Then, it holds

Lt,t+1
ϵ − p′λt(|θtk|) = λt+1

A − λt ≤ 0,

where the inequality is due to λt+1
A = λt+1 < λt. Consider instead that λt < |θtk|≤

aλt. In that case,

Lt,t+1
ϵ − p′λt(|θtk|) =

aλt+1
B − |θtk|
a− 1

− aλt − |θtk|
a− 1

≤ 0,

where the inequality is due to λt+1
B = λt+1 < λt. Finally, the situation covered by

|θtk|> aλt can be disregarded since k is the index of the updated coe�cient and
λt+1 < λt. In conclusion, we have

|∇lL(θ
t)|−p′λt(|θtl |) ≤

etkϵ

2

≤ mϵ

2
,

which closes the second part of the proof.



Chapter 4

An application to equality of opportunity

We use the methodology developed in this thesis to estimate inequality of opportu-
nity in three European countries in 2011 and 2019. The explained Gini coe�cient is
proposed as an ex-ante utilitarian measure of inequality of opportunity and the pe-
nalized Lorenz regression is used to estimate it. A procedure based on the Shapley
Value decomposition is proposed to break down the explained Gini coe�cient into
contributions of each selected circumstance. Inequality of opportunity is estimated
using data from the European Union Statistics on Income and Living Conditions.
Results are compared with estimates obtained from a penalized OLS regression.
In many instances, our procedure o�ers at least similar estimates of inequality of
opportunity but with a sparser model, including less circumstances. The content
of this chapter is based on the manuscript

Alexandre Jacquemain, Cédric Heuchenne, and Philippe van
Kerm. A Penalized Lorenz regression analysis of inequality of
opportunity, 2022b.

4.1 Introduction

The notion of inequality of opportunity (IOP) has been introduced in Section 1.2
and the issue of its measurement has been tackled in Section 1.3. We recall that,
in the IOP context, the response variable Y is a measure of economic advantage
and the covariates X = (X1, . . . , Xp)

⊺ are circumstances beyond the individual's
control. An ex-ante utilitarian measure of IOP is obtained by estimating the in-
equality of E[Y |X]. The explained Gini coe�cient is the ex-ante utilitarian measure
of IOP when a single-index model with strictly increasing link function is assumed
and the Gini coe�cient is used as measure of inequality. Throughout the last sec-
tions, several arguments established the relevance of the Lorenz regression in the
measurement of IOP. We gather them in the following paragraphs.
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� The Lorenz regression o�ers a good compromise between the e�ciency ob-
tained with parametric methods and the �exibility guaranteed by nonpara-
metric ones. Indeed, it rests on a single-index model where the parameter
vector allows for dimension reduction and the nonparametric link function
guarantees �exibility. Furthermore, the link function does not need to be
estimated. This �rst argument was presented in depth in Section 2.1

� The estimated explained Gini coe�cient is a robust measure of IOP because
the estimated index is only used to rank observations. This is not the case
for the empirical Gini coe�cient of �tted values, as shown in Escanciano and
Terschuur (2022) and discussed in Section 3.1

� As shown in Chapter 3, the penalized Lorenz regression produces valid infer-
ence even when many circumstances are included. It avoids the overestima-
tion of the explained Gini coe�cient and provides an automatic selection of
the relevant circumstances.

� In this chapter, we propose a decomposition procedure for the explained Gini
coe�cient based on the Shapley Value. With this descriptive procedure, the
researcher is able to assess the individual contribution of each circumstance
to the IOP estimated by the Lorenz regression.

This chapter is organized as follows. Section 4.2 introduces the Shapley decom-
position procedure. The methodology is then applied on data obtained from the
European Union Statistics on Income and Living Conditions. The construction of
the datasets is explained in Section 4.3, where we also discuss speci�c challenges
to be faced. For example, we adapt the procedure to take into account sample
weights. The results are presented and interpreted in Section 4.4. Section 4.5
summarizes the main �ndings of this chapter. Finally, Section 4.6 is an appendix
gathering auxiliary results.

4.2 A decomposition procedure for the explained

Gini coe�cient

The penalized Lorenz regression helps us disentangle between relevant and irrel-
evant circumstances based on whether estimated weights are set to zero or not.
As a next step, we aim to decompose xGiY,X into contributions of each relevant
circumstance. The Shapley Value decomposition is often used in linear regression
in order to determine the relative importance of covariates. This technique de-
composes the R2 of the regression into contributions of each covariate. It does so
by �tting all combinations of submodels, leaving out one or more covariates, and
recording losses of R2. Shorrocks (2013) generalized this procedure in the context
of distributional analysis, while Hoyos and Narayan (2011) applied it in the speci�c
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case of IOP.

In this paper, we decompose the explained Gini coe�cient estimated on the set
of selected circumstances. Several advantages stem from this procedure. The de-
composition is additive in the sense that individual contributions add up to the
estimated explained Gini coe�cient. Therefore, contributions can be interpreted
as shares of IOP attributable to each selected circumstance. Contributions can be
obtained for a categorical covariate as a whole. Leaving out a categorical predictor
means to exclude all the corresponding dummies. While the Shapley procedure
is computationally intensive as it requires �tting many submodels, this issue is
reduced by focusing on the set of selected circumstances. Even when the original
penalized Lorenz regression starts from a large set of circumstances, the number
of submodels to consider may still be moderate if sparsity is large, i.e. if few cir-
cumstances are selected.

We now explain the procedure formally. In what follows, PLR refers to the pe-
nalized Lorenz regression. First, we �t the original PLR on the full set of circum-
stances. Let K be the number of selected covariates, where a categorical covariate
counts as one irrespective of the number of categories. Each model is indexed by
a couple (k,m), where k ∈ {0, . . . ,K} denotes the number of covariates left out

by this model and m ∈ {1, . . . ,Mk =
�
K
k

�
} indexes the model. Let xGikm be the

estimated explained Gini coe�cient related to (k,m), i.e. xGi01 corresponds to the

original PLR. Fit the PLR on each m and k = 1, . . . ,K − 1, and retrieve xGikm. For
k = K, set xGikm = 0. The contribution of the kth covariate to IOP is measured
with

ck :=
1

K

K−1∑
l=0

∑
m∈N l

k

�xGilm −xGil+1

m−k



�
K−1

l

� ,

where N l
k is the set of all models excluding l covariates and where the kth covariate

is included. Also, (m−k, l+1) is the model with the same covariates as (m, l), except
that the kth covariate is now excluded. By construction, xGiY,X = c1 + . . .+ cK .

4.3 Data

We apply the penalized Lorenz regression on data obtained from the European
Union Statistics on Income and Living Conditions (EU-SILC) survey. The band-
width and the regularization parameter, i.e. the couple (h, λ), are determined
by the bootstrap procedure developed in Section 3.2. This section discusses the
methodological challenges peculiar to the data, as well as the considered variables.
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The next section provides an interpretation of the results and compares the esti-
mates with more traditional approaches.

EU-SILC is an o�cial micro-data source for calculation of social indicators in
European countries. It is available annually since 2003. EU-SILC provides de-
tailed household and individual-level annual income information for representative
samples of the population in all EU Member States, either extracted from admin-
istrative sources, or elicited directly from respondents. We use micro-data from
the November 2020 release of EU-SILC containing cross-sectional data up to 2019
(https://doi.org/10.2907/EUSILC2004-2019V.1). We work with two cross-sections
of the data, collected in 2011 and 2019. In those two years, EU-SILC collected
retrospective information about childhood circumstances of respondents aged from
24 to 59. Retrospective information mostly refers to when the respondent was aged
around 14 (Andreoli and Fusco, 2019).

Our analysis focuses on three countries (Belgium, Spain and Norway) and two years
(2011 and 2019). In each case, we further distinguish a sample of young individu-
als, i.e. observations in the [25, 45] year interval, and a sample of old individuals,
i.e. observations in the (45, 60] year interval. In tables and �gures, we will code
each case as follows : two letters representing the country (BE, ES and NO), two
digits representing the year (11 and 19) and one letter for the age cohort (Y and O).

The advantage variable is a measure of single-adult equivalent household annual
disposable income (as in, e.g., Brzezinski, 2020; Ramos and Van de gaer, 2021) and
is denoted by Y . An alternative would consist in using personal wages. The use
of the former presents two advantages. First, it better tracks the actual standard
of living of individuals since it also encompasses property income and transfers.
Second, it alleviates the question of how to model individuals for which the wage
is zero.

Table 4.1 lists the variables included in the analysis. The �rst row describes the
advantage variable. The remaining ones present the included circumstances as well
as their categories, except for the number of siblings, which is treated as a quanti-
tative variable. Variables observed at the level of the parents are available both for
the mother and for the father. As indicated in the second column of the table, these
variables are coded with two letters, the �rst one indicating whether it provides
information about the mother (M) or the father (F), while the second identi�es
the covariate. For the remaining variables, only one letter is used. Categories are
identi�ed with one digit, indicated in the third column of the table. For example,
MA2 indicates that the mother is self-employed. We restrict to observations with-
out any missing value and for which both parents are known.

The performance of the Lorenz regression can be harmed by categories with ex-
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Table 4.1: Variables considered in the analysis

Variable Name Categories

Income Y /
Sex G female (1), male (2)

Parent education ME, FE low (1), medium (2), high (3)
Parent activity MA, FA not active (1), self-employed (2), employed (3)
Parent ISCO3 MI, FI elementary (1), semi-skilled (2), top-ranked (3)
Parent native MN, FN not native (1), native (2)

Household composition H both parents (1), else (2)
Number of siblings S /

tremely low frequencies. One simple illustration appears in the bootstrap proce-
dure. If only a very few individuals share the same category for a covariate, it
might happen that the bootstrap resample contains none of these individuals. In
that case, the regression cannot be performed on the proper set of covariates. To
avoid this, we exclude categories with less than 10 individuals as well as the corre-
sponding observations. Categorical covariates are introduced as dummies and each
dummy is penalized separately. Several papers have acknowledged that the �t of
penalized regressions depends on the chosen reference category, see for example
Chiquet et al. (2016). We alleviate this problem by including all dummies in the
regression. As an illustration of the issue, consider the covariate ME and assume
that unequal opportunities are mainly stemming from a disadvantage of individu-
als with a mother with low education (ME1). Suppose �rst that ME1 is used as
reference category and, therefore, not included in the regression. In this situation,
it takes two updates for the SCAD-FABS algorithm to give observations with ME1
a lower index rank with respect to observations in the other two categories (one
update on the coe�cient of ME2 and one on the coe�cient of ME3). If another
category is used as reference, this ranking is obtained with only one update (on
ME1 directly). Obtaining the same ordering therefore requires a coe�cient vector
with a higher L2-norm. This problem is alleviated by introducing all the dummies
in the regression. As discussed at the end of Subsection 2.4.2, the presence of
multicolinearity is not a threat to the identi�ability and consistent estimation of
the explained Gini coe�cient. To the main e�ects, we add all two-way interactions
with, again, no less than 10 individuals. Descriptive statistics of the �nal datasets
are relegated to Section 4.6.

Since our method can accommodate for a nonpositive response variable, we keep
observations with a negative income. However, we delete outliers based on the em-
pirical in�uence function of the Gini coe�cient. For an observation i, it is de�ned
as (n− 1)(xGiY −xGiY,−i), where xGiY,−i is the estimate of the Gini coe�cient of Y
obtained after deleting observation i. We keep observations with an in�uence value
smaller than 2.5. This threshold is determined empirically; it ensures the stability
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of the analyses without removing too much information. Across the samples, this
operation deletes at most 0.8% of the observations. Table 4.2 provides information
about the sample sizes. The �rst column gives the number of observations before
removing the outliers. The second column displays the number of outliers. The
number of observations with a nonpositive income in the �nal datasets is given in
the last column.

Table 4.2: Information about sample sizes

Number of observations
before removing outliers outliers nonpositive incomes

BE11O 1734 1 0
BE11Y 2619 3 4
BE19O 2406 5 4
BE19Y 3365 1 3
ES11O 6139 15 46
ES11Y 8683 16 61
ES19O 7357 8 38
ES19Y 8409 6 26
NO11O 901 3 1
NO11Y 1253 1 2
NO19O 499 4 0
NO19Y 1130 1 2

We take into account sample weights by adapting the de�nitions of the objective
function of the penalized Lorenz regression and of the estimated explained Gini
coe�cient. Let π be the vector of sample weights, satisfying πi ≥ 0 ∀i = 1, . . . , n
and

∑n
i=1 πi = 1. The estimators of θ0 and the explained Gini coe�cient are given

by

θ̂ = arg max
θ,||θ||=1


n∑

i=1

n∑
j=1

πiπjYiK

�
X⊺

i θ −X⊺
j θ

h



−

p∑
k=1

pλ(|θk|)


xGiY,X =

2

Y

n∑
i=1

πiYiF̂i(θ̂)− 1,

where F̂i(θ) is now given by

F̂i(θ) :=

n∑
j=1

πj

�
1{X⊺

i θ ≥ X⊺
j θ} −

1

2
1{X⊺

i θ = X⊺
j θ}

�
.

The solution is similar to the adaptation of the computation of the Gini coe�cient
proposed by Lerman and Yitzhaki (1989).
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To preserve the dependence between individuals of the same household, the re-
sampling is achieved at the level of the household.

4.4 Results

In this section, we apply the PLR to the EU-SILC data. All computations are
performed using the statistical software R. The PLR is compared with two bench-
marks. In the �rst case (OLS), �tted values are obtained from a linear regression
of log-incomes on the circumstances. In the second (Penalized OLS), they are ob-
tained from a penalized log-regression, where the penalty is the LASSO and the
regularization parameter is chosen via cross-validation. To perform this analysis,
we use the function cv.glmnet from the library glmnet. In the PLR, inequality
of opportunity is estimated with the explained Gini coe�cient (xGiY,X). In the
other procedures, it is either estimated with the Gini coe�cient of the �tted values
(xGiŶ ) or, as proposed by Escanciano and Terschuur (2022), by the concentration

index of the advantage with respect to the �tted values (xCIY,Ŷ ) . As we previously
mentioned, the latter is a more robust estimator of IOP. Because the logarithm is a
strictly increasing transformation, it corresponds to an explained Gini coe�cient,
where the index is estimated via (penalized) OLS. It is therefore more compara-
ble to xGiY,X . While negative values for the advantage variable are not an issue
in the PLR, they are not allowed in the other two procedures because of the log-
transformation. We therefore delete observations with negative incomes for the
OLS and Penalized OLS.

Our analysis develops as follows. Section 4.4.1 provides inference for IOP. Namely,
we compare the estimates of the di�erent methods and provide con�dence inter-
vals obtained by the PLR. We also compare the penalized procedures in terms of
selected circumstances. Shapley decompositions of the estimated explained Gini
coe�cients are performed in Section 4.4.2.

4.4.1 Inequality of opportunity estimates

For each case, the �rst row of Table 4.3 provides the estimates of IOP obtained
by the di�erent methods. The second row provides Lorenz-R2 measures, which
represent shares of total inequality that are linked to unequal opportunities.

We �rst focus on the OLS procedures. We observe a noticeable di�erence
betweenxGiŶ andxCIY,Ŷ , usually of around one percentage point. In almost all cases,xGiŶ ≥ xCIY,Ŷ . In absence of penalization, we expect over�tting since the regression
coe�cients are unconstrained. When regression coe�cients are penalized, both
measures of IOP diminish. However, the decrease is more pronounced for xGiŶ
than for xCIY,Ŷ . Moving from the unpenalized to the penalized OLS induces an
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Table 4.3: Estimates of inequality of opportunity and (Lorenz-R2)

PLR OLS Penalized OLSxGiY xGiY,X xGiŶ xCIY,Ŷ xGiŶ xCIY,Ŷ
BE11O 24.5 9 10.5 9.4 9.5 8.7

(36.7) (42.9) (38.4) (38.8) (35.5)
BE11Y 23.4 10.2 11.9 10.7 11 10.1

(43.6) (50.9) (45.7) (47) (43.2)
BE19O 24.9 8.3 9.8 9.1 8.9 8.3

(33.3) (39.4) (36.5) (35.7) (33.3)
BE19Y 21.9 9.3 10.9 10 10.2 9.4

(42.5) (49.8) (45.7) (46.6) (42.9)
ES11O 33.1 11.6 11.9 10.8 11.5 10.7

(35) (36) (32.6) (34.7) (32.3)
ES11Y 32.3 13.1 14.8 13.4 14.2 13.4

(40.6) (45.8) (41.5) (44) (41.5)
ES19O 33.9 12.1 13.3 12.6 12.4 12.1

(35.7) (39.2) (37.2) (36.6) (35.7)
ES19Y 30.9 13.6 16.7 14.4 16.3 14.3

(44) (54) (46.6) (52.8) (46.3)
NO11O 21.3 4.4 6.3 6.3 3.4 4

(20.7) (29.6) (29.6) (16) (18.8)
NO11Y 20.3 5.6 8 6 6.1 5.1

(27.6) (39.4) (29.6) (30) (25.1)
NO19O 23.2 7.4 11.7 9.4 7.5 6.2

(31.9) (50.4) (40.5) (32.3) (26.7)
NO19Y 21.7 8.4 11.1 8.3 7.1 5.5

(38.7) (51.2) (38.2) (32.7) (25.3)

average change of −1.6 percentage points in the former and of −1 percentage point
in the latter.

In general, the estimates obtained by the PLR follow quite closely those ob-
tained by xCIY,Ŷ in the penalized OLS, but are slightly higher. Only in four in-
stances, i.e. the old-age cohort of Spain in 2011, the young-age cohort of Spain in
2019, and both age cohorts of Norway 2019, is the di�erence of more than half a
percentage point. In most cases, the estimate obtained with PLR is higher: +0.9
percentage point for ES11O, +1.2 percentage point for NO19O and +2.9 percent-
age points for NO19Y. Only for ES19Y is the di�erence negative: −0.7 percentage
point.

We now focus on the PLR and start with a comparison between the countries.
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In each combination of year and age cohort, the same ranking emerges: Spain is the
most unequal country, Belgium comes second and Norway is the least, as measured
by the Gini coe�cient. This ranking is preserved when we turn to the explained
Gini coe�cient. The Lorenz-R2 obtained in Belgium and Spain are quite similar.
As such, there is more inequality of opportunity in Spain than in Belgium but it
amounts to the same share of total inequality. In Norway, the Lorenz-R2 is lower.
It is therefore in this country that unequal opportunities are both the lowest, and
represent the smallest share in total inequality.

In every situation, the Gini coe�cient is lower in the young age cohort com-
pared to the old one, but this situation is reversed when we turn to the explained
Gini coe�cient. At the start of the work life, income inequality is lower but is
more related to circumstances. Advantages among older people reveal less bound
to their circumstances. Even though total inequality grows, IOP reduces. The
results provided so far would be incomplete without a proper inference analysis.
In this respect, Table 4.4 provides 95% con�dence intervals for the explained Gini
coe�cient and for the Lorenz-R2 obtained by the PLR.

Table 4.4: Con�dence intervals for the explained Gini coe�cient and for the Lorenz-
R2

Explained Gini coe�cient Lorenz-R2

Lower bound Upper bound Lower bound Upper bound
BE11O 7.7 10.4 31.8 41.9
BE11Y 9.1 11.2 39.7 47.1
BE19O 7 9.6 28.9 37.9
BE19Y 8.4 10.2 38.9 45.9
ES11O 10.4 12.8 31.8 38.5
ES11Y 11.9 14.3 37.5 43.6
ES19O 10.3 13.9 31.2 40.3
ES19Y 12.4 14.8 41 47.3
NO11O 3 5.9 14.5 27.2
NO11Y 4.5 6.8 22.5 33
NO19O 4.9 9.9 22.4 41.1
NO19Y 7 9.9 33.2 44.6

Table 4.5 gives an idea about the size of the relevant opportunity set. The �rst
column indicates the number of variables included at the start of the regression.
This number depends on each dataset since variables are automatically excluded
when they have too low frequencies. The next two columns indicate the number of
circumstances selected by each procedure, i.e. the number of non-zero estimated
coe�cients. In general, the PLR leads to a sparser model, meaning that it retains
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fewer circumstances, while providing estimates of IOP comparable to the penalized
OLS. In some situations, it retains more circumstances, but this is always justi�ed
by a larger estimate of IOP. Interestingly, there are also cases where it provides
a larger estimate of IOP while retaining less circumstances. Let us take BE11O
as an example. The PLR estimates that inequality of opportunity is of 9% and
includes 15 circumstances. In contrast, the estimate of IOP with the penalized
OLS is of 8.7%, with 21 circumstances included. This happens because the logic
surrounding the Lorenz regression is to �nd the circumstances which maximize the
concentration index of Y with respect to �tted values from a single-index model.
Alternatively, the size of the opportunity set can be evaluated with the number
of pro�les, displayed in the last two columns. In a given pro�le, all the individ-
uals have the same index values. As such, it is comparable to terminal nodes in
a tree-based method. The analysis of this measure reinforces our conclusion that
the PLR generally o�ers a more parsimonious opportunity set without substantial
loss in estimates of IOP. We illustrate this with BE19Y, for which the estimates of
IOP are of 9.4% for penalized OLS and of 9.3% for the PLR, while the number of
pro�les are respectively of 1301 and of 103.

Table 4.5: Number of circumstances and pro�les selected by each penalized proce-
dure

Number of circumstances Number of pro�les
included selected

OLS PLR OLS PLR
BE11O 215 21 15 247 175
BE11Y 275 23 11 806 330
BE19O 235 28 10 705 214
BE19Y 316 31 10 1301 103
ES11O 217 28 34 611 676
ES11Y 325 37 8 1059 108
ES19O 241 25 11 722 194
ES19Y 334 40 8 1232 45
NO11O 121 7 7 19 26
NO11Y 164 13 8 177 111
NO19O 133 4 4 24 13
NO19Y 250 11 19 109 367

Tables 4.10, 4.11 and 4.12, displayed in Section 4.6, present the selected circum-
stances. Each row corresponds to a circumstance, while the columns relate to the
datasets. A + (−) sign is indicated if the estimated weight is positive (negative).
The cell is left blank if the circumstance is not selected. The most selected cir-
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cumstances are the interaction between ME1 and FE1 (6 times), the main e�ect
of FI3 and its interaction with FN2 (5 times each) and �nally, with 4 times each,
the following interactions: FE3×H1, FI3×MN2 and ME1×S.

4.4.2 Contribution of each circumstance

Tables 4.6 and 4.7 display the contribution of each circumstance to the explained
Gini coe�cient. For each case, the �rst line displays the absolute contribution,
summing to the explained Gini coe�cient, while the second line sums to 100% and
displays a relative contribution.

In the selected models, most of the estimated IOP is attributable to a few cir-
cumstances. In all cases, the nationalities (MN and FN), education levels (ME and
FE) and types of occupation (MI and FI) of the parents contribute to more than
half of the explained Gini coe�cient. In ten cases, the �gure rises to more than
70%. Education is the most important driver, accounting for more than 30% in
the majority of the cases, and up to 49% (BE19O). In seven cases, nationality con-
tributes to more than 20% of the explained Gini coe�cient. In NO19O, it rises to
87% because all the selected covariates are either the main e�ect of FN, or interac-
tions with other circumstances. Finally, the type of occupation (most importantly
of the father) contributes to more than 20% of the explained Gini coe�cient in
four cases. In both age cohorts of Norway 2011, the relative contribution rises to
more than 40%.

Behind these key circumstances, the number of siblings contributes moderately
to IOP. In four cases, it accounts for more than 10% of the explained Gini coe�-
cient. The remaining circumstances contribute only slightly, except in very speci�c
cases. For example, the household composition accounts for more than 10% in
both age cohorts of Belgium 2011. Gender never accounts for more than 6% of the
estimated IOP. This is not necessarily surprising as our choice of using household
incomes overshadows potential gender inequalities.

We propose to visualize the impact of a given circumstance with the average rank
of the index values, computed across all individuals sharing that circumstance.
The rank is then normalized to live in the unit interval. The closer the average
rank to 1 (0), the more this circumstance contributes positively (negatively) to the
advantage variable. In Figure 4.1, we illustrate this procedure for the interaction
between MN and ME. We focus the interpretation on Belgium. Overall, the
average rank increases as the education of the mother increases and as we move
from a non-native to a native mother. However, we observe a di�erence between
the young and old-age cohorts. For the old-age cohorts, three clusters emerge.
Individuals with a non-native mother of low education (MN1×ME1) fare the worst
with an average rank around 12.5%. The second cluster is formed of individuals
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Table 4.6: (Relative) contribution of each selected circumstance to IOP - First part

G FE ME FA MA
BE11O 0.18 0.89 1.91 0.14 0.22

(1.95) (9.88) (21.11) (1.52) (2.44)
BE11Y 0 2.45 2.17 0 0.2

(0) (24.08) (21.35) (0) (1.96)
BE19O 0.25 2.51 1.59 0.44 0

(2.98) (30.26) (19.1) (5.34) (0)
BE19Y 0.34 1.6 1.17 0.47 1

(3.64) (17.26) (12.58) (5.08) (10.78)
ES11O 0.48 1.72 0.96 0.49 0.27

(4.1) (14.81) (8.28) (4.25) (2.34)
ES11Y 0 3.2 1.53 0 0

(0) (24.37) (11.69) (0) (0)
ES19O 0.37 1.59 3.38 0.09 0.84

(3.06) (13.12) (27.86) (0.74) (6.9)
ES19Y 0 4.29 0.37 0 0

(0) (31.45) (2.68) (0) (0)
NO11O 0 0.74 1.4 0 0.21

(0) (16.68) (31.44) (0) (4.69)
NO11Y 0.33 0.49 0 0 0.1

(5.91) (8.76) (0) (0) (1.86)
NO19O 0 0.71 0.11 0 0

(0) (9.58) (1.46) (0) (0)
NO19Y 0.42 0.64 0.67 0.62 0.08

5.01 7.61 7.96 7.39 0.95

with a native mother of low education (MN2 × ME1), with an average rank
around 50%. Finally, the remaining pro�les have an average rank between 75%
and 90%. In conclusion, the e�ect of mother education on unequal opportunities
is mainly through a distinction between low education versus the rest, and it is
aggravated if the mother is non-native. Concerning the young-age cohorts, the
e�ect of education is more gradual since the average rank steadily increases as we
move to higher education levels. Also, the impact of the mother nationality is felt
at each education level. Approximately, an individual with a non-native mother
faces similar prospects as an individual with a native mother but with one level
less of education.
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Table 4.7: (Relative) contribution of each selected circumstance to IOP - Second
part

FI MI FN MN H S
BE11O 2.4 0.38 0.41 0.64 1.07 0.81

(26.51) (4.19) (4.54) (7.1) (11.79) (8.97)
BE11Y 0.39 0.22 0.47 0.71 1.75 1.81

(3.82) (2.19) (4.65) (6.97) (17.17) (17.8)
BE19O 1.44 0.08 1.28 0 0.12 0.59

(17.37) (0.91) (15.47) (0) (1.5) (7.08)
BE19Y 0.42 0.47 1.93 1.47 0.42 0

(4.53) (5.08) (20.78) (15.76) (4.5) (0)
ES11O 3.8 0.31 1.38 0.9 0.3 1.01

(32.67) (2.66) (11.89) (7.75) (2.59) (8.66)
ES11Y 2.01 0 1.91 2.54 0.88 1.04

(15.36) (0) (14.55) (19.37) (6.7) (7.96)
ES19O 1.62 0.08 1.84 0.7 0 1.61

(13.4) (0.66) (15.15) (5.81) (0) (13.3)
ES19Y 0.94 0.8 4.43 2.22 0.58 0

(6.93) (5.89) (32.53) (16.27) (4.24) (0)
NO11O 1.29 0.64 0.17 0 0 0

(29.07) (14.38) (3.74) (0) (0) (0)
NO11Y 2.01 0.56 1.05 0.32 0 0.76

(35.65) (9.97) (18.68) (5.7) (0) (13.48)
NO19O 0 0 6.41 0 0 0.15

(0) (0) (86.92) (0) (0) (2.03)
NO19Y 0.56 0.79 1.76 0.53 0.73 1.61

6.66 9.42 20.92 6.31 8.69 19.07

4.5 Discussion

In this chapter, we applied the Lorenz regression toolbox to analyze inequality
of opportunity. This procedure produces inference for the explained Gini coe�-
cient, an ex-ante utilitarian measure of IOP. The methodology o�ers statistical
guarantees: it is �exible, e�cient and more robust as it uses ranks. It also o�ers
an automatic selection of the relevant circumstances. Finally, it is possible to de-
compose the measure of IOP thus obtained into contributions of each circumstance.

In the three countries analyzed, our procedure performs favorably compared to
a penalized OLS on log-incomes. Typically, it proposes a sparser model while pro-
viding comparable estimates of IOP. In absolute terms, inequality of opportunity
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Figure 4.1: Average rank for each category of MN ×ME

ranges from 4.4% to 13.6%. It can also be expressed as a share of total inequal-
ity. Thus measured, unequal opportunities represent from 20.7% to 44% of the
observed inequality. Norway scores best, both in absolute and relative terms. In
Belgium and Spain, unequal opportunities amount to similar shares of total in-
equality. However, Spain is the most unequal in absolute terms. Opportunities are
consistently more unequal for the young-age cohorts, even though total inequality
is higher in the old-age cohorts. The most important circumstances are the parents
levels of education, types of occupation and nationalities.

We end this discussion with a comment on the possible misspeci�cation of the
model. As discussed in Ramos and Van de gaer (2016), the omission of relevant
circumstances yields a downward bias in the estimation of IOP. Borrowing from
their terminology, the analysis performed in this chapter restricts circumstances to
social background luck, i.e. variables related to the family or social origin of the
individual. We are therefore leaving from consideration aspects, for example tal-
ent, which could nevertheless be considered as circumstances beyond the individual
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control. In this respect, Björklund et al. (2012) found out that IQ measured at the
age of 18 was the strongest contributor to IOP in Sweden. Even in the set of social
background information, our data might miss important features. For example, it
does not contain information on parental income or social networks. The results
obtained with our method may therefore be lower bound estimates of the actual
IOP.

4.6 Appendix

Tables 4.8 and 4.9 provide descriptive statistics for each variable included in the
study, see Table 4.1 for a description of these variables. The �rst column displays
the median income, while the remaining columns provide information about the
circumstances. For categorical variables, the proportion in each category is dis-
played in percentages. The last column of Table 4.9 displays the mean number of
siblings.

Table 4.8: Descriptive statistics - First part

Y G1 G2 ME1 ME2 ME3 FE1 FE2 FE3 MA1 MA2 MA3 FA1 FA2 FA3

BE11O 23,962 50.3 49.7 76.1 15.9 8.0 66.0 17.5 16.5 76.9 23.1 3.7 13.0 83.3

BE11Y 23,855 51.7 48.3 50.3 28.7 21.0 46.4 27.5 26.1 51.2 48.8 5.0 14.5 80.5

BE19O 25,517 50.7 49.3 68.5 21.6 9.9 61.6 21.3 17.0 58.1 11.5 30.4 3.9 17.0 79.1

BE19Y 25,479 50.9 49.1 44.2 29.4 26.4 42.9 29.0 28.1 35.0 9.7 55.4 4.5 17.4 78.0

ES11O 16,355 51.4 48.6 95.6 2.4 2.0 89.8 3.9 6.3 82.1 8.0 9.8 2.9 27.6 69.5

ES11Y 15,202 51.2 48.8 87.0 7.1 5.9 80.9 8.6 10.5 70.6 7.0 22.4 3.1 22.8 74.2

ES19O 15,628 51.0 49.0 91.0 4.8 4.1 84.0 7.3 8.7 74.8 9.2 16.0 2.6 24.5 72.9

ES19Y 15,319 50.7 49.3 76.9 12.7 10.3 71.5 13.9 14.6 57.0 8.6 34.4 2.4 22.1 75.6

NO11O 46,524 44.8 55.2 48.6 41.3 10.1 41.3 36.4 22.3 39.0 12.2 48.8 1.4 29.2 69.4

NO11Y 40,364 47.0 53.0 22.9 47.7 29.4 20.6 41.1 38.3 17.3 9.3 73.3 1.1 23.2 75.6

NO19O 42,397 45.3 54.7 29.7 46.7 23.6 26.3 42.6 31.1 19.4 80.6 2.4 97.6

NO19Y 37,215 48.6 51.4 20.4 39.4 40.2 15.8 41.4 42.9 14.9 85.1 4.3 95.7

Table 4.9: Descriptive statistics - Second part

MI1 MI2 MI3 FI1 FI2 FI3 MN1 MN2 FN1 FN2 H1 H2 S

BE11O 8.7 4.6 9.9 22.0 33.5 40.8 17.0 83.0 16.7 83.3 95.2 4.8 2.0

BE11Y 10.0 8.5 30.4 16.9 30.8 47.2 23.2 76.8 23.5 76.5 90.6 9.4 1.5

BE19O 7.2 19.3 15.4 20.1 37.4 38.6 25.4 74.6 24.8 75.2 95.6 4.4 1.8

BE19Y 8.7 22.0 34.3 17.5 31.8 46.1 30.3 69.7 30.8 69.2 91.1 8.9 1.5

ES11O 5.8 9.4 2.7 30.0 46.4 20.6 6.5 93.5 6.7 93.3 96.9 3.1 1.5

ES11Y 8.7 11.6 9.1 27.6 42.4 26.9 12.1 87.9 12.1 87.9 96.0 4.0 1.3

ES19O 8.0 12.8 4.4 28.6 50.3 18.4 8.9 91.1 9.0 91.0 98.8 1.2 1.7

ES19Y 11.7 16.9 14.3 24.7 48.5 24.4 16.9 83.1 16.6 83.4 96.6 3.4 1.3

NO11O 11.7 27.4 21.9 17.7 42.0 38.9 8.0 92.0 6.6 93.4 1.3

NO11Y 10.0 26.6 46.1 12.6 35.1 51.1 13.0 87.0 12.5 87.5 98.9 1.1 0.9

NO19O 9.5 24.4 46.7 14.7 30.9 51.9 22.0 78.0 21.6 78.4 93.3 6.7 1.7

NO19Y 5.3 24.9 54.9 13.2 22.1 60.4 19.8 80.2 19.0 81.0 83.9 16.1 1.5
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Table 4.10: Circumstances selected by the PLR - First part

BE ES NO

11O 11Y 19O 19Y 11O 11Y 19O 19Y 11O 11Y 19O 19Y

G1×FE2 +
G1×FI2 + -

G1×ME1 -
G1×S -

G2×FA1 -
G2×FE3 +
G2×FI2 +
G2×FI3 +
G2×FN2 +
G2×MA1 -
G2×ME2 +
G2×ME3 +

G2×S -
ME1 - -

ME1×FA1 -
ME1×FE1 - - - - - -
ME1×FN1 - - -
ME1×H2 -

ME1×MN1 - - -
ME1×S - - - -

ME2×FI3 +
ME2×FN1 - - -
ME2×MA1 +

ME2×S +
ME3 +

ME3×FE1 +
ME3×FE3 +
ME3×FN2 +
ME3×MN1 -
ME3×MN2 +
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Table 4.11: Circumstances selected by the PLR - Second part

BE ES NO

11O 11Y 19O 19Y 11O 11Y 19O 19Y 11O 11Y 19O 19Y

FE1 - - -
FE1×FI2 +
FE1×FN1 -
FE1×FN2 -
FE1×MA1 -
FE1×MI1 -
FE1×MN1 -
FE1×MN2 +

FE1×S -
FE2×FN1 -
FE2×FN2 +
FE2×H1 +
FE2×H2 -
FE2×MI3 +
FE2×MN2 -

FE2×S -
FE3 + +

FE3×FA1 -
FE3×FI1 +
FE3×FN2 + +
FE3×H1 + + + +

FE3×MA1 +
FE3×MA3 +
FE3×MN1 - -
MA1×FI1 -
MA1×FN1 -
MA2×FN1 -
MA3×FN1 -
MA3×H1 +
MA3×H2 -

MA3×MN1 -
MA3×MN2 +

FA1 -
FA1×FN2 -
FA1×MN2 -
FA2×H2 +

FA3×FN2 + -
FA3×H1 +
FA3×MI3 +

FA3×S -
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Table 4.12: Circumstances selected by the PLR - Third part

BE ES NO

11O 11Y 19O 19Y 11O 11Y 19O 19Y 11O 11Y 19O 19Y

MI1 -
MI1×MN1 -
MI2×MN1 +
MI2×MN2 +

MI2×S -
MI3×FN1 +
MI3×FN2 + + +
MI3×H1 +

MI3×MN1 +
MI3×MN2 +

MI3×S +
FI2 -
FI3 + + + + +

FI3×FN2 - + + + +
FI3×H1 +
FI3×H2 +

FI3×MN1 +
FI3×MN2 + + + +
MN1×FN1 - -

MN1×S + -
MN2×H1 + +
FN1×S - - -

FN2 + -
FN2×H1 + + +

H2 -
H2×S - -

S - -



Chapter 5

The LorenzRegression R package

In this chapter, we describe the LorenzRegression package, which implements the
non-penalized and penalized Lorenz regressions in R. The non-penalized proce-
dure is implemented via a genetic algorithm, making use of the GA package. For
the penalized case, the user can choose between working with a LASSO or SCAD
penalty. In the former case, the estimation procedure is performed with the FABS
algorithm, while the latter is implemented with the SCAD-FABS algorithm. Com-
putationally intensive parts of the code are written in C++. The main functions
and S3 methods are carefully described and their use is illustrated on income data.

Alexandre Jacquemain and Cédric Heuchenne. LorenzRegres-
sion: An implementation of the Lorenz and penalized Lorenz
regressions in R, 2022.

5.1 Introduction

Inequality measurement does not bene�t from a widespread implementation in
R (R Core Team, 2021), even though a few packages are publicly available from
the Comprehensive R Archive Network (CRAN). The laeken package (Alfons and
Templ, 2012) estimates indicators of social exclusion from complex surveys and can
be used to compute Gini coe�cients. The ineq package (Zeileis, 2014) estimates
several inequality measures, including the Gini coe�cient and the Lorenz curve.
The wINEQ package (Machowska et al., 2022) estimates inequality measures for
weighted data, including the Gini coe�cient. While we are not aware of any pack-
age available on CRAN, an open source implementation of the concentration index
is proposed in the rineq package (Devleesschauwer et al., 2017). It also comes with
a parametric decomposition method, following the procedure proposed by Spey-
broeck et al. (2010).
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The LorenzRegression package can be used to measure inequality, through the
Gini coe�cient and concentration index, and to graphically represent it, via the
Lorenz and concentration curves. We refer the reader to Section 1.3 for a de�ni-
tion of these objects. The computation of all these quantities may include sample
weights. More importantly, it is the �rst and only implementation so far of the
Lorenz regression methodology in R. In the non-penalized case, the estimation is
based on maximizing a discrete objective function. Due to lack of di�erentiability,
the numerical solution is obtained through a genetic algorithm, implemented via
the R package GA (Scrucca, 2013). In the penalized Lorenz regression, the issue is
circumvented by replacing the discrete objective function with a smooth approxi-
mation. The numerical solution is obtained via the FABS algorithm described in
Subsection 3.3.1 in the case of a LASSO penalty and via the SCAD-FABS algo-
rithm introduced in Subsection 3.3.2 if the SCAD penalty is chosen instead. In the
LorenzRegression package, the main functions are implemented in C++ and inte-
grated in R, via the Rcpp (Eddelbuettel and Balamuta, 2018) and RcppArmadillo

(Eddelbuettel and Sanderson, 2014) packages. To further reduce computation time,
parallel computing is implemented with the foreach package (Microsoft and We-
ston, 2022). Finally, all plots are produced with ggplot2 (Wickham, 2016).

The paper is organized as follows. Section 5.2 describes how the characteristics
of the Lorenz and penalized Lorenz regressions are implemented inside the pack-
age. In Section 5.3, we present the end-user functions and the associated S3 meth-
ods. Section 5.4 illustrates the use of the package on a real-data example. Finally,
Section 5.5 concludes.

5.2 Implementation of the Lorenz regression

The numerical solution of the Lorenz and penalized Lorenz regressions is governed
by the following functions

Lorenz.GA() (non-penalized Lorenz regression)

Lorenz.SCADFABS() (penalized Lorenz regression - SCAD penalty)

Lorenz.FABS() (penalized Lorenz regression - LASSO penalty)

Before we explain their functioning in detail, we turn the attention to two argu-
ments used throughout the package. First, the argument ties.method allows the
user to specify his or her preferred method to handle ties in the computation of
empirical CDFs. It takes two possible values: "mean" corresponds to the average-
rank solution described in Equation (2.4.2) and "random" relates to the random
assignment set out in Equation (2.4.3). Second, the argument weight is used to
specify sample weights. By default, all observations are given the same weight.
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5.2.1 The Lorenz regression

The genetic algorithm described in Section 2.3 is implemented in the function
Lorenz.GA(). Its usage is summarized as follows.

Lorenz.GA(YX_mat, ties.method=c("random","mean"),

ties.Gini=c("random","mean"), seed.random=NULL, weights=NULL)

The only required argument YX_mat is a matrix of dimensions n × (p + 1) where
the �rst column is the response vector Y and the remaining ones are the covariates
X. The arguments ties.method and ties.Gini indicate how ties are handled.
By default, both arguments are set to "random". The existence of two separate
arguments stems from the fact that ties in�uence �rst the estimation of θ0 through
Equation (2.3.2) and, second, the estimation of GiY,X through Equation (2.4.10).
To ensure the comparability with other methods, one could choose to estimate the
explained Gini coe�cient with the mean rank solution, even though the random al-
location is used to estimate θ0. In that case, one would set ties.method="random"
but ties.Gini="mean". The argument seed.random imposes a �xed seed before
generation of the sample of uniform data when the random allocation is used. The
default is NULL, in which case no seed is imposed. Finally, a vector of sample
weights can be provided using the argument weights. By default, it is set to NULL,
in which case all observations are given a weight of 1/n. We refer the reader to
the help �le of Lorenz.GA() for details on additional arguments. To speed up
computations, the �tness function displayed in Equation (2.3.9) is written in C++
and integrated in R using RcppArmadillo.

5.2.2 The penalized Lorenz regression

In the LorenzRegression package, the penalized Lorenz regression may be imple-
mented using either the LASSO or the SCAD penalty. The former is solved with the
FABS algorithm, described in Subsection 3.3.1, and implemented in the function
Lorenz.FABS(). The latter is solved using the SCAD-FABS algorithm proposed
in Subsection 3.3.2 and implemented in the function Lorenz.SCADFABS(). In what
follows, we focus on the Lorenz.SCADFABS() function. Its main arguments are
described in the following code excerpt.

Lorenz.SCADFABS(YX_mat, weights=NULL, h, eps, a = 3.7,

lambda="Shi", gamma = 0.05)

As in the function Lorenz.GA(), YX_mat and weights provide the data and op-
tional sample weights. The remaining arguments correspond to tuning parameters
of either the penalized problem or of the SCAD-FABS algorithm. The smoothness
of the objective function is determined by the kernel and the bandwidth. Con-
cerning the former, we impose K(u) = [98u − 5

8u
3 + 1

2 ]1{−1 ≤ u ≤ 1} to ensure
good theoretical properties, where K(·) is the integral of the kernel, see Equation
(3.2.2). The bandwidth h is determined via the argument h. The step size ϵ of the
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SCAD-FABS algorithm is set by the argument eps. The SCAD penalty depends
on two parameters, a and λ. The former is ruled by the argument a, with default
value of 3.7, as advised in Fan and Li (2001). The argument lambda takes three
possible values. By default, it is set to "Shi", where the path of λ values is de-
termined within the algorithm, as described in Subsestion 3.3.2. If set to "grid",
the path is de�ned by a grid, equidistant on the log scale. Otherwise, the user
may provide a vector of values. Finally, the argument gamma corresponds to the
Lagrange multiplier of Equation (3.3.9), with a default value of 0.05.

The smoothness of the kernel and the extent of penalization are crucial param-
eters of the estimation procedure. A careful choice for the bandwidth h and reg-
ularization parameter λ is therefore needed. The SCAD-FABS algorithm returns
vectors of estimated coe�cients for a path of λ values and a �xed h. As proposed
in Jacquemain et al. (2022a), we advise to repeat this process over a grid of values
for the bandwidth satisfying h = Cn−1/5.5, where C is a positive constant. In the
LorenzRegression package, three methods are available to select the pair (λ,h):
BIC, bootstrap and cross-validation. The �rst two methods were discussed in Sec-
tion 2.3 so we focus here on the last one. In K-fold cross-validation, the data are
split into K folds of roughly equivalent sizes. For each iteration, (K − 1) folds are
used as training samples and the remaining one is used as validation sample. The
procedure is then similar to the bootstrap selection. A cross-validation score is de-
�ned for each iteration, call it �Gi−k(λ, h). The cross-validation selection procedure
chooses the pair (λ, h) that maximizes the cross-validation score

CV-score(λ,h) =
1

K

K∑
k=1

�Gi−k(λ, h).

5.3 End-user functions and methods

The Lorenz.Regression package o�ers several functions to analyze the inequality
pattern characterizing the input data. We �rst describe the function Gini.coef(),
which computes a Gini coe�cient or a concentration index. Its arguments are

� y: vector gathering the variable of interest for each observation.

� x: vector gathering the variable to use for the ranking of each observation.
By default, it is set to y and the function computes the Gini coe�cient of y.
If the user supplies a vector x, the output becomes the concentration index
of y with respect to x.

� na.rm: should missing values be deleted. Default value is TRUE. If FALSE is
selected, missing values generate an error message.
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� ties.method: determines how ties are handled. By default, the argument
is set to "mean" and the average-rank is used. If set to random, the random
allocation is used instead.

� seed: �xes what seed is used if the random allocation is chosen. Default is
NULL, in which case no seed is imposed.

� weights: vector of sample weights. Default is NULL, in which case each
observation is given a weight of 1/n, where n is the number of observations.

With similar arguments, the function Lorenz.curve() can either produce the
Lorenz curve of y or the concentration curve of y with respect to x. The out-
put is a function, whose unique argument is a proportion between 0 and 1. The
function Lorenz.curve() admits an extra logical argument graph. If set to TRUE,
a plot of the curve is displayed. The default value is FALSE, in which case no plot
is produced.

Finally, the function Lorenz.graphs() allows the user to plot simultaneously
the Lorenz curve of a variable, as well as several concentration curves. It takes the
following two main arguments:

� formula: standard formula object of the form Y ∼ X1 + X2 + ...

� data: data frame containing the variables displayed in the formula.

The output of the function is a graph of the Lorenz curve of Y and of each of the
concentration curves of Y with respect to the covariates X1, X2, ... indicated in the
formula.

In what follows, we discuss the use of the function Lorenz.Reg(). It is the most
important function of the package as it allows the user to �t a Lorenz or penalized
Lorenz regression. Its usage is similar to other regression functions and several
methods such as print(), coef(), summary(), plot() and confint() have been
de�ned to provide detailed information on the �tted model. It uses the following
arguments.

� formula: standard formula object of the form Y ∼ X1 + ... determining
the response variable and the covariates.

� data: data frame containing the variables displayed in the formula.

� standardize: whether covariates should be standardized prior to estimation.
Default value is TRUE, in which case covariates are standardized. We advise
not to set it to FALSE, especially if a penalized Lorenz regression is �tted.
Without standardization, covariates are not treated on equal footing by the
penalized procedure.

� weights: vector of sample weights. Default is NULL, in which case each
observation is given a weight of 1/n, where n is the number of observations.
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� parallel: determines whether parallel computing should be used to dis-
tribute the computations between di�erent CPUs. Default value is FALSE,
in which case no parallel computing is performed. If set to TRUE, the num-
ber of core is set to detectCores()-1. The user can also supply a numerical
value determining the number of cores to use.

� penalty: determines whether a non-penalized ("none", default) or a penal-
ized Lorenz regression should be �tted. In the latter case, the user has the
choice between the SCAD ("SCAD") and the LASSO ("LASSO") penalty.

The following arguments are particular to the penalized Lorenz regression.

� h.grid: grid of values for the bandwidth. The default is determined as

h.grid=c(0.1,0.2,1,2,5)*nrow(data)^(-1/5.5)

� eps: step size of the algorithm. Default value is 0.005. Typically, lower values
of eps lead to longer and �ner paths but require more computation time.

� sel.choice: determines the selection method for the bandwidth and regular-
ization parameter. As explained in Section 5.2, three methods are available:
BIC, cross-validation and bootstrap. Possible values are any subset of the
vector c("BIC","CV","Boot"). The default is "BIC".

The next three parameters are only used if sel.choice contains "CV".

� nfolds: number of folds. Default value is 10.

� seed.CV: value used as seed before the folds are formed. Default value is
NULL, in which case no seed is imposed.

� foldID: determines how the folds are formed. The default value is NULL, in
which case the folds are determined randomly. Otherwise, the user can supply
a vector of size n determining the index of the fold for each observation.

Several parameters are particular to the bootstrap. In the case of a non-penalized
Lorenz regression, bootstrap is only used to perform inference. If a penalized
Lorenz regression is �tted instead, bootstrap is used both as selection method and
to perform inference.

� Boot.inference: determines whether bootstrap inference should be pro-
duced. Since bootstrap may require a lot of computation time, the default
value is FALSE. In the case of a penalized Lorenz regression, this parameter is
automatically turned to TRUE if sel.choice contains "Boot". Conversely,
if Boot.inference is set to TRUE, "Boot" is added to sel.choice.

� B: number of bootstrap repetitions. Default value is 500.
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� alpha: signi�cance level for the bootstrap con�dence intervals. Default is
0.05.

� bootID: determines how the bootstrap resamples are formed. The default
value is NULL, in which case the samples are drawn with replacement from
the original data. Otherwise, the user can supply a matrix where each row
provides the ID of the observations selected in each bootstrap resample.

� seed.boot: value used as seed before the bootstrap resamples are formed.
Default value is NULL, in which case no seed is imposed.

The last two arguments are mainly useful when the estimation is performed in
several steps. For example, the original estimation is �tted on a single computer
and the bootstrap iterations are distributed between di�erent machines.

� LR: output of a call to Lorenz.GA() or to PLR.wrap(). The latter is a wrapper
of functions Lorenz.FABS() and Lorenz.SCADFABS(). We refer the reader
to the help of this function for extra information.

� LR.boot: output of a call to Lorenz.boot(), which allows the user to perform
bootstrap for the Lorenz and penalized Lorenz regressions. Again we refer
the reader to the help for further details.

Finally, additional parameters corresponding to arguments of functions Lorenz.GA(),
Lorenz.FABS() and Lorenz.SCADFABS() can be passed in the ... argument.

If the penalty argument is set to none, the function outputs an object of class
LR. Otherwise, it outputs an object of class PLR. The associated S3 methods are
illustrated in the next section.

5.4 Illustration

We start by loading the packages required in this example.

R> library(LorenzRegression)

R> library(ineq)

Throughout this illustration, we use the dataset Ilocos introduced in Section 1.1.
The data are loaded with

R> data("Ilocos", package="ineq")

5.4.1 Descriptive analysis

The Gini coe�cient of income and the concentration index of income with respect
to family.size are computed using Gini.coef(). Since family.size is a discrete
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covariate, ties appear in the ordering generated by this variable. In what follows,
we repeat the analysis performed in Subsection 2.5.2, i.e. we compare the values of
the concentration index obtained with the mean-rank and the random assignments.
In the function Gini.coef(), the mean-rank is used by default.

R> Gi <- Gini.coef(Ilocos$income)

R> Gi

[1] 0.43

R> CI.mean <- Gini.coef(Ilocos$income,Ilocos$family.size)

R> CI.mean

[1] 0.089

In what follows, we use the random allocation instead, repeating the operation
1000 times with a di�erent seed.

R> CI.random <- sapply(1:1000, function(i)Gini.coef(Ilocos$income,

+ Ilocos$family.size,

+ ties.method = "random",

+ seed = i))

R> boxplot(CI.random)

R> abline(h=CI.mean)

Figure 5.1 displays a boxplot of the concentration indices thus obtained. As we
explained at the end of Subsection 2.5.2, the distribution is centred on the solution
obtained with the mean-rank, indicated by the horizontal line. The size of the
boxplot indicates how the concentration index varies as we change the rule deter-
mining how ties are broken. We now compute the Lorenz curve of income and
evaluate it on a small grid of values.

R> LC <- Lorenz.curve(Ilocos$income)

R> p <- seq(0,1,length.out=5)

R> LC(p)

[1] 0.000 0.079 0.214 0.446 1.000

Finally, we display the Lorenz curve of income and the concentration curve of
income with respect to family.size in Figure 5.2. They are obtained using the
function Lorenz.graphs().

R> Lorenz.graphs(income ~ family.size, data = Ilocos)

5.4.2 The Lorenz regression

We �t the Lorenz regression to the Ilocos data, with income as response variable.
The covariates include sex, family.size, urbanity and province. We also in-
clude interactions between sex and family.size, and between sex and urbanity.
We use the mean rank in the estimation of the explained Gini coe�cient, by setting
ties.Gini = "mean".
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Figure 5.1: Concentration index of income with respect to family.size - Random
allocation

R> LR <- Lorenz.Reg(income ~ sex*family.size + sex*urbanity + province,

+ data = Ilocos, ties.Gini = "mean", seed.random = 456,

+ Boot.inference = TRUE)

The vector of estimated coe�cients is retrieved with the method coef().

R> coef(LR)

sexmale family.size urbanityurban

0.318 0.126 0.845

provinceIlocos Sur provinceLa Union provincePangasinan

0.071 -0.219 -0.226

sexmale:family.size sexmale:urbanityurban

-0.028 -0.254

A summary of the model is provided with the method summary(). The estimated
explained Gini coe�cient is of 15.4%, which corresponds to 36.2% of the observed
inequality. The summary also displays a table with the estimated coe�cients.
Let us focus on covariate family.size. In Figure 5.2, we observed a positive
association between income and family.size. This is con�rmed by the regression
model since the estimated coe�cient is positive. In the descriptive analysis, we also
computed a concentration index of 8.9%. This would be the value of the explained
Gini coe�cient if we included only family.size in the regression. Including the
remaining covariates helps us rise explained inequality from 8.9% to 15.5%.
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Figure 5.2: Lorenz curve of income and concentration curve of income with respect
to family.size

R> summary(LR)

The explained Gini coefficient is of 0.15452

The Lorenz-R2 is of 0.36191

Estimated coefficients and associated p-values

| | estimate| p-value|

|:---------------------|--------:|-------:|

|sexmale | 0.32| 0.21|

|family.size | 0.13| 0.01|

|urbanityurban | 0.84| 0.00|

|provinceIlocos Sur | 0.07| 0.75|

|provinceLa Union | -0.22| 0.20|

|provincePangasinan | -0.23| 0.12|

|sexmale:family.size | -0.03| 0.43|

|sexmale:urbanityurban | -0.25| 0.33|

Because we set the argument Boot.inference to TRUE, p-values were computed
for each coe�cient. At a 5%-level of signi�cance, we see that only family.size

and urbanityurban are signi�cant. A con�dence interval for the explained Gini
coe�cient is obtained with the method confint().
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R> confint(LR)

Lower bound Upper bound

0.12 0.19

By default, 95% con�dence intervals are constructed, but the level can be changed
using the argument level. The three bootstrap methods introduced in Section
2.3 are available and are chosen via the argument boot.method. The default
is "Param", which corresponds to parametric bootstrap. The other options are
"Perc" for percentile bootstrap and "Basic" for basic bootstrap.

Con�dence intervals for each individual coe�cient can be obtained by changing
the parm argument to "theta". We also change the signi�cance level and the
bootstrap method to illustrate the use of arguments level and boot.method.

R> confint(LR, parm = "theta", level = 0.9, boot.method = "Perc")

Lower bound Upper bound

sexmale -0.373 0.480

family.size 0.022 0.175

urbanityurban 0.601 0.918

provinceIlocos Sur -0.245 0.470

provinceLa Union -0.375 0.179

provincePangasinan -0.399 0.106

sexmale:family.size -0.056 0.059

sexmale:urbanityurban -0.520 0.343

We can also display explained inequality via concentration and Lorenz curves. In
the following piece of code, we make use of the function Lorenz.graphs() to
produce Figure 5.3. The green curve is the Lorenz curve of income. The purple
curve is the concentration curve of income with respect to family.size. Finally,
the yellow curve is the concentration curve of income with respect to the index
estimated by the Lorenz regression. The closer the yellow curve to the green curve,
the greater the Lorenz-R2, i.e. the more observed inequality is explained by the
regression model.

R> data.plot <- cbind(LR$Fit,Ilocos$family.size)

R> colnames(data.plot) <- c("income","index_LR","family_size")

R> Lorenz.graphs(income ~ ., data.plot)

5.4.3 The penalized Lorenz regression

We �t the penalized Lorenz regression to the Ilocos data, with the same response
variable and covariates as before. We use the SCAD penalty and choose the couple
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Figure 5.3: Lorenz curve of income, concentration curve of income with respect
to family.size and concentration curve of income with respect to the estimated
index

(h, λ) by BIC and bootstrap. The step size of the SCAD-FABS algorithm is set to
ϵ = 0.01. Finally, parallel computing is used to distribute the bootstrap iterations
across the available CPUs.

R> PLR <- Lorenz.Reg(income ~ sex*family.size + sex*urbanity + province,

+ data = Ilocos,

+ penalty = "SCAD",

+ sel.choice = c("BIC","Boot"),

+ seed.boot = 123,

+ eps = 0.01,

+ parallel = TRUE)

The coe�cients estimated by the SCAD-FABS algorithm are obtained with the
method coef(). The output is a list where each element corresponds to a method
of selection for the couple (λ, h).

R> coef(PLR, renormalize = FALSE)

$BIC

sexmale family.size urbanityurban

0.000 0.119 0.767

provinceIlocos Norte provinceIlocos Sur provinceLa Union

0.118 0.247 0.000

provincePangasinan sexfemale:family.size sexmale:family.size
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-0.178 0.023 0.000

sexfemale:urbanityrural sexmale:urbanityrural sexfemale:urbanityurban

-0.539 0.000 0.000

sexmale:urbanityurban

0.000

$Boot

sexmale family.size urbanityurban

0.000 0.099 0.995

provinceIlocos Norte provinceIlocos Sur provinceLa Union

0.000 0.000 0.000

provincePangasinan sexfemale:family.size sexmale:family.size

0.000 0.000 0.000

sexfemale:urbanityrural sexmale:urbanityrural sexfemale:urbanityurban

0.000 0.000 0.000

sexmale:urbanityurban

0.000

In presence of categorical covariates, the �t of the penalized Lorenz regression would
depend on the chosen reference category, see Section 4.3 for a discussion. We avoid
this issue by introducing all dummies in the regression, except for variables with
only two categories. This is the reason why the four provinces are included in the
output of coef(PLR, renormalize = FALSE). Once the estimation is performed,
the vector of coe�cients can be transformed to match a speci�c choice of reference
categories. By setting renormalize=TRUE (the default), the reference categories are
chosen as in the non-penalized case, i.e. as the �rst categories in the alphabetical
order. The method summary() displays these transformed coe�cients as well as
information about the model �t.

R> summary(PLR)

Summary of the model fit

| | Explained Gini| Lorenz-R2| lambda| h| Number of variables| BIC score| Boot score|

|:----|--------------:|---------:|------:|-----:|-------------------:|---------:|----------:|

|BIC | 0.1541| 0.3609| 114.1| 1.548| 7| -1.906| 0.1306|

|Boot | 0.1435| 0.3362| 3442.9| 1.548| 2| -1.951| 0.1346|

Estimated coefficients

| | BIC| Boot|

|:---------------------|-------:|------:|

|sexmale | 0.3462| 0.0000|

|family.size | 0.0910| 0.0989|

|urbanityurban | 0.8386| 0.9951|

|provinceIlocos Sur | 0.0832| 0.0000|

|provinceLa Union | -0.0756| 0.0000|

|provincePangasinan | -0.1897| 0.0000|

|sexmale:family.size | -0.0147| 0.0000|

|sexmale:urbanityurban | -0.3462| 0.0000|

The summary of the model �t includes the estimated explained Gini coe�cient and
Lorenz-R2, the selected couple (λ, h), the number of included variables, as well as
the BIC and bootstrap scores. Both selection methods lead to the same choice for
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the bandwidth, i.e. h = 1.548. The bootstrap selection method favours a larger
penalty: λ = 3273.96, against λ = 114.13 for the BIC criterion, and therefore yields
a sparser model. The amount of sparsity is represented by the number of non-zero
coe�cients before choosing a reference category, which are displayed in column
Number of variables. With the bootstrap selection, only 2 variables have a non-
zero coe�cient, against 7 variables with the BIC procedure. The latter yields an
output very similar to the non-penalized regression. The estimated Gini coe�cient
is of 15.41%, against 15.45% in the non-penalized case. The estimated coe�cients
are also of similar magnitudes. The bootstrap procedure yields an estimated Gini
coe�cient of 14.38%.

R> plot(PLR)

The method plot() displays several graphs. The �rst plot is the Lorenz curve of
the response, along with the concentration curves of the response with respect to
the index obtained by each selection method. We do not display this graph here as
we want to compare with the �t obtained with the non-penalized Lorenz regression.
Therefore, we display instead Figure 5.4, obtained by running the following piece
of code.

R> data.plot$index_PLR.BIC <- PLR$Fit$Index.BIC

R> data.plot$index_PLR.Boot <- PLR$Fit$Index.Boot

R> Lorenz.graphs(income ~ ., data.plot)

As expected, the concentration curve obtained with BIC is very close to that ob-
tained with the non-penalized procedure. The concentration curve obtained with
bootstrap reproduces less inequality, since it lies closer to the 45◦ line. The second
plot, given in Figure 5.5, displays the evolution of the estimated coe�cients (before
transformation related to the choice of reference categories) as the penalty relaxes.
At the beginning, the penalty is the largest and only one coe�cient is included.
This coe�cient corresponds to urbanityurban and it takes a value of 1 because
of the norm constraint. As the algorithm proceeds, the penalty decreases and new
variables enter the model. For example, family.size is the second variable to
enter. The third plot, provided in Figure 5.6, shows the evolution along the path
of the scores corresponding to each selection method. To ease the comparison,
the scores are normalized so that the optimum is attained at 1. The bootstrap
score yields a well-de�ned maximum in the beginning of the path, producing a
highly sparse model. The BIC score, however, is relatively �at along the path.
Therefore, we would favour using the former. Figures 5.5 and 5.6 indicate that the
bandwidth was selected by BIC. Since the whole path depends on the choice of h,
these two plots are reproduced for each selection method. In this illustration, the
same bandwidth is selected with both methods. The plots related to the bootstrap
are exactly the same as those obtained for BIC and are therefore not reproduced.

Finally, we obtain con�dence intervals for the explained Gini coe�cient using the
method confint().
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Figure 5.4: Lorenz curve of income, concentration curve of income with respect to
family.size and concentration curves of income with respect to each estimated
index

R> confint(PLR)

Lower bound Upper bound

BIC 0.12 0.19

Boot 0.10 0.18

5.5 Discussion

In this chapter, we demonstrate the use of the LorenzRegression package, which
implements the non-penalized and penalized Lorenz regressions. The �tting of the
model is similar to standard regression techniques. It is performed with the function
Lorenz.Reg() and it bene�ts from several S3 methods. Information on the model
�t is obtained numerically with summary(), or graphically with plot(). Con�dence
intervals for the explained Gini coe�cient are obtained with confint(). As a side
advantage, the package allows the computation and graphical representation of
Lorenz and concentration curves, as well as the computation of a Gini coe�cient
or a concentration index. All functions allow the user to specify sample weights.
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Chapter 6

Discussion and extensions

In this thesis, we developed the Lorenz regression, an inference procedure for the
explained Gini coe�cient, a measure of the inequality of a response that is explained
by a set of covariates. Besides providing inference, the procedure can be used to
select the relevant covariates and to determine their contributions to the inequality
thus measured. In Chapter 4, we argued that the Lorenz regression is a promising
technique to measure inequality of opportunity. More generally, one may resort
to this procedure whenever one is interested in analyzing the inequality of ��tted
values�, where the latter is formalized by the conditional expectation of Y given X.
This chapter proposes three directions in which the methodology may be expanded.

(i) Beyond inequality measurement. Throughout this work, we suppose that the
response variable Y is a continuous random variable with a positive expec-
tation. This assumption is justi�ed by the context of application, as Y is
a measure of economic advantage, e.g. wealth, income or wage. Section 6.1
considers the very opposite situation, where Y is a binary variable. Assuming
a single-index model, the index X⊺θ is a binary classi�er for Y . It turns out
that the Lorenz regression may still be applied. It looks for the binary clas-
si�er which maximizes the area under the receiver operating characteristic
curve.

(ii) Beyond the Gini coe�cient. As a scalar measure of inequality, the Gini
coe�cient is characterized by a certain degree of inequality aversion. With
the extended Gini coe�cient, the level of inequality aversion is speci�ed by the
researcher. It is therefore natural to determine whether the Lorenz regression
methodology can be extended in this way. This is the subject of Section 6.2.

(iii) Beyond the single-index model. The Lorenz regression is built on the premise
of the single-index model. This assumption is elegant in the sense that it
allows for more �exibility than parametric methods without su�ering from the
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curse of dimensionality. Furthermore, the nonparametric part of the model
does not need to be estimated. Still, the structure of the model may seem
restrictive, as it assumes that the ordering of the conditional expectation
is a linear combination of the covariates. Alternatively, one may think of
using machine learning methods to obtain �tted values and plug these in
an estimator of the Gini coe�cient. In Section 6.3 we start from the idea,
already expressed in Escanciano and Terschuur (2022) that such a procedure
is likely to yield biased estimates. Instead, the concentration index of the
response with respect to the �tted values should be used. We propose a
regression tree procedure where each split is chosen so as to maximize the
concentration index of Y with respect to the �tted values.

6.1 An application of the Lorenz regression in bi-

nary classi�cation

This section develops as follows. In Subsection 6.1.1, we give a brief introduction
to binary classi�cation in order to introduce the relevant material. The most
important notions are the receiver operating characteristic curve and its summary
measure, the area under the curve. In Subsection 6.1.2, we show that, assuming a
single-index model, the Lorenz regression entails to �nd the binary classi�er which
maximizes the area under the curve.

6.1.1 A small introduction to binary classi�cation

Consider a binary response variable Y ∈ {0, 1} and a vector of covariates X =
(X1, . . . , Xp)

⊺ ∈ Rp, also called predictors. In the context of economics, Y could
measure the employment status of an individual. The value Y = 0 is attributed
to unemployment, while Y = 1 is used to denote employment. The goal is then to
determine a decision rule δ(X), where δ : Rp → {0, 1}, that determines whether
the individual is employed, i.e. δ(X) = 1, or unemployed, i.e. δ(X) = 0. Finally,
we denote by {δc(X)}c a series of decision rules depending on a threshold c.

We assume the single-index model used throughout this thesis. Namely,

P (Y = 1|X = x) = H(x⊺θ0), (6.1.1)

where H(·) is a strictly increasing function and θ0 is a vector of parameters sat-
isfying ||θ0||= 1. The same model is assumed in Pepe et al. (2006). As we will
formalize later on, it turns out that the series of decision rules of the type

δc∗(X) = 1 if X⊺θ0 ≥ c∗ and δc∗(X) = 0 if X⊺θ0 < c∗, (6.1.2)

where c∗ is a constant, is optimal. The performance of the decision can be assessed
by turning the attention to the true-positive rate (TPR) and false-positive rate
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(FPR), formally de�ned as

TPR(c) := P (δ(X) = 1|Y = 1) = P (X⊺θ0 ≥ c|Y = 1)

FPR(c) := P (δ(X) = 1|Y = 0) = P (X⊺θ0 ≥ c|Y = 0),

where the last equality in each line only holds if the decision rule displayed in
Equation (6.1.2) is chosen.

For a given series of decision rules {δc(X)}c, the receiver operating characteris-
tic (ROC) curve is de�ned as

ROC(p) := TPRpc : FPR(c) = pq,
where p ∈ [0, 1]. Evaluated at p, the ROC curve provides the true-positive rate
of the decision rule ensuring a false-positive rate equal to p. Typical ROC curves
are represented in red and green in Figure 6.1. In what follows, we summarize the
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Figure 6.1: Typical ROC curves

main features governing the interpretation of a ROC curve. For a more complete
review, we refer the reader to Chapter 4 of Pepe (2004).

Two particular scenarios are of interest. First, the perfect test would ensure an
FPR of 0 and a TPR of 1. In �gure 6.1, this situation is represented by the blue
point with coordinates (0, 1). Second, an uninformative test with FPR and TPR
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both equal to p is obtained by randomly assigning δ(X) = 1 with probability p and
δ(X) = 0 with probability 1− p. The ROC curve traced by this series of decisions
coincides with the 45◦ line. In our context, this is the ROC curve obtained for the
rule based on the binary classi�er X⊺θ0 if Y is independent from X.

Typically, the ROC curve is an increasing and concave curve nested between
the two scenarios mentioned above. The closer the curve is to the upper left, the
better is the classi�cation. In Figure 6.1, the series of decision rules corresponding
to the solid red ROC curve are better than the ones yielding the dashed green ROC
curve. We say that the red ROC curve dominates the green one. In what follows,
we consider that a series of decision rules δc(X)c is optimal when its ROC curve
dominates that of any other rule based on X. A summary measure of the ROC
curve is the area under the curve (AUC), de�ned as

AUC :=

∫ 1

0

ROC(p)dp.

By the Neyman-Pearson lemma (Neyman and Pearson, 1933), the series of decision
rules de�ned by

δc(X) = 1 if
P (Y = 1|X = x)

P (Y = 0|X = x)
≥ c

δc(X) = 0 if
P (Y = 1|X = x)

P (Y = 0|X = x)
< c

is optimal. Now, due to Equation (6.1.1) and the fact that H(·) is strictly increas-
ing, these decisions boil down to those displayed in Equation (6.1.2). Hence, the
decision based on the index X⊺θ0 is optimal. In practice θ0 is unknown. Pepe et al.
(2006) propose an estimation procedure which entails to maximize the empirical
area under the curve. In the context of this thesis, we saw that the estimator θ
obtained from the Lorenz regression, see Equation (1.5.4), is also a suitable esti-
mator of θ0. In the following subsection, we explore the possible links between the
Lorenz regression methodology and procedures based on the ROC curve and the
AUC.

6.1.2 Link with the Lorenz regression

In what follows, we provide a small comparison between the estimator proposed
by Pepe et al. (2006), based on the maximization of the AUC, and the estimator
arising from the Lorenz regression.

Throughout this section, we consider that (X⊺, Y )⊺ ∈ Rp × {0, 1} satisfy Equa-
tion (6.1.1) with H(·) strictly increasing. We also assume that the conditions (SI1)
to (SI4) introduced in Section 1.5 hold. Finally, we restrict our attention to the
series of decision rules described in Equation (6.1.2).
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Let (X⊺
1 , Y1)

⊺ and (X⊺
2 , Y2)

⊺ be two i.i.d copies of (X⊺, Y )⊺. As established in
Result 4.6 from Pepe (2004), the AUC can be rewritten as

AUC(θ) = P (X⊺
1 θ > X⊺

2 θ|Y1 = 1, Y2 = 0),

where the notation AUC(θ) is used to acknowledge explicitly the dependence on θ.
As we pointed out in Section 2.2, the Lorenz regression aims to �nd the parameter
vector which maximizes the concentration index of Y with respect to X⊺θ. The
latter is

CIY,X⊺θ =
2E[Y11{X⊺

1 θ > X⊺
2 θ}]

E[Y1]
− 1.

But

E[Y11{X⊺
1 θ > X⊺

2 θ}] = P (Y1 = 1, X⊺
1 θ > X⊺

2 θ)

= P (Y1 = 1, Y2 = 0, X⊺
1 θ > X⊺

2 θ)

+ P (Y1 = 1, Y2 = 1, X⊺
1 θ > X⊺

2 θ)

= AUC(θ)P (Y = 0)P (Y = 1) +
1

2
(P (Y = 1))2.

Hence,

CIY,X⊺θ = P (Y = 0)p2AUC(θ)− 1q.
Therefore, the maximization programme underlying the Lorenz regression in the
population boils down to a maximization of the AUC. We now show that the equiv-
alence extends to the sample.

Let (X⊺
i , Yi)

⊺
i=1,...,n be a sample of i.i.d copies of (X⊺, Y )⊺. Let I1 := {i = 1, . . . , n :

Yi = 1} and I0 := {i = 1, . . . , n : Yi = 0}. The estimator of Pepe et al. (2006) is
de�ned as

θ̂AUC := argmax
θ,||θ||=1

∑
i∈I1

∑
j∈I0

1{X⊺
i θ ≥ X⊺

j θ}.

In the Lorenz regression, the estimator θ is the maximizer of Gn(θ), where

Gn(θ) =

n∑
i=1

n∑
j=1

Yi1{X⊺
i θ > X⊺

j θ}

=
∑
i∈I1

n∑
j=1

1{X⊺
i θ > X⊺

j θ}

=
∑
i∈I1

∑
j∈I0

1{X⊺
i θ > X⊺

j θ}+
∑
i∈I1

∑
j∈I1

1{X⊺
i θ > X⊺

j θ}.
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Notice that the second sum is a constant since
∑

j∈I1
1{X⊺

i θ > X⊺
j θ} evaluated

at each i ∈ I1 provides the rank vector {0, . . . , |I1|−1}, assuming that ties cannot
occur. Hence, θ̂AUC = θ.

The potential of the Lorenz regression in the context of binary classi�cation there-
fore arises from these �ndings. The whole machinery developed in this thesis can
be used to estimate the binary classi�er X⊺θ0 which predicts Y in the best way.
The Lorenz regression is suitable because it looks for the parameter vector which
maximizes the area under the ROC curve. The penalized Lorenz regression may be
applied if the researcher is facing many predictors and looks for an automatic selec-
tion procedure. The Shapley value decomposition may be reframed to decompose
the AUC of the �nal model into individual contributions of each predictor.

6.2 A generalization of the Lorenz regression to the

extended Gini family

The extended Gini coe�cient is a family of inequality measures indexed by an
inequality aversion parameter. In this Section, we provide the backbone for an
extended Lorenz regression. In Subsection 6.2.1, we de�ne the extended Gini coef-
�cient and provide the intuition underlying its use. The extended Lorenz regression
is sketched in Subsection 6.2.2.

6.2.1 The extended Gini family of inequality measures

The following discussion is a brief introduction to the extended Gini family of
inequality measures. For a more complete review, we refer the reader to Yitzhaki
and Schechtman (2005). As a starting point, notice that the Gini coe�cient is
characterized by a certain degree of inequality aversion. To see this, remark that
the Gini coe�cient of Y can be written as

GiY = 1− E[min(Y1, Y2)]

E[Y ]
,

where Y1 and Y2 are i.i.d copies of Y . The Gini coe�cient compares the expected
income received by the poorest member of a pair of individuals randomly drawn
from the population with the overall expected income. A di�erent degree of in-
equality aversion can be set by extending the number of elements in the numerator.
The extended Gini coe�cient is

GiY ;ν := 1− E[min(Y1, Y2, . . . , Yν)]

E[Y ]
,

where ν is a parameter determined by the researcher. The Gini coe�cient is recov-
ered when ν = 2. A larger value of the parameter ν corresponds to more inequality
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aversion since the numerator retrieves the expected income received by the poorest
member from a set of ν individuals randomly drawn from the population. Back to
our usual formulation, the extended Gini coe�cient is de�ned as

GiY ;ν :=
−νC[Y, (1− FY (Y ))ν−1]

E[Y ]
,

where ν ≥ 1. This formulation is more general than the previous one as ν is not
restricted to be integer-valued. The extended concentration index of Y with respect
to W is given by

CIY,W ;ν :=
−νC[Y, (1− FW (W ))ν−1]

E[Y ]

6.2.2 The extended Lorenz regression

In this section, we provide the skeleton of an extended Lorenz regression. We call
extended explained Gini coe�cient the extended Gini coe�cient of the conditional
expectation of Y given X in the assumed single-index model. This quantity is
denoted by GiY,X;ν . Proposition 6.1 reproduces the chain of equations presented
in Proposition 2.1 for the Lorenz regression.

Proposition 6.1. Let (X⊺, Y )⊺ ∈ Rp × R, with 0 < E[Y ] < ∞, be continuous
random variables satisfying Equation (2.1.1) with H(·) strictly increasing. Let ν ≥
1 be an inequality aversion parameter. Then, it holds

GiY,X;ν := GiH(X⊺θ0);ν

=
−νC

�
Y, p1− FH(H(X⊺θ0))qν−1

�
E[Y ]

(6.2.1)

=
−νC

�
Y, p1− Fθ0(X

⊺θ0)qν−1
�

E[Y ]
(6.2.2)

= max
θ,||θ||=1

−νC
�
Y, p1− Fθ(X

⊺θ)qν−1
�

E[Y ]
. (6.2.3)

The proof of (6.2.1) and (6.2.2) is the same as in Proposition 2.1. At this stage,
Equation (6.2.3) remains a conjecture. Notice that the �nal optimization boils
down to maximizing E[Y (1 − Fθ(X

⊺θ))ν−1]. Similarly to the Lorenz regression,
the extended proportion of explained inequality is given by

PEIY,X;ν :=
GiY,X;ν

GiY ;ν
.
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An estimator of θ0 is

θν := argmin
θ,||θ||=1

1

n

n∑
i=1

Yi(1− F̂i(θ))
ν−1,

where we recall that

F̂i(θ) =
1

n

n∑
j=1

1{X⊺
i θ ≥ X⊺

j θ}.

It is then possible to generalize the whole toolbox of the Lorenz regression to the
extended Gini coe�cient. The generalization allows the researcher to impose his
or her own parameter of inequality aversion in the estimation process.

6.3 A nonparametric Lorenz regression

In this section, we take a step back from the assumption of the single-index model.
Let Y be a response variable and X = (X1, . . . , Xp)

⊺ a vector of covariates. We
consider that

E[Y |X = x] = m(x),

where m : Rp → R is an unknown function. Let Fm(·) be the CDF of m(X).
We de�ne the explained Gini coe�cient obtained on this more general model as
GiY,X := Gim(X). In typical applications, as we saw in Chapter 4, p tends to
be quite large. Consequently, usual nonparametric methods will face the curse
of dimensionality. An estimator of GiY,X could be obtained from a two-stages
procedure. In the �rst stage, the conditional expectation m(X) is estimated us-
ing a machine-learning method, producing �tted values (m̂(X1), . . . , m̂(Xn))

⊺. In
the second stage, the �tted values are plugged in an estimator of the Gini coef-
�cient. However, this procedure is expected to perform poorly. As mentioned in
Escanciano and Terschuur (2022), machine-learning methods tend to produce bi-
ased predictions and the estimator of the Gini coe�cient is not robust to these
deviations. The biases therefore propagate into the �nal estimator. Alternatively,
we can rewrite the explained Gini coe�cient as the concentration index of Y with
respect to m(X), i.e.

GiY,X =
C[Y, Fm(m(X))]

2E[Y ]
= CIY,m(X). (6.3.1)

The estimator built upon this equation is therefore

xGiY,X =
2

n2

n∑
i=1

n∑
j=1

Yi

Y
1{m̂(Xi) ≥ m̂(Xj)} −

n+ 1

n
(6.3.2)



6.3. A nonparametric Lorenz regression 137

where the �tted value m̂(Xi) is obtained in the same way as before. Notice that
the usual semiparametric Lorenz regression goes one step further than Equation
(6.3.1). Exploiting the structure of the single-index model, the ranking is produced
by the index and the �tted values do not need to be obtained. In the pure non-
parametric context considered in this chapter, we cannot avoid to estimate m(X).
What Equation (6.3.1) indicates is that the �tted values only need to reproduce
the ordering of m(X); they do not need to be good predictions per se. The esti-
mator displayed in Equation (6.3.2) is exactly the debiased estimator proposed by
Escanciano and Terschuur (2022) in the context of inequality of opportunity. In-
terestingly, this discussion echoes the �nding developed in the context of insurance
pricing by Denuit et al. (2021) that machine-learning methods may produce biased
predictions for m(X) but reproduce quite well its ordering structure.

We propose to estimate m(X) with a regression tree procedure, where the cost
function is given by

Cn(m̂) =

n∑
i=1

n∑
j=1

Yi

�
1{m̂(Xi) > m̂(Xj)}+

1

2
1{m̂(Xi) = m̂(Xj)}

	
where we use the average-rank to deal with ties in the �tted values. The random
assignment developed in Section 2.4 could also be used. Using this cost function,
one looks for �tted values whose ranks correlate the most with the response. The
procedure is then based on a series of binary splits, recursively dividing the sample
into groups. For each possible split, the cost function is computed, with �tted
values given by the mean responses of the observations inside the groups. The
best split is obtained as the one which maximizes the cost function. A stopping
criterion and a pruning method should be developed in order to avoid over�tting.
Bagging and random forests are straightforward extensions.
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