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Abstract

In this paper, the Brinkman penalization method is extended to the weakly compressible formu-

lation of the Navier-Stokes equations to study gas-particle flows with reactions and coupled heat

and mass transfer. The weakly compressible approximation removes the acoustic modes from the

solution while allowing a variable density. The Brinkman volume penalization method describes

the solid phase as a porous medium with a vanishing permeability. The method is validated

with literature benchmarks for a fixed or moving particle. Various reaction scenarios are then

investigated. First, the capability of the method to deal with intra-particle diffusion and reaction

is evaluated. The impact on the conversion of the particle Reynolds number based on the slip

velocity is assessed, for a range of Reynolds numbers encountered in fluidization. Next, surface

reactions are focused on, with infinite or finite rate. A Dirichlet-type condition is imposed on the

particle surface to treat an infinite reaction rate and a high solid thermal conductivity while a

finite-rate surface reaction requires Neumann and Robin surface conditions for the temperature

and species mass fractions. The impact of density changes induced by heat release and molecular

weight changes is assessed in these different cases. It is shown that the combination of the weakly

compressible approximation and the penalization method allows to treat the presence of the solid

phase and reactions in an efficient manner and to take into account the effects of compressibility

in commonly encountered situations in reaction engineering.
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1. Introduction

Gas-particle flows are encountered in a wide variety of natural phenomena and industrial appli-

cations. Among the latter, a special focus has been given to the modeling of fluidized bed reactors,

due to their use in numerous processes: particle coating, base chemicals production, combustion,

gasification,... Those are typically characterized by intense heat and mass transfer phenomena,

in addition to complex flow structures caused by particle-particle and particle-fluid interactions.

The simulation of large scale fluidized beds is typically performed by means of Two-Fluid Models

(TFM), in which the solid phase is described in an Eulerian manner, or Discrete Element Methods

(CFD-DEM), tracking each particle (or pseudo-particle) individually as a result of its interaction

with the surrounding flow. In both approaches, closure laws are required to model the impact of

the unresolved phenomena on the resolved scale of the flow. A number of correlations have been

reported in the literature to obtain mass, momentum and heat transfer rates from known quanti-

ties, mostly based on experimental procedures. The weakness of these empirical correlations lies

in their limited validity to mono-disperse particles, and their lack of local description [1]. Direct

Numerical Simulation (DNS) of dense gas-particle flows has emerged as a powerful tool to derive

closure relations based on fundamental physical grounds for the Two-Fluid and DEM-type models.

The detailed simulation of a flow with solid obstacles can be addressed in two ways: with a body

conformal, or non-conformal grid. Methods based on body-fitting meshes, such as the arbitrary

Lagrangian-Eulerian (ALE) finite-element method (FEM) [2], allow a straightforward treatment

of the boundary conditions in the discretization process of the governing equations. Thanks to

the alignment between the grid lines and the body boundaries, they also offer a better control

of the grid resolution close to the body, where sharp gradients typically appear. However, the

handling of more complex geometries or cases with a large fraction of the domain occupied by

the dispersed phase makes the meshing process increasingly difficult. The treatment of moving

bodies also requires a re-meshing at each time step and a projection of the solution onto the new

grid. These two steps can drastically increase the complexity and the computational cost of the

numerical method [3]. Immersed Boundary (IB) methods use non-conformal meshes. They have

the advantage to use a fix grid, which reduces drastically the numerical complexity and cost of

the meshing procedure. The counterpart is an increased effort to properly impose the boundary

conditions on the surface of the body. The first continuous immersed boundary method was de-
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veloped by Peskin [4] to simulate blood flows. IB methods are typically classified into continuous-

and discrete-forcing methods. Continuous-forcing methods introduce an additional source term in

the governing equations to impose the effect of the body on the fluid flow, typically using regular-

ized delta functions. Uhlmann [5] extended Peskin’s original formulation, allowing a more efficient

treatment of rigid bodies. The main drawback of continuous formulations lies in the smearing of

the body interface. Discrete-forcing (or sharp) IB methods, on the other hand, retain the accurate

position of the interface and the forcing is introduced in the discretized form of the Navier-Stokes

equations. Among those methods, the ghost-cell [6] and the cut-cell approaches [7, 8] are most

widely used. The status of a ghost cell is determined from an extrapolation procedure (several

schemes were derived by Majumdar [6]), and is later used in the Cartesian differentiation stencil

to impose the desired boundary condition on the IB. The cut-cell (finite-volume) approach aims

at guaranteeing strict local and global conservation of mass, heat and momentum by reshaping

the fluid cells cut by the IB, discarding the part of the cell lying in the solid. The result of this

operation is the creation of trapezoidal control volumes which leads to a finite-volume discretiza-

tion of the Navier-Stokes equations. Some hybrid methods have also been developed, combining

a diffuse IB method for the velocity field and a sharp interface method for the scalar fields in case

of coupled mass or heat transfer between the solid and the fluid phase [9, 10].

The penalization method was first introduced by Arquis and Caltagirone [11] and belongs to

the family of diffuse IB methods. In this approach, solid obstacles are modeled as porous media

with vanishing permeability. Angot [12] provided a rigorous estimation of the convergence rate

and error bounds for the penalization method. It was further extended to moving obstacles by

Kolomenskiy et al. [13] and to scalar advection by Kadoch et al. [14]. A penalized vortex particle

method was later proposed by Gazzola et al. [15] to handle deforming bodies with a non-divergence

free velocity field. The penalization method has also been applied to compressible flows at both

low [16] and large [17] Mach number flows.

The new methodology proposed in this paper is to couple the penalization method with the low-

Mach number (or weakly compressible) approximation [18]. The low-Mach number formulation

of the Navier-Stokes equations removes the acoustic modes from the solution while still allowing

a variable density. This approach appears particularly interesting for the treatment of reacting
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flows. Indeed, while strong temperature and species concentration gradients will appear and induce

significant density fluctuations, the gas velocities are sufficiently low so that the conditionM2 � 1

is commonly satisfied. Abdelsamie et al. [19] studied two-phase turbulent reacting flows in the

low-Mach approximation, using a direct-forcing IB method. Yet, the combination of the low Mach

number approximation with the Brinkman penalization method appears particularly interesting for

moderate Reynolds number flows. This paper presents the development of such a coupled approach

as well as results obtained for general boundary conditions: Dirichlet-, Neumann- and Robin-type

conditions corresponding to situations encountered in the field of reacting gas-solid flows. First,

the governing equations are presented for the different types of boundary conditions. Then, the

numerical method is developed and validated relatively to literature benchmarks. Finally, this

new methodology is applied to the study of various situations encountered with reacting gas-solid

flows, and the impact of compressibility effects is evaluated.

2. Governing equations

The computational domain Ω is split into a fluid part, Ωf , and a solid part, Ωs, formed by the

ensemble of Np particles

Ωs =
Np⋃
i=1

Ωsi, (1)

as sketched in Fig. 1.

Ω

Ωf

Ωs

Figure 1: Sketch of the computational domain decomposition.

The fluid phase is considered as weakly compressible, i.e. acoustic modes are removed from

the solution while the density is determined from the equation of state. The presence of the solid

phase is treated via a Brinkman penalization method: the solid phase is tracked using a mask
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function, and additional source terms are added to the fluid phase governing equations to enforce

the interface boundary conditions.

We first recall the low Mach number equations for the fluid phase. The penalization method is then

extended to the framework of weakly compressible flows, and for both Dirichlet and Neumann- or

Robin-type boundary conditions.

2.1. The low-Mach number approximation

When the compressible Navier-Stokes equations are taken to the limit of vanishing Mach num-

ber, the weakly compressible Navier-Stokes equations are obtained (a rigorous derivation can be

found in [18, 20]):

∂ρ

∂t
+∇ · (ρu) = 0 (2)

∂ (ρu)
∂t

+∇ · (ρuu) = −∇p̃+∇ · τ (3)

ρcp

(
∂T

∂t
+ u · ∇T

)
= ∇ · (κ∇T ) +

Ns∑
k=1

hkẇk + dp0

dt
(4)

ρ

(
∂Yk
∂t

+ u · ∇Yk
)

= −∇ · (ρYkvk)− ẇk, (5)

with the shear stress tensor, τ , defined as

τ = µ
(
∇u + (∇u)T − 2

3(∇ · u)I
)
. (6)

In Eqs. (2)-(6), ρ is the fluid density, u the velocity field, T the temperature, Yk the mass

fraction of species k (k = 1, ..., Ns), I the identity tensor, p̃ the dynamic pressure, p0 the space-

uniform background pressure, µ the dynamic viscosity, cp the fluid specific heat, κ the fluid heat

conductivity, hk the enthalpy of formation of species k, ẇk its volumetric consumption rate and

vk its diffusion velocity. Assuming that all species have equal diffusivity D, the diffusion velocity

of species k is modeled as

vk = − D
YkW

∇(YkW ), (7)
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with W the average molecular weight of the mixture:

W =
(
Ns∑
k=1

Yk
Wk

)−1

. (8)

In Eqs. (2)-(5) , the heat generated by viscous dissipation and the heat flux induced by species

diffusion have been neglected.

A dimensional analysis of the compressible momentum equation shows that the spatial gradient

of the pressure p is O(M2) [18, 21] so that it can be decomposed as

p(x, t) = p0(t) + p̃(x, t)︸ ︷︷ ︸
O(M2)

(9)

where p0(t) is spatially uniform and p̃(x, t) is the fluctuating part of the pressure which drives

the fluid dynamics. It follows from the low-Mach number approximation that the thermodynamic

pressure can be linked to the temperature through the equation of state

p0 = ρT
R
W

(10)

with R the universal gas constant.

When the domain has an open boundary (e.g. inflow/outflow problems), p0 is fixed by the

atmospheric conditions. In the case of a closed domain (e.g. combustion in a closed enclosure),

the total mass M0 =
∫
V
ρ dV remains constant in time. Integrating both sides of Eq. (10) leads to

p0 = M0R∫
V

(
W

T

)
dV

. (11)

2.2. The penalization method

The volume penalization method was firstly and mostly employed to simulate incompressible

flows with obstacles. It was further extended to compressible flows by Liu and Vasilyev [16].

The simple conservation of the continuity equation inside a penalized obstacle was found to cause

unacceptable errors, leading these authors to propose an additional penalization on the continuity

equation. Their method was limited to Dirichlet boundary conditions on the flow variables at the

surface of obstacles, and it was subsequently extended by Brown-Dymkoski et al. [22] to Neumann-

6



and Robin-type boundary conditions. In the following, the penalization method is developed in the

framework of the low-Mach number approximation, and for both Dirichlet and Neumann-Robin

type surface conditions.

The solid phase is tracked through a mask function, χ:

χ(x, t) =

 1 if x ∈ Ωs,

0 elsewhere.
(12)

2.2.1. Dirichlet boundary condition

The penalized low-Mach number equations with prescribed velocity us, temperature Ts and

composition Yk,s on the particle surface, are

∂ρ

∂t
= −

[
1 + χ

( 1
Φ − 1

)]
∇ · (ρu) (13)

∂

∂t
(ρu) +∇ · (ρuu) = −∇p̃+∇ · τ − χ

(
ρ

(u− us)
∆τ

)
(14)

ρcp

(
∂T

∂t
+ u · ∇T

)
= ∇ · (κ∇T ) +

Ns∑
k=1

hkẇk + dp0

dt
− χ

(
ρcp

(T − Ts)
∆τ

)
(15)

ρ

(
∂Yk
∂t

+ u · ∇Yk
)

= −∇ · (ρYkvk)− ẇk − χ
(
ρ

(Yk − Yk,s)
∆τ

)
(16)

with Φ a very small dimensionless number and ∆τ , a small number with dimensions of a time.

2.2.2. Neumann and Robin boundary condition

In [22], Brown-Dymkoski et al. introduced the so-called characteristic based volume penal-

ization (CBVP) method for general boundary conditions by introducing hyperbolic penalization

terms with inward pointing characteristics. This opened the way to more general boundary condi-

tions on solid interfaces. In the present work, the CBVP method is extended to low Mach number

Navier-Stokes equations and further used to study realistic cases such as surface reactions with

heat release. In [22], the authors remove from the solution the right-hand-side containing the

physical terms inside the penalized obstacle when a Dirichlet boundary condition is prescribed for

one of the flow variables (e.g. no-slip condition on the velocity). We here choose to stick to the

original formulation [12] and preserve the constitutive equations inside the obstacle, which ensures

the smoothness of the solution, such that Eqs. (13) and (14) are unchanged. Let us now consider
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the general case of a Robin-type boundary condition imposed on the scalar flow variable φ at the

particle surface:

αφ+ β
∂φ

∂n
= q(x, t) (17)

with α a physical quantity with units inverse of a length and β a dimensionless quantity. The

general conservation equation ∂φ

∂t
= RHS, where RHS is the right-hand side of the conservation

equation which governs the time variation of φ in the fluid phase, is penalized as

∂φ

∂t
= (1− χ)RHS− χ

ηc
(αφ+ β(n̂ · ∇φ)− q) , (18)

with ηc, the penalization parameter such that 1/ηc has units of a velocity. The unit normal vector

to the surface, n̂, is pointing inward the obstacle to propagate information from the surface. It is

defined everywhere inside the obstacle as

n̂ = ∇d
|∇d| , (19)

where d is the distance to the surface function.

A Neumann-type boundary condition is treated identically, with α = 0.

The penalized weakly compressible equations for general Robin-type boundary conditions on

temperature and species mass fractions are then taken as

∂T

∂t
= (1− χ)

(
−u · ∇T + 1

ρcp
∇ · (κ∇T ) + dp0

dt
+

Ns∑
k=1

hkẇk

)
− χ

ηc
(αTT + βT (n̂ · ∇T )− q) (20)

∂Yk
∂t

= (1− χ)
(
−u · ∇Yk −

1
ρ
∇ · (ρYkvk)− ẇk

)
− χ

ηc
(αYk

Yk + βYk
(n̂ · ∇Yk)− qk) . (21)

An issue arises when closed obstacles such as cylinders or spheres are considered. Indeed,

characteristics propagate information from the surface inwards, and they will meet at any interior

point equidistant from two points of the surface, carrying conflicting information. This problem can

be solved as described in [22] and sketched in Fig. 2: the additional hyperbolic penalization term

is only added in a small region close to the surface, yet large enough to support the differentiation

stencil imposing the desired condition on the particle boundary. The core region is simply governed
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by artificial diffusion. The use of upwind differentiation schemes in the hyperbolic region avoids

the crossing of the hyperbolic-diffusive discontinuity which would result in a strong degradation of

the physical solution.

Core diffusive region

Surface hyperbolic region

n̂

Figure 2: Sketch of the hyperbolic surface region and diffusive core region in CBVP, with inward pointing unit
normal vector.

2.2.3. Coupled solid-fluid heat and mass transfer

When the interior of the solid phase undergoes a catalytic diffusion-reaction process (i.e. the

reaction occurs in the solid phase only), a pseudo-continuum description of the solid phase can be

adopted, and the penalization mask can be used to modify the value of the transport coefficients

and source terms according to the current phase, such that Eqs. (4) and (5) are modified as

∂T

∂t
= −u · ∇T + 1

ρ̃c̃p
∇ · (κ̃∇T ) + χ

Ns∑
k=1

hkẇk + (1− χ)dp0

dt
(22)

∂Yk
∂t

= −u · ∇Yk + 1
ρ
∇ ·

(
ρD̃

W
∇
(
YkW

))
− χẇk (23)

where each physical quantity "˜" has the value of the corresponding phase:

f̃ = χfs + (1− χ)f (24)

with f , the value of the quantity in the fluid phase and fs its value in the solid phase.
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2.3. Solid-phase equations

When allowed to move, each particle is tracked in a Lagrangian way by solving the Newton-

Euler equations of motion:

msU̇s = Ff→s (25)

Isω̇s = Tf→s, (26)

with ms, the mass of the particle, Is its moment of inertia, Us its translational velocity and ωs its

angular velocity. The velocity of the particle at a distance r from its center is then obtained as

the combination of the translational and rotational contributions:

us = Us + ωs × r. (27)

The interfacial force, Ff→s, and torque, Tf→s, are obtained through integration of the penalization

term over the volume of the body:

Ff→s = −
∮
∂Ωs

σ · n̂dS

=
∫

Ωs

∇ · σdV

=
∫

Ωs

ρ
du
dt
dV +

∫
Ωs

χρ
(u− us)

∆τ dV

= U̇s

∫
Ωs

ρdV +
∫

Ωs

χρ
(u− us)

∆τ dV. (28)

As detailed in [5] for the incompressible case, the rigid body assumption allows us to extract the

particle acceleration, U̇s, from the first integral term, the extension to the present compressible

situation is straightforward.
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The interfacial torque is obtained in a similar way:

Tf→s = −
∫
∂Ωs

r× (σ · n̂) dS

=
∫

Ωs

(r ∧∇ · σ)dV

= d

dt

∫
Ωs

(r ∧ ρu) dV +
∫

Ωs

(
r ∧ χρ(u− us)

∆τ

)
dV

= ω̇s

∫
Ωs

ρr2dV +
∫

Ωs

(
r ∧ χρ(u− us)

∆τ

)
dV. (29)

3. Numerical method

We use a predictor-corrector scheme to integrate the continuity equations, similar to those

developed in [23, 24, 25]. As summarized in the review paper of Knikker [26], different approaches

can be adopted in the sequence chosen for solving the conservation equations. In [23], Najm et

al. solve the conservation equations for the density and the mass fractions before updating the

temperature from the equation of state. In [24], Lessani et al. split the thermo-chemical system by

solving the species continuity equations once the flow field has been advanced, assuming constant

molecular weight. In this paper, the temperature and species mass fractions are first integrated.

The density is subsequently obtained from state law and the velocity field can finally be updated.

Second-order schemes are used for the evaluation of spatial derivatives. A classical staggered mesh

is employed: the scalar quantities and the diagonal shear stresses are stored at the center of the

cell, the velocities, heat and mass fluxes on the faces of the cell, and the off-diagonal shear stresses

on the cell vertices.

In the following, Pφ denotes the penalization source term on the quantity φ (temperature or

species mass fraction), no matter whether it corresponds to a Dirichlet or to a Neumann-/Robin-

type boundary condition.

3.1. Predictor

The predictor step uses an Adams-Bashforth scheme of or order 2 (AB2) for the time integration

of the convective terms, and an Euler scheme for the diffusive and source terms, as well as for the

penalization term.

1. Integrate the energy and species transport equations
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One first computes a predictor for the temperature

(T ∗ − T n)
∆t =

(3
2C

n
T −

1
2C

n−1
T

)
+ 1
ρncp

(
Dn
T + SnT + dpn0

dt
+ PT

)
(30)

where

• CT = −u · ∇T

• DT = ∇ · (κ∇T )

• ST =
Ns∑
k=1

hkẇk

• dpn0
dt

= pn0 − pn−1
0

∆t .

Similarly for the species transport equation:

(Y ∗k − Y n
k )

∆t =
(3

2C
n
Yk
− 1

2C
n−1
Yk

)
+ 1
ρn

(
Dn
Yk

+ SnYk
+ PYk

)
(31)

where

• CYk
= −u · ∇Yk

• DYk
= −∇ · (ρYkvk)

• SYk
= −ẇk.

Then, the mean molecular weight can be updated based on Eq. (8)

2. Update the thermodynamic pressure

For an open domain, p∗0 = patm. For a closed domain, p∗0 is deduced from Eq. (11).

3. Update the density.

Use Eq. (10) to obtain ρ∗ from T ∗ and W ∗

4. Integrate the momentum equation using a two-step projection method

The integration of the momentum equation is based on Chorin’s two-step projection method

[27]. An intermediate velocity field û is first computed

(ρ∗û− ρnun)
∆t =

(3
2Cu

n − 1
2Cu

n−1
)

+∇ · τ n −∇p̃n︸ ︷︷ ︸
,RHS

−χ
(
ρ∗(û− us)

∆τ

)
, (32)
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where Cu = −∇ · (ρuu).

In the case of a Dirichlet boundary condition, the penalization term can be treated implicitly

in a straightforward way, which allows the use of a very large ratio ∆t
∆τ � 1, ensuring an

accurate enforcement of the boundary condition without constraining the time step to a

small value. In the present work, we used a ratio ∆t
∆τ = 1.0 · 104. The intermediate velocity

field is then obtained as

û =
((

ρn

ρ∗

)
un + 1

ρ∗
∆tRHS +

(
∆t
∆τ

)
us

)/(
1 + χ

(
∆t
∆τ

))
. (33)

The implicit integration of the penalization term is similarly performed for scalar quantities

in Eqs. (30) and (31) when a Dirichlet condition is imposed on the solid surface (Pφ = P∗φ),
while it is treated explicitly for Neumann- and Robin-type boundary conditions (Pφ = Pnφ ).
The intermediate velocity field û does not satisfy the continuity equation and needs to be

further corrected:

(ρ∗u∗ − ρ∗û)
∆t = −∇p′, (34)

with p′ = p̃∗− p̃n the pressure correction field, obtained as the solution of a Poisson equation.

From there, the constraint coming from the continuity equation can be imposed in two ways

[28]:

(a) A first approach consists in using the conservative form of the continuity equation by

taking the divergence of the momentum (ρu) in order to satisfy the mass conservation

constraint. This leads to a Poisson equation, requiring the evaluation of
(
∂ρ

∂t

)
. How-

ever, it has been reported in the literature [29, 28, 20] that the time derivative of the

density is a source of instability, limiting the method to moderate density ratios.

(b) A second approach uses the continuity equation in its non-conservative form to impose

the divergence of the velocity u. This method turns out to be more robust and shows

good stability properties when dealing with strong thermal and density gradients. The

main drawback is that one needs to solve a numerically challenging variable-coefficient

Poisson equation.
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The first method has been used in the current work. The divergence operator is applied to

both sides of Eq. (34):

1
∆t (∇ · (ρ∗u∗)−∇ · (ρ∗û)) = −∇2p′. (35)

The first term on the left-hand side is obtained from the continuity Eq. (13),

∇ · (ρ∗u∗) =
−
(
∂ρ

∂t

)∗
[
1 + χ

( 1
Φ − 1

)] 3BDF= −(3ρ∗ − 4ρn + ρn−1)
2∆t

/[
1 + χ

( 1
Φ − 1

)]
, (36)

where the time derivative of density is evaluated with a 3 points backward difference scheme

(3BDF), while the second term is evaluated using the divergence of (ρ∗û) obtained from

(32). The parameter Φ is fixed to 1.0 · 10−4 for all subsequent simulations. The resulting

Poisson equation is solved using a conjugate gradient solver preconditioned with a multi-grid

method.

3.2. Corrector

If the integration is stopped after the predictor step, the method will show very poor time

convergence since the predicted value for the density, ρ, is never corrected. A corrector step is

hence added.

1. Integrate the energy and species transport equations

For the correction step, we use a second-order "quasi Crank-Nicolson" scheme to advance the

scalar quantities of the energy and species transport equations:

(T n+1 − T n)
∆t = 1

2

(
Cn
T + 1

ρncp
(Dn

T + SnT )
)

+ 1
2

(
C∗T + 1

ρ∗cp
(D∗T + S∗T )

)

+ 1
ρ∗cp

(
pn0 − pn−1

0
∆t

)
+ PT (37)

(Y n+1
k − Y n

k )
∆t = 1

2

(
Cn
Yk

+ 1
ρn+1 (Dn

Yk
+ SnYk

)
)

+ 1
2

(
C∗Yk

+ 1
ρn+1 (D∗Yk

+ S∗Yk
)
)

+ PYk
, (38)

an the mean molecular weight is subsequently updated using Eq. (8).

2. Update the thermodynamic pressure

For an open domain, pn+1
0 = patm. For a closed domain, pn+1

0 is deduced from Eq. (11).
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3. Update the density.

Use Eq. (10) to obtain ρn+1 from T n+1 and W n+1.

4. Integrate the momentum equation using a two-step projection method.

Similarly to what was done in the predictor step, we first compute the intermediate velocity

field, ũ:

(ρn+1ũ− ρnun)
∆t =

(3
2Cu

n − 1
2Cu

n−1
)

+∇ · τ n −∇p̃n − χ
(
ρn+1(ũ− us)

∆τ

)
(39)

before enforcing the mass conservation

(ρn+1un+1 − ρn+1ũ)
∆t = −∇p′, (40)

with p′ = p̃n+1 − p̃n, obtained as the solution of the Poisson equation

1
∆t

(
∇ · (ρn+1un+1)−∇ · (ρn+1ũ)

)
= −∇2p′, (41)

where

∇ · (ρn+1un+1) =
−
(
∂ρ

∂t

)n+1

[
1 + χ

( 1
Φ − 1

)] = −(3ρn+1 − 4ρn + ρn−1)
2∆t

/[
1 + χ

( 1
Φ − 1

)]
. (42)

4. Non-reactive case studies

In order to first validate the flow part of the present methodology, some benchmark cases used

for incompressible and compressible flows are reproduced using our weakly compressible code. The

fluid-phase Prandtl number is Pr = µ0cp0
κ0

= 0.7, with µ0, cp0 and κ0, respectively the dynamic

viscosity, specific heat and conductivity of the fluid at the reference inlet temperature T0.

4.1. Flow past a fixed cylinder

A circular disk with diameter dp is placed in a channel with dimensions 30dp × 30dp and slip

walls, at a distance 10dp from the inflow, where a uniform velocity profile u∞ is imposed. The
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flow past the disk is computed for three different particle Reynolds number: Rep = ρ0u∞dp

µ0
= 40,

Rep = 100 and Rep = 1000, ρ0 being the reference fluid density at T0. Unless otherwise specified,

the resolution used for all the subsequent simulations is dp = 30h, with h the grid size.

4.1.1. Rep = 40, Ts = T0

At Rep = 40, the flow is steady. If the particle temperature Ts is set equal to the reference

temperature T0 and that adiabatic conditions are imposed on the channel walls, the temperature

and hence the density are uniform and constant throughout the simulation. The drag coefficient as

well as different geometrical features of the flow (illustrated in Fig. 3) are extracted and compared

to the literature in Table 1. Both experimental results ([30, 31]) and numerical studies have been

reported. The results from the present study agree reasonably well with the reference results. The

slightly high value reported for our drag coefficient with respect to other studies must be attributed

to confinement effects.
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Figure 3: Streamlines of the flow past a cylinder at Rep = 40 and definition of geometrical characteristics of the
flow.

4.1.2. Rep = 40, Ts 6= T0

We here investigate the impact of the the particle surface temperature on the drag coefficient

and Nusselt number. Values of drag and heat transfer coefficients in forced convection past a

16



Study CD
a
dp

b
dp

L
dp

θ

Present 1.57 0.73 0.57 2.15 53.1°
Bigay et al. [32] 1.57 0.70 0.59 2.22 50.3°
Canuto & Taira [33] 1.54 0.72 0.59 2.24 53.8°
Linnick & Fasel [34] 1.52 0.72 0.60 2.28 53.6°
Denis & Chang [35] 1.52 − − 2.35 53.8°
Tritton* [30] 1.59 − − − −
Bouard & Countanceau* [31] − 0.76 0.59 2.13 53.8°

Table 1: Flow past a fixed cylinder at Rep = 40: drag coefficient and geometrical flow features. Superscript "*"
indicates experimental studies.

cylinder are provided in the literature or correlated for a range of low to moderate Reynolds

numbers, under the incompressible approximation. On the other hand, the effect of compressibility

with non-zero Mach number flows has also been studied [36, 33] and values of drag coefficients are

reported for a range of Reynolds and Mach numbers. The effect of density fluctuations resulting

from temperature and composition changes on momentum, heat and mass transfer has, however,

not been studied separately so far.

A set of numerical experiments has been performed with increasing values of the ratio Ts/T0. Fig.

4 shows the extracted particle drag coefficient and Nusselt number. The Nusselt number point at

Ts/T0 = 1 actually corresponds to that extracted from an incompressible simulation with Ts 6= T0

(since no heat transfer occurs for a unit ratio). Yet, it can be considered as the limit Nusselt

number of the present weakly compressible case for a vanishing driving force. The value of the

Nusselt number extracted from this incompressible simulation is Nu = 3.257, i.e. a difference of

2.63 % with respect to the value obtained using the Churchill-Bernstein correlation [37]:

Nu = 0.3 +
0.62Re1/2

p Pr1/3

[1 + (0.4/Pr)2/3]1/4

[
1 +

(
Rep

282000

)5.8]4/5

= 3.345. (43)

Fig. 4 further shows that a larger ratio Ts/T0 results in an increase of the drag and a decrease of

the heat transfer coefficient, and in a quite linear way.

4.1.3. Rep = 100, Ts = T0

At Rep = 100, the problem is unsteady with the onset of the Von-Karman vortex shedding.

Once the flow has reached a statistically stationary state, the time-averaged drag coefficient CD
and the Strouhal number, St = fLdp

u∞
, based on the oscillation frequency of the lift coefficient, fL,

are reported in Table 2, together with reference results. Again, good agreement is found, demon-
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Figure 4: Evolution of the drag coefficient (−♦♦♦) and Nusselt number (−◦) with the solid particle temperature.

strating the ability of our method to capture accurately moderate Reynolds number unsteady

flows.

Study CD St
Present 1.34 0.170

Canuto & Taira [33] 1.34 0.167
Mittal et al. [38] 1.35 0.165
Apte et al. [39] 1.36 0.165

Table 2: Flow past a fixed cylinder at Rep = 100: time-averaged drag coefficient and Strouhal number.

4.1.4. Heated cylinder at Rep = 1000

The implementation of the CBVP method to impose Neumann- and Robin-type boundary

conditions is here validated by simulating the flow past a heated cylinder at Rep = 1000. A

flux ∂T
∂n

= 1.5 (T0/dp) is imposed on the particle surface using Eq. (20). In their paper, Brown-

Dymkoski et al. [22] use a Mach number M = 0.20 as they consider the fully compressible
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Figure 5: Flow past a cylinder at Rep = 100. (a) Iso-contours of the dimensionless vorticity |ω|dp

u∞
= 10a, with

a = −2.0,−1.75,−1.50, ..., 2.0. (b) Time evolution of drag (solid line) and lift (dashed line) coefficients.

Navier-Stokes equations. Yet, the usual condition M2 � 1 is still legitimate, such that the

present low-Mach approximation should reproduce fairly correctly the results obtained in [22].

The domain considered has a size [0, 12]dp × [−3, 3]dp and the particle is positioned at (3, 0)dp.

The penalization parameter ηc is fixed so that ηcu∞ = 0.05. Fig. 6a shows a close-up view of the

resulting instantaneous temperature field. A vertical cut in the temperature field is extracted and

plotted in Fig. 6b to verifiy the proper enforcement of the desired boundary condition q = 1.5T0/dp.
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The time evolution of the drag and lift coefficients are given in Fig. 7. The average drag coefficient

is CD = 1.74 and the Strouhal number based on the oscillation frequency of the drag coefficient is

St = 0.257, compared to St = 0.245 obtained by Brown-Dymkoski et al. [22]. Our slightly higher

St could be due to our stronger confinement effects and/or our lower value of ηcu∞.
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Figure 6: Dimensionless temperature field T/T0 induced by a heat flux q = 1.5T0/dp imposed on the particle surface.
(a) Close-up view near the particle (b) Vertical cut across the particle surface (−) and comparison with a line of
slope 1.5 (−−).
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Figure 7: Drag (−) and lift coefficients (−−) past a heated cylinder at Rep = 1000.
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4.2. Sedimentation of a single particle

In order to validate the fluid-solid coupling of the present method, the classical test case of a

cylinder sedimenting in a viscous fluid is reproduced. A no-slip condition is imposed on the walls of

the channel. The cylinder accelerates under the single action of gravity until it reaches its terminal

velocity, vt. The collision of the particle with the bottom wall is part of the simulation and the

collision model employed is based on repulsion forces as described by Feng and Michaelides in [40].

The geometrical and physical parameters are identical to those employed by Glowinski et al. [41]

who define the reference length l0 as the half-width of the channel, the reference velocity u0 as
√

gl0
981 ,

with g the gravitational acceleration, so that the reference time is t0 = l0
u0
. The computational

domain has a height 6 l0 and the particle with diameter d = 0.25l0 is initially positioned in the

middle of the channel at a height 4 l0. The fluid kinematic viscosity ν is set to 0.1(u0l0) and the

solid body density is ρs = 1.25ρ.

Because the density ratio between the two phases is close to one, the particle quickly reaches its

terminal velocity, as evidenced in Fig. 8c. The terminal particle Reynolds number Ret is 17.4, in

good agreement with the values of 17.27 and 17.31 reported for two meshes of increasing resolution

in [41] and the particle reaching the bottom of the channel around t = 0.75t0
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Figure 8: Sedimentation of a cylinder in a channel.

4.3. Drifting-Kissing-Tumbeling

The particle-particle interaction part of our method is validated by simulating the sedimentation

of two circular particles sedimenting in a channel is simulated, using the results obtained by

Glowinski et al. [41] as a reference. The geometrical parameters and reference quantities are

identical to those described in the previous section. The solid density is here taken as ρs = 1.5ρ

and the kinematic viscosity is ν = 0.01(u0l0). The two particles are initially positioned at (0, 4.5)l0
and (0, 5)l0. The flow field obtained at different dimensionless times is shown in Figure 9. The

results obtained match well those obtained from Glowinski et al., with the kissing occuring around

t = 0.15t0, the tumbling between 0.15 and 0.2 t0 and the final separation of the two particles.
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Figure 9: Dimensionless vorticity field ωl0
u0

around two circular particles sedimenting in a vertical channel highlighting
the drifting-kissing-tumbeling phenomenon.

5. Reactive case studies

Depending on the level of approximation and on the comparison of the reaction and mass

transfer time scales, different modeling approaches can be considered for the reaction part. In what

follows, situations with solid-phase finite-rate volume reactions and infinite- or finite-rate surface
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reactions are addressed. The impact of compressibility on mass and heat transfer is evaluated in

the different cases. For all the subsequent simulations, the Schmidt number is fixed as Sc = µ0
ρ0D =

Pr = 0.7.

5.1. Intra-particle diffusion-reaction process

The first case considered is that of a finite rate catalytic reaction, with coupled heat and mass

transfer between the solid and the fluid phase. The conservation of heat and mass fluxes at the

surface of a particle is first verified. Considering a first-order catalytic reaction A −−→ B, the

species transport Eq. (23) is integrated for A with the source terms wA = kρYA, with k the

rate constant with units [1/s]. The effective diffusivity of species in the solid phase is set to one

tenth of the fluid-phase diffusivity (Ds = 0.1D) and the case of a volume Damköhler number

DaV = kd2
p

Ds
= 10 is considered. The mass fraction fields obtained for Rep = 40, Rep = 1 and

Rep = 0.5 are shown in Fig. 10a, 10b and 10c respectively. These Reynolds numbers correspond

to relevant conditions in fluidized beds, where the slip velocity between the gas and the particle

may be very low for small particles at some locations in the bed. The mass fraction profile of

species A along a radial cut is extracted in all cases (Fig. 10d) and the slope ∂YA

∂n
is evaluated

on the particle surface from the fluid and from the solid side. The ratio between these slopes

must be the inverse of the diffusivity ratio to satisfy mass flux continuity at the particle surface:

−D ∂YA

∂n
= −Ds

∂YA,s

∂n
, with YA,s the mass fraction of A in the solid phase. For a resolution dp = 30h,

we obtain a slope ratio of 9.73 (2.7% error), 9.93 (0.7% error) and 9.94 (0.6% error) at Rep = 40,

Rep = 1 and Rep = 0.5, respectively. At lower Reynolds number, the conversion across one

particle is increased, as a result of the longer effective contact time between the flow carrying the

reacting species and the particle. It can also be observed that the intra-particle mass fraction field

is nearly perfectly symmetric with respect to the particle center, justifying the classical 1-D radial

description used in 1-D or CFD-DEM models. Yet, some symmetry breaking is observed with

decreasing Rep, suggesting a limited validity of this approximation for very low Rep regimes.
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Figure 10: Forced convection coupled to intra-particle diffusion-reaction process; Ds = 0.1D, DaV = 10, Sc = 0.7.
(a, b, c) Mass fraction field YA/YA0 (d) Mass fraction profile of species A along a horizontal cut through the particle
center: Rep = 40 (−◦), Rep = 1 (−♦) and Rep = 0.5 (−∗) .

5.2. Interfacial mass and heat transfer with infinitely fast reaction

In the case of a very fast irreversible reaction occurring in the solid phase, it can be assumed

that the composition of the surface is virtually free of any reactant species. For the model reaction

A −−→ B, this amounts to impose YA = 0 and YB = 1 on the particle surface. It follows that

25



the observed consumption rate of A over a particle, RA in [kg/s], is determined by the interfacial

transfer of A: RA = ṁA,f→s. The interfacial flux ṁA,f→s is obtained by integrating the penalization

term over the volume of the particle:

ṁA,f→s =
∮
∂Ωs

jA · n̂ dS =
∮
∂Ωs

(ρYkvk) · n̂dS

= −
∫

Ωs

∇ · (ρYkvk) dV

=
∫

Ωs

ρ
DYA
Dt︸ ︷︷ ︸
=0

dV +
∫

Ωs

χ

(
ρ

(Yk − Yk,s)
∆τ

)
dV

=
∫

Ωs

χ

(
ρ

(Yk − Yk,s)
∆τ

)
dV. (44)

where the first term on the right-hand side vanishes because of the fixed surface composition.

If it is further assumed that the solid phase thermal conductivity is sufficiently large that it

uniformizes its temperature in a time much smaller than the characteristic time of the fluid-solid

heat transfer. The temperature of the solid phase is therefore considered as uniform and a global

heat balance can be solved:

mscp,sṪs = Qr +Qf→s, (45)

with Qr, the total heating rate (in [W]) induced by the reaction and computed as

Qr =
Ns∑
k=1

Rkhk, (46)

and Qf→s, the interfacial heat flux. The latter is obtained after integration of the penalization

term on the energy equation:

Qf→s =
∮
∂Ωs

q · n̂ dS =
∮
∂Ωs

κ∇T · (−n̂)dS

=
∫

Ωs

∇ · (κ∇T )dV

=
∫

Ωs

ρcp
DT

Dt
dV +

∫
Ωs

χ

(
ρcp

(T − Ts)
∆τ

)
dV

= Ṫs

∫
Ωs

ρcpdV +
∫

Ωs

χ

(
ρcp

(T − Ts)
∆τ

)
dV. (47)
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The combination of Eqs. (45) and (47) gives

Ṫs =

(
Qr +

∫
Ωs

χρcp
(T − Ts)

∆τ dV

)
(
mscp,s −

∫
Ωs

ρcpdV
) . (48)

The value of Ts at the next time step is then used as the new Dirichlet condition in the penalization

term of Eq. (15).

Considering an exothermic reaction, the increase of the particle temperature, Ts, with time is

plotted in Fig. 11a for the enthalpies of formation hA = 0.5 (cp,0T0), hB = 0 . The solid density

ρs and specific heat cp,s are set equal to 10ρ0 and cp0, respectively. It can be observed that Ts
increases slower in the weakly compressible case. Because the intrinsic reaction rate is considered

infinite, this can be attributed to the reduced mass transfer rate of reactant A from the fluid phase,

as evidenced in Fig. 11b, hence reducing the consumption rate of A and the heat generation in the

body of the particle. The heat transfer from the fluid phase is subsequently lowered, as a result of

the decreased driving force (Ts − T0).

(a) Temporal evolution of the solid phase temper-
ature.

(b) Temporal evolution of the heat and mass fluxes
transferred from the fluid to the solid phase.

Figure 11: Infinitely fast and irreversible reaction A −−→ B with uniform solid phase temperature: incompressible
(solid line) and weakly compressible (dashed line) cases. Rep = 40, Sc = Pr = 0.7; hA = 0.5(cp0T0), hB = 0;
ρs = 10ρ0, cp,s = cp0.
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5.3. Interfacial mass transfer with finite rate surface reaction

An interesting application of the extension of the penalization method to Neumann- and Robin-

type boundary conditions is the case of a surface reaction with finite rate chemistry. Considering,

as in [42], an irreversible first order reaction in the absence of accumulation on the surface, the

diffusion flux of the reacting species A at the solid surface balances exactly its rate of consumption:

jA · n̂ = −ρD∂YA
∂n

= ksρYA, (49)

where ks is the surface rate constant, with units [m/s] and the unit normal vector n̂ is pointing

towards the interior of the solid phase.

Eq. (49) constitutes a Robin-type boundary condition on the particle surface for the species

transport equation in the fluid. Indeed, it can be recast as

DaSYA + dp
∂YA
∂n

= 0, (50)

withDaS = ksdp

D , the Damköhler number based on the surface reaction rate and the fluid diffusivity.

Following the CBVP approach detailed in Section 2.2.2, the species transport Eq. (21) for a surface

reaction is modified as

∂Yk
∂t

= (1− χ)
(
−u · ∇Yk + 1

ρ
∇ ·

(
ρD
W
∇
(
YkW

)))
− χ

ηc

((
Das
dp

)
YA + n̂ · ∇Yk

)
. (51)

A drawback of the CBVP method for the implementation of Neumann- and Robin-type bound-

ary conditions is the non-straightforward implicit integration of the penalization term. In contrast

to the case where a Dirichlet boundary condition is prescribed, the penalization term is no longer

local as it involves spatial derivatives of the solution. Hence, an explicit formulation of the penal-

ization term must be used, making the constraint on the time step much stronger to guarantee an

acceptable accuracy of the solution in the vicinity of the solid boundary. Typically, we found that

the condition ηcu∞ & u∞∆t
h

had to be satisfied to ensure stability.

The generic surface reactions A −−→ B and A −−→ 2B are investigated in a systematic manner.

The penalization parameter ηc in Eq. (51) is fixed to ηc = 0.1/u∞. Fig. 12 shows the resulting mass

fraction field of species A in the case of the equimolar surface reaction A −−→ B and for DaS = 1.
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The flow is simulated for different values of DaS and the mass fraction profiles of A in the wake of

the cylinder (through the particle center), are reported in Fig. 13a. As expected, with increasing

Damköhler number, the effect of the surface reaction is more pronounced and the depletion of

species A in the wake is more important. The case DaS = ∞ corresponds to the situation of

an infinitely fast reaction with zero mass fraction on the particle surface, leading to the Dirichlet

boundary condition YA = 0. On the other hand, when DaS = 0, the situation corresponds to an

extremely fast diffusion process (or slow reaction) such that the species concentration gradients

induced by the reaction are instantaneously smeared out, leading to a no-flux Neumann boundary

condition: ∂YA

∂n
= 0.

For the reaction A −−→ 2B, Fig. 13a also shows the effect of the molecular weight decrease

on the consumption rate of reactant A. At low DaS, the depletion of the reactant A is slightly

more pronounced when the reaction is accompanied with volume expansion (A −−→ 2B) while at

higher DaS, when diffusion becomes the rate-limiting process, the trend reverses and the volume

expansion results in a lower conversion of A than the equimolar case A −−→ B.

Fig. 13b shows the mass fraction profile perpendicular to the flow (vertical cut through the

particle center in Fig. 12) obtained inside and outside the particle. The hyperbolic region where

the characteristics are propagated and the diffusive region which acts as a support to the solution

are clearly evidenced.
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Figure 12: Iso-contours of YA/YA0 for a surface reaction A −−→ B and with DaS = 1. Rep = 40, Sc = 0.7.
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(a) Mass fraction profile of species A in the wake of the particle (horizontal cut through the
particle center).
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(b) Mass fraction profile of species A along a vertical cut through the particle center with
finite-rate surface reaction.

Figure 13: Surface reactions A −−→ B and A −−→ 2B at different DaS ; Rep = 40, Sc = 0.7.

6. Conclusion

In this work, a new combination of the weakly compressible approximation and the Brinkman

penalization method was developed. The method was validated against literature benchmarks at

different particle Reynolds numbers, in static and moving configurations. Different situations en-

countered in reacting gas-solid flows were subsequently addressed. Using the classical formulation

of the penalization method for Dirichlet-type boundary conditions, we performed a set of numeri-
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cal experiments with increasing values for the solid phase temperature, highlighting the decrease

of the heat transfer rate and the increase of the drag coefficient relatively to the incompressible

case. The situation where the external flow is coupled to an intra-particle diffusion-reaction pro-

cess was simulated for different particle Reynolds numbers corresponding to relevant conditions

in industrial fluidized beds. The reduction of the slip velocity based Reynolds number induced

by the fluidization regime was shown to improve the usage of the catalytic phase, and hence the

conversion. It appeared that the classically used 1-D radial approximation for the intra-particle

species profiles was fairly well verified down to Rep = 0.5. Yet, the asymmetry inside the particle

increases with decreasing Rep and it can be expected that at locations in the bed where the slip

velocity is very low, this approximation will be less valid. The case of an infinitely fast catalytic

reaction with subsequent heat release in the solid phase and considering a high solid thermal con-

ductivity was then studied. It showed a reduced mass transfer rate from the fluid to the solid phase

because of the reduced density of the fluid surrounding the particle, resulting in a slower increase

of the solid phase temperature. The imposition of Neumann- and Robin-type boundary conditions

was performed using the characteristic based volume penalization (CBVP) method developed by

Brown-Dymkoski et al. [22]. It allowed to treat the interesting case of finite-rate surface reactions.

It was shown that the decrease of the fluid density induced by composition modifications tends

to reduce the conversion of the reactant in the wake of the particle when diffusion becomes the

rate-limiting phenomenon. This effect would also appear in cases where the fluid goes through

an array of particles, like in fixed bed reactors. Future work will be dedicated to the efficient

three-dimensional implementation of the method so as to build new meso-scale models for static

(fixed bed) and moving (fluidized bed) configurations.
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