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ABSTRACT. This document presents a variant of the Ordinary A-Calculus that we call the
Distributed A-Calculus. The novelty is in addition of node annotations to terms in addition
to a mobility rule. We show that, despite distributed programs, the Distributed A-Calculus
is computationally equivalent to the Ordinary A-Calculus. That is of special importance be-
casuse, despite the common belief, distributed programming can happen without side-effects.
A significant shortcoming of the Distributed A-Calculus is that it does not model interaction
with the real world. In other words, it only models programming a closed distributed system.

Definition 1. Let x,y,z,...,2", ¢, 2, ..., x1,y1, 21, ... range over a countably infinite set of
variable V. Ordinary \-terms (ranged over by ty,ta,ts,...,t',t" ... ) are defined as:

Ao Dtu=ua| (Avt) | (t1).
Definition 2. Define the free variables fv : A, — 2V and bound variable bv : N\, — 2V as:
fv(z) = {xz} bv(z) =g
fv(Az.t) = fv(t) \ {=} bv(Az.t) = bv(t) U {z}
fV(tl tg) = fV(tl) U fV(tQ) bV(tl tg) = bV(tl) U bV(tQ)

Write x is fresh in t when x ¢ fv(t) Ubv(t). When ambiguious, we write fv, and bv, for the
above fv and bv. See Definition 8.

Definition 3. Let bv(t')Nfv(t) = @ and x ¢ bv(t'). Define substitution of an ordinary A-term
t for a variable x in t' — denoted by t'[t/z] — as follows:

x[t/x] =1

ylt/=] =y when y #

(Ay-")[t/x] = Ny.("[t/])

(tr a)[t/x] = ta[t/x] o]t /).

Definition 4. Reductions . = . on the ordinary A-terms are:

Azt %o Ayt[y/x] (a-conversion) when y is fresh in ¢
(Az.ty) ta =5 tiltz/x]  (B-reduction)
(Az.(tx)) S, t (n-reduction)  when z is fresh in ¢.

Definition 5. Let a,b,c,...,d' b, c, ... range over a set of nodes (N). The distributed \-
terms are defined as:
A Dt =" | Azt | (¢ 9)°.
We drop the node annotation when not significant.
Definition 6. The set of nodes in a distributed A-term (nodes : Ay — N) is defined as:
nodes(z%) = {a}
nodes((\z.t*)*) = nodes(t*) U {a}
nodes((t9 t5)¢) = nodes(t%) U nodes(t5) U {c}.
Definition 7. [.]~ : Ay = A strips the node information from a distributed A-term:
el =a
[(A\x.t9)°]~ = Xz.[te]~
[ )] =[] [T
1
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In the reverse direction, [.J* : A x M — A\yg annotates an ordinary A-term with a fized node:
Lt = a0
[Azt]te = (M. [t]To)e
[t to] * = ([ta] ™ [t ™)™
Definition 8. Define fvg: \g — 2V and bvg : \g — 2V as fvg = fv,0[.]~ and bvg = bv,o[.]".
Unless ambiguious, write fv and bv for fvg and bvy — overloading the notation in Definition 2.
Similarly, write x is fresh in t* when x ¢ fv(t*) U bv(t?).

Definition 9. Let bv(t') N fv(t*) = @ and = ¢ bv(t'). Define substitution of a distributed
A-term t* for a variable x in t' — denoted by t'[t* /x| — as follows:
2b[t? /] =t
Y[t /] =y’ when y # x
(Ay.t")e[t/x] = (My.t™[te/x])°
(ty t5)7[te/a] = (B [t*/x] 5]t /=])7.
Lemma 10. Let bv(t') Nfv(t) = @ and x ¢ bv(t'). Then, [t[t'/x]]T* = [¢]T[[¢']1*/x].

Proof. By structural induction on .

[tft' /)™ =
[[t' /z]]*e = (Definition 3)
[T+ = (Definition 9)
[ ([¢]/x] =
[l {le™ /]
t =y where x # y:
[t]t'/=]]™ =
[y[t'/=]]** = (Definition 3)
[y]™ = (Definition 7)
y* = (Definition 9)
y[[ET™ /2] =
[ ([T /)
t = y.t":
[¢[t'/=]] T =
[(Ay-t")[t' /] = (Definition 3)
Du-(0le el = (Definition 7)
Ny [t )x]]T)* = (Induction Hypothesis)
(Ay.[ETHe ([T 2] = (Definition 9)
Ay [t"Tr) ([ /=] = (Definition 7)
[y £ /] =
[elreqle]™ /=l
t= tl tQ:
[¢]t' /=] ™ =
[(t2 t2)[t' /] = (Definition 3)
[t4t" /) o[t /)] - (Definition 7)
([ta[t' /2]] T [ta]t! /2]]T)™ = (Induction Hypothesis)
([ (171 /=) (1 (07 /2])" = (Definition 0]

[t1 t2] [[t'] /2] =
[el e[t /«]
O

Lemma 11. Let bv(™) Nfv(t*) = @ and = ¢ bv(t'"). Then, [t*[t'* /z]]~ = [t*]~[[t*]"/=].
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Proof. By structural induction on ¢*.

(A
[tofe fal]-
[[x“/[t’“ /]~ (Definition 9)
1~ (Definition 3)

o[ /2]
o[ /2]
[ (1]

t* = y* where x # y:

(Definition 7)

[[t“[t’“'/ )]~
lye(t' /)]~ Definition 9
[y“1~ Definition 7

( )
( )
y (Definition 3)
y[[[t’“/]]_/?:] (Definition 7)
1/
[~ (1t T~ /=]

1o — ()\y‘t//a”yz:

[t /)]

[ )t f2]] -

[t [ /)]

Mo [t [ )]

My [t~ [[¢] ]

[ )]~ {[#] /2]
[t~ [[¢] /)

te = (] t5)*

[e°[t /)]

[(2 15)°[¢" /)]~
[(4[0" /] 150 /)]

41 /2] Tl /al)-

([ 141 /) (Lesl 1] /)
A GRIENG

[(1 15)°] (1]

[t (] /)

(Definition 9)
(Definition 7)
(Induction Hypothesis)
(Definition 7)

(Definition 9)
(Definition 7)
(Induction Hypothesis)
(Definition 3)
(Definition 7)

Lemma 12. [t*]~ = [t*]~, for every node a and a'.
Proof. Three cases are possible:

=
[(Az.t%)]~ = \a.[t*]~
[ )]~ =81 [t5]- =

[~
[(Aa.2)* ]~
[(#5 t5)*]~
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d

Definition 13. Reductions . — . on the distributed \-terms are:
(Ax.t®)e 2 (Ay.t*[y*/z])* (ag-conversion) when y ¢ occur(t®)
((Az.t§)* t3)” i>,3 t9[t5 /] (Ba-reduction)
(Ax.(t* x*)*)* i>77 t* (na-reduction)  when x ¢ occur(t%)
t® iu £t (f1g-conversion).

Lemma 14. Let t > t'. Then, [t]** A [t for every node a.

Proof. By case distinction on ¢t 5 ¢'.
ot = vt" 5, \yt'fy/x] =t

[[t]] +a

Azt =
Az [t"]+e 2,
Ay [ty x] =
Ay [t"y/z]][T =
[\yt"ly/z]]** =
[[t/]] +a

Definition 7)

(
(Definition 13)
(Lemma 10)
(Definition 7)

o t=(\vt)) ty s ti[ta/a] =1

[]+e
[(Az.ty) ta] T (Definition 7)
[Az.t ]t [ta] = (Definition 7)
Oz Jt]t)e o]t S5 (Definition 13)
[ttt /2] = (Lemma 10)

[t1[t2/ )]+
[[t/]]-i-a

o t=Au.(t"x) >, t" =t

[[t]]+a —
[Ae.(t" z)]*
(Ax.Jt" x]t)*
()\x.([[t”]]“‘ xa)a)a
[[t//]]—i-a

[

(Definition 7)
(Definition 7)

(Definition 13)

=

n

O

o d
Definition 15. Write — and — for the reflexive and transitive closure of = and i>, respec-
tively.

o d
Theorem 16. Let t — t'. Then, [t]™* — [t']T® for every node a.
Proof. Immediate from Lemma 14 and Definition 15. 0J
Lemma 17. t¢ % t* implies Tt~ S [t°]~, for every node a and b.

Proof. By case distinction on t* g,
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o ¢ = (Az.t")a ia (Ay.t"e[ye/z])* =
] .
[(Az.t")e]~ = Definition 7)
Az.[[t"]~ . Definition 3)

Ay [t [y/x]
Ay [T [y~ /]
Ay [t [y /]

Lemma 11)
Definition 7)

(
(
(Definition 7)
(
(

[yl /el ] =
e
o 10 = ((Aat§) 13)" S tfte /2] = 1"
o] -
[((Aztp)*t5) ]~ = (Definition 7)
[Aet9)]™ [l = (Definition 7)
O 3 N ] (Definition 4)
[e3] (el /] = (Lemma 11)
il =
1’
o 1= (Az.(t® 29))7 b, o = ¢
] -
[Az.(t* z))* ]~ = (Definition 7)
Az [(t* z)]~ = (Definition 7)
Az [t°]” @ iy (Definition 4)
[°]” =
[°]~
o 10 im b — 4
[t*]- = (Lemma 12)
[] =
[t~

d . . o
Theorem 18. t* — " implies [t*]~ — [t"°]~, for every node a and b.

Proof. Immediate from Lemma 17 and Definition 15.



