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Least squares estimation of nonlinear spatial trends
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Abstract

The goal of this work is to study the asymptotic and finite sample properties of an
estimator of a nonlinear regression function when errors are spatially correlated, and
when the spatial dependence structure is unknown. The proposed method is based on
a weighted nonlinear least squares approach, taking into account the spatial covari-
ance. Weak consistency of the regression parameters estimator is derived, along with
its asymptotic Gaussian limit. The behavior of the proposed estimator is illustrated
with a simulation study, considering different correlation structures in R? and a more
general case including a spatial covariate. The method is also applied to two real data

cases.
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1 Introduction

Consider a regression model Y (s) = g(s) + €(s), where s belongs to some subset of R
The errors €(s) are assumed to be spatially correlated, but we do not impose any type of
structural condition. We are mostly interested in the case where d = 2 (spatial setting) or
d = 3 (spatio-temporal setting), but other values of d are also possible. Spatial locations
may be irregularly spaced. In this paper we suppose that the regression function g belongs
to some parametric class {gg : @ € ©} of (nonlinear) functions, and we are interested in the

estimation of the parameters of this model, when the error correlation structure is unknown.

Nonlinear trends are present in many examples involving spatially dependent data. For
instance, in soil science, [21] describe a sigmoide growth curve for modelling the relation-
ship between irrigation and soil water content; in environmental science, [15] considers a
nonlinear trend model for sulphate deposition, and in meteorology, [24] derives a nonlinear
model for acid deposition, based on a differential equation system.

In the context of nonlinear regression with time-dependent errors, [11] consider the esti-
mation of a nonlinear regression function for time-dependent autoregressive errors. [25]
obtain a more general result on the consistency and asymptotic normality of a nonlinear

least squares estimator, with serially correlated time series errors.

For spatially correlated errors, [1] propose an estimation procedure for the parameters of
a linear regression model, in the two-dimensional spatial case. The errors are assumed to
follow a spatial unilateral first-order autoregressive moving average model and the regres-
sion parameters are obtained by an iterative procedure based on generalized least squares.
The error covariance matrix is computed by maximum likelihood or a restricted maximum

likelihood, based on residuals. However, no theoretical results are given.

In this work, we consider a more general case, where the trend may be nonlinear and
the errors are spatially correlated, but without imposing any structural assumption. The
method we propose in this work is a two-step procedure based on least squares estimation.

The asymptotic distribution of the estimators is also obtained.

This paper is organized as follows. In the next section, we explain the precise estimation
procedure for the regression parameters . The asymptotic properties of the proposed
estimator are stated in Section 3, along with the conditions under which these properties
are valid. In Section 4, an elaborated simulation study is carried out to study the finite
sample performance of the estimators, whereas the estimation procedure is applied to two
data sets in Section 5. Finally, the Appendix contains the proof of all asymptotic results.



2 The estimation procedure

When modelling a spatial process Y'(s), it is common to consider that
Y(s)=g(s) +e(s), seD, DCR? (2.1)

where g is the trend component, which captures the large-scale variability of the process, and
€(s) is a zero-mean second-order stationary process, describing the small-scale variability
(see [6], Section 3.1). We consider a general parametric nonlinear model for the trend g,
le.

g€G=A{g0:0€0},

with © C RP a compact set. Let 8y be the true value of 0, i.e. ¢ = gg,. The error process is
assumed to be second-order stationary, so in particular intrinsic stationary (e.g. [6], p. 40).
Hence we can describe the dependence structure via the variogram function, given by:

2y(u) = Var(e(s) —e(s +u)), s,s+ueD. (2.2)
At fixed design points {s1,...,s,}, we observe Y (s;) = g(s;) + €(s;) (i=1,...,n).

We are interested in the estimation of the parameter vector . The proposed estimation
procedure consists of three steps: (1) unweighted least squares estimation of 6, ignoring
the dependence structure of the errors; (2) estimation of the variance-covariance matrix of
the errors based on the estimator of 6 found in the first step; (3) weighted least squares
estimation of 6, taking the dependence structure of the errors into account.

The proposed procedure is a generalization of the method proposed by [11] in the context
of temporally autocorrelated errors. Our purpose is to adapt this method to a more gen-
eral setting, for a spatial regression model with spatially dependent errors. The unknown
dependence in the errors is not restricted to a spatial autoregression context (see [2]) and
we do not impose a structural assumption (for instance, a Markov condition) on the spatial
model. So, we go much further than simply extending the method from time-dependence

to spatial dependence.

We now explain each of these three steps in detail. First, compute the ordinary least squares
estimator for the regression parameter 6 as follows:

g = argmin(Y — gg)t(Y —80),
0O

where Y = (Y (s1),...,Y(s,))" and gy = (go(s1), ..., go(sn))".

In order to improve this preliminary estimator by taking into account the dependence

structure of the errors, we will start with the estimation of the variogram. There is a



broad literature concerning the estimation of the variogram, either from parametric or
nonparametric perspective. In this last context, variogram estimators are not generally
valid, since they fail to satisfy the conditional negative definiteness property ([6], p. 86),
or it is not easy to prove that this condition holds. However, nonparametric variogram
estimators can be used as pilots for fitting a valid parametric model, by minimizing a
certain criterion, such as the least squares distance.

The classical nonparametric estimator for the variogram is the empirical variogram, which

is obtained by the method of moments:
1
2A(u) = 7 > (E(si) — €))7, (2.3)
)l /

where N(u) = {(s;,s;) : s; —s; = u}, [N(u)| denotes the number of such pairs, and
€(si) =Y (si) — gg(si)

(¢t =1,...,n) are the estimated errors. When the empirical variogram is computed from
the (unobserved) errors €(s;),...,€(s,) (instead of the residuals €(s1),...,€(s,)), it is an
asymptotically unbiased and consistent estimator of the variogram, in a pointwise sense (see
6], p.71), as long as the number of contributing pairs at each lag increases. However, this
estimator may be influenced by outliers. For a Gaussian process, the squared differences
involved in the latter empirical variogram follow a x3 distribution. Transforming these
differences by a fourth-root, they are proved to have a distribution with skewness and
kurtosis similar to the standard normal. Based on this argument, [4] proposed a robust

version of this estimator.

When the observations are irregularly spaced, the variogram estimator (2.3) is usually
smoothed by considering a tolerance region:

(1) = —— &(sy) — €(s5))?

where T'(u) is some specified neighbourhood of u in R¢. Tolerance regions may be chosen
small enough to keep the spatial dependence, but large enough to guarantee the stability
of the estimator. For further discussion, see [6], p.70. In what follows, we will work with

27(u), but similar results can be obtained for the latter estimator 2v*(u).

Suppose that a valid parametric variogram family is given by {27,(u) : @ € A}, where A is
a subset of R?. The parameter vector a can be estimated by using a weighted least squares

approach, comparing the functions at lags {uy,...,ux} for some K < oc:
ars = arg HliII41 f(a)tW(a)f(oz) = arg migl ﬁn(oz), (2.4)
aE ac
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where T'(a) = (Ya(w1) = F(w1), ..., Ya(ug) — J(ug))t and W(a) is an appropriate weight
matrix. Ideally, we should take W (a) = Cov(I'(a))~%, but it is not easy to find an expres-
sion for this covariance matrix, even for quite simple estimators of the variogram. When
the errors would be observed (so § would not need to be estimated in that case), and when
the empirical estimator (2.3) or its robust version is used, the expression for the covariance
matrix of f(a) has been derived by [5]. The strong consistency of the least squares estima-
tors arg has been proved by [17] in that case, who also obtain the asymptotic distribution
accounting for different sampling designs. For choosing the number of lags K, we may
follow the recommendations from Journel and Huijbregths (see, for instance, [6], p. 70),
with K fitting only up to half the maximum possible lag and considering only lags with
|N(u)| larger than 30, and K < U/2, where U = max{||u|| : N(u) > 0}.

Other fitting methods such as the maximum likelihood method could also be considered,
in order to obtain a valid parametric variogram estimator. This estimation procedure
relies on the Gaussian assumption, whereas the least squares method only depends on
the asymptotic second-order structure of the process. Besides, the maximum likelihood
parameter estimators may present a serious bias, although this problem can be mitigated
using a restricted maximum likelihood approach.

Since the process €(s) is second-order stationary, there exists a function C,, called the
covariogram, such that:

C,(u) = Cov(e(s),e(s + 1)) = 0% — y,(u), (2.5)

which can be recovered from the variogram, and where 02 < oo is the variance of the spatial
process. For Gaussian processes, intrinsic and second-order stationarity are equivalent,
although variogram estimation is usually preferred to covariogram estimation in practice.
First, if the second-order stationarity of the process is not assessed, the covariogram C'
does not exists. In practice, this assumption can be checked using the test proposed by
[10]. Another problem is that sample covariances do not provide unbiased estimators of the
underlying covariances. This unbiasedness becomes a serious problem if there is any kind

of trend ‘contamination’, which is the case here.

A valid estimator of the covariogram C,(u) can be obtained by plugging-in in (2.5) the
corresponding estimator of the variogram and a suitable estimator 2 of the variance. In
most parametric variogram families, the variance parameter can be identified. In case this
parameter can not be explicitly obtained from the model, we may use (n—1)"'>"" | (é(s;) —
€)?, as an estimator of the variance, where ¢ denotes the average of the estimated errors.
In the method proposed in this work, the variogram is computed based on residuals from a

regression model. As it is pointed out in [16], the empirical variogram based on residuals is



seriously biased downwards, implying an underestimation of the variance when considering
the method in (2.4). The authors monotonize the empirical variogram, applying the pool

adjacent violators algorithm. The resulting empirical variogram is also strongly consistent.

Next, denote by ¥ = ¥, the covariance matrix of the process {€(s1), ..., €(s,)}, with entries:
¥(1,7) = Cqalsi—s;), 4,j=1,...,n

This matrix can be estimated by & = (i(i,j))zjzl, where i](i,j) = Cagz(si —s;). Since 5
is an n X n symmetric and positive-definite matrix, the Cholesky decomposition allows to
write:

Y = LL,
where L is a lower triangular n X n matrix.

Finally, define the following estimator of the regression parameter vector 6. This estimator

(contrary to the preliminary estimator 6) is based on a weighted least squares criterion,

which takes into account the dependence structure of the errors:

~ 1 ~ ~ ~ ~
0 = in—(L7'Y — L 'gy) (L7'Y — L7 'gy) := inQ,(0). 2.6
arg min —( go) ( 89) := arg min ( (6) (2.6)
Also note that although in the proposed method we consider a least squares procedure for
the estimation of the variogram, it could be replaced by any other pointwise consistent

estimator, as long as the result in Proposition 3.1 below is proved to hold.

An obvious question that arises is the construction of a second-step estimator for the depen-
dence parameters, for instance, by a least squares criterion as in (2.4) based on € =Y —gj.
When estimating the variogram of a process based on residuals, we have to take into ac-
count the dependence structure in the data and the constraints required in the least squares
procedure. Therefore, the two-stage estimator of «, obtained by replacing in the formula
of arpg the estimator ] by é\, will share with azg the same asymptotic properties, but the
behavior on finite samples may not be satisfactory (see [6] or[12] for a detailed discussion).
This problem has also been noticed by [11], for temporally autoregressive errors. In that
context, improvements were only found when the autoregression condition was fullfilled and
the correlation length was correctly identified.

3 Main results

Let Vgg = (a%lgg, e a%pgg)t be the gradient of gy. Denote also by G(#) the n x p Jacobian
matrix of gy with respect to 6 at the sampling points, i.e. the i-th row of G(6) equals
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Vge(s;)' (i =1,...,n). The notation ||A]| = tr(A*A) will be used for the Euclidean norm
of any matrix A. We start by stating the assumptions under which the main asymptotic

results will be valid.

Assumptions.

(A1) The spatial process Y (s) can be represented as in (2.1), with g9 € G = {gy : 0 € O},
© C R? a compact set. The error € is a zero-mean, second-order stationary Gaussian
process with covariance function C, € L'(R?), o € A with A C RY. The covariance
function C, is continuously differentiable with respect to a, sup{|Cy(u)| : u € D,a €
A} < o0 and sup{|a%j0a(u)| cueDacAj=1,...,q} < oo. Moreover, |N(u;)|
(t=1,..., K) tends to infinity as n tends to infinity.

(A2) The weight matrix W () is positive definite and continuous for all « € A and

sup{[[W (o[ + [W(a)[ " : o € A} < 0.

(A3) For all £ > 0, there exists a v > 0 such that infja_aq[se Sy (Ya (W) = Yo (1)) > v.

(A4) The regression function gy(s) is differentiable with respect to the components of # and

0

max  sup %gg(s) < 00.
J

j:17"'7p 66@756D

(A5) For all ¢ > 0, there exists a v > 0 such that infyg_g > R(6) > v, where R(f) =
limy, o0 n_l(g(% - g@)tz_l(g% - g@)? and g0 = (99(81)7 s 799(Sn)>‘

(A6) The sequence of matrices {S,,},,, such that S, = n=1G(0y)' > (ag)G(fy) converges to
a positive definite matrix S as n — oc.

The Gaussianity assumption in (A1) is required in order to apply the Law of Large Numbers
and the Central Limit Theorem. This assumption could be relaxed by fixing the conditions
under which the differences €(s;) —€(s;), with (s;,s;) € N(u) are an associated sequence for
a certain lag u (see [18]). Another alternative is to determine an appropriate Hajek-Rényi
type inequality, and apply the results in [9]. In the proof of Propostion 3.2, the Gaussian
assumption is a sufficient condition for applying a maximal inequality for degenerate U-
processes (see [20]). Also in condition (A1), considering an L'—integrable covariance is
not too restrictive, meaning that the error process €(s) is short memory. The uniform
bound condition on the weight matrix in (A2) holds if the parameter space A is compact.
Condition (A3) is a form of identifiability condition on the parametric variogram model.

This condition requires choosing the lag vectors {uy,...,ux} in such a way that any two

7



variograms with different parameters take different values in at least one of the lags. That
is to say, 2v,, and 27v,,, with a; # a5 can be distinguished by considering their values at
{uy,...,ug}. Similarly, condition (A5) is required for identifying the #-parameter.

We are now ready to state the main asymptotic results of the paper.

Proposition 3.1. Assume that conditions (Al) — (A4) hold. Then,
OTI;’ -0y — 07

in probability, as n — oo.

Note that under conditions (A1) — (A3), [17] proved that the estimator of oy obtained by
replacing in the definition of g the estimated errors €; by the true errors ¢; (i = 1,...,n),
converges a.s. to the true dependence parameter ay. We are now ready to prove the weak
consistency of 0.

Proposition 3.2. Assume that conditions (A1) — (A5) hold. Then,

-~

€—60—>0,

in probability, as n — oo.

Theorem 3.3 below gives the asymptotic distribution of the estimator 9 of the regression

parameters.

Theorem 3.3. Assume that conditions (Al) — (A6) hold. Then, as n — oo,

Vi (0 = 05) <5 N,(0,87),
where S is given in (A6).

Remark 3.4. Consider the following more general spatial regression model for the process
Y (s):
Y(s) =go(X(s) +€(s), s€D, DCR (3.1)

where X (s) is also a spatial varying process. This kind of models has become popular in
practical applications, when combining two sources of information. For prediction purposes,
model (3.1) motivates the so-called kriging method with external drift (see [3], Section
5.7.3), where the explanatory process X (s) is usually observed at a finer grid, since it is
necessary to observe it both at data locations and prediction locations. Just focusing on the
estimation issue, which is the goal of this work, it can be shown that the above asymptotic
results can be extended to this more general model, under suitable additional assumptions
related to this new process X (s), and taking into account the possible correlation between

X(s) and Y (s).



4 Simulation study

In order to explore the performance of the estimation method proposed in Section 2, we have
carried out a simulation study considering different scenarios for the spatial regression model

(2.1). Data have been generated from an isotropic Gaussian spatial process Y (s) = Y (s1, s2)

observed at regularly spaced locations {si, ...,s,} in the unit square [0, 1] x[0, 1], with trend
models:
$18
0= (22)

g2(s) = sin(2msy) + cos(27msy).

We have also considered different isotropic dependence structures: exponential and spher-

2 and range parameter ¢ (that is a = (02,¢)"). For a second-order

ical, with variance o
stationary process, the variance of the process is given by lim|jy— (1) (by relation (2.5)).
The range is defined as the distance, in the isotropic context, beyond which observations

become independent. The following semi-variograms ~ are considered:
3\ 2
- Spherical: yg(u) = o2 (1.5”“” 0.5 <”u”> ) for ||u|| < ¢ and ys(u) = o2, otherwise.

- Exponential: yg(u) = o2 <1 — exp <_||%||>)

In Table 1, we consider a spherical model for the variogram, and model g; for the trend. The
mean, median and mean squared error (MSE) are calculated for the ordinary least squares
estimator 5, obtained without taking into account the presence of a spatial dependence
structure, and also for the proposed estimator . Summary statistics for the estimators
of the variance and the range parameter are also reported. It can be observed that in
general the mean squared error of all estimators reduces significantly when the sample size
is n = 400. For the estimation of the parameter 6, the second step estimator, (/9\, clearly
outperforms the first step estimator, 6. In Table 2 we consider the same trend g1, but
this time the variogram is exponential. The same conclusions can be drawn regarding the
behaviour for increasing sample size, and regarding the comparison of 0 and 0. Finally,
Table 3 shows summary statistics for trend model g, and a spherlcal variogram. Again, the
MSE of the estimator @ is smaller than that of the estimator 9 although the improvement
found when increasing the sample size is not that large, maybe due to the complexity of
the model.

For the more general regression model (3.1), we take gs(z) = @sin(z), that is:
Y(s) = g3(X(s)) + (s),

9



MSE | 3.24e-06 5.99e-06

7.05e-07  6.01e-08

1.22e-02  8.67e-03

First step: 6 = 0.5 | Second step: 6 = 0.5 o =1 ¢ =0.8
Ys n=100 n=400 | n=100 n=400 |n=100 n =400 | n=100 n =400
Mean 0.512 0.515 0.507 0.500 1.053 0.949 0.865 0.821
Median | 0.494 0.499 0.493 0.497 0.881 0.778 0.736 0.670
MSE | 1.31e-04 2.89e-04 | 5.08e-05  1.42e-06 | 1.48e-01 4.20e-02 | 7.67e-02 4.83e-02
First step: 6 = 0.4 | Second step: 6 = 0.4 o =1 ¢ =0.5
Ys n=100 n=400 | n=100 n=400 |n=100 n =400 | n=100 n =400
Mean 0.402 0.402 0.400 0.400 1.015 1.000 0.578 0.514
Median | 0.398 0.403 0.399 0.397 0.955 0.978 0.497 0.441

1.84e-02  6.01e-03

Table 1: Simulation results for trend model g, with spherical variogram. Mean, median

and mean squared error (MSE) from 100 Monte Carlo expenments are reported for the first

and second step estimators 0 and 9 and for the estimators of 0 and ¢.

First step Second step
0=0.5 0 =0.5
Ve, (0%,¢) = (1,0.8) | n =100 n =400 | n =100 n =400
Mean 0.562 0.534 0.504 0.498
Median 0.497 0.482 0.500 0.496
MSE 1.84e-02  2.04e-03 | 1.44e-05 2.96e-06
0 =0.25 0 =0.25
e, (0%,6) = (2,0.5) | n=100 n =400 | n=100 n =400
Mean 0.250 0.249 0.250 0.250
Median 0.250 0.249 0.250 0.249
MSE 1.47e-07  3.79e-07 | 1.10e-09 3.73e-10

Table 2: Simulations results for trend model g, with exponential variogram. Mean, median

and mean squared error (MSE) from 100 Monte Carlo experiments are reported for the first

and second step estimators 0 and 0.

where X (s) is a zero mean Gaussian spatial process with spherical variogram, variance

0% =1 and range ¢x = 0.5. In Table 4 we show the results for this model, considering two

different parameter values. We observe the great improvement of considering the second

step estimator é\, in the reduction of the mean squared error, for different dependence

models.
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First step Second step
0=0.5 0 =0.5
vs, (02,¢) = (1,0.5) | n =100 n =400 | n =100 n =400
Mean 0.520 0.544 0.510 0.507
Median 0.515 0.576 0.536 0.504
MSE 3.30e-02 8.41e-02 | 6.11e-03 4.56e-03
0 =0.25 0 =0.25
vs, (02,¢) = (2,0.8) | n =100 n =400 | n =100 n =400
Mean 0.231 0.172 0.230 0.248
Median 0.277 0.246 0.245 0.300
MSE 0.201 0.213 | 3.20e-02 2.92e-02

Table 3: Simulations results for trend model g, with spherical variogram. Mean, median
and mean squared error (MSE) from 100 Monte Carlo experiments are reported for the first

and second step estimators 0 and 0.

First step Second step
0 =0.5 0=0.5
vs, (02,¢) = (1,0.8) | n =100 n =400 | n =100 n =400
Mean 0.526 0.518 0.487 0.499
Median 0.501 0.506 0.480 0.497
MSE 1.52e-02 1.63e-02 | 3.01e-04 1.05e-05
0 =0.25 0 =0.25
vs, (02,¢) = (2,0.8) | n =100 n =400 | n =100 n =400
Mean 0.280 0.283 0.236 0.256
Median 0.234 0.294 0.218 0.255
MSE 9.31e-02 6.11e-02 | 8.07e-04 7.70e-05

Table 4: Simulations results for trend model g3, with external trend and spherical variogram.
Mean, median and mean squared error (MSE) from 100 Monte Carlo experiments are
reported for the first and second step estimators 6 and 6. X(s) is a zero mean Gaussian

process with spherical variogram and (0%, ¢x) = (1,0.5).
5 Application to real data

In order to illustrate the performance of the method, we consider in this section two different

data sets. The first data set collects surface elevations at different spatial locations, and is
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Figure 1: Elevation against coordinates. Left plot: West-East direction. Right plot: North-

South direction. Solid line: lowess curve.

thoroughly described in [8], Chapter 1. The second data set is concerned with the Swiss
Jura data from [14], which is available in the R package gstat. We apply the proposed
algorithm to the first example, and we consider the extension for the more general model
(3.1) in the second case.

5.1 Elevation data

Elevation models provide an ideal external drift function for mapping quantities which are
controlled by topographic or orographic effects. For instance, digital elevation models have
been used in order to model external trends for water level kriging (see [7]). Although our
main goal is not to explore the issue of prediction with an external trend, it seems clear that
a proper modelization of the random process with this collateral information will improve
the kriging accuracy.

We have considered the elevation data studied in [8]. This dataset comprises a sample of
elevation values at 52 locations within a square (sidelength of 6.7 units). The unit distances

are 50 feet for the spatial locations, and 10 feet for elevation.

In Figure 1, we show the scatterplots of the elevation against the coordinates, in the West-
East and North-South directions. This representation reveals the presence of a North-South
trend, with higher values towards the eastern and western parts of the region. From this
analysis, [8] consider two low-order polynomial trends: a linear and a quadratic trend model.
We will check the performance of our method considering the linear trend model:

- Model 1: Linear trend g;(z,y) = By + S1x + Bay,

12



where = and y are, respectively, the coordinates in the West-East and North-South direc-
tions, and we compare our results with the ones obtained by [8]. From an ordinary least
squares estimation (ignoring the spatial dependence structure) the estimated values for the
parameters in Model 1 are: ﬁo = 913.80, ﬁl —1.695 and 52 —25.252.

We have also considered a non-linear model, based on rational functions (see [19]) which
have been proved to provide a more flexible approach than polynomials, with the same
number of parameters. This type of rational functions has also been used by [15] for
multivariate spatial prediction under non-stationarity and non-linear trend assumptions.

The model considered is the following:

1

- Model 2: Rational trend go(z,y) = RN
0 1T 2y

For the rational model, the estimated parameters by ordinary least squares are 6\’0 = 1.08e —
03, 6, = 2.37e — 06 and 6, = 3.66e — 05.

For incorporating the spatial dependence, we have considered a Matérn covariance model.
The Matérn covariance model is a three-parameter class of covariance functions, which in

the isotropic case is given by

) — o2 &), (,6,0),

21T (R)

where u is the distance between two sampling locations, o? denotes the variance of the
process, Ky(-) is the modified Bessel function of the second kind of order s, and ¢ > 0
is a scale parameter which determines the rate at which the correlation decays to zero as
u increases. The order parameter x controls the analytic smoothness of the process. The
value k = 0.5 corresponds to the exponential covariance model, and x = 1.5 and kK = 2.5
correspond to processes which are once and twice differentiable, respectively. Estimating
the three parameters in the Matérn model is not a trivial task, since they are not well-
identified. For that reason, [8] compares different values of a fixed smoothness parameter.
We also follow this approach. For a more detailed description of the Matérn model and its
properties, see [8], p.52 and [22], pp.32-33.

A histogram of the observed values shows a slight asymmetry and no presence of out-
liers, finding no reason for rejecting a Gaussian model. Based on this condition, [8] apply
maximum likelihood estimation (MLE), assuming a Matérn covariance function with fixed
smoothness parameter £ = 1.5. When a linear trend surface (Model 1) is considered, then
the estimates are By = 912.5, B = —16.5 (West-East coordinate) and By = =5 (North-
South coordinate). The estimated values for the dependence parameters are, in this case,
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Model 1
fo b1 2 G ¢ 72
k=0.5 917.01 -17.73 -4.74 1557.57 1.45 0
k=15 949.62 -20.73 -3.55 3181.19 6.81 980.08
k=25 956.10 -21.92 -3.07 3121.69 4.70 1012.12

Table 5: Parameter estimates with the proposed method, for the surface elevation data

with linear trend model.

Model 3
0o 0, 0 o 10) 72
k=0.5 1.08¢-03 7.08e-06 2.45e-05 1559.25 1.43 0
k=15 1.09e-03 6.73e-06 2.48¢-05 1501.88 0.66 0
k=25 1.04e-03 4.76e-06 2.81e-05 3122.58 4.76 1023.14

Table 6: Parameter estimates with the proposed method, for the surface elevation data

with rational trend model.

5% = 1693.1, 72 = 34.9 and & = 0.8, where 72 is called the nugget, and it appears as an
additive term in the covariance expression (see [8], p.37 for discussion). The nugget effect
has a dual interpretation, as the microscale variation of the process and as a measurement
error variance. When the nugget is positive, then the variogram presents a discontinuity at
the origin. The maximized log-likelihood is -240.08, for k = 1.5.

The estimations obtained with the method proposed in this work, for the linear trend
Model 1, are shown in Table 5, considering different smoothness parameters for the Matérn
covariance. With the same number of parameters, we obtain the estimates for the rational
trend model with normal errors (Model 2), which are shown in Table 6. For x = 1.5, the
maximized log-likelihood for the rational trend model is -242.8. For the linear trend model,
we observe that the values of the estimated parameters are quite similar to those obtained
by [8], using the MLE.

We have obtained kriging predictions for the surface elevation data, considering the rational
trend. Results are shown in Figure 2. The prediction surface is quite similar to that provided
by the constant and linear trend cases (see [8], p.38), but with different standard errors,
running in this case between 0 and 27.61. The residuals for the linear trend model were

reported between 0 and 22.9.

The estimates obtained for the regression parameters with the proposed method are quite

14



X Coord X Coord

Figure 2: Kriging with external drift. Left plot: kriging prediction, with rational trend
model. Right plot: standard deviation predictions. The dots are the sampling locations.

similar to those provided by the MLE. One of the advantages of the least squares approach
compared with MLE is its computational efficiency. Another advantage is that, strictly
speaking, the proposed method does not rely on the Gaussianity of the data, as long as
the error differences form an associated sequence (see discussion after list of assumptions

in Section 3).

5.2 Soil data

The Swiss Jura dataset contains measurements of heavy metal concentrations collected
by the Swiss Federal Institute of Technology, in the Swiss canton of Jura. For a detailed
description of the dataset, see [14]. For the illustration of the nonlinear trend estimation
method in model (3.1), we consider 259 observations of cobalt (Co) and chromium (Cr),
measured in mg/Kg.

Co is mainly derived from pollution sources, such as steelworks, whereas C'r may come
both from pollution sources as well as from airborne particulates. In both cases, these
metals present a close relation to indigenous soils. The relation between these two metals
has already been reported by [26] and [13]. From an initial non-spatial descriptive analysis
(see Figure 3), we observe a clear nonlinear relationship between Cr and Co.

We apply the method proposed in this paper to model the relation between these two

metals, considering a sigmoidal curve:

bo

Crls) = 1+ exp(6; — 6y - Co(s))

+ €(s). (5.1)
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Figure 3: Scatterplot of chromium against cobalt. Solid line: lowess curve.

Figure 4: Kriging surfaces for Cr. Left plot: ordinary kriging from original data. Right
plot: ordinary kriging from estimated Cr values, using the proposed method with trend
model (5.1). The dots are the sampling locations.
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The estimated parameters are 50 = 41.74, @\1 = 1.47 and @\2 = 0.40. The first parameter
represents the asymptote, that is, the maximum value of C'r achieved, for growing concen-
trations of Clo. @\1 provides information about the intercept and 52 is the rate at which the
C'r concentration changes from its initial to its final value. We have assumed an exponential
model for the dependence structure, with estimated parameters QAﬁ = 0.10, 02 = 62.92 and
nugget 72 = 13.11.

We have also obtained in Figure 4 kriging surfaces for the C'r and for the estimated values
of Cr, considering model (5.1). We can observe that the prediction surfaces are quite
similar, indicating that the large scale variation of the C'r is well described by its nonlinear

relationship with Co soil content.

6 Appendix

Proof of Proposition 3.1. For the sake of simplicity, we will restrict the proof to the
ordinary least squares estimator. The extension to a weighted least squares problem is
straightforward, taking into account assumption (A2). Note that arg is the minimizer of
the function P, (o) = YK  (7a(0;) = F(w;))2. Define P(a) = oK (70 (1) — 7ap (0))2. We
prove the statement of the proposition by verifying the conditions of Theorem 5.7 in [23],
p. 45) for M,, = —ﬁn and M = —P, i.e. we will show that:

Foralle > 0,3v > 0: | inf” |P(a) — P(aw)| > v (6.1)
a—aopl||>€
A, = sup|P,(a) — P(a)] S 0. (6.2)
acA

Condition (6.1) follows from assumption (A3), since P(ag) = 0. By the proof of Theorem

3.1 1in [17], we have that

A = sup|Py(a) = P(a)| 0,
acA
where P,(a) = Y10, (Ya(u:) = 5(w;))? and 23(u) = [N ()| 71 3y (e(s:) — e(s;))?. We will
prove that:
sup | P, () — Po(a)| 5 0.

acA
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If we denote 69(5) = gp,(8) — ga(s), we can write:

29(u) = ‘N ‘Z (s;) — &(s;)) _|N(u)’Z(e(si)wg(si)—e(sj)—ag(sj)f
N(u N(u)
2 2 €(8;) — €(8; 5(8;) — 05(s;
= 25(u |Z )+|N(u)|1%((z) (s7))(d5(s:) — d5(s;))
= 27( >+2An( )"‘QBH( )7
where
An(a Z 5))%,
Bi( Z ) — €(s5))(d5(s:) — d5(s;))-

The function P,(c) can now be decomposed as:

Py(a) = Z(w(ui) —3(w))* = Z(va(ui) —7(w) — An(w) — B, (w;))?
= Pn(a)+Z(A (w;) + By(u —22%111 w)) (A, (W) + B (w;)) .

Therefore,

sup |Pa(@) = Pa()]

K

2) (va(w;) = F(w)) (An(w) + By(w))| .

i=1

Z (1) + By (u;))* + sup

-1 «

In order to prove that this quantity converges to zero in probability, it suffices to show that
A, (u;) = op(1) and B, (u;) = op(1) for i = 1,..., K. We will prove these conditions for

any u. We can write An(u) as

( a(sis5)( 0 00)>2

Tl

(

= (6 — )" Z VGi(si,s;)VGh(si,8;) (0 — bp),

Q\N(

where 0 is on the line segment between 0 and 0y, and where

0 0 0 0
tlg g.) = [ N . _— N )
VGG(SZ’ S]) (801 ge(sl) 601 90(5])7 R agpge(sz) aep ge(s]))
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The convergence to zero in probability now follows from assumption (A4) and from the fact
that 6 = 6, (see [11]). We can write B, (u) as:

B,,(u) |N ’ Z €(si) VG (si,sj)(g—ﬁo)

1

= (0= 00

Y (elsi) — €(s;) VGilsi,sy)-

N(u)

For simplicity, we assume that dim(©) = p = 1. When p > 1, it suffices to prove this
condition componentwise. Since € converges in probability to 6y, we will prove that the

remaining part of Bn(u) is Op(1). Consider

— €(s;))VGy(si, s§)

3™ s )

N(u)

|N|

N

where ¢ := 2SUpycg sep |%99(S)| < oo by assumption (A4). Also, note that by assump-
tion (A1), the absolute differences |e(s;) — €(s;)|, for (s;,s;) € N(u) follow a half-normal
distribution with variance 2y(u)(1 — 2/7). Hence, by Cauchy-Schwarz’s inequality,

1
Var ] %}) le(si) — €(s;)

1
S NP > Y Cov(le(si) — e(s))l, le(si) — e(s0)])]

(si,85)EN(u) (sx,s1)€EN(u)

1
S YD V/ Var(le(s;) — e(s;)]) Var(e(si) — e(s1)])

(si,85)EN(u) (sx,s1)€EN(u)

< 24(u) (1 - 3) < .

™

It now easily follows that |N(u)|~? > N [€(si) — €(s;)] = Op(1), using Tchebychev’s in-
equality. Hence, B,(u) = op(1). O

Proof of Proposition 3.2. Similar to the proof of Proposition 3.1, we will check the

following conditions:

For alle > 0,3v > 0: ||93£1f|‘> |Q(0) — Q(6o)] > v (6.3)
2 = sup|Qu(0) = Q) 50, (6.4)

where

Q) =1+ R(A) =1+ lim 5t Y10y,

n—oo 1
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and dp = (go,(S1) — 9o(S1), - -, 9o, (Sn) — go(s,))". Condition (6.3) follows from assumption
(A5) and the fact that R(6y) = 0. For (6.4) note that the function Q),,(#) can be decomposed
as:

~

Qu(0) = =(Y —go)' (LT (Y — g)

(€ + 09)'S7 (e + 0p) = Qu1 + Qua(8) + Qus(0),

SI=3=

where
1 to—1 2 to—1 1 t—1
in = —€ E €, Qng(e) = —€ E (59, Qng(e) = _56’2 59,
n n n
and € = (€1,...,¢6,)". Then,

€, < [Qny — 1] + sup [Qna(0)| + sup |@n3(0) — R(0)].
0co 0co

For notational convenience, write & = Y(ars) and X = X(ag). Note that

| oxn1(@)
in = _etz €+ Z OéLS] O[OJ) T% €,

j=1
for some @ on the line segment between oy and arg. To show that the second term on
the right hand side is op(1), first note that apg; — ag; = op(1) for all j = 1,...,¢q by
Proposition 3.1. Next, since & — ag = op(1), there exists a neighborhood N(ayp) of ag that
contains a with probability tending to one, and that is such that ¥(«) is positive definite
for all @ € N(ap). We will prove that < -1 taz (O‘) ) is Op(1) for j = 1,...,q. For that
purpose, note that € is equal to Le, in dlstrlbutlon, for some €' = (ey1,...,e,) ~ N,(0,1I,),

where [, is the n X n identity matrix. Then:

oxt

tLtiL |
n Oaj
1 o
<~ sup |e'L} AL@)
n aEN(ap) a&]
1 ox1 2 o1
< — sup <Lt&L> ex| + = sup <Lt&L> ekel’.
N aeN(ao) | £ Oa; kk " aeN(ao) | 42 Oa; kl

The first term on the right hand side is Op(1) by using similar arguments as for the term
B,,(u) in the proof of Proposition 3.1. For the second term, assumption (A1) entails that
the expression between absolute values is a degenerate U-process of order 2 indexed by
a Euclidean class of functions with square integrable envelope function. Hence, it follows

from Corollary 4 in [20] that the second term is also Op(1).
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Now, consider
n

| Loy vtp—1 4 2
—€' =—(L L = <
—y e = = (L7 (L7e)

=1

S|

where eg,...,e, are i.i.d. N(0,1) random variables. Hence n~1te!¥71e £ 1. This shows
that Qn1 —1 = op(1). We now turn to Q,2(6). In a very similar way as for the term B,,(u)
in the proof of Proposition 3.1, we can show that supycg |@n2(0)] = op(1). Finally, for
Qn3(0), it is readily seen that supycg [@Qns(0) — R(0)] L0, by using the weak consistency
of arg established in Proposition 3.1. a

Proof of Theorem 3.3. Consider Q,(0) = Q1+ Qna(6)+Qn3(0), the same decomposition

as in the proof of Proposition 3.2. Since 0 is defined as the minimizer of Q,(0), we have

~

that V@Q,(0) = 0. If we examine the gradients of each addend in the decomposition of
Q. (0), we see that VQ,,; = 0 and

VQ,0(0) = %G(@)tzl(@)e, VQns(0) = —%G(e)tzl(@)(s@,

where € and dy are defined as in the proof of Proposition 3.2. The vector V@Q,3(#) can be
written after a first order Taylor expansion as

VQua(0) = ~=G(6)'S @T)G0)(0 — o).

for some 6 on the line segment between 6, and . Therefore, for § = f we have the following
equality :
G(0)'S (azs)e = G(0)'S (aLs)G(0)(0 — bo).

It follows that

Vil — ) = Vi (GO @TR)60)) GO @s)e

Now, note that by Propositions 3.1 and 3.2, the estimators 0 and Qg converge in probability
to 6y and ag. Hence, by Slutsky’s theorem and noting that e 2 Le with e ~ N, (0,1,), it
follows that the previous variable converges in distribution to a normal random variable

with zero mean and covariance matrix S~!, where

S = lim ~G(0)'S (a0)G(60),

n—oo N,

which is well-defined by assumption (AG6). O
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