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Abstract

A new method of estimating a component model for the analysis of financial dura-
tions is proposed. The components are long-run dynamics and seasonality. The latter is
left unspecified and the former is assumed to fall within the class of a certain family of
parametric functions. The proposed estimation procedure is based on a generalized pro-
file likelihood approach and requires the assumption either of a likelihood function for the
model errors or, at least, that the error density belongs to the class of exponential densi-
ties. Its main interest is twofold: first, consistent and asymptotically normal estimators for
both the parameters of the long-run stochastic component and the nonparametric curve
that approximates the deterministic seasonal component are provided. Hence, it is possible
to derive correct inference for both parametric and nonparametric components. Second,
the method is computationally very appealing since the resulting nonparametric estimator
of the seasonal curve has an explicit form that turns out to be a transformation of the
Nadaraya-Watson estimator. The method is applied to price and volume durations of a
stock traded at the NYSE, and compared to estimation with splines and with adjustment
methods. It is shown that the proposed method outperforms the other methods.
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1 INTRODUCTION

The issue of modelling financial duration processes has been a very active area of research
since Engle and Russell (1998) introduced the Autoregressive Conditional Duration (ACD)
model. Their analysis is justified from an economic and a statistical point of view. On the
one hand, market microstructure theory shows that time between events in a stock exchange
market conveys information and thus time arrivals are worth analyzing. On the other hand,
financial durations are so-called tick-by-tick data: they are none other than a one dimensional
point process (with time as space). Thus arrival times are the points of the point process and
hence random.

Since the above model a plethora of modifications and alternatives have been proposed.
Among others, Bauwens and Giot (2000) introduce the Log-ACD model, which is an expo-
nential version of the ACD. Grammig and Mauer (2000) used a Burr distribution in the ACD
model. Zhang et al. (2001) introduce a threshold ACD (TACD). Fernandes and Grammig
(2001) introduce the augmented ACD model, a very general model that covers almost all the
existing ones. Drost and Werker (2001) provide a method for obtaining efficient estimators of
the ACD model with no need to specify the distribution. Alternative models are the Stochas-
tic Conditional Duration (SCD) model of Bauwens and Veredas (1999) and the Stochastic
Volatility Duration (SVD) model of Ghysels et al. (1998) which are both based on latent
factor models.

In most of the above studies, durations show a strong intradaily seasonality. In an ex-
planatory graphic analysis the strong seasonal component is detected by the presence of the
U (or inverted U) shape that ultra high frequency financial variables exhibit during the day.
For example, Figures 1 and 2 show a measure of the intradaily behavior of price and volume
durations for the Disney stock traded at the NYSE between September and November 1996.

The study of this feature when dealing with regularly spaced variables is well known, that is,
when dealing with variables that are observed at equidistant periods of time. This analysis has
focused mainly on the intradaily behavior of volatility either on a stock exchange market or on
a foreign exchange (FX) market. Baillie and Bollerslev (1990) study the intradaily and inter-
market FX volatility using a qualitative approach with hourly data. Bollerslev and Domowitz
(1993) do a similar analysis but for the returns and bid-ask spread of the deutsche mark-dollar
exchange rate, using data recorded at 5 minute intervals. Andersen and Bollerslev (1997)
use a frequency domain approach for filtering the five-minute deutsche mark-dollar exchange
rate and getting rid of the seasonal pattern. Andersen and Bollerslev (1998) use a different
approach and analyze the intradaily and intraweekly seasonality using spectral analysis taking
macroeconomic announcements into account. Finally, Beltratti and Morana (1999) use the
half hour deutsche mark-dollar exchange rate and model it following a structural approach ”a
la Harvey”.

All these previous works have used regularly spaced data sampled at different frequen-
cies: hourly, half-hourly, every 15 minutes or every 5 minutes. For tick-by-tick data Engle
and Russell (1998) introduce a method for dealing with intra-daily seasonality. It consists of
decomposing the expected duration into a deterministic part, which depends on the time of
the day at which the duration commences, and a stochastic part. The deterministic part deals
with the seasonal effect whereas the stochastic component models the long run dynamics. If
both components are assumed to belong to parametric families of functions then the two sets
of parameters can be jointly estimated by Maximum Likelihood (ML) techniques.

Under some standard conditions ML estimators of the parameters of interest are consistent



and asymptotically normal (see Engle and Rusell, 1998; Corollary, p. 1135). However if deter-
ministic seasonality is approximated through nonparametric functions (mainly Fourier series,
spline functions or other types of smoothers), it is well known (see Neyman and Scott, 1951)
that ML estimators of finite dimensional parameters (long run dynamics) do not need to be
consistent in the presence of ”incidental” parameters (the nonparametric seasonal component).

The main contribution of this paper is to provide consistent and asymptotically normal
estimators for both the parameters of the long-run stochastic component and the nonparametric
curve that approximates the deterministic seasonal component. Hence, it is possible to derive a
correct inference for both parametric and nonparametric components. The proposed estimation
procedure is based on a generalized profile likelihood approach (see Severini and Wong, 1992
and Severini and Staniswalis, 1994) and requires the assumption either of a likelihood function
for the model errors or, at least, that the error density belongs to the class of exponential
densities.

This procedure also allows us to estimate both the deterministic and the stochastic com-
ponents by a two step method (see Engle and Russell, 1995 and 1997). In the first step, the
inverted U shape is removed by estimating the relationship between duration and time of the
day at which this duration commences nonparametrically, through a Naradaya-Watson kernel
regression estimator. In a second step, the parameters of the long-run stochastic component
are estimated by (quasi)-maximum likelihood techniques using the ratio of actual to fitted
values as the seasonally adjusted durations.

The proposed method is applied to Disney stock traded at the NYSE for two types of
durations: price and volume durations. They describe instantaneous volatility and liquidity
respectively. The basic model under which we introduce the seasonal component is the Log-
ACD model of Bauwens and Giot (2000) and our estimation method is compared to the
procedures proposed in Engle and Rusell (1998).

The plan of the paper is a as follows. Section two is twofold. First it develops a general
ML framework for analyzing tick-by-tick financial variables, breaking the process down into
the two above mentioned terms and proposing a new estimator for seasonality. Its asymptotic
properties are shown. The second part of this section develops the same method but in a
Generalized Linear Model (GLM) framework and hence Quasi Maximum Likelihood (QML)
theory applies. It is also shown that the asymptotic properties are equivalent to those of ML.
Section three is devoted to empirical application, focusing on nonparametric estimates and
forecasting performance. Indeed, forecasting capability is the criteria used to evaluate the
goodness of fit of all the models compared. Section four concludes. The assumptions and
proofs of the main results are relegated to the Appendix.

2 ECONOMETRIC MODEL AND ESTIMATORS

In order to introduce the main contribution of the paper, a basic econometric framework is
needed. Following Engle and Rusell (1998) and Engle (2000), let ¢; be the time at which the
i-th event occurs and let d; = t; — ¢;_1, where --- < ¢; < t;_1 < ... be the duration between
events. Notice that #; is a sequence of times measured as accumulated seconds as from the
starting date of the sample; the time gaps between market closing and opening are ignored.
Consider also that at the {-th event k& marks, denoted y;, are observed. For example, if d; are
trade durations, the marks could be the price and the volume of the trade. Thus the following



set of observations is available
{(di, yi) }i=1, -

Furthermore, assume that the i-th duration has the conditional density (depending on the past
filtration) )
di|lliy ~ f (dildi—1,5i—159) ,

where (d;_1,%i—1) = Zi—1 = (zi—1,--- ,21) is the past information of the z stochastic process
and § is a set of parameters in some possibly infinite dimensional space. Within this statistical
framework, the aim is to estimate this parameter vector § (or any nonlinear combination of its
components). One way to estimate it is by using ML techniques. To this end, let us define as

Eldi|di—1,§i—1] = ¥(di—1,Fi—1;91), (1)

the expectation of the i-th duration conditionally on the past filtration. The ACD class of
models consist of parameterizations of (1) and the assumption that

di = P(di—1, Gi—1; 91 pe(€) e (2)

where ¢ is an i.i.d. random variable with known density function p(g;; £) depending on a set of
parameters £. (€)' is introduced for identification reasons.

The log-likelihood function, conditionally on the past filtration and y;, can be written as
n -
Ly (d;91,6) = > log p ((di—1, Fi-1501); &) - (3)
i=1

If the conditional density is correctly specified and standard regularity conditions apply, the
maximum likelihood estimators of ©; and £ are consistent and asymptotically normal (for
conditions see Engle and Rusell, 1998).

As pointed out in many recent studies, the above specification, (2), is sometimes too simple
since the expected duration can vary systematically over time and can be subject to many
different time effects. One way to extend the above model is to decompose the conditional
mean into different effects. In standard time series literature any stochastic process can be
decomposed into a combination (we adopt a multiplicative decomposition with the additive
being straightforward) of cycle and trend, seasonal pattern and noise, i.e. X; = XtCT - S; - g
This decomposition, for which a long tradition exists in time series analysis, has already been
used in volatility analysis (see for example Andersen and Bollerslev, 1998) and duration analysis
(see Engle and Rusell, 1998).

Thus, instead of (1), the following nonlinear decomposition is proposed:

Eldi|di—1,Ti-1]) = ¢ (¥(di—1, Fi—1591), p(di-1, Fi—1;F2)) - (4)

The function ¢(u,v) allows us to nest a great variety of models. ¢(u,v) = (u X v) stands for
an ACD representation whereas ¢(u,v) = exp(u + v) represents a Log-ACD representation.
Notice that following (4) durations, volatility, trading intensity and volume (in a tick-by-tick
framework) can be modelled as a possibly nonlinear function of two components that represents
long-run, ¥(-;¥,) and short-run, ¢(-;¥2), behavior respectively.

The long-run component can be considered as the core dynamics and the dynamics of the
process are modelled on it. The short-run component represents the seasonal pattern. This
pattern can be at any frequency, i.e. it could be hourly, daily, weekly or even quarterly. The



definition of the seasonal frequency will depend on the intrinsic data features. In the current
specific setting seasonality will be assumed to be daily.

Now, in what follows the choice of the different components is discussed. The long-run
component is specified by means of the log of the conditional expectation of an ACD model as
in Bauwens and Giot (2000). This model is useful because it avoids the positivity restrictions of
the parameters of the dynamic equation and it permits the introduction of exogenous variables
that are negatively correlated with the duration process. Thus the conditional mean function
is specified using the following general parameterization,

J K
P(dic1, Gim1301) =w+ Y o5g(di_g) + > Brtbir, (5)
j=1 k=1
where, for the sake of completeness of the model, an exponential form is assumed for (4), i.e.
o(u,v) = exp(u + v) and g(s) = In(s).

With respect to the so called short-run component, ¢(-,92), several alternatives are avail-
able. When modelling seasonality in this type of models, it is usually assumed that the seasonal
term is somehow related to the time #; at which the i-th transaction occurs. However, in order
to make this dependence more explicit, it is standard in seasonal analysis to define a re-scaled
time variable, ¢/, such that

o {t— |t | (b —tr) it >t

(6)

t otherwise,

where |z | is the integer part of z. If the seasonal period is daily, ¢; and ¢ stand respectively
for the stock market opening and closing hour (in seconds). i.e. ¢ty = 9.5 x 60 x 60 and
tr = 16 X 60 x 60. Note that defined in this way, ¢’ € [t7,tF] is of bounded support and is the
time-of-the-day (in seconds) at which the transaction has occurred.

In the context of regularly spaced variables several functional forms have been proposed in
literature. If it is assumed to fall within a known class of parametric functions then, substituting
(4) into (3), we obtain the following log-likelihood function

Ly, (d;91,95,€) = Zlog p (¢ (Y(di—1, Ji—1;91), d(t};92)) 5 €) , (7)
i=1

and the parameters 91, ¥ and £ can be estimated as in the one-component case (3). If the
error density is correctly specified then standard ML estimation methods apply.

Unfortunately, very little information is available about the functional form that relates
seasonality and time arrivals and therefore the risk of misspecification in choosing ¢(-; J2)
is very high. Therefore, the use of nonparametric methods is preferred to approximate the
unknown seasonal function. Let ¢(t') be the deterministic seasonal component at time #'.
Given the proposed specification for the components, (4) becomes

E [dildi-1,Gi-1] = ¢ ($(diz1,Fi-1591), 8(83)) , (8)
where 91 and the function ¢(-), evaluated at time points t},--- %, need to be estimated.
Following a standard approach (as in (3) or (7)), one would be tempted to obtain estimators
for 91, &, &(t)), ---, ¢(t,,), by choosing the values that maximize the following log-likelihood
function .

Ly (d;91,8) = log p (¢ (¥(di1,5i-1;91), 6(t)) ; €) - )
i=1
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This estimation problem is semiparametric since a nonparametric component, ¢(-), needs to be
estimated jointly with a parametric one ¥ and £. Unfortunately, as already remarked in Section
1, standard ML techniques do not apply directly since the estimation of the parameter vector,
?1 and &, in the presence of infinite dimensional nuisance parameters, does not necessarily
provide consistent estimators.

In order to implement a valid inference not only on the parameter estimators of the long
run component but on the estimated seasonal curve as well, a generalized profile likelihood
approach is proposed, introduced in an %.i.d. context by Severini and Wong (1992). The basic
idea of this method is to estimate the nonparametric function ¢(-) by maximizing a local (and
hence smoothed) likelihood function (see Staniswalis, 1989), and simultaneously to estimate
the parameter vector ¢, and & by maximizing the un-smoothed likelihood function. That is,
for a given value of time of the day, tj € [t7,tr], and fixed values of ¥; and &, we estimate
#(t() as the solution of the problem

Ba,4(th) = sup hZK(t %) togp (¢ (b, ii 0 8)56), (10

¢cd 1

where K (-) is a kernel function and A the corresponding bandwidth. Note also that all esti-
mators depend on ¢ and &. Then, ¢y, ¢(t;) must fulfill the following first order conditions,

nhz ( 3 ) 88¢ 1ng( (1/1(Ji—1,§i_1;191),%hg(tf))) ;5) —0. (11)

Given the above estimates for the nonparametric part, a simple ML estimation for ¢, and & is
performed, i.e.

(5 )" = sup sup>logp (i (vdir, B0 (@) €) . (12

91€0 £€2 T

and (19171 fn) must fulfill the first order conditions

n

Z (198 o logp( (1/1(Ji—1,§i—1;1§1n)aéﬂl,g(tg)) ,fn) —0. (13)

As an example of our estimation procedure, assume that p(-) in (3) is the generalized gamma
distribution (hereafter GG). After some algebra equation (10) takes the following expression

v
L n ts_t;) dipte
(i (t,) - 1 o nh Zz:lK( h (exp{w di— 1,;7,-_1;191)})
91,6\b0) = P g hz (to—tz)
n

This is the nonparametric estimator for the seasonal component in the Log-ACD representa-
tion. Note that when v = 1 the nonparametric seasonal estimator when p(-) follows a Weibull
distribution is attained. When v = v =1 the estimator corresponds to the exponential distri-
bution case.

(14)

Expression (14) is obtained as follows: the GG distribution is a four-parameter distribution.
Two of them, the location and the scale parameters, are usually set at zero and one. Therefore,



&€ = (0,1,v,v). For ease of exposition the location parameter is skipped. Notice that if
e ~ GG (1,7,v) then

A~ GG (= (€)@ (¥ (dimr,Girs91) 6 (8) 7o)

and after some simple calculations the result in (14) follows.

In all cases the non parametric seasonal curve is estimated by a transformation of the
Nadaraya-Watson nonparametric regression estimator of the duration adjusted by the long-
run component, on the time values #{,--- ,#;, at time t{,. This appears as a very natural and
simple idea, with a nice underlying motivation.

Within this statistical framework the results available in literature are obtained for inde-
pendent observations and hence do not hold for tick-by-tick data. Nonetheless in the following
theorems the equivalent statistical results to make a correct inference for the unknown param-
eters of the Log-ACD model are shown (the proof is given in the Appendix):

Theorem 1 Let n = (% §)T, and 7, be the vector of corresponding parametric estimates.
Under conditions (L.1), (L.2), (A.1) to (A.3), (B.1), and (B.3) to (B.6) stated in the
Appendiz then,

\/ﬁ (ﬁn - 77) —d N (Oa In_l (¢a 77)) 3 (15)
where
ITI (¢a 77)
— & [8‘9—” logp (¢ (4, 8) ;) 8% logp (¢ (4, ¢) ;s)] B [8% logp (¢ (4, 8) ;) 8% logp (¢ (4, ¢) ;s)]
O] -1
< [(%210@(@ (%, ) ;s)] E [%logp(so (,8);) 8% logp (¢ (1, 9) ;s)]
and
vk (3, () = #(t)) =a N (0,V (th,1)) (16)
where
/ _ fK2(u)du
M A TR 0
I(ty,n) = E [%logp(so (1, 9);€)* t'ztﬁ] (18)

as n tends to infinity

This result is very interesting since it allows us to make an inference both on parametric and
nonparametric components. However, they might be arguable since these results depend on
the correct specification of the conditional density function of the error term. In order to avoid
this problem, in the next subsection we weaken certain assumptions about the error density
function and show that our result remains valid.



2.1 THE GLM APPROACH

As pointed out in Engle and Rusell (1998) and Engle (2000) it is of interest to have estimation
techniques available that do not rely on knowledge of the functional form of the conditional
density function. Two alternative approaches that allow for consistent estimation of the pa-
rameters of interest without specifying conditional density are the Quasi Maximum Likelihood
technique, QML, (see Gouriéroux, Monfort and Trognon, 1984) and Generalized Linear Mod-
els, GLM, (see McCullagh and Nelder, 1989). In both approaches, it is assumed that the
duration variable d, conditionally on past values of d and y, depends on a scalar parameter
0 = h (di—1,Ji—1;01), and its distribution belongs to a one dimensional exponential family with
conditional density
p (dildi—1,5i-1;6) = exp (dif — b(6) + c(dy)) ,

where b(-) and ¢(-) are known functions. The main difference between the QML and the GLM
approaches is simply a different parameterization of this exponential family. In this paper the
GLM approach is adopted for the sake of convenience. Then it is straightforward to see that the
ML estimator of 6 solves the following first order conditions: ), {d; — ¥/(8)} = 0. Furthermore,
by the properties of the exponential family and (4) we obtain the following relationships

E [di|di—1,5i—1] = V' (0) = ¢ (¥(di—1, Fi—1;91), (di—1, Fi—1;92)) (19)
and
Var [di|di—1,%i—1] = 8"(0) = oV {0 (p(91), $(92))}, (20)

and it is possible to show that the ML estimator of 8 can also be obtained from the solution
of the following equation

" (=9 (0) ¢ (6)
e (U 1)

As can be clearly realized from equations (19), (20) and (21) the parameter of interest 6 (the
so called canonical parameter) can be estimated with no need to specify the whole conditional
distribution function. It is only necessary to specify the functional form of the conditional
mean, ¢(-), and of the conditional variance V(-), but not the whole distribution.

The relationship between the predictors in equation (5) and the canonical parameter is
given by the so called link function. This function depends on which member of the exponential
family is used. For the exponential distribution the link function is

1
0=— _ - . 22
@ (Y(di-1,Fiz1;91), $(di—1, Ti—1;92)) (22)
Noting that under this distribution (0) = —0~! and V (1 ()) = 2, then (21) are the first or-
der conditions for the maximization of the log-likelihood function for exponentially distributed
data.

In order to estimate the parameters of interest, ¢; and 2, the values of the parameters
that maximize the quasi-likelihood function

Qn (dy0) =D Q (o (Y(dizr, Fio1591), $lti;92)) 3 i) , (23)
i=1

are taken. The (quasi-)log-likelihood Q(-) is obtained by integrating (21), i.e.

d(g_
Q(d,g)Z/ (V(S;i)d&
g

8



As already indicated in the likelihood context, if the seasonal component is assumed to fall
within the class of a known parametric function, ¢(t;;¥2), then the properties of the QML
estimators of ¥; and ¥ are well known (see Engle and Rusell, 1998 and Engle, 2000). Unfor-
tunately if, instead, the seasonal component is approximated nonparametrically then standard
quasi-likelihood arguments do not hold.

For the standard i.i.d. case, Severini and Staniswalis (1994) and Fan, Heckman and Wand
(1995) propose consistent estimators of both parametric and nonparametric parts. Unfortu-
nately, the statistical results from these papers do not apply directly in our case since they
assume independent observations. Nevertheless at the end of the subsection equivalent statis-
tical results are shown for the dependent case.

Analogously to the likelihood case let us define 95191 (tg), for fixed values of ¢1, as the solution
to the following optimization problem

Bor(th) = angmac Z (274) @l W@ gnong)ia) o
for t}) € [t7,tr]. Then ¢y, (t)) must fulfill the following first order condition
< th—t\ 0 .
a2 (B77) 310 (o Wi 7o g):40) = (25)

The estimator of 91, 915, is obtained as the solution to the following (un-smoothed) optimiza-
tion problem

ﬁln_argmaxZQ( ( di—1,Gi-15%1), do, (¢ )):dz’),

and 1§1n must fulfill the following first order condition

n

507 (1 (91,513 90), Do, () 3 5) = 0. (26)

As an example, set ¢ (u, v) = (u x v), the ACD representation, and g = —0~! and V(p) = p?
(the exponential distribution). Then the quasi-likelihood function takes the form of a log-
likelihood function from an exponential conditional distribution and an ACD representation,
i.e.

d;
—Z[log{z/z i—1,Gim1391) X (8 }+¢(dz T 17191)X¢(t,):|5 (27)

and, after some derivations, the estimator (24) takes the explicit form

t —t’ d;
nh ZZ 1K( ° ) Y(di—1,9i—1;91)
t—t )
nh Z ( 0 2)

Since a closed expression for the parametric part is not available, an iterative algorithm must
be used. Now assume instead that ¢(u,v) = exp(u + v), then the quasi-likelihood function
corresponds to the log-likelihood function from an exponential distribution and a Log-ACD
representation and hence the nonparametric estimator in (24), takes the explicit form

t—t, d;
h i1 ( ) exp{¥(di—1,5i—1;01) }
1 tn—t;
o Y K (oY)

‘%191 (t6) (28)

$a, (tg) = log (29)

9



Finally, the above expressions are obtained by assuming a seasonal component for a given
period (e.g. daily). However, it is also possible to extend this to several seasonal effects. For
example, in the daily case, we may be interested in looking at whether the seasonal patterns
for each day of the week are different and test the differences using confidence bands. In this
case, for s-th day of the week, we have in the exponential and the Log-ACD representation

L\~ Ln/5) to=t; t—t — difte
an S i K (50) T (L + U =35) o™

o S S K (05t 1 (L + 1) = gs)

¢*(ty) = log

(30)
I(-) is the indicator function and |z] is the integer part of . The following theorem shows the
equivalent statistical results for making a correct inference for the unknown parameters (the
proof is given in the Appendix):

Theorem 2 Under the conditions (A.1) to (A.5), and (B.1) to (B.6), stated in the Appendix

then,
Vit (1n = 91) =a N (0,35, (31)
where
2
i == g5ear @ (o (4. 5390).9(0)s) )
and
vk (85, (0) = #(5)) =a N (0,V (t47)) (32)
where
2 u)ayu
V (to;n) = % (33)

— 2
B[{ s s o0} 10 =1

as n tends to infinity

2.2 FINAL CONSIDERATIONS

Once the estimator has been proposed and its main statistical properties have been derived,
it is useful to gather and highlight its main advantages, which have been outlined in the
introduction and this section. The following list is just a compendium of advantages of this
estimator with respect to the alternatives, mainly in comparison with piecewise polynomial
splines since that is the most widely used method for this kind of processes:

e The seasonal estimator proposed here is very intuitive since it appears as the outcome of
a standard optimization process. Furthermore, its closed form is just a transformation
of the Naradaya Watson nonparametric kernel regression estimator.

e The statistical properties of both the parametric and nonparametric estimators are well
established. This enables us to make an inference. It is possible to draw confidence bands
for the proposed estimator, using (17) or (33), and hence test whether seasonality varies

10
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over time, differs in different periods, like (30), etc. Unfortunately, the same cannot be
said for the estimators that result when the piecewise cubic spline is used to capture the
seasonal component.

e This methodology provides a data driven method for computing the bandwidth. However
for the spline there is no known method of choosing the number and location of knots
and the proportionality coefficients for the end-point restrictions.

e Multivariate extensions of the seasonal estimator are straightforward. For example, con-
sidering a multivariate exponential distribution, the estimator (28) is easily adapted to
the multivariate case.

3 APPLICATION TO DIFFERENT DURATION PROCESSES
OF A STOCK TRADED AT THE NYSE

3.1 Data and transformations

In this section the above method is applied to several duration processes. The data, extracted
from the trade and quotes (TAQ) database, are price and volume durations of the Disney stock
pertaining to September, October and November 1996. These duration processes have been
widely used by many researchers. See, among others, Bauwens et al. (2000) or Bauwens and
Veredas (1999).

The Disney stock has been analyzed already in Bauwens et al. (2000), where it has been
shown that the existing financial duration models (ACD and Log-ACD with four different
distributions, TACD, SCD and the SVD) are not able to capture correctly either the density or
the dynamics of this stock. In all cases the models are misspecified in mean and in distribution.
These models are estimated on durations seasonally adjusted with splines.

A price duration is the minimum time interval required to witness a given cumulative price
change greater than a certain threshold. As in Engle and Russell (1998), price means the
average of the bid and ask prices. Price is defined as the mid quote to avoid the bid-ask
bounce exhibited in the trade process. The threshold is defined as $0.125. A volume duration
is defined as the time interval needed to observe an accumulated change in volume greater
than 25,000 shares.

The analysis of these duration processes provides an instantaneous overview of the state
of the market: Price durations are strongly linked to the instantaneous volatility process.
This is pointed out by Engle and Russell (1998) and Gerhard and Hautsch (1999). Indeed
instantaneous volatility can be defined (assuming mean return of zero) as the square of the
threshold over past mid price times the conditional expectation of the inverse of the price
duration. Hence by computing the conditional expectation of the duration it is possible to
compute the instantaneous volatility process. Finally, volume durations are appealing since
they convey information on the liquidity of the market, given that they incorporate two of
the three dimensions of liquidity: time and volume. See Bauwens and Giot (2001) for further
implications on the use of these durations in market microstructure theory.

Prior to the analysis two transformations are performed: i) Trades and bid/ask quotes
recorded before 09:30 am and after 4 pm are ignored. ii) The time gaps between market
closing and opening are also ignored.
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3.2 Descriptive analysis

There are 1778 observations for volume and 2160 for price (see Table 1). The first two thirds
of the sample are used for estimation (in-sample) whilst the last third of the sample is used for
diagnosis and prediction (out-sample). Further details are given in section 3.4. Price durations
are overdispersed (the ratio of standard deviation over mean is 1.49) whilst volume durations
are underdispersed (0.81). Notice also that the proportion of data below the mode is not
negligible which means that very small durations are rarely observed and hence most probably
the densities have a hump close to the origin. This hypothesis will be checked shortly.

In order to check for an intradaily seasonal pattern we calculate a preliminary nonpara-
metric regression estimator of durations, d, into the modified time index, ¢'. For the s-th day
of the week we define

i Sy S K (955) 1 (L + 1 =ds) d
n S S K (o) 1 (L + 1) =s)

I(-) is the indicator function and |z] is the integer part of z. Figures 1 and 2 show these
naive estimators of intradaily seasonality for the different days of the week. In order to know
whether there are differences in the seasonal path over the days of the week they also include
the pointwise confidence bands for the different curves. These confidence bands are obtained
according to Bosq (1998), Theorem 3.1, p. 70.

&s(té)) = 9 8§ = ]-a T 555 (34)

Note that although a more formal test is needed, a preliminary analysis suggests that
the hypothesis of differences between the seasonal behaviors over the days of the week is not
supported. Nonetheless it can be seen that the variance of the curve estimator increases with
the time of day. Figure 3 shows the mean and standard deviation in intervals of half an hour
through the day. They show a daily seasonal pattern. Observe that the level at the end of
the day is greater than in the rest of the day. This explains why the confidence bands are
not constant in Figures 1 and 2. Moreover, notice that the variation coefficient (i.e. the ratio
of standard deviation over mean) is not constant through the day either, meaning that the
differences between the mean and variance are not constant.

Figures 4 and 5 are the Spearman’s p coefficients for serial dependence and kernel density
estimators, respectively, for each duration process. Figure 4 shows the need for the dynamic
component in the model. Clearly the Spearman’s p coefficients indicate the presence of serial
dependencies. Notice the use of Spearman’s p coefficients rather than autocorrelation coeffi-
cients. When dealing with time series that are irregularly spaced autocorrelation coefficients
are misleading. Finally, from Figure 5 one can see that the densities have a hump, as suggested
above. See Bauwens and Veredas (1999) for further discussion of the implications of the hump
for the density of the duration processes.

Finally, note that (34) is indeed the first step in the two step procedure presented in the
introduction. However, this naive estimator differs substantially from the curve estimator that
we propose in the section above.

3.3 Estimation results
The estimation results are shown in Tables 2 and 3. As a long run component the log-ACD

representation is chosen with J = 1 and K = 1 in (5). However, for the seasonal component
several specifications are estimated.

12



Table 1: Information on Duration Data

N N-in N-—out Mean sd mode % < mod min max
Price 2160 1426 734 647 966 70.6 0.11 3 9739
Volume 1778 1173 605 801 648 304 0.24 6 4621

The original data were extracted from the TAQ database for September, October, and November
1996. Durations are measured in seconds. N denotes the total number of observations, N — in the
in-sample number of observations, N — out the out-sample number of observations, sd the standard
deviation, % <mod the proportion of observations smaller than the mode, min and max are the
smallest and the largest durations.

Results are shown for different specifications:

BiN'W Estimation in two steps. In the first step the seasonal component is estimated using

th—t.
5o #Z?:lK (O—hl) dz
¢(t0) = 1 n o —¢ . (35)
nh Zi:l K ( Oh 2)

That is, no intradaily seasonality is allowed. Then in the second step the parameters of
the log-ACD representation are estimated using the adjusted durations, d; = d;/¢ (t})-

BiWNW The same method as in BINW but the seasonal path is allowed to vary over the
day of the week. That is, (34) is used instead of (35) in order to estimate the seasonal
component.

BiSp Estimation in two steps, but the seasonal component is estimated by averaging the
durations over thirty minute intervals and the resulting piece-wise constant function is
smoothed via cubic splines (see for example Engle and Russell, 1997).

UniNW Joint estimation of both parametric and nonparametric components following the
method proposed in Section 2.

UniWNW The same method as in UniNW but the seasonal path is allowed to vary over the
days of the week, as in (30).

UniSp Joint estimation of both parametric and nonparametric components using the method
proposed in Engle and Rusell (1998).

For the sake of computational simplicity we use a parameterization other than the one chosen
in Engle and Rusell (1998, see footnote on Table 2, p 1142). It is

E[dimi_l]:«pi:exp{waln dz( S+ B } (36)
b0,6(ti_1) Zet” Z+26k — &), (37)

where (), = max(-,0), K is the number of knots and ¢, is the kth knot. 6;,5 = 1,--- ,4
and &,k = 1,--- , K are the parameters of the spline to be estimated. Further details on the
derivation of this form of the spline can be found in Eubank (1988, p 354).
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Intradaily seasonal curves are estimators using (35) for price durations. Each curve has two associated
curves representing its confidence bands.

Figure 1: Naive Diurnal estimator for price durations

To construct pointwise confidence bands for the seasonal curve in UniNW and UniWNW
we need to estimate the empirical counterparts of (17) and (18). We use

where

- 113
b3, 6(t0) Ez1-g | === 9
1€ N\ Ft6)I(¢g, 1)
5 2
Lyn K (%h) |5 5T v
nh E:z_l ( h ) v exp{¢401}+¢3h506)}
) - , (39)
th—t!
%Z?ZIK( Oh )
A& (ot 40
nhiz:; ( h )’ ()

#1-¢ is the §-quantile of the standard normal distribution and || K |13 is a known constant that

depends on the kernel. We choose the quartic kernel with || K ||§ =3

5
7

Comparing the proposed method (UniNW and UniWNW) with the others, some basic
insights that can extracted from Tables 2 and 3:
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Intradaily seasonal curves are estimators using (35) for volume durations. Each curve has two associated
curves representing its confidence bands.

Figure 2: Naive Diurnal estimator for volume durations

e The constant @ is not estimated under UniNW and UniWNW because of identification
restrictions.

¢ Estimates using UniNW or UniWNW are very similar, meaning that differentiating be-
tween different days of the week does not affect the parameters.

e The sum of @+ J is smaller (bigger) when estimating with UniNW and UniWNW than
in all the other cases for price (volume) durations. This implies that the estimated
unconditional mean for price (volumen) durations is smaller (bigger) when using UniNW
or UniWNW than any other specification.

e The parameters of the distribution, E, are not statistically affected by the specification.

With respect to the differences in the estimated seasonal curves, Figure 6 shows the esti-
mated curves using the specifications BINW, BiSp, UniNW and UniSp for price and volume
durations. Again, comparing UniNW with the other estimators it can be seen that:

e Under UniNW the distance between the confidence bands is constant and hence no longer
increasing. It has previously being shown that the changing pattern in the confidence
bands is due to the time varying variance over the day. When joint estimation is used,
the confidence bands are constant. This can be explained by the fact that the variance
of the estimated curves is now a function of the parameters of the distribution, see (38),
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The solid line represents a rolling mean (nodes each half hour) through the day. Dashed line is a rolling
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Figure 3: Intradaily mean and standard deviations
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The Y-axis shows the Spearman’s p coefficients for serial dependence. The X-axis shows the orders
of the coefficients. Price (left box) and volume (right) durations. The maximum number of orders is
equal to one half of the sample.

Figure 4: Spearman’s coefficients for serial dependence

which are in their turn dominating the variance of the error term. Therefore é\ corrects
for this effect.

e With respect to the differences between UniNW and UniSp, it can be seen that for both
price and volume durations, UniSp generates a curve which is less smooth, with a hump
at the end of the day and with a rough increase at the beginning of the day for volume
durations. Under UniNW this behaviour is not present.

3.4 Predictibility

The predictibility and specification performance of the model is analyzed via a density forecast.
This concept was introduced by Diebold et al. (1998) in the context of GARCH models and
has been extensively used by Bauwens et al. (2000) for comparing different financial duration
models. Density forecast is more accurate than point, or even interval, prediction since it relies
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Table 2: Log-ACD results for Price durations

BiINW  BiWNW BiSp UniNW  UniWNW UniSp

w 0.0381 0.0350 0.1785 - - 1.2613
[0.0107] [0.0104] [0.0533] [0.0486]

a 0.0497 0.0467 0.1238 0.0408 0.0333 0.0406
[0.0138] [0.0137] [0.0259)] [0.0171] [0.0169] [0.0086]

B 0.8506 0.8626 0.6189 0.6338 0.6592 0.8119
[0.0419] [0.0415] [0.1193] [0.1095] [0.1099] [0.1124]

2% 0.9405 0.9497 0.9088 0.9350 0.9516 0.8514
[0.0183] [0.0185] [0.0177] [0.0183] [0.0187] [0.0048]

a+ B 0.9003 0.9093 0.7427 0.6746 0.6925 0.8525
w 0.0501 0.0442 0.2115 _ _ 1.4121
[0.0171] [0.0165] [0.0457] [0.0654]

a 0.0611 0.0543 0.1596 0.0680 0.0646 0.0401
[0.0185] [0.0182] [0.0258] [0.0203] [0.0217)] [0.0141]

B 0.8039 0.8202 0.5672 0.6129 0.5814 0.7899
[0.0735] [0.0736] [0.0942] [0.1881] [0.2839)] [0.1494]

2% 0.2693 0.2974 0.2900 0.2961 0.3385 0.0675
[0.0605] [0.0618] [0.0579] [0.0599] [0.0624] [0.0014]

v 10.807 9.0078 8.7329 8.7708 7.9270 17.85
[4.7263) [3.6263] [3.3737] [3.4329)] [2.4509)] [2.43294]

a+ B 0.8650 0.8745 0.7268 0.6809 0.6460 0.8300

The first part of the first column shows the parameters using a Weibull distribution
and the second part using a generalized gamma distribution. Numbers in brackets are
heteroskedastic-consistent standard errors.
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Table 3: Log-ACD results for Volume durations

BiINW  BiWNW BiSp UniNW  UniWNW  UniSp

w 0.0296 0.0287 0.0994 - - 1.5357
[0.0067] [0.0062] [0.0189] [0.0257]

a 0.0957 0.0950 0.1828 0.0885 0.0835 0.1152
[0.0173] [0.0166] [0.0248] [0.0189)] [0.0242] [0.0227]

B 0.8292 0.8341 0.6110 0.8721 0.8806 0.7784
[0.0378] [0.0344] [0.0675] [0.0423) [0.0552] [0.0488]

2% 1.6347 1.6373 1.4891 1.6124 1.6283 1.4746
[0.0365] [0.0365] [0.0321] [0.0361] [0.0366] [0.0294]

a+ B 0.9249 0.9291 0.7938 0.9606 0.9641 0.8936
w 0.0306 0.0294 0.0896 - - 1.5361
[0.0069] [0.0064] [0.0163] [0.0244]

a 0.1003 0.0987 0.1799 0.0875 0.0778 0.1216
[0.0183] [0.0173] [0.0237] [0.0185] [0.0194] [0.1010]

B 0.8236 0.8303 0.6459 0.8798 0.8972 0.7786
[0.0388] [0.0351] [0.0583] [0.0379)] [0.0373] [0.0545]

2% 1.4356 1.4274 1.0180 1.3959 1.4045 1.0653
[0.1328] [0.1312] [0.0972] [0.1328] [0.1361] [0.2376]

v 1.2468 1.2634 1.9952 1.2774 1.2839 1.7702
[0.1912] [0.1930] [0.3373] [0.2020] [0.2067] [0.2453]

o+ B 0.9239 0.9290 0.8258 0.9673 0.9750 0.9002

See Table 2 for explanations.
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Figure 5: Marginal densities

on the forecasting performance of all the moments. The behavior of the predicted density
function is evaluated via the probability integral transform and if the prediction is correct the
probability integral transform should be i.i.d and uniformly distributed.

More formally: Let {p (dj|<p (1/J(Jj_1, Tj—1; 31), ;531 g(t;)) ,E) };‘n—n+1 be a sequence of one-

step-ahead density forecasts produced by the model and let {f (d;|d;j_1,%;—1) };n:n 41 be the
sequence of densities defining the data generating process directing the duration series d;. n
and m are the number of observations in-sample and out-sample respectively. It can be shown

(see Diebold et al., 1998) that the density is correctly specified if

{P (dj|90 (Z/J(Jj—la@j—l?@l)’ $@1,E(t9)) 55) }m

P {f (dildj—1,95-1) }op s -

To test this equality the probability integral transform,

dj - ~ o~ 2
2= / p (ule (¥(d—1,55-1:91), 85, 2(85)) :€) du,
—Co0

is used. If the one-step-ahead density forecast, p(-), equals the density defining the data
generating process, f(-), then z must be i.i.d. and uniformly distributed. Uniformity can be
tested by using histograms based on the computed z sequence. If the density is correctly
specified the histogram should be flat. For independence, the Spearman’s p of various centered
moments of the z sequence can reveal some dependency.

Notice that prediction is based on the observed, not the seasonally adjusted data. There-
fore the seasonal component has to be introduced when computing z. Indeed assuming the
GG distribution the location parameter of the density of the observed durations is

~ - - o~ -1
e (&) (¢(di_1,gi_1;191),(ﬁ@lyg(t;)) when estimation is joint (using either UniNW, Uni-

WNW or UniSp) and u. E P(di—1, i1; 31 ;5 t when durations are adjusted (using either
J

BiNW, BiWNW or BiSp). In both cases the seasonal curve, ;551 g(t;') or $(t;), is present in
the location parameter.
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Figures 7 and 8 show the density forecast results for each duration process, using the GG
distribution and four specifications: BINW, BiSp, UniNW and UniSp. Results with the other
specifications (because they are similar) and with the Weibull distribution (because they are
uniformly worse) are not reported. The following conclusions can be drawn:

e The histograms are much better under UniNW than under any other specification. The
seasonal adjustment produces misspecification in the conditional distribution of the du-
rations. Bauwens et al. (2000) find the same results when adjusting by seasonality with
the spline. Under UniSp this poor behavior is again found. The difference in the results
is due to the fact that under UniNW the seasonal component adapts quickly to changes
in the out-sample seasonal pattern. This is a distinctive characteristic of UniNW not
present in the other specifications.

e None of the specifications captures the dynamic component correctly. This is expected
as the dynamics are modelled in the same way for all specifications. However, a closer
look at the Spearman’s p coefficients reveals that the serial dependence /(\)f z is smaller
under UniNW than in any other case. This is due to the differences in ¢; over specifi-
cations. This is also a confirming proof that the dynamic and seasonal components are
not orthogonal.

Therefore since the only thing that changes from one specification to another is the way
in which seasonality is dealt with, it seems that the method proposed in this paper is worth
using since it clearly improves the results. The distributional assumption is now fulfilled. With
respect to the dynamics, a more complex structure should be used. For example, Bauwens et
al. (2000) show that results improve when the TACD of Zhang et al. (2001) is used. Another
model could be the Augmented-ACD model of Fernandes and Grammig (2001).

4 CONCLUSIONS

This paper proposes a component model for the analysis of financial durations. The compo-
nents are long-run dynamics and seasonality. The latter is left unspecified and the former is
assumed to fall within the class of (Log-)ACD models. Joint estimation of the parameters of
interest and the smooth curve is performed through a local (quasi-)likelihood method. For al-
ternative specifications of the conditional density the resulting nonparametric estimator of the
seasonal component shows a closed form expression that is a function of the Naradaya-Watson
estimator.

A further advantage of this semiparametric component model is that under this approach
any other tick-by-tick variable can be analyzed. The only requirement is that the dynamic
component and the distribution be properly defined. For example tick-by-tick volatility could
be successfully analyzed using this method.

The empirical application is to the price and volume duration processes of Disney stock
traded at the NYSE. This stock has been shown in other articles to be difficult to model. It is
now shown that using the proposed method the model is correctly specified in distribution, since
poor diagnosis using previous approaches was due partly to incorrect treatment of seasonality.
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APPENDIX

Definitions and assumptions

In order to prove the results claimed in Theorems 1 and 2 we need to establish some definitions
and assumptions.

(L.1) For fixed but arbitrary n;,¢", where n € ©, and ¢* € @, let

p(¢+,m) = / logp (0, ¢7); €) dF (o(, 6");€)

n€EB, gt €d
If n # m, then
p(d:m) <p(ot,n)

Let I, (¢,7), denote the marginal Fisher information for 5 in the parametric model. Then we
assume that the matrix I, (¢, ) is positive definite for all n € © and ¢ € ®.

(L.2) Assume that for all ;s =0,--- ,4,r + s < 4, the derivative

74s
W logp ((P('(/}a ¢+)§ f)

exists for almost all d and that

81"—1—5

Wlogiﬂ ((P('(/}a ¢+)§§)

2
< 0.

(A.2) The observations {(d;, y;)}i=1,.. are a sequence of stationary and ergodic random vec-
tors.

E { supsup
n ¢

(A.1) The marks y take values in a compact set Y C RP.
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(A.3) 910 takes the values in the interior of ©, a compact subset in RP and ¢ takes the values
in the interior of A, a compact subset of R.

A= {g€C?tr,tr): g(t') €int(A) for V¢ € [tr,tr]}.

(A.4) Let = be a compact subset of R such that ¢ (¢(d,§;91),¢(t')) € E for all ¢’ € [t1,tF],
yeY,d €O and ¢ € A.

(A.5) The matrix
2 = '
N9, = E (81918191TQ (¢ (v(d,7;91), ¢(t)) ;d))

is positive definite.

(B.1) The kernel function K(-) is of order k£ > 3/2 with support [—1, 1] and it has bounded
k + 2 derivatives.

(B.2) For r =1,---,10 + k the functions d"p(m)/0m"” and 0"V (u)/0u" exist and they are
bounded in their respective supports.

(B.3) d is a strong mixing process where the mixing coefficients must satisfy for some p > 2
and r being a positive integer

oo

Z T la(i) 7P < .

i=1

k4+2)(34-2k
ok <asor

Furthermore, for some even integer g satisfying
E{|d} <w,
where v is a constant not depending on #'.

(B.4) Let f denote the marginal density of ¢/, and let f(-|t') denote the conditional density
function of d given ¢'. f and f(-|t') has k + 2 bounded derivatives uniformly in [tr,tF].
3}

M (91,¢) = B{ 20 (o (0 5591, ) )| ¢}

For each fixed ¢ and t', let ¢y, (¢') the unique solution to M (¢;91,t') = 0. Then for any
€ > 0 there exists a § > 0 such that

(B.5) Let

sup sup |y, (t') — B(t)| < e
$1€0 t’E[tI,tF]

whenever
sup sup |M (¢(t');91,t)| <.
41 €0 t’E[tI,tF]

(B.6) The sequence of bandwidths must satisfy h = O(n~%) where

1 1qg-—
L acta=C4p)
4k 4g+(2+p)

The following result is also needed to prove Theorems 1 and 2,
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Lemma A.1 Consider the following expression

%ZXZ; [K (T;ti) o (¥(d,5;91),¢) — E{K (T ;L t) @ (¢(J,§;191)a¢)}]

and define

W=k (7)o (d,00.8) - B (T ) o d 01, 9)

Then, for e >0

S 6} < BICW)T
ndeq

1
q/2

1 s ) o
WC nd/? Z 92 L)1 =2P Z nd PI=i,i

for any integers n and P with 0 < P < n.

Proof of Lemma A.1

Under assumptions (A.2) and (B.3) the process Wy, --- , W, is strong mixing and therefore
Theorem 1 from Cox and Kim (1995) applies and the sequence of inequalities holds.

Proof of Theorem 1

The proof is in two parts. First we show (15). In order to do this, we claim

supsup 4, (1) = $(0)] = oy (/") (41)
The proof of this expression follows the same steps as the proof of Lemma 5 from Severini
and Wong (1992), p. 1784. The bias term must be treated in the same way as it is there.
With respect to the variance term, an additional result must be included to account for the
dependence. In fact, under assumptions (A.2) and (B.3) Lemma A.1 applies and, proceeding
as for Severini and Wong (1992) in the proof of Lemma 8, the proof of (41) is completed.

Finally, the proof of (15) consists of verifying conditions I (Identification), S (Smoothness)
and NP (Nuissance Parameter) from Severini and Wong (1992). Condition NP(a) is the result
already shown in (41). Condition NP(b) (least favorable curve) is immediate from Lemma
6 of Severini and Wong (1992). By assuming (L.2) the smoothness condition holds. Finally,
assumption (L.1) implies I. Then, under assumptions (A.1) to (A.3), a Uniform Weak Law
of Large Numbers and a Central limit theorem for stationary and ergodic processes (see for
example Wooldridge, 1994) holds, propositions 1 and 2 from Severini and Wong (1992) apply
and the proof is completed.

The proof of (16) consists of taking a Taylor expansion around (¢,£). This can be done
because of assumption (L.2). Then apply result (41), and the rest of the proof follows the same
lines as the proof of Theorem 1 in Staniswalis (1989). Note that instead of using a standard
Liapunov CLT here under assumption (A.2), we need to use one for for stationary and ergodic
processes.
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Proof of Theorem 2

The proof of (31) follows exactly the same lines as the proof of (15) in Theorem 1, but instead
of using (L.1) for identification and (L.2) for smoothness, we use respectively (A.5) and (A.1)
to (A.4). Condition NP(b) (least favorable curve) is immediate from Lemma 6 of Severini and
Wong (1992). This is due to the fact that we assume that the conditional density function
belongs to the exponential family.

The proof of (32) is equal to the proof of (16) except for that (L.2) is replaced by (B.2).
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The first two rows (first block) are for price durations. The last two (second block) are for volume
durations. In each block: top left BiINW, top right BiSp, bottom left UniNW (note that they are
centered around the mean) and bottom right UniSp. See Section 3.3 for an explanation of the acronyms.
The GG distribution is chosen.

Figure 6: Estimated seasonal curves
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the Spearman’s p coefficients. The distribution is the generalized gamma. Rows from top to bottom:
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Figure 7: Out-of-sample density forecast evaluation for price durations
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Figure 8: Out-of-sample density forecast evaluation for volume durations
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