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Introduction

This thesis is devoted, firstly, to semilinear elliptic equations of the
form

(NLS) —2Au+V(z)u = [ulf "t u in RY,

where ¢ > 0 is a small parameter, A denotes the Laplace operator,
V : RY — RT is called the potential and p > 1. In this introduction,
unless otherwise stated, p will always be assumed subcritical, i.e. p <
(N +2)/(N —2)if N > 3. The equation is usually referred to as
the (stationary) nonlinear Schrodinger equation. The second focus of
the thesis will be a variant of , the nonlinear Schrodinger-Poisson
system:

(NLSP) { —2Au + V(z)u + dpu = |ulf ' u in R3,

Both problems have been the subject of extensive research in the last
decades. This popularity comes on the one hand from the numerous
and important applications of and , mostly in physics,
and on the other hand from the fact that they give rise to interesting
mathematical problems.

Physical motivations

Various physical phenomena can be modelled by the equation

2

(NLSE) zh%—lf = —;—mAw + W(z)y — |w\p_1 Y, (t,z) € R xRV,

which is often called the nonlinear Schrodinger equation because of its
formal resemblance to the usual (linear) Schrédinger equation. However,
it does not necessarily describe the time evolution of a quantum state.
The equation appears for example in the theory of Bose-Einstein
condensates, where it is also called the Gross-Pitaevskii equation (with
p = 3). In this case, the nonlinear term models the interaction between
the particles and A represents the Planck constant. In other contexts,

equations of the form (NLSE]|) arise in the description of nonlinear waves,

3



4 INTRODUCTION

for example light waves propagating in a medium whose index of refraction
depends on the wave amplitude, or water waves [141].

Heuristically, the nonlinear term in has a focusing effect that
compensates the dispersive effect of the linear terms. Therefore, it can be
expected that has solitary waves as solutions, namely solutions
whose energy travels as localized packets and which preserve their form
under perturbations. These solitary waves behave like particles. When
the nonlinear term in has a positive sign, the equation is called
defocusing. See [142] for more information about the evolution equation
(FISE).

The simplest solutions of are the standing waves, which are
solutions of the form

P(t,x) = e*"Et/hu(az),

where FE is the energy of the wave. We compute that ¢ is a standing
wave solution of if and only if u is a solution of with
g2 = h?/2m and V(x) = W(z) — E.

The correspondence principle states that quantum mechanics reduces
to classical mechanics in the semiclassical limit, i.e. as A — 0. Thus we
can expect that the solutions of concentrate around a classical
equilibrium as € — 0. We can guess that this classical equilibrium is a
critical point of the potential V. More details can be found in [23].

SOLUTIONS CONCENTRATING AT POINTS

First results

The study of was initiated by Floer and Weinstein [83] in 1986
in the particular case N = 1 and p = 3. Assuming that V is globally
bounded and that infr V' > 0, they proved the existence, for € > 0 small
enough, of a positive solution u. of concentrating at any given
nondegenerate critical point of V', say « = 0, in the sense that most of
the support of u. is contained in a neighborhood of 0 that shrinks to a
point as € — 0.

The result of Floer and Weinstein was later extended to higher
dimensions and to more general potentials by Oh [121], who also proved
in [122] that for any finite collection of nondegenerate critical points of V,
possesses, for € > 0 small enough, a positive solution concentrating
simultaneously around these critical points. These solutions are called
multi-bump or multi-peak solutions.

The arguments in all these works are based on the Lyapunov-Schmidt
reduction. Since then, this method has been considerably developed by
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Ambrosetti, Malchiodi and others (see [6,8]). Although it has proved
very fruitful, we have not adopted this approach in this thesis. Its main
drawback is the fact that it requires additional assumptions, for example
nondegeneracy of the critical point of V.

The variational approach

The equation (NLS) and the system (NLSP) have a variational

structure, which means that their solutions are the critical points of an
associated functional. For example, the functional associated to
is given by

L(u) =1 / (2 1Vu(@)P + V(@) u@)?) de— —— [ Pt de.

2 RN D + 1 RN

Well-known variational methods like the mountain-pass theorem can be
used to find critical points. However, the problem of existence is not
straightforward when the domain is unbounded because the functional
I does not in general satisfy the required compactness condition (the
Palais-Smale condition).

A ground state or a least-energy solution of is by definition a
solution u such that I.(u) is minimal among all the positive critical values
of I.. A bound state of is a solution u such that the quadratic
part of I.(u) is finite.

The variational approach was initiated by Rabinowitz [126], who
showed that if V € C*(RY) satisfies the condition

(V1) liminf V(z) > inf V > 0,
T—00 RN
then for € > 0 small enough, (NLS|) has a positive ground state.

Concentration of the ground states

In the spirit of the definition of Ambrosetti and Malchiodi [8], we
say that a solution u. of (NLS|) concentrates at z¢ as & — 0 if there is a
sequence (¢)e~o of maximum points of u. such that

Vo >0, Jeg >0, IR>0 : |z —xc| 2 eR, 0 <e <egp= us(x) <0.

It is often possible to give more information about the behaviour of the
solution as € — 0. Setting v.(z) = us(zo + £x), equation (NLS|) becomes

—Ave + V(o + ex)ve = 0[P o, in RV,

Thus we may expect that for € small, the solution u. of (NLS|) will locally
look like a rescaled solution of the limit equation

—Av+V(zg)v=1o", >0 inRY.
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In particular, u.(z¢) is bounded away from zero as ¢ — 0.

Under assumption , Wang [143] proved that the ground states of
concentrate at a global minimum point of V. More precisely, any
sequence of positive ground states contains a subsequence concentrating
at a global minimum point of V' as € — 0. In particular, if the global
minimum point of V' is unique, then all positive ground states concentrate
at that point as € — 0.

Moreover, Wang proved that if (u., ), is a sequence of ground states
and if there is a sequence of local maximum points of u., moving toward
a certain point zg as € — 0, then xg is a global minimum point of V' and
(ue, )n concentrates at xg as € — 0. Thus if V' has no global minimum,
the positive ground states, if any, do not concentrate. Wang also proved
that if N > 2 and V is radial, then the positive radial ground states
concentrate at the origin. Finally, under a growth condition on the
gradient of V', Wang obtained a necessary condition for concentration: a
point at which a sequence of positive bound states concentrate must be
a critical point of V.

If V achieves its global minimum at several points, Grossi and Pistoia
[87] discovered that the ground states concentrate at a point where the
potential V is the flatter. Roughly speaking, the order of flatness of V'
at the point zq is defined as the order of the first nonzero term in the
Taylor development of V' at xg. Under some assumptions on V', Grossi
and Pistoia show that if the global minimum points of V' have different
orders of flatness, then the ground states concentrate, as € — 0, at a
point where the order of flatness is maximal. Moreover, if all the global
minimum points of V' are nondegenerate (i.e. their order of flatness is
2), then the ground states concentrate, as € — 0, at a global minimum
point of V' where AV is minimal.

Equation with a constant potential

It is natural to wonder where the ground states concentrate when the
potential V is constant. If the domain is RY, the problem is invariant by
translations. It is more interesting to consider the problem on a bounded
domain Q ¢ RV:

—2Au+u=uP, u>0 in Q,
W) {

gu—0 on 0.

Here v denotes the unit outer normal to 9€). This kind of equation arises
in models of pattern formation in biology or chemistry [115] and has
also been extensively studied. Ni and Takagi [116,|117] proved that the
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least-energy solutions of @) concentrate as € — 0 at a point of 92 at
which the mean curvature of the boundary is maximal.
The Dirichlet problem

2 .
—e‘Aut+u=uP, u>0 in (),

(D) { u=20 on 0f),
was studied by Ni and Wei |118]. As e goes to 0, the least-energy solutions
of @ concentrate at a point of 2 at which the distance to the boundary
achieves its global maximum. del Pino and Felmer considerably simplified
the proofs of the concentration of the least-energy solutions of @ and
(D) in [62].

Let us also mention the work of Berestycki and Wei [25] about the
Robin problem

—2Au+u=uP, u>0 in Q,
®) {

6%+)\u:0 on Of).

Let u. be a least-energy solution of . There exists a constant A* > 1
depending only on IV and p such that if A < A*, the peak of u. is located
near a point of 0{2 where the mean curvature is maximal while if A > \*,
the peak of u. is located near the innermost part of €.

Byeon and Park [37] studied the same equation on a connected
compact smooth Riemannian manifold M of dimension N > 3 (with or
without a boundary):

_e2A _— 0
(M) { eApu+u=uP, u>0 on M,

%:0 on OM,

where A4 is the Laplace-Beltrami operator on M. They showed that
for sufficiently small £ > 0, the problem possesses a least-energy
solution which concentrates either at a maximum point of the scalar
curvature of M if OM = (), or at a maximum of the mean curvature of
OM if OM # 0.

A feature of all the problems considered above is the existence of a
finite-dimensional concentration function (potential V', mean curvature of
the boundary, distance to the boundary,...) which controls the existence
and multiplicity of solutions. We will see other examples below.

Equation with a competing function

Wang and Zeng [144] considered the problem
(NLS") —&?Au+ V(z)u = K(z)u? in RV,
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where K is called the competing function. The role of the potential V' in
Rabinowitz result is now played by the auxiliary function

A(z) = V(@)1 7 [K(2)] 7.

More precisely, under the assumption that V' is bounded away from zero,
K is bounded and

liminf a0 [V (2)]P1 2
(A1) inf A < el o0 —
RY lim SUP| | —o00 [K($)]F

Wang and Zeng proved, by variational methods, that for ¢ > 0 small
enough, has a positive ground state concentrating at a global
minimum point of A. Thus the concentration occurs in the middle ground
between the minima of V' and the maxima of K.

The assumptions or are needed in order to ensure the
Palais-Smale condition but are slightly unsatisfactory because they are
global while the results are local in nature. It is natural to try to remove
them.

The penalization method

A solution of concentrating at xy decays to 0 outside a small
neighborhood of zg. Since p > 1, the nonlinear term u? will be much
smaller than the linear term V' (z)u outside a compact set containing
xo, at least if infzy V' > 0. Therefore it is natural to try to construct
a solution of by first solving a modified problem in which the
nonlinearity is replaced outside a compact set by a function of the form

sPif s < s,
f(s).—{ ks if s > sq,
where sg and k are parameters. Then one proves, using the maximum
principle, that the solution of the modified problem is indeed small
outside the compact set, so that it satisfies . An advantage of the
modified problem is that it is compact, whereas the original problem is
not in general.
This penalization method was devised by del Pino and Felmer [61].
Assuming that V is bounded away from zero and that there exists a
bounded open set A € RY such that

(Va) mf V' <infV,

they proved that for € > 0 small enough, (NLS) possesses a solution
concentrating at a global minimum point of V' in A. A precise statement
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and proof of the del Pino-Felmer theorem will be given in Chapter [I It
can be seen as a local analogue of Wang’s theorem stated above.

Let us also mention the work of Spradlin [138] who assumes that
V € C?(RV) has a (perhaps unbounded) component of local minima,
along which AV achieves a strict local minimum. Using the penalization
method, he proves that has a solution concentrating at a local
minimum of V' where AV achieves a local minimum.

In both works, the critical points of V' are allowed to be degenerate.
The only global assumption on the potential V is infgzy V' > 0. After a
brief discussion of sign-changing potentials, we will consider the so-called
“critical frequency case”, namely infpy V = 0.

Sign-changing potential

When V is allowed to be negative in some region, new types of
solutions can arise. In dimension N = 1, Felmer and Torres [81] showed
that, if V' is negative in an interval and positive outside, then, under
some further assumptions, for every ¢ > 0, there exist sequences €, — 0
and (ue, )n solutions of with € = e, such that [ju.,||;2 = ¢ and
the number of zeroes of u., goes to infinity as n — oo. Thus u,., is a
highly oscillatory sign-changing solution. This result was generalized
to higher dimensions in the radial case by Castro and Felmer [43]. The
existence and multiplicity of solutions was studied in [73H75]. We see that
the situation is drastically different from the case of positive potentials.

Concentration at zeroes of the potential

Byeon and Wang [38,39] assumed that V' vanishes at some points
but remains bounded away from zero at infinity. They showed that there
exists a solution of which is trapped in a neighborhood of isolated
minimum points of V' and whose amplitude goes to 0 as € — 0. Moreover,
the limiting profile of this solution depends on the local behaviour of the
potential V' near its minimum point. This is in sharp contrast to the
non-critical frequency case. Ambrosetti and Wang [15] generalized this
result to potentials that both vanish and decay to zero at infinity.

In [41], Byeon and Wang obtained solutions of concentrating
at a point which can be a zero or a singularity of V' or K. The location

of this point depends on the zero set of an auxiliary potential involving
both V and K.

The case of decaying potentials

When V is positive but is allowed to decay to 0 at infinity, the
arguments of del Pino and Felmer cannot be used in a direct way. The
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functional setting is not the same, the Palais-Smale condition is more
delicate to establish and sharp decay estimates of the solutions are needed
in order to go back to the original problem.

The first attempt to solve this problem is credited to Ambrosetti,
Felli and Malchiodi [7], who used the variational method to study (NLS).
They assume that N > 3 and that there exist constants A, a,a, B,5 >0
with o < 2 such that

a B

—— < V(x)<A and 0< K(z) < ——.
V@) @) <

Defining

U:{ %_a(ﬁ/{z) if a > f,
1 if a <p,
they prove the existence for every € > 0 of a positive ground state
in HY(RY) provided o < p < (N + 2)/(N — 2). This ground state
concentrates as € — 0 at a global minimum of the auxiliary function A.
The hypothesis on p implies that A(x) — oo as |z| — oco.

Another result was obtained by Ambrosetti, Malchiodi and Ruiz [12]
by the perturbative method. Under the more restrictive assumptions
that K is bounded and

liminf V (z) |z|* > 0,

|z| =00
they construct, for sufficiently small €, bound state solutions concen-
trating at any isolated stable stationary point of the auxiliary function
A.

The penalization method of del Pino and Felmer was adapted by
Bonheure and Van Schaftingen [30] to treat positive but decaying poten-
tials and unbounded competing functions. They assume one of the three
sets of growth conditions

(GL) there exist a € [0,2) and A > 0 such that

. . o . 2—«a K(CC)
liminf V(z)|z|* >0 and  limsupexp(—A|z| 2 )——= < o0;
(G%) there exists A > 0 such that
K
lim inf V (z) |z|* > 0 and lim sup |z~ K(x) < 00;
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(G3) N >2 and

—(p—1)(N—2) K(x)
limsup ||~ P~VW=2 2220 < 5
If in addition there exists a bounded open set A € RV such that
(A2) inf A <inf A,
A A

then for € > 0 small enough, possesses a bound state concentrating
at a global minimum point of A in A. In this result, the potential V' can
possibly decay very fastly at infinity, provided the competing function
K compensates this bad behaviour by either decaying itself or at least
by not growing too fast. Unlike the previous result, here A is allowed to
decay to zero at infinity. The penalized nonlinearity is defined for x ¢ A

by
g(z,u) := min {pV (x)u, ul},

where p € (0,1). In a subsequent paper [31], Bonheure and Van Schaftin-
gen studied the existence of ground-states and gave conditions so that
the solution is in L2(RY).

The decay rate of the potential V' at infinity is important because it
influences the decay rate of solutions at infinity. When infpy V' > 0 or
when V' decays to 0 in such a way that

lim inf V (z) |z|* = oo,

|z|—o0
the positive solutions of decay exponentially at infinity. On the
other hand, when V decays faster, the solutions only have a polynomial
decay at infinity.

The case of compactly supported potentials

The case of compactly supported potentials is even more difficult
than the case of positive decaying potentials. Clearly, the penalization
scheme of Bonheure and Van Schaftingen no longer works. A new idea
was found by Moroz and Van Schaftingen |113] and consists in adding to
V' a Hardy-type potential defined outside a bounded open set A by

where Kk > 0, p > 0 and 8 > 0 must be chosen adequately. The potential
H enjoys two important properties. Firstly, by the Hardy inequality,
the quadratic form associated to —A — H is positive. As a consequence,



12 INTRODUCTION

the operator —A — H satisfies the comparison principle. Secondly, the
minimal positive solution to the operator —A — H in RV \ A decays at
infinity as |z|~V"2)

Moroz and Van Schaftingen prove that if N > 3, % <p< %,
V € C(RY) is nonnegative and there exists a bounded open set A C RY
such that

, namely as the fundamental solution of the laplacian.

0<infV < infV,
A OA

then equation has at least one positive solution concentrating
at a global minimum point of V in A. This result can be extended to
dimension 2 and to the equation . The condition on p is sharp if
V decays faster than 1/ |z|°.
Let us mention that this result encompasses the case of fastly decaying
potentials, i.e. potentials for which
liminf V(z) |z]* = 0,
|| =00
with K = 1, which had not been treated previously.
Similar results have been obtained by similar methods by Yin and
Zhang [146] and by Fei and Yin [82].

Multi-peak solutions

Still using the penalization method, del Pino and Felmer [65] and
Gui [88] proved the existence of multi-peak solutions concentrating at
any prescribed finite set of local minima of the potential V. In [64],
del Pino and Felmer found multi-peak solutions concentrating at any
prescribed finite set of topologically nontrivial critical points of V. Multi-
peak solutions were also found by Ba, Deng and Peng [18] in the case
of compactly supported or unbounded potentials. Let us also mention
that Byeon and Oshita [36] and Sato [135] obtained multi-peak solutions
concentrating at points where V' vanishes, with the limiting profiles of
the peaks depending on the local behaviours of V.

Multi-peak solutions also exist for the Neumann problem @, as
shown in [89] or [90].

Another type of multi-bump solutions were constructed by Kang
and Wei [99]. They proved that, if xy is an isolated local maximum
point of V and k € N, then for £ small enough, there exists a solution
e of having exactly & maximum points xl, 22, ... ,xlg such that
xt — 20,4 =1,...,k as ¢ — 0. The authors also show that such a
solution does not exist near a nondegenerate minimum point of V. In
contrast to the previous works, here the bumps are interacting. Cao and
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Peng [42] generalized this result to equation (NLS’) and to potentials
vanishing at infinity.

Multiplicity of positive solutions

The preceding results suggest that if V' has multiple critical points,
then the number n. of positive solutions of increases as € — 0.
Felmer, Martinez and Tanaka [78] showed that, if N =1 and V has k
local maxima, then there exists a constant ¢; = ¢; (V') such that

lign_)iglf Ekng > cq.

A similar result was found by Lin, Ni and Wei [104] for problem (V) in
higher dimension.

In [79], Felmer, Martinez and Tanaka considered the one-dimensional
equation

—e2" +V(z)u=|ufftu  inl,

where [ is an interval, with Neumann boundary conditions. They ex-
plain that, as € approaches 0, the behaviour of the solutions becomes
highly oscillatory and can be described by means of an envelope, which
determines the asymptotic amplitude of the solutions. They prove that,
for every prescribed envelope, there is a family of solutions exhibiting
such an asymptotic behaviour.

Sign-changing solutions

The results stated up to now concerned positive solutions. Alves and
Soares 2] found nodal solutions by a variant of the penalization method
of del Pino-Felmer. They proved that, if infrx V' > 0 and V satisfies 7
then for € > 0 small enough, there is a solution of with exactly
one positive maximum point and one negative minimum point, which
both concentrate around a global minimum of V' in A. Using a dynamical
systems approach, Bartsch, Clapp and Weth [20] established a lower
bound on the number of solutions with precisely two nodal domains.

Sign-changing solutions with multiple spikes have also been studied.
In dimension N = 1, del Pino, Felmer and Tanaka proved that, given
any finite set of points 21 < x3 < --+ < x,,, constituted by isolated
local minima or maxima of V', and corresponding arbitrary integers n;,
1 =1,...,m, there is a bound state of possessing clusters of n;
spikes concentrating around each x; as € — 0. The clusters consist of
spikes with alternating sign if the point is a minimum, and of constant sign
if it is a maximum. On the other hand, assuming symmetry conditions
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on the potential, D’Aprile and Pistoia [56}/57] constructed sign-changing
solutions with multiple peaks that concentrate near critical points of V.

Assuming that the zero set of V' has a non-empty, connected and
smooth interior €2, Felmer and Mayorga-Zambrano [80] proved that
and the limit equation

—Au = |[ulf"tu, in Q,
u=20 on 0f2,

both have an infinite number of solutions. Moreover, the solutions of
concentrate around {2 and, up to a rescaling and up to a subse-
quence, they converge to corresponding solutions of the limit equation.

Noussair and Wei [119] established the existence of a least-energy
nodal solution of @ having exactly one positive peak and one negative
peak, and that the peak points converge, as ¢ — 0, to two distinct points
of €2, whose locations depend on the geometry of 2. They obtained the
same kind of result for problem (V) in [120].

More general nonlinearities

Most of the results obtained by variational methods can easily be
generalized to a nonlinearity f : Rt — R which is continuous and
satisfies

(f1) f(s) =o(s) as s = 0%;

(f2) there exists 1 <p < (N +2)/(N—-2)if N >3orl<p<ooif

N = 1,2, such that
lim 7f(s) =0;

s—oo §P

(f3) there exists 2 < # < p+ 1 such that
0 <0F(s) < f(s)s, fors>0,

where F(s) := [} f(o) do;

(f1) the function s — f(s)/s is nondecreasing.

On the contrary, the results obtained by the Liapunov-Schmidt reduction
rely on the uniqueness and non-degeneracy of the ground-states of the
limit equation. These properties require restrictive assumptions on the
nonlinearity f.

Avila and Jeanjean [16] and Byeon and Jeanjean [32,[33] improved the
variational method in order to find an analogue of the del Pino-Felmer
theorem with the almost optimal assumptions on f. They assumed that
N > 3, V is bounded away from zero and satisfies , and that f
verifies (f1), (f2) and
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(f5) there exists T > 0 such that mT? < F(T), where m := inf, V.

Under these assumptions, they found, for € > 0 sufficiently small, positive
solutions of

—2Au+ V(z)u = f(u) in RY,

concentrating at a global minimum point of V' in A. In a work with
Tanaka [35], they extended this result to the one and two-dimensional
cases. Byeon and Jeanjean also found multi-peak solutions with a general
nonlinearity [34].

Let us also mention a paper of Grossi [86], in which nonlinearities of
the form f(z,u) are studied.

Concentration at other critical points

When searching for solutions concentrating at a local minimum of the
potential V', the main tool is the mountain pass theorem. In order to find
solutions concentrating at other critical points, it is necessary to use more
sophisticated variational methods, like the general minimax principle
[145]. For potentials bounded away from zero, del Pino and Felmer
adapted their penalization method to construct solutions concentrating
at any topologically nontrivial critical point of the potential V' [63]
64]. To put it simply, this means a critical point having a minimax
characterization. Similar methods were used for example by Cingolani
and Lazzo [48] or by Ishiwata [94] to find multiple solutions.

Let us add that del Pino, Felmer and Wei obtained similar results
for problem (N]) in [66] and problem (D) in [67]. They showed that
for every topologically nontrivial critical point of the mean curvature of
the boundary (respectively of the distance to the boundary), there is a
single-peaked solution of @D (respectively of @) concentrating at that
point as € — 0.

Our result

In this thesis, we have adapted the penalization method of Moroz
and Van Schaftingen to find solutions of concentrating at a local
maximum of the potential V', in the case of a fastly decaying or a com-
pactly supported potential. This result will be presented in Chapter [[V]
We assume that there exists a smooth bounded open set A C RN such
that

supV > infV =supV
A A

oA
and
ptl N . ptl N
supVr-1 2 < 2inf V-1 2
A A
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Note that the first assumption implies that

supV =inf V|
A oA

that is, A is a level line of V. We will prove the following result.

Theorem. Let N >3, &5 < p < 322 and V € C(RY,R*). Assume
that there exists a smooth bounded open set A C RN satisfying the preced-
ing assumptions. Then for e > 0 small enough, equation (NLS|) possesses

a positive solution u. € C1(RN) such that ue attains its maximum at
Te € A,

lim inf u.(z.) > 0,
e—0

and
lim V' (z.) = sup V (z).
e—0 zEA
The proof is purely variational and relies on the general minimax
principle [145].

SOLUTIONS CONCENTRATING ON MANIFOLDS

One can ask if there exist solutions of concentrating on a
higher dimensional set. The simplest case is the one of radial solutions
concentrating on a sphere, under the assumption that V is radial. This
kind of solutions have been found by different methods and under various
assumptions |10}/11,|1923]. Solutions concentrating simultaneously on
several spheres have been constructed by Bartsch and Peng [22]. We
point out that, as long as we are concerned with solutions concentrating
on spheres, any power p > 1 is allowed. This is not really a consequence
of the fact that the solutions are radial, but rather that the limiting
problem is one-dimensional. Solutions concentrating on circles [52] and
on (N — 2)-dimensional spheres [111] have also been investigated.

All the papers cited above assume that V' is bounded from below by a
positive constant. Byeon and Wang [40] dealt with the critical frequency
case. They obtained solutions concentrating on spheres near zeros of
the potential. These solutions exhibit quite a different behaviour, as
explained above. On the other hand, Ambrosetti and Ruiz [13] assume
that p > 1, that V € C'(R¥) is a positive bounded radially symmetric
potential, that VV is bounded and that

liminf V (z) |z|* > 0.

|| =00
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They prove that, if there exists r* such that the auxiliary potential
M : (0,00) — R defined for r > 0 by

p+1

M(r) =YV ()]

i
N
NI

has an isolated local maximum or minimum at r = r*, then, for ¢ > 0
small enough, equation has a positive radially symmetric solution
u. € HY(RY) that concentrates at the sphere |z| = r*.

The auxiliary potential M quantifies the fact that the energy of a
solution concentrating on a sphere depends not only on the potential
V' as in the case of concentration at points, but also on the volume of
the sphere. In a region where V is decreasing, there could be a balance
between these two effects, yielding a favourable place for concentration
on a sphere.

Another kind of solutions to with p supercritical and V' de-
caying superquadratically have been found in [60].

Related results have been obtained for problem @ by Dancer and
Yan [59], who found solutions concentrating on spheres on the boundary
of the domain.

Without symmetry assumptions, the first result of concentration
on a manifold was obtained by del Pino, Kowalczyk and Wei [70] in
dimension 2. Assuming that V' is bounded away from zero and that I' is a
nondegenerate closed stationary curve for the weighted length functional

p+l _ 1
V-1 2’
r

they show that, for € > 0 small enough and away from certain numbers,
there exists a solution of concentrating along the whole of I'. This
result was generalized by Mahmoudi, Malchiodi and Montenegro [106]
to higher dimensions (and to compact manifolds).

There are similar results for problem (V) [107,[108]. All these works
use the perturbative method.

Our result

The Ambrosetti-Ruiz theorem relies on the Liapunov-Schmidt reduc-
tion method. One of the problem considered in this thesis was to try to
apply the penalization method in order to improve this theorem. This
is the subject of Chapter [Tl Our results include the following simple
particular case.

Theorem. Let N > 3, p > % and V € C(RN\ {0} ,R*) be a radial
potential. If there exists r* > 0 such that the auxiliary potential M :
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(0,00) — R defined for r > 0 by
p+l_

M(r) =YV ()]

has an isolated local minimum at r = r* such that M(r*) > 0, then for
e small enough, the equation (NLS) has a positive radially symmetric
solution u. that concentrates on the sphere of radius r*.

i
N[

The novelty of our results consists in treating potentials V' with a
fast decay or even a compact support, and in allowing V or VV to be
unbounded. In particular, V' could be singular at the origin. Moreover,
we can deal with a nonlinearity which is neither necessarily homogeneous
nor autonomous. We assume that the nonlinearity satisfies assumptions
(f1)-(fa). In this respect, we improve the Ambrosetti-Ruiz theorem [13]
mentioned above. Furthermore, we will find solutions concentrating on a
k-dimensional sphere, 1 <k < N — 1.

OTHER EQUATIONS

Spike solutions have been found for other equations as well. Quasi-
linear elliptic equations were studied by Squassina [139] and elliptic
equations in divergence form were investigated by Pomponio and Secchi
[125], both extending the penalization method of del Pino-Felmer. Re-
sults for the p-laplacian are also available |69, 71]. On the other hand,
del Pino and Flores [68] studied the nonlinear boundary value problem

—2Au+u=0 inQ,
{ edt = lwfP'u  on 09,
where Q € RY is a bounded domain. They found that the least-energy
solutions concentrate around a point of 92 of maximum mean curvature.
The semiclassical limit for the Dirac equation was studied by Ding
[72], see also [76]. New problems arise from the fact that the associated
energy functional is strongly indefinite.

Higher-order equations and systems
Pimenta and Soares [124] considered the equation
— AU+ V(z)u = |uff in RY,

where A? is the biharmonic operator and N > 5. Assuming that V
is positive and bounded away from zero, they show that the preceding
problem has a solution concentrating at a global minimum point of V.
The proof relies on the penalization method of del Pino and Felmer,
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with adaptations in order to deal with the lack of a general maximum
principle for the biharmonic operator.
Several authors studied the Hamiltonian system

{ —2Au+ V(z)u = vl in RY,
—2Av+ W(z)v = [u|T u in RV,
where N > 3 and p,q > 1 are below the critical hyperbola, that is
1 n 1 - N -2

p+1 qg+1 N
In the case V =W, Ramos and Soares [128] proved that, for sufficiently
small € > 0, this system has a ground-state solution (ue,v.) with the
property that u. and v, attain their maximum at the same point x., which
converges, up to a subsequence, to a minimum point of V. Ramos and
Tavares [129] found solutions with multiple peaks concentrating at local
minima of V. The same problem with non-autonomous nonlinearities
has been investigated by Ramos [127].

When the potentials V' and W are different, Alves and Soares [4]
proved the existence, for ¢ > 0 small enough, of a ground-state (u.,v.).
They showed that u. and v. possess just one maximum point and that
these two points converge, along a subsequence, to the same point which
is a global minimum of a certain concentration function.

Gradient systems have also been studied by variational methods [1,3].

Nonlinear Schrodinger equation with a magnetic potential

Let us now introduce some other elliptic equations exhibiting the
same kind of concentration behaviour. We first consider the nonlinear
Schrédinger equation with an electromagnetic field

(MNLS) — eV +iA@) u+ V(z)u = [ulf ' u, in RV,

where A : RV — RY is the magnetic vector potential and u is now
complex-valued. This equation was first studied by Esteban and Lions
[77] in the case ¢ = 1. In the semiclassical limit, a result analogous
to Wang’s theorem was obtained by Kurata [101]. Under assumption
, he proves that has a ground-state which concentrates, as
g — 0, near a global minimum point of V. Thus the magnetic potential
A doesn’t play any role in the location of the spikes of the solutions of
. It only contributes to the phase of the solutions. Cingolani
and Secchi [49,/50] considered with a competing function K in
front of the nonlinearity. They showed that for every nondegenerate
critical point ¢ of the auxiliary function A, this equation has, for & small
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enough, at least one solution concentrating at xg. The multiplicity of
semiclassical states was investigated in [44].

When the nonlinearity in is replaced by a more general
term f(|u|?)u, the smoothness properties of the auxiliary function A are
lesser-known. In this context, Secchi and Squassina [136] studied the
location of spikes and gave necessary conditions for concentration. They
showed that in general, the location of the concentration points might
also depend on the magnetic potential A.

Concerning multipeak solutions, let us mention the works of Bartsch,
Dancer and Peng [21] and of Cingolani, Jeanjean and Secchi [47]. The
latter paper gives nearly optimal conditions on the nonlinearity.

Finally, we mention the recent work of Cingolani and Clapp [45,46]
in the case of symmetric potentials. The number of solutions depends
both on the symmetries and on the potential V.

The Schrodinger-Poisson system

The Schrodinger-Poisson system

(NLSP) CAb e

{ —2Au+ V(z)u+ du = [ulf " u in R3,

arises for example as a model of the interaction of a charged particle
with the electrostatic field [24]. It also appears as an approximation to
the Hartree-Fock system and is used as a model of quantum transport
in semiconductor devices [100]. It is interesting to find out whether
the concentration phenomena observed for the nonlinear Schrodinger
equation still occur for the solutions of . Moreover, one could ask
if there are solutions of (NLSP)) exhibiting another type of behaviour,
not known for the solutions of @

Let us first review the results about the system with a
constant potential V. Assuming 3 < p < 5, D’Aprile and Mugnai [54]
established the existence of a radially symmetric solution for every € > 0
and Coclite [51] proved the existence of an infinity of such solutions.
D’Aprile and Mugnai [55] also proved that there does not exist nontrivial
solutions when 0 < p < 1 or p > 5. Kikuchi [100] proved that when
2 < p < 5, the system has at least one radial solution for every
e > 0 and no nontrivial solution in H!(R3) when 1 < p < 2 and ¢ is large.
Ruiz [131,|]132] completed the study of the existence and non-existence
results of positive solutions of as a function of p and of the fact
that € is small or not. He summed up his results in the following table:
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€ small ¢ large
1 <p<2 Two solutions infJ > —oo No solution infJ =0
p=2 One solution infJ = —oco  No solution infJ=0
2<p<5 Onesolution infJ = —oo One solution infJ = —o0

Here “One solution” means that there exists at least one positive
radial solution, and J denotes the associated energy functional.

From the variational point of view, one of the difficulties is the lack
of a bound on the Palais-Smale sequences when p < 3. A first method to
overcome this problem is the “monotonicity trick” introduced by Struwe
[140] (see also [95,97]). The second method, which works only for e
small, is a truncation method due to Jeanjean and Le Coz [96] and used
by Kikuchi |100] to show the existence of a solution of when
1 <p<h.

Radial semiclassical states concentrating around a sphere were found
under various assumptions [53}58,/130].

In the case of a nonconstant potential V' bounded away from zero,
solutions concentrating at a nondegenerate local minimum or maximum
of V were found by Ianni and Vaira [92] for p € (1,5). They also have
results for degenerate critical points. Ianni and Vaira also studied radial
solutions concentrating on spheres for a similar problem [91,93]. All
these works rely on the perturbative method. The existence of solutions
to problem for all € > 0 was established by variational methods
and under various assumptions by Zhao and Zhao [147] and by Azzolini
and Pomponio [17].

The results of Ambrosetti, Felli and Malchiodi [7] about decaying
potentials for the nonlinear Schrodinger equation were extended by
Mercuri [110] to the Schrodinger-Poisson system. Other existence results
were obtained by Bonheure and Mercuri [28] using embedding theorems
for weighted Sobolev spaces. Assuming that V is a radial potential
decaying to zero at infinity, Ambrosetti and Ruiz [14] showed that the
system has infinitely many nontrivial radial solutions. Sign-
changing potentials have also been investigated [98].

Ruiz and Vaira [134] proved the existence of multi-bump solutions of
(INLSP)), whose bumps concentrate around a local minimum of the poten-
tial V. This kind of solutions do not exist for the nonlinear Schrédinger
equation.

The Schrodinger-Poisson system has also been studied in a bounded
domain with Dirichlet boundary conditions [133}|137].
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Our result

In this thesis, we have applied the penalization method to the
Schrodinger-Poisson system. We have found solutions concentrating at
points and solutions concentrating on circles. Choose any 1-dimensional
linear subspace d C R3. We denote by 7 the orthogonal complement of
d. If x € R?, we will write z = (2/,2") with 2/ € d and 2” € 7. As a
particular case of our main result, we have the following theorem:

Theorem. Let p > 3 and V € C(R*\{0},R™) be a radial potential.
Write V(z) = V(a/,|2"|). If there exists r* > 0 such that the function

2

M(r) =1 [V(0,n)| "

has an isolated local minimum at r = r* such that M(r*) > 0, then for
e small enough, the system

—e?Au+V(z)u+ du=uP, x€R3
_A¢ = U2,

has a positive cylindrically symmetric solution us that concentrates on
the circle of radius r* centered at the origin and contained in the plane
.

Again we have no global assumption on the potential V. In particular,
V could be compactly supported. This is an improvement on previous
works, see e.g. [5].

OUTLINE OF THE THESIS

The first chapter gives a detailed proof of the del Pino-Felmer theorem.
It does not contain anything new, but serves as an introduction to the
subject and as a basis for the subsequent chapters. The ideas are those
of del Pino and Felmer [61] but the proof is rewritten in the spirit of the
thesis.

Chapter [[I] is devoted to solutions concentrating on k-dimensional
spheres, 1 < k < N — 1. We improve previous results in the sense that
we require weaker assumptions on the potential V. Moreover, we study
carefully the case of concentration on lower-dimensional spheres, which
up to now had only been discussed in remarks in [8,/9,40]. This is a joint
work with Denis Bonheure and Jean Van Schaftingen and a paper [27] is
to appear in Journal of Differential Equations.

The subject of Chapter [[T]] is the Schrodinger-Poisson system. We
show that the penalization by a Hardy-type potential is flexible enough
to be adapted to a different problem and we obtain new results about
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solutions concentrating on a circle. A paper [26] written with Denis Bon-
heure and Carlo Mercuri containing these results has been accepted for
publication in Communications in Contemporary Mathematics.

In Chapter [[V] we prove the existence of solutions concentrating at
a maximum point of the potential V', with few assumptions on V. In
particular, V' can decay fastly or be compactly supported. We employ the
same penalization scheme as before. The difficulty lies in the application
of the general minimax principle. In particular, we give a careful proof
of an essential strict inequality between energy levels. A paper with
Jean Van Schaftingen is in preparation.

The different chapters reproduce the structure of the aforementioned
publications. Therefore there can be an overlap in some definitions and
statements.






CHAPTER 1

A model problem

The aim of this introductory chapter is to study a model problem
for which the penalization method can be applied without too much
technicalities. We consider the semilinear elliptic equation

{ —?Au+V(z)u=uP in RV,

(NLS) u € HY(RN), u >0,

where ¢ > 0 is a small parameter, V : RV — R is a positive potential
which is bounded away from zero, i.e. infgxn V> 0, and p > 1 is a
subcritical exponent, ie. p < (N 4+ 2)/(N —2) if N > 3. We are
interested in solutions of concentrating at a local minimum of
the potential V. This chapter is devoted to the proof of the following
theorem, which is by now classical.

Theorem (del Pino-Felmer [61]). Assume that V is a positive locally
Holder continuous potential which is bounded away from zero and that
A C RY is a bounded open set satisfying

(1.1) W = :i"Ielf\ V(z) < wlelngV(a;).

Then, there exist g > 0 and a family of solutions {uE c HY(RN) :
0 <e<ep} of (NLS) with the property that each u. possesses a single
mazimum point x. such that V(z:) — Vo as € — 0. Moreover,

i ([uell o (0 Bo. cr)) = 0
R—oo

and the limiting profile is given by

wle) =0 (225 unto)

where v is the unique positive radial solution of

T — X,

€

~Av+Vou= v inRY

and we — 0 in C2 (RN) and in L®(RY) as e — 0.

25
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The proof that we give in this chapter follows the ideas of del Pino
and Felmer [61] but is written in the spirit of the subsequent works [30]
and |113].

Notice that we can be more precise about the decay of the solution.
One can prove that there exist C, A > 0 such that for every z € RY,

u(z) < Ce Nr=mel/e,

1. THE PENALIZED PROBLEM

Let 1 € (0,1). We denote by xa the characteristic function of the set
A. The penalized nonlinearity is the function g : RY x Rt — R* defined
by

(1.2) 9(@,s) == xa(x)s” + (1 — xa(z)) min {uV (2)s, s}
We set

G(z,s) = /0 gz, 0)do.

Although not continuous, g is a Carathéodory function with the following
properties :

(91) g(w,s) = o(s) as s — 07, uniformly in compact subsets of RY;

(g2) there exists A > 1 such that %H > 1 — 4 and

lim g(x/,\s)
s—o00 8
(g3) (1) 0<(p+1)G(z,s) < g(x,s)s, for all z € A and all s > 0,
(ii) 0 < 2G(z,s) < g(x,8)s < uV(x)s?, for all z ¢ A and all
5> 0;
(g94) the function

=0;

g(z,s)

is nondecreasing for all z € RY.
We are going to solve the penalized problem
—2Au+V(z)u = g(z,u) in RV,
u € HYRN), u > 0.

The weak solutions of are the critical points of the functional
Je defined by

Jo(u) = ;/RN (52 IVu(z)? + V(z) \u(m)\Z) dr— | Gla,u(e) dr.

(Pe)
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In view of (g3), the functional J. is well-defined on the Hilbert space

HY = {u c H'RY) /RN V() () do < oo}

endowed with the norm

foll.= ([, (2 1V + Vi) o)) d)

Notice that, since V is bounded away from zero, H‘l/ is continuously
embedded in H*(RY).

Standard arguments show that J. € Cl(H},R) and its Fréchet
derivative is given by

Jg(u)(v):/RN (52Vu-VU+Vuv)—/ g(z,u)v.

RN
The existence of a critical point of J. will be deduced from the well-
known mountain pass theorem of Ambrosetti and Rabinowitz (see for
example [145]). The first step is to show that J. has a mountain pass
geometry.

Lemma 1.1. Let g be defined by (1.2]). Then,

(i) The functional J. achieves a local minimum at 0 in H,;
(ii) The infimum of J. over Hi, is —oo.

1/2

Proof. Thanks to (g3), we have for all u € H‘l/,

Jo(u) = ;/RN (2 19ul? + V uP) —/AG(az,u)—/RN\AG(a:,u)

L= o 1 1
> [JullZ — / Jul
2 p—|—1 A

The Sobolev inequality implies that there exist constants ci,co > 0 such
that

2 1
Je(u) = e [JullZ = e2 [lul27

Since p > 1, there exist ¢, > 0 such that for every u € H{, with [lu]. < r,
Je(u) > ¢ ||u||z Thus assertion (i) is proved.

For the second assertion, let u € H‘l/, u > 0, u Z 0, be a function
supported in A. We compute that

1 1
_ 2|t 2 2 2\ _ p+1
Jo(tu) =t |:2/A<8 |Vu| —f—[/u) p—l—l/Au| ]

Hence, J.(tu) — —o0 as t — o0. O
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Now we define the minimax level

1.3 - := inf J:(y(1)),
(1.3) ce = inf max (v(t))

where I'; is the family of paths
e = {y€C((0,1], Hy) : 7(0) =0, Jo(y(1)) < 0} .

The mountain pass theorem ensures the existence of a Palais-Smale
sequence for J; at level c., namely a sequence (uy,), C H‘l/ such that

Je(up) = ¢ and J.(u,) — 0 as n — oo.

The functional J; is said to satisfy the Palais-Smale condition (at level
¢e) if every Palais-Smale sequence for J. (at level ¢.) contains a conver-
gent, subsequence. We will now show that J; satisfies the Palais-Smale
condition (at every level), in contrast to the functional associated to the
original problem . We point out that the nonlinearity v” in
fulfills the properties given for g, except for (g3) (ii). Firstly we prove a
useful lemma.

Lemma 1.2. Let g : RN x Rt — R be a function satisfying (g3) and
let u € H‘l/ Then,

1 1 2 1,
-t _ < 1 '
(2 P+ 1) (1—p) HuHa < Je(u) Pt 1J€(u)(u)
Proof. We compute that
L _ (1 1 2
) = ) = (5= ) Dl
1
T faw (9(z,w)u— (p+ 1)G(z,u)).
In view of (g3),
L @ p+ DG w) > - Gz, u)
p+1 RNg ’ b T p+ 1 Jrva

The lemma follows. ]

Lemma 1.3. Let g be defined by (L.2) and let V : RN — R} be a
continuous potential bounded away from zero. Then, the functional
Je : H‘l, — R satisfies the Palais-Smale condition.
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Proof. Let (uy)n, C H{: be a Palais-Smale sequence.

Claim 1: the sequence (up )y, is bounded in H{,. Since ||.J.(uy,)]| is bounded,
we have

_Jé(un)(un) < }Jé(un)(un)‘ < HJé(Un)H HunHa <G ||Uan

As J.(uy) is also bounded, we can write
1
Je(un) — ﬁJé(un)(un) < Co + Csf|un|. -

The preceding lemma implies that

1 1
(2 — p—|—1> (1—p) ||unH§ < Oy + Cs |ug||, -

This proves the claim because the coefficient of Huan is positive.

Claim 2: for all § > 0, there exists R > 0 such that

(1.4) lim sup/ (62 |V, |* + Vu%) < 0.
RN\B(0,R)

n—oo

Let 6 > 0 be given. We choose a cut-off function ngr € C*(R") such
that ng = 0 in B(0,R/2), ng = 1 in RV \ B(0,R), 0 < nr < 1 and
|Vnr| < C/R. Since (uy), is bounded in H{;,

| T2 (un) (nrun) | < | T2 (wn) || [1R1n]l. = o(1)
as n — 0o. Therefore,
JL(un)(nrupn) = o(1) as n — oc.

We compute that

/ (62 ‘VunF + Vui) R = / g(x, un)unnR
RN RN

- / £2u, Vuy, - Vg + o(1).
RN
If we choose R large enough so that A C B(0, R/2), we get
/ 9, un)untn < M/ Vugng.
RN RN
On the other hand, the Cauchy-Schwarz inequality implies that

C
/ e2up, Vi, - Vng| < / €2 [un | |Vun|
RN R RN

!

< 5 lluallZ-
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We conclude that
C/
e [ (21T Vad) < Gl + o).
RN\B(0,R) R

The claim follows.

Conclusion. We deduce from Claim 1 that, up to a subsequence, (uy)n
converges weakly in H‘lf to a function u € H‘lf Let us show that the
convergence is actually strong. We fix § > 0 and we choose R large
enough so that holds and

(1.5) / Vu? < 4.
RN\ B(0,R)

We can write
[ un — u||§ = Jé(un)(un —u) — Jé(u)(un —u)
+ [ (ol un) = 9o ) (= ).

The first term in the right-hand side of this equality goes to 0 because
JL(up) — 0 and u,, — u is bounded. The second term also converges to
0 because J.(u) is a linear functional on H{.. For the third term, we

deduce from (g3), (1.4) and (1.5) that

n—oo

Jim sup / 19(2, 1) — g(@, w)| |un — ul
RN\B(0,R)

< 2limsup / (19(@, n)un| + g (z, w)ul)
RN\ B(0,R)

n—o0

< 2plim sup/ % (u% + u2)
RN\B(0,R)

n—oo

< 4pud.
On the other hand, (go) implies that |g(z, u)| < ¢(14|u|*) and by Rellich’s
compactness theorem, u, — u in L**1(B(0, R)), so that by continuity

of the superposition operator, g(x,u,) = g(x,u) in LI(B(0, R)), where
q:= (A+1)/\ It follows from the Holder inequality that

/ 92 un) — g(@, 0)] Jun — 4
B(0,R)

< gCun) = 9C Wl pacpo,ry) lun = ull prs1(po,r)y) = 0-
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We conclude that
lim sup ||u, — qu < 4ud.

n—o0

Since § is arbitrary, this proves that u, — u in H‘l/ O

We can now state an existence result for the penalized problem (P.)).

Theorem 1.4. Let g be defined by and let V : RN — Ra“ be a
continuous potential bounded away from zero. Then, for every e > 0,
the functional J. : Hl, — R has a critical point u. € H'(RY) with
Jo(uz) = ¢ and u. is a weak positive solution of .

The function u. found in Theorem [T1.4]is called a least-energy solution
of (P-)). The regularity of u. can be investigated by standard arguments.

Proposition 1.5. Under the assumptions of Theorem any solution
u. € HY(RN) of (PJ) satisfies u. € le’q(RN) for every ¢ < oo. In

oc

particular, u. € Cl’a(RN) for every 0 < a < 1.

loc

This result cannot be improved, even if V' is more regular, because
even for a smooth u, ¢(.,u) does not need to be continuous.

We end this section with two standard characterizations of c., see [145]
for details. We define the Nehari manifold associated to the functional
Je by

N.i={u€Hj : u>0,u#0and J.(u)(u) =0}.

Proposition 1.6. Under the assumptions of Proposition we have

(1.6) Ce = uler}\f}s Je(u) = uleIg‘l, max Je(tu).
u>0,uZ0

2. THE LIMIT EQUATION

Let a > 0. The problem

—Au+ au = uP in RV,
u€ HYRYN), u >0,

is called the limit problem associated with 1NLSj . The weak solutions of
(1.7) are critical points of the functional Z, : H'(R"V) — R defined by

1 s 1
1. To(u) := = v - pHl
(1.8) (u) 2/RNO ul +au> p+1/RNu

Any nontrivial critical point u € H'(R") of Z, belongs to the Nehari
manifold

(1.7)

Mg :i={ue HYRY) 1 w#0and T/ (u)(u) = 0}.
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A function v € H'(RY) is a least-energy solution of (1.7) if

Zo(u) = vg}\fl Zo(v).

The ground-energy function is defined by

E:RT R :aw— E(a) := inf Z,(u),
uEMa

and the concentration function C : RY — (0, 4+o0] by

C(&) = V(&)

The following lemma states some properties of the ground-energy func-
tion.

Lemma 1.7. Assume that1 <p < (N+2)/(N—2)if N 23,1 <p< o0

if N =1,2. Then, for every a >0, E(a) is a critical value of I, and we
have

(1.9) E(a) = ue[}flll(fRN) max Lo (tu).
u#0

If u € Ny and E(a) = T,(u), then u € CY(RN) and up to a translation,
u s a radial function with a unique and nondegenerate maximum at the
origin. Moreover,

p+1

(1.10) E(a) =&(1) ar-

oz

In particular, £ is a continuous and strictly increasing function.

Proof. The fact that £(a) is a critical value of Z, and the minimax
characterization date back at least to Rabinowitz [126], see also [145].
The radial symmetry of u follows from the Gidas-Ni-Nirenberg theorem.

Let a > 0. For u € H'(RY), we set uy(z) := a'/®Du(a'/?z). It is
straightforward to compute that

p+l_ N

To(ug) = ar=1" 27 (u).

Since u + u, is a bijection of H'(RY), this implies (1.10]. O

p+1

Let us point out that, since C(£) is proportional to V(§)»=1~ 2,
assumption (1.1]) is equivalent to

N4

(1.11) inf C < infC.
A oA
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3. ASYMPTOTICS OF THE SOLUTIONS

The goal of this section is to study the asymptotic behaviour of the
solutions u. of (P.)) as ¢ — 0. In a first step, we are going to give an
upper estimate of the critical value ¢, given by (|L.3]).

Lemma 1.8. Suppose that the assumptions of Theorem[I1.]] are satisfied.
Then,

lim sup e N

e—0

Proof. Let o € A be such that V(zg) = Vo = infy V and let ug be the
solution of (1.7) with a = Vp such that u(0) = maxgy u. We choose
a cut-off function n € C°(A) such that 0 < n < landn =11ina
neighborhood of xg. We define the test function

(1.12) u(z) := n(z)uo <x _8“7()) .

Since u € H{,, u # 0 and u > 0, we deduce from ([L.6) that

c: < ir/{fC.

ce < max Je(tu).

We are going to show that, as ¢ — 0,

(1.13) e NI (tu) = Io(tug) + o(1),
where I := Zy;. The lemma will follow readily from these two inequalities
and (1.9) because

e Ne. < Igggce_NJg(tu) < max Io(tup) +o(1) = co + o(1).

The proof of ([1.13)) is a standard computation but we make it once for
the sake of completeness. We do the rescaling y = (x — xg)/e in (1.12))
and we compute that

[ 19l o= [ Vuteo + =) dy
RN RN
- 8N/ Vo (y)|? |n(zo + ey)|* dy
RN
+ gNHL /N 2Vn(zo + ey) - Vuo(y)n(zo + ey)uo(y) dy
R
N2 /R V(o + ey) [uo(y) P dy

==V [ Fu)l In(eo-+ <)l dy-+ ofe)
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On the other hand,
/'wwwmﬁmzﬂ/’%M@me+wW@
RN RN

*”AQW@wfw—w%mW@ﬁw%+wwdy

Let § > 0. Since ug € L?(RY), there exists a compact K containing
such that
0
[ Wit = V) luo) nteo + ) dy < 3.
RN\ K
By uniform continuity of V' on K, there exists €y > 0 such that, for every
RS (07 50)7

CIR=%

/K V(0 + ey) — V(o) [uo(y)|* In(wo + ey)[* dy <
We conclude that for every € € (0, ¢p),
[ V@@l de =¥ [ Voluo(w) oo+ ) dy+ o).
RN RN
Combining the preceding estimates, we obtain
/ (52 IVl + Vu2) do = eN/ <|Vuo|2 + Voug) dy
RN RN
e [ (Vo) + 6 o)) (1= Inteo + ) ) dy -+ ofe).
RN

Let § > 0. Since up € H'(RY), there exists a compact K containing
such that

/RN\K (Vo) + Vo luo(w)P?) (1 = (o +29) ) dy < g

Since 1 — |n(xo + ey)|? converges uniformly to 0 on K as e — 0, there
exists €9 > 0 such that, for every ¢ € (0, ep),

N &

/K (\Vuo(y)l2 +Vo ‘“0(y)|2> (1 — In(zo +5y)|2> dy <

We conclude that for every € € (0,¢g),

/ (52 |Vul? + Vu2> dx = 5N/ <|Vuo\2 + Vw%) dy + o(e™).
RN RN
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Arguing in the same way, there exists ¢y > 0 such that, for every
e € (0,e0),

Glauta)) do ==V [ o)l In(eo -+ ep)* dy
= sN/ ub T dy + o(eM).
RN

The estimate (1.13) follows. O

RN

Corollary 1.9. Suppose that the assumptions of Theorem[1]] are sat-

isfied and let u. € H‘l/ be the solution of (P:)) found in that theorem.
Then, there exists C' > 0 such that, for every e small enough,

el < CM/2.

Proof. The previous lemma implies that, as € — 0,

¢ = T.(ue) - pilJ;ws)(ue) < eV (co+ (1))

We deduce from Lemma [1.2] that

(5 507) @ mluel <& o+ ofa).

This proves the required estimate. O

Lemma 1.10. Suppose that the assumptions of Theorem[I.) are satisfied.
Let u. € H‘lf be the positive solution of found in that theorem,
(en)n C RT and (z,), C RY be sequences such that £, — 0 and x,, — T
asn — oco. Set

Un(x) = ue, (n + enx).

Then, there exists v € H'(RY) N CY(RY) such that, along a subsequence
that we still denote by (vp)n,

Cloc(BY)

Up — .

Moreover,

/ IVo|> = lim lim enN/ 2 |Vu, |?,
RN R—oon—00 B(zp,enR)

/ V(z)v? = lim lim €nN/ V(z)u? .
RN R—oon—00 B(zp,enR)
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Proof. We deduce from the previous corollary and from the continuous
embedding of H{, in H'(R") that the sequence (vy), is bounded in
HY(RY). Using the Sobolev inequality and the LP-estimates, we can do
a bootstrap argument and prove that for every R > 0 and every ¢ > 1,
the sequence (vy,), is bounded in W%4(B(0, R)). Now, we may extract
from (v,,), a subsequence (vy, )i, that converges weakly in H!(RY) to
some function v € H'(RY). The Sobolev embedding theorem implies
that vy, converges to v in C1(B(0, R)) for every R > 0. By a diagonal
argument, we conclude that, up to a subsequence, v,, converges to v in
CL (RY). The last estimates follow from the continuity of V and the

ocC

fact that v € HY(RY). O

In the next three lemmas we will estimate from below the energy of
the solution u. as a function of the number and the location of its local
maxima. We prove separately the estimates inside and outside small
balls, then we combine these two estimates.

Lemma 1.11. Suppose that the assumptions of Theorem are satisfied.
Let u. € H‘l/ be the positive solution of found in that theorem,
(en)n C RT and (z,)n, C RN be sequences such that e, — 0, x,, — T as
n — oo and

(1.14) liminf u., (x,) > 0.

n—oo

Then, up to a subsequence, we have

(1.15)

1
lim inf lim inf e, </B " 5 (5% Ve, |* + Vugn) — G(x,usn)> > C(z),

R—oco mn—oo
where By (R) := B(zp,enR).

Proof. Let vy () := ue, (5, + €nx). Up to a subsequence, we can assume
that there exists v € H1(RY) such that v, — v in C_(RY). Since A is
smooth, still going to a subsequence if necessary, the sequence of charac-
teristic functions xn(z) = xa(xn + €,x) converges almost everywhere to
a measurable function y satisfying 0 < x(x) < 1. Let

3(w,5) == x(@)s" + (1 — x(2)) min {uV (z)s, 5"}
We see that v solves the limiting equation

—Av+V(Z)v = g(x,v) in RY,
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By (1.14)), v(0) = lim;, 00 v, (0) > 0, so that v # 0. Let F : HY(RY) - R
be the functional defined by
1

F(u) := 5 /RN (82 \Vu(z)]? + V(z) \u(m)\2> dx — - G(x,u(z)) dr,

G(x,s) = /Osg(x,a)da.

We have g(z,s) < sP for every € RY and thus, for all u € H'(RY),

1 2 2 N 112 1 +1
.F(u)>2/RN <€ |Vu|” + V(Z) |ul )—p+1/]RNup = Ty (z)(u).
Since v belongs to the Nehari manifold associated to F, it follows that
Fv) > inf max F(tu) > inf max Ty (tu) = C(Z).
(v) e TS (tu) wer e TS v(z) (tu) = C()

u#0 u#0

We now claim that

R—oo n—o0

1
lim inf lim inf — / <\an\2 + V(zy +enx) \U,LIQ)
2 /B(o,R)

— / G(xpn + enz,vy) = F(v).
B(O,R)

Let
1 2 2
hn(z) == B |Vun|” 4+ V(xy + enz) lon]” ) — G(xn + enx, vy).

For every R > 0, the uniform convergence of v, in C*(B(0, R)) implies
that

lim hn —/ lim h,
1 -
—5 [ (vl rv@pl) - [ Gt
2 /B(o,R) B(O,R)

Since v € H'(RY), for every § > 0, we can find Ry large enough so that
for all R > Ry,

lim hy, = F(v) — 4.
n—0o0 B(O,R)

The claim follows. O
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Lemma 1.12. Suppose that the assumptions of Theorem[I.]] are satisfied.
Let u. € H‘lf be the positive solution of found in that theorem,
(en)n C RY and (28), C RN, 1 <i < K be sequences such that €, — 0,
2t — 7' € A as n — oo. Then, up to a subsequence, we have

(1.16)

lim inf lim inf e, ¥ / L (53 \Vug,f + Vu?n) - G(z,ue,) | 20,
RN\B,,(R) 2

R—o00 n—o0

where By (R) := U£1 B(x!,e,R).

Proof. Let nre, € C®°(RY) be a cut-off function such that ngr., =
in B,(R/2), Nre, =1 in By(R), 0 < nre, < 1and |Vnr., | <2/(epR
Using g, ue, as a test function in (P.)), we obtain

0
).

/N 6%vu5n -V (nR:Enufn) + Vv |u5n|2 77R75n - g($7 uEn)uannRaEn = 0.
R

We deduce from (g3) and from the last equality that

1
s Lo (@M Pevief)- [ G
RN\B,(R) RN\Bn(R)

1
25 Lo (Ve P Ve P - g, Jue, )
RN\Bn(R)
2 2 2
— 5 [ (Ve Ve P gl Jue,) e,
An(R)

- 5 / siugnvusn : VnR75n7
An(R)

where A, (R) := B, (R) \ B,(R/2). For the last term, using the Cauchy-
Schwarz inequality and Corollary we compute that

2
< = €nN/ Enle, |Vue,|
An(R)

-N 2
o / Enle, Ve, - VNRe,
An(R)

5 1/2 1/2
<pe ([ ) (] @i

R (R) An(R)

9 1/2 1/2
<2 gp v ( / vmﬁ) ( / eZWuenF)

R.An(R) RN RN

c
< —.

R
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On the other hand, using the inequality g(z,u) < u? for all x € RY and
the Sobolev inequality, we infer that

liminfe,;N /A " (5% |Vu5n|2 +V |u5n\2 — g(x, ugn)usn) NR.en
n(R

n—oo

n—oo

K
.. _N 2 p+1
< liminfe, E C; <I¢,n,R + Ii,n,R) ’
i=1

where the constants C; only depend on Z;, and

1/2
Lin,r = (/ , . <531 Ve, > +V |u€n|2> 77R,en> .
B(z%,enR)\B(zt,,en R/2)

The estimates of Lemma [I.10] imply that

lim lim I;, r = 0.
R—oon—oo 7

Hence, the conclusion follows from the previous estimates. ]

Lemma 1.13. Suppose that the assumptions of Theorem|[I.4] are satisfied.

Let u; € H‘lf be the positive solution of found in that theorem,

(n)n C RT and (x},), C RN, 1 <i < K be sequences such that &, — 0,

xh, =z € A asn— oco. If for every 1 <1 < j < K, we have

lim sup M =
n—oo 87’1

and if for every 1 <i < K,

lim inf u, (z}) > 0,
n—oo

then

(1.17) liminfe, VT, (ue,) = > C(&).

n—00 ¢
=1

Proof. Going to a subsequence if necessary, we can assume that for every
1 <i<j <K, we have

i .J
lim 7 = @n] =
n—00 En
Let 0 > 0. By the two previous lemmas, we can choose R large enough

so that

1
liminf eV / - (ai Ve |* + Vu§n> —G(zue,) | = -6,
n—oo RN\Bn(R) 2
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where B, (R) := Ufil B(z!,e,R) and for every 1 <i < K,

lim inf e, /

where Bj,(R) := B(x},,e,R). Since for n sufficiently large, the balls
B! (R) are mutually disjoint, we may write that

N | =

(2 1Vue, P+ Va2, ) - Gla, uan>> > (') - 4,

K
1
an(ugn) = Z (/B’L (R) 5 (5727, ’vuc‘?n’2 + V’U’gn> - G('x?uEn))
=1 n

1
+/ = (8,21 Ve, |* + Vu?n) — G(z,ue,).
RN\B,,(R) 2

We conclude that

liminf e, ¥ J.,, (ue,) > > C(&') — (K +1)d.

n—00 ¢
i=1

Since this can be done for every subsequence, the conclusion holds for
the whole sequence. ]

Let us show that there indeed exists a sequence (x,,), satisfying the
assumptions of the previous lemma.

Lemma 1.14. If u. € H‘l/ s a weak positive solution of , then
el ooy > (V) Y/ ®70.

Proof. Assume by contradiction that u. < (uVo)l/ P=1) in A. Then, for
every € RY, we have

9(@,uc(x)) < pV(x)ue(z).
This implies that u. satisfies the inequality
—&?Aue + (1 — p)Vue <0 in RY.

Multiplying by (u.)+ and integrating, we get

/RN (1Y) P+ (1 =V ()} ) <o,

contradicting the positivity of wu.. O

We can now prove a first concentration result.
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Lemma 1.15. Suppose that the assumptions of Theorem[I.]] are satisfied.
Let u; € H‘l/ be the positive solution of (Pe)) found in that theorem and
let (zc)eso0 C A be such that

lim inf u.(z.) > 0.
e—0

Then,
(i) lime_yo V(z:) = infa V,
(i) liminf._,q dist(xz., OA) > 0,
(iii) for every § > 0, there exists eg > 0 and R > 0 such that, for every
€€ (07 60)7

||u€||L°0(A\B(Is,8R)) <o

Proof. Assume by contradiction that the first assertion does not hold.
By compactness, there exists a sequence (€n)n>1 such that &, — 0,
xe, — & € A and C(z) > infy C. We infer from Lemma that

lirr_1>inf e NI, (us,) > C(Z).

The last two inequalities contradict Lemma
For the second assertion, assume by contradiction that there exists a
sequence (&y)p>1 such that €, — 0 and lim,_,~ dist(z.,,0A) = 0. Then,

by Lemma and (L1.11)),

.. _N .. . .
hnrgloréf en e, (Ue,,) = hggloréfC(xgn) > 18nAfC > 1r/{fC.

But this contradicts Lemma [T.8
For the third assertion, assume by contradiction that there exist
sequences (gy)n>1 and (yn)n>1 such that y, € A,

lim ¢, =0, Ue, (Yn) = 0 and lim [2en = 4l =00

n—00 n—o0 En

Then, by Lemma [1.13
liminfe, VJ., (uc,) > lim inf (C(ze,) +C(yn)) = 2ir/{fC.

n—o0

Since infy C > 0, this is again a contradiction with Lemma [1.8 O

4. SOLUTION OF THE ORIGINAL PROBLEM

We can at last prove an existence theorem for the original problem

(NLS).
Theorem 1.16. Assume that V is a continuous potential bounded away
from zero and that A C RN is a bounded open set satisfying

= inf inf .
o= Ve < BV
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Then, there exists €9 > 0 such that for every 0 < & < g, problem (NLS|)
has at least one positive solution u. € Hi, N C2*(RY).

Proof. Let u. € l_LI‘l/ be the positive solution of found in Theorem
and let x. € A be such that u.(z.) = maxz u.. By Lemma m,

lim inf ue (z) > 0.
e—0

. 1/(p=1)
0= (,u %anvf V> .

In view of Lemma there exists g > 0 and R > 0 such that

Let

1
< Lt di
goR < 5 hran_:élf dist(zz, OA)
and for every ¢ € (0,¢p),

[[te|l oo A\ B(2e e R)) < O-
We deduce that u. < § on OA. Since u, satisfies the inequality
—e?Au 4+ (1 — p)Vu, <0 in RV \ A,

the maximum principle implies that u. < 6 in R \ A. We conclude that
uf < uVue in RV \ A and thus g(z,u:) = u? in RV \ A. O

In order to complete the proof of the del Pino-Felmer Theorem, we
first improve Lemma about the convergence of sequences of rescaled
solutions.

Lemma 1.17. Suppose that the assumptions of Theorem [1.16] are sat-
isfied and assume furthermore that V is locally Hélder continuous in
A. Let u. € C**(RN) be the positive solution of found in that
theorem, (e4)n C RY and (x,), C RN be sequences such that g, — 0
and x, — T as n — 0o. Set

Un(x) = ue, (Tn + enx).

Then, there exists v € H'(RY) N C%(RY) such that, along a subsequence
that we still denote by (vp)n,

C2 _(RN)

Vp — 0.

Proof. This follows from Lemma and from the Schauder regularity
estimates. OJ
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Lemma 1.18. Suppose that the assumptions of Theorem[1.10 are sat-
isfied and assume furthermore that V is locally Hélder continuous in
A. Let u. € C**(RN) be the positive solution of found in that
theorem. There exists eg > 0 such that for every 0 < & < g, u. has
exactly one local (hence global) mazimum x. € A.

Proof. First we notice that if z. is a local maximum of u,, then x. € A.
Indeed, since Au.(z.) < 0, we must have V(x:)us(2:) < uf(x.). But the
fact that u. also solves the penalized problem implies that for every
r € RV\ A, ul(z) < pV(2)u(z).

By the same argument, if x. is a local maximum of u., then u.(x.) >
Vol/ (p—1)

Now we assume by contradiction that there exists a sequence €, — 0
such that u., has at least two distinct local maxima x}, 22 € A. We may
assume that 2, — 7' € A, i = 1,2. Set v,(z) := uc, (v} + £,2). By the
previous lemma, there exists v € H'(RY) such that v, — v in CZ_(RY)
and v is a solution of the limit problem with a = V(z'). We set

b T
En
By Lemma limsup,,_, |2n| < co. Up to a subsequence, z, —
z € RY. Since v, (z,) = ue, (z2), 2y, is a local maximum of v,. Hence
Von(zn) =0 and
Vu(z) = lim Vou,(z,) =0.

n—oo

By Lemma z = 0. We conclude that 22 —x1 — 0, but this contradicts
the nondegeneracy of the maximum of v. O






CHAPTER II

Concentration on k-dimensional spheres

We are concerned with solutions concentrating on spheres for the
nonlinear Schrodinger equation

(NLS) —2Au+V(zu=u’, mRY, —u>0.

Our results include the following simple particular case.
Theorem. Let N > 3, p > £ and V € C(RV\ {0} ,R") be a radial
potential. If there exists r* > 0 such that the auziliary potential M :
(0,00) = R defined for r > 0 by
ptl

M(r) = pN-1 [V (r)]p=1"

has an isolated local minimum at r = r* such that M(r*) > 0, then for
e small enough, the equation (NLS|) has a positive radially symmetric
solution u. that concentrates on the sphere of radius r*.

bl
[N

The previous theorem is a particular case of Theorem 2.2|below, which
deals with a nonlinearity which is neither necessarily homogeneous nor
autonomous, see equation below. As explained in the introduction,
the main interest of our results is that they require weaker assumptions
on the potential compared to the previous works. Furthermore, we will
find solutions concentrating on a k-dimensional sphere, 1 <k < N — 1.
We also obtain results for N = 2 with a little more care, see Section
If N > 5, one has that u. € L2(R") (see Corollary .

Let us give an example of a potential V satisfying the assumptions
of our theorem and not treated in other works. Let N = 3 and p = 5.
We define V : R?\ {0} — RT by

ﬁ%—l if 0 < |z| < 1,

) (-1 il < el <2

Viz) = |z|2+ o] if 5 <z <2,
ﬁ if 2 < |z].

We compute that M(r) =1+ (r — 1)?if 3 <r < 2, so that M has an
isolated local minimum at r = 1.

45
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Let us point out that if V' is compactly supported and p < NL_Q,

then equation has no positive solution in the neighborhood of
infinity, in accordance with a result of Gidas and Spruck [85], see also
the discussion in [113].

Assuming that the potential V is cylindrically symmetric, we can
reduce to a problem in RN~ The single-peaked solutions of this
problem can then be extended to RY by symmetry. In this way, we
obtain a solution of concentrating around a k-dimensional sphere.
Observe that since the reduced problem is in RV, the critical exponent
to be considered is the one in dimension N — k, i.e. pp = %iifg if
N —k >3, pp=00if N—k =1,2. This allows for example to treat
critical or supercritical problems by looking for cylindrically symmetric
(non necessarily radial) solutions.

1. ASSUMPTIONS AND MAIN RESULT
We shall study the equation with a more general nonlinearity
(2.1) —&?Au+ V(z)u = K(x)f(u), z e RV,

Let k be a fixed integer such that 1 < k < N — 1. This number £ is
the dimension of the sphere on which we want to construct concentrating
solutions. Let us choose any (N — k — 1)-dimensional linear subspace
H C RY. We denote by H' the orthogonal complement of H.

1.1. The potentials

We consider a nonnegative potential V € C(R¥\ {0}) and a non-
negative competing function K € C(RV\ {0}), K # 0. We assume that
for every R € O(N) such that R(H) = H, we have Vo R = V and
K o R = K. This will be the case if for example V and K are radial
functions. Notice that if we write z = (2, 2”) with 2/ € H and z” € H*,
this assumption is equivalent to the fact that V' and K only depend on
|’| and |2”].

1.2. The nonlinearity

We make classical assumptions on f that lead to a good minimax
characterization of the infimum on the Nehari manifold. Namely, we
assume that f : Rt — RT is continuous and that

(f1) there exists ¢ > 1 such that f(s) = O(s?) as s — 07,
(f2) there exists p > 1 such that ﬁ > 1 — L and f(s) = O(sP)
as s — 00,
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(f3) there exists 2 < § < p + 1 such that
0<OF(s) < f(s)s for s > 0,
(

where F(s) := [ f(o)do,
(f4) the function

f(s)

S

S —

is nondecreasing.

Notice that (f2) is nothing but the subcriticality condition in dimension
N — k.

1.3. The growth conditions

Following [30,/113] we impose one of the three sets of growth conditions
at infinity :
(GL) there exists o < (N — 2)g — N such that

K(z)

|z|”

lim sup
|z| =00

< 0Q;

(G%) there exists o € R such that

K
liminf V (z) |z|* > 0 and lim sup (ﬁ) < 00;
(G3.) there exist a < 2 and o € R such that
K
liminf V(z) |z|* >0 and lim sup (;1:)27& < 0.
|z|—o0 |z|—00 eXp(O"l‘|T)

Note that in comparison with [30], in (G2) and (G3.), V might vanish
somewhere. We also impose one of the three sets of growth conditions at
the origin, which mirror those at infinity :

(GL) there exists 7 > —2, such that

||

lim sup
|z|—0

< 090,

(G3) there exists 7 € R such that

K(x)

# < oo

liminf V(z) |z]* > 0 and lim sup
Rt jal»0 ||
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(G3) there exist v > 2 and 7 € R such that
K
liminf V(z) |z|" >0 and lim sup % < 0.
|z|—0 2| >0 exp(T|z|” 2 )
By Kelvin transform, there is a duality between the conditions at the
origin and the conditions at infinity, at least in the case where f(t) = tP.
If one defines @ to be the Kelvin transform of w, i.e.,

1 x

and the transformed potentials

V(z) = 1|4v( °)

ot \Jzf?

and
. 1 x
Kz)=—=K(— ),
( ) |x‘N+2—p(N—2) <|x’2)

the function wu. solves if and only if 4. solves the same problem
with V and K in place of V and K. One sees that V, K satisfy (G)) if
and only if V and K satisfy (GZ.).

The problem at the origin is in a sense in duality with the one at
infinity. Whereas a slow decay of V' at infinity does allow a lot of freedom
for K, a strong singularity at the origin allows for very singular K’s
too. The critical threshold growth is 1/|x|? both at the origin and at
infinity. This can be made clearer if we observe that the optimal barrier
functions at the origin are the optimal ones at infinity mapped by Kelvin
transform.

1.4. The auxiliary potential

Before we can state our last assumption, we need a few preliminaries.
Let a,b > 0. The equation

(2.2) —Au+ au = bf(u) in RV-F

is called the limit equation associated with (2.1). The weak solutions of
[2:2) are critical points of the functional Z, : H*(RV %) — R defined
by

1

(2.3) Top(u) == / (|Vu|2 + au2) dx —b F(u) dx.
’ 2 RN—-k RN—-k
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Any nontrivial critical point u € HY(RY~*) of Z, 5, belongs to the Nehari
manifold

Ny = {u e H'RN™%) | w0 and (T, ,(u), u) = o} .
A solution v € HY(RN=F) is a least-energy solution of (2.2)) if
Top(u) = i}\l/{,b Zap(v).

ve
The ground-energy function is defined by
E:RT xRT = RT: (a,b) = E(a,b) := inf Z,,(u),
uENa,b ’

and the auziliary potential M : RN — (0, +o0] by

AN N |$H|k5(V(ZL‘),K(JL‘)) if K(x) >0,
$_(x’x)%M(x’$)'_{+oo if K(z) = 0.

The following lemma states some properties of the ground-energy function,
see [30, Lemma 3].

Lemma 2.1. Assume f : RT — R* is a continuous function that fulfills
assumptions (f1)-(f1). Then, for every (a,b) € R{ x R, &£(a,b) is a
critical value of Z,p and we have
E(a,b) = ueé?{RN)TSS( Lo p(tu).
u#£0
Ifu € Ny and E(a,b) = Iy p(u), then u € CHRY) and up to a transla-
tion, u is a radial function such that Vu(z)-x < 0 for every x € RV \ {0}.
Moreover, the following properties hold:
(i) € is continuous in Ry x RY;
(ii) for every b* € Ry, a — E(a,b*) is strictly increasing;
(iii) for every a* € Ry, b — E(a*,b) is strictly decreasing;
(iv) for every A > 0, E(Aa, \b) = A1 =N/2E(a,b);
(v)

v) if f(u) =uP with%—ﬁ<#<%, then

N 2

p+tl N
E(a,b) =&E(1,1)ar—1"2b »-1.
If f(u) = uP with % — ﬁ < Zﬁ < %, the last property of the

preceding lemma implies the following explicit form of the auxiliary
potential:

p+1_ N-—k -2

M 2"y = (1, 1) [o"|* V(@)1 7 [K ()]
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Due to the symmetry that we shall impose on the solution (see (2.11)),
the concentration can only occur in the space H. We assume that there
exists a smooth bounded open set A C RY such that

(2.4) ANH =0, A\NHT £0,
for every R € O(N) such that R(H) = H,

(2.5) R(A)=A

and

(2.6) 0< Ag;fH M < BAirIjl?f_H M.

In the case where k = N — 2, we shall need the condition

(2.7) inf M < 2inf M.
ANHL A

By continuity of M in A, this condition is not restrictive. Indeed, we
can always replace A by

A= {xEA : M(0,2") <2111{f./\/l}.

Similarly, we can also assume that V' > 0 on A and that M is continuous
on A.

Our main result is the following theorem.

Theorem 2.2. Let N > 2, V,K € C(RM\ {0} ,R™) satisfy one set (G})
of growth conditions at the origin and one set (Gd) of growth conditions
at infinity, and f satisfy assumptions (f1)-(fs1). Assume there exists an
open bounded set A C RN such that , , (2.6) and, if k = N — 2,
hold. Then there exists g > 0 such that for every 0 < € < gq,
problem has at least one positive solution us. Moreover, for every
0 < € < €g, there exists x. € A NH* such that u. attains its mazimum
at Te,

lim inf u, (z.) > 0,
e—0
lim M(z.) = inf M,
e—0 ANHL
and there exist C > 0 and X\ > 0 such that

—(N-2)

A d(z, Sk
Ug(ﬁ) < CeXp <_€1—|-(d($85)%)> (1 —+ |$|2) 2 ’ V$ € RN,
»~e

where S¥ is the k-sphere centered at the origin and of radius |x"|.
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In the special case where 2y € A NH* is the unique minimizer of
M on ANHL, then z. — z, and the solution concentrates around a
k—dimensional sphere of radius |zg| centered at the origin.

One should note that the theorem is valid in dimension 2, but the
solutions that are obtained do not decay at infinity in general.

The theorem stated in the introduction follows from Theorem [2.2]
by taking K = 1, f(u) = v and k = N — 1. Indeed, we notice that
the growth condition (G}) is always satisfied whereas the condition (GL,)
holds if and only if (N —2)p— N >0, i.e. p > .

The sequel of the paper is devoted to the proof of Theorem In
Section [2| we introduce a penalized problem and prove that it has a
least-energy solution. In Section (3], we study the asymptotics of this
solution and in Section [4, we obtain decay estimates of the solution
and show that it also solves the original problem. In all these sections,
we assume that N > 3. The modifications for the case N = 2 will be
addressed in Section [B

2. THE PENALIZATION SCHEME

We assume that N > 3. The homogeneous Sobolev space D}2(RY)
is the closure of the set of compactly supported smooth functions D(RN )
with respect to the norm

1

(/RNVU|2 dm>2.

Thanks to Sobolev inequality, we have DM2(RN) ¢ L¥" (RV). Let us also
recall Hardy’s inequality in RY. One has

N —9 2 2
(532 [ e [ e
2 RN ‘3’;’ RN

for all u € DM2(RY).
Following [113], we define the penalization potential H : RY — R by

K

H(z) := TE

|z |? ((log ]az\)2 + 1) :

where 8 >0and 0 < k < %(%)2 Notice that for all x € R, we have

H(x) < —5.
||
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By Hardy’s inequality, we deduce that the quadratic form associated to
—A — H is positive, i.e.

(2.8) /RN <|Vu]2 - Hu2) > <<N2_2)2 - m> /RN |“|(ng|2 dz > 0,

for all u € DH2(RY).
This inequality implies the following comparison principle.
Proposition 2.3. Let Q C RN\ {0} be a smooth domain. Let v,w €

HL,(Q) N C(Q) be such that V(w —v)— € L*(Q), (w—v)_/ |2 € LX)
and

If O # 0, assume also that w > v on 0. Then w > v in €.

Proof. Tt suffices to multiply the inequality (2.9) by (w — v)_, integrate
by parts and use ([2.8]). O

Fix p € (0, %) We define the penalized nonlinearity g. : RV xR — R
by

ge(x,s) == xa () K (x)f(s)
T (1= xa(@) min { (2H(z) + uV (2)) 5, K (2)f(5)}
Let Ge(z,s) := [, g-(z,0)do. One can check that g. is a Carathéodory

function with the following properties :

(91) ge(w,8) = o(s), s — 0T, uniformly in compact subsets of RY.

(g2) there exists p > 1 such that p—_lﬂ >3 — i and

lim 9(%:9)

5—00 sp

(g3) there exists 2 < § < p+ 1 such that

0 < 0G:(z,5) < ge(x,8)s Vo € A, Vs >0,
0 < 2G:(z,s) < ge(z,8)s < (2H(z) + pV (2)) s* Vo & A, Vs >0,

(g94) the function

:O’

ge(, 5)
s

S+

is nondecreasing for all z € RY.

We look for a positive solution of the penalized equation

(P:) —?Au+V(z)u = go(x,u) in RY.
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Let us define the Hilbert space

HE(RY) = {u e DYERY) / Vu? < oo}
RN
endowed with the norm

2. _ 2 2 2
(2.10) ) = /RN (2 1Vul? + V).

We will search for a solution of in the closed subspace
(2.11)
Hy(RY) :={u € Hy(RY) : VR€ O(N) s.t. R(H) =H,uo R=u}.

In other words, if = (2/,2") with 2/ € H and 2" € H*, the functions
in H‘l/yH(RN) depend only on |2/| and |2”].

Define J. : H‘I/H(RN) — R by

Je(u) := ;/RN (52 \Vu(z)]? + V(z) \u(x)ﬁ) dx — /N Ge(z,u(x)) d.

R

The functional .J; is well defined and of class C* (H‘%’H(RN ), R). By the
principle of symmetric criticality [123], critical points are weak solutions

of (P.)). Furthermore,

Lemma 2.4. The functional J. has the mountain pass geometry, i.e.
(i) Je achieves a local minimum at 0 in HXI/,H(RN);
(ii) The infimum of J. over H‘l,,H(]RN) is —00.

Proof. We do exactly the same proof as in Lemma[I.1]in Chapter[[} using
the estimate

/ Ge(z,u) < ;/ (€2H —|—uV) u?
RN\A RN

K 2 ? 2 2, M 2
< = L
\2<N—2> /RNEIVU\ +2/RNVu

4 2
< 2l
where 0 < v < 1. O

It remains to show that .J. satisfies the Palais-Smale condition. The
proof below is inspired from [30]. Recall that a sequence (uy), C
H‘l,H (R™) is a Palais-Smale sequence for .J if

Je(up) < C and J(up) -0 asn — oo.
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Proposition 2.5. For e sufficiently small, every Palais-Smale sequence
for J: contains a convergent subsequence.

Proof. Let (up)n, C H‘l/VH(RN) be a Palais-Smale sequence for J.. It is
standard to check, using (gs3), that for e sufficiently small, the sequence
(un)n is bounded in H{ , (RY). We infer that, up to a subsequence,

Up — w in H&H(RN).
For A € R, set Ay := B(0,e*)\ B(0,e™"). Note that
K
Hz) ————.
@ | [log ]| 7

By Hardy’s inequality, we have for A > 0,

K Jun () K 2 2/ 2
Hu? < dz < — AT
/RN\AA Un S 3115 /RN 2|2 RV W N ]RN’ Un|

Since (up)n is bounded in H&H(RN), for every § > 0, there exists A > 0
such that

(2.12) lim sup/ Hu? < 6.
n—o00 RN\AS\
Now we claim that for all § > 0, there exists A > 0 such that
(2.13) limsup/ Vu? < 6.
n—o00 RN\AS\

The arguments are similar to those in [30, Lemma 6]. Since A ¢ R\ {0}
is compact, there exists A\g > 0 such that

AC AAU.
Let ¢ € C*°(R) be such that 0 < ¢ <1 and
0 if |s| < 3,
C(s) = { 1 if |s| > 1.
Define a cut-off function 1y € C(RN R) by
log |
m(z) :=¢ (g/\‘ ’> :

Since (JL(un), maun) = o(1) as n — oo, we deduce that

(2.14) . (52 [V |* + Vu%) = /]RN Ge (2, un () )un ()0 () dx

- 52/ upVuy, - Vi +o(1),
RN



2. THE PENALIZATION SCHEME 55

asn — o0o. If A > 2Xg, 7y =0 on A and it follows from (g3) that

(2.15) /RN ge (2, upn () un () (z) dz < / (E2H + puV) upna.

RN
On the other hand,

/ Up Vg, - V) = / u—nVun (x| Vnr)-
RN RN ||

The Hardy inequality ensures that

2 ui 2
& [ < C
R
%

N |z|
log r <€
A A SN

The Cauchy-Schwarz inequality and the previous estimates imply

52/ U VU + VN
RN

Combining (2.14]), (2.15) and (2.16)), we get, for every A > 2\q,

Loy, B 190+ 0= Vi)
A

Furthermore, we compute

eVl < sup ‘

<r<oo

c
(2.16) < 5 w2

< / (52 V> + (1 - ,u)VUZ> )N
RN

C
< [ emim e+ Sl + o).
RN A
By (2.12)), for X large enough,

lim sup Hu?ny < lim sup/ Hu? < —;
n—oo RN n—o0 RN\AS\ 2
the claim follows.

Conclusion. We can write

(2.17)  lun — UHE = JL(un) (upn — ) — JL(u)(un — u)

+/RN (9 (2, un(2)) = 9= (x, u(2))) (un(2) — u(z)) d.

We notice that the first two terms in the right-hand side tend to 0 as

n — oo. Fix § > 0 and let A > 0 be such that (2.12)) and (2.13) hold. We
evaluate the integral in the third term of (2.17)) separately on A, Ay \ A

and RV \ A, where A = max{\, \}.
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By (g2), one has |g-(z,un(2))| < C|u,(z)|’. By Rellich Theorem,
the embedding H%/H(A) — L9(A) is compact for all ¢ > 1 such that
% > 1+ — 2. We can thus assume that u,, — u in LP*1(A). We deduce
that g-(z,un) — ge(z,u) in LIY(A) as n — oo, where ¢ := p;%l. We
conclude from Hoélder inequality that

/A(ge(% Un (7)) = ge(z,u(2))) (up(z) —u(z)) de — 0, as n — co.

By (g3), one has |g:(x, up(x))| < (SQH(J/‘) + ,uV(x)) |un (x)| for x €
Ay \ A. By Rellich Theorem, we can assume that u, — u in L2(Ay \ A).
We deduce that g.(z,u,) — ge(z,u) in L?(Ay \ A) as n — co. We
conclude as above that

/A " (ge(z,un(x)) — ge(z,u(x))) (up(x) — u(x)) de — 0, as n — oo.
A
Finally, using (gs3), (2.12) and (2.13]), we obtain

s [ (o n3) = 2o ) o) ()]

n—oo

< 2limsup /RN\A (lg= (2, un (@) yun ()] + |9: (2, u(z))u(2)]) dz

n—oo

< 2lim sup/ (eH + uV) (u2 +u?)
RN\Ay

n—oo
<41+ p)é,

since A > X and \ > .
Since § > 0 is arbitrary, we conclude

iy — ], =0

which ends the proof. O

We can now state an existence theorem for the penalized problem
(P-). The proof follows from standard arguments.

Theorem 2.6. Let g : RxRT — R be a Carathéodory function satisfying
(91) — (9a) and V. € C(RN\{0}) be a nonnegative function. Then,
for all e > 0, the functional J. possesses a nontrivial critical point
Us € H‘lm_l(]RN), which is characterized by

(2.18) ce = J(ug) = ueH\l,;I(l]lgN)\{O} max Je(tu).
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The function u. found in Theorem [2.6]is called a least energy solution
of (PJ). By standard regularity theory, if u € Hﬁ)C(]RN ) is a solution
of (Pd)), then u € Wf)’g(RN) for every ¢ € (1,00). In particular, u €

Cllo’g(]RN ) for every a € (0,1). Since g. is not continuous, we cannot

achieve a better regularity. Notice also that, by the strong maximum
principle, any nontrivial nonnegative solution u € C’llo’s‘ (RN of is
positive in RV,

3. ASYMPTOTICS OF SOLUTIONS

In this section we study the asymptotic behaviour as ¢ — 0 of the
solution found in Theorem [2.6, We follow closely the arguments in
[30, §6]. We first prove an energy estimate which is the counterpart of
Lemma 1.8 in Chapter Let Rf_k = RN=F=1 R,

Proposition 2.7 (Upper estimate of the critical value). Suppose
that the assumptions of Theorem [2.6] are satisfied. For e small enough,
the critical value c. defined in (2.18)) satisfies

ce <eVF(wy inf M4 o0(1)) ase — 0,
€ (kAﬁHL ())

where wy, is the volume of the unit sphere in R¥TL. Moreover, the solution

ue of found in Theorem satisfies, for some C' > 0,
ue|? < CeNF,

Proof. Let zy = (0,z7) € AN HL be such that M(xg) = inf g M.
Denote by I the functional defined by (2.3) with a = V(z¢) and b =

K (zp) and by w a ground state of (2.2). Take n € D <Rf_k> to be a

cut-off function such that 0 < n < 1, n = 1 in a neighbourhood of (0, |x{|)
and ||Vn| ., < C. Consider the test function

IR/,
) = o o (£ D),

9 9

Setting

212" — |2
’LL(:L”,I‘”) — v (7 ‘ ‘ ‘ 0 ) ’

9 9
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we compute by a change of variable

Je(tu)

t? o0
= wk/ / 4| (|Vv|2 + V’UQ) (ep + ’1;6’ )kg dp 8N—k—ldy/
2 RN—k-1 J_1701

o0
—wk/ /|z//| G(ey',ep+ }xg
RN-k—1 J_ 1701

where v = v(y/,p) and V = V(ey/,ep + |z{]). For e small enough, we
obtain by a computation similar to that in Lemma in Chapter [

(2.19) e~ W) I (tu) < wy || Io(tw) + o(1).
We deduce from ([2.18]) that

e~ W=he, < max e~ WN=R) J_(tu)

Jtv)(ep + |zg]) e dp NNy

< nk
< wy |2 nta>a§<10(tw) +o(1)
= wrM (o) + o(1),
which is the desired conclusion. O

Proposition 2.8 (No uniform convergence to 0 in A). Suppose that
the assumptions of Theorem are satisfied and let (ug)e C H‘l/’H(RN)

be positive solutions of (P:)) obtained in Theorem . Then there exists
6 > 0 such that

[tte [ oo n) 2 0-

Proof. Suppose by contradiction that ||uc||fe(yy = 0 as e — 0. Then,
(f1) implies that, for all £ sufficiently small, K f(u.) < uVu. in A. By
(93), we deduce that

—&? (Aue + Hu) + (1 — p)Vu. <0 in RY,

Proposition 2.3 then implies that u. = 0 for all e sufficiently small, which
is impossible. O

By the symmetry imposed on the solution u., one can write
x//‘)

with . : Rf_k — R. Since the H{,-norm of u. is of the order eN=K)/2,
it is natural to rescale a.(2/, |2"]) as

e (L + ey, |2l + e |y"])

ue (o', 2") = a. (2,

around a well-chosen family of points z. = (z.,z”) € RV,
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The next lemma shows that the sequences of rescaled solutions con-
verge, up to a subsequence, in CL_(RV=*) to a function v € H(RV~F).

In contrast to Lemma [I.I0] in Chapter [ we only know that u. €
Hio (RY).

Lemma 2.9. Suppose that the assumptions of Theorem 2.0 are satisfied.
Let u. € H&H(RN) be positive solutions of found in Theorem
(en)n C RT and (z,), C RN be sequences such that e, — 0 and

z, = (2h,2") -z = (7,7") € A asn — co. Set

4
Q, = RN-*1 }_ || +OO[
n
and let vy, : Q, — R be defined by
(2.20) Un (Y, 2) = Gie, (T}, + €ny, |20 | + €nz),

where e, : RY™F — R is such that ue, (2',2") = i, (', |2"|). Then,
there exists v € Hl(RN*k) such that, along a subsequence that we still
denote by (vp)n,

Clloc(RNik)

Vp — 0.

Proof. First observe that each v, solves the equation

(2.21) — Aw, — — =5, V(z), + eny,

x;ﬂ + en2)Up
= Yen (1‘;1 + €nyY, ’x;” + &nz,vn),

in Q,,. We infer from Proposition [2.7] that for all n € N,

| (190l 2 + Vit + e + 20 Jon(w: ) dyz < C.
Qn

with C' > 0 independent of n.

Define a cut-off function ng € D(RN~F) such that 0 < ng < 1,
nr(z) = 1if |z] < R/2, nr(xz) = 0if |z| > R and |Vnrll,, < C/R for
some C' > 0. Choose (Ry), such that R,, — oo and £, R,, — 0. Since
T € Aand ANH =0, one has ,R,, < |2”] if n is large enough. Define
wy, € HE (RN7F) by

loc

Wi (y) = MR, (¥)vn(y)-
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On the one hand, we notice that

2 2
/ w;, < / vy,
RN—k B(0,R,)

1 / ,
§ Y V T, + € Y,
nfp, cnrn) V Jo (- en

n

2|+ en2) [on(y, 2)[* dydz.

Since V' is positive on A and continuous on RY, the convergence of z,,
to a point in A implies that

(2.22) / w? < C.
RN—-k

On the other hand, we compute that

Lo vl =[Pl [ ol o,
RN—k RN—k RN—k

+ 2/ Vup, - VIR, MR, Un-
RN—-Kk

For the first term in the right-hand side, we have the estimate

C
2 2
/N—k Vg, | |va]” < iz lvnllL2(B(0,R0)) »

while for the last one, we infer from the Cauchy-Schwarz inequality that

C
/sz-k Von - Vg, MR, vn| < R IVonll L2 0,r,)) 100l L2800, R,)) -

Therefore,

(2:23) /RNk Vunl? < Clloallip so.m,))
Since
lonll a1 50,7,y < O ™7 e, .

we deduce from ([2.22)), (2.23)) and Proposition [2.7| that (wy,), is bounded
in HY(RY=F). Since w, solves equation (2.21) on B(0,R,) for all n,
classical regularity estimates yield that for every R > 0 and every ¢ > 1,

(2.24) sup [|vnllyw2.a(p(0,r)) < o0
neN

Up to a subsequence, we can now assume that (w,), converges
weakly in H'(RV™*) to some function v € H*(RN~%). By ([2:24), for
every compact K C RV=* w, converges to v in C1(K). Moreover, for n
large enough, w, = v, in K so that v, — v in C}(K). O
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In the next two lemmas, we will estimate from below the action of
ue inside and outside neighbourhoods of points. Since we expect the
concentration set to be a k-sphere in R, the following distance will be
useful. For z,y € RV, let

dula,y) =/l — P+ (2] — "))

Thus dy(z,y) represents the distance between the k-spheres centered at
2’ and 3/, and of radius |z”| and |y”| respectively. We denote by By the
balls for the distance dy, i.e.,

By(x,r)={y € RV dy(z,y) < r}.

Lemma 2.10. Suppose that the assumptions of Theorem[2.6 are satisfied.
Let u. € H‘l/H(RN) be positive solutions of (Pd) found in Theorem

(en)n C RT and (xy,)n C R™ be sequences such that e, — 0 and
xy = (2, 2!) >z =(Z,7") € A asn — co. If

(2.25) liminf u., (x,) > 0,

n—oo

then we have, up to a subsequence,

R—oo n—oo

lim inf lim inf e, (V=) / L (62 Ve, |* + Vu§n> -G, (. ue,)
w(R) 2
= wk’M(j))
where Tp,(R) := By(xn,enR).

Proof. Let v, be defined by . Passing to a subsequence if necessary,
we may assume that there exists v € H'(RV~*) such that v, — v in
C’lloc(RN —k). Since A is smooth, we can also assume that the sequence
of characteristic functions x,(y, z) = xa(x}, + eny, |2}| + £n2) converges
almost everywhere to a measurable function y satisfying 0 < x < 1. We

then deduce that v solves the limiting equation
—Av +V(z)v = §(y,v) in RN-F,
where
9(y, s) .= x(y) K (2) f(s) + (1 = x(y)) min {uV (2)s, K(2)f(s)} .

By (2.25), we know that v(0) = lim, . v,(0) > 0, so that v is not
identically zero.
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It was shown in Lemma in Chapter [[] that

1
lim inf lim inf/ ( (\an‘Z + V(@) + eny, || + €n2) ’”n!2>
B(0,R) \ 2

R—oo n—o0

- G&‘n (a:.’/n + En:%

ah| + enz, vn)) dz dy
1

>5[ (0o ev@nd) = [ o) dy,

where G(z, s) = [y §(z,0) do.
Set B, (R) B((z',|2"]),e,R) € RV~F. By a computation similar
to the one leading to 1} we have

/TH(R) <; (si Ve, (z)* + V(z) ’uen(x)‘Q) — Gen(x,uan(x))) dz

= wy /H(R) (; (22 |Vite, (@ )P+ V(' 7) i, (&) )

— Ge, (2!, 7, e, (2, r))) r* dr da’
_ N—k 1 v 2 Ve " 2
= Wy ‘x ‘ € o 5 |Vo,|” + V(x,, + eny, }xn‘ + €n2) |vn|

— Ge, (z, + eny, |2n| + €nz, vn)> dz dy + o(1).
The conclusion follows. O

Lemma 2.11. Suppose that the assumptions of Theorem/[2.6] are satisﬁed.
Let u. € Hll/H(RN) be positive solutions of (Pl . ) found in Theorem

(en)n C RY and (z},)n C RY be sequences such that e, — 0 and for
1<i< M, 2t — 7 GA asn — oo. Then, up to a subsequence, we have

1
li £1i f —(N—k) / - 2 2 2 o )
1Rnri>1or<1j lnn—l>l£ €, S 5 <€n Ve, |” + Vu5n> Ge, (. ue,)

=0,
where T,(R) := UM, BH(me, enR).
Proof. See Lemma [I.12] in Chapter [I| O

Proposition 2.12 (Lower estimate of the critical value). Suppose
that the assumptions of Theorem are satisfied. Let u. € H‘E’H(RN)

be positive solutions of found in Theorem (en)n C RT and
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(28)n C RY be sequences such that e, — 0 and for 1 <i < M, x%, —
S

T asn — oo. If for every 1 <i < j < M, we have
dy (i | 2]
limsupiy( n ) = 00
n—oo gn

and if for every 1 <i < M,

lim inf u., (%) > 0,
n—oo

then the critical value c. defined in (2.18)) satisfies

n—o0

M
liminfe, V"Fe. > wy, Z M(z).
i=1

Proof. This is a consequence of the two previous lemmas, see Lemma/|1.13
in Chapter [[] for the details. O

The following proposition is the key result for the next section.
Proposition 2.13 (Uniform convergence to 0 outside small balls).
Suppose that the assumptions of Theorem are satisfied and that A
satisfies the assumptions of Sectz’on. Let (uz)e C HXl/’H (RN) be positive
solutions of obtained in Theorem . If (zc)e>0 C A is such that

lim inf u.(z.) > 0,
e—0

then
(1) lim._,o M(x.) = inf g1 M,
(7) limsup,_, %E’HL) < 00,
(iii) liminf. o dy(zc, ON) > 0,
(iv) for every 6 > 0, there exist g > 0 and R > 0 such that, for every
RS (07 60))
el oo (AN By (2. e ) < O

Proof. The first assertion is a direct consequence of Propositions [2.7] and
2.12] see Lemma in Chapter [[| for the details.

For the second assertion, since A is compact, we can assume by
contradiction that there exist sequences (e,), C R* and (z,), C A such
that ¢, + 0, x,, > T € A,

liminf u., (x,) > 0,
n—oo

and
) dist(x,, HY)
limsup ———— = .
n—00 En
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If k=N —2, let R € O(N) denote the reflexion with respect to H*.
By definition of H‘l/H (RM), wo R = u, and thus

linrgioréf Ue,, (R(xy)) > 0.

dy (@n,(Tn)) = 0.

The preceding assumption implies that lim sup,, . -

By Proposition [2.12] we obtain
liminf e, M Fe. > wp (M(Z) + M(R(E))) > 2wy irI{fM.

n
n—o0

which, together with Proposition

liminf e V)¢ <wg inf M
n En k
n—00 ANHL

is in contradiction with ({2.7)).
In the case where kK < N — 2, since infy M > 0, choose ¢ € N such
that

(2.26) inf M < {Zinf M.
ANHL A

There exist isometries Ry,...,R; of RY such that R;(H) = H and
R;(z) # R;j(Z), for every 4,5 € {1,...,¢} with i # j. One has hence

Jim sup dy(Ri(zn), Rj(7n)) _

n—oo En

By Proposition [2.12] we get

n—o0

¢
liminfe, ¥V "Me, > wy Z M(R;i(Z)) = lwy, iIXf M,
i=1

so that, in view of the upper estimate of Proposition we have a
contradiction with (2.26]).

For the third assertion, suppose by contradiction that there exist
sequences (¢,,), C RT and (z,), € RY such that ¢, — 0,

liminf u., (x,) > 0,
n—oo

and, =, — & € OA. We have just proven that z € H'. By Proposition
2.12] we have

liminfe, M Pe, > wpM(Z) > w, inf M.
n— 00 OANHL

This inequality, along with Proposition contradicts (2.6]).
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In order to obtain the last assertion, suppose by contradiction that
there exist sequences (g,,), C RT, (2)n and (yn)n C A such that &, — 0,

u€n (yn) 2 57
and

Im ——— = Q.
n—oo en

Up to a subsequence, we can assume that z, - € A and y,, =y € A.
In view of the second assertion, one has z € H* and § € H*. Therefore,
by Proposition [2.12

liminfe, ¥ "Me. > wp (M(Z) + M) > 2w inf M.
n—00 ANH-

In view of the assumption of ([2.6]), this would contradict Proposition
O

4. BARRIER FUNCTIONS
4.1. Linear inequation outside small balls

In this section we prove that for € small enough, the solutions of the
penalized problem are also solutions of the initial problem .
We follow the arguments of [113]. First we notice that the solutions of
satisfy a linear inequation outside small balls.

Lemma 2.14. Suppose that the assumptions of Proposition |2.15 are
satisfied and let (uc)s>0 C Hy 4 (RY) be positive solutions of (Pd) found
m Theorem and (x:)eso C A be such that

ligr;iglf ue(ze) > 0.
Then there exist p > 0 and g9 > 0 such that for all € € (0,¢ep),
(2.27) —eX(Auc + Hue) + (1 — )Vue <0 in RN\ By (z.,ep).
Proof. Set

¢ W)

T en K(z)’

Since V and K are bounded positive continuous functions on A, > 0.
By (f1), there exists § > 0 such that

——=n forall s<<9d.
s
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By Proposition we can find &g > 0 and p > 0 such that for all
e € (0,&0], one has

us(z) < forall x € A\ By(ze,ep).
Hence
K(2)f(ue(x)) < pV(x)ue(x) in A\ By(ze,ep).
We conclude that
—&?Aue + (1 — p)Vu: < —*Aue +Vu, — Kf(us) =0

in A\ By(x.,ep). The fact that u. satisfies (2.27) in R \ A follows
directly from the definition of the penalized nonlinearity. O

This lemma suggests that we can compare the solution u. with
supersolutions of the operator —&2 (A + H) + (1 — )V in order to obtain
decay estimates of u..

4.2. Comparison functions

The next lemma provides a minimal positive solution of the operator
—~A — H in RV \ A.
Lemma 2.15. For every ¢ > 0, there exists ¥. € C% (RM \ {0}) \ A)
such that
—2(AV. + HU, )+ (1 —p)VU,. =0 in RV \ A,
{ U, =1 onJA,

and
o @Y,
(2.28) /RN\AQWE(;”)' e )d < 0.

Moreover, there exists C > 0 such that, for every x € RN \ A and every
e >0,

NS
(1 |z[)¥=2>

Proof. The function W, is obtained by minimimizing
/ (52 (]Vu\z - Hu2> +(1— ,u)Vu2> dx
RN\A

{ue H-(RY) : w=1 on dA}.
By classical elliptic regularity theory, ¥. € C? ((RV\ {0})\ A). The
estimate (2.28)) follows from ([2.8)).

(2.29) 0< V. (z) <

on the set
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In order to obtain the estimate (2.29) consider the problem
—~AU - HU =0 inRV\A,
U =1 on 0A.

We have just proved that this problem has a solution ¥ € C?((RY \
{0}) \ A) such that

2
(2.30) /RN\AQW(@F + 'ﬁgg' ) do < 0.

Now set for p € (0,1) and = € B(0, p),

Wi(z) = (N —2)8 — <log ,;) ”

We compute that

AW () = 52 [(N ~9) <10g i) R (1+8) <log 1) _(W)] .

|

Since for |z| < 1,
K

2
(e og )+

H(z) <

the function W is a supersolution of —A — H in B(0,1). Moreover, if
one takes p < 1 such that

1\?
(N —-2)p (logp> > R,

W is positive on B(0, p). In view of (2.30|) Proposition [2.3|implies that
V¥ is bounded from above by a positive multiple of W in B(0, p). Since ¥

is continuous and W is bounded in B(0, 1), we obtain that ¥ is bounded
in B(0,1). By similarly considering

1

W(e) = =g (N = 2)8 = x (oglel) )

(see Lemma 3.4 of [113]), we obtain that ¥(z) ~ |z|V 2. We have thus
proven that

C
(1+ [z)N=2
Now, note that since V' is nonnegative,

AV, — HU. <0.

U(z) <
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In view of (2.30)) and (2.28)), Proposition [2.3|is applicable, and for every
r € RV \ A,

C
S T

As explained in [113], the estimate (2.29) is the best one can hope
for if V' decays rapidly at infinity or is compactly supported. However, if
V decays quadratically or subquadratically at infinity, we can improve
2.29).

Lemma 2.16. Let U, be given by Lemma |2.15.
(1) If liminf ;o V(z) |z[? > 0, then there exist A > 0, R > 0 and
C > 0 such that for every e >0 and x € RN \ B(0, R),

U (z) < W 0

|z

N e
V. (z)<C < ) .
(2) If liminf ;o V() [2|* > 0 with a < 2, then there exist A > 0,

R >0, C > 0 and g9 > 0 such that for every ¢ € (0,e9) and
r € RV\ B(0,R),

V. (z) < Cexp <—;\ (|x!2_Ta - R25a>> .

(3) If liminf, o V(z) |z|> > 0, then there exist A >0, 7> 0 and C > 0
such that for every e > 0 and x € B(0,r),

N-2

|x|> (M52) —nt 2y - N32

r

U (z) < c<

(4) If iminf, o V(z)|2z|* > 0 with o < 2, then there exist X > 0,
R >0, C > 0 and g9 > 0 such that for every ¢ € (0,e09) and
x € B(0,r),

U, (z) < Cexp <—2 <|x 7 ra22)> .

Proof. For (), there exist R > 0 and A > 0 such that for z € RN\ B(0, R)

)\2
(1-W)V(z) > .
||
One then checks that
N-2 N—2)\2 A2
R\ T HV(FF) et
|z|
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is a supersolution in RY \ B(0, R).
For (2), there exist R > 0 and 1 > 0 such that for 2 € RV \ B(0, R)

n
(1-wV(z) 2 —a-
|z
One then checks that

W (z) = exp <_2 (125" - RQQQD

is a supersolution in RV \ B(0, R) with A* < (32-)?v and £ small enough.

The proofs of the other assertions are similar. O

Another important tool is a function that describes the exponential
decay of u. inside A.

Lemma 2.17. Let T € A and R > 0 be such that

(2.31) By(z,R) C A.
Define

Z L R —dy (33, f)
(2.32) ®? () := cosh ()\8 ) .

There exist A > 0 and g9 > 0 such that for every e € (0,g¢), one has
—e?A®T 4 (1 — p)V®T > 0 in By(Z, R).
Proof. First one computes
— A% (x) = —\% cosh (i\ (R — dy(z, i)))
) |7

e <N —1- kW') sinh (2 (R- du(%%))) :

Let us choose A > 0 such that A\? < (1 — p)infs V. In view of (2.31)),
one has for x € By(z, R),

— AP (z) + (1 — ) VoL (2)

eA |Z"|

> o (N . k|$”’> sinh (2 (R - dH(x,;z))>
- ((1 —p)inf V- >\2> cosh (i (R — dy(x, f))) :

This last expression is positive if ¢ is sufficiently small. ]
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Lemma 2.18. Let (xz:). C A be such that
lim inf dy (x.,0A) > 0
e—0

and let p > 0. Then, there exist eg > 0 and a family of functions
(We)o<e<s, C C’llo’cl((]RN \ {0}) \ By(zc,ep)) such that for all € € (0,¢p),

one has

(i) We satisfies the inequation
—2(A+ H)Wo + (1 — )V, > 0 in RV \ By (2., ep),

(ii) VW. € L*(RN \ By(ze,p)) and iz € L*(RN \ By (=, ep)),
(iii) Wz > 1 on 0By (e, ep),

(iv) for every x € By(xc,ep),

A d’H(fL’,$5)

< _ 2 Tavme)
We(z) < Cexp ( el+dy(x,xc)

> (1+z))" N2, zeRrV.

Moreover,
(1) If liminf ;o V(z) |22 > 0, then there exist A > 0, v > 0 and
C > 0 such that for € > 0 small enough,

et rxa) AU

(2) If liminf ;o V() |z|* > 0 with a > 2, then there exist A\ > 0 and
C > 0 such that for ¢ > 0 small enough,

A dy(z,xe)

el+dy(x,z.)

We(z) < Cexp (—

W) < Comp (- 1+ 1a)5").

(3) If liminf, o V(z) z|? > 0, then there exist A > 0, v > 0 and C > 0
such that for e > 0 small enough,

A du(z,ze) ER
< - .
Wa(x)\Cexp( sl—i—dq.[(a:,xg)) <1-|—|x|

(4) If liminfy o V() |2|* > 0 with a > 2, then there exist X\ > 0 and
C > 0 such that for e > 0 small enough,

a—2
A dy(z,x.) lz| \ 2
< —— .
Ws(x) CeXp( c1 +d’]—[<x,x5) (1 + ’flﬁ‘

Proof. Let W, be given by Lemma Choose a set U C RY such that
ACU,0¢U and U is compact. Choose ¥. € C*(RV \ {0}) N H} .(RY)

such that ¥, = ¥, in RV \ U and U, = 1in A. In view of the estimate of
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< 0. Choose

Lemma [2.15} one can also ensure that sup..g H\ilg

R > 0 such that
(2.33) R < liminf dist(zc, OA).
e—0

Let ®Z< be given by ([2.32]) and set

[ ®%(2) if € By(z., R),
we(®) = { U(x) ifz € RN\ By(z., R).

By (2.33)), for £ small enough, By(xe, R) C A so that w. € CVHRYN).
Besides, if € is small enough, Lemma is applicable and in By (z¢, R)\
By (xe,ep), we have

— (A + H)we + (1 p)Vue > —2 A0 + (1 )V & > 0.
In A\ By(ze, R), one has

Leo(U)

— (A4 H)we + (1 — )V = —2H + (1 p) <11A1fv) >0,

for € small enough. In U \ A, one has
—2(A+H)w.+ (1 — p)Vw, = - (A+ H) V. + (1 — p)V ¥, >0,

for & small enough since V0, is positive on U. Finally, in RY \ U, one
has

2 (A+H) w. + (1 —p)Vw: = —e*(A+H) Y.+ (1 — p)VT, = 0.
We set

we(x)

%% =
(@) cosh A (g — p) ’

where ) is chosen as in the previous lemma. It is standard to see that W,
satisfies properties and . Statement follows from Lemmam
The other conclusions follow from Lemma 2.16l O

Thanks to the previous lemma, we obtain an upper bound on the
solutions (ue)e>o of (Pd).
Proposition 2.19. Suppose that the assumptions of Proposition 2.1
are satisfied. Let (ug)eso C H‘l/ﬂ(RN) be the positive solutions of (P:))
found in Theorem and (z:)e>0 C A be such that

lim inf u.(z.) > 0.
e—0
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Then there exist C > 0, A > 0 and €9 > 0 such that for all € € (0, ¢),
A d(z,S¥)
e 1+d(z, SF)

Moreover, , , and in Lemma hold with u. in place of
.

Proof. By Lemma there exist p > 0 and g9 > 0 such that for all

e € (0,e0), u. satisfies inequation (2.27). Further, HugHLoo(BH(xa’gp)) is

bounded as ¢ — 0 in view of Lemma [2.9] Let (W.). be the family of

barrier functions given by Lemma [2.18] By Proposition we have

(2.34) wuc(x) < Cexp < >(1 +)z))~ N2 g eRrV.

e () < el o ey Wel@) i R\ Bra(a, ),

and the conclusion comes from Lemma 2.18 O

We are now in a position to prove Theorem [2.2]

Proof of Theorem[2.3 We know from Theorem that the modified
equation possesses a positive solution u. € H\l/H (]RN ). In order to
prove that for € small enough, this solution actually solves , it
suffices to show that, for every z € (R™V\ {0}) \ A, one has

f(ue(x))
ug(z)
Assume that V and K satisfy (G1) and (G}), by Proposition m

and assumptions (fy) and (f1), if € > 0 is small enough, we have for all
r € RN\ A,

K(x) < E2H(x) + pV ().

flueta)) _ o, £ (O 011D
us(z) Ce=2 (1 + |z])~(V=2)

< Cem 2@ (1 4 |g[)o~ V=2

2
< e = 2 ().

S fEN]
j2* ((log [[)2 + 1) =
The other cases can be treated in a similar way. O

K(x)

In some settings, it is interesting to determine whether the solutions
are in L?. We obtain as a byproduct the following

Corollary 2.20. Let u. be the solution of (NLS|) found in Theorem
. If N 25 or liminf |, |22V (z) > 0, then, for ¢ small enough,
ue € L2(RV).

Proof. This follows immediately from Proposition [2.19 O
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5. THE TWO-DIMENSIONAL CASE

In dimension N = 2, the method has to be modified because the
classical Hardy inequality fails on unbounded domains of R%. Let us
recall the Hardy-type inequality that was proved in (113, Lemma 6.1]:

Lemma 2.21. Let R > r. Then there exists C' > 0 such that for every
u € D(R?),

1 2
/ Vul* +C u2>/ %)de.
R2 B(0,R)\B(0,r) 4 Jr2\B(0,R) ]w|2 (log I%I)
We deduce therefrom

Lemma 2.22. IfV € C(R?\ {0}) is nonnnegative and non identically 0,
then there exists kg > 0 such that for e > 0 sufficiently small, for every
u € D(R?),

2
mo/ u(z) dx < / 2 |Vul? + V2.
2 [of? (1+ (loglal)?) /w2
Proof. By the conformal transformation x +— #, Lemma becomes

2
R B(0,R)\B(0,r) 4 /B0, |z|” (log |z])

Therefore, one has

2
/ u(z) dr < C( |Vul® +/ u2).
R? |z[2 (1 + (log |x|)2) R? B0.2)\B(0,1/2)

Since V' is continuous and does not vanish identically, there exists
7 € R? and 7 > 0, such that infpz s V > 0. Hence, there exists C' > 0
such that

/ o gC(/ Vul? +V Jul?).
B(0,2)\B(0,1/2) R

Bringing the inequalities together, there exists C' > 0 such that

u?(z) o
/]Rz 2 (1 + (log |2])?) dr < C/RQ(V'LL| + Vau?).

This brings the conclusion when £ > 0 is small enough. g

The space H{;(R?) can thus be defined as in the case N > 2 as the
closure of D(R?) with respect to the norm defined by (2.10]).
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The penalization potential H : R? — R is defined by
H(z):= n

g
j* (1 + (log |])?) 2

where 5 > 0 and x € (0, kp) We see that
H(r) < —5— —.
|z[" (1 + (log |[)?)
Together with Lemma ([2.22)), this ensures the positivity of the quadratic
form associated to —e2(A + H) + V.
As in the case N > 2, this inequality implies the following comparison
principle.
Proposition 2.23. Let 2 C R? be a smooth domain. Let v,w €
HL () N C(Q) be such that V(w —v)_ € L*(Q), (w—v)_/(|z| (1 +
llog |z[])) € L*(Q) and
—2(A+ H)yw+Vw > —*(A+ H)v + Vo, in Q.
If 02 # ), assume also that w > v on 0. Then w > v in €.

One continues the proof of Theorem as in the case N > 2. In
Proposition one takes Ay := B(0,e") \ B(0, e‘ek) and

(@) = ¢ <10g\1§g\:v|!) '
One then obtains estimate by using Lemma instead of Hardy’s
inequality. The only other notable difference lies in the choice of the func-
tion W in the proof of Lemma [2.15] where one follows the construction
of [113, Lemma 6.3], i.e.

W(z) = B(B+1) -k |log ||| "




CHAPTER III

Concentration on circles for the
Schrodinger-Poisson system

The aim of the present chapter is to study the behavior of a certain
class of solutions for the following nonlinear Schrodinger-Poisson system

—e?Au+ V(z)u + p(x)du = K (z)u?, in R3,
{ _A¢ = p(a:)u2,
in the semiclassical limit, namely for € — 0, where ¢ stands for the ratio
fi/(2m)/?, involving the reduced Planck constant 7 and the elementary
matter-field mass m, in a non-relativistic regime. In particular, we focus
on solutions (u, ¢) such that u concentrates around a circle.

Let us choose any 1-dimensional linear subspace d C R3. We denote
by 7 the orthogonal complement of d. If z € R3, we will write z = (', 2")
with 2/ € d and 2" € 7.

As a particular case of our main result, we have the following theorem:

Theorem. Let p > 3 and V € C(R3\ {0} ,R") be a radial potential.

Write V(z) = V(a',|2"|). If there exists r* > 0 such that the function

(NLSP)

2

M(r):=r [‘7(0,7“):| p

has an isolated local minimum at r = r* such that M(r*) > 0, then for
e small enough, the system

—2Au+V(x)u+ pu=uP, z¢eR3
—A¢ = u?,

has a positive cylindrically symmetric solution u. that concentrates on
the circle of radius r* centered at the origin and contained in the plane
.

We point out that we have no assumption about the decay of V
at infinity. In particular, V could be compactly supported. This is an
improvement on previous works, see e.g. [5].

A fundamental physical problem arises from the correspondence prin-
ciple, according to which quantum mechanics contains classical mechanics

75
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as h — 0. In the framework of the Schrodinger equation with Coulomb
potential one can construct solutions which are localized around classical
Keplerian elliptic orbits by superposition of states of minimal quantum
fluctuation (coherent states), see [84,114]. Due to the dispersive nature
of the Schrodinger equation, a rigorous reduction to classical mechanics
cannot in general be performed. By introducing a local nonlinear homoge-
neous term u?, in [23], the authors prove the existence of solutions for the
2D nonlinear Schrodinger equation with radial potential, concentrating
on a circle. In the case of radial potentials, due to the invariance by
rotations, the classical and quantum angular momentum are conserved
as indicated by Noether’s Theorem. This suggests that the solutions
concentrating on Keplerian orbits are suitable candidates in order to
mimic, in the semi-classical limit, the classical dynamics described by
Newton’s equations. In [52], the existence of solutions concentrating
on circles has been obtained for the 3D nonlinear Schrodinger equation
with cylindrically symmetric potential. Under the assumption of a radial
potential, solutions concentrating on spheres were found in [19] by a
variational argument, and in [10] by an approach based on the Lyapunov-
Schmidt finite dimensional reduction scheme. In both [23] and [52], the
underlying idea is to find solutions with nonzero angular momentum.
By a different method, in [30] and [27] the existence of solutions concen-
trating respectively on points and on k—dimensional spheres has been
obtained for the nonlinear Schrédinger equation. In particular, in [27]
the existence of solutions concentrating on a circle has been obtained
when radial symmetry occurs, as in the preceding theorem. Our aim is
to extend [27,[30] to the nonlinear Schrédinger-Poisson system.

1. ASSUMPTIONS AND MAIN RESULT

Now we describe our assumptions.

1.1. The potentials

We consider a nonnegative potential V' € C(R3\ {0}), a nonnega-
tive competing function K € C(R3\ {0}), K # 0, and a weight p €
L?O/CQ(RS) N L2 (R*\ {0}). We assume that the functions V, K and p
are cylindrically symmetric with respect to d, i.e. for every R € O(3)
such that R(d) = d, we have VoR =V, KoR = K and po R = p. This
will be the case if for example V, K and p are radial functions. Notice
that if we write as above x = (2/,2”) with 2’ € d and 2” € 7, these
assumptions imply that the functions V, K and p are even in 2’ and
depend only on 2’ and |z"|.
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1.2. The nonlinearity

We consider, for simplicity, a homogeneous nonlinear term u?P with
3 < p < 0. The condition p > 3 will be used in order to ensure the
boundedness of Palais-Smale sequences.

1.3. The growth conditions

Let
W(z):=V(z)+ pz) .
1+ |z
Following [30,113] we impose one of the three sets of growth conditions
at infinity :
(GL) there exists o < p — 3 such that

|7

lim sup
|z| =00

< 0Q;

(G%) there exists o € R such that

lim inf W (z) |z|* > 0 and lim sup —5~

|z|—o00 |z| =00 |:E

(G3.) there exist a < 2 and o € R such that

K
lim inf W (z) |z|* > 0 and lim sup (=) < 0.

2—«a
|#|—o00 |z|—o0 exp(a ’3;‘|T)
Note that in comparison with [30], in (G2,) and (G3.), V might vanish
somewhere. We also impose one of the three sets of growth conditions at
the origin, which mirror those at infinity :

(G3) there exists 7 > —2, such that

K(z

lim sup LT) < 00,
|z|—0 ||

(G2) there exists 7 € R such that

K
liminf W (z) |z|* > 0 and lim sup ﬁ) < 00;
|z|—0 |z|—0 ||
(G3) there exist v > 2 and 7 € R such that
K
liminf W(z)|z|” >0 and lim sup # < 00.

|z|—0 |z|—0 eXp(T‘$|7%)
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1.4. The auxiliary potential

Before we can state our last assumption, we need a few preliminaries.
Let a,b > 0. We consider the limit equation

(3.1) —Au + au = buP in R%.

The weak solutions of (3.1)) are critical points of the functional Z,, :
H'(R?) — R defined by

— 1 2 2 b p+1
(3.2) Top(u) == Q/RQ (\Vu| + au ) dx | RQ’U, dx.

Any nontrivial critical point u € H'(R?) of Z, 4, belongs to the Nehari
manifold

Na,b = {u € HI(RQ) | u # 0 and ( (’w(u),u) = 0} .
A solution u € H(R?) is a least-energy solution of (3.1) if

Top(u) = vel}\l/f bIa,b(v)-

The ground-energy function is defined by
E:RT" xRt = R : (a,b) — &(a,b) := if\lff Tap(u).
ue a,b

It is standard to show that

(3.3) E(a,b) = inf e Zap(v()),

where
Foz,b = {’7 S C([Oa 1]7H1(R2)) | ’7(0) = Oa Ia,b(/y(l)) < 0} .
The auziliary potential M : R? — (0, +00] is defined by
2" € (V(z), K(z)) if K(z) >0,
+00 if K(z)=0.
We can rewrite Lemma [2.1] in the particular case N = 3 and k = 1 as
follows.

(2!, a") = M(,a") = {

Lemma 3.1. For every (a,b) € Rf x Rf, £(a,b) is a critical value of
Zap and we have
= inf 7, .
&(a,b) sttt e, X ab(tu)
u#£0

Ifu € Noyp and E(a,b) = I, p(u), then u € C1(R?) and up to a translation,
u is a radial function such that Vu(x) -z < 0 for every x € R?\ {0}.
Moreover, the following properties hold:
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(i) & is continuous in Ry x Ry ;
(ii) for every b* € Ry, a — E(a,b*) is strictly increasing;
(iil) for every a* € Ry, b — E(a*,b) is strictly decreasing;
(iv) for every A > 0, E(Xa, \b) = A\"/2E(a,b);
(v) the ground-energy function satisfies
p+l 4 2
E(a,b) =&E(1,1)ar-1" b »-1.

The last property of the preceding lemma implies the following explicit
form of the auxiliary potential:

M, 2"y = €A, 1) |2 [V ()] 1 [K ()] .

Due to the symmetry that we shall impose on the solution (see (3.11)),
the concentration can only occur in the plane 7. We assume that there
exists a smooth bounded open set A C R? such that

(3.4) And=0, Anx #0,

for every R € O(3) such that R(d) = d,

(3.5) R(A) =A

and the following inequalities hold

(3.6) 0 < inf M < inf M,
ANm OANT

(3.7) inf M < 2inf M.
ANm A

By continuity of M in A, this last condition is not restrictive. Similarly,

we can also assume that V' > 0 on A and that M is continuous on A.
Our main result is the following.

Theorem 3.2. Let p > 3 and V, K and p be functions satisfying the

assumptions in Section |1.1. Assume that one set (G..) of growth con-

ditions at infinity and one set (G)) of growth conditions at the origin

hold. Assume also that there exists an open bounded set A C R3 such

that , , and hold. Then there exists g > 0 such that
for every 0 < e < &g, problem has at least one positive solution
ue. Moreover, for every 0 < € < g, there exists x. € AN« such that u.
attains its maximum at x.,

N inf I ~inf
imin ue(ze) > 0, 61_1}(1)./\/1(3:5) legﬂ./\/l,
and there exist C > 0 and X\ > 0 such that

A d(x,S! 5
Ug(ﬂj) < CeXp <_51+(d(3355)1)> <1 + |.'L'|2) 2 , \V/LU € R37
»~e



80 III. SCHRODINGER-POISSON SYSTEM

where S! is the circle centered at the origin, contained in the plane 7
and of radius |z”|.

We notice that the auxiliary potential M does not depend on the
weight p. Hence, p does not play a role in the concentration phenomenon.
Heuristically, this is due to the fact that the Poisson term is a higher-
order term in the asymptotic development of the energy of the solutions
(see Section . The first term of this asymptotic development is related
to the auxiliary potential M.

In Section 2, we deal with an auxiliary penalized problem. This by
now classical penalization argument goes back to del Pino and Felmer
[61]. The method has then been adapted in [30,/113] in the frame of
vanishing or compactly supported potentials. Section 3 is devoted to the
asymptotic analysis of the solutions of the penalized problem while in
Section 4, we show how to go back to the original problem. At last, we
give some final comments in Section 5.

We use the notations uy := max(u,0) and u_ := max(—u,0)

2. EXISTENCE FOR THE PENALIZED PROBLEM

Following [113] and [27], we define the penalization potential H :
R3 — R by
K

H(z) :=

118

|z |? ((log ]az\)2 + 1) :
where >0 and 0 < kK < %. Notice that for all z € R?, we have

Hz) < —5,
||

so that, as in Chapter [[T, we can deduce from Hardy’s inequality that
the operator —A — H is positive and satisfies the comparison principle

(Lemma 2.3 in Chapter [I)).

Fix p € (0, %) We define the penalized nonlinearity g. : R? x R — R
by

ge(x, s) := xa(2) K (x)s")

(1= xa (@) min {2H () + pV (@), K (@) s s

Let Ge(x,s) := [; ge(x,0)do. One can check that g. is a Carathéodory
function with the following properties :

(g1) g=(x,5) = o(s), s — 0F, uniformly in compact subsets of R3.
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(g2) there exists p > 3 such that

tim 988) _
S—00 sp
(g93) one has

0<(p+1)Ge(x,s) < ge(x, s)s Vr € A, Vs > 0,
0 < 2G.(x, s)<ga(x,s)s (e2H(z) 4+ pV (z)) s* Vo ¢ A, Vs >0,

(g94) the function

9=(, 5)
s

S =

is nondecreasing for all z € R3.

Now we use Critical Point Theory in order to find solutions to the
penalized problem

(3.8) { :ij S(fof%“ +p(@)u = ge(w,u), R,

For any u?p € L, .(R3) such that

!4L43 m_JmM@LMdy<d%

the standard distributional solution

(3.9) Oy = L *xu’p

47 ||

belongs to D2(R3) and is a weak solution in D12 (e.g. [132]). Since

we consider u € D2, we will assume p € L?O/ 62. A suitable choice of the
space X of admissible functions is given in the work of Ruiz [132], in
the case V' =0 and p = 1. Inspired by [132], we define, for measurable
Vip 20,

HUH?X = /Rs <52 IVul? + Vu (/W /]RB ’x ) y(’x)p(y) o dy) 1/2

and

(3.10) X = {ueDR?) : |ully <oo}.

As pointed out in [132], the space X is a uniformly convex Banach
space, hence it is reflexive. Precisely, we look for solutions (u,¢,) €
X x DV2(R3).
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We also define H‘l/’a to be the closure of D(R3) with respect to the
norm

lull? = / 2 Vuf? + V.
]R3

We will focus on the closed subspace £ C X of functions which are radial
in 7, namely
(3.11) E:={ueX : VRe O(3)s.t. R(d) =d,uoR=u}.
Solutions of ([3.8)) are the critical points of the functional
1 1

/ (&?2 IVul® + Vu2> + / buu’p —/ Ge(z,u(x)) dz,
2 R3 4 R3 R3
which is C1(X;R).

In the present section we find a critical point for J. through the

mountain-pass theorem. The main result of this section is the following
theorem.

Theorem 3.3. Assume V, K, p satisfy the assumptions of Theorem [3.9
Then, for any € > 0 and k,p > 0 small enough, there exists a critical
point for J. at level

Jo(u) ==

(3.12) ¢e := inf max Je(7(1)),
where
(3.13) Ie:={y€C([0,1],E) : v(0) =0, Jo(v(1)) <0},

corresponding to a nontrivial solution (u,¢) € E x DV2(R3) for (@
Moreover u is positive.

Remark 3.4. Due to the invariance of the Lebesgue measure by rotations,
by the symmetric criticality principle |123|, if uw € E is critical for Je|g,
then u is also critical for Je|x.

The functional J. has the mountain pass geometry, as it is shown in
the following lemma.

Lemma 3.5. For any p > 3, the functional J. satisfies the mountain
pass geometry. Furthermore, there exists a Palais-Smale (P-S) sequence
at the minimaz level c.. In particular, defining

S:={ueFE : u>0},
Sijp 1= {uGE : Zi!r61£||u—y||X<1/n},

it is possible to select the P-S sequence (uy)n in such a way that uy € S1/k
for all k € N.
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Proof. We first prove that, for any p > 3, the origin is a local minimum
for J. in E. We follow the arguments in [28]. By the Sobolev inequality,
there exists C' > 0 such that

1

— | Kt <ou|B.

[ Kl <ol

By the same estimate as in Lemma [2.4) in Chapter [T} there exists ¢ > 0
such that

1
Jo(u) > c/ (52 \Vul® + Vu2) + / puu?p — Cllul /5.
R3 4 Jrs
Since, by definition, [gps duu?p = (||ull% — Hqu)2, one has
1 2
2 2 2 +1
Je(w) > ellull? + 7 [l = Jull2]” = € Jlully
— 2, 1 . 2pon2 L 4 ol
= cllulls + 7 llullx = 5l el + 7 llulls = Cllully™

Let o > 1. Using the inequality AB < a?A? + B?/(4a?), we get
a? -1
402

a?—1

Jew) > ellull? - *

4 4 +1
[ullc + lullx = Cllull ™

For ||u||y < d, we have

a® =1, 2 a? -1 -3 4
T > [e= S Jull + |5t - 08l

This yields, for § small enough,

402

Hence, the origin is a strict local minimum point for J; in X (and thus
in ).

Moreover, J. attains negative values along curves of the form u; := tu,
with v € F such that u™ # 0 and ¢ > 0. Hence J. has the mountain pass
geometry.

By the general minimax principle [145, p.41], there exists a P-S
sequence (up)nen such that, if for v, € I,

2_1
Luw>[“ —OWSMm&.

1
J TLt < IR
tren[(fi)l(] 6(7 ( )) Ce + n

then
1
(3.14) dist(un, 1,([0,1])) < e
Finally, since J.(u) = Jz(|u|), the conclusion follows from ({3.14)). O
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We now study some properties of the P-S sequences.

Lemma 3.6. Let p > 3 and let (uy), be a P-S sequence for J.. Then
(un)n is bounded in X.

Proof. Define

A, = / (9e(z, un(z))un(z) — (p+ 1)Ge (2, up())) da.
RS

By (g3) and Hardy’s inequality, we have

An > *(p - 1) Ga(xyun(x)) dx
R3\A
-1
> P - (2H + pV)u2
2 Jra\a
p—1 2
> P 2.

Since (un)n is a P-S sequence, the above estimate yields

s tn)

C = (p+1)Je(un) — <J£(“ ), u
=l + P [ bu (@i @n(e) o+,

2 4
-1 -3
61 2Pl P [ @@l do
4 4 Jus
As a consequence, the conclusion follows. O

Lemma 3.7. Let (uy), be as in Lemma such that uy, € Sy, for all
k € N. Then

(@) lim o P () (un)? p(2) da = 0;

n—oo

(b)  lim | @y, (2)(un)2p(x) dz = 0.

n—oo R3

Proof. Since uy, € Sy, there exists a sequence (y, ), C S such that

[t = ynllx — 0.
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Hence (a) follows:

L G- @wa)? @)pla) da
(1) (2)p() (1) (2)(2)
< /R3 /R3 dz dz

|z — 2|
(un = yn)* (@) p(x) (un — yn)*(2)p(2)
S /Rs /R3 |z — z| du dz

< Jlun — yallk = 0.

To prove (b), define, for measurable and nonnegative functions f and
g, the quantity

D)= [ [ Falle— i otw) do dy.
R3 JR3
From [103| p.250], we have

(3.16) ID(f,9)I” < D(f, f)D(g. 9)-

Since (uy), is bounded in X, by the inequality above with f := u2p and
g := (un)% p and by (a) we have

/ G () (n)2 plx) da < C / Bpuny_ (2)(un)2 pl) d = 0,
R3 R3
as n — o0. ]

In the following we shall need a family of cut-off functions. Consider
a smooth function ¢ such that ¢ =1 on [2,00) and ¢ =0 on [0, 1]. Then

define
. (log(1 +z|)
(o) = ¢ (2O,
One has
C
Nl < —.
(3.17) x| Vgl o I

Lemma 3.8. Let (uy), C E be a P-S sequence as in Lemma[3.5 and
assume that u, — u > 0 in E. Then, for all § > 0, there exists a ball
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B C R3 such that

a) lim sup/ bu, (2)u2(2)p(z) dx < 4,
n—oo R3\B
b) lim sup/ Vu? <6,
n—o0 R?»\B
c) lim sup Hu? < 6,
n—o0 RS\B
d) lim sup/ Ou,, (Un)—up <9,
n—oo RS\B
e) lim sup/ Du, (Un)+ up < 0.
n—o0 RS\B

Proof. Consider the above family of cut-off functions. We claim that,
uniformly in n,

(3.18) /R3 <%|Vun|2—Hui>n12%>O<%>, as R — oo.

In order to prove this, compute
IV (wnnr)|* = 0 |Vin| + 2unngVun, - Viig + up Vgl
We have

'/ unnRvun ' VV?R
R3

Up,
= ‘/ —Vuy, - (|z| Vnr)
s |7

U
< lle] Vgl \ [ i,
R3 !w\

By (3.17), Cauchy-Schwarz and Hardy inequalities, we obtain

C (o
(3.19) / unnRVtn - Viir| < %[ Vun |3 <
R3 R

E.
Here we have taken into account that, since u, — u in E, ||[Vuy,l2 is
bounded. In the same way, one can easily obtain

C
2 2

V < —.
/R3 tn [Vl R?

Hence, by Hardy’s inequality and the above estimates, we have, as
R — o0,

1 2 2\, 2 / 1 2 (UnnR)2 1
z _ > - S Sl L0 . 7o -
L (5wl =)= [ (Gt - 205 1 0( )

o(}).
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and the claim follows. Furthermore, notice that

1
(3.20) / YV, - V(unnk) = / |V, |?n% + O(—), as R — oo.
R3 R3 R

Finally, for R large enough so that ng = 0 on A, we deduce from (3.18))
and (3.20) that

o(1) = <J£(un)’un7712%>

S i V. |12 n2 2,2 1 Viznd + O 1

> Vun|"ng + | Gu,unnre + (1 —p) UnfR + )
2 R3 R3 R3 R

as R — co. Since all the terms are nonnegative, taking B := {z € R? :
lz| < e*} with R large enough, the above estimate yields statements

(a), (b) and, using (3.18)), statement (c).
In order to prove (d) we use Cauchy-Schwarz inequality and (3.16]),
obtaining

/R3 Gun () — upnr < (D(u2, (un)2))"? (D(ui,ui)D(UQ, u2))1/4 N

since D(u2,u2) is bounded and D(u2, (u,)%) — 0 by Lemma

n)’-'n

Finally we prove (e). We have, for any R > 0,
o(1) = (JL(un), unr)

> (uplung)e + /3 Pu,, (Un)+ unrp
R

— [ Gunun)wnmp — [ (H ) o),
R3 R3
as n — oo. Notice that, by weak convergence, we have, for any R > 0,
(un‘unR)a — (u|unR)£7
and
/ (e2H + V) (un) s unr —>/ (e?H + pV)ung.
R3 R3
Now fix o > 0 small and take R, such that for all R > R, we have
/ (e2H + pV)uPng < a
R3
and, by (d),
[ @) wnen <
R3
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Arguing as for the estimate (3.19)), we can choose R, large enough such

that
/3uVu VNgr R <«

for every R > R,. Hence, writing V(ngru) = nrVu + uVng, the term
(ulunpg)e is the sum of a positive term plus a small term. Therefore, we
obtain

o) +30> [ 00, (un)- i
R
and claim (e) follows. This concludes the proof. O

Arguing as in the above lemmas we have

Lemma 3.9. Under the assumptions on p,V, K given in Theorem[3.3,
let (uy,) be as in the above lemma. Then for all 6 > 0, there exists a ball
B(0) C R3, such that

(a) lim sup/ bu, (x)ulp(z) do < 5,

(b) lim sup / Ou,, () (un) —up(z) dx| <9,
n—00 B(())

(c) lim sup / Ou,, () (un)sup(z) dx| < 9.
n—00 B(O)

Lemma 3.10. Let (uy), be as in Lemma . Then, passing if necessary
to a subsequence, we have

2 2
[[unllZ = flullZ -
Proof. Since u, — u in Hxl, ., for some subsequence, we have

o(1) = (JL(un), un — u) = |JunZ = [[ull? + o(1)

(3.21) / G, (T)Up (uy — u)p (x)d:c+/ 9= (x, up) (uy, — u)dz.
R3
We show that
A, = / ge(x, up) (uy, — u)dx — 0
R3

and

B, = /R D () un (i — w)p()dz = 0.

A, :/+/ +/
A B\A R3\B

Observe that
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for some large ball B containing A. Since (uy, ), is bounded in £ and E is
compactly embedded in L(A) for all ¢ > 1, passing to a subsequence, we
can assume u, — u in LPT1(A). As a consequence, passing if necessary

il
to a subsequence, we have |g-(x, u, )| < g(z) for some g € L% (A). Using
Holder inequality and dominated convergence theorem, we have

/ 9= (x, up) (uy — u)dx — 0.

A

In the same way, using the compact embedding E < ng Hipv (B\A),
it follows that

B\A

Finally, taking B large and using (b), (¢) in Lemma we have
/ 9e(x, up) (uy — u)dz — 0,
R3\B

hence A, — 0.
In order to prove B, — 0, we use a similar splitting argument. Fix

6> 0.
By :/ +/ +/
B(0) B\B(0) R3\B

= Il,n + I2,n + IS,ny
Now we choose B such that, using Lemma [3.8] we have
|13,n’ <.

Shrinking the ball B(0) if necessary, we infer from Lemma that
|Il,n| < 4.

Next, we estimate I ,, as follows. By Holder and Sobolev inequalities,
we have

(3.22) / G (2) [t (11, — )] () <
B\B(0)

Clipll Lo (B\BO) [ Bun | Dr.2(R3) [un (tn — W)l Lo/5(B\ B(0))-

Due to the weak convergence in E, ||y, ||p1.2(rs) is bounded, and there-
fore, by compactness, we get

‘I27n’ < 0.

This concludes the proof. ]
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Proof of Theorem[3.5 By Lemma and Lemma [3.6] there exists a
bounded P-S sequence (uy,), at the minimax level c., such that u, — u
in E. We are going to prove that, passing if necessary to a subsequence,

i) Je(up) — Jo(u),
i7) J(u) = 0.

This will imply the existence of a nontrivial solution u.
In order to prove i), notice that, by Lemma it is enough to show
that

Ge(z,up) do — Ge(z,u) dx
R3 RN

and
/, bu, (x)ulp(z) do — / bu(x)u’p(z) da.
R3 R3

In order to prove the former limit, we can argue as for the terms involving
ge in Lemma splitting the integral

/ Gg(az,un)—GE(x,u)d$:/...—{—/ +/
R3 A B\A R3\B

We can assume u, — u in LPT1(A) and almost everywhere. Fix 6 > 0.
By using the compact embedding E' < L9(A) which holds for all ¢ > 1,
the dominated convergence theorem yields

/ |Ge(z,upn) — Ge(x,u)|dz < 6
A

for large n and, in the same fashion, using property (g3) and the compact
embedding of E in L%, v (B\A), it follows that

/ |G (2, up) — Ge(z,u)|dx < &
B\A

for some subsequence, taking n larger if necessary. Finally, observe that,
by (b), (c) of Lemma there exists B large enough, such that for n
large enough,

/ G, ) — G (, w)|das < 6.
R3\B
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Now we prove the second limit. We compute

/]R3 [bu, (2)U2p(2) — du(x)u’p(x)]ds

< \/B(O)...\+\/B\B(O)...(+\/R3\B...\

= Jl,n + J2,n + <]37n-

Fix 6 > 0. Arguing as in the proof of Lemma we can take B large
enough in such a way that

[ ouwnpa)ds <3,
R3\B
yielding, with Lemma [3.8]
Jan<| [ owt@rip@is|+] [ ouw)lole)da] <25
R3\B R3\B

Since we can shrink B(0) so that

| bualoa)ds <o

B(0)

we deduce from Lemma that

I <| [ du@udp@)de| +| [ pu(@)uo(a)dz| < 2.
B(0) B(0)

Now, with by now familiar arguments, we can estimate J,. Indeed,
using Holder and Sobolev inequalities, we have

/ (Bu ()2 — du(a )| pl)da
B\B(0)

< / |¢Unu’l%l, - ¢unu2|p + / |¢Unu2 - ¢uu2|p
B\B(0) B\B(0)
< Cllpll o (8\5(0)) | Pun | D1 2m3) 1z, — 1|l Los5 (1 B0y

ol 2150 / (u (@) — x|
B\B(0)

By compactness, we infer that ||u2 — U2||L6/5(B\B(0)) — 0, while (¢, )n is
bounded in D?(R3), hence the first term in the last expression goes to
zero. On the other hand, since ¢,, — ¢, in DV2(R3), we have ¢, — ¢y
strongly in L4(B\ B(0)) for any d < 2*. Hence, Holder inequality implies
the last term also goes to zero. As a consequence Jp , < ¢ and this yields

).
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The proof of ii) is rather standard, using the weak convergence in
FE and the same splitting arguments. The maximum principle implies
u > 0 on R3. This completes the proof of the theorem. O

3. ASYMPTOTICS OF SOLUTIONS

In order to show that the solution u. found in Theorem [3.3] satisfies,
for € small enough, the original problem and concentrates around a circle,
we need to study the asymptotic behaviour of u. as € — 0. Since many
arguments are similar to the ones in [27], we only stress the differences
with these. We begin with an energy estimate.

Proposition 3.11 (Upper estimate of the critical value). Suppose
that the assumptions of Theorem [3.3 are satisfied. For e small enough,
the critical value c. defined in (3.12)) satisfies

2 .
ce <€ (ﬂ/l\%f;r/\/l%—o(l)) ase — 0.

Moreover, the solution u. of (3.8) found in Theorem satisfies, for

some C' > 0,

(3.23) luellZ, . < Ce

and
2 2

R3 R3 JR3 |z — y|
Proof. Take xy = (0,z() € AN = such that M(zo) = infpn, M. Denote
by Iy the functional defined by (3.2) with a = V' (z¢) and b = K(xg) and
let ¢o := E(V(xg), K(xp)). From (3.3]), we infer that for every 6 > 0,
there exists a continuous path ~s : [0, 1] — H'(R?) such that vs(0) = 0,
Io(vs(1)) < 0 and

co < max Io(ys(t)) < co + 6.
te[0,1]

Let n € D (R%r) be a cut-off function with support in A such that
0 <7 <1, n=1Iin a neighbourhood of (0, |zj|) and ||V7| < C. We

consider the path
/ ! !
7 a' |2 — g
t)y| —,—— ] .
"|)ys(t) (6 , .

Ys(t) : & — (2,

Setting

9 9

s v (2, 1= 0
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we compute, by a change of variable,
1 _ _
2/<2\w<>| HV@(0)ds = [ Gala3p(0)dz
/ / 4] ]V”ut| +V(ey,eo + ‘x > (e0 + |g|)e do edy’

_W/ / EA Gley',eo + |ag |, ve) (o + |z |)e do edy.
RJ_1%0l

The boundedness of p in A and Hardy-Littlewood-Sobolev inequality
lead to

/ / Ys(t (W) p(@)ply) i
R3 JR3 |33—Z/|

||PHL<>O / / (', 9)i (Y, 7) et da’ dy' do dr
R? JR?
y\2+|0 7|?

VI

S CE ||'Ut||L2(R2)

—0(?).

For £ small enough, we obtain

(3.25) e 21 (35(t)) < wi |24 |" Io(15(t)) + o(1).

It follows that for ¢ small enough, 75 belongs to the class of paths I'.
defined by (3.13]). We deduce from (3.12]) that

20 < 27 (3:(1
€ G tlél[g)li]g J=(Y5(t))

)

m || max Io(35(8)) + o(1)

7 |xg| (co + 6) + o(1).

Since § > 0 is arbitrary and |z{j|co = M (xp), the first statement is
established. The second statement is proved by a computation similar to
B-15). O

Proposition 3.12 (No uniform convergence to 0 in A). Suppose
that the assumptions of Theorem are satisfied and let (uz). C E be
positive solutions of obtained in Theorem . Then there exists
6 > 0 such that

e[ oo n) 2 0-
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Proof. Since the Poisson term is positive, we can do the same proof as
in Proposition [2.8]in Chapter [T} O

As in Chapter we write u(2', 2") = @ (2, |2"]) with @, : R2 — R.
Notice that ¢, has the same symmetry as u., i.e. for all R € O(3) such
that R(d) = d, ¢y o R = ¢,_. This follows easily from the representation
formula (3.9).

Since the H‘l,ﬁ—norm of u. is of the order ¢, it is natural to rescale
as(2',|2"]) as (2L + ey, |27| + € |y”]) around a well-chosen family of
points z. = (z,7”) € R3. The next lemma shows that the sequences
of rescaled solutions converge, up to a subsequence, in Clloc(R2) to a
function v € H'(R?).

Lemma 3.13. Suppose that the assumptions of Theorem[3.3 are satisfied.
Let (uz)e C E be positive solutions of (3.8)) found in Theorem
(en)n C RT and (xp)n CJR:S be sequences such that €, — 0 and x, =
(), 2!y = 7= (,7") € A as n — oo. Set

"
|¢+m[

n

Q, =R x }—
and let vy, : 0, — R be defined by
Uﬂ(y7 Z) = aEn (:U',n, + €nY, ‘CL‘Z’ + €nZ),

where ., : R2 — R is such that ue, (2',2") = @, (2, |2"]). Then, there
exists v € H'(R?) such that, along a subsequence that we still denote by
('Un)ny

Cl

loc
n

(R?)

Moreover, v is a solution of the equation

—Av+V(z)v = K(z)P, T € R
Proof. We infer from Proposition that for all n € N,
(3.26)

| (190t 2 + Vi + o

n

‘,L.;/L‘ + EnZ) "Un(y,Z)|2> dy dz < C7

with C' > 0 independent of n.
Observe also that each v, solves the equation

en OV
2 — Ay, — =1 " +en
(3.27) v 5, + V(z,, + eny,

+p(z), +eny, ‘a:%!—{—snz)gz;nvn = ge, (@), +Eny, |2h | +Enz,vn), @€ R?,

"
$n‘ + en2)vp
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where we have set ¢y, (y, 2) = du_ (2], +y, |2/| +€n2). As a consequence
of (3.24), the sequence (én)n converges to zero in DV2(R2). Tt follows
then from Holder inequality that the term (p(z), +eny, |27 | + £n2) Gntn)n
is bounded in L} (R*\ {0}).

Define a cut-off function nr € D(R?) such that 0 < nr < 1, nr(x) =1
if |z| < R/2, nr(xz) = 0if || > R and ||Vnrl||,, < C/R for some C > 0.
Choose (Ry)y such that R, — oo and ¢,R,, — 0. Since Z € A and
ANnd =0, one has e, R,, < |2/1] if n is large enough. Define w, € H{. (R?)
by

W (Y) = MR, (Y)n(y)-

It was shown in Lemma in Chapter [LIf that implies that
(wp)r is bounded in H'(R?). Since w, solves equation on B(0, R;,)
for all n, classical regularity estimates yield that for every R > 0 and
every q > 1,

(3.28) sup an”qu(B(o,R)) < 0.
neN

Up to a subsequence, we can now assume that (wy, ), converges weakly
in H'(R?) to some function v € H'(R?). By (3.28), for every compact
set K C R?, w, converges to v in C'(K). Moreover, for n large enough,
wy, = v, in K so that v, — v in CY(K). O

For z,y € R3, denote by

da(w,y) = /1o — /2 + (2] — y"])2.

the distance between the circles centered at 2’ and ¢/, and of radius |z
and |y”| respectively. We denote by By the balls for the distance dg, i.e.,

//‘

By(z,r) = {y € R® : dg(z,y) < r}.

We are now going to estimate from below the critical value c¢.. In the
next two lemmas we estimate the action respectively inside and outside
neighbourhoods of points.

Lemma 3.14. Suppose that the assumptions of Theorem[3.3 are satisfied.
Let ue € E be positive solutions of (3.8)) found in Theorem (en)n C
R* and (x,), CR"™ be sequences such that ¢, — 0 and z, = (2, x),) —
T=(2,7")e AN asn — oco. If

(3.29) lim inf u,,, (,) > 0,

n—oo
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then we have, up to a subsequence,

1
e I ) (.2 2 2 _
hﬁglo%f hnrggéfsn (/Tn(R) 5 <€n |Vue, |” + Vuan) Gsn(.,ugn))
> TM(Z),
where Ty, (R) := By(xyn,enR).

Proof. The proof is the same as the one of Lemma in Chapter [
Indeed, the Poisson term is positive and the equation satisfied by the limit
of the sequence of rescaled solutions is the same as in Chapter [} O

Lemma 3.15. Suppose that the assumptions of Theorem[3.3 are satisfied.
Let u. € E be positive solutions of found in Theorem (en)n C
R* and (%), C R? be sequences such that e, — 0 and for 1 <i < M,
2t — 7' € A as n — oo. Then, up to a subsequence, we have

1
lim inf lim inf &, 2 (2| Vue, P + Va2 ) = Ge, (1 ue,) | 20,
RA\T,(R) 2 -

R—oo n—o0

where Tp(R) := Ui\il By(zt, e R).

Proof. Since the Poisson term is positive, the proof is the same as the
one of Lemma in Chapter [I} O

Proposition 3.16 (Lower estimate of the critical value). Suppose
that the assumptions of Theorem[3.3 are satisfied. Let u. € E be positive
solutions of found in Theorem (en)n C RY and (%), C R3 be
sequences such that e, — 0 and for 1 <i< M, xfl S 7te N asn— co.
If for every 1 < i < j < M, we have

. dd(m;izv ot )
limsup ———= =
n—oo 6TL

and if for every 1 <i < M,
lim inf u,, (z%) > 0,
n—oo

then the critical value c. defined in (3.12)) satisfies
n—oo

M
liminf e, %c., > 7Y M(z").
=1

Proof. This is a consequence of the two previous lemmas, see Lemma [1.13
in Chapter [[] for the details. O
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Now we can state a first concentration result. It will be completed
in the next section by a decay estimate.

Proposition 3.17 (Uniform convergence to 0 outside small balls).
Suppose that the assumptions of Theorem are satisfied and that A
satisfies the assumptions — (13.7). Let (uz)e C E be positive solutions
of obtained in Theorem (3.5 If (xc)es=0 C A is such that

lim inf
im in us(ze) > 0,

then
(i) lime_ ./\/l(xe) = inf/m7r M,
(7i) limsup,_, % < 00,
(iii) liminf._.q dd(xa, 81\) > 0,
(iv) for every § > 0, there exist eg > 0 and R > 0 such that, for every
e € (0,ep),
[ttel| oo A\ By(ae e R)) < O-

Proof. All the assertions are proved by energy comparisons, using only

Propositions and as in Proposition in Chapter [} ]

4. SOLUTION OF THE INITIAL PROBLEM
4.1. Linear inequation outside small balls

In this section we prove that for ¢ small enough, the solutions of
the penalized problem are also solutions of the initial problem
(NLSP). We follow the arguments of [113] and [27]. First we notice that
the solutions of satisfy a linear inequation outside small balls. As
observed in |28, Theorem 5|, the function ¢,_ satisfies the estimate

Ce
r) 2 S
Pl 2 G
for some constants C., CL > 0. Set

Cep(z)
Welz) =1 —-p)V(z)+ .
Lemma 3.18. Suppose that the assumptions of Proposition |3.17 are
satisfied and let (uz)e C E be positive solutions of (3.8)) found in Theorem

and (x:)eso C A be such that

lim inf u.(z.) > 0.
e—0

Then there exist R > 0 and g9 > 0 such that for all € € (0,¢e0),
(3.30) —&? (Aue + Hus) + Weue <0 in R3\ By(ze,eR).
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Proof. Set

LR (g&))pll |

Since V and K are bounded positive continuous functions on A, n > 0.
By Proposition [3.17] we can find g9 > 0 and R > 0 such that for all
e € (0,&0], one has

ue(z) <n forall z € A\ By(ze, eR).
We conclude that
—2Au, + (1 = p)Vue + poy ue < —2Aug + Ve + pou.us — Kul =0

in A\ By(w.,eR). The fact that u. satisfies (3.30) in R\ A follows
directly from the definition of the penalized nonlinearity. O

This lemma suggests that we can compare the solution w. with
supersolutions of the operator —&2 (A + H) + W, in order to obtain
decay estimates of u..

4.2. Comparison functions

In this section we recall results from Chapter [[] about the comparison
functions. The next lemma provides a minimal positive solution of the
operator —A — H in R3\ A.

Lemma 3.19. For every € > 0, there exists ¥. € C? ((R*\ {0})\ A)
such that

{ —2(AU, + HU,) + WU, =0 inR>\ A,

U, =1 ondA,
and
2
(3.31) / (!Vllls(x)\z + W) dx < 0.
R3\A |z

Moreover, there exists C > 0 such that, for every x € R3\ A and every
>0,

C
3.32 0O< v < .
(3.3 (o) €
Proof. See Lemma, in Chapter [T} O

As explained in [113], the estimate (3.32)) is the best one can hope
for, at least if W, decays rapidly at infinity. However, if W, decays
quadratically or subquadratically at infinity, we can improve (3.32]).
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Lemma 3.20. Let ¥, be given by Lemma[5.19.

1) If liminf . We(x) |z 2> 0, then there exist A > 0, R > 0 and
||
C > 0 such that for every e > 0 and z € R3\ B(0, R),

R %"!‘\/%—Kﬁ-g
\56‘!) '

v <o

(2) If iminf |, o We(z) [2]% > 0 with a < 2, then there exist A > 0,
R >0, C > 0 and g9 > 0 such that for every ¢ € (0,e9) and
r € R3\ B(0, R),

V. (z) < Cexp (—2 (|x!277a - R22a>> .

(3) If liminf ;o We(z) |22 > 0, then there exist A > 0, r > 0 and
C > 0 such that for every e > 0 and x € B(0,r),

|x|>vi“+2§é

r

U.(z) < C’<

(4) If liminf ;o We(x) [2]* > 0 with o < 2, then there exist X > 0,
R >0, C > 0 and g9 > 0 such that for every ¢ € (0,e9) and
x € B(0,r),

Proof. See Lemma [2.16] in Chapter [[I] O

Now we provide a comparison function that describes the exponential
decay of u. inside A.

Lemma 3.21. Let £ € A and R > 0 be such that
Bd(i', R) C A.
Define

®%(z) := cosh ()\W) :
There exist A > 0 and g9 > 0 such that for every € € (0,e9), one has
—e?A®T + W.BT > 0 in By(z, R).

Proof. See Lemma in Chapter [T} O
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Lemma 3.22. Let (xz:). C A be such that
liminf dg(z., 0A) > 0
e—0

and R > 0. Then, there exist ¢g > 0 and a family of functions
(we)oceceo C Cpin(R3\ {0}) \ Ba(ze,eR)) such that for all e € (0,¢),

one has
(i) we satisfies the inequation
—e2 (A + H)w. + Wow, >0 in R3 \ Bi(ze,eR),
(ii) Vw. € L*(R?\ By(ze,eR)) and € L*(R®\ By(z:,eR)),
(111) we > 1 on OBg(x,eR),
(iv) for every x € By(ze,eR),
A dg(x,ze)

we(z) < Cexp (_El—i—dd(xx)
y e

> (1+4z))~", zeR®

Moreover,

(1) If liminf ), o We(2) lz|> > 0, then there exist A > 0, v > 0 and
C > 0 such that for ¢ > 0 small enough,

A dy(z,x,) _v
A AT Te) ) (g ‘.
el+ dd(x,x5)> (1+z))

(2) Ifliminf |, o We(z) [2|* > 0 with o > 2, then there exist A > 0 and
C > 0 such that for e > 0 small enough,

_i dd(x,$5)
el+dy(z,zc)

we(z) < Cexp (—

(1+12)*5").

(8) If iminf ;o We(z) lz|> > 0, then there exist A\ > 0, v > 0 and
C > 0 such that for e > 0 small enough,

we<x><oexp(_A (@, @) )< ] )

el+dy(z,z:)) \ 1+ |z

(4) If liminf|y o We () |2|* > 0 with o > 2, then there exist A > 0 and
C > 0 such that for e > 0 small enough,

a—2
A dg(x,ze) || Tz
< —_— .
wel@) < Cexp ( e 1+ da(z, ) <1 + ]

Proof. See Lemma, in Chapter [T} O

Thanks to the previous lemma, we obtain an upper bound on the

solutions (ug)e>o of (3.8)).

REN
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Proposition 3.23. Suppose that the assumptions of Proposition [3.17
are satisfied. Let (ug)e>0 C E be the positive solutions of (3.8)) found in
Theorem and (x:)e>0 C A be such that

lim inf ue (z.) > 0.
e—0

Then there exist C > 0, A > 0 and €9 > 0 such that for all € € (0,¢e9),
A d(x,S))

<C T\ el

uele) < Cexp ( e 1+ d(z, 51)

Moreover, , , and n Lemma hold with u. in place of

We.

Proof. See Proposition in Chapter [} O

>(1 +lz))7t,  xeR3

4.3. Solution of the original problem

Proposition 3.24. Let (uc)e>0 C E be the positive solutions of (3.8)
found in Theorem . Assume that one set (GL.) of growth conditions

at infinity and one set (gg) of growth conditions at the origin hold. Then
there exists eg > 0 such that for all € € (0,¢¢), us solves the original

problem (NLSP)).

Proof. We infer from Lemma that there exists a family of points
(z¢)e>0 C A such that

lim inf ue (z:) > 0.
e—0

Assume that the assumptions (GL) and (G}) are satisfied. By Proposi-
tion we obtain for e > 0 small enough and z € R3\ A,

1\
K(z)uP™' < M(1 4+ |z])° <Ces | ’>
x
< Ce’%(pfl)(l + |z])" D+
2K

< o = e2H(z).

2| ((log |z])? + 1) =
We conclude by definition of g. that g.(z,u.(z)) = K(x)u(z), hence ue
solves the original problem (NLSP|). The other cases can be treated in a
similar way. O

Proof of Theorem[3.9. We proved in Theorem that, for any € > 0,
the penalized problem (3.8]) possesses a solution u.. By Proposition
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for € > 0 small enough, u. is a solution of the initial problem (NLSP)).
The existence of a sequence (z¢)->0 C A such that

lim inf u(z:) > 0
e—0

follows from Lemma [3.12] and the concentration result follows from
Proposition [3.17] Finally, Proposition [3.23] yields the decay estimate. [

5. REMARKS AND FURTHER RESULTS
5.1. Concentration at points

We can also obtain a result about solutions concentrating at points.
In this case, the concentration function is given by

p+l_ 3 =2
A(z) = [V(x)]r=1 2 [K(2)]7=1 .
Theorem 3.25. Let 3 < p < 5, V,K € C(R3\ {0},RT), K # 0 and
p € L?O/CQ(R?’) NLE (R3\ {0}). Assume that one set (GL,) of growth
conditions at infinity and one set (G}) of growth conditions at the origin

hold. Assume also that there exists a smooth open bounded set A C R3
such that

(3.33) 0 < inf A < inf A.
A oA

Then there exists €9 > 0 such that for every 0 < e < gg, problem (NLSPJ
has at least one positive solution u.. Moreover, for every 0 < e < &g,
there exists x. € A such that ue attains its maximum at x.,

ligl_j(l)qf ue(z:) > 0,
;1_% A(ze) = H/{f A,
and there exist C > 0 and X\ > 0 such that

-1
us(x) < Cexp (—QM) (1 + |z — 3:€|2) Y, VzeRd

The proof of this theorem is similar to the proof of Theorem
but simpler. Let us only sketch the proof. First of all, we impose no
symmetry neither on the potentials nor on the solution. This makes
the critical Sobolev exponent to appear, in spite of what happens in the
preceding results. We modify the problem in the same way as before and
we search for a critical point of the functional J. in the space X defined

by (3.10f). Theorem remains true with the same proof.
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The limiting problem associated to concentration at points is the
problem

—Au + au = bu? in R3.

Let zp € A be a point such that A(xg) = infy A. We denote by ¢y the
least energy critical value of the limiting problem with a = V(xg) and
b= K(xp). As in Proposition we prove that the critical value c.

defined in (3.12)) satisfies
ce <&%(co+o(1)) ase — 0.

Then we prove as before that the L°°-norm of u. does not converge to 0
in A and that the sequence of rescaled solutions converges in CiL_ to a
solution of the limiting equation. The analogous of Proposition [3.16]is

the following one.

Proposition 3.26. Let (¢,), C RT and (x}), C R3 be sequences such
that ¢, — 0 and for 1 <i < M, 2t — 2° € A as n — oo. If for every
1<i1 <)< M, we have

limsup—— = o0
n—oo 571,

and if for every 1 <i < M,

lim inf u., (z}) > 0,
n—oo

then

n—oo

M
lim inf 5;30% > Zc(i’i),

where C(z) is the least energy critical value of the limiting problem with

a=V(z) and b= K(z).
The concentration result can be stated as follows.

Proposition 3.27. Suppose that A satisfies (3.33)). If (zz)es0 C A is
such that
lim inf u.(x.) > 0,
e—0

then

(i) lime_0 A(z:) = infy A,

(ii) liminf._,o d(xze,OA) > 0,
(iii) for every § > 0, there exist e9 > 0 and R > 0 such that, for every

£ € (0,¢0),
[uel Loo (A\ B2 eR)) < O



104 III. SCHRODINGER-POISSON SYSTEM

Finally the comparison arguments in order to get back to the original
problem are the same as in section

5.2. Concentration on spheres

Using the same method, we can prove the existence of solutions
concentrating on a sphere for the following problem.

—2Au+ V(z)u+ p(z)pu = K(z)uP, z € R3,

—A¢ = ep(z)u?.
However we are not sure whether this problem has a physical meaning.
5.3. Concentration on Keplerian orbits

An interesting question related to [84,|114], concerns the existence
of solutions concentrating on Kepler orbits, assuming radial potentials.
For the reasons described in the Introduction, this might be a typical
situation where the correspondence principle can be checked using solu-
tions localized on classical planar orbits. We wonder if this result could
be obtained for the 3D nonlinear Schrodinger and Schrédinger-Poisson
equations with radial potentials.

5.4. Concentration at local maxima of the auxiliary potential

We believe that there exist solutions concentrating on circles whose
radii are local maxima of the auxiliary potential M. Concentration at
local maxima of the potential V' has been obtained by del Pino and Felmer
[63,/64] for the nonlinear Schrodinger equation in the case infgn V' > 0
and for a decaying potential in Chapter

5.5. Concentration on curves

Solutions concentrating on curves were obtained for the nonlinear
Schrodinger equation without any symmetry assumption in [70,/106)].
This problem is completely open for the Schréodinger-Poisson equation.

5.6. Concentration driven by p

If V = K =1, it is natural to ask whether there still exist solutions
with a concentration behaviour. In this case, we expect the location of
the concentration points to be governed by the weight p. The asymptotic
analysis seems more delicate since it requires higher order estimates.



CHAPTER 1V

Concentration at local maxima

We study positive bound states for the stationary nonlinear Schro-
dinger equation

(NLS) — ?Au+ V(z)u = uP, zeRY,

where € > 0 is a real parameter, N > 3, % <p< % and V €

C(RY,R*). Solutions concentrating at local minima of V' were found for
example in [7,30,/113]. We are interested in solutions which concentrate
at local maxima of V. Such solutions were found under more restrictive
assumptions on the potential V. In [6], Ambrosetti, Badiale and Cingolani
use the perturbation method and can treat local maxima in the same way
as local minima. When using purely variational methods, the situation
is more delicate because the mountain-pass theorem can no longer be
applied. del Pino and Felmer [63],64] developed an approach based
on the general minimax principle. In all these works, it was assumed
that infrpy V > 0. By contrast, we can treat fastly decaying potentials
or even compactly supported potentials. To do so, we have combined
the del Pino-Felmer approach with the penalization by a Hardy-type
potential. The main difficulty lies in the proof of a strict inequality
between two energy levels (see inequality )

1. ASSUMPTIONS AND MAIN RESULT

We assume that there exists a smooth bounded open set A ¢ RY
such that

(4.1) supV > infV =supV
A A A
and
ptl_ N ptl_ N
(4.2) sup Vr-1 2 <2inf Ve-1 2,
A A

Note that (4.1)) implies that

supV =inf V|

A A
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that is, OA is a level line of V. We prove the following result.

Theorem 4.1. Let N > 3, &5 < p < 2 and V € C(RY,RY).
Assume that there exists a smooth bounded open set A C RN satisfying

4.1), (4.2). Then for e > 0 small enough, equation (NLS|) possesses a
positive solution vz € CY*(RYN) such that u. attains its mazimum at

Te €A,

(4.3) hgn_)lonf us(xe) > 0,
(4.4) lim inf dist (z., RV \ A) > 0
e—0

and, if V€ CN (RN, R1),

(4.5) lim V(x.) = sup V(z).

e—0 zEA

For example, we can find a solution concentrating at the origin for
equation (NLS|) with
B 1
1+ |z

V(x)

This result is new because infgy V' = 0 and thus the results in [6,/63,64]
cannot be applied.

As mentioned earlier, if V' is compactly supported and p < %, then
equation has no positive solution in the neighborhood of infinity,
in accordance with a result of Gidas and Spruck [85].

2. THE PENALIZED PROBLEM

Following del Pino and Felmer [63], we first solve a penalized problem.
Bonheure and Van Schaftingen [29,30] have introduced a penalized prob-
lem for decaying potentials. The penalization for fast decay potentials
is due to Moroz and Van Schaftingen [112,/113]. It was used by Bon-
heure together with the authors to study solutions concentrating around
spheres [27]. Another penalized problem was defined by Yin Huicheng
and Zhang Pingzheng [146] (see also Fei Mingwen and Yin Huicheng
[82] and Ba Na, Deng Yinbin and Peng Shuangjie [18]). In these papers,
only concentration at local minima of the concentration function was
investigated.
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2.1. The penalization potential

Let 29 € A and p > 0 be such that B(zg, p) C A, and let xs denote
the characteristic function of the set A. The penalization potential
H :RYN — R is defined by

(N_2)2< Ing% )14‘5

4z — xof? L;;:O‘

H(x) := (1 — XA(:L‘)) g

for some fixed 8 > 0 and pg € (0, p).
Let us recall the main properties of the operator —A — H [113] §3.1].

Lemma 4.2 (Positivity [113, Lemma 3.1]). For every u € H},(RY),

/RN(\vuy? “HuP) > 0.

Sketch of the proof. This is a consequence of the classical Hardy inequal-
ity since for every x € RV \ B(xg, p),

H(z) < (N —2)°

- g
T Az — xof?

Lemma 4.3 (Comparison Principle [113, Lemma 3.2]). Let Q2 C RN
be a smooth domain. Let v,w € H} ()N C(Q) be such that

loc

—Aw—Hw > —Av — Ho, weakly in .
If w > v on 09) and

o pa [ @@ =)

then w > v in Q.

Proof. Take 1) € D(R™) such that 1) = 1 on B; and define 1, € D(RY)
for n € N and x € RN by 1, (z) = ¢(x/n). Take ¢, (w —v)_ as a test
function in the equation. One has then

/ Un(|V(w — )P~ H |(w —v)_|*) = —/ 2(w—v)_ V- V(w—0).
RN RN

One concludes by letting n — oo. O

2.2. The penalization nonlinearity

Let p € (0,1). The penalized nonlinearity g. : RV x R — R is defined
for z € RN and s € R by

g:(x,8) = xa(x)s P + (1 — XA($)) min(,u(eQH(x) + V(w)), \s\p_l)s+ .
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Also set Ge(z,s) := [; g-(z,0)do. The function g. is a Carathéodory
function with the following properties :

(91) ge(z,s) = o(s), s — 0, uniformly on compact subsets of RY.
(g2) one has

lim sup gg(x;Js) ,
5—00 |5|
(g3) one has
(p+1)Ge(z,s) < ge(z, s)s Vo e A, Vs € R,
2G. (2, ) < g=(z,8)s < p(*H(z) + V(z))s* Vz ¢ A, Vs € R,
(g94) the function
teRT ge(w,ts)s
* t

is nondecreasing for all € RV and s € R.

2.3. The penalized functional

Let us introduce some functional spaces naturally associated to our
settings. We define the space

HL(RY) = {u e DLA(RY) /

Vul® < oo} .
RN

This space is a Hilbert space endowed with any of the equivalent norms
Jull2i= [ 1Vl +V [uf?)
RN

defined for € > 0.
We look for a solution u € H‘l/ of the penalized equation

(P:) — & Au(z) + V(z) u(x) = g- (v, u(z)) for z € RV,
The associated functional is

T Hy - R: Jo(u) := ;/ (2 |Vu|2+V|u|2) _/ Ge(z,u(z)) dx .
RN RN

It is standard that J; is well-defined and continuously differentiable and
that its critical points are weak solutions of the penalized equation ((Pg).
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2.4. The Nehari manifold
The Nehari manifold associated to the functional J. is defined by
Nz = {u € Hy(R¥)\ {0} : (J/(u),u) =0} .

It is well-known that u € Hj,(RY) \ {0} is a critical point of 7 if and
only if u € N and u is a critical point of J. restricted to N-.

We point out that N. is bounded away from 0. We first have an
integral estimate.

Lemma 4.4. Let € > 0 and uw € N.. Then

Jart = [ E Vv = e
A RN
where ¢ > 0 is independent of € and u.

Proof. By (g3), one has
/ |Vu\ +V ]u| / ge(z,u(z))u(z) do
RN
/ ]u\pﬂ—i-u/ (V+82H)|u]2.

We deduce from Lemma 2] that

a=n) [ SVuPviaf < [ ap.
RN A

The Sobolev and Hélder inequalities imply, since infp V > 0,

ﬂ_ilN
/ < of / Vul?) / u?
A
C
< ;N(/A IVl +V|u|)

3

The conclusion follows. O

We also have an estimate on the maximum as ¢ — 0.
Lemma 4.5. Let € > 0 and v € N.. Then
L
Sup —— >
This was proved for solutions by Moroz and J. Van Schaftingen
[113, Lemma 4.2] (see also [30, Lemma 17]).
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Proof. One has by (g3),
[o2mat vl < @it an [ @
RN A RN\A

p—1
Ssupu;’/ /V\u|2+,u/ (V +e2H) |u)?
A A RN\A

and thus by Lemma,

u?fl
sup+/V\u|22/V\u|2.
A VoA A

By Lemma [,V |ul* > 0, and the conclusion follows. O

We also note the following coercivity estimate.
Lemma 4.6. There exists C > 0 such that for every e >0 and u € N,
1 1
S Y- 2\Vul?+Viu?) <C .
(5-517) 0-m [ IVl 4 Vi) < catw)
Proof. Since u € N, one has

= (5= o17) [ Va4 Vi)

5T oy (@ u@)u(@) = (0 + 1Ce (2, u(a)) da.
In view of (g3),

1

DT o 9 (@) u(@) = 0+ 1)Ge(, u() da

p—1
> —— Ge(x, d
PR A E(x U(ZL')) T

11 ) )
>—(z-—— H .
G- L, e vm

Thanks to Lemma [4.2] we reach the conclusion. O

2.5. The Palais-Smale condition

For every € > 0, the functional J. satisfies the Palais-Smale compact-
ness condition:
Lemma 4.7. For every € > 0, if (up)nen S a sequence such that
(T=(un))nen converges and (J.(un))nen converges to 0 in (Hi(RY))Y,
then, up to a subsequence, (un)nen converges in HL(RY).
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The proof of Lemma [4.7] is a combination of the arguments for the
penalization without H [30, Lemma 6] and without V' [113, Lemma
3.5] whose main lines originate in the proof for nondecaying potentials
|61, Lemma 1.1]. It was already proved with the present penalization for
the functional restricted to a subspace of symmetric functions [27].

2.6. Minimizers on the Nehari manifold

Proposition 4.8. For every € > 0, there exists u € N such that
Je (U) = 1/{1/5 Je

Proposition 4.8 was proved for the penalization for nondecaying
potentials [61, Lemma 2.1], the penalization without H [30, Proposition
9] the penalization without V' [30, Proposition 3.7] and the present
penalization under symmetry constraints [27].

Proof of Proposition[{.8 The proof is standard: by (gs4) one has the
equality [126 Proposition 3.11]

inf 7. = inf sup J:(tu) = inf sup J=(7(1));

N e o (o V(0.1 (B) relon 1)
ut|a#0 ~(0)=0
J=(v(1))<0

by Lemmas [£.4] and [£.6] J- is bounded from 0 on N;. Since J. satisfies

the Palais-Smale compactness condition by Lemma the existence of

u follows. O
3. LIMITING PROBLEMS

3.1. The limit problem

For v > 0 let U,, be the unique positive solution of the problem

—Au+vu=uP in RV,
(4.6) u >0,
u(0) = max u.
RN

The function U, is radial around the origin [102]. The functional associ-
ated to (4.6) is Z,, : H'(RV) — R defined for u € H'(RV) by
1 2 2 1 +1
4.7 T = — o p .
( ) V(u) Q/RN(‘VUI +V’u‘ ) p+1 Jrv U

One has
b, :=infZ, =7,(U,)
M,
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where
M, = {ue H'EY)\ {0} - / Vul® + v |uf? = / Ay
RN RN
We also set

A pHl_ N
(4.8) C(y) = by, = 2 w1

S P+l
EV )1z,

r

where = = % — —— and

5§+1 = inf{/ IVul® + |u* : we HY(RY) and / uﬁ“ = 1} :
RN RN

We also recall the following classical result
Lemma 4.9. Let v > 0 and (v,)nen be a sequence in M, C HY(RY).
If
lim Z,(vy,) = by,

n—oo

then there exists a sequence of points (yn)nen in RY such that v, (-—yn) —
U, in HY(RN).

Proof. Let F,, : H'(RV) — R be defined for v € H'(RY) by

Folv) = / Vol 4 v fof? - / o
RN RN

By a standard application of the Ekeland variational principle on the
manifold M, (see for example [109, Theorem 4.1]), there exist sequences
(Un)neny € M, and (Ap)nen C R such that Z,(0,) — by, Z,(0,) +
M FL (D) — 0 in H-YRY) and v, — 9, — 0 in HY(RY) as n — oc.
The sequence (0, )nen is a Palais-Smale sequence for the unconstrained
functional Z,, that is Z,,(0,) — 0. Indeed one has

An(1—p) /RN ‘an‘Q + ‘vn‘Q = A\ (F,(0n), Tn)
= (T, (0n), On) + o([|on ]l 1)

= o([[onll 1)-

Since there exists a constant ¢ > 0 such that |[v[| 1 (gry 2 ¢ for every
v € M, we deduce that lim,,_yoc Ap, = 0.
We compute that

2
2T, (0n) — (Z/,(0n), On) = <1 — ) / |0 [P da — 2b,,.
p+ 1 RN
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Hence, there exists a constant C such that

/ (57 =0 > 0.
RN

Since (U )nen is bounded in HY(RY), we deduce from [105, Part II,
Lemma I.1] (see also |145, Lemma 1.21]) that

liminf sup / |Tn]* > 0.
N=0 RN JB(z,1)

Consequently, there exists a sequence (Y )nen C RY such that, if we set

Up := Un(- — yn), we have

(4.9) / v2 > C > 0.
B(0,1)

Slnce (U )nen is bounded in H'(RY), we can assume that @, — o in

HYRM), v, — v in L2 .(RY) and v, — ¥ almost everywhere. By (4.9),
v #Z 0. For all v € HY(RY), we have (Z/,(v,),v) — 0 because o, is a
Palais-Smale sequence, and (Z/,(vy,),v) — (Z,(v),v) because v,, — v. We
conclude that (Z},(7),v) = 0 and so v is a solution of ([4.6). We compute
that

-1
§+ T @ = 2T (00) = (T (00), Ba) = 20y
and
p—1 _\pt1 _
m RN (U){J:_ = 21.1/(’0) = 2by.

Therefore [|Up||pp+1gay = [0 Lp+1(ravy. We infer that v, converges to v
in LPT1(RY). Finally we can write

[[on — 77”%{1([&1\7) = (T, (0y) — I,,(v), 0 — 0)
+ [ (@ =00 =)

Since Z,(v) = 0, Z,,(v,) — 0 as n — oo and the last term goes to 0 by

Holder’s inequality, we conclude that @, — o in H'(R™). The conclusion
follows. O

3.2. Penalized limit problems

The two following lemmas will provide information about the limit
of sequences of rescaled solutions. The first lemma is due to del Pino
and Felmer [65, Lemma 2.3]. Let RY := {2 € RY : zx > 0}.
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Lemma 4.10. Let v > 0 and p € [0,v]. If u € HY(RYN) is a solution of
(4.10) { —Au+vu = uJr in Rf,

—Au+ vu = min (g, [uff " uy  in RY,
then [ulP™' < p in RY.

Proof. For completeness, we repeat the argument of del Pino and Felmer
165, Lemma 2.3]. By elliptic regularity, v € H2(RY) N CY(RY). Thus we
can use 8‘9—“ as a test function in ([£.10). Writing g(s) := min(gu, |s|P)s
and G(s) := [ g(o) do, we obtain

1

1 2 2y 1 p+1 /
2/Ma]v(w ) = 55 fo On(G o).

This reduces to

/RNl (G(u(a:’,O)) B ler 1 (u(a, 0))T1) dz' = 0.

up+1

Since G(u) < on RY | we have G (u(z’,0)) = %( (ac O))pJrl for all
' e RV-1 and hence, for every 2/ € RN=1, u(z’,0) < pr- 1 . One has on
RY
—Au+ (v —p)u <0.
1
Since v > pu, we deduce by the maximum principle that u < pr-1 in
RY. O
The second lemma is an application of the maximum principle.

Lemma 4.11. Let v > 0 and p € [0,v]. Ifu € HY(RY), u >0, is a
solution of

(4.11) — Au+ vu = min (g, u’ ) ug in RY,
then u = 0.
Proof. If u is a solution of , we have

—Au+ (v—p)u<0 in RV,

Taking u as a test function, we obtain

[ 19+ =

Since v — u > 0, this implies that u = 0. O
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4. ASYMPTOTICS OF FAMILIES OF CRITICAL POINTS

In this section we refine the asymptotic analysis in [30, Section 5]
in order to obtain an estimate of the energy of a critical point u. of J:
depending on the number and the location of its local maxima. The
corresponding lower estimate was proved in [30].

4.1. Asymptotics on small balls

The next lemma states that the sequences of rescaled solutions
converge in CL_(RY) to a function in H1(RY). It was essentially proved
in [30].

Lemma 4.12. Let (g,)nen be a sequence in RT such that €, — 0 as
n — 00, let (up)nen be a family of solutions of (P.)) such that

liminf e, ¥ 7., (u,) < oo
n— oo

and let (z,)nen be a sequence in RN such that x, — T as n — oo.
Denote by (vp)nen the sequence defined by vp(z) = ue, (vn + enz). If
V(z) > 0, then there exists v € H'(RN) such that, up to a subsequence,

Cl

loc
n

(RY)

as n — o0.

Proof. Take ¢ € D(RY) such that ¢ =1 on B(0,1). Set for R > 0 and
z € RY pg(x) = ¢(%). The sequence (¢Rrvy)nen is bounded in H!(RY)
for every R > 0. By a diagonal argument, there exists v € HI{)C(RN )
such that v,, — v along a subsequence.

Now note that for every R > 0,

/ IV)? < liminf/ Vo, |* < liminf/ Vo, |?
B(0,R) n—=o° JB(0,R) n—oo  JrN

and

v [ el <timint [ Vi <timint [ Vil
B(O,R) n—oo B(O,R) n—oo RN

so that v € HY(RY).
The remainder follows from classical regularity and compactness
arguments. O

Lemma 4.13. Let (e,)nen be a sequence in RT such that €, — 0 as
n — 00, let (up)nen be a family of solutions of (P.)) such that

liminf e,V 7., (u,) < o0
n—oo
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and let (zn)nen be a sequence in RY such that x, — T as n — oo. If
V(z) >0 and

(4.12) lim inf u,, (z,) > 0,
n—oo
then, T € A,
dist A
lim sup D EA)
n—o0 En

lim limsup
R—oo pn—oo

1
V[ (GE Tl V) = G wn)) - C(2)
Br(R)

-0,
where By (R) := B(zp,enR), and

lim limsups,:N/ Vun|? + V u,|* =0
R=00 n—o0 Bn(2R)\Bn(R)
Proof. Set vy(x) := up(zy + €nx). By Lemma up to a subsequence,
there exists a v € H'(RY) such that v, — v in C}_(RY). By ([{12),
v(0) = limy—y00 v5,(0) > 0 so that v # 0.
Let us now prove by contradiction that

dist(zp, A
(4.13) lim sup dist(zn, &) < 00
n—oo ETL

Up to a subsequence, we can assume that lim,,_, dist(x,, A)/e, = occ.
Then, since the sequence of characteristic functions x,(z) := xaA(Tn+enz)
converges pointwise to 0, we have as n — oo

Ge, (T + Enx, vp ()
= min(p(e2 H(2p + £02)0n(2) + V(20 + £n2)), [vn (@) [P ) on(z) 4
— min(uV (2), [o(2)[")v(@)y

2N

(RV) for 1 < ¢ < 24+ and thus v solves the limiting equation

: q
in L IN=2)

loc

~Av+ V(Z)v = min(pV (2), o[ oy,  in RV,
By Lemma v = 0, which is a contradiction. Thus (4.13)) holds.

Now, let us assume that

ist(z,, RV \ A
(4.14) lim sup dist(zn,R7\ A)

n—00 €n

= 0.

Since x,(x) converges pointwise to 1, we have, up to a subsequence, for
n large enough,

g, (Tn, + enx, vp(2)) = VB (z) — VP (2),
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2N

in L (RM) for 1 < g < PNy Hence v solves the limiting equation

(4.15) —Av+V(z)v =P in RY.
If (4.13]) holds but (4.14) does not, then

ist (25, OA
lim sup 7(11813@ 0 )<

n—o0 En

.

Since A is smooth, x, — xE, almost everywhere as n — oo, where E is

a half-space. By Lemma v is again a solution of (4.15]).
In any case, v is thus a nontrivial solution of (4.15). Now we claim

that

1
(4.16)  lim lim anN/ (€2 |Vup|* + V |u,[?)
B(zn,enR)

R—o0 n—00

1
= Q/RN [VUv )

where Uy (z) is the solution of (4.6) with v = V(). For every R > 0, the
(RN) implies that

\2 + V(z) \UV(@F ,

convergence of v, to v in Clloc

1 1
lim e-N1 210 24V | 2) — /
nLH;OEn 2/;(:1:7“8711%)(6”‘ un‘ * |Un|) 2 B(0

Since v € HY(RY), and v and Uy (z) are equal up to a translation,
we conclude that (4.16) holds. The argument for the other limit is
similar. O

Vo> +V(z) [u]* .
R)

)

4.2. Asymptotics outside small balls

The solutions decay outside a neighborhood of A:
Lemma 4.14. Let (e,)nen be a sequence in RY such that e, — 0 as
n — oo and let (un)nen be a sequence of solutions of (Pe) such that

limsupe, N Tz, (un) < 00.
n—oo

For every open set U such that A C U,

lim (2 |Vun|* + (V + €2 H) [un|?) = 0.

Proof. Since V' is continuous and infy V' > 0, we can assume without
loss of generality that infy; V' > 0. Take 1 € D(RY) such that ¢» = 0 on
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A and ¢ = 1 on RV \ U. By taking ¥?u, as a test function in , we
obtain

/ (&2 [V (@un) P + V [Yunf?) = / ey (2 1 (2) 02 (&)t ()
RN RN

L A\
RN
Since 9 = 0 in A, we deduce from (g3) and Lemma [4.2] that

/ e (21 1 (2) Y2 ()i () i < o / (V -+ e2H) [thun ?
RN

RN
<u [ (E V@RV v,
RN
Therefore, since supp Vi C U \ A and infyy V' > 0, we have

1—
—r / (2 |V (Wun) > + (V + €2 H) [pun|?)
2 Jpw
< [ 2o
RN

< Cs,%/ V tn|?
U\A

< Ce2 /N (e2 |Vun|* +V \unlz) :
R
The conclusion follows from our assumption and from Lemma[£.6, O

Now we have an estimate outside small balls.

Lemma 4.15. Let (e4)nen be a sequence in RY such that &, — 0 as
n — 00, let (un)nen be a sequence of solutions of (P-)) such that

limsupe, ™ Iz, (un) < o0,
n—oo

and let (x},)nen C RN, 1< i < M, be sequences such that x, — 7' € RN
asn — oo. If for every i € {1,..., M}, V(z') > 0 and

linrr_1>i£f un(2h) >0,
then

1
lim inf lim inf £, ™ (/ S (& Vg * + V fug|*) — Gan("un)) >0,
RN\B,,(R)

R—o00 n—00 2

where By(R) := UM, B(z!,e,R). Furthermore, if
inf{limsup ”u”HLO"(U\Bn(R)) : R>0, U is open and A C U} =0,
n—oo
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then

. . _N
lim limsupe,,

R—oc0 p—oo

=0.

1
/ 7(6i|Vun|2—|—V|un|2) — Ge, (., up)
RN\B,,(R) 2

The first assertion was proved in [30, Lemma 15].

Proof. First we claim that

lim limsupe,”

R—00 p—oo

=0.

/]RN\B (R) (6% [Vun[* + V fun* — 9o (- tn)un)

This is proved in [30, Lemma 15] by taking a suitable family of test
functions and using Lemma[1.12] We do not need to go to a subsequence

since by Lemma

si |Vun|2 +V |un|2 =

lim hmsup/
R—oo p—soco B(zt,en R)\B(z%,,enR/2)

The first assertion follows, as in [30, Lemma 15] from the inequality

1
s([o  EIVaPeVinf) - [ g @ un()un() de)
RN\B,.(R) RN\By (R)

1
<o Lo EFwE VP - [ o) do
2 JRN\B,.(R) RN\B,, (R)

For the second assertion, we have by (g2) and (g3),

/ Ge, (xa un($)) - %gsn (l’, un(‘r))un(w) dz
RN\By (R)

<cf e h [ @HAY)
U\Bn(R) 2 Jrmu

We compute that

Un LR < Clup oo / un2
/U N ol ens oy

C ) , )
< (infy V)2 ”unHLoo (U\Bn (R)) /RN(en IV |” + V |ug|?) .

We conclude by taking U D A small enough and R and n large enough,
in view of the hypothesis and Lemma [4.6] together with Lemma [£.14 O



120 IV. CONCENTRATION AT LOCAL MAXIMA

4.3. Conclusion

The main result of this section is
Proposition 4.16. Let (¢,)nen be a sequence in RY such that e, — 0
as n — 00, let (up)nen be a sequence of solutions of (PJ|) such that
limsupe, ™ Tz, (un) < o0,
n—oo
and let (z)pneny C RN, 1< i < M, be sequences such that rl — 2t e RV
as n — oo. If for every i € {1,..., M}, V(z') > 0 and

linIr_1>iOréf Un(28) >0,

and if for every i,j € {1,..., M} such that i # j,

lim — =400,
n—o00 En

then for everyi € {1,...,M}, &' € A,
dist(z?, A)

lim ————— < 400,
n—o0 En
and
M
. .. . _N S i
hnrgg‘}fen Ten(Un) = Zc(ﬂf ) -

=1
Furthermore, if

inf {lim sup lunll oo (B, (ry) = >0, U is open and AcU} =0,
n—oo
then
M .
lim e, V7., (u,) = E C(z").
i=1

n—oo

Proof. This follows from Lemmas and [30, Proposition 16] (see
also [113, Lemma 4.3]). O

5. ASYMPTOTICS OF FAMILIES OF ALMOST MINIMIZERS
5.1. Families of minimizers

Let us recall how the results of Section [4] allow to study the asymp-
totics of infar. J-.

Proposition 4.17. Ifinfy V > 0, then

lim e Ninf 7. = infC.
e—0 Ne \76 A
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This has been proved by del Pino and Felmer [61, (2.4) and Lemma
2.2] when infgy V' > 0, and has been extended to decaying potentials
[30, Lemma 12 and proof of Proposition 21; 113, Lemmas 4.1 and 4.3].

Sketch of the proof. First one shows that for every x € A,

limsupe VN inf 7. < C(z)
e—0 Ne
by taking suitable multiples of cutoffs of Uy (,)(<%).

By Proposition [£.8 for every ¢ > 0, there exists u. € N such
that J.(u.) = infa, J.. By classical regularity theory, u. is contin-
uous. Choose . € A such that u.(z.) = sup, u.. By Lemma
liminf. o u-(z:) > 0. By Proposition m

liminf e 7. (us) > inf C . O
e—0 A

5.2. Decay of almost minimizers

The next ingredient is a decay estimate that will allow to control the
functional outside A in the proof of the strict inequality .
Lemma 4.18. Let (¢y)neny C RE{ be a sequence such that €, — 0 as
n — 0o and let (up)neny CN,. IfinfA V >0 and

limsupe, N 7z, (un) < infC,
n—00 A

then, for every open set U C RN such that A C U,

n—0o0

lim 5;N/ 2 Vu, > + V |ua)* = 0.
RN\U

This lemma is proved by del Pino and Felmer [63, (1.19)] when
infRN vV >0.

The proof of Lemma relies on the following lemma
Lemma 4.19. Let U C RY be such that A C U and infy V> 0. Let
Y € CHRYN) and ¢ € CH(RY) be such thatp =0 on A, o =0 on RN\ U,
and V? + ?> =1 on RY. There exists C > 0 such that for every e > 0,

Je(<ﬂU)+(1—u)/ (V@) +V [guf?) < Je(U)+C€2/ V.
RN U\A
Proof. One has
Tolu) = Teu) + 5 [ (V@0 +V uf)
RN
1

_2/U\Agz(!ku\wyz)|u|2_/RN Ce(, u(w))—Ce (@, p(z)u(z)) dz.
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One has for every z € RV \ A, by (93),

G (, ul)) — Ge(a pl)u(z)) = / 4e(2,0) do
©

so that
Guli, (@) — Gelapl@yuta)) do < & [ (V4 2H) [oul
RN
On the other hand,

[ 2wl vePp P <ce [ v

U\A U\A

The conclusion follows. 0
Proof of Lemma[{.18 By Lemma

limsupE;N/ 2|\ Vun)? + V |un)? < 0.
RN

n—o0

Without loss of generality, assume that inf;y V> 0. Let ¢ € C1(RY)
and ¢ € CY(RY) be such that »y = 0 on A, ¢ = 0 on RV \ U, and
2?4 ¢? = 1 on RY. Define t, so that t,pou, € N.,. One has

lim sup 6,_LN/ e2 !V(ipun)’2 +V "PUn’2 <o0.
n—00 RN

By the choice of t,,
2 2 2 2
2 [ V)4V ol
RN

= [ et (@)t (@) do > 7 [ Jut
We infer from Lemma 4.4] that
hnn;i;lfs;N /A [P >0,
Therefore, limsup,,_,., t, < 0o and

limsupE;N/ V |tpun|? < oo
n—00 U\[\
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By Lemma

limsupe, ¥ Iz, (tht,) = liminf e,V T2, (tnipouy)
n—00 n—00

+timsup e (1= [ (& V)P + Vo).

n—oo

By assumption, we have

limsupe, N 7., (thu,) < limsupe, ™ T, (u,) < infC,
n—00 n—00 A

and since t,pu, € N, , we deduce from Proposition that

liminfe, N 7., (tnpu,) > infC .
0o A

n—
Combining the last three inequalities, we obtain the conclusion. O
5.3. Asymptotics of the barycenters

Asin [63], we introduce a barycenter map in order to localize functions.
Let ¢ € C'(RN) be such that supp v is compact, suppt) C {x € RY :
V(z) > 0} and ¢» = 1 on a neighborhood of A. For every u € N,

/ lpul> > 0.
RN

The barycenter of a function v € L2(RY) is defined by
[ alo@u@) do
B(u) := & ; .
| @) do
RN

The map f3 is well-defined on the set {u € H}(RY) : tu # 0}, which
contains N; for each € > 0 by Lemma [.4]

Proposition 4.20. Let (e,)neny C Ry be a sequence such that £, — 0
asn — oo and let (up)peny CNe,. If infpa V >0 and

limsupe, ™ Tz, (un) < infC,
n—00 A

then
lim V(B(uy,)) = i%fV .

n—o0

Proof. Set Vo = infp V. Let s,, > 0 be such that

(4.17) / €2 [V sntbtin|? + Vo |sntbtin|? = / (supun)21.
RN RN
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Define v, : RY — R for y € RN by
v (y) = sn(B(un) + eny)un(B(un) + eny).
Claim 1. The sequence (Sp)nen is bounded. In view of (g3), we have
[ @IVunl Vi) < [ @i n [ (V)
RN A RN\A
and therefore by Lemma

/ () > (1 - ) / &2 [Vunl? + V un|?
A RN

Since by the Sobolev estimate

p+1

C
/A|un|p+1 < iy </N 6% \Vun‘Q +V \un’2> D)
2 R

En
we conclude that

(4.18) C / (un)? T > el
A
Hence, we deduce from (4.17)) that the sequence (s, )nen is bounded.

Claim 2. One has
limsupe, N 7z, (sntu,) < i%fC .

n—oo

We can write
2
En

Tesutta) = T (suta) + 252 [ V(@) 2 = [V

4 5n / C DV Jun?
+/ Ge, (z, spun(z)) — G, (x, spb(x)un(x)) dz
RN

Now, in view of Lemma |4.18] since ¥ = 1 in a neighborhood of A and
(8n)nen 1s bounded,

2
E T
RN

2
o2 /RN (62 = 1) [Vun? + 20,V - Tt + [V ]2 = ()

Lemma also implies that

/ (6~ DV Jun]? = o).
RN
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Finally, since ¢ = 1 on a neighborhood U of A, we deduce from (g3) that

/ Ge, (@, spun(z)) — Ge,, (2, spb(z)up(z)) dx
RN
H 2 2 2_ (N
< 55n /]RN\U (e2H+V) |un|” = o(ey ),

where we have used Lemma [£.1§] again. It follows from the hypothesis
that

limsupe, ™ T, (sptun) < limsupe, V7., (u,) <infC;
n—00 n—00 A

the claim follows.
Claim 3. There holds

lim sup Zy, (v,) < irﬁf C.

n—oo

One computes that

sm
N Ty () = Toy (o) + 2 [ (Vo= V)2
R

1
sht

p+1

4 / Gy (2, 5@ (2)) — 2 () un ()7 d
RN

2

< Tl + 2 [ (V0= V)0R .

For k € (0,1), define
Ue={z eRY : (Vh - V(2))¥*(z) < sV (2)}.
Since V is continuous, Uy is open and by (4.1)), A C U.. By Lemma

/ (Vo = V)02 funl? < n/ V fup 2 +/ (Vo — V)2 Jup 2
RN Uk RN\UH

< m/ V un)? + o(e) .
RN

Since k > 0 is arbitrary, and (sp)nen and (||un|.)nen are bounded,

2
5 / (Vo — V)i fun? < o) .
2 RN

The claim now follows from Claim 2.
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Conclusion. We know from Claim 3 that (vy),en is @ minimizing se-
quence of Ty, on its associated Nehari manifold My;. By Lemma [4.9]
there exists a sequence of points (y,)neny C RY such that v,(- — yn)
converges in H'(R™) to the positive solution Uy, of problem . Let
Ty 1= EnlYn. Since

/ (& — ) (@) un (@) da
RN
/ ()un (@)? da
RN
_ 2
en/RNy\vn(y yn)|” dy
/ lon (Y — yn)|* dy
]RN

we have lim,_, |B(un) — 5| = 0.

Now, note that for n large enough, by (4.18)),

ﬁ(un) =T+

:xn+

)

n— oo

nminfs;N/ |un|? > 0.
A

Since v, (- — yn) — Uy, in L2(RY), we must have dist(x,, A) = O(e,).
Let
V = limsup V (x,,) = limsup V(B(un))-

n—oo n—oo

Since V' is continuous on the compact set supp ¢, one has lim, o V(xy, +

ey) = V.
By Claim 2,
bVO 2 E’I;Njen (Snwun) + 0(1)
1 1
> 5 [ Tul g [ VGt e ol
2 ]RN 2 RN
1
p+1
S 1
P+ 1 RN(Un)Jr +o(1),
and thus we obtain
5 L IV0 el = g [t =
2 RN Vo 0 Vo p+1 R Vol+ Vo
1 2 5 2 1 +1
> — VU VU - Uy B,
5 | VOV IO - = [ o)

This implies that V' < Vj. The conclusion follows. O
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6. THE MINIMAX LEVEL
6.1. Definition of the minimax level

Following del Pino and Felmer [63}/64], we define a minimax value
for J-.

Let € D(RY) be a cut-off function such that 0 <7 < 1,7 =1 on
a neighborhood of A and suppn C {z € RN : V(z) > 0}. We define
we,y € D(RY) by

y—x
(4.19) Wy (@) 1= tey (@)U (L),
where t., > 0 is such that w., € N:. Let A, C A be such that
(4.20) lim sup dist(z,0A) =0
e=04coA,

and
(4.21) G

e—0 €A £

We define the family of paths
I.:={y e C(A;,N.) : for every y € OA., Y(y) = wey}
and the minimax value

(4.22) ¢ = inf sup Jz(y(y))-
7€l yeA,

We want to apply the following theorem.

Theorem 4.21 (General Minimax Principle [145, Theorem 2.9]).
Let X be a Banach space. Let My be a closed subspace of the metric
space M and Ty C C(My, X). Define

D:={yeC(M,X) : ym €lo}.
If ¢ € CY(X,R) satisfies

0o > ¢ := inf sup ¢(y(z)) > a:= sup sup ¢(y0(2))
el zeM Y0€Tg 2€Mp

and if ¢ satisfies the Palais-Smale condition at the level ¢, then c is a
critical value of p.

Since J. satisfies the Palais-Smale condition (Lemma , we have
to show that for € > 0 small enough,

(4.23) ce > sup Je(wey) =: ac.
yEIA.



128 IV. CONCENTRATION AT LOCAL MAXIMA

6.2. Estimates on the levels

6.2.1. Estimate of a.. We begin with an estimate of a..
Lemma 4.22. We have

lim e Na, =supC.
e—0 OA

Proof. By a straightforward computation, we find in view of (4.21)
Te(wey) = 5NIV(y) (UV(y)) + O(eN) :

as € — 0, uniformly in y € A.

Thus
ac = sup Je(wey) = sup by(y) + o(e™) .
yEIA, yEOA.
The estimate follows from (4.8)), (4.20) and the continuity of V. O

6.2.2. Upper estimate of the critical level c.. The same method gives an
upper estimate on c..

Lemma 4.23. We have

limsupe Ve, <supC.
e—0 A

Proof. As a test path in (4.22)), we take w. , defined by (4.19) for every
y € A.. We obtain the first estimate after a straightforward computation

in view of (4.21]). O

6.2.3. Lower estimate of the critical level c.. A more delicate construction
gives a lower estimate of the critical level c..

Lemma 4.24. If
supC > infC,
A A

then

liminfe Ve, > infC.
e—0 A

We do not know whether the natural stronger conclusion

lim inf E_NCE > supC
e—0 A
holds.

Lemma 4.25. Let x € A. There exists g > 0 such that for every
e € (0,e9) and every v € T, there exists z € A. such that B(y(z)) = z.
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Proof. For every y € OA., one has in view of the definition of w, ,,

Blwey) =y + o(1),

as € — 0, uniformly in y.

Let v € T'.. If ¢ is small enough, one has for every y € dA., by ,
x € A¢ for £ small enough.

When ¢ is small enough, we have

su w, —y| < inf —xl.
ye(?iW( E,y) Yl JeBA. |y |

Therefore, by the properties of the topological degree, if x € A, there
exists z € A; such that 5(y(z)) = =. O

We follow the arguments of [63]. Heuristically, the idea is to show that
a sequence of functions violating the strict inequality cannot have
enough energy to stay concentrated inside A and must thus concentrate
around a point of JA. But this would in fact contradict the continuity
of the paths in I';.

Proof of Lemma[{.24 Assume by contradiction that there is a sequence
(€n)nen such that lim, yoo e, = 0 and lim, .o, Ve, < infyC. By
definition of c., there exists v, € I'¢, such that

lim sup &,V 7, (m(z)) < ir/{fC .

n—00 peA,

Choose = € A such that V(z) > infy V. For each n € N large enough,
let x,, be given by Lemma so that B(vn(zy)) = . One has

limsupe, N Tz, (n(z,)) < infC.
n—00 A
Proposition brings then a contradiction. O

6.3. Existence of a solution

We are now in a position to prove the strict inequality (4.23)).
Lemma 4.26. If
supC > inf C = supC,
A A A

then
liminfe (e, — :
iminfe (ce —ae) >0
Proof. This follows directly from Lemmas and O

As a consequence of the General Minimax Principle, we have thus
proved the following existence result for the penalized problem (P.)).
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Proposition 4.27. Let N >3, 1 <p < ¥£2 and let g. : RY xRt - R
be a function satisfying assumptions (g1)- (ga). For e > 0 small enough,
there exists ue € N such that J.(ue) = ce and J!(us) = 0.

Proof. This follows from the general minimax principle (Theorem ,
the Palais-Smale condition coming from Lemma [£.7) and the strict in-
equality from Lemma [4.26] O

7. BACK TO THE ORIGINAL PROBLEM
7.1. Asymptotics of solutions

Thanks to the asymptotics of solutions of Section [4| and the estimates
on the critical level of Section [6.2] we prove that the solution wu. is
single-peaked.

Lemma 4.28. Let (u:)->0 be a family such that for e > 0 small enough,
Te(ue) = ce and J!(us) = 0. Let (z:)es0 in A be such that

lim inf uc(z:) > 0.
e—0

If

supC < 2infC,
A A
then for every U C RN such that U is compact and infyy V> 0,
lim lluell oo\ Bae,er)) =0
R—o0
If moreover
supC > infC = supC,
A A A

then
liminf d(z.,RY \ A) > 0.
e—0

Proof. First we prove that

lim lluell oo\ Bae,er)) =0 -

R—oc0
Assume by contradiction that there exist sequences (¢, )neny and (yn)nen
such that for every n € N, y,, € U,

x J—
lim ¢, =0, liminfu,, (y,) >0 and lim [2en = m] =+400.
n—o00 n—00 n—00 En

Then, by Lemma [£.23]
(4.24) limsupe, N 7., (ue,) < supC,
A

n—oo
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while by Proposition [£.16]
.. _N .. .
hnn_1>£f5n Te, (us,) = llnrr_lgcgf((f(xsn) +Clyn)) > QIIXfC .
This is a contradiction with our assumption.

Now we turn to the second assertion. Assume by contradiction that
there is a sequence (£, )neny With €, — 0 and lim,, . dist(z.,, RV\A) = 0.
Then, by the first assertion, the second part of Proposition [4.16] and

Lemma [4:24]

. .. _N T B
foC < hgr_l)gfan Tz, (ug,) = hnrr_l)ng(xEn) = s;/PC.

But this contradicts our assumption. O

7.2. Barrier functions and solution of the original problem

Since we know that the solutions do not concentrate on the boundary
of A, we are in the same situation as in [113| Section 5]. Therefore we
only recall the results of that paper.

Lemma 4.29. Let (uc)e>0 be a family of positive solutions of at
the level c. and let (x:)e>0 C A be such that

lim inf .
im in ue(zs) >0

Then there exists eg > 0 and R > 0 such that for all € € (0,20),
—2(A+ pH)ue + (1 — p)Vu. <0 in RN\ B(z.,eR).

Proof. This follows from Lemma [4.28 see |113, Lemma 5.1] for the
details. O

Lemma 4.30. Let (z:)e C A be such that liminf._,od(z.,OA) > 0, let
w € (0,1) and let R > 0. Then, there exists g > 0 and a family of
functions (W.-)o<cece, in CVYRN \ B(x.,eR)) such that, for € € (0,&q),

(i) We satisfies the inequation
—2(A+puHYW. + (1 — ) VW, >0 in RN\ B(z.,eR),
(i1) VW, € (RN \ B(z.,<R)),
(iii) We =1 on 0B(x.,eR),
(iv) for every x € RNV \ B(xc,eR),
W.(z) < Cex A lroa (1 + |x]2)_N2_2
S Pl7e1r |z — z.] '

Proof. The arguments are the same as those of Moroz and Van Schaftin-
gen [113, Lemma 5.2], since the penalization potential H is the same. O
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Proposition 4.31. Let (u:)->0 be a family of positive solutions of (P-))
at the level c. and let (zc)e>o C A be such that

lim inf ue (z:) > 0.
e—0

Then there exists C; A > 0 and 9 > 0 and R > 0 such that for all

e € (0,¢0),
(4.25) | | .
A T — Te 2 -5 N
< ol .
ug(x)\CeXp< 51+|x—x8\> <1+\x|> , r€eR

Proof. This is a consequence of the two previous lemmas and of the
comparison principle. ]

The estimate (4.25)) implies the following one
(4.26) u(z) < Ce= |z — ze| N2, zeRV\ A

Proposition 4.32. Let (u:)e>o be a family of positive solutions of
at the level c.. If
N
N -2’
then there exists €9 > 0 such that, for every 0 < € < €g, ues solves the

original problem (NLSJ).

Proof. The proof is the same as in [113, Proposition 5.4]. We give the
proof for the sake of completeness. By Lemma there exists a family
of points (z¢)e>o C A such that

p>

lim inf .
im in ue(zs) >0

By Lemma do := inf d(xz.,0A) > 0. Hence, by estimate (4.26), we
have for £ > 0 small enough and for z € RV \ A,

-1
(ue()) ™ < (Ce% Jo — e 72)

Ce 20— (1 4 |g|)~N-2-1)

N—2)2 / log 2 \1+8
<M€2 ( ) < ) > :MEZH(:U)-

4|z — 20|* \log L;;co‘

N

By definition of the penalized nonlinearity g., one has then
ge (2, uc(x)) = (ue(x))?, ze RV \ A,
and therefore u. solves the original problem (NLS)). O
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Proof of Theorem[{.1] The existence of a solution u. has been established
in the previous proposition. The assertion (4.3) has been proved in

Lemma and (4.4) has been proved in Lemma m To prove (4.5)),

we consider
As = {xEA:V(x) >supV—5},
A

By Sard’s lemma, the set A is smooth for almost every § > 0. Let us
choose a sequence (0p,)nen such that §, — 0 and As, is smooth. The
first part of Theorem applied to A, , ensures that, for every n € N,
there exists e, > 0 such that, for every ¢ € (0,¢&,), problem has
a solution u, which attains its maximum at x, € A;,. We may assume
that the sequence (g, )nen is decreasing. For every e € (0,e1), we define
Ue := Uy, Where n € N is such that e,11 < ¢ < &,. If u. attains its
maximum at z., we deduce from the definition of As that

lim V(z.) =sup V.
e—0 A
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