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Sampling Rules for an Inhomogeneous Plane-Wave
Representation of Scattered Fields
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Abstract— Inhomogeneous plane waves (IPWs) based on a
linear contour deformation provide an accurate and concise
field representation for scattering problems in which source and
observation domains are visible within a limited angular sector.
Given an error level, we derive closed-form expressions for the
truncation limit, the sampling step, and the contour slope that
minimize the number of plane waves. A relation is drawn between
the required number of plane waves and the degrees of freedom
of the field, defined as the minimum number of orthonormal
basis functions that represents scattered fields. The sampling
rules are then applied to an efficient evaluation of the physical
optics radiation integral.

Index Terms— Computational electromagnetics, contour defor-
mation, degrees of freedom (DoF), error analysis, fast algorithm,
field representation, Green’s function, inhomogeneous plane
waves (IPWs), physical optics (PO), scattering, spectral-domain
method.

I. INTRODUCTION

OVER the past years, inhomogeneous plane-wave (IPW)
methods have been developed to accelerate full-wave

simulations of radar cross sections, input impedances, radi-
ation patterns of both electrically large and small objects
[1], [2], which can possibly lie above or below a penetra-
ble ground [3]–[5] and physical optics (PO) simulations of
the radio-coverage of base station antennas located in urban
environments [6], in which facets with a size of hundreds
wavelengths stand in each other near fields.

Since the emergence of fast computational methods for
high-frequency electromagnetics in the 1980s, many field
representations have been successfully proposed and applied,
e.g., the multipole decomposition [7], the spherical wave
functions [8], the Slepian’s prolate spheroidal wave functions
[9], [10], the complex point source [11], the homoge-
neous [12], and the IPWs [13]. In one way or another, they
all exploit the quasi band limitation of the scattered fields
outside the reactive region [14]. Consequently, an efficient
field reconstruction is achieved when the required number of
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coefficients is as close as possible to the degrees of freedom
(DoF) [15] for a given accuracy. Nowadays, a remaining
challenge concerns the mathematical derivation of invert-
ible error models. For arbitrary geometries, such models
form the only way to guarantee the accuracy of accelerated
methods.

The IPW decomposition originates from a spectral repre-
sentation of the fields in a given reference plane, each Fourier
component corresponding to a plane wave. Then, a con-
tour deformation is applied to circumvent the singularities
and accelerate the numerical convergence. Because of the
complex-valued wavevectors, the plane waves, qualified as
“inhomogeneous,” are both propagating and evanescent in the
direction orthogonal to the reference plane. This expansion is
particularly well suited to scattering problems in which source
and observation domains see each other through a sufficiently
small angular sector. Indeed, as will be demonstrated later,
the required number of plane waves is proportional to the
electrical dimensions of the scatterer and to the size of the
observation sector. The IPW decomposition was exploited
by Michielssen and Chew [13] in the computational elec-
tromagnetics area to develop a fast integral-equation solver.
The selected contour was the steepest descent path (SDP) in
the angular domain since it annihilates the oscillations of the
integrand around a given saddle point [16]. It is then possible
to keep only the plane waves for which the wavevectors
have a limited real part. Later in [1], the SDP was found
impractical for large groups due to the presence of peaks
and oscillations in the integrand. Hence, it is distorted into
a discontinuous path including an interval on the real axis.
The method, called fast inhomogeneous plane-wave algorithm
(FIPWA), is less sensitive to numerical instabilities than the
fast multipole method (FMM) [7]. An important issue concerns
the discretization of the translation function in FIPWA for
a fixed error level according to the electrical size of the
boxes and the relative distance between them. A strategy
for the control of the truncation and extrapolation errors
is presented in [17]. However, no general rules for error
control are available so far. Among the many fast methods,
FIPWA has shown the ability to accurately reconstruct the
reactive fields [2], [3] in which the evanescent waves pre-
vail. The IPW decompositions also inherit a long history of
field analysis in multilayered media [4], [18]–[20]. Recently,
thanks to a change of the integration variables from angles to
wavevectors [21], it was demonstrated in [22] and [23] that
the integration with rectangles is efficient since the integrand
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along the SDP resembles the Fourier transform of a modulated
Gaussian function when the field is evaluated inside a small
angular sector. In addition, an integration scheme that benefits
from a compensation between the aliasing and the truncation
errors has been developed.

In this paper, we analyze the numerical errors inherent
to an IPW field decomposition with a parameterized linear
contour. The analysis is carried out on the scalar free-space
Green’s function under the paraxial approximation and does
not directly rely on the concept of quasi band limitation.
First, the truncation error as a result of the spectral domain
finiteness, the discretization error as a result of the integrand
sampling, and the rounding error as a result of the computer’s
finite precision are derived, discussed, and inverted in order
to provide concise expressions and validity conditions for the
truncation limit, the sampling step, and the contour slope.
Afterward, we will estimate the number of plane waves and
the contour slope that minimizes it. A relation with the DoF
of fields is also carried out. This is an improvement compared
to [22] where error models developed for an SDP contour
were not inverted and the number of required plane waves
was tabulated. Finally, the sampling rules are validated through
the evaluation of the near-field PO radiation integral from a
planar surface. Making use of Green’s theorem ([6], [24], [25]
and Appendix B), the resulting formulation extends the spec-
tral integration proposed in [26] to complex-wavenumber
spectra. Hence, the spectral integration is no longer subject
to numerical instabilities owing to the free-space critical pole
and the computation method does not require any spatial mesh.

The remainder of this paper is organized as follows.
Section II recalls the plane-wave decomposition for scattered
fields. In Section III, mathematical models for truncation,
discretization, and round-off errors are developed and inverted,
making use of a paraxial approximation. In Section IV,
we estimate the number of plane waves required for a given
relative error and evaluate the contour slope that minimizes it.
Then, the sampling rules are applied to the PO evaluation of
the field scattered by a planar surface in Section V. Finally,
perspectives and conclusions are drawn in Section VI.

II. SPECTRAL-DOMAIN FORMULATION

Considering an observation point r = x x̂ + yŷ + zẑ with
z ≥ 0 and a radial distance ρ = (x2 + y2)1/2, the spectral
decomposition of the 3-D free-space scalar Green’s function,
respectively, in cylindrical and Cartesian coordinates, is [27]

G(r) = e− j kr

4πr

= − j

4π

� ∞

0

e− j kz|z|

kz
J0(kρρ)kρ

dkρ

dkρr
dkρr (1)

= − j

8π2

�� ∞

−∞
e− jk·r

kz

kρ

kρr

dkρ

dkρr
dkxrdkyr (2)

where k is the free-space wavenumber, J0 is the first-order
Bessel function of the first kind, k = kx x̂ + ky ŷ + kzẑ is
the complex spectral wavevector, and the radial component
kρ = (kx + ky)

1/2 follows a path in the complex plane to

Fig. 1. Two unclosed contours: the SDP (dashed) and linear contour
(straight).

circumvent the free-space branch point at kρ = k and to accel-
erate the numerical convergence. The function dkρ/dkρr =
(1 + jdkρi/dkρr ) results from the contour integration and
the fraction kρ/kρr stems from a polar-to-cartesian change of
variables [21].

The shape of the contour and its parametrization are entirely
governed by the critical dimensions of the source and the
observation domain, i.e., the distance z/λ and the field of view
ρ/z, as well as by the targeted relative error �. For example,
when the distance z is much larger than the wavelength and
the field of view is much smaller than one, the SDP, shown
in Fig. 1, is relevant because it keeps the imaginary part of
the exponent − jkzi constant. However, when the field of view
increases, the integrand starts to oscillate and its amplitude
grows considerably. Consequently, its numerical integration
along the SDP is no longer optimal and, in some cases, not
even converging. In order to derive concise relations for the
error models, we will only consider a linear contour of slope
a virtually closed at kρr = ∞, as sketched in Fig. 1.

In the spatial domain, the scattered electric field is obtained
as a convolution of the induced surface electric currents J on
the source domain S� with Green’s function [30]

Es(r) = − jkη

��
G(r, r�) · J(r�)dS� (3)

where η is the free-space impedance, r� is the position of a
source point, G = (1 + 1/k2∇∇·)G(r)I is the electric dyadic
Green’s function, I is the identity matrix, and ∇∇· is the grad-
div operator. Inserting the discretized form of (2) into (3)
and swapping sums and integrals leads to a spectral-domain
formulation [3]

Ed (r) =
�

p

�
q

wpq Ẽs(kpq)e− j kx,pq x e− j ky,pq ye− j kz,pq z

(4)

where the superscript d stands for discrete representation and
the spectral weight is

wpq = − j�k2

8π2

1

kz,pq

kρ,pq

kρr,pq

dkρ,pq

dkρr,pq
(5)

with �k, the sampling step along real spectral coordinates. The
plane-wave spectrum (PWS) of the scattered field, sometimes
called the complex pattern, is expressed as

Ẽs(k) = − jkη
�

J̃(k) − (J̃(k) · k)k/k2
�

(6)
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Fig. 2. Cut view of the problem geometry with a local CS.

where the PWS of the current distribution is given by

J̃(k) =
��

J(r�)e jk·r�
dS�. (7)

The integrals (4) and (7) must be evaluated in a local system
of coordinates (CS) with (x̂, ŷ, ẑ) centered on the scatterer
domain and oriented toward the observation domain, as shown
in Fig. 2. This results from the dependence of the contour
deformation on the direction of the z-axis.

Given that the coordinates kzpq have real and imaginary
parts, the plane waves, qualified as “inhomogeneous,” are
both propagating and evanescent with respect to the forward
direction ẑ. A property of any plane-wave expansion is the
separability of the source and observation coordinates within
the spectral integral (2). From a computational perspective,
this separability allows us to store the samples of the PWS
(6) and reuse them for another field evaluation. From a
physical perspective, the plane waves, which are solutions
to Maxwell’s equations, can further propagate and provide a
field representation over an extended domain. In contrast to
purely propagating plane-wave expansions, e.g., in the FMM
algorithm, the inhomogeneous plane-wave decomposition is
spatially selective. Indeed, the field can only be reconstructed
inside a conical region, as depicted in Fig. 2. As we will see
in Section IV, the number of plane waves required in (4) to
achieve a given accuracy � is proportional to the square of
electrical dimensions of the domains ρ/λ and to the square
of the field of view ρ/z. Moreover, the IPW field expansion
is not exposed to numerical instabilities when the observation
point approaches the source since it does not entail the attempt
to extract near-field information from far-field patterns.

III. NUMERICAL ERRORS

In this section, the mathematical identities are established
for the estimation of error sources inherent to the numerical
integration in (2), i.e., the truncation error as a result of the
spectral domain finiteness, the discretization error as a result

of the integrand sampling, and the rounding error as a result
of the computer’s finite precision.

In the following mathematical derivations, we will repet-
itively use a paraxial, or small-angle, an approximation.
In the spectral domain, it consists of replacing kz ≈ k in the
denominator [22] and of performing a second order Taylor’s
series of kz in the exponential

kz ≈ k − k2
ρ

2k
(8)

which is accurate when |km | � k. After substituting those
approximations in the plane-wave decomposition of Green’s
function, (2) becomes the 2-D Fourier transform of a Gaussian
function which is equal to

G(r) ≈ e− j kz− j kρ2/(2z)

4πz
. (9)

Clearly, this relation establishes an equivalence with the parax-
ial approximation of Green’s function in the spatial domain
which requires ρ � z and kz � 1, i.e., a field of view
much smaller than one and a distance z much larger than the
wavelength. Moreover, additional conditions on the contour
slope a will be introduced subject to the errors resulting
from the numerical integration of the exact integrand and the
integrand approximated with (8) are comparable. In addition,
we will make use of the near-field coefficient defined in [28] as

C = 2π F = kρ2

z
= π

4

z f

z
(10)

where F is the Fresnel number and z f = 8ρ2/λ is the Fraun-
hoffer limit. C � 1 corresponds to the far-field region and
C � 1 corresponds to the intermediate-to-near-field region.
It is important to mention that the paraxial approximations will
be limited to the determination of the sampling rules, while
the exact formulation will be used for field calculations. It will
be shown in Section V that the error models derived in that
way can still be used to represent the field in the intermediate-
to-near-field region.

In this paragraph, we explain why the error levels derived
for the scalar Green’s function can be extended to vector
fields. As demonstrated in [14], the absolute error resulting
from a field decomposition is bounded by the product of the
maximum possible field value and an error measure of the
dyadic Green’s function

|Ed(r) − Es(r)| ≤ |Emax| · |ε̄| (11)

with

|Emax| = − jkη

dmin

��
|J(r�)|d S�

|ε̄| = dmin max
r,r� |Ḡd(r, r�) − Ḡ(r, r�)|

where ε̄ is a matrix and dmin is the minimum distance between
the source and observation domains. The upper bound (11)
links the maximum absolute error of the electrical field with
that of the dyadic Green’s function. This relation is no longer
valid for the relative error. Indeed, the field can be much lower
than its maximum value within some observation domains,
e.g., in the shadow region of a scatterer or around the sidelobes



1700 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 67, NO. 3, MARCH 2019

of a directive antenna. This issue will be highlighted through
an example in Section V.

It is proven in Appendix C that the elements of ε̄ are of
the same order of magnitude as the relative error of the scalar
Green’s function G

� = G(r) − Gd (r)

G(r)
(12)

where Gd is the discrete IPW decomposition of G. In the
following, we will, thus, only analyze �.

A. Truncation Error

The kxky spectral domain is limited to a disk of radius kmr .
Compared to a square integration domain, the area is reduced
by a factor π/4 and the error � is axially symmetrical.
The corresponding complex-valued limit is given by
km = kmr + jkmi .

When the approximation (8) holds, the truncation error can
be estimated with the help of (1), (8), and (9) as

� ≈ − j z

k
e jkρ2/(2z)

� ∞

km

e jk2
ρz/(2k) J0(kρρ)kρdkρ. (13)

Then, as proven in Appendix A, the error can be approximately
bounded by

− ln |�| � kmr kmi z/k − kmiρ. (14)

From there, for a linear contour deformation of slope a,
i.e., for kmi = akmr , the truncation limit is given by the root
of a quadratic polynomial

kmr � kρ

z

�
1

2
+

�
1

4
− ln |�|

aC

�
. (15)

The spectral approximation (8) made in (13) requires
|km | � k. By considering successively the real and the imag-
inary parts of km , we can extract four underlying conditions
given (15)

ρ

z
� 1, a � z

ρ
, a � −kz

ln |�| , a � − ln |�|
kz

. (16)

The first condition defines the paraxial regime. The second
condition will always be satisfied since the optimal contour
slope is smaller than one, as shown later. The third and fourth
conditions generate an interval for the contour slope which
is not restrictive when the distance z is much larger than the
wavelength.

In Fig. 3, the upper bound (14) is validated for three values
of the linear contour slope a and distances z selected to
satisfy (16). The large range of validity of (14) is observed.
One can see that the solid curve (upper bound) is always above
to the dashed curve (exact error). The stabilization of the exact
error around 10−14 at the lower values of ρ/λ can most likely
be associated with the round-off error.

Fig. 3. Upper bound (solid) and exact value (dotted) of the truncation error
for a = {0.7, 0.5, 1}, z = {20, 50, 100}λ, kmr = {0.7, 0.37, 0.15}k.

B. Discretization Error

We will now consider a numerical integration performed
in the kxky spectral domain with a rectangle rule using a left
endpoint approximation of the integrand. Discretizing (1) with
a rate �k is equivalent to multiplying the integrand with the
Fourier series of a Dirac comb

� = − j

8π2 G(r)

��
e− jk·r

kz

kρ

kρr

dkρ

dkρr

×
�

m

�
n

e− j kxr 2πm/�k− j kyr 2πn/�kdkxrdkyr (17)

where (n, m) ∈ Z
2
0 and the term (0, 0) corresponds to the

exact plane-wave decomposition of Green’s function (2). After
swapping sums and integrals and grouping the arguments of
the exponentials, we can identify for each term a complex
modulation factor in the spectral domain corresponding to a
complex-valued shift in the spatial domain [6]

� = 1

G(r)

�
m

�
n

G (rmn) (18)

where the complex-valued distance is

rmn =
�
(x − m�x)2 + (y − n�y)2 + z2

�1/2
(19)

and �y = �x = 2π/(�k(1 + ja)) are complex shifts in the
spatial domain. For the case |�y| � z and an observation
domain within a disk of radius ρ, it is proven in Appendix B
that the error is

− ln |�| ≈ 2πka

z�k(1 + a2)

	
2π

�k(1 + a2)
− ρ



. (20)

The inverse relation for the sampling step �k is again obtained
through the root of a quadratic polynomial

�k = 2π

(1 + a2)ρ

�
1

2
+

�
1

4
− ln |�|

aC

�−1

. (21)

Expression (21) is accurate when |�y| � z and it can be
proven that the underlying conditions are exactly those of (16).



GUEUNING et al.: SAMPLING RULES FOR AN INHOMOGENEOUS PLANE-WAVE REPRESENTATION OF SCATTERED FIELDS 1701

Fig. 4. Model (solid) and exact value (dotted) of the discretization error for
a = {0.7, 0.5, 1}, z = {20, 50, 100}λ, dk = {63, 55, 23}10−3k.

The identity (18) can be interpreted as a generalization of
the Nyquist–Shannon sampling theorem to Laplace transforms
on a linear path and takes implicitly into account the intricacy
of contouring the free-space singularity. It also establishes
an equivalence between a discrete plane-wave representation
and an infinite set of parasitic sources with complex-valued
translated coordinates. The model of (20) is validated in Fig. 4
for the same contour slopes and distances as in Fig. 3. One can
observe that the numerically computed relative error � (dotted)
is almost superimposed with the model (solid). For lower
values of ρ/λ, we note a little discrepancy associated with
the contribution of the three other nearest replicas in (18).

C. Round-Off Error

When the electrical dimensions ρ/λ increase, the integrand
of (2) quickly grows by several orders of magnitude while
Green’s function does not. Indeed, the integrand samples
oscillate and should, thus, compensate each other. However,
owing to the finite precision with which calculations are
carried out, a round-off error remains. This ill-conditioning
is inherent to any inhomogeneous plane-wave decomposition
since its basis element, the IPW, is growing exponentially with
respect to xy due to the presence of the ekxi x+kyi y factor in
the spectral integral (2).

Considering a random complex-valued noise n(kxr , kyr ) and
the approximation (8), it is proven in Appendix D that the
relative round-off error can be approximated by

� ≈ − jz2

2π
e jkρ2/(2z)

��
ne jk2

ρz/(2k)

e− j kx x− j ky y kρ

kρr

dkρ

dkρr
dkxrdkyr . (22)

As also proven in Appendix D, it can be bounded by

|�| ≤ kz�m
1 + a2

a
eakρ2/(4z) (23)

where �m = 2.2 10−16 corresponds to the machine error
level for double precision. Noticing that ex/x ≤ ex when

Fig. 5. Upper bound (solid) and exact value (dotted) of the round-off error
for a = {0.75, 0.75, 0.5}, z = {50, 100, 150}λ.

x > 1 and that the approximation 1 + a2 ≈ 1 holds since the
optimal contour slope is always less than 1 (see in Section IV),
the inverse relation provides a maximum value for the contour
slope

a ≤ 4

C
ln

	 |�|
�m(kρ)2



(24)

when 4�/(�m(kρ)2) > 1. This inequality implies that the con-
tour slope should be lowered when the near-field coefficient
increases. The exact round-off error and its upper bound (23)
are compared in Fig. 5 for three distances and contour slopes
selected subject to the distances is in the order of dozens
of wavelength and the round-off error starts to affect the
numerical integration.

IV. OPTIMAL INTEGRATION SCHEME

In this section, we evaluate the number of plane waves P
required to achieve a given relative error �. For the 2-D plane-
wave representation of (2), it is approximately given by

P ≈ π

	
kmr

�k


2

(25)

where the factor π results from the integration over a disk.
In practice, P is obtained by solving a Gauss circle prob-
lem [31] and can slightly differ from approximation (25).
Targeting equal truncation and discretization errors, it is
demonstrated in Appendix E with the help of (15), (21),
and (25) that

√
π P ∼ C

2
(1 + a2)

	
1 − 2 ln |�|

aC



(26)

where we assume that the overestimation of P resulting from
the use of the lower bound (15) is small because of the slow
dependence of kmr with respect to �. The contour slope that
minimizes P is obtained by cancelling out the derivatives
of (26) and solving the following cubic equation:

− C

ln |�|a3 + a2 − 1 = 0 (27)
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Fig. 6. Optimal and empirical contour slope a as function of −C/ ln |�|.

Fig. 7. Required number of plane waves versus the near-field parameter C
for three relative errors.

for which the real positive root is developed in Appendix F.
Since the expression (63) is relatively heavy, we will analyze
its asymptotic behavior. When the coefficient −C/ ln |�| is
much larger than 1 (e.g., in the near field and/or for low
accuracy), the second-order term of (27) becomes negligible
compared to the third order. Then, solving the reduced cubic
equation yields

a ∼
	− ln |�|

C


1/3

. (28)

When the coefficient −C/ ln |�| is much smaller than 1
(e.g., in the far field and/or for high accuracy), we can neglect
the third-order term of (27) and obtain

a ≈ 1. (29)

Instead of the relatively heavy expression (63) given
in Appendix F, the user may consider (28) and (29), combined
with an empirical transition rule, such as

a =
	

1 − C

ln |�|

−1/3

. (30)

From Fig. 6, one can infer that the empirical slope of (30)
agrees well with the optimal slope of (63).

For the case where the asymptotic expression (28) is accu-
rate, i.e., −C/ ln |�| � 1, it is proven in Appendix E that the
number of plane waves is asymptotically given by

P ∼ C2

4π

�
1 + 3(− ln |�|)2/3C−2/3

�2
. (31)

The number of plane waves is illustrated in Fig. 7 as a function
of the near-field parameter C for three error levels. One can

TABLE I

NUMBER OF PLANE-WAVE P FOR THREE ERROR
LEVELS |�| AND DISTANCES z

observe that the convergence rate is high since the number of
plane waves varies slowly with respect to �. One can also note
that the powers of the near-field coefficient C and of − ln |�|
present in (31) are equal to those obtained in [15] and [29] in
the context of the error control of the FMM algorithm.

Next, we establish a relation between the number of plane
waves (31) and the DoF of the scattered field [15], defined as
the minimum number of orthonormal basis functions needed
to represent a given field distribution. Let us consider two
spheres of minimum radius ρs and ρo enclosing source and
observation domains for which centers ro and rs are separated
by a distance z = ||rs − ro||, respectively. By setting the
relative error |�| to one and ρ to ρs + ρo in (31) in order
to account for the sizes of both the source and the observation
domains, we obtain

P0 = k2(ρo + ρs)
4

4πz2 . (32)

When the observation domain is a disk, the number of DoF
N0 = (kρsρo/z)2/π is obtained by taking the square of (30)
in [15] and multiplying it with π/4. From there, we can write

P0

N0
= (ρo + ρs)

4

4ρ2
s ρ2

o
(33)

for which a minimum value P0/N0 = 4 is achieved for
ρo = ρs . When the observation domain is reduced to a
point, i.e., ρo = 0, N0 goes to zero while P0 does not. The
differences between N0 and P0 could be explained by noting
that we are specifically targeting an IPW representation. For
instance, we can mention that the a priori extraction of a phase
factor e− j k||r−rs || of the field over the observation domain,
considered in the approach of [14] and [15], has not been
performed in this paper.

Finally, for increasing far-field distances, i.e., when
C/ ln |�| → 0, it can be easily proven from (15), (21), and (25)
that the number of plane waves converges toward

P = (− ln |�|)2

π
(34)

which only depends on the target accuracy |�|. This minimum
number is higher than one and mathematically translates the
intuition that interferences between plane waves are necessary
to produce the 1/r -decay of far fields. Table I illustrates the
number of plane waves P , obtained by solving the Gauss
quadrature [31], for three error levels |�|. The distances z are
expressed in terms of the Fraunhoffer limit z f defined in (10)
and are selected subject to the relative error of the far-field
approximation extracted from Fig. 1 in [32] is equal to |�|.
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Fig. 8. Vectorial quantities and local CS.

One can infer that the number of plane waves increases with
|�| according to (34) and remains large at far-field distances.
However, in contrast to the far-field approximation, the IPW
decomposition can achieve arbitrary error levels for a given
distance z.

V. NUMERICAL RESULTS

The sampling rules derived in Sections III and IV are
applied to the near-to-intermediate field evaluation of the PO
radiation integral. For planar structures, e.g., walls in urban
scattering, the PWS of the scattered field can be directly
expressed in terms of the incident one since the spatial integral
(6) is analytical [24], [25]. Hence, the integrals are carried out
in the spectral domain and the calculation does not require any
spatial mesh.

A. Spectral-Domain Physical Optics

Let us consider an incident field represented by a sum of
Pi plane waves

Ei (r) =
Pi�
m

Ei
me− jki

m ·r (35)

where Ei
m and ki

m are expressed in a local CS “s” (x̂s, ŷs, ẑs)
centered on the scatterer and oriented toward the observation
domain, as illustrated in Fig. 8.

In PO theory, the current density on a perfectly electrical
conductor (PEC) object is directly expressed from the tangen-
tial component of the incident magnetic field as J = 2n̂×Hi =
2n̂ × (ki × Ei )/(kη) with n̂ the unit normal to the surface.
By substituting (35) into (7), we express the PWS of the
current as

J̃(k) = 2
kη

�
m

�
n̂ × (ki

m × Ei
m)



W (k − ki

m). (36)

The window function W corresponds to the Fourier transform
of a complex exponential over a polygonal domain

W (k) =
��

e jk·rd S�. (37)

When the surface S� is planar, the integral has an analytical
primitive thanks to Green’s theorem. This is derived in Appen-
dix H and may be viewed as an extension of results from [26]
to complex wavenumbers. The result reads

W (k)= 1

jk2�

Q�
q=1

Lq (k · n̂q) sinc

	
k · v̂q

Lq

2



e jk·(rq+Lq v̂q/2)

(38)

where Q is the number of corners of a polygonal scatterer,
rq is the position vector of the qth corner, v̂q = (rq+1−rq )/Lq

is the unit segment direction with Lq = ||rq+1 − rq ||, n̂q =
v̂q × n̂ is the in-plane outgoing unit normal to the segment,
k� = k− (n̂ ·k)n̂ is the component of the wave-vector parallel
to the surface with k2� = k� · k�. Those geometrical quantities
are illustrated in Fig. 8.

Finally, the scattered electrical field Es is evaluated within
the observation domain through (4). The computational cost
of the method is directly related to the computation of the
nested sums when we substitute (36) into (4). If Pi and
Ps are the number of plane waves required for the incident
and the scattered spectrum, the computational complexity for
evaluating the required IPW spectral samples of the scattered
field is O(Pi Ps ).

B. Examples

Let us suppose an incident field produced by a vertically
polarized Hertzian dipole located at ri that impinges on a
PEC square plate of length L. We will evaluate the total field,
defined as E = Ei + Es , within an observation domain that
lies on a second virtual square plate. This example may be
viewed as a subproblem of an urban propagation scenario, with
PO evaluation of double-scattering by walls. A comparison is
carried out between the spectral method and a spatial-domain
integration using a Simpson rule and N sample points. The
relative error is numerically evaluated with

�(r) =
�

(E(r) − Ed (r)) · (E(r) − Ed (r))∗
E(r) · E(r)�

(39)

where (∗) stands for complex conjugate. According to defini-
tion (6), the field PWS of a dipole is analytically given by

Ẽil (kil ) = − jkη(p̂l − (kil · p̂l)kil/k2) (40)

where p̂l is the polarization of the dipole and superscript l
means that the quantities are expressed in a local CS “i”
with (x̂i , ŷi , ẑi ) centered on the dipole and oriented toward
the center of the scatterer, as illustrated in Fig. 8. In contrast,
vectors defined in (35) were expressed in the CS “s.” Hence,
we will use a rotation matrix R, as provided in Appendix G,
in order to transform vectors expressed in CS “i” into vectors
expressed in CS “s.” This transformation reads as

Ei
m = wil

mR · Ẽil (kil
m)e− jki

m ·ri
(41)
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Fig. 9. Scattering scenario 1. A vertical dipole (dotted) illuminates a square
plate (solid). Observation domain lies on a second plate (dashed) separated
by a distance d.

Fig. 10. Maximum relative error �max (solid), target relative error
�tar (dashed), and ratio P/N of number of plane waves to number of spatial
samples (dotted).

where ki
m = R · kil

m , wil
m = − j (1 + ja)2�k2/(8π2kil

z,m) and
the indices (p, q) in (4) and (5) have been concatenated into
a single index m.

1) Varying the Relative Distance: In this example, we con-
sider two parallel plates of length L = 10 λ separated by
a distance d and a point source located at a distance 2L
from the scatterer, as illustrated in Fig. 9. A target error
level of �tar = 10−2 has been chosen. The PWS of the
incident and the scattered field is evaluated with the help of
(15), (21), and (30) in which the triplet (ρ, z, |�|) is replaced
by (

√
2L/2, 2L, �tar) and (

√
2L, d, �tar), respectively. The

resulting number of plane waves in the IPW decomposition of
the incident field is Pi ≈ 200. The far-field results correspond
to a ratio d ≥ z f /L = 40 m. In Fig. 10, we have plotted the
maximum value of the relative error �max = maxr �(r) over the
observation domain for a varying distance d . As expected, one
can observe that �max (solid line) is below �tar (dashed line)
for distances d satisfying conditions (16). More precisely,
the error is controlled down to d ≈ 0.3L. This contributes
to validating the paraxial approximation (8) used to derive
the sampling rules in this paper. It is worth recalling that the
paraxial approximation is not made when estimating the PWS.
A spatial sampling step of λ/10 has been empirically chosen
for the numerical integration in the spatial domain subject
to the corresponding discretization error is much smaller
than �tar. This leads to N = 104 spatial samples. In order
to provide a theoretical measure of the acceleration ratio of
the spectral method, the ratio P/N is also plotted in Fig. 10.
A comparison between the computation times of the spatial
domain and the spectral-domain methods is shown in Fig. 11.

Fig. 11. Computation times (in seconds) of the spatial-domain integration
(dashed) and of the spectral-domain method (solid).

Fig. 12. Scattering scenario 2. A vertical dipole (dotted) illuminates a square
plate (solid). Observation domain lies on a horizontal second plate (grid).

Fig. 13. Magnitude of the total electrical field in configuration shown
in Fig. 12.

The simulations are carried out using a PC with 16-GB RAM
and Processor Intel (R) Core(TM) i5-3570 CPU at 3.4 GHz.
One can infer that the speed-up factor becomes important,
i.e., one to two orders of magnitude, when the field of view
L/(2d) is reduced.

2) Forward Scattering: The geometry of the scenario is
sketched in Fig. 12. The dipole is now located at a distance
3L from a plate of length L = 20 λ. The amplitude of
the total field is computed within a horizontal square plate
of length L = 2.5 L contained in the plane y = 0 and
located at a distance d = 2.5 λ from the scatterer. A target
error of �tar = 10−3 has been selected. This example may
be found critical since the observation domain crosses the
shadow boundary. The magnitude of the total electrical field
and the relative error are illustrated in Figs. 13 and 14,
respectively. As expected, one observes that the magnitude
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Fig. 14. Relative error of the IPW decomposition of the total electrical field
for �tar = 10−3 in configuration shown in Fig. 12.

of the field reaches low values in Fig. 13 which correspond
to peak values of � in Fig. 14. For this scenario, we infer
that the relative error of Green’s function is not representative
of the relative error of the total field since it does not take
into account the possible destructive interference between the
incident and the scattered field. Nevertheless, one can note
that those higher values remain of the order of �tar in Fig. 14.
The PWS of the incident field is sampled with a = 0.63,
kmr = 0.3 k, �k = 0.03 k and Pi = 240. The PWS of
the scattered field is sampled with a = 0.3, kmr = 0.95 k,
�k = 0.02 k and P = 7300. The number of spatial samples
is N = 104. Hence, the speed-up factor is less important for
this example since the field of view is still large.

VI. CONCLUSION

We proposed an integration scheme and sampling rules for
the field IPW decomposition based on a linear contour for
given error level �. This expansion is well suited to scattering
problems in which interacting groups are visible from each
other within a limited angular sector. We derived concise
expressions for the contour slope, the truncation limit, and
the sampling step which are accurate when the field of view
ρ/z is smaller than one and the distance z is larger than the
wavelength. It has been demonstrated that the required number
of plane waves follows a similar dependence with respect to
kρ, kz, and � as the number of DoF of the scattered field
defined in [15]. The integration scheme has been applied to
the evaluation of the PO radiation integral in the intermediate-
to-far field. By expressing directly the scattered PWS in
terms of the incident one, the computations can be entirely
performed in the spectral domain. We are, thus, able to avoid
any spatial sampling and associated discretization errors. The
corresponding computational cost becomes proportional to the
product of the DoF of the incident and the scattered field.

Generally, the subsequent methodology can be followed for
an IPW decomposition.

1) A local CS is defined with its z-axis oriented from the
center of the source domain toward the center of the
observation domain.

2) The relative distance z between the two domains is
evaluated and the maximum radial extend ρ of both
domains are summed up.

3) The contour slope, the truncation limit, and the sampling
are selected with

a =
	

1 − C

ln |�|

−1/3

kmr = kρ

z

�
1

2
+

�
1

4
− ln |�|

aC

�

�k = 2π

(1 + a2)ρ

�
1

2
+

�
1

4
− ln |�|

aC

�−1

where C = kρ2/z is the near-field parameter and � is
the targeted relative error.

4) The field PWS is numerically computed with (36) for
PO current on a polygonal scatterer and with (6) for an
arbitrary source distribution.

5) The electric field is evaluated on the observation domain
using (4).

The provided sampling rules could also be used to acceler-
ate the evaluation of intermediate fields, from a few wave-
lengths to a few times the Fraunhoffer distance, in fast
method-of-moments implementations based on IPWs, such as
FIPWA [1] or HIPWA [22], or in the context of the spectral
theory of diffraction [33].

APPENDIX A
TRUNCATION ERROR

With (1), (9), and (8), the truncation error is given by

� = − j z

k
e jkρ2/(2z)

� ∞

km

e jk2
ρz/(2k) J0(kmρ)kρdkρ. (42)

Performing a first-order integration by parts leads to

� = −e jkρ2/(2z)+ j k2
ρz/(2k) J0(kρρ) − R (43)

for which the remainder is

R = ρe jkρ2/(2z)
� ∞

km

e jk2
ρz/(2k) J1(kρρ)dkρ. (44)

Let us consider a flat contour with kρi = kmi . Using the
Cauchy–Schwarz inequality and an upper bound on the ampli-
tude of the Bessel function |J1(x)| < e|xi |, we can write

|R| ≤ ρekmi ρ

� ∞

kmr

e−kmi kρr z/kdkρr (45)

for which the integral is analytical

|R| ≤ kρ

kmi z
e−kmr kmi z/k+kmi ρ . (46)

Anticipating the relation kmr ∼ kρ/z from (15), we have

|�| ≤ e−kmr kmi z/k+kmi ρ (1 + O(kmr/kmi )). (47)
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APPENDIX B
DISCRETIZATION ERROR

The series (18) converges fast enough to keep only the
strongest replica of indices (m, n). When |�y| � z, we can
use (9) to obtain

� ≈ e jk(ρ2−(x−m�x)2−(y−n�y)2)/(2z) (48)

where �y = �x = 2π/((1 + ja)�k) and the magnitude is

|�| = e(mx−Dm2+ny−Dn2)ka D/z (49)

with D = 2π/((1 + a2)�k). For a conical field of view
of radius ρ, the maximum error is achieved when (m, n) =
{(1, 0); (0, 1)} and (x, y) = {(ρ, 0); (0, ρ)} and is given by

− ln |�| ≈ (D − ρ) ka D/z. (50)

APPENDIX C
ERROR OF THE DYADIC GREEN’S FUNCTION

The element i j of the absolute error ēa of the IPW decom-
position of the dyadic Green’s function Ḡd is given by

ēa
i j = Ḡi j − Ḡd

i j = ea + 1

k2

∂2ea

∂ui∂u j
(51)

where (u1, u2, u3) ≡ (x, y, z). ea = G − Gd is the absolute
error of the IPW decomposition of the scalar Green’s function
Gd which can be decomposed as ea = ea

t + ea
d where

ea
t ≈ −e− j kz

4πz
e jk2

mz/(2k) J0(kmρ)

ea
d ≈ e− j kz

4πz
e− j k(x−m�x)2/(2z)− j k(y−n�y)2/(2z). (52)

In (52), ea
t refers to absolute errors resulting from truncation

(Appendix A) while ea
d refers to absolute errors resulting

from discretization (Appendix B). Considering only a e− j kz

dependence with respect to z yields ∂ea/∂z ≈ − jkea. For
i = (1, 2) and m = n = 1, the partial derivatives are
expressed as

∂ea

∂ui
= − jk

z
(ui − �x)ea

d − jkm
ui

ρ

J1(kmρ)

J0(kmρ)
ea

t (53)

where division by J0 has been introduced to let ea
t appear in

the numerator. Using the results km ∼ kρ/z obtained in (15)
and �x ∼ ρ from (21) leads to ∂ea/∂ui ∼ kρ/zea .

We can now compare the second term of (51) with the
first term. Deriving with respect to u1, u2 multiplies the error
level by kρ/z. Hence, ea is multiplied by ρ2/z2 � 1 given
observation in limited fields of view. Thus, the first term
of (51) dominates. Since that term is simply proportional to
the scalar Green’s function, the error analysis of the latter is
sufficient to analyze the error of the vector field in the already
defined field of view.

APPENDIX D
ROUND-OFF ERROR

In practice, each spectral variable in the integrand of (2) is
rounded by the computer. However, we have experimentally
observed that the round-off of kz in the exponential has a
stronger impact for z � λ. Assuming a simple multiplicative

noise 1+n(kxr , kyr ), we can perform a first-order Taylor series
expansion of this exponential and use kz ≈ k to obtain

e− j kzz(1+n) ≈ (1 − jnkz)e− j kzz. (54)

With the help of (8) and (9), the relative round-off error can
be written as

� ≈ − jz2

2π
e jkρ2/(2z)

��
ne jk2

ρz/(2k)

×e− j kx x− j ky y kρ

kρr

dkρ

dkρr
dkxrdkyr . (55)

Using the Cauchy–Schwarz inequality and |n| ≤ 2�m within
(55), the round-off error for a linear contour is bounded by

|�| ≤ − j�mz2

π
(1 + a2)

��
ea(−k2

ρz/k+kxr x+kyr y)dkxrdkyr

(56)

where a is the straight contour slope and �m is the
double-precision machine error level. Finally, we have

|�| ≤ kz�m
1 + a2

a
eakρ2/(4z). (57)

APPENDIX E
OPTIMAL INTEGRATION SCHEME

Dividing the truncation limit of (15) by the sampling step
of (21) leads to

km

�k
= C

4π
(1 + a2)

�
1 − 2 ln |�|

aC
+

�
1 − 4 ln |�|

aC

�
. (58)

Performing a first-order Taylor approximation of the square
root yields

√
π P ∼ C

2
(1 + a2)

	
1 − 2 ln |�|

aC



(59)

where P is given in (25). When the approximation (28) is
accurate, i.e., −C/ ln |�| � 1, we can write

√
π P ∼ C

2
+ 3C1/3

2
(− ln |�|)2/3 + C−1/3(− ln |�|)4/3. (60)

Finally, by dropping the last term, we obtain

P ∼ C2

4π

�
1 + 3(− ln |�|)2/3C−2/3

�2
. (61)

APPENDIX F
OPTIMAL CONTOUR SLOPE

Equalizing the derivative of (26) to zero and defining e =
−C/ ln |�| leads to

ea3 + a2 − 1 = 0. (62)

If ζ = (27e2 − 2 + ((27e2 − 2)2 − 4)1/2)/2, the real positive
root is given by

a = − 1

3e
+ ζ 1/3

3e
+ ζ−1/3

3e
. (63)
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APPENDIX G
ROTATION MATRIX

Let us first define the local CS “i” (x̂i , ŷi , ẑi ) and “s”
(x̂s, ŷs, ẑs), in which the IPW decomposition of the incident
field and the scattered field are performed, the center positions
of a source domain rso, a scatterer rsc, and an observation
domain ro. All those vectors are expressed in a global CS
(x̂, ŷ, ẑ). The local CS “i” and “s” have their z-axis pointing
from rso to rsc and from rsc to ro, respectively. Thus, we have
ẑi = rsc − rso/||rsc − rso|| and ẑs = ro − rsc/||ro − rsc||.
Then, considering two arbitrary vectors vi and vs , which
are, respectively, not parallel to ẑi and ẑs , we have x̂i =
ẑi × vi/||ẑi × vi || and x̂s = ẑs × vs/||ẑs × vs ||. The rotation
matrices that transform vectors expressed in a local CS to
vectors in the global CS are

Rs,i =
⎛
⎝x̂s,i

ŷs,i

ẑs,i

⎞
⎠. (64)

Finally, the rotation matrix for passing from a local CS “i” to
a local CS “s” is

R = RsT
Ri (65)

where the superscript T means transposition.

APPENDIX H
FOURIER TRANSFORM OVER A POLYGONAL DOMAIN

We are looking for an analytical expression for the Fourier
transform of an exponential over a polygonal domain

W (k) =
��

e jk·rd S�. (66)

In order to reduce the surface integral to a line integral, we will
use the divergence theorem. Hence, we need to find a vectorial
function f subject to ∇s · f = ∇ · (f − (n̂ · f)n̂) = e jk·r where
∇· is the divergence operator and n̂ is the outgoing normal to
the surface. A function satisfying this property is

f = k�
jk2�

e jk·r (67)

where k� = k − (n̂ · k)n̂ is the component of the wave-vector
parallel to the surface and k2� = k� · k�. Using the surface
divergence theorem, we can rewrite it as a line integral over
the boundary of the polygon

W (k) = 1

jk2�

�
k� · n̂oe jk·rd� (68)

where � is the boundary of the planar domain and no is the
unit outgoing normal to the segment. Since we are consider-
ing a polygonal shaped surface, we can integrate over each
boundary segment separately, which yields

W (k) = 1

jk2�

Q�
q=1

Lq(k · n̂q) sinc

	
k · v̂q

Lq

2



e jk·(rq+Lq v̂q/2)

(69)

where Q is the number of corners, rq is the position vector
of the qth corner, v̂q = (rq+1 − rq)/Lq is the unit segment

direction with Lq = ||rq+1 − rq ||, n̂q = v̂q × n̂ is the in-plane
outgoing unit normal to the segment. Those quantities are
illustrated in Fig. 8.
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