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Jean Léger1, Thomas Pairon1, Christophe Craeye1
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Abstract—The analysis of the Doppler signal returned by
rotating targets is of great interest in the framework of target
recognition and equipment monitoring. An analytical expression
of such a signal already exists for the far-field case, based
on the Jacobi-Anger expansion. An extension of this analytical
expression is proposed for the near-field case. The solution
involves a closed-form expression of each harmonic complex
coefficient. An error analysis is carried out.

Index Terms—Jacobi-Anger expansion, Bessel functions, rotat-

ing targets, micro-Doppler, near-field, radar cross section.

I. INTRODUCTION

When a target moves along the radar line of sight with a

constant speed, the carrier frequency of the return signal is

shifted. This is known as the Doppler phenomenon. However,

many radar targets are composed of several parts moving at

different speeds or are moving with a time-varying radial

speed. This gives rise to a wide Doppler spectral content called

the micro-Doppler spectrum [1]. Since this micro-Doppler

spectrum is specific to the precise motion and the geometry

of the target, it can be used as a discriminative signature in a

classification framework.

In particular, vibrating and rotating targets have been mod-

elled and simulated in order to show the frequency modulation

that they introduce [1]. For vibrations, an analytical derivation

allows us to express the return signal s(t) by means of Bessel

functions of the first kind. In this case, the micro-Doppler

spectrum consists of a limited number of spectral lines pairs

around 0 Hz. This can be done for rotations as well, provided

that the far-field assumption is satisfied (i.e. a target located

at a distance R from the radar with R ≥ 2D2/λ, where

D is the maximal size of the target and λ corresponds to

the wavelength). In [2] and [3], the Jacobi-Anger expansion

is used in order to express the micro motion signal of a

point located on a rotating car wheel. In [4] and [5], such

approaches are respectively used in order to obtain the return

signal from a wind-turbine and an helicopter. In [6], these

functions are used in the framework of ISAR imaging of

targets with rotating parts. Other works also consider rotating

targets without referring to the Jacobi-Anger expansion [7],

[8].

However, in several recent applications, the far-field as-

sumption is not satisfied. In [9], it is proposed to place the

radar very close to the turbine in order to extract information

about the structural health status of wind turbines. In [10],

the radar cross section and the received signal are analysed

considering a forward scattering radar in the near-field. A

Taylor series expansion of the return signal phase is used in

[11] for RCS computations in the near-field, in the monostatic

case. In road monitoring applications, the Doppler signature

of a rotating wheel could be used as a classification criterion.

However, for a radar operating at 24 GHz, the far-field

condition requires a minimal distance of approximately 20

meters between target and radar, which may not be met in

many applications.

This paper is organized as follows. In Section II, the ana-

lytical expression of the Doppler spectrum of a rotating target

is derived. This is carried out using Taylor series expansions

of the phase term of the radar return signal, combined with

the integral representation of Bessel functions. The derivation

is firstly provided in the far-field region (Section II-A). Then,

an extension of the analytical expression is proposed in order

to take the near-field effects into account (Section II-B). An

error analysis of the proposed analytical closed-form is studied

for different geometries, frequencies and distances from the

radar in Section III. Finally, Section IV provides concluding

remarks.

II. MATHEMATICAL DESCRIPTION

Let us consider a monostatic coherent radar located at P
as shown in Fig. 1. The complex envelope of the signal s(θ)
scattered by a rotating point target can be written as

s(θ) =
A

R2(θ)
e−2jkR(θ), (1)

where A models the signal amplitude (RCS, losses etc.), k
is the wavenumber, θ is the angular position of the point

scatterer and R(θ) is the distance between the radar and the

point scatterer. The rotation speed Ω is assumed to be constant,

hence θ = Ωt. Referring to Fig. 1, the distance R(θ) can be

written as

R(θ) = R0

√

1 +
a2

R2
0

+ 2
a

R0
cos(θ), (2)

where a is the rotation radius and R0 is the distance between

the radar and the rotation center. Equation (2) can be expanded

into a Taylor series as

R(θ) = R0

√
1 + ǫ1 = R0

(

1 +
ǫ1
2

− ǫ21
8

+O(ǫ31)

)

, (3)

with

ǫ1 = a2/R2
0 + 2a/R0 cos(θ). (4)
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The goal of this paper is to derive the analytical expres-

sion of the micro-Doppler spectrum of (1) (i.e. the Fourier

transform of s(θ) over one complete rotation). The method

consists in developing (3) to different successive orders and

using the integral representation of Bessel functions. For the

sake of simplicity, the R(θ) factor present in the amplitude is

approximated by a constant value such that R(θ) ≈ R0.
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Fig. 1: Geometrical description of the problem.

A. Far-field conditions

When limiting (3) to the first order, the distance R(θ)
becomes

R(θ) ≈ R0 +
a2

2R0
+ a cos(θ). (5)

Up to the constant phase term a2/2R0, (5) is equal to the

classical form of R(θ) under the far-field approximation.

Substituting (5) into (1), the return signal s(θ) can be ap-

proximated as

s1(θ) = A′e−2jka cos(θ), (6)

where A′ = A/R2
0 exp

(

−jk(2R0 + a2/R0)
)

. Since s1(θ) is

periodic, it can be represented as a Fourier series as [12]

s1(θ) =

∞
∑

n=−∞

S1[n]e
jnθ, (7)

where the S1[n] coefficients are obtained as

S1[n] =
A′

2π

∫ 2π

0

e−2jka cos(θ) e−jnθ dθ. (8)

In order to compute (8) analytically, the integral representation

of Bessel functions can be used (which is equivalent to use

the Jacobi-Anger formula [13]) and yields

S1[n] = A′jnJn(−2ka), (9)

where Jn is the n-th Bessel function of the first kind. Result

(9) is equivalent to formulas found in [4]. As stated above,

this shows that the micro-Doppler spectrum consists of a

limited number of spectral lines pairs around 0 Hz since

J−n(z) = (−1)nJn(z) and Jn(z) tends to zero for a large

n. More precisely, the micro-Doppler spectrum bandwidth (in

the positive frequencies) BW can be obtained as a function

of the rotation speed Ω as

BW =
2aΩ

λ
, (10)

where λ is the wavelength. Hence, the maximum number of

spectral lines (in the positive frequencies) nmax reaches about

2a/λ.

B. Near-field conditions

The result (9) holds in the far-field region. In this section,

the near-field effects are taken into account by expanding (3)

to the second order. The return signal s2(θ) obtained with

this improved approximation is written as a function of two

parameters having a physical meaning.

The parameter δ (called far-field parameter in this work, also

used in [14]) is proportional to the ratio between the far-field

limit 2(2a)2/λ and the distance R0,

δ =
ka2

R0
. (11)

Hence, the far-field approximation (R0 ≥ 2(2a2)/λ) is satis-

fied when δ < π/4.

The second parameter η (called dimensions ratio in this

work) allows us to link the characteristic size of the target a
and the distance R0 between the radar and the rotation center,

that is

η =
R0

a
. (12)

Using parameters δ and η with approximation (3), the return

signal s2(θ) is expressed as

s2(θ) = A′′ejγ cos(θ)ejδ cos(2θ)/2, (13)

where γ = −δ(2η−1/η) and A′′ is a constant complex num-

ber such that A′′ = A/R2
0 exp

(

−jδ(2η2 + 0.5− 0.25/η2)
)

.

Finding a Fourier series for (13) is not immediate. There-

fore, a second Taylor series expansion is carried out. Writing

ǫ2 = j cos(2θ)δ/2, the following expansion is used

exp(ǫ2) = 1 + ǫ2 +
ǫ22
2

+O(ǫ3). (14)

Moreover, one can also show that

ǫ2 = j
δ

4

(

ej2θ + e−j2θ
)

, (15)

ǫ22
2

= − δ2

16

(

1 +
1

2

(

ej4θ + e−j4θ
)

)

. (16)

The complex exponentials in (15), (16) lead to a closed-form

Fourier series approximation of (13) through integrals similar

to (8). For clarity, the notation sp,q(θ) is introduced for the

approximation of s(θ) where p and q respectively stand for the

order of the Taylor expansions given in (3) and (14). Using

(13) to (16), the Fourier series are

S2,1[n] =
A′′

2π

∫ 2π

0

ejγ cos(θ)

(

e−jnθ + j
δ

4
e−j(n−2)θ

+j
δ

4
e−j(n+2)θ

)

dθ, (17)

S2,2[n] =
A′′

2π

∫ 2π

0

ejγ cos(θ)
((

1− δ2/16
)

e−jnθ

+j
δ

4
e−j(n−2)θ + j

δ

4
e−j(n+2)θ

− δ2

32
e−j(n−4)θ − δ2

32
e−j(n+4)θ ) dθ. (18)
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Using the Jacobi-Anger expansion, (17) and (18) become

S2,1[n] = A′′

(

jnJn(γ) + j
δ

4

(

jn−2Jn−2(γ)

+ jn+2Jn+2(γ)
))

, (19)

S2,2[n] = A′′
((

1− δ2/16
)

jnJn(γ)

+j
δ

4

(

jn−2Jn−2(γ) + jn+2Jn+2(γ)
)

− δ2

32

(

jn−4Jn−4(γ) + jn+4Jn+4(γ)
)

. (20)

As observed for (9), the micro-Doppler spectra defined by

(19) and (20) consist of a limited number of spectral lines

pairs around 0 Hz. The approximation s2,q(θ) of the temporal

return signal s(θ) can be obtained with

s2,q(θ) =
∞
∑

n=−∞

S2,q[n]e
jnθ. (21)

III. RESULTS

From (7) and (21), it can be observed that the approxima-

tions of s(θ) depend only on the far-field parameter δ and the

dimensions ratio η given in (11) and (12), even if the discussed

scenario has three key parameters: R0, a and λ.

In Figs. 2(a) to 2(d), the relative error made with the

approximations is provided as a function of the far-field

parameter δ for several values taken by the dimensions ratio,

i.e. η = 1, 8, 64, 512. The following metric is used in order to

compute the relative energy error erel

erel =

∫ 2π

0
|s(θ)− sapprox(θ)|2 dθ
∫ 2π

0
|s(θ)|2 dθ

, (22)

where sapprox(θ) is s1(θ), s2(θ), s2,1(θ) or s2,2(θ). Several

observations can be made based on Figs. 2(a) to 2(d).

1) For a fixed geometry up to a scaling factor (a constant

dimensions ratio η), the error increases with the far-field

parameter δ (or decreases with λ).

2) The error made with s1(θ) does not depend on the di-

mensions ratio η on the studied ranges of the parameters

δ and η. At δ = π/4 (i.e. the limit of the far-field region),

the relative energy error is higher than 0.1, which is

already a large error.

3) Working with the second order Taylor expansion of the

square root allows us to reduce the error provided that

the dimensions ratio η is not too small, as shown by

s2(θ).
4) In practice, the Taylor expansion (14) of the exponential

limits the accuracy of the approximation as shown in

Figs. 2(c) and 2(d). Hence, s2(θ) provides a lower

bound on the error, which can be reached by adding

orders in the second Taylor expansion (at the expense

of more complex analytical expressions for S2,q[n]).

It has also been observed that the error made with s1(θ)
mostly affects the phase of the spectrum S1[n]. Indeed, the

magnitude of S1[n] is even more accurate than the magnitude

of S2[n].
Finally, the errors erel,1(δ, η) and erel,2(δ, η) respectively

made with s1(θ) and s2(θ) can be written as follows based

on a curve-fitting on Figs. 2(a) to 2(d):

erel,1(δ, η) = 0.1939

(

4δ

π

)2

, (23)

erel,2(δ, η) = 0.2107 η−2

(

4δ

π

)2

. (24)

IV. CONCLUSION

Under the far-field approximation, the micro-Doppler spec-

trum associated to a rotating target can be expressed in closed-

form via the Jacobi-Anger relation. However, in the near-field

region (and even at the limit of the far-field region), the energy

of the error using this expression exceeds one tenth of the

received signal energy.

Hence, an extension of the existing analytical expression has

been proposed using two successive Taylor series expansions

on the return signal phase term. In order to capture the near-

field effects, the first Taylor series is expanded up to the second

order. The second expansion allows us to write the return

signal as the sum of Bessel functions of the first kind. The

proposed method gives a significant accuracy improvement in

the different studied configurations, typically by 2 to 4 orders

of magnitude at the far-field limit for distances ranging for 8

to 500 times the radius of rotation.

The development is limited to point-like scatterers. Further

investigation is necessary to extend this analytical method to

more complex structures (such as car wheels, UAV blades,

windturbines, etc.) and to use it in classification, surveillance

or maintenance applications. Further research could also focus

on the performance improvement reached when the signal

amplitude variation is taken into account with an appropriate

series expansion.
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