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Introduction

Can quantum-mechanical description of physical reality be considered
complete? This question is the title of a seminal paper published in 1935
by Einstein, Podolsky and Rosen [6], where they expressed their con-
cerns about the Copenhagen formulation and interpretation of quantum
mechanics. In particular, the authors imagined a Gedankenexperiment,
that highlights what is now known as the EPR paradox. To illustrate
the paradox, let us suppose that we have a system of two spins, labelled
A and B, that are initially prepared in the singlet state

1
V2
The spins are then sent in opposite directions to distant observers, tra-

ditionally denoted Alice and Bob. If Alice observes that her spin is in
the state |T4), the axioms of quantum mechanics imply that the wave

V) ([tads) — Hats))- (0.1)

function has collapsed to the state [T 4] p) and hence she knows that the
outcome of Bob’s measurement will be, or was, the state ||g). Alice
thus gained information on the state of Bob’s spin instantaneously after
measuring hers. The fact that this gain of information is instantaneous
and independent of the physical distance between Alice and Bob seems
to be in contradiction with the principles of Relativity and the finite
velocity of light and information. The conclusion of the authors is that
quantum mechanics has to be supplemented with local hidden variables
in order to restore locality.
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Using the idea of hidden variables as a postulate, John Bell discovered
a set of inequalities, known as Bell’s inequalities [7], that are maxi-
mally violated by the predictions of quantum machanics and respected
by any local theory. Almost 20 years later, Alain Aspect and collab-
orators performed measurements on polarised photons and showed a
maximal violation of Bell’s inequalities, hence ruling out the theory of
hidden variables [8-10]. Quantum mechanics is an intrinsic non-local
theory, and the spooky action at a distance, as Einstein called it, is one
of its fundamental features rather than a dismissing flaw. Non-locality
in quantum mechanics is related to the notion of quantum entanglement.
This concept is the focal point of this thesis.

We say that two quantum systems are entangled if performing a mea-
surement on one influences the state of the other instantaneously and
independently from their physical separation. Schrédinger understood
that non-local correlations in quantum states are a direct consequence
of the quantum-mechanical description of composite systems [11]. To
illustrate that statement, let us consider a quantum system that is com-
posed of two complementary subsystems A and B. The Hilbert space
‘H of the whole system A U B is the product of the local Hilbert spaces,
H = Hs R Hp, where Hs, s = A, B, is the Hilbert space of subsys-
tem s. Using Schmidt’s decomposition [12,13], any state [¢) of H can
be written as

X
W) = _pile}) ®167) (0.2)
j=1

where p; > 0 are the Schmidt coefficients, x < min(dim# 4, dimHp)
is the Schmidt number, and {|¢7)} is a set of basis vectors of H. If
the whole system is in a product state, namely |¢)) = |¢£) @ |¢pP) for
some i, then A and B are not entangled. On the contrary, A and B are
entangled if there are at least two non-vanishing Schmidt’s coefficients
in the decomposition. In that case, it is not possible to assign a pure
state to subsystem A. Instead, it is described by its reduced density
matrix p4, defined as the trace over the degrees of freedom of B of the
total density matrix p,

pa="Trpp, p=I[)(¥|. (0.3)



Even though [¢) provides us with perfect knowledge of the whole system,
there is a statistical uncertainty on the state of A. This situation has
no counterpart in classical mechanics.

To quantify the amount of entanglement between A and B, we need to
measure how far the state [¢)) is from a product state, or equivalently
how mixed the reduced density matrix p4 is. The most broadly studied
entanglement measure is the so-called entanglement entropy [14]. Tt is
defined as the von Neumann entropy [15] of the reduced density matrix,

S1 = —Tr(palogpa). (0.4)

Here and throughout the thesis, we use the natural basis for the loga-
rithm. In terms of the Schmidt coefficients, we have

X

S; = Z —p? logp?. (0.5)
j=1

This is precisely the so-called Shannon entropy [16] of the squares of
the Schmidt coefficients, a central quantity in the theory of classical
information. The entanglement entropy is interpreted as the amount of
missing information regarding the state of A even though we know the
state of whole system AU B.

The reduced density matrix satisfies Trps = 1, independently from its
statistical mixture. In contrast, the trace Trp’j for n > 1 is unity if and
only if p4 corresponds to a pure state, namely py = \(bfﬂ(bf]. For this
reason, the following quantities also measure the entanglement between
A and B,

1
Sp = T log Trp'y, (0.6)

-n
where n > 1 is an integer. These quantities are the so-called Rényi
entropies [17], and the limit n — 1 in (0.6) yields the entanglement
entropy.

The entanglement entropy measures the entanglement between a sub-
system A and its complement B, independently from the topology of A.
For instance, if A = Ay UAyU---U A,,, the entanglement entropy (0.4)
still measures the entanglement between this collection of m disjoint
subsystems and the rest of the system. In many cases, it is also relevant
to investigate the entanglement between disjoint subsystems A; and A;
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that are not complementary, or equivalently when the bipartite system
A; U A; is not in a pure state. In the case where A consists of two
disjoint subsystems, A = A; U As, one often uses the so-called mutual
information

[ = g g g gl (0.7)

to quantify the quantum correlations between A; and Ay [18]. In (0.7),
S{ denotes the entanglement entropy that quantifies the entanglement
between the system s and the rest of the system. The mutual infor-
mation does not satisfy the information-theoretical definition of an en-
tanglement measure [19], but it is nonetheless central in the study of
mixed-state entanglement. Another measure that quantifies the entan-
glement between non-complementary subsystems is the entanglement
negativity [20]. It shares many similarities with the mutual information,
notably for nonequilibrium quantum many-body systems [21].

The systematic investigation of entanglement and entangled states was
initiated within the quantum information community [22]. In this con-
text, entanglement is seen as a resource needed to perform certain tasks
and protocols that are not possible to execute with classical systems [23].
Examples include quantum teleportation [24], quantum cryptography
[25], quantum error correction codes [26] and quantum computation [27].
An important challenge in the field is to exploit these theoretical ideas
to build quantum computing devices of macroscopic size [28]. This goal
is still far from being accomplished, but impressive progress has been
made in recent years [29].

Over the last two decades, the interest in entanglement grew tremen-
dously within other seemingly unrelated research areas, such as black
hole [30] and condensed matter physics [31,32]. In the context of many-
body systems, this interest stems from the observation that the entan-
glement entropy is an efficient tool to detect and characterise quan-
tum critical points [33—-35]. Many aspects of quantum critical systems
in d dimensions are described by conformal field theories (CFTs) in
d+ 1 dimensions [36], and the entanglement entropy in one-dimensional
quantum critical models depends on the central charge of the under-
lying CFT [37,38]. These results motivated an intense theoretical ef-
fort aimed at better understanding the universal behaviour of entangle-
ment measures in the vicinity of a quantum phase transition [39-41].



Entanglement also plays a prominent role in our understanding of the
nonequilibrium dynamics of quantum many-body systems [42—44]. Over
the last decade, the evolution of entanglement after a so-called quan-
tum quench [45-47], a paradigmatic protocol to drive a system out
of equilibrium, received considerable attention [43,44]. Notably, there
is an important cross-fertilisation between theoretical ideas [21,45-50]
and groundbreaking cold-atom and ion-trap experiments, where it has
been possible to measure the many-body entanglement of nonequilib-
rium states [51-54].

In this thesis, we study entanglement in the context of quantum many-
body systems in low dimensions. In particular, we focus on so-called
integrable models [55]. These are models whose rich mathematical struc-
ture allows one to perform exact calculations of physical quantities, such
as the energy spectrum of the Hamiltonian [56], form factors [57] and
correlation functions [58]. In addition, integrable models have a large
number of conserved quantities that strongly constrain their nonequilib-
rium dynamics [59]. Among all quantum many-body systems, integrable
models are the exception rather than the rule. However, they accurately
describe a wide set of experimental results [60,61] and strongly con-
tribute to our modern understanding of quantum many-body physics.
In the following, we investigate entanglement properties of integrable
models at criticality and out of equilibrium separately. Accordingly, the
manuscript is divided in two parts.

Part I: Bipartite fidelity of critical lattice models

In 2011, Dubail and Stéphan introduced the so-called bipartite fidelity
[62,63]. It is not an entanglement measure in the quantum-informational
sense [19], but nonetheless shares many properties with the entanglement
entropy. In particular, it may also be used to detect and characterise
quantum phase transitions. In the first part of the thesis, we investigate
this quantity in the context of critical lattice models in low dimensions.
Using tools from quantum integrability and CFT, we provide a variety of
new exact lattice results that we compare with original CFT predictions.
In Chapter 1, we first review the theory of critical phenomena and cho-
sen aspects of CFT. Second, we discuss quantum phase transitions and
explain how they are described by the same formalism as classical critical
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systems. We then introduce the notion of quantum spin chains, paradig-
matic examples of integrable models that exhibit critical behaviour. We
also investigate the connection between entanglement and quantum crit-
icality and conclude the chapter with the introduction of the bipartite
fidelity and a detailed plan of the subsequent chapters of Part 1. The
original results from the papers [3,4] are discussed in Chapters 2 to 4.
We present general conclusions and outlooks in Chapter 5.

Keywords: Entanglement, bipartite fidelity, quantum spin chains, loop
models, integrability, (logarithmic) conformal field theory.

Part II: Dynamics of symmetry-resolved entanglement

The investigation of the interplay between global symmetries and en-
tanglement in the context of quantum many-body systems led to the
concept of symmetry-resolved entanglement [64—66]. For systems out of
equilibrium, understanding how the entanglement arises from the var-
ious symmetry sectors is necessary to better grasp the full many-body
dynamics [52]. However, despite the recent considerable interest for the
symmetry resolution of entanglement, there are only few results for sys-
tems out of equilibrium [52, 67-69]. In the second part of the thesis,
we investigate the dynamics of symmetry-resolved entanglement mea-
sures after a global quantum quench in a one-dimensional free-fermion
chain. In the quench protocol, an isolated quantum system is prepared
in a pure state and evolves under the action of a Hamiltonian that
does not commute with the initial density matrix. We find exact re-
sults for the symmetry-resolved entanglement dynamics for two distinct
low-entangled initial states and provide conjectures for more generic ini-
tial states and interacting integrable models. In Chapter 6, we review
chosen aspects of the entanglement dynamics after a quantum quench
in an integrable model and define the symmetry-resolved entanglement
entropies. Our original results from the papers [1, 2] are discussed in
Chapters 7 and 8. Finally, we provide a series of concluding remarks
and outlooks in Chapter 9.

Keywords: Symmetry-resolved entanglement, global quantum quench,
quasiparticle picture, free-fermion models.



Part 1

Bipartite fidelity of critical
lattice models






Entanglement and quantum criticality

Many-body systems are central in physics. A general feature of such
physical systems is that their complexity drastically increases with the
number of constituents. For example, determining the trajectories of
three (or more) point masses that interact gravitationally is a noto-
riously challenging problem, whereas the two-body problem is exactly
solvable. Quantum mechanics is not exempt from such difficulties. In
atomic physics, the spectrum of the hydrogen atom is obtained ana-
lytically, whereas for atoms with higher atomic numbers it is usually
computed with numerical and perturbation methods. In condensed mat-
ter physics, and more generally in statistical mechanics, the aim is to
understand macroscopic properties and collective behaviour of many-
body systems with spatial extension based on microscopic interactions
between the constituents. Phase transitions are a remarkable example
of such collective behaviour, and play an invaluable role in our under-
standing of many-body systems.

A phase transition is characterised by a drastic change in the macro-
scopic properties of a system as a response to the variation of one or
several parameters. The boiling point of water is a perfect example. At
atmospheric pressure, as the temperature is increased from 373.14K to
373.16K, the density of water plummets as it undergoes a transition from
liquid to vapour. Another notable example is the so-called ferromagnetic
transition, where a magnet loses its spontaneous magnetisation as the
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temperature reaches the so-called Curie temperature T¢. For example,
the Curie temperature of iron is To = 1044K [70].

The ferromagnetic and liquid-vapour phase transitions are examples
where the temperature is the relevant parameter that drives the tran-
sition. There are also transitions that occur at zero temperature and
hence are only caused by quantum effects. These quantum phase tran-
sitions [71] happen when the groundstate of a quantum Hamiltonian
undergoes a drastic reorganisation as a global parameter is varied and
crosses a critical value. This parameter can be an external magnetic
field, an interaction strength or an anisotropy parameter, for example.
Quantum phase transitions are central in our understanding of quantum
many-body systems [71,72]. They are associated with level-crossings,
and hence the notion of quantum criticality is related to the properties
of the spectral gap of quantum many-body Hamiltonians.

In this chapter, we review several aspects of quantum phase transitions
and the connection between quantum criticality and entanglement. As
we shall see, the formalism and tools used to describe quantum crit-
ical points are similar to those developed in the context of classical
(as opposed to quantum) phase transitions. We start the chapter with
chosen aspects of critical phenomena theory using the Ising model and
the ferromagnetic transition as examples. We also discuss the universal
properties of critical points and their description in terms of CFT. We
then review the notion of quantum phase transitions and describe how
entanglement may be used to diagnose and characterise quantum critical
points. In this context, we discuss the bipartite fidelity. This quantity
shall allow us to unveil new aspects of quantum phase transitions, and
is the central object under consideration in this part of the thesis. We
conclude with elements of context regarding the new results presented
in the subsequent chapters and give the organisation of Part I.

1.1 Critical phenomena and lattice models

In the statistical description of a system at temperature 7', the thermo-
dynamic quantities are given in terms of derivatives of the free energy
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F = —kpTlog Z, where Z is the partition function and kp is the Boltz-
mann constant. Mathematically, a phase transition occurs at a point of
non-analyticity of the free energy or its derivatives with respect to the
external parameters. In most physical models, F' is a smooth function of
these external parameters in finite size. Formally, phase transitions thus
only arise in the thermodynamic limit, where the system size, or more
generically the number of degrees of freedom, tends to infinity. However,
the finite-size scaling of F' yields strong insights into the nature of the
transition.

A characteristic feature of a phase transition is its order. We say that
a transition is of order n if it is the lowest order of a derivative of the
free energy that diverges or is discontinuous at the transition point.
This classification based on the degree of non-analyticity of the free
energy is known as Ehrenfest’s classification. In the modern theory of
phase transitions, we only distinguish between first- and second-order
transitions. For instance, the transition from liquid water to vapour
at atmospheric pressure is a first-order phase transition. There is a
discontinuity in the density of water at T = 373.15K related to latent
heat absorbed by the system. Second-order phase transitions, on the
other hand, do not involve latent heat and are thus sometimes referred
to as continuous phase transitions. A point at which a second-order
phase transition occurs is called a critical point. In the following we
shall focus exclusively on the latter.

A way to investigate phase transitions is to consider simplified models
that (i) reproduce the qualitative aspects of the system under consid-
eration, but (ii) are simple enough to be handled with analytical (or
affordable numerical) methods. The term solvable, or solved models,
as Baxter prefers to put it [55], refers to models whose free energy is
exactly known in finite size or in the thermodynamic limit. We focus on
solvable lattice models that describe physical systems whose degrees of
freedom reside on a discrete finite domain. We use the terminology criti-
cal lattice model for models that describe second-order phase transitions
in the thermodynamic limit.
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M(T,h) > 0

M(r,n) <0 1o

0 ® T
Tc

Figure 1.1: Typical behaviour of the spontaneous magnetisation My(7")
as a function of T' (left) and the magnetisation M (T, h) in the hT-plane
(right).

1.1.1 Ising model and the ferromagnetic transition

In this section we discuss the ferromagnetic transition and its description
by the Ising model, a paradigmatic example of critical lattice model [73].

Consider an iron bar at temperature 1" in an external magnetic field h.
By convention, A > 0 corresponds to the field pointing in the direction
that we denote by up, and h < 0 indicates a field pointing in the opposite
direction, denoted down. The magnetisation M (T, h) of the bar is a
function of T" and h, and indicates the average direction in which the
spins of its atoms point to. A quantity of interest is the spontaneous
magnetisation My, defined as the residual magnetisation of the bar as
the external field is turned to zero from positive values,

My(T) = lim M(T,h). (1.1)

h—0t

In a strong positive external magnetic field, all the spins are aligned in
the direction of the field and we have M (7', h) > 0. At low temperatures,
the thermal fluctuations do not break the magnetic order in the ther-
modynamic limit, and the residual magnetisation is non-zero: My > 0.
Conversely, when the temperature reaches the Curie temperature T,
the magnetic order is broken and My = 0. The typical behaviour of
My(T) is illustrated in the left panel of Figure 1.1.

To study the ferromagnetic transition, Lenz devised a simple model that
is now known as the Ising model [74]. The model is named after his
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student, Ernst Ising, who solved it in one dimension [75]. It is defined
as follows. Let us consider a d-dimensional lattice D C Z¢ where each site
is occupied by an atom. The atoms interact between nearest neighbours
via the exchange interaction and there is a constant external magnetic
field. To model this situation, each site x; € D of the lattice is assigned
with a classical spin o, = 1. For a given configuration of spins {0y, },
the magnetic energy is

E({os,})=—J Y 00,00, —h> 00 (1.2)

<$i7$j>

where the first sum runs over all pairs of neighbouring sites, J > 0
is the exchange interaction and h is the external magnetic field. The
probability of a given configuration {awj} at temperature T is

P({os,}) = %equozj})/kBT, 7= o Be T (g )
{ij}

where Z is the partition function. The factor exp(—E({oy;})/ksT) in
the definition of the probability is often referred to as the Boltzmann
weight of the configuration {0, }. These quantities allow us to compute
correlation functions of lattice observables. For instance, the n-point
correlation function of spin variables is

(Opy Oz D= D 04+ 00, P({0n,}). (1.4)
{ij}

In particular, the magnetisation is the sum over all the sites x; € D of
the one-point functions,

M(T,h) = (0a;)p, (1.5)

Zj

and is obtained as the derivative of the free energy with respect to the
magnetic field,

oF

M(T’ h) = _%,

F = —kgTlog Z. (1.6)

Ising showed that the model does not exhibit a phase transition in one
dimension for 7" > 0, but then erroneously concluded to the absence of a
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critical point in any dimension. However, Peierls proved that the model
exhibits a phase transition at non-zero temperature in any dimension
d > 2 [76]. The critical temperature of the two-dimensional model was
computed by Kramers and Wannier [77], and reads

tanh( 2J ) = L (1.7)

In 1944, Onsager found the exact expression for the free energy of the
model in two dimensions without external magnetic field [78]. It is hard
to overemphasise the importance of this result. This exact solution
triggered an enormous amount of research in solvable lattice models
and phase transitions [36, 55, 73]. Because of its exact solvability and
rich phenomenology, the Ising model is a perfect theoretical laboratory
to investigate collective and emergent behaviour in seemingly unrelated
contexts, such as nonequilibrium physics [79,80], machine learning [81]
and sociology [82]. The solutions of the Ising model in two dimensions
with an external field and in three dimensions are still open problems
that go far beyond the scope of this dissertation.

To better understand the qualitative aspects of the ferromagnetic tran-
sition in the two-dimensional Ising model, it is useful to consider the
behaviour of the magnetisation in the AT-plane, as illustrated in the
right panel of Figure 1.1. In the region h # 0 and T' < T, the magneti-
sation is non-zero and has the same sign as h. The region where h =0
and T < T corresponds to a line of discontinuity of the magnetisation.
Indeed, as we approach the line from positive value of h, the magnetisa-
tion tends to My > 0. Conversely, by symmetry, when we approach the
line from negative values of h, we have lim,_,o- M(T,h) = —My < 0.
Since the magnetisation is the derivative of the free energy with respect
to the magnetic field, the region h = 0 and T' < T is a continuous line of
first-order critical points. For T' > T, the magnetisation is continuous
and vanishes smoothly as the external magnetic field is turned to zero.
There are thus no transitions in that regime. At the extremity of the line
of first-order transition, where h = 0 and T' = T, the spontaneous mag-
netisation is vanishing and continuous, but its derivatives with respect
to both h and T diverge. These quantities are the magnetic suscepti-
bility x(T,h) and specific heat C(T', h), respectively. The point h = 0
and T = T¢ is thus a second-order critical point. In the vicinity of this
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critical point, the behaviour of the various thermodynamic quantities is
completely determined by a set of numbers called critical exponents. In
terms of t = (T'— T¢)/Tc, we have

C(T,0) ~t~°, t—0", (1.8a)
C(T,0) ~ (=)™, t—0", (1.8b)
My(T) ~ (=t)?,  t—=07, (1.8¢)
X(T,0) ~t77, t— 07", (1.8d)
X(T,0) ~ (=)™, t—0", (1.8¢)
M(Tg,h) ~ b, h— 0t (1.8f)

where the notation X ~ Y indicates that the ratio X /Y is non-vanishing
nor diverging in the thermodynamic limit. Another aspect of second-
order critical points highlighted by the Ising model is the divergence
of the correlation length in the thermodynamic limit. This quantity
is denoted &, and characterises the exponential decay of the spin-spin
correlation function away from the critical point. It is interpreted as
the typical distance after which two spins cease to be correlated. The
correlation length is a function of the temperature and the magnetic
field, £ = £(T, h), and its divergence in the vicinity of the critical point
defines two new critical exponents,

E(T,0) ~t77, t— 0", (1.8g)
E(T,0) ~ (=)™, t—0". (1.8h)

For the two-dimensional Ising model, the critical exponents are [55]
a=ad =0, =1/8, ~v=+'=7/4, §=15 v=rv=1. (1.9

The exponents o and o/ vanish because the divergence of the specific
heat in the vicinity of the critical point is logarithmic, C(T',0) ~ log |¢|
ast — 0.

Critical exponents encode universal properties about the transition they
pertain to. They do not depend on the microscopic details of the model,
but rather on global properties such as its symmetries, boundary condi-
tions or dimensionality [55]. Two critical systems with the same critical
exponents are said to belong to the same universality class and the tran-
sitions they describe are qualitatively the same, even if their microscopic
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origin differ. For instance, it was observed experimentally that cer-
tain critical properties of fluids and magnetic materials are similar [83].
From a theoretical perspective, the investigation of phase transitions is
strongly related to the classification and characterisation of universality
classes.

1.1.2 Transfer matrix formalism

The solution of the two-dimensional Ising model by Onsager relies on
the diagonalisation of the so-called transfer matrix. The idea of using
transfer matrices to solve statistical models has since then been used in
a vast class of models [84, 85].

Let us consider the two-dimensional Ising model defined on the square
lattice of height M + 1 and width N. For simplicity we assume periodic
boundary conditions in the horizontal direction, as illustrated in Fig-
ure 1.2. In the vertical direction, we shall consider periodic, fixed and
free boundary conditions. In the periodic case, the row M + 1 is iden-
tified with the first one, and the whole lattice is a torus. On the other
hand, fixed and free boundary conditions correspond to either fixing the
spin variables on the bottom and top rows of the lattice, or letting them
free to take any value. In both cases, the corresponding lattice is a
cylinder.

In two dimensions, each site of the lattice is labelled by two integers (i, j),
and we denote by o; ; = £1 the associated spin variable. The energy
of a configuration (1.2) only contains interactions between neighbouring
sites, and it is possible to express it as a sum over terms that only depend
on the configurations of successive rows:

M
E({oi;}) =Y _ E(S:, Sr11). (1.10)
r=1
Here, S, = (01,,02,,...,0nN,) is the configuration of the row r. The

function E(S,, S,+1) contains the interaction terms within rows r and
r + 1 as well as the interactions between the two rows. The partition
function is

7 — Z e—E(51752)e—E(52753) . e—E(SMﬂ,SM)e—E(SMﬁMH) (1.11)

{oi,j}
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N
-l /,/
M+1 _
< P
< I

Figure 1.2: Illustration of a two-dimensional lattice of width N and
height M + 1 with periodic boundary conditions in the horizontal direc-
tion.

where the factor (kpT)~! is absorbed in the definition of the energy.
The form of Z suggests that it may be written in terms of a 2V x 2V
square matrix 7 whose components are labelled by the configurations
of the rows:

T=(Tss)ssc{-1,4+4137, Tss = o ES:S5), (1.12)

The matrix T is the so-called transfer matriz and acts on the Hilbert
space H = (C%)®N of dimension 2V. Each row configuration S is as-
sociated with a basis vector of H that we denote by |S). We use the

canonical basis of C2,
1 0
1) = <O> W= <1> , (1.13)

and a spin o; ; = 1 or 0; j = —1 is associated with |1) or |]), respectively.
For example, the configuration S = (+,+, —, +, —) is associated with
the vector |S) = [T1J1)), where |ab) = |a) ® |b).

The transfer matrix 7 of the two-dimensional Ising model is real and
symmetric. It is has real eigenvalues A\; with multiplicity m; > 0, and
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we use the convention A\g > Ay > ... to order them. In the case of
periodic boundary conditions in the vertical direction, where the lattice
is a torus, the partition function is

A\ M
Ztorus — Tp TM = g AM (1 + (—1> +. ) (1.14)
mo )\0
In particular, the largest eigenvalue A¢ fully determines the partition
function in the limit M — oc.

We now consider the case of fixed and free boundary conditions, where
the lattice has the geometry of a cylinder. We denote by |b;) and |bas41)
the states of the first and top rows, respectively. In the case of fixed
boundary conditions, |b;) = |S;), j = 1,M + 1, is a basis vector of
the Hilbert space that corresponds to a given spin configuration S; on
row j. The state |b;) may also be a linear combination of basis vectors.
In particular, free boundary conditions correspond to taking both |b;)
and |bps11) to be the linear combinations of all the basis vectors in the
Hilbert space. In both cases, the partition function corresponds to the
associated component of 7™ namely

ZY = (bar | TV |by). (1.15)

Similarly to the periodic case, the largest eigenvalue of T determines
the partition function and hence the free energy in the thermodynamic
limit.

It is possible to define a transfer matrix for most planar models of sta-
tistical mechanics with local interactions. The Boltzmann weights are
usually parametrised by an arbitrary parameter, traditionally denoted
u, and the transfer matrix is 7 (u). A model is said to be integrable if
the transfer matrices commute at different values of this parameter [55],

[T (u), T (v)] = 0. (1.16)

In that case, u is referred to as the spectral parameter, since the eigen-
vectors of T (u) do not depend on u, whereas the eigenvalues do. The
commutation relation (1.16) implies that the transfer matrix generates a
family of commuting operators. The first order in the Taylor expansion

of 7(u) around v = 0 contains an operator that is usually identified as
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the quantum Hamiltonian H of an underlying one-dimensional quantum
model,

dlog T (u)
B du u=0
In particular, we have [H,7T (u)] = 0 and the eigenvectors of 7 (u) that
correspond to its largest eigenvalue are groundstate vectors of H. We

H x (1.17)

discuss explicit examples of the connection between two-dimensional sta-
tistical models and one-dimensional quantum Hamiltonians in subse-
quent chapters. This connection allows us to use the formalism and the
field-theoretical description of two-dimensional critical models to inves-

tigate quantum phase transitions in one-dimensional quantum models.

1.1.3 Scaling limit of lattice models

In this section we discuss the continuous limit of critical lattice models.

Let us consider a generic two-dimensional lattice model defined on a
finite square lattice D, n C (aZ)? of size N x N where a > 0 is the
lattice spacing. On the lattice, the sites are labelled with variables x;
that indicate their positions in terms of number of lattice sites. For
instance, on the top left part of Figure 1.3, we have x; = (1,2) and
xo = (3,3) if we place the origin on the bottom left corner of the lattice.
The lattice D, n is embedded in a finite planar region D C R? such that
each site z; € D, v is at position 7(z;) € D. The distance between two
lattice sites x1 and x4 is ||r(z2)—r(z1)]|, where ||o|| is the Euclidean norm
in R2. Still on the top left part of Figure 1.3, we have r(x1) = (a,2a)
and 7(x2) = (3a, 3a).

We denote by q%att local lattice quantities that take the value q%att (x5)
on site x; € Dy n. On the lattice, a correlation function is defined as
the average of a product of local quantities,

(@F" (1) - O (20)) Dy =

1 _ lg
Z D ot @) g (an) o P, (18)
ol

where E ({gb;-att}) is the energy associated to a given configuration of the
lattice observables, and Z is the partition function. The factor (kgT)~*
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is absorbed in the definition of the energy. We also assume that the en-
ergy functional E({qﬁ?‘tt}) only contains short-ranged interactions. Away
from criticality, the correlation length is much smaller than the typical
size of the system, a < £ < N, and the two-point functions are exponen-
tially suppressed by a factor proportional to exp (—||r(z2) — r(z1)||/€)
when ||r(z1) — r(z2)|| > a.

At the critical point, the correlation length is of the order of the system
size, and all the points in the lattice are correlated. As a consequence,
the correlation functions decay algebraically rather than exponentially,
and the system becomes invariant under scale transformations [36]. The
idea of such transformations is to increase the system size while reducing
the lattice spacing, so that the Euclidean distances are kept constant.
The new system size and lattice spacing are denoted N’ and d/, respec-
tively, and they satisfy N'a’ = Na. The corresponding lattice, denoted
Dy N7, is closer to a continuous approximation of the domain D. We give
an example of a scale transformation in Figure 1.3 with N = 2N and
a’ = a/2. In particular, we illustrate how a pair of points {z1, 22} of Dg n
is mapped onto {2,245} = {221,222} in Dy N7, so that r(z) = r(z))
and r(z2) = r(x)). The scaling limit corresponds to the simultaneous
limits N — oo and a — 0 while the Euclidean distances are kept con-
stant, as we illustrate in the bottom part of Figure 1.3. In this example,
r1 =r(z1) = r(z})) and ro = r(x2) = r(2h).

To discuss the implications of scale invariance in the scaling limit, we
introduce the notation (b;att(rj) with r; € D. It denotes the lattice
quantity (b;att evaluated on the lattice site z; € D, y with r(z;) = 7;.
If there are no sites at position r;, we evaluate (b;att on a site x; such
that ||r(z;) — v;||< ||r(z;) — ;|| for all 2; € Dy . The algebraic decay
of the correlation functions at the critical point suggests that the limit

lim o™ 2= (GF (ry) - 42 (1)), (1.19)

n

exists for suitable combinations of local lattice observables and num-
bers Yj;. Since the scaling limit corresponds to a continuum limit of the
lattice, we expect the scaled lattice correlation functions to correspond
to correlation functions of fields ¢;(r) of an Euclidean quantum field
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Figure 1.3: Illustration of a scale transformation and the scaling limit
from a lattice of size N x N with lattice spacing a > 0.

theory (QFT) in two dimensions defined on the domain D,

lm o™ 2= Y G (r1) - O () = (B1(r1) -+ ST
N—o00

aN =cst.
(1.20)

The numbers Y; are then interpreted as the so-called scaling dimensions
of the fields ¢;(r).

In the scaling limit, many aspects of critical lattice models are described
by CFTs, field theories whose action is invariant under conformal trans-
formations. These transformations preserve the angles, and include
translations, rotations, dilations and special conformal transformations.
We illustrate a conformal transformation in Figure 1.4. An important
aspect of CFTs is local conformal invariance, namely the correlation
functions transform covariantly under coordinate transformations that
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are conformal in the vicinity of the fields insertion points. In two di-
mensions, any analytical function is a local conformal map, whereas
in higher dimensions, the group of conformal transformations is finite-
dimensional. For that reason, CFTs in two dimensions play a special

role, and in the following we exclusively focus on that case.

Proving the conformal invariance of a critical lattice model is a noto-
riously challenging task [86]. There are rigorous results regarding the
conformal invariance of the model of critical site percolation on the tri-
angular lattice [87] and the critical Ising model in two dimensions [88],
but in most cases the conformal invariance of critical lattice models in
the scaling limit is a conjecture. It is often argued that the scale invari-
ance at second-order critical points in two dimensions implies conformal
invariance, but it also requires a traceless stress-energy tensor [89]. In
most critical models, both conditions are met, but there are counterex-
amples of systems with scale invariance that are not conformally invari-
ant [90]. In the rest of the thesis, we use the correspondence between
criticality and CFT as a working hypothesis that we test by comparing
exact lattice results with CFT predictions. The calculations performed
in the field theory do not depend on the microscopic details of the initial
lattice model in finite size. For that reason, results that are obtained
with CFT arguments are said to be universal. The problem of classifying
different second-order phase transitions mainly reduces to determining
the underlying CFT that describes the scaling limit of local lattice cor-
relation functions. Different critical points described by the same CFT
belong to the same universality class.

1.1.4 Aspects of 1 4+ 1d CFT

In this section, we discuss some chosen aspects of CFT in two dimen-
sions. We refer to the vast literature on the subject for further discus-
sions [36,91,92]. Planar CFTs are suited to describe two-dimensional
critical model of statistical mechanics and one-dimensional quantum
critical models. In the former case, the two dimensions are space di-
mensions, whereas in the latter one dimension corresponds to the phys-
ical space and the other is interpreted as the Euclidean time. For this
reason, we often refer to planar CFTs as 1 + 1d CFTs.
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Figure 1.4: Illustration of the conformal transformation y(z) = 23.

Primary fields

In two dimensions, it is common to work in the complex plane C with
the complex coordinates z and z. The coordinate Z is often identified as
the complex conjugate of z at the end of the developments. We say that
a field ¢(z, z) is primary if its transformation law under any conformal

map y = y(2) is

6.9 = ()2 (80) oz ) (121)

where the numbers A and A are the so-called holomorphic and anti-
holomorphic conformal weights of ¢. The combinations ¥ = A + A
and S = A — A define the scaling dimension and the spin of the field,
respectively.

The conformal invariance of the theory fixes the form of two-point func-
tions of primary fields on the complex plane C,

5A17A2551752012
(22 _ zl)AlJrAz(gQ _ 21)A1+52

(91(21, 21)P2(22, 22))c = (1.22)
where ; ; is the Kronecker delta, A; and Aj are the conformal weights
of the fields ¢;, j = 1,2, and C2 is a constant. The fields are usually
normalised such that C1s = 1 and we say that the two-point function
is completely determined by conformal invariance. In general, the n-
point functions of primary fields with n > 2 involve so-called structure
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constants. These constants are not fixed by conformal invariance only,
and their evaluation is typically a hard problem. For instance, the three-
point function of spinless primary fields is

(1(21, 21) P2(22, Z2) P3(23, Z3))C
C1a3

Q(Al -‘,—Ag—Ag) 2(A1+A3—A2)
%12 213

2(Ag2+A3—A1) (1'23)
223

where z;; = |z; — z;| and Cj23 is an example of a structure constant.

The knowledge of the correlation functions of primary fields on the com-
plex plane allows one to compute the correlation functions on any do-
main that can be mapped to C under a conformal transformation. How-
ever, the investigation of CFTs in domains that possess a boundary is
also relevant for many problems in statistical mechanics [93]. The sim-
plest domain with a boundary is the upper-half plane H. Boundary
fields only depend on one variable z, and in this case it is a real number.
Under a conformal map y = y(z), primary boundary fields transform as

dy\ -4
o) = (T) =) (1.24)
and their two-point function on the upper-half plane is
(Gr(2)2(ea))s = by (1.25)
1(21)P2(22))H = Al,AQ(ZZ_Zl)A1+A2. )

Virasoro algebra and radial quantisation

In CFT, there is a field-operator correspondence, where fields are asso-
ciated with operators that act on the Hilbert space of the theory. The
Hilbert space is infinite-dimensional, and its structure is closely related
to the representation theory of the Virasoro algebra [94]. The generators
of this algebra are denoted L,, and satisfy the commutation relation

(Lo, Ln] = (m — 1) Ly + %m(mQ — 1)6mn (1.26)

where c is the so-called central charge. There is also an antiholomorphic
copy of the algebra generated by operators L,, with central charge é. In
the cases we consider, we have ¢ = ¢ and only focus on the holomorphic
copy. The operators L,, and L,, are the generators of the local conformal
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transformations. In particular, the combination Lo + Lg generates the
dilations in the complex plane. Let us now consider the conformal map
y(z) = N/(2m)log z that maps the complex plane punctured at the
origin onto an infinite cylinder of circumference N. On the cylinder,
the longitudinal direction is interpreted as time, whereas the periodic
direction is space. In this setting, the operator that generates the time
evolution is the Hamiltonian H.y. The dilations in the plane correspond
to longitudinal translation on the cylinder, or time evolution, and H.y

reads [95, 96]

27 - e

Hey= —(Lo+ Ly) — —. 1.2
cyl N ( 0+ 0) 6N ( 7)
The central charge in this formula accounts for the introduction of the
length-scale N in the system, and is sometimes called the conformal

anomaly for that reason.

Let us now discuss the structure of the Hilbert space of a CFT. A first
defining feature is the existence of a state, denoted |0), that is invariant
under global conformal transformations. It is the vacuum of the theory,
and satisfies

L,y|0) = L,|0) =0, n>-1. (1.28)

In this operatorial approach, a spinless primary field ¢ with conformal
weight A corresponds to an operator whose action on the vacuum yields
a highest-weight vector |¢) of the Hilbert space. It is defined as

6) = lim_6(z 2)[0) (1.20)

z,2—0
and satisfies

Lo|¢) = Lo|¢) = Alg),

_ (1.30)
Ln|¢> = Ln|¢> =0, n=>L

Moreover, the state |¢) is an eigenstate of the Hamiltonian (1.27), with

eigenvalue
dr mC

En = - 1.31
ATN 6N (1.31)

The action of the Virasoro generators L, with n < 0 on the highest-
weight vector |¢) generates so-called descendent states. These states
span an infinite-dimensional vector space, and the action of the Virasoro
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algebra on this vector space defines a so-called Verma module. A basis
of the descendant states is

L,le,k2 e L*kn’¢>7 1 g /{)1 g e g /{?n, n Z 1. (132)

We define the dual basis of states with the relation L], = L_,, and the
dual state (¢| = |¢)T satisfies (¢|L, = 0 for n < 0. Moreover, we fix
the normalisation such that (¢|¢) = 1. The inner product between two

states [{ki}) = L_p, -+ L_y,|¢) and [{¢;}) = L_¢, -+~ L_y,,|9) is

({ki}|{4;}) = (P|Lky, -+ Liy L—g, --- L_y,,|9)- (1.33)

As an example, let us compute the overlap (¢|L,, L_,|¢) for n > 1. With
the commutation relation (1.26), the properties of the highest-weight
vector (1.30) and the normalisation (¢|¢) = 1, we find

(BILnL-l6) = (S|L-nLn + 20Lo + n(n® = 1)|6)

c
= 2nA + —n(n? — 1).
n +12n(n )

(1.34)

This simple example illustrates the fact that the inner product between
a state and its dual depends on the conformal data of the CFT and is
not necessarily positive. For instance, if ¢ < 0 and A < 0, we have

(¢|LnL—p|®) < 0.

Unitary minimal models

We say that a representation of the Virasoro algebra is unitary if it con-
tains no states |7y) such that (y|y) < 0. As we saw, the definition of the
inner product depends on the central charge ¢ of the Virasoro algebra
and the conformal weight A of the highest-weight vector of the repre-
sentation. Hence, imposing the unitarity of a representation constrains
the possible values of ¢ and A. The investigation of the consequences
of these constraints led to the notion of minimal models [97-99]. For
¢ > 1, the unitarity of Verma modules is guaranteed provided A > 0.
For ¢ < 1, the structure of the representations is more complex. Usually,
the Verma modules are non-unitary, but there are values of the central
charge and conformal weights such that quotients of Verma modules are
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m c A lattice model

2 0 0 / (trivial)
1 11 .

3 3 0,153 Ising model

4 % 0, 8_30’ 1—10, 1_76’ %, % Tricritical Ising model
4 1 1 1221 2 7 13

5 5 O’E’E7§’E’4_O7§’E’§73 3-state POttS model

Table 1.1: Conformal data of the first unitary minimal models and as-
sociated lattice models.

unitary. These values of the central charges and conformal weights are
given by the Kac formula,

6
T T mmyry 7T
m(m
[r(m +1) —sm]? -1 (1.35)
A=A = 1<s<r<m—1,

4m(m + 1) ’

where m, s, r are integers. The classification of unitary minimal models
plays a major role in our understanding of critical models. Indeed,
for most values of m, there are known critical lattice models whose
scaling limits are described by the corresponding minimal models. In
Table 1.1, we give the first minimal models with their conformal data
and an associated lattice model.

In unitary CFTs, we always have ¢ > 0 and A > 0. As a consequence,
the correlations decrease with the distance. In this case, the vacuum
of the theory |0) is also the groundstate of the Hamiltonian (1.27) with

eigenvalue
e

By = ——
0 6N

(1.36)

Non-unitary CFTs

Imposing unitarity is not a necessary condition to describe proper phys-
ical systems. Examples of models described by non-unitary CFTs in-
clude disordered systems [100], quantum systems with P7-symmetric
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Hamiltonians [101] or statistical models with non-local degrees of free-
dom [102,103]. In these models, the correlations are allowed to grow
with the distance, and hence there may be fields with negative confor-
mal weights in the CFT description. In this case, the groundstate is no
longer the vacuum of the theory. Instead, it is the highest-weight vector
associated to the minimal conformal weight of the theory A, which
can be negative. The groundstate eigenvalue of the Hamiltonian (1.27)

is thus
EAmin == 4Nﬂ-Amin - g—_]ff
e (1.37)
6N

where cof = ¢—24A;y, is interpreted as an effective central charge [104].
The finite-size scaling of the groundstate eigenvalue alone is no longer a
sufficient measure of the central charge of the theory.

An important family of non-unitary CFTs are the so-called logarithmic
conformal field theories (LCFTs) [105,106]. In particular, the so-called
logarithmic minimal models [102] are LCFTs labelled by two coprime
integers p, p’ with 0 < p < p’ and denoted LM (p, p’). The central charge

is given by
6(p —p)*

/
cp,p)=1— —-—7- 1.38
(p,P) - (1.38)

and the conformal weights are

lon 2 _ /2

A:Am:(pr ps) ,(p P =19 (1.39)

4pp

In particular, LM (m,m + 1) is a generalisation of the unitary minimal
model labelled by m that contains more fields and where the constraints
on m,r,s in (1.35) are relaxed.

The defining feature of logarithmic CFTs is the appearance of Jordan
blocks and indecomposable yet reducible representations of the Virasoro
algebra. In that case, some eigenstates of Ly have Jordan partners and
are organised in a Jordan cell. The simplest case is a rank-two Jordan
cell, where the eigenspace corresponding to an eigenvalue A of Lg is
two-dimensional and spanned by the states |¢) and |w). They satisfy

Lolg) = Alp),  Lolw) = Alw) +2X0lp), (1.40)
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where )\g is a non-zero constant. In particular, the action of L restricted
the subspace spanned by these states has the form

Lo= (ﬁ 22°> (1.41)

and is not diagonalisable. The field (z) associated with |¢) is a primary
field with conformal weight A. Similarly, the field associated with |w),
denoted w(z), is its so-called logarithmic partner. We also say that w(z)
has the conformal weight A, even though it is not a primary field. In this
context, the conformal weight refers to the eigenvalue of L associated to
the Jordan cell. In the context of CF'T, the value of Ay can be adjusted
by changing the normalisation of the field w(z), so it is common to
normalise it to A\g = 1/2. However, in cases where the fields arise from
lattice calculations, they come with a natural normalisation, and it is
more convenient to let A\g be a free parameter [107].

Under a conformal transformation y = y(z), the fields satisfy [106]

o) = () el
w(y) = (%)7A <W(Z) — 2Xop(2) log (%)) :

where we assumed that ¢(z) and w(z) are boundary fields inserted on

(1.42)

the real axis. On the upper-half plane, their correlation functions are
- )\1)\2 — 4)\0)\1 log(zo — Zl)
- ( 20— 2 1)2A ’

A
(w(z0)p(21))m = m (1.43)

(w(zo)w(21))m

(p(20)¢(21))m = 0,
where A1 and Ay are structure constants whose evaluation is typically a
hard problem [107]. However, as we shall see, the exact values of these
constants do not play any role in our forthcoming computations.

1.2 Quantum criticality

In this section we discuss some aspects of quantum phase transitions.
Similarly to the classical case, we consider second-order transitions where
the correlation length diverges.
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1.2.1 Quantum criticality and universality

In quantum systems, relevant length-scales for the spatial extension of
quantum correlations are related to the energy gap in the spectrum of the
Hamiltonian. Let us consider a generic one-dimensional quantum system
of length N with Hamiltonian H. The spectrum is Fy < Fq < ..., where
E) is the groundstate energy of H. The gaps are defined as §; = E; — Ej,
and the correlation length behaves as & ~ 0 L For critical systems that
exhibit scale invariance and whose scaling limit is described by a CFT,
the correlation length scales as the system size, namely

&~ N. (1.44)

Moreover, at criticality, the gaps d; of the leading excited states close as
-1

dj ~ N, (1.45)

In the scaling limit, these low-lying excitations form an infinity of states
that is described by a 1+ 1d CFT. A way to access the conformal data of
the underlying CFT is to investigate the finite-size scaling of the spec-
trum of H. For a system with open boundary conditions, the energies
E; of the leading excited states satisfy the large-IN expansion [95,96]

8% c
Ej = NEpuk + Epnar + —F<Aj - —) +o(N71), (1.46)

N 24
where Epgx and FEyppg, are two non-universal terms, ¢ is the central
charge, A; is a conformal weight and v is the so-called Fermi velocity.

For free-fermion systems, the latter is defined as vy = dz(,f ) lk=k, where

e(k) is the dispersion relation and kp is the momentum of excitations at
the Fermi level. The values of Eyy and Eyngr do not depend on j, and
hence we say that the Hamiltonian is gapless in the large-N limit.

1.2.2 Quantum spin chains

Spin chains are paradigmatic one-dimensional quantum many-body sys-
tems that exhibit critical behaviour. They describe spins located on
a discrete lattice that interact between nearest neighbours via the ex-
change interaction. The first spin chain was introduced by Heinsen-
berg [108] in order to investigate the quantum origin of magnetism.
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A model of considerable importance is the spin-1/2 XXZ quantum spin
chain [55]. It is a quantum integrable model in one dimension that pos-
sesses a critical regime. The model was first diagonalised by means of the
so-called coordinate Bethe anzatz [56,109]. In 1967, Lieb showed that the
XXZ Hamiltonian commutes with the transfer matrix of the six-vertex
model [84], an integrable lattice model in two dimensions originally in-
troduced by Pauling to compute the residual entropy of ice. For a chain
of length N with free boundary conditions, the Hamiltonian is

1N—l

H= —3 Z <U;?Uf+1 + 0';-/0';/le + Aajajﬂ_l) (1.47)
j=1

where A is the anisotropy parameter. The specialisation A = 1 yields
the Heisenberg Hamiltonian, and is now referred to as the spin-1/2 XXX
quantum spin chain. In the following, we only consider spin-1/2 quan-
tum spin chains. The Hamiltonian (1.47) acts on the Hilbert space
(C?)®N and we use the canonical basis (1.13) for C2. The notation of
denotes the operator that acts as the Pauli matrix ¢%, a = x,y, 2, on

site j = 1,..., N and trivially on the rest of the chain. It is defined as

oi=h® L eL - @, (1.48)
~—_— ——
j—1 N—j

where Iy is the 2 x 2 identity matrix, and

J‘T:<O 1), O'y:<(_) _i>, O'Z:<1 0) (1.49)
1 0 i 0 0 -1

are the Pauli matrices. It is often useful to consider spin chains with
periodic boundary conditions. In that case, the first sum in (1.47) runs
up to j = N and we impose olin =05 The two different boundary
conditions are illustrated in Figure 1.5.

The XXZ spin chain is gapless in the regime —1 < A < 1. In this
critical regime, it is described by a free-boson CFT with central charge
¢ =1 [96]. Another paradigmatic critical spin chain is the so-called XY
spin chain in an external magnetic field [110]. The Hamiltonian with
free boundary conditions is

N-T g 1
H=- Z < 2_70;3‘7]1'“ T 70?05»’+1 + haf) (1.50)
j=1
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12 N
N
1

2

Figure 1.5: Illustration of spin chains with free boundary conditions
(top) and periodic boundary conditions (bottom).

where h is the magnetic field and ~ is the anisotropy of the spin-spin
interaction in the xy-plane. There are two distinct critical regimes in
this model [111]. First, for |h| = 1 and |y| € (0, 1], the model is described
by a free-fermion CFT with ¢ = 1/2 and it is in the Ising universality
class. Second, for v = 0 and |h| € [0,1], the model is described by a
free-boson CFT with ¢ = 1, similarly to the gapless XXZ spin chain.
For other values of h and -y, the XY spin chain is not critical and is
described by a massive QFT in the scaling limit.

Diagonalisation of the XX spin chain

The XY spin chain is a free-fermion model, because its diagonalisation
implies a mapping from the spin chain onto a model of non-interacting
lattice fermions [110]. For simplicity, we focus on the XY spin chain
with v = h = 0 (or equivalently the XXZ spin chain with A = 0), also
known as the XX spin chain. We consider a chain with free boundary
conditions, but the periodic case is treated with similar techniques. The
Hamiltonian is

1
Hp=—5 (Ufgfﬂ T U?";‘/H) (1.51)

and commutes with the total magnetisation S* = % z;vzl os. We present
the diagonalisation of this model for two reasons. First, we use the
exact diagonalisation of the Hamiltonian to extract the conformal data
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of the underlying CFT using (1.46), and hence provide a pedagogical
example of the connection between one-dimensional quantum critical
models and CFT. Second, we investigate various generalisations of the
XX spin chain in forthcoming chapters (with boundary magnetic fields
or periodic boundary conditions, for instance). We thus introduce the
main technical tools that we use throughout the thesis.

To diagonalise the XX Hamiltonian (1.51), we use the so-called Jordan-
Wigner transformation that maps spin operators to fermionic ones,

cj:(—1)jl<ﬁag>a;, cf = (-1~ 1(1‘[%) of,  (152)

+

where 0 = (0% £i0Y)/2. The operators ¢; and c} satisfy the canonical

fermionic anticommutation relations

{cjicby =0, {cja}={c.cf} =0, jk=1,....N, (153

where {a,b} = ab+ ba. Moreover, the state |0) = || ---]) is annihilated
by all the ¢; operators. By means of the Jordan-Wigner transformation,

we recast Hy as

N-1

=D _(cejp i)
7 (1.54)
Z A 0,5 € z
i,j=1
with
0 -1 0 0
-1 0 -1 0
A=|o0o . o 0], (1.55)
-1 0 -1
0 0 -1 0
and the magnetisation operator takes the form S* = —= —|— z =1 ]

The diagonalisation of A yields

AU, = Uy, k=1,...,N, (1.56)
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with
/2 N3 . ( kjm _—
[Uk]J_(N—H) 81n<N+1), g k=1,...,N, (1.57)
and L
ek:—zcos(Nj:l), k=1,..., N. (1.58)

The exact diagonalisation of A allows us to write H; as

N

Hy =" epdldy, (1.59)
k=1

where we introduced the operators

2 1 X kjm
o) S ()
& Nl lem Ni1)o

Jj=

d= (2) S e ()
PN+ & N+1/)7

(1.60)

They satisfy the canonical fermionic anticommutation relations (1.53)
and the operators dj annihilate the vacuum |0). These properties and
the diagonal form of H; in (1.59) imply that its eigenstates are obtained
by successive applications of the creation operators d;i on |0). They are
given by

(dbm e (djv)nN|0>, {ngte=1. .~ € {0, 1}, (1.61)

where ny is the fermion occupation number of the mode k. These eigen-
states satisfy

Hy (d})™ - (dly)"™[0) = (an) (@)™ (@y)]o)  (162)

and have magnetisation m = —N/2+ Zszl ng. If N is an even number,
the groundstate of Hy is

o) = d} -~ dly ,|0) (1.63)
with energy
N/2
E0:Zek:1—csc( T > (1.64)
2N +2

k=1
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and magnetisation m = 0. The large-N expansion of Ej yields

2N 2 T
Fp=——4+1——— — N~2). 1.
0 —tl- o= o FO(NT) (1.65)

If N is an odd number, we have €n41)/2 = 0 and the groundstate is
doubly degenerate. The two groundstates belong to the magnetisation
sectors m = +1/2 and are given by

w_1je) = d}-edly g pl0), fwig) =dldly g 0100 (1.66)

Their energy is

Eiyjg=1—cot ( ) 1.
+1/2 ot \ 3N 12 (1.67)
and has the large-N expansion
2N 2 ™
Eijp=—"—+1-"4-——+0ON?). 1.68
+£1/2 - + - + N + O( ) (1.68)

In general, we denote by |z,,) and F,, the lowest-energy state in the
magnetisation sector m and its associated energy, respectively. The
magnetisation m is an integer if IV is even, and half-integer if IV is odd.
The state |z,,) reads

[@m) = d} - dly g 210) (1.69)
and the energy E,, has the large-N expansion [112]

2N 2 T
Ep=—-—"—+1-=——"—(1-12m*) + O(N7?). 1.70
n= 12 T 0N (L00)

Comparing this result with (1.46), we find Fyyx = —% and Eypgr = 1—%
form = —=N/2,...,N/2, and conclude that the model is indeed gapless.

The inspection of the terms of order 1/N yields
c—24A,, =1 —12m?, (1.71)

where we used vp = 2 for the XX spin chain without external magnetic

field [58).

This simple example highlights the fact that (1.46) is extremely useful
to determine the conformal data of a CFT from lattice calculations, but
is not enough. Here, we can only fix the combination ¢ — 24A,,, but
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not ¢ and A,, separately. The XX spin chain Hamiltonian (1.51) is
Hermitian, and hence the underlying CFT is unitary. In particular, the
central charge is ¢ = 1 [96], so that the conformal weights in (1.71) are
A, = m?/2. As we discussed in Section 1.1.4, being able to discriminate
between ¢ = 1 or ceg = ¢ — 24Amin = 1 is crucial in the case where we
do not know if the underlying CFT is unitary, for instance. It is thus
desirable to find other ways to extract the conformal data of a CFT
from lattice calculations. In the forthcoming chapters, we investigate
the bipartite fidelity, a quantity whose finite-size scaling yields different
combinations of ¢ and A [62,63].

1.2.3 Entanglement and criticality

As we mentioned in the introduction, using techniques and tools from
quantum information science in the context of quantum many-body sys-
tems strongly contributes to our modern understanding of a variety of
many-body phenomena [31]. In this section, we review some aspects
of entanglement in quantum many-body systems, and in particular the
relation between entanglement and quantum criticality.

In the context of extended quantum many-body systems, we are inter-
ested in the entanglement between regions containing a large number of
constituents. For instance, let us consider a bipartite quantum system
AU B in d dimensions, where A and B are two complementary sub-
systems. We give an illustration of a bipartition in two dimensions in
Figure 1.6. If the whole system is in a pure state [¢), the entanglement
between A and B can be measured by the entanglement entropy (0.4),
where we recall

S1 = —Tr(palogpa) (1.72)

and pg = Trp(|1)(¢]) is the reduced density matrix of subsystem A.

Entanglement is related to the presence of non-local correlations in the
system, and is thus sensitive to the spatial extension of quantum corre-
lations between A and B. In the case of a non-critical quantum system
with a finite correlation length &, the correlations between A and B are
extended over a region of size £|0ap|, where |0ap| is the area of the
boundary between the two subsystems. A schematic example is pro-
vided on the right panel of Figure 1.6. In that case, the groundstate
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B B

Figure 1.6: Example of a spatial bipartition in two dimensions. In the
right panel, the green area corresponds to the spatial region over which
A and B are correlated in the case of a non-critical model with finite
correlation length &.

entanglement entropy typically obeys a so-called area law [18,113-115]
in the limit of large system size,

S1 = 0(|0aB)- (1.73)

The notion of area law also has implications in black hole physics [30,
116-118] and classical simulations of quantum systems [119].

The entanglement entropy was initially investigated in the context of 1+
1d CFT, where the subsystem A is an interval of length ¢ embedded in an
infinitely long one-dimensional system [37]. The result is the celebrated
formula

Sy = §10g€+ o(1) (1.74)

where c is the central charge and the term of order one is non-universal.
This result corresponds to a logarithmic violation of the area law, and is
related to the divergence of the correlation length at criticality. A decade
later, Calabrese and Cardy re-derived this formula and generalised it in
various contexts thanks to the so-called replica trick [38]. This powerful
method allowed them to investigate the entanglement entropy of systems
at finite temperature, in finite size and in the case where A consists of
multiple disjoint intervals. Moreover, they showed that the entanglement
entropy satisfies an area law away from criticality.
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In the context of condensed matter systems, the observation that en-
tanglement is an efficient tool to detect quantum critical points origi-
nated from the work of Osterloh and collaborators [33], and Osborne and
Nielsen [34]. Their investigations focused on single-spin entropies [34]
and two-spin correlations [33,34] in the XY spin chain. In a seminal pa-
per of 2003 [35], Vidal and collaborators investigated the entanglement
entropy of a block of ¢ contiguous spins in the groundstates of the XY
and XXZ quantum spin chains. With numerical and analytical meth-
ods, they showed that the entanglement entropy saturates to a constant
value away from criticality and diverges as log# at criticality. Their
result reads

Sy = glogﬁ—i-k—i-o(l) (1.75)

where ¢ depends on the critical regime under consideration, whereas k
depends more strongly on the parameters of the Hamiltonians (1.47)
and (1.50). In particular, they confirm ¢ = 1/2 for the XY spin chain
at v = h = 1, and ¢ = 1 for the XXZ chain with -1 < A < 1.
These lattice results are in perfect agreement with the CFT prediction
(1.74) where c is the central charge and k a non-universal constant. The
entanglement entropy is thus a powerful tool to detect and characterise
quantum critical points. In particular, it provides a way to extract the
central charge of the CFT underlying a quantum critical point.

Since the groundbreaking results (1.74) and (1.75), the investigation of
entanglement measures in CFT and extended many-body systems has
been an active research area [41], with applications in condensed mat-
ter [32,39,120] and in high energy physics [121,122]. In particular, an
important amount of work is aimed at deriving exact formulas for entan-
glement measures in extended quantum systems [40, 123]. Exact results
are available for free fermions [48,124—126], but in general computing the
entanglement entropy in a genuinely interacting model is a challenging
problem.

In the context of non-unitary CF'T and related lattice models, a natural
question is whether the leading term of the groundstate entanglement
entropy yields the central charge c of the theory, or rather the effective
central charge cog = ¢ — 24Ani,. It was initially argued that for such
theories, Sp only allows one to measure the effective central charge [127].
However, for non-unitary theories, the Hamiltonian H is not Hermitian
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and its left-groundstate (1| is not equal to the Hermitian conjugate
of the right-groundstate (1r| = [vg)T. This creates an ambiguity in
the definition of the entanglement entropy, because the reduced density
matrix can be defined as pg = Trp(|¢Yr)(YL|) or pa = Tr(|Yr) (Yr]).
It was later understood [128] that the leading coefficient in (1.75) is ¢/3
in the former case and ce/3 in the latter.

1.3 Bipartite fidelity in extended systems

An observable that shares many features with the entanglement entropy
is the quantum fidelity [129-134]. It is defined as the overlap between
the groundstates of two Hamiltonians that differ by a perturbation. Let
us consider a system described by a Hamiltonian H()\) that depends on
a parameter A and denote its groundstate by [¢y). For simplicity we
assume that the groundstate is not degenerate. The fidelity is

<¢>\1 W})\z> )
\/<1/})\1 ‘¢A1> <¢>\2 ’1/})\2>

As a particular example, we consider the situation where A parametrises

f()‘h )‘2) =

(1.76)

the interaction between two complementary subsystems A and B of an
extended many-body system,

H(\) = H* + HB + \H™, (1.77)

where HA and HP are the Hamiltonians of the subsystems A and B,
respectively. The term H'™ contains the interactions between the two
subsystems. We denote by [1/4), [¢P) and [/4P) the groundstates of
HA, HP and HAB = H(1), respectively. The logarithmic bipartite fi-
delity [62,63] is defined as

(@ pB|yAB)
VWA @ YB[pA @ ¢B) (YAB[pABY |’

with the notation |4 @ B) = |4) @ [1B) for the groundstate of H(0).
Similarly to the entanglement entropy, this quantity vanishes when the
groundstate of the whole system is the product state |1)45) = [pA@yP),
and is a positive number otherwise. However, there is a main concep-

F = —2log

(1.78)

tual difference between the entanglement entropy and the logarithmic
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Figure 1.7: Illustration of the spin chains involved in the definition of
the bipartite fidelity where the whole system and subsystems have free
boundary conditions. The top panel represents the whole chain with
Hamiltonian H(1). The lower panel illustrates the chain cut in two
non-interacting parts, with Hamiltonian H (0).

bipartite fidelity. The former is well-defined for any pure state |¢p45),
whereas the latter requires the knowledge of the underlying quantum
Hamiltonian. Indeed, a state |)47) alone it is not enough to infer which
states |¢4) and |1/®) one should use in the definition (1.78). For that
reason, the logarithmic bipartite fidelity is not an entanglement mea-
sure in the information-theoretical sense, contrarily to the entanglement
entropy [19]. It is nonetheless a powerful tool to investigate the ground-
state entanglement properties of quantum many-body systems.

The normalised overlap inside the logarithm in the definition of F is the
so-called bipartite fidelity. In terms of the definition (1.76), the bipartite
fidelity corresponds to f(0,1) with the Hamiltonian H () given in (1.77).
For a quantum spin chain, the bipartite fidelity is the normalised overlap
between the groundstate of the whole chain with the groundstate of the
chain that has been cut in two parts. We illustrate this in Figure 1.7
in the case where the whole system and subsystems have free boundary
conditions and respective lengths N, N4 and Np, with N = N4 + Npg.
In the following, we also consider the cases where the whole system is
endowed with periodic boundary conditions, whereas the subsystems

both have either periodic or free boundary conditions.
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1.3.1 Bipartite fidelity of integrable models

For a quantum model in one dimension, the bipartite fidelity has an
interpretation in terms of partition functions of the underlying two-
dimensional statistical model. The partition functions are defined on lat-
tices whose geometries depend on the boundary conditions in the quan-
tum chain. For instance, in the case where the whole system and both
subsystems have free boundary conditions, the overlap (¢4 ® B|ypA4B)
is related to the partition function on the so-called flat pants lattice, de-
noted ZfAB . The lattice is equipped with a long vertical slit that extends
halfway in the vertical direction, as illustrated in Figure 1.8. The height
of the lattice is bM, where b > 0 is an even number that depends on
the model and instance of the bipartite fidelity under consideration (in
the following we encounter b = 2 and b = 4), whereas the top segment
and the two lower ones separated by the slit have lengths N, N4 and
Np with N = N4 + Np, respectively. Likewise, the scalar products in
the denominator of (1.78) are tied to the partition functions ZAB, ZA
and ZP defined on rectangles of heights bM and widths N, N4 and N,
respectively. The logarithmic bipartite fidelity on the flat pants lattice
1 AB)?2
(217

S A 1.79
ZA7B7AB (1.79a)

Fr = lim —log

M—o0

In the cases where the quantum system has periodic boundary condi-
tions and the subsystems both have either periodic or free boundary
conditions, the overlap () @ ¢B[pAPB) is related to the partition func-
tion of the two-dimensional model on the periodic pants lattice and the
skirt lattice, respectively. These lattices are represented on Figure 1.9.
Both lattices have height bM and their perimeter at the top is N. On
the periodic pants lattice, the perimeters of the legs A and B are Ny
and Np with N = N4 + Np. On the skirt lattice, the legs correspond
to open segments of respective lengths N4 and Np. This lattice is thus
equipped with two long vertical slits that extend halfway in the ver-
tical direction. The partition functions on the periodic pants and the
skirt lattices are denoted ZpAB and ZAPB, respectively. The logarithmic
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N

bM

Figure 1.8: Illustration of the flat pants lattice.

bipartite fidelities are

F = lim —log|—2-~2— 1.79b
p M;m 08 ZAZB 7AB ( )
and
(2:7)*
7= \fim —log | Zr7m | (1.79¢)

Here, ZAB, ZA and ZP denote the partition functions on cylinders of
heights bM and perimeters N, N4 and Npg, respectively. Clearly, the
bipartite fidelities depend on the choices of boundary conditions assigned
to the top and bottom of the lattices. For suitable choices of these
boundary conditions, the partition functions are all non-zero and the
limits M — oo in (1.79) are well-defined.

The definitions of the bipartite fidelities in terms of quantum overlaps
of groundstates and partition functions in two-dimensional models coin-
cide for integrable models where the respective Hamiltonians and trans-
fer matrices are related by (1.17). Let us denote by A§ and TS5 the
largest eigenvalues of the transfer matrices pertaining to the system
S = A, B, AB, with free and periodic boundary conditions in the hor-
izontal direction, respectively. Moreover, let us denote the respective
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bM

Na Np Ny Np

Figure 1.9: Ilustration of the periodic pants lattice (left), and the skirt
lattice (right).

eigenstates by |r5) and |X5). In the large-M limit, the partition func-
tions Z2 and Z° read

Z7 =~ (AG)"M (af|a3).
(1.80a)
Z¥ = (Ig)"M(XF1X5),

where the notation ~ indicates that subleading terms are omitted. Sim-
ilarly, we have

277 = (AAEAGDYMP (o @ of o),

ZAB o~ (THTETIBYM2 x84 o XP|X§P), (1.80b)

77 = (EABTE P2 o 281X,
When the relation (1.17) is satisfied, the states |z§) and | Xj) correspond
to the groundstates of the Hamiltonians for the system S with free and
periodic boundary conditions, respectively. When we insert (1.80) into
the definitions (1.79), the products of eigenvalues simplify between the
numerators and the denominators, and the remaining ratios of overlaps
correspond to the definition (1.78) adapted to the various boundary
conditions. If the transfer matrices have Jordan blocks, the relations
(1.80) are modified, and the definition of the dual states may depend on
the instances of the bipartite fidelity under consideration. We relegate
these discussions to the concrete examples presented in the forthcoming
chapters.
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1.3.2 Scaling limit and CFT predictions

Analogously to the entanglement entropy, the bipartite fidelity can also
be used to detect quantum phase transitions. It satisfies an area law
away from criticality and has extra logarithmic divergences at the crit-
ical point [62]. For critical lattice models in 1 + 1 dimensions, Stéphan
and Dubail [62,63] investigated the universal behaviour of the logarith-
mic bipartite fidelity on the flat pants lattice using CF'T arguments and
obtained expressions for the leading terms in its large-IN asymptotic ex-
pansion. Their results hold in the case where the CFT is unitary. In
the simplest case where all the states correspond to the vacuum of the
CFT, as in (1.78), their result is an application of the Cardy-Peschel
formula [135] and the leading term is ¢/8log N, where ¢ is the central
charge. More generally, the bipartite fidelity can be defined, as in (1.78),
in terms of three eigenstates [¢p4B), [¢4) and [¢P) that do not corre-
spond to the vacuum of the CFT in the scaling limit. The leading terms
then depend on the weights A; of four fields ¢;, ¢ = 1,2, 3,4, that ac-
count for changes in the boundary conditions. The quantity JF; has an
interpretation as a four-point function of these fields on the flat pants
domain, that corresponds to the continuum limit of the flat pants lattice
where M has been sent to infinity. The fields are inserted at infinity in
each extremity of the flat pants domain, as well as on the endpoint of
the slit, as illustrated on Figure 1.10. The lattice width IV is taken to
infinity with the aspect ratio x = N4/N kept fixed in the range (0,1).
The resulting large-N expansion reads [63]

where
Pt (-2
% — 2%“3 (% — 2m>A4] log (1 — x)

—logM(z) + {z 21—z A1 & A} + G (182)

and C; is a non-universal constant that is independent of z. Here,
Y (z) is the function that appears in the four point function of the fields
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Figure 1.10: The flat pants domain and the fields insertion points in the
CFT interpretation of 7.

¢1,...,¢4 in the upper-half plane. It depends only on the anharmonic

ratio C,
(61(21)d2(22) s (25)0u(20) )y = T(O) x [ 257747 (1.83)
1<i<j<4
with

Fij = % T Zj C:%7 A=A+ M+ A3+ Ay (1.84)
213724
The notation {x — 1—x;A; <> As} in (1.82) indicates that the content
of the first line must be duplicated but with = replaced by 1 — z and
A exchanged with As. The function 9;2)(3:) in (1.81) is also given
in [63] and takes the form of a universal function times a non-universal
prefactor known as the extrapolation length =:

g}2>(x):5x[A4—i+<i A1)1+(C Ag) : } (1.85)

24 " \24 Tz " \2a 12
The extrapolation length plays a prominent role in the study of surface
critical phenomena [136]. In the context of CFT, it is a non-universal
constant appearing in a perturbation of the stress-energy tensor that

displaces the position of the boundary [63]. It also impacts the behaviour
of one-point correlation functions near a corner.

In [62], Dubail and Stéphan also investigated the behaviour of the bipar-
tite fidelity on the skirt domain, where the state [)4P) used to compute
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(1.78) in this case is the groundstate of the Hamiltonian with periodic
boundary conditions, whereas [1)4) and |¢)®) are the groundstates of the
chains of the subsystems A and B with free boundary conditions. Their
result covers the simplest case where no boundary condition changing
fields are inserted. The resulting large-IN expansion for the bipartite
fidelity reads

Fo=SlogN+ =

1 24(G5(x) +Gs(1 —2)) + Co +O(N~tlog N), (1.86)

where Cj is a non-universal constant, and

33— 6z 4 4a?
N 1—2

Gs(z) log x. (1.87)

1.4 Organisation of Part I

In the following chapters, we investigate the bipartite fidelity in various
contexts, motivated by the following elements.

Up until now, there have been only few cases where the bipartite fi-
delity was computed explicitly via an exact lattice derivation. It was
computed for the XX spin chain with free boundary conditions in [63]
for the special case where the aspect ratio is * = 1/2 and the length
of the chain is a multiple of four. It was also obtained [137] for the
XXZ chain at the anisotropy A = —1/2 with real magnetic fields at
the endpoints. This last result holds for a single eigenstate, namely the
special groundstate that has miraculous combinatorial properties. The
bipartite fidelity was also computed by Weston [138,139] for the XXZ
chain in the infinite chain directly, for generic values of A in the range
—00 < A < —1. In this case, the model is not critical and the result
is a function of the correlation length £. From the CFT perspective,
the current knowledge regarding the universal behaviour of the bipar-
tite fidelity applies to models for which the underlying CFT is unitary.
In particular, the conformal prediction (1.82) for g}l)(:c) was obtained
in [63] by assuming that the fields ¢q,...,¢4 are primary. Moreover,
apart from the case of the bipartite fidelity on the skirt domain where
all the states correspond to the vacuum of the CFT [62], there are no
results for models with periodic boundary condition.
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In Chapter 2 we investigate the bipartite fidelity in the model of critical
dense polymers [103] on the flat pants lattice. This model is related
to the simplest member of the family of logarithmic minimal models,
and its underlying CFT description contains primary and logarithmic
fields. Our first objective is to provide new exact lattice calculations
of the bipartite fidelity in a critical model for arbitrary values of the
aspect ratio x and systematically compare them with the CFT prediction
(1.81) in the case where all the fields are primary. The second goal
of this chapter is to provide a first calculation of the bipartite fidelity
in the case where the fields inserted on the boundary are logarithmic,
both with exact lattice and CF'T calculations. We use the integrability
of the model to achieve both objectives, and find a systematic perfect
match between the asymptotic expansions of our lattice results and the
CF'T predictions, both for the known case of primary fields and our new

prediction in the logarithmic case.

We investigate the bipartite fidelity for models with periodic boundary
conditions in Chapters 3 and 4. In particular, we provide new CFT
predictions and lattice computations of the bipartite fidelity on the pe-
riodic pants and skirt domains, respectively. To our knowledge, there
are no previously known results for the bipartite fidelity on the periodic
pants domain. For the skirt domain, we push further the investigation
initiated in [62]. In particular, we consider the more general case where
boundary condition changing fields are present in the CFT context, and
derive the leading terms in (1.86) up to order N~!log N. In both cases,
we test our new CFT predictions against exact and numerical lattice cal-
culations in the XX spin chain and the model of critical dense polymers,

and find a systematic perfect match.

We present concluding remarks and outlooks in Chapter 5.
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Critical dense polymers on the flat pants lattice

In this chapter, we investigate several instances of the bipartite fidelity
in the model of critical dense polymers [103] on the flat pants lattice. In
the scaling limit, various properties of this model are described by the
simplest member of the family of logarithmic minimal models, with the
central charge and the conformal weights of the Kac table given by

(2r —s)2 -1

c= -2, Ay s = 3

(2.1)

The model of critical dense polymers model is a tiling model in two
dimensions. Contrarily to the two-dimensional Ising model or the six-
vertex model, where the degrees of freedom lie on the vertices and on
the edges of the lattice, respectively, here the degrees of freedom lie on
the faces. A given configuration of the model is a selection, for each face
of the lattice, of one of these two tiles:

ZEEN}

The observables in the model are the loops formed by these blue seg-
ments (and their numbers), which are non-local objects. This is the fun-
damental reason why the model of critical dense polymers is described
by a logarithmic CF'T rather than a unitary one. This is in stark contrast
with the Ising model, where the degrees of freedom (the spins) and their
correlation functions are entirely local in nature, and the corresponding
underlying CFT is unitary.

49
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As we discussed in Section 1.4, our aim is twofold. On the one hand
we provide a new lattice derivation of the bipartite fidelity of a critical
lattice model in finite-size and investigate its asymptotic behaviour. We
achieve this for a family of boundary conditions labelled by a positive
integer d, with the corresponding observables denoted by ff(d). On the
other hand, we perform the first calculation of the bipartite fidelity in the
case where the fields inserted on the boundary are logarithmic. We use
the presence of logarithmic fields in the CFT description of the model
in the scaling limit to define a second instance of the bipartite fidelity,
denoted .73f(2). Our derivations rely on the relation between the partition
functions of the model and the Temperley-Lieb algebra. Moreover, the
model of critical dense polymers can be mapped to the XX spin chain
with the Ug(sfy)-invariant boundary fields of Pasquier and Saleur [140]
with ¢ = i applied to the two endpoints. We exploit the integrabil-
ity of the model and the known diagonalisation of its Hamiltonian and
transfer matrix to derive exact lattice results for the relevant instances
of the bipartite fidelity. We use the exact results for }}(d) and ]}f(2) to
)

investigate their asymptotic behaviour. The scaling behaviour of }}(d
precisely matches the CFT prediction (1.81) with the known conformal
data of the model of critical dense polymers. For the logarithmic case,
we derive a new CFT prediction for the case where one field inserted
on the domain is logarithmic and exactly recover the lattice result for
.7:}(2). The results discussed in this chapter were initially presented in
the publication [4].

2.1 Bipartite fidelity, partition functions and
overlaps

We study the loop model of critical dense polymers on the flat pants
lattice. In Figure 2.1, we depict this lattice as a 4M x N rectangle with
a vertical slit. The slit divides the lower segment in two subsegments
A and B, of respective lengths N4 and Np, and extends halfway across

the rectangle.

The boundary condition consists of a collection of arcs connecting neigh-
boring nodes called simple arcs and vertical loop segments called defects.
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The left and right edges of the rectangle are decorated with simple arcs.
The same applies to the interior of the slit. The top segment is made of
a collection of d defects, which we choose to be adjacent and attached to
the leftmost nodes, and # arcs. On the bottom segment, the subseg-
ment A is decorated with d defects, also attached to the leftmost nodes,

and Nf‘{d

arcs. The subsegment B has only simple arcs.

The loop segments drawn on the tiles and on the boundary form loops.
In a given configuration {¢;} of loops, we assign a weight, or fugacity
w;, to each loop ¢;. The Boltzmann weight Wy ({¢;}) of a configuration
is the product of the fugacities w; of its loops: W;({¢;}) = [[; ws. Some
of the loops are closed and are referred to as bulk loops. The model of
critical dense polymers is a special case of a so-called dense loop model
where bulk loops have the fugacity w; = = 0 [103]. In general, dense
loop models are a family of integrable models where bulk loops have
an arbitrary fugacity 8. Loop segments can also connect two defects
from the boundary. We refer to this as a boundary loop. In defining the
partition function on the flat pants lattice, we assign a fugacity w; = 1
to a boundary loop if it connects the top and bottom segments, and a
fugacity w; = 0 if it connects two defects of the same segment. The
partition function on the flat pants lattice, denoted Zf(d)’AB is

ZEE DA (2:2)

i}

)

We consider three more partition functions: Zﬁd)’AB, Zﬁd)’A and Zﬁz)’B.
We construct these partition functions with the same choices of fugacities
for the bulk and boundary loops, but on lattices without slits, namely
on the rectangular lattices given in Figure 2.2. The logarithmic bipartite
fidelity is

(@ (Zf(d),AB)2
Ty = o pm log Z@-AB ;@4 ;)5 | (2.3)

where the defect number d is taken to be greater or equal to one. This

definition corresponds to (1.79a) adapted to the model of critical dense

polymers. The choice to include Z,@’B in the denominator is justified

as follows. We note that for the other dense loop models for which the
fugacity of bulk loops £ is non-zero, the natural choice is to write Z,QO)’B
in the denominator instead of ZﬁQ)’B. For the model of critical dense
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Figure 2.1: A configuration of the model of critical dense polymers on

6. The

thick vertical line is the slit that separates the two lower parts of the

the flat pants lattice, with M =3, N =14, Ny = 8 and Np

lattice, as illustrated on the lower panel.
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Figure 2.2: The lattices corresponding to the partition functions Z f(d)’AB,

2048 704 and 7P,

polymers, this partition function is Zﬁo)’B = 0. As argued in [141], the

reference partition function in this case is instead Z7£2)’B.
In this same paper [141], it was also underlined that the boundary con-
dition consisting of two neighbouring defects forced to connect corre-
sponds, from a CFT perspective, to a logarithmic field in a rank-two
Jordan cell. Correlation functions involving this field are expected to
have logarithmic behaviour. To investigate the effects of this logarithmic
field on the bipartite fidelity, we study a second instance of t(};? }&garith—
7 to be

mic bipartite fidelity for d = 2, denoted .73f(2). We choose Z;
the partition function on the flat pants lattice of Figure 2.1, but with

different fugacities for the boundary loops. In computing the weights of

)’AB, a boundary loop has a fugacity w; = 0 if it

configurations for Zf(2
connects a defect from the top segment to one of the bottom segment,
and a fugacity w; = 1 if it connects two defects of the same segment.
Bulk loops still have zero fugacity. We similarly consider the partition

. ~(2),AB 5(2),A . . ~(2),AB
functions Z, and Z,"7"", with the same fugacities as for Zf ,
but on the lattices of Figure 2.2. The second instance of the logarithmic

bipartite fidelity is

) (Zf(2),AB)2
=— lim 1 2.4
7y Mmoo 8| Z@AB Z @A ;@B | (24)
where we note that the last factor in the denominator is ZT(Q)’B and not

708
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2.1.1 The Temperley-Lieb algebra at 3 = 0

In this section, we express the various partition functions introduced
in the previous paragraphs in the language of the Temperley-Lieb alge-
bra TLy (8 = 0). The corresponding expressions involve the standard
and projective modules over this algebra, the bilinear forms over these
modules and the transfer tangle for the model of critical dense polymers.

The algebra TLn(3). The Temperley-Lieb algebra [142-147] is a
unital, associative algebra generated by the linear span of connectivities.
A connectivity is a diagram drawn inside a rectangular box with N
marked nodes on both its top and bottom segments. Inside the box,
the nodes are connected pairwise by non-intersecting loop segments.
A subset of the connectivities, namely the identity connectivity I and
N — 1 connectivities denoted by e;, with j =1,..., N —1, generate this
algebra. These connectivities are depicted as

(2.5)

I: R ej —

U
n
123 N 1 J N

The product ajas of connectivities in TLy(3) is obtained as follows: one
stacks as above a; and straightens the loop segments to obtain a new
connectivity. Each loop created through this procedure is erased and

replaced by a factor 8. Here are some examples for N = 4:

\ )
\
erea = RS} = k ’
N\
\ 4
B
\J \ W AW
€oe1€3 — - N\ )
ae = (2.6)
N\
*
N
_ (YU o\
(er1e2)(ezere3)(ere2) = N =f ~
*
N\
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With products of the e; generators, one can produce any connectivity in
TLy(5). The diagrammatic definition for the product of connectivities
is equivalent to a set of relations satisfied by the generators:

(e)* = Bej, ejejriej = €j, ejer = exej, (|7 — k[ >1). (2.7)

These are the defining relations of TLy(3). The value of 5 pertaining
to the model of critical dense polymers is f = 0. The algebra TLx(0) is
non-semisimple. Below, we describe the standard and projective mod-
ules over the Temperley-Lieb algebra, which will allow us to compute

.7-}(d) and .73f(2), respectively.

The standard modules Vp 4. The standard modules Vy 4 are built
on the vector space generated by link states on N nodes with d de-
fects. These are diagrams drawn above a segment with N marked nodes,
wherein nodes are either connected pairwise or occupied by a defect that
cannot be overarched. Here are the link states for the standard modules
for N = 4:

Vio: Aan LA, (2.8a)

Vie: ~ll I al 11l A, (2.8b)

\VE I I I I . (2.8¢)

The action of a connectivity a € TLy(f) on a link state v € Vg,
denoted aw, uses diagrammatic rules similar to those defined for the
product of connectivities. One draws v above a, straightens the loop
segments and reads the new link state produced at the bottom segment
of a. If two defects connect, the result is set to zero. Otherwise the
result of av is this new link state, with contractible loops replaced by
multiplicative factors of 5. For g = 0, this implies that if one or more

contractible loops are formed, then av = 0. Here are examples for
N =4
lo > Lo
— /| _ 52 | _
x = all, | X = an, A =0 (29
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The projective modules Py . We define the modules Py for
TLx(0) with even N. The vector space is spanned by link states with
d = 0 and d = 2 defects. For example, for N = 4, Py 2 has dimension
five and its link states are the first five states in (2.8).

The action of a € TLy(0) on v € Py also uses the diagrammatic
construction. One draws v above a and reads the new link state from
the diagram. If there are contractible loops in this diagram, the result
is set to zero, as it is for the standard action for 5 = 0. However, in
contrast with the standard action, if two defects connect, the result is
not set to zero. For example, in Py, the calculations of (2.9) become

Lo O LLA

& = M | _

D

The third calculation gives a link state with weight one in Py 2, whereas
this prefactor vanishes in V2. In contrast, the first two are in fact
obtained identically in Py 2 and in Vy 4, but here they vanish because

B=0.

In the modules Py 2, the number of defects is not a conserved quantity,
as it may happen that the initial and final states respectively have d =
2 and d = 0 defects. Moreover, we note that Py has a submodule
isomorphic to V. To distinguish between the actions in Vy 4 and
Pn.2, in the following we indicate explicitly which module is involved,
and write for instance av{vN’d or av‘PNQ.

Bilinear forms for TLx(0). For the model of critical dense polymers,
the Gram bilinear form is an invariant form on Vy 4 defined as follows.
Let v,v" be two link states in Vn,q. Performing a vertical flip of v
and connecting its nodes to those of v/, we obtain a diagram where
the loop segments form closed loops or connect defects together. The
Gram product of v and v, denoted v - v/, equals 1 if the number of
closed loops is zero and all defects from v are connected to defects of
v’. Otherwise, v - v' = 0. To illustrate, for v;1 = Lala , v = L£aN1
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and v3 = aall, we have

u u —>U1'U2:17

YT — vi-v3=0, (2.11)

ﬁkoj —)1)2-1)3:0.

One can also check that v1-v; = vg-v9 = v3-v3 = 0. We note that v-w =0
if v,w € V9. The Gram bilinear forms used in the computations below

involve Vy 4 with d > 1.

We define a second bilinear form on the module Py 2. The link states in
this module have either 0 or 2 defects. For two such link states v and v/,
we denote this second product by v ® v’. As for the Gram product, we
draw the diagram where v is flipped vertically and its nodes are attached
to those of v'. If the number of closed loops is zero, the defects of v are
connected among themselves, and likewise for those of v/, then vV’ = 1.
Otherwise, v ® v’ = 0. For the examples given above, we have

v O vy =0, v Oy =1, vo ®vg = 0. (2.12)

The transfer tangle. The double-row transfer tangle for the model
of dense polymers is an element of TLy(0) defined as [103]

s s s
D(u): : N N N 7
sin 2u
u u PR PR u

— B (2.13)

U | =cosu Jf + sinu \k ,

N

where u is the spectral parameter. We refer to the value u = 7, for
which both tiles have equal weights, as the isotropic point. Later, we
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use the shorthand notation D = D(%). Indeed, the weight Wy ({¢;}) of
a loop configuration assumes that the two tiles have the same weight.

The transfer tangle satisfies a number of identities: (i) it satisfies crossing
symmetry, namely D(5 — u) = D(u), (ii) it satisfies the periodicity
property D(u + m) = D(u), (iii) it evaluates to the identity at u = O:
D(u = 0) = I. The transfer tangles also commute at different values
of the spectral parameter, [D(u), D(v)] = 0, and therefore generate a
family of commuting elements of TLy(0). The Hamiltonian H, of the

model is related to the transfer tangle in the limit v — 0 via the relation
N-1

D(u) = I — 2uH, + O(u?), H,=— Z e, (2.14)
j=1

and is also in this family of commuting elements. Finally, the transfer
tangle satisfies an inversion identity [103]:

cos®Ny — simQ]Vu)2 (2.15)

cos2u — sin® u

Dw)Du+3) =1 (

In particular, this relation implies that the eigenvalues A(u) of D(u) are
of the form

A(u) = (1 + € sin 2u sin tj) <1 + pj sin 2u sin tj>,

e

1

<

(2.16)

. % even N,
7Y @j-ir
TON odd N,

where €; and p; are in {4+1, —1}. Different eigenvalues then correspond
to different choices of the signs €; and p;.

The partition functions. The various partition functions defined in
the first paragraphs of Section 2.1 are written using the tools defined
above. We assign the upper labels AB, A and B to the transfer tangles
and link states to indicate which system or subsystem they pertain to.
We find

Zf(d),AB — 2MN(y4 ). (DA 2 DB)M(DAB)MvC?BNN’d . (2.17a)
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Z(@AB _ 92MN AB (DAB)QMUO?‘B‘VN@ , (2.17b)
Z(DA — g2MNayA (DA)2MU§1‘VNA,¢1 , (2.17¢)
ZB — g2MNp, B (DB)QMUQB‘VNB’Q , (2.17d)

and

Zf(z),AB — 2MN A Uéfi)@(DA 2 DB)M(DAB)MUQL‘B‘PN , (2.18a)

2
7(2),AB _ g2MN AB o (DAB)QMUQAB‘PN2 , (2.18b)
Z;‘Z),A — 22MNA,Ué4 ® (DA)QMru?‘P , (2180)
Nj,2
where J
——
w=1lllAa A - A (2.19)

and v ® w indicates that w is attached to the right of v. The powers of

2 ensure that each tile has weight 1 instead of % as it does in (2.13) for
u=7.

2.1.2 Partition functions from the XX spin chain

The next step of the computation is to rewrite the formulas for the
partition functions relevant for the bipartite fidelity in terms of matrix
elements in the XX spin chain.

The XX representation. The XX representation of TLx(0), which
we denote by Xy, is defined on the vector space (C?)®V where we use
the canonical basis (1.13) for C2. This representation is linear, and the
generators e; are represented by the matrices [140]

0 0 0
0i 1 0
Xn(e) =L@ oho| o o |[ohe-eh. (220
-1 00 0 0 N=j—1
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It is indeed not hard to check that these matrices satisfy the defining
relations (2.7) of TLx(0). The generators also commute with the total
magnetisation S* = %ZZ]\L 1 07. As a consequence, the representation
X splits as a direct sum of smaller representations labelled by the

eigenvalues m of S%, given by —%, —%, cees %

In this representation, the Hamiltonian is the XX Hamiltonian with the
U, (sl)-invariant boundary magnetic fields of Pasquier and Saleur [140]
and g = i

N-1

1 i
3 <0}“J;C+1 + O'?Ué»/_,’_l) - §(Uf —o%).  (2.21)
j=1

H,=Xy(H,)=—

Likewise, the representative of D(u) in the XX representation, denoted
D(u), is the double-row transfer matrix of the six-vertex model. We use

the notation D = D(%) for the transfer matrix at the isotropic point.

Embedding V4 in the XX representation. There exists a linear
map from link states to spin states that intertwines the standard and
spin-chain representations of TLx(0). For a given link state v € Vy 4, we
define its image in (C2)®" under this map as |v). Locally, it is defined
as

|la)=wth)+w U, (L=, w=e"t (222

To obtain the spin state corresponding to a given link state, we repeat-
edly apply these local rules for each arc and each defect. For instance,
for N = 4, we have

Ll A) =wl) + o™ [, (2.23a)
| aa) =P [T + [T + ) + w2 [L11), (2.23b)
| ) = P [T + 1AL + ) + w2 [T, (2.23¢)

Link states in Vy 4 are therefore mapped to spin states of magnetisation

m = —<. The map is indeed a homomorphism, namely one can check

that ’
Xn(ej)v) = |(ejvlvy.,)) (2.24)
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for j=1,...,N —1and v € Vy 4. This map also preserves the bilinear
form for the standard modules. Indeed, with the notation (v| = |v)*,
where the upper label * stands for real transposition, we have {(v|v') =
v - v, for each v,v" € V4. For example,

Ul AalllAay=0 UlAail~al)=1 0.25)
=0.

Ul Aarall)

Clearly, if v € V4 and v' € Vy ¢ with d # &', then ((v|v') = 0.

Embedding Py 2 in the XX representation. There exists a similar
map from link states to spin states for Py 2. For v € Py 2, we denote its
image under this map as |0). The local relations are

A =wlth et i, L = (@t Fwli). (226)

For a given v € Py, these relations are applied locally to each arc
and to the defects, to produce an element of (C2)®V. For example, for
N =4, we have

)= %(mm + w2 PN + @ D) + D), (2.27a)

which is not identical to (2.23a). The spin states corresponding to A A
and A\ under this map coincide with those in (2.23b) and (2.23c).
This map is a homomorphism of representations, namely

—_——

Xn(e)]o) = | (ejvlpy.,))- (2.28)

It also preserves the bilinear form ® on Py o: (0]0') = v ® v’ for v,v’ €

Pn,2. For instance, we have

e~ e~ e~ e~

Ul alllay=0 IlAailal)=o

(2.29)

e~ e~

Il arally=1

The partition functions. Because the maps introduced above are
homomorphisms of TLy(0) representations and preserve the bilinear
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forms, we can translate the expressions (2.17) and (2.18) for the par-
tition functions as matrix elements in the XX spin chain. We obtain:

7f048 = 2MN (o @ o | (DA © D) (DAP) M |0gB),  (2.300)

Z(DAB _ g2MN 1 AB|(DABY2M | ABy (2.30b)
Z(D:A = 92MNa 1,41 DA)Y2M |, Ay (2.30¢)
ZX:B — 92MN5 (,,B|(DB)2M By, (2.30d)

and

7P = 2MN (il & 58| (DA @ DP)M (DAP)M|54B),  (2.31a)

ZAB = 2PN () (DAP) M [5g'P), (2.31b)

5 ~ 2M | ~
ZDA = 92MNa (5| (D) |5h (2.31c)

)

where we recall that (v ® w| = (v| ® (w|.

2.1.3 Diagonalisation of the Hamiltonian

The diagonalisation procedure for the XX Hamiltonian (2.21) is similar
to the one presented in Section 1.2.2. For the Uj(sl2)-invariant chain at
q =1, it was studied in [148,149]. The first step is to write H, as

N-1
H = —( Z cL_lcj + c;r.c]qu) —1i (cJ{cl — c}erN> (2.32)
j=1

where the ¢; and c;r. are the canonical fermionic operators (1.52) obtained
with the Jordan-Wigner transformation. Recalling that w = ¢™/4, the
second step is to perform a Fourier transform of these operators, by

defining
N-1 1 Nl
. ok ki
KL 1 Kk =
J J
where
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and
a; =wej +w ey, af = w c} + w_lc;r»ﬂ. (2.35)

These operators satisfy the anticommutation relations

{aj, a1} = 6j k-1 + 6jks1, {Mes M} = Sk

- C (2.36)
{ajaa’k} = {ajaak} = {m,ne} = {ng,me} = 0.

The Hamiltonian can be expressed in Jordan-normal form using these
operators. We recall that we use the real transposition for the conjuga-
tion of fermionic operators, so that the overlaps computed in the spin
chain correspond to partition functions in the loop model through the
relations (2.30) and (2.31).

Results for odd N. For odd N, the resulting expression for the
Hamiltonian is diagonal and takes the form

N-1

Hy= " Mmime, A= —2cos(5E)  (odd N). (2.37)
k=1

The set of operators 7y, and 7}, with k = 1,..., N — 1, is complemented
with two extra operators,

1L 1o,
[ j=1 ¢ 7=1
where
Ky =1 (odd N). (2.39)

These operators satisfy the anticommutation relations

{¢t7¢} = 17
{¢',m} = {om} = {d.me} = {8",mk} = 0.

The full set thus consists of IV creation operators and /N annihilation

(2.40)

operators. By acting with the N creation operators on the reference
state [0) = || --- |), one obtains a basis for the 2V eigenstates of H,. In
terms of these fermions, the magnetisation operator reads

o N

N-1
5P =T+ ¢Tp+ kzl mae  (odd N). (2.41)
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Results for even N. For even N, the set of operators n and n},
with k € {1,..., 22} U {&F2 ... N — 1} is complemented with the
operators

N
K==y TV - H) e
j=1
—n (2.42)
=R LI - D,
j=1

as well as with the operators ¢ and ¢' in (2.38), with the constant ry

K¢ = w\/g (even N). (2.43)

The anticommutation relations in this case are

{6, X'} = {¢',x} =1,
{gbt,gb} = {Xt’X} = {@,X} = {gbt’xt} =0,

and all the anticommutators involving the operators 7y, and 1}, and one of

set to

(2.44)

¢, 9", X and X* also vanish. In terms of these operators, the Hamiltonian
takes the form

N-1
H, = ¢'¢ + Z Nl A= —2 cos(%k) (even N). (2.45)
N2

The operators 7}, ¢' and X' form a set of N creation operators. Act-
ing on the reference state |0) with these operators, one obtains a full
basis of eigenstates and generalised eigenstates, of dimension 2. The
magnetisation operator reads
N N-1
§=—5+ s'x+xlp+ Y nime  (even N). (2.46)

k=1
k#N/2

2.1.4 Groundstates

Except for the case of zero magnetisation, the groundstate eigenspace of
H, restricted to the sector of magnetisation m has dimension one. Recall-
ing from Section 2.1.2 the relation d = —2m, we denote the groundstate



2.2. BIPARTITE FIDELITY FOR PRIMARY FIELDS 65

of magnetisation m by |w_o,,) = |wg) and the corresponding eigenvalue
of the transfer matrix by A4(u). In terms of the fermions, this state
takes the form

wa) = ninb . 1y pl0) (d £ 0). (2.47)

For even N and d = 0, the eigenspace is two-dimensional,

wo) = G mins -+ My jaa]0), o) = X'Nin5 - Ny a110),
(2.48)

and the states form a rank-two Jordan cell:
HO]w0> = h0]w0>, HO’uA)o> = ho’ﬁ)o> + ’U)o>, ho=1-— COt(%). (2.49)

These states are also generalised eigenstates for the transfer matrix
D(u). The groundstate eigenvalue corresponds to a specific choice for
the unfixed signs in (2.16) according to a selection rule [103,148]. For
the groundstate, these are given by ¢; = y; =1for j =1,..., % The
eigenvalue reads

N-2
T2

Ao(u) = H (1 + sin 2u sin tj)Z. (2.50)
j=1

The transfer tangle D(u) mixes |wg) and |wp) in a rank-two Jordan cell:
D(u)|wo) = Ao(u)|wo),  D(u)ldo) = Ao(u)|io) + f(u)|wo), (2.51)

where f(u) is a yet undetermined function of w. Using the inversion
identity (2.15) and expanding f(u) and Ag(u) as centered Laurent poly-
nomials in e, we find [4]

f(u) = —sin(2u)Ag(u). (2.52)

2.2 Bipartite fidelity for primary fields

In this section, we apply Wick’s theorem to derive closed-form expres-
sions for the bipartite fidelity ff(d) for critical dense polymers. In the
scaling limit, this lattice quantity is related to the correlation function
of primary fields inserted on the flat pants domain.
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2.2.1 Ratios of partition functions in the limit M — oo

To compute the bipartite fidelity, we extract the leading behaviour of the
partition functions (2.30) as M tends to infinity. We start with (2.30a):

2§08 = 28N (| (DY @ (@B I(D)M) (DAE) V0 ®). (259

The state |vg) can be written using the fermions a; in (2.35) as
|va) = agy1001300.5 - an-1]0)- (2.54)

The identity matrix restricted to the eigenspace of magnetisation m =
—d/2 is of the form

Iger g = lwa){wal + ... (d#0),
[ g._o = o) {wol + |wo) (o + ...

where the next terms involve states that are not groundstates. We there-

(2.55)

fore have
(DAPYM 0By = (AGFP)M |wg®) (wi P [vg?), (2.56a)
(g (DM = (ADM (vg lwg) (wg |, (2.56b)
(w5’ [(DPYM = (AG)M (i’ [0F) (w§

+ (DM (B lwf) (AF (| + M P (wf)), (2560)

=0
where ~ denotes an equality up to terms that are exponentially small
in M compared to the leading term. We use the notation Ag = Agq(7%)
and f = f(%). The overlap (v¥|wf) vanishes because the state |wp)

contains a fermion ¢' which anticommutes with a; for each j and satisfies
(0]¢t = 0, with (0] = |0) = ]0)*. We thus find

d),AB
zi" 4 = (PNAFPAGAT)Y (witPlog”)

1
(v lwg) (v [ (wg @ wf lwg ). (2.57)

Repeating the same exercise for Zﬁd)’AB, Zﬁd)’A and ZﬁQ)’B, we find
Zﬁd)’AB ~ 22MN(A2?B)2M <<w£B|’Ué?B>2,
Z\0A o 2MNA (WM (0t [wg)?, (2.58)

2P o PMNa(AB M (oF b2
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We also note that the eigenvalues of the sectors d = 0 and d = 2 are
equal: Ag = Ag. From (2.3), the bipartite fidelity .7-}(d) reads

2

2.2.2 Fermionic operators in the different subsystems

In this subsection, we introduce the fermionic operators specific to the
subsystems A and B and present the anticommutation relations that
they satisfy with the fermions of the full system. We compute (2.59)
with the states

!w§B>=n§---n%%\0>,

N o (2.60)
it © wig) = m" - @ s [0)
2
where
IR ‘
= — sin(%—kj)aj, kit = /Ny cos(]@—k) (2.61a)
K o
;| Nl
B .. mk(j—N B k
=5 sm(%)aﬁ Kk, =/Npcos(gL), (2.61b)
k' j=Na+1
2 N
¢B = w! ~ > iUNatl ey (2.61c)
B i—Na+1

The transpose of these fermions are denoted n?’t, nf’t and ¢Pt.

In the following, we use Wick’s theorem to express the various overlaps
as determinants. Let 6, and 9, with k,¢/ = 1,...,L, be two sets of
fermionic operators that annihilate the same vacuum state |0), namely
0r|0) = 9|0y =0 for k, £ =1,..., L. Wick’s theorem states that

L
0|6g ... 026019595 ... 9% |0) = kdgl{ek, 5. (2.62)

We use this equality to compute the ratio (vf|wf)/(v8|wf). Both
the numerator and the denominator are expressed as determinants, and
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after a simple argument, we find

vB|lwE N

The other overlaps involve fermions of both the full system and the
subsystems A and B. To compute them, we introduce the rescaled

operators
N-1

kj
sin(%#) a;, k=1,...,N —1, (2.64)

j=1
and likewise for ﬁ,f and ﬁ,? , by removing the constants /@? and /{E in
(2.61). These operators have the advantage of being well defined for
k = N/2. All the fermionic operators appearing in (w; ® wf|wiP)
can in fact be written in terms of the 7. Indeed, we have M, = Krni
and, for even N, iy = (wkg)¢. The same holds for the operators of the
subsystems A and B. With this convention, Wick’s theorem yields

(g’ [’}
wf)

A A
(wg ® wflwy?) =

((NAd)/2 (Np—2)/2 (N—d)

/20 N\ 1
H K H KD H Iig) det My (2.65)

k=1 k=1 /=1
where
Na—d
[M] {nk?né kzl""’ A2 ) (266)
d = Na—d — .
ke {77 NA da’r}Z} k: AQ +1""’¥5
with /=1,..., #. The anticommutators in this matrix are
COS WW sin (”—’:) sin( ﬂﬁm

{7 i} = (—1)F

cos () - ’
( ’;)

cos(%7) sin in(ml
cos (;{,—’;) — (%) '

{ﬁkB’ﬁé} ==

where x = Ny /N is the aspect ratio.
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2.2.3 Closed form for the overlaps

In computing the determinant of M, we find that all the trigonometric
functions appearing in the numerators in (2.67) factor out. Because My
is defined in two parts, this is a non-trivial result. It stems from the
fact that the ¢-dependent factors in the numerators are identical. In
contrast, the same factorisation does not occur for the XX spin chain
with free boundary conditions. Exact asymptotics in this case were only
obtained for = 1/2 in [63]. The ratio of overlaps in (2.65) becomes

Wllof) , 4 . B aB
(wg ®wg lwg”) =
(vF [w)
Nyp—d Np—-2 N—d
2 sin (£E) 727 sin (££) 20 cos(Z4) sin(nlx
7(%‘) 7(?) (y)sin(mte) detCy  (2.68)
k=1 'k k=1 k= Rt
where
-1
s s Ny—d
- [COS (N—i)—COS(WZ)} E=1,..., 747,
Cd k4 -1
[COS <7r(k7(11\\7;;7d)/2)> _ COS(WWZ):| k= NAEd+2’ o N2—d7
(2.69)
and /=1,..., #. The determinant is evaluated using Cauchy’s iden-
tity:
L 1 wy — wg)(zp — 2
det ( )= HK’KKLL( e = i)k = #1) (2.70)
kf4=1 \wW — 2p Hk f:l(wk‘ — Zf)
The result is
detCq =
ok’ _ zk k') _ ok
[T (cos(#) —cos(#)) I  (cos(F) —cos (7))
1<k<k<Na=d 1<k<k/<TB
Ny—d Np
2 2
< T (oo ) - con(85)) (cos(30) —eos (3)
k=1 k’'=1 1<g<glngd
Npo—d N—d Np N—d
2 2 . ’ -1 2 2 . ’ -1
x TT TI (cos (%) —cos (%)) T TT (cos (52) — cos (%))
k=1 (=1 k=1 ¢=1



70 CHAPTER 2. CDP ON THE FLAT PANTS LATTICE

We note that the equalities (2.68) and (2.71) hold in the case where
ged(Ng4, N) =1 for odd N, and gcd(%, &) =1 for even N. If these
conditions are not met, some factors in the numerator and denominator
may vanish. When this happens, the number of zeros in the numerator
and denominator are always equal and the correct finite result is ob-
tained by taking a limit on N4 in the generic expressions. In fact, our
asymptotic analysis in Section 2.4 presupposes that N4 and N satisfy
these coprimality conditions. The resulting functions are continuous in
x, and we can approach any value x € (0,1) in the scaling limit with

these conditions.

2.2.4 Asymptotic expansion
With the closed-form formulas (2.68) and (2.71), we derive the asymp-

totic expansion of ff(d) in the limit of large N where the aspect ratio x
is set to a constant in the interval (0,1). We find

@ _ 2 _ L P
FP = —ZlogN 2log Ta(w) + | = <2x 1+

1—z

1 2 2
+|:—E<2(1—$)—1+ >—§A17d+1

4
+ <_ -2(1 - $)> Al,d—i—l} log x

3
1 m 1
+3log A — 1 [1 + log <§)} + 0 (N ) (2.72)
where
2
Tolw) = (1 o) Erangibin o, = B o g

8 b
and A = 1.282427... is the Glaisher-Kinkelin constant. We give the proof
of this result in Section 2.4.

The formula (2.72) exactly matches the CFT prediction (1.81) of Stéphan
and Dubail [63] for the logarithmic bipartite fidelity in the case where
primary fields are inserted on the flat pants domain. First, the coefficient
of the leading log N term is consistent with the known value ¢ = —2 for
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the central charge of the model and the conformal weight Ay = 0 of the
field inserted at the end of the slit. It is indeed clear that, in the two-
dimensional model defined on the flat pants geometry (see Figure 2.1),
there is no change of boundary conditions at the end of the slit, and the
weight of the identity field indeed vanishes.

Second, the constant term in (2.72) has the form of g}l)(x) given in

(1.82) for a two-point function of primary fields. The fields ¢; and ¢4
have the dimension Ay = Ay = Ay 411, which is the known value for the
boundary changing operator that accounts for the insertion of d defects
on a boundary [141,150]. The two other fields are identity fields, with
Ay = A3 = 0. The function Y 4(z) has the correct form that ensures that
the four-point function (1.83) reduces to the usual power-law formula for
the two-point function. The non-universal constant in (1.82) is given by

Cp =3log A — % (1 +log (g)) = —3¢(~1) — ilog <%> . (274)

where ((z) is the Riemann zeta function.

Finally, we also note that .7-}(d) has no term proportional to N~!'log N.

Comparing with the predicted form (1.85) of the function 9;2) (), we

deduce that the extrapolation length = vanishes in the present case.
For the XX chain on the flat pants lattice with no boundary magnetic

fields, Dubail and Stéphan computed the N~!log N contribution to the

bipartite fidelity and found = = 1 [63]. In this case, the momenta of the
fermions are of the form Nw—il In contrast, the fermionic momenta for
the model investigated in this chapter are of the form %], leading to a
vanishing extrapolation length. It is then tempting to conjecture that,
for momenta of the form Nﬂ—is’ the quantity N + ¢ is an effective length

for the system from which the extrapolation length can be read directly.
We note that a similar vanishing of the N~!'log N term was previously
observed in [137] for the XXZ spin chain at the combinatorial point. In
this case, the authors argue that the central charge and the conformal
weights are such that the expression inside the bracket in (1.85) vanishes,
thus preventing a measure of the extrapolation length.
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2.3 Bipartite fidelity for logarithmic fields

In this section, we calculate the bipartite fidelity .7:}(2) with lattice and
field theoretical approaches. In the scaling limit, this second instance of
the bipartite fidelity is related to the correlation function of a primary
field and his logarithmic partner in a rank-two Jordan cell on the flat
pants domain. In the following, N, N4 and Np are all even integers.

2.3.1 Ratios of partition functions in the limit M — oo

We start from (2.4) and (2.31) and apply the ideas used in Section 2.2.1
to the computation of .I’i"f(2 . For Zf(z)’AB, we have:

2B = 2MN (G| (DAM @ (5 |(DP)M) (DAP) M [54F).  (2.75)
In this case, (3], (0&] and |55'8) all have zero magnetisation. We find
(DAYM[65) = (AGP)M g ®) (g 05 7)

PN (A1) + M AP gt®)) (it P137) . (2.76a)

(BRIDAYM = ()M (5 o)
+ (A g i) (Ad | + M A Gu']), (276b)
(BF1(DP)M = (WM (@ o) (i, (2.76¢)

where ((w{'?|54'B) and ((#5'|wg') are non-zero, in contrast with the pre-
vious calculation. In computing Zfz)’AB, the leading-order term in the
large-M expansion vanishes because (wg ® wg|w{!?) = 0. This occurs
because (wi' ® wf |4t = 0. We therefore compute the next term in the
large-M expansion and find

2i0 = PMNMASPASATIM (w557 (5 i) (38 1)

. /A .
(gt © wllwi ) + 7wt @ wf g ). (277)
0

Repeating the derivations for Z,@’AB and Zr@)’A, we find

Zr(2),AB ~ 22MN(2M)(A643)2M71J0AB <<w(f]13‘?~}2AB>27

- 2.78
08 2 PN QDA 5 o
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The function f(u) is given in (2.52), and we have f(§)/Ao() = —1.
(2),B

Recalling that the denominator in (2.4) involves Zy which we com-

pute in (2.58), we find the following expression for f( ),

(2) _
F =
1 {(vB|wE . . 2
~tog (U100 (i) wflut®) + (a0 uflad®) ) - 279
CALS
We note that, had ]}f(2) been defined with Zr@)’B in the denominator

instead of Z,(?)’B, the argument of the logarithm in (2.4) would have
vanished trivially in the limit.

2.3.2 Closed form for the overlaps

7(2)

To obtain a closed-form expression for ‘7:f

(2.59) and compute the difference ]:.f(z) - }}(2):

R 1 ~A B|,,,AB
}_f(z) _}}(2) — _2log (5 (g ® wf[wg'?) + (wi' @ wg | >> (2.80)
{(ws' ® wflwg'P)

We express the three overlaps in the right side in terms of the fermionic

, it is easier to compare with

operators,
(g ® wf |wy'®) =

2 2

{(w' ® wf|wg'P) =
2 2

(wh ® wff [wy'®) =
(Olnz

A A
e N, mni-n_10), (2.81¢)
2

2
/ Z —(3-1) ’
X =y 5 Z UIV(3) - ) o

Np
2

with

(2.82)
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The other fermionic operators for the subsystems A and B are defined
n (2.61). We have the anticommutation relations

6" =0, {x*¢'}=a,
(.0 =0, {4% ¢'}=0, (2.83a)
' X'} =0, {o" X'} = V7,
BT =0, {65x'}=(-)FVi-a (2.83b)

Recalling that N, is even, we use these anticommutation relations to
rewrite the first two overlaps in (2.81) as

(g @ wf |wy'P) =
VI Oy ot ¢, et gy [0), (2.84a)
2 2

() @ wi' g ®) = v Ok, - nP$"n, il ni-enly L 10)

+ V=2 Onn, oty oni et nh el [0), (2.84b)
2 2

and therefore

w, ®wa
g -
(fwh ©wp' ) _ o
{(w' ® wf lwg'P)

1 x)u@ -ﬁfﬁ@---ﬁfﬁ‘i---ﬁ%,110> )
Uz OlnR, - afa, o o ity [0) 250)

The right side of this last equality is written in terms of the rescaled
operators 7 defined in (2.64). To evaluate the remaining ratio, we use
the identity

A - Na _p

2
in the numerator. The first term with 7,/ vanishes because this opera-
tor anticommutes with all the other operators. For the second term, by

anticommuting ﬁﬁB /2 towards the left across the operators ﬁf, we find
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that the numerator is proportional to the denominator, with the overall
factor (—1)N/2. The result is

(wi @ wl [wg'?)
(w3 © wf lws'P)

(1—-2x) 1

= —. 2.87
N (2.87)
Putting the results together, we conclude that the bipartite fidelity .7:}(2)
satisfies the relation

=2) 2 I+
FY -5 = 210g<2\/5>. (2.88)

=z +

Interestingly, this result holds for finite values of V.

2.3.3 CFT derivation of the universal behaviour

In this subsection, we derive the CFT prediction for the bipartite fidelity
of logarithmic fields. We consider a logarithmic CFT at an arbitrary
value ¢ of the central charge that includes a pair (¢(z),w(z)) of boundary
fields with conformal weight A in a rank-two Jordan cell, where ()
is primary and w(z) is its Jordan partner. Their transformation laws
under a conformal transformation y = y(z), as well as their two-point
correlation functions on the upper-half plane are given in (1.42) and
(1.43), respectively. For the sake of completeness, we recall

o) = () “ele),

2.89)
A dy (
w(y) = (&) <W(Z) — 2Mop(2) log (&>> :
and
N )\1)\2 — 4)\0)\1 log(zo — 2’1)
<W(ZO)W(21)>H - (ZO — Zl)QA )
A1 2.90
(w(z0)p(21))m = m, ( )
(p(20)¢(21))m = 0.
For the model of critical dense polymers, the central charge is ¢ = —2.

In [141], it is argued that the boundary field that accounts for the inser-
tion of two adjacent defects forced to connect together is a logarithmic
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field w(z) of conformal weight A = 0. In contrast, the field that in-
serts a simple arc on the boundary is identified with the identity field
©(z). It also has weight A = 0. The lattice calculations considered in
Sections 2.3.1 and 2.3.2 correspond to computing a ratio of two-point
correlation functions of these fields.

In the context of logarithmic CF'T, we define the bipartite fidelities }}A
and JEfA similarly to their lattice analogs of (2.3) and (2.4). They are
expressed in terms of partition functions defined on four domains D 4p,
Daug, Da and Dp, each with specific fields inserted at two ends of the
domains. The domains Dayp, D4 and Dp are infinite horizontal strips
where the lower edge is the real axis and the upper edge corresponds to
the line with imaginary parts N, Nx and N(1 — x) respectively. The
domain D 4p is the flat pants domain. It has the same upper and lower
edges as Dayp but has an extra separation between the subsystems A
and B in the form of a half-line from iN(1 — z) to —oco + iN(1 — z).
The domains Dap, Daup, D4 are depicted in Figure 2.3, along with the
upper-half plane that serves as the reference domain for the calculation.

The bipartite fidelities ]:fA and ]-ifA are defined as

(25,,)° . (28,,)°
FA = —log Dap FPA = —log |=——245 (2.91)
! A A A D ! A A 7A
25 2D LD, ZDAUBZDA Z5,

In these expressions, Zz% corresponds to a two-point function of the
primary field with its logarithmic partner on domain D, (p(yo)w(y1))D,
whereas Zz% is the correlation function of the logarithmic field with itself,
(w(yo)w(y1))p. In each case, the points yo and y; are assigned to the
top boundary of the strip, namely

N on Dap and Dyyp,
Im(yo) =Im(y) ={ Nz on Dy, (2.92)
N(1—=z) on Dg.
The real parts of yo and y; are set to —m and +m and are sent to —oc
and +oo in the limit. The corresponding expressions are expected to be

well-behaved as m — oo and to reproduce the results obtained from the
lattice.
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z H
—0 8 1 00
Yy Dag
ws(07) wf(—00)
Nx
wy(0F) wy(z) N
wy(17) )
wg(1F) 0 (c0)
Yy DauB
gn(07) gn (—00)
N
on (0+) 0 on(00)
Yy Dy
gNe(07) Nz (—00)
Nz
ana (0+) 0 a2 (00)

Figure 2.3: The upper-half plane H is mapped to the three domains

Dap, Daup and Dy via the transformations y = wy(2), y = gn(2) and

Y = gnz(2).
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To reproduce the results of Section 2.3.2, we investigate the difference
JEfA — .7-"fA. Its explicit expression in terms of two-point correlation func-
tions is independent of the choice of reference partition function on the
domain Dp, and reads

Fft = Ff = —2log|Tal, (2.93a)
. Aw(=m +iN)w(m +iN))p,,
I'n = lim - -
m=o0 (w(—m +iN)p(m +iN))p, s
x <<w<—m +iN@)p(m +iN@)p, (w(=m +iN)p(m +iN)p,p > 2
(w(=m +iNz)w(m +iNz))p, (w(—m +iN)w(m +iN))p s '
(2.93b)
The map that sends H to a horizontal strip of height A is
h
gn(z) = - log z. (2.94)

Likewise, the map that sends H to Dap is [62]

N (zlogz+ (1 — z)log(z — 1))

™

wy(2)
- g(;ﬂ logz + (1 —z)log(l —z)). (2.95)

Together with the transformation laws (1.42) and the known correlation
functions (1.43) on H, these maps allow us to compute the two-point

functions on Dap, Dayp and D 4.

Correlation functions on the horizontal strips. We start by com-

puting the correlation functions on D4. With y = gn.(z) and ¢y = %,
we find
—A —A
(W(o)p(y1))pa = (9na(20)) ~ (9va(21)) ~ (wlz0)(21))m
B 207172 A A (2.96)
— \ N2p2 (20 — 21)28

and similarly

(W(o)o(y1))pa = (@ (o)p(n))p, x (= 4holog (37 — ¥ ) + A,
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Nx T
— 41 <—) 20— ) 2.97
0108 { — + oNx(yoJr?h) ( )
Hence, the ratio is

(w(=m +iNz)w(m +iNz))p,

(w(=m +iNz)p(m +iNz))p,

m™m

— 4)log <2sinh<N )) + o — 4o log (%) (2.98)

X

We obtain the analogous ratio of correlation functions on D4up by set-
ting x = 1 in (2.98):

(w(=m +iN)w(m +iN))p, s _

(W(=m+iN)p(m +iN))p, 5
— 4)log (2 sinh (%)) + g — 4Xg log (N) (2.99)

s

The leading-order terms in the limit m — co are linear:

w(—m +iNz)w(m +iNz))p,
w(—m +iNz)p(m +iNz))p,
(
(

™m
= —4)\0m + 0(1), (2100&)

(w

(
(
(—m +iNz)w(m +iNz))p, s m™m

: - = —4— + O(1). 2.100b
(w(=m +iNz)p(m +iNz))p, s N (1) ( )
Correlation functions on the pants domain. We perform the

same calculations on the domain Dgp. With y = wy(z) and ¢y =

% (z(zz:$1))’ we find

(W(0)p(1))Dap = wh(20) 2w (21) > (w(20)0(21))m

_ W_QZO(Z(] —Dzi(a—1) ° A1 . (2.101)
N2 zp—2 21—z (20 = 21)%2

A calculation similar to the one for the strip domains gives

(W(yo)w(¥1))Das
= —4Xolog(20 — 21)
(W(yo)e(Y1))Das
N 20— 21—
Aa — 4Xo1 <—)—2)\1 < ) 2.102
t A2 0708 s 0°08 ZO(ZO - 1) 2’1(2’1 — 1) ( )
The next step is to express the right side in terms of yg = —m + 1N and

y1 = m~+1N. Obtaining a closed-form expression for z(y) is not possible,
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and we instead resort to series expansions for large m. In this regime,
the points 2y and z; approach the values 0~ and —oo respectively. We
find

zp = e (1 — x)ef%(ml\ﬁ%) + (’)(e*%(ml\jfm)), (2.103a)
X
T(m—2Kg) w(m—2Kg)
=T (1) + O(e_iN ) (2.103b)
where N
K, = —2—(36 logz + (1 — z)log(1l — z)) (2.104)
T

is half of the additive constant appearing in (2.95). It turns out that
computing F» — F» only requires the leading-order terms in (2.103).
Inserting the series expansions for zp and z; in (2.102), we again find a
leading term that is linear in m,

@Cm+ Npm N )p,y N

(wW(—m + iN)w(m +iN))p,, m (1 + 5)+o).  (2.105)

Final result. We combine (2.93), (2.100) and (2.105) and find

Fft = Fft = —2log (1;;;) (2.106)
This expression is identical to the lattice result (2.88). Remarkably, the
final expression for this difference is independent of the value of the
central charge ¢ and of the conformal weight A of the two fields. It
also does not depend on the constants Ay, A1 and A\s that appear in the
two-point functions.

2.4 Asymptotic calculations

In this section, we give the computational details needed to obtain the
asymptotic expansion (2.72) of the logarithmic bipartite fidelity from
the closed formulas (2.59), (2.68) and (2.71). The main ingredients we
use are

(i) the Euler-Maclaurin formula
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0 Bk; - -
> G (FEDE) = f# (), (2.107)
where the By are the Bernoulli numbers and f(z) is a smooth

function,

(ii) the integral formula for the logI'(z) function for Re(z) > 0,

—t _ efzt

log I'(z) = /OOO %{(z —1)et - el_ﬁ} (2.108)

(iii) the exact product formula

ﬁ sin (%z) = ﬁ cos (%Z) = 71;1 (even n). (2.109)

The lattice dimensions N4 and N are assumed to satisfy ged(Na, N) =1
for odd N and gcd(%, &) =1 for even N.

2.4.1 Closed forms

With (2.68) and (2.71), we write (2.59) as

]—'f(d) = —2<10g{P0(N,x,d)| — log ‘Pl(N,:U,d){ —log{Pg(N,l —x,d){

+log | P2 (Nz, =2, d) | + log | Ps(N, z,d)|

s 0

+log |P3(N,1 — z,0)| + log |P3(N71=d)|>

(2.110)
where
Bo(N.2,d) = R sin (££) Jiif cos(%) sin(rlx)
k=1 y/Nzcos (££) =1 N cos (%£)
NQ-—2)-2
< 1 i) : (2.111a)
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P (N,z,d) = H H <cos (F£) — cos (%)), (2.111b)
k=1 (=1

Py(N,z,d) = H (cos (;{,—’;) — cos (’%)), (2.111c¢)
k=1 (=1

P3;(N,z,d) = (cos (N—k/) — cos (;—Z)) (2.111d)

We recall that Ng = N(1 — ) is even and N, Nz and d have the same
parity, so that N — d and Nx — d are even numbers too.

In the following, we derive the large-IN expansion of the logarithm of
each product in (2.111a). For Py(N,x,d), we use (2.109) with n = Np.
We express the other products in terms of the cardinal sine function
s[z] = sin(z)/z by transforming the differences of cosines into products

of sines. We find

2N—2d—3 2d 3 szd _ N(l—z)-3  N(l—z)-1
4 2 4

Py(N,z,d) = N~ - (1—x)

2

U sln< ) ﬁ 005(%)Si1’1(ﬂ'€$), (2.112a)

Tr o) =1
COS (N >

log | P (N, z,d)| = <N$_ )( ) —2log N + 2log m — log 2)
+ g(N,z,d,d) + h(N,z,d,d) + Y, (N d) LY <N,x,d> (2.112b)
—2X<Z,N,x,d> —2X(Z,N,1,d>,

Nz /N —d
log |P2(N,z,d)| = Tx<7>(—210gN+ 2log m —log 2)

d
+g(N,z,d,2) + h(N,z,d,2) + 1ogr(N -5+ 1) —logN  (2.112¢)
d . -
+log 2 —logF<§) +Y+<N,x,d> na <N,:c,d)
1 1
—2X<—,N, ,0>—2X(—,N,1,d>,
TR 4

(Nz —d)(Nx —d—2)
4

1
log |Ps(N,z,d)| = <—10ng—log7r—§log2)
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r—d 1
z< + 1) +5Ys (N:U, 1,d> Fiy. <N:U, 1,d> (2.112d)
1 1
— 2X< ,N,x,d) — §X<§,N,:c,d),
where
Nxz—m
X(a,N,z,m) = ZQ: log s [27?_@(@)} (2.113a)
) b - g N I .
k=0
Nxz—m N-—m
Yi(N 22: ol l@i ) (2.113b)
:I:( ’x,m)_ 0g s A 3 .
k=0 ¢=0
Nz N-—m
2 2 T k
Yi(N,z,m) = Z log s [ﬁ (; + E)] , (2.113c)
k=0 (=0
Nz—m N-—d
2
g(N,z,d,m) = Z log <— + E), (2.113d)
k=1 (=1
pegm N
k
h(N,z,d,m) = log = — /], (2.113e)
k=1 (=1 t
N—2 N-1
i(N) = log(¢+ k) + log(¢ — k). (2.113f)
k=1 ¢=k+1

2.4.2 Asymptotic behaviour of Py(IN,x,d)

In order to access the asymptotic expansion of Py(N,z,d), we need to

simplify the trigonometric products in (2.112a). For that matter, we

introduce the following identities:

n—2
2
3 mem n m n

L] [sin(=5)| = Py (m,even n, ged(y, 5) =
/=1

n—1 1

: s (M n?

H |sm(T)‘ = —= (odd n, ged(m,n) =1),
=1 27

n—1
& 1

cos(%z) = — (odd n).

(2.114a)

(2.114b)

(2.114c¢)
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We use (2.109) together with (2.114c) to find the intermediate results

N—-d
“r ~1 N-1
log H cos (WWZ) = d 5 log N — log 2
=1
d—2 d
— 10g7r—10g1“<§) +(’)(N_2), (2.115)
N
1 N -1
log H sin (%) = §logN -3 log 2 + O(N72), (2.116)
(=1

for both parities of N. We use (2.114a) and (2.114b) to derive an exact
expression for the term Hgﬁ;d)ﬂ sin(mfz) in (2.112a). We find

n—d
2

log H ‘sin <#)‘ =
(=1

( d_q
< m,even n
logn — Zlog2 — log sin(%) ( evel )7
i ; | | ged(F, 5) =1
da—1
T2
llogn—ﬂlOgQ—Zlog‘cos<m(£_d))‘ ( m,n odd >’
2 i (=1 " ? ged(m,n) =1
d—1
Llogn — 2110 2—ilo sin<m(£_£l)>‘ (evenm,oddn>
L 2 7% — & " 2 ged(m,n) =1

(2.117)

The identities (2.115) and (2.117) applied in (2.112a) yield
N
log Py(N, z,d) = Z(—QlogN —(1—2)log(l —z) — zlogx — 4log 2)

+ = ((2d 4+ 9) log N + 3log(1 — z) + 3log  + 5log 2)

Ry

4

1 : . . —2
3 log2 + Z log |sin(mjz)| + O(N~?) (N,d even),

j=1
d—1

%logN—l—ZQ;log‘cos (Wx(j—%)>‘+O(N72) (N,d odd).
j=

(2.118)
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2.4.3 Asymptotic behaviour of P;(N,z,d)
In order to compute the asymptotic behaviour of P (N, z,d), Pa(N, z,d)

and P3(N,x,d) in (2.112), we need to investigate the asymptotics of the
functions X, Y4,Y4, g, h and i in (2.113).

The functions X, Y3 and Y. We define the integrals

1
Zo(a) = / log s [raz]|dz, (2.119a)
0
r +
Iy(x) = / log s [M} dz, (2.119b)
0 4x
xT xT :l:
J+(x) = / log s [M} dy dz, (2.119¢)
0 0 4x
where we recall s[z] = sin(xz)/z. We make repeated use of Euler-
Maclaurin formula (2.107) and obtain the expansions

Nz 1-—

X(a,N,z,m) = TIQ((I) + 2m log s[ma] + O(N_l), (2.120a)

Veam) = 27w+ 2 (L 4 Do (3)

4 2 \2z ' 2 4
N/1 1 m 1
3350+
+2(2m+2 2<+x +@)
4 —6m(x — 1) +42(-3 + x) + 3m?(1 + 2?) ™
— logs[—}
24x 4
2 —6m(l + )2 +3m>(1 4 z)? + 22(3 + 2) w
+ logs[—]
24z 2
+O(NT), (2.120b)
N? Nrx,1 1 1
Y- N7 ) = 5 J- —(— —)Z <—>
(Noym) = 2 J-(2) + == (5, +3)%(3
N/1 1 m 1
S(e-ty-2(1+2))T
+2(2m+2 2<+x (z)
4 —6m(x +1)% +42(3 + ) + 3m?(1 + 2?) T
+ logs[—]
24x 4
+O(NT), (2.120c)

= oo (g4 ()
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N/1 1 m
STV
* 2(2m+2 2> +(@)
4+ 4x(— 2 -2

4+ 4x(=3+ ) + 3ma(2 + ( +m)x)log8[q

24z 4
. 24234 z) + 3mz(—2+ (-2 4+ m)x) logs[z}

24z 2

+O(NY), (2.120d)

}N/L(N,:c,m) = {Z_;j(x) + %(% + %)Io<i>

N/1 1 m
+3(mr3-3)@
44+ 4x(3+ )+ 3ma(—2+ (=2 + m)x) T
+ 24z logs[ﬂ
+O(NT). (2.120e)

Remarkably, all the terms in (2.120) that contain the integrals defined
in (2.119) identically cancel in the combination (2.110).

The function ¢(N). We express i(N) in (2.113) in terms of the
Gamma function and Barnes’ G-function:

I'(z+1) = zI(2), G(z+1) =T(2)G(2). (2.121)

Indeed, using the duplication formula for the Gamma function,
22k‘—1

PEK) = ==

NGRS %) (2.122)

we obtain
N -2
2
1 3
—~1og G(N +1) —log G(N - 5) + 1oga(§). (2.123)

i(N)=—(N—-2)(N—-1)log2+ logm 4+ log G(2N — 1)

The asymptotic behaviour of the Barnes’ G-function in the limit z — oo

is known,
log G(z) =
(z=1?% 1 3z—-1)2 z-1
< 5 12) log(z — 1) 1 + 5 log(2m)
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1 _
+§—logA+O(z Y, (2.124)

where we recall that A = 1.282427... is the Glaisher-Kinkelin constant.
We insert this expansion in (2.123) and find

i(N) :N2(1ogN— g +log2) +g(—5logN+5+log(%))

1
—logm+ ﬁ(—mlogA—i— 23log N +1—Tlog2) + (’)(N*I). (2.125)

The functions g(N,z,d,m) and h(N,xz,d,m). The first step is
to rewrite the functions g(N,z,d, m) and h(N,z,d, m) as integrals with
the integral representation of log I'(z) given in (2.108). In doing so, we
obtain sums of integrals which are separately divergent. We regularise
the integrals by restricting the domain of integration to [e,400) and
compute the first terms in an expansion in € at order O(e). All terms
that are divergent as e — 0 eventually cancel out in the sum. We denote
the regularised functions by g.(N,z,d, m) and he(N,z,d, m).

With the identity z = I'(2+1)/T'(2), the summation over ¢ in g(N, x,d, m)
is telescopic and yields

Nx—m

T
g(N,z,d,m) = Z [logT(E + 1+ 2529) —logI'(2 +1)].  (2.126)
k=1

With (2.108), the summation over k leads to

t
© qt1 — ef(Nfd)t/2 1— ef(N:rfm)t/2:v
_/6 t et—1 et/e — 1

ge(N,z,d,m) = W/ dt

€

(2.127)

For the function h(N,z,d,m), we treat the cases where m = d and
m = 2 separately. For m = d, the summation over ¢ in the function
h(N,z,d,m) yields

2
8
2

V]

h(N,z,d,d) = [logT(%) —log |T(4 + &2 — &)|],  (2.128)
k=1



88 CHAPTER 2. CDP ON THE FLAT PANTS LATTICE

where we used the change of variable k — N”C—_d + 1 — k. With the
identity I'(2)['(1 —z2) =
we obtain

=—— and the integral representatlon of logI'(2),

SC

N . £, @d)@-1)
h(N, z,d, d) Z sin (7 (5 + =5 — ))‘

T
k=
N127d
+ 3 [logI(2) +log (£ + E=4=Dy] = (2.129)
k=1

and subsequently

Ne—d sin (m(k 4 2=d)a=1)y)
he(N, z,d, d) Zlog ‘

s
(Nz—d)(N—d—2) dt _, ©qr 1
+f/€ ?e —(]\/Yx—d)/E P
© gt 14 e—(@-2)(1=2)t/2z | _ o—(Na—d)t/2x
e S . (2.130)
€ t 1 — € t et/l‘ _ 1

For m = 2, the same procedure would involve the integral representation
of logI'(z) for Re(z) < 0. Instead we carry out the summation over k
first. The other steps are similar and yield

N—d
== .
h(N,.%'7d,2) - _WIng—i— Z log Sln(ﬂ‘
=1 T
N—d
2
[log T(¢z) +logT'((£ + 4 — 1)z)] (2.131)
=1
and
e
57 E _ 3
he(N,z,d,2) = log sin(m 33)‘ _ (Nz Qi(N d) log
=1 ™
+&

W~

z—4)(N—d) /wﬁet_(N_d)/‘x’g 1
et . tet—1

) —(d—2)xt/2 _ o~ (N=d)xt/2
/ dt1+e L-e (2.132)

+ t 1—et ert — 1
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In the above expressions for g. and h., one can distinguish two types of
integrals: those for which the integrand decays exponentially fast with N

—aN %), and those which do not depend

(because they contain a factor e
on N. We start with the first category, bearing in mind that we are
interested in the asymptotic value of the integrals to order N~!log N.

All terms of order N™! or smaller will be neglected.

The integrals we have to evaluate are of the form ono e Nt E(t) where
the function F(t) decays exponentially fast at infinity but generically
has a pole at the origin of finite order (smaller or equal to 3 in all cases).
Expanding F'(t) in a Laurent series around the singularity ¢ = 0, the
positive power part of the expansion can be neglected since a power of
t*, upon integration, contributes a finite term proportional to N %=1,
In particular, no term proportional to N~!log N can be produced. For
the negative powers of ¢, we use the following results [151], valid for any

positive n:

oo dt
/ 7677“ = —loge —logn — v+ O(e), (2.133a)

oo dt 1
/ t—2e7"t: E+nloge+nlogn+n(7—1)—|—(9(6), (2.133b)

/‘x’ dt _,, 1 n n21 n2<1 3_|_ >
—e M=———— —loge— —(logn— =
T 22 ¢ o BTNy Ty

+0(e) (2.133¢)

where v = 0.57722... is the Euler constant. For some of the integrals
which do not depend on N, we also use the following integral [151] valid
for a > 0:

< dqt 1 11 1 N1

An inspection of (2.112b) and (2.112c) shows that the two functions
g(N,z,d,m) and h(N,z,d, m) only appear through their sum, which we
denote by gh(N,z,d,m). When computing gh(N,x,d, m), we are free
to regularise the functions g. and h with two parameters ¢ and € that
can differ. The convenient choice turns out to be € = ¢ for m = d and
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e = z€’ for m = 2. For instance, we combine an integral from (2.127)
with a second integral from (2.132) and find

/OOdt 1 1 +/°°dt 1 I
. tet—1 et/r 1 o t 1l—et emt_1
<dt 1

— 2.135

/e tet—1 ( )

and the resulting integral is of the form (2.134) with & = 1. We then
encounter only two integrals that are not expressible as the integrals in
(2.133) and (2.134). Both are independent of N. They read, respectively
for m = d and m = 2,

o dt e (5 D)/ LR o—(4—Dat
/e T (l—eher—1) / T Ao =1 (2136

By subtracting counterterms, their e-expansion can be expressed in

terms of the following two convergent integrals I1(x) and Iy(z),

1) /oo dt{ o~ (§-D(1-2)t/a
T) = —
' ot \(1—et)(e/r —1)

_ A(t;z) et1+D)/(20) } (2.137a)

with
¢ 1-%(1-2)
Alt;x) = 7 A
11 — 12d + 3d? + 6xd(2 — d 2(3d2 -1
n + 34" + 62d(2 — d) + 27 11, (21370)
24x
and

— B(t; z) e t1+2)/2 }, (2.137c)

11+ 122(2 — d) + (11 — 12d + 3d?)
+ 24x ’

(2.137d)
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to which must be added the divergent integrals of the counterterms, well
under control by using (2.133).

Putting all together, we obtain the following expression of gh(N, x,d, m)
for m =d,

N2
gh(N,z,d,d) = Tx(log]\f — 3)

N
+ [d(z +1) +log 2 + zlog(47) — d(z + 1) log N|

(1—3d+3d*)(1+2?) — 32(3 — 2d — d?) 14z
* 122 <1°gN_1°g( 2 ))

d?—1 14w d+1
+ 5 log < 57 > + (1—d)log2— log(27)
1 (x+1)(5b—3z+4d(x — 1))
—§logx - 162 + Ii(x)
T2 . E (2— d)(
4 Z 10g ‘Sln (7T(J3 - ‘ + O ) (2138&)

and for m = 2,

N2z
gh(N,z,d,2) = T(logN— %)

+g [(dz + 2) + (z 4 1)log 2 + log(27) — (dz + 2) log N|

1—3x(1—3d 2(1—3d+ 3d?)
N x( )+ 2?( +3 <10gN log< —l—x))
12% 2x
1+x
1
+(d 2)10g< 2x

+(x +1)(4dx — 5(x 4+ 1))

> - Cglog2 - d 10g(27r)

16z * I2(2)
n g . sin(mlx) 1
og [———=[+O(NT). (2.138b)
/=1

In the final expression (2.110), we only need the following combination

of gh(N,z,d, m):
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Cgh(N7 z, d) =
2<gh(N,:U, d,d) + gh(N,1 — z,d,2) — gh(Nz, =2, d, 2)). (2.139)

T

In order to evaluate this combination, we need to compute the sum
Li(z)+ L(1—2x)— 12(1_796). Since both I; and I are convergent, we can
make the change of variable t — xt in the first term, /;(z), and in the
third one, 12(1775”). Doing this yields

Ii(z) + (1 —x) — (=) =

/oo dt ef(%fl)(lfzv)t et N 1 }
0 t 1—e? 1—e#t  ell-2)t 1

—(£-1)(1—2)t
_ e 2 _ . —t(14x)/2
1= o) = 1) A(xt;z)e

— B(t;1 —z)e *=2)/2 4 B(at; oz e_t/Z}. (2.140)

The three first terms on the right-hand side miraculously cancel out,
leaving the integral of the three last terms. It is easily carried out by
using the formulas (2.133),

17 d

X
I(@) + Bl — ) — b(5%) = 2 — 5 + 5@ —1)
5—6d+ 3d? — 2(5 — 9d + 3d> 2(1 —3d + 3d?
N + 3 z( +3d”) + z7( +3 )log(Q—m)
12(1 — )
1—3d+ 2d®)(1 + 22) — 3z(1 — d)?
! 3 )(1;;) A=A (4. (2.141)

The function Cyp, (N, x,d) may then be computed. We simplify the sum
of logarithms of trigonometric functions in (2.138b) with (2.117). A
similar identity is used for (2.138a). The result reads

Cyn(N,z,d) = N? <(1 —z+2%)(logN - 3) + 2(x - 1)xlogm)

+ N<(2—2x+d+dw)(1—logN)+(d+2x—dx)logx+210g2>

27 — (2 — 6d + 3d%)(1 — )?
122
10 — 10z + 222 4+ 6d(2 — x — %) + 3d*(1 — z)?
B 12(1 — z)

+ d*log N +

log(1 — z) — log <g)

log x — 3dlog 2
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( %*1
log N — 2 Z log [sin(7jz)| + O(Nfl) (N,d even),
+ 2
2
logQ—QZlog Ccos (Wx(j—%))‘ +(9(N_1) (N,d odd).
\ j:l

(2.142)

In computing (2.110), we find that the sums of logarithms of trigono-
metric functions from (2.142) simplify with those in (2.118). Combining
(2.110), (2.112b) to (2.112d), (2.118), (2.120), (2.125) and (2.142), we
obtain (2.72) for both parities of N and d, hence ending the proof. As
noted earlier, the final result contains no N~!'log N term.

2.5 Summary of the main results

In the present chapter, we defined and investigated two instances of the
bipartite fidelity for the model of critical dense polymers on the flat
pants lattice: .7-"f(d) and .7:}(2). We obtained closed-form expressions at
finite lattice size N and computed the leading terms of their large-N
asymptotic expansions as a function of the aspect ratio z = N4/N. In
both cases, the leading term is (_8—2) log N, which is consistent with the
known value ¢ = —2 of the central charge for the model of critical dense
polymers. The next leading term is constant with respect to N. For
ff(d), we found that it has precisely the form (1.82) predicted by Stéphan

and Dubail, with the conformal weights of the field that accounts for
d(d—2)

g
This is consistent with earlier known results for the weights of these

fields [141, 150]. We also computed the constant term for .7:}(2), and

the insertion of d defects on the boundary equal to Ay 441 =

it differs from the value of the same constant for .7-}(2) by the simple
factor —2log((1 + z)/(24/x)). This lattice result was confirmed by a
LCFT argument, with the simple factor understood to be universal. In
particular, we found that this universal factor is independent on the
conformal data of the underlying LCFT. To our knowledge, this is the
first result regarding the bipartite fidelity in the context of non-unitary
CFT. Finally, the next-leading term predicted by Stéphan and Dubail,
proportional to N~'log N, is zero for both .7-"f(d) and .7:}(2), indicating
that the (non-universal) extrapolation length = in (1.85) vanishes.
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Few observables allow one to measure directly the central charge ¢ of a
conformally invariant model. As we discussed in Chapter 1, the finite-
size scaling of the eigenvalues of the Hamiltonian (or equivalently the
transfer matrix), in particular, only allow for a measurement of the
effective central charge, ceg = ¢ — 24Amin, Where Ay, is the smallest
conformal weight in the subsector of the theory corresponding to the
boundary conditions that are considered. For the model of critical dense
polymers, the effective central charge is cef = ¢ = —2 for even N,
and cef = 1 for odd N. In the former case, the groundstate has the
conformal weight Ay 1 = 0, whereas in the latter, the conformal weight
is A1p = —1 /8. All our results are compatible with ¢ = —2, even in
the case where N is an odd number. Our investigations thus suggest
that the bipartite fidelity allows one to measure ¢ and not just ceg. In
our calculations, we computed .7-}(d) and .7:}(2) using overlaps of the form
{(v|w) with the definition {(v| = |v)* for the dual states, in such a way
that these overlaps are equal to the corresponding bilinear forms v - w
and v ® w, respectively. This definition for the dual states originated
from our choice to define the bipartite fidelities in terms of partition
functions in the loop model. In the spin chain, the left-eigenstates of
the non-Hermitian Hamiltonian H, have the form ((v| = |v), where |v)
is a right-eigenstate. As we discussed in Section 1.2.3, the definition of
the dual state influences whether the leading coefficient is ¢/3 or ceq/3
for the entanglement entropy. Presumably, by repeating our derivation
but with the definition (v| = |v)! instead of ((v| for the dual states, we
would find a large- N expansion for the logarithmic bipartite fidelity with
the first term proportional to the effective central charge.



Bipartite fidelity on the periodic pants geometry

In this chapter, we investigate the logarithmic bipartite fidelity /, on the
periodic pants geometry in the context of CFT and critical lattice mod-
els. We recall that for quantum spin chains, 7, is given by the definition
(1.78) where each system A, B and AB has periodic boundary condi-
tions, whereas it is defined in (1.79b) for two-dimensional lattice models.
In Section 3.1, we give the CF'T predictions for the leading terms of the
large-N expansion of the logarithmic bipartite fidelity. In Sections 3.2
and 3.3, we compute £, for the XX spin chain and for the model of crit-
ical dense polymers. Finally, we compare the asymptotic behaviour of
the lattice results with the CFT predictions in Section 3.4. The results
discussed in this chapter were initially presented in the publication [3].

3.1 Predictions of conformal field theory

In this section, we give the CF'T predictions for the bipartite fidelity on
the periodic pants domain. The details of the calculations are similar
to those used by Dubail and Stéphan in their initial investigation of the
bipartite fidelity on the flat pants lattice [62,63], and are given in the
Appendix A of [3]. These calculations are not reproduced here. We
consider the asymptotic behaviour of 7, in the limit where N and Ny
are sent to infinity such that the aspect ratio = N4 /N converges to a
constant in the interval (0,1). The logarithmic bipartite fidelity 7, has

95
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z 2 = B8 L i e S
4 xN/2 ~
w, (174+0i") wp(1=a+01F)
Wp w, (0740i")
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Figure 3.1: The function wy,(z) maps the complex plane onto the periodic
pants domain. On the right part of the figure, the dashed and dotted
lines are identified pairwise.

the large-N expansion

5= 1()0) log N + gp(l)(x) + gp(2) (z)N~tlog N + O(N~L). (3.1)

In the CFT framework, the periodic pants domain is an infinite horizon-
tal strip of width NV drawn in the complex plane. The strip is decorated
with two slits that divide its left half into two strips of width Nz and
N(1 —z). The boundary conditions are periodic along the strip’s edges
and along the slits. This geometry is topologically equivalent of the one
displayed on left panel of Figure 1.9 in the limit of large M. In particu-
lar, due to the periodicity, the two endpoints of the slits are identified as
a unique point in the domain. We refer to this point as the crotch point.
The mapping from the complex plane to the periodic pants domain is

wp(z) = %(CE log(z — 1) 4+ (1 — x)log z) + Ky,

(3.2)
K, = —%(mlog:c + (1 —2)log(1l — 2)).

This map is illustrated in Figure 3.1.

In a general setting, we consider the situation where four bulk fields are
inserted on the periodic pants domain. A field ¢ is inserted at —oo in
the leg A, a field ¢ is inserted on the crotch point, a field ¢35 is inserted
at —oo in the leg B, and a field ¢4 is inserted at +00. We denote by
wp(z;) the corresponding positions on the periodic pants domain, where
z; are the corresponding positions in the complex plane. For simplicity,
we assume that each field ¢; is spinless with conformal weight A; = A,.
We illustrate this setting and the fields insertion points in Figure 3.2.
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We obtain the first term g,,(o) in the expansion (3.1) as a direct application
of the Cardy-Peschel formula [135] for conical singularities. Indeed, the
crotch point in the periodic pants domain corresponds to a single conical
singularity of angle 47, as we can see from the expansion of w,(z) about

(0)

the point z = zo. The resulting expression for gpo depends on the

dimension of the field ¢9 and on the central charge:

g = 7 + 200, (3.3)

The next term gp(l)(a:) depends on the aspect ratio  and on the di-

mensions A; of the four fields. In the case where the four fields are
non-trivial primary fields, gp(l)(x) also depends on the four-point func-
tion of the fields ¢1, ¢2, ¢3 and ¢4. We give the result in two cases:
(i) no field is inserted on the crotch point and the fields ¢;, ¢3 and ¢4
are primary, and (ii) the four fields ¢; are vertex operators with charges
¢; = ; and conformal weights A; = A; = ¢?/2 in a free-boson CFT with
central charge ¢ = 1. Vertex operators are primary fields whose n-point

function on the complex plane reads

<Hgbi(zi,2i)> = I] la—zl%, Y a=0 (3.4)
i=1 C i=1

1<i<j<n

For case (i), we use the known form of the three-point functions and find

A A
glgl)(x) = 4<A4 — 71 1 _3$> (zlogz + (1 — z)log(l — x))
+ S (G@) + G(1-2) + G (35)
where )
Gy(x) = % log x (3.6)

and G, is a non-universal constant with respect to N and x. However,
this quantity depends on the structure constant Ci34 that appears in
the three-point function (1.23) of the fields ¢1, ¢3 and ¢4. If we write
Gy = Gy(¢1, ¢3, P4) to stress the dependence on the fields, we have

0134) (3.7)

!
Cl 34

Gy(61, 03, 61) — Gy(6h, 65, 6%) = —2log (
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P4

o1 ¢3

Figure 3.2: Illustration of the fields insertion points on the periodic
pants domain. The top part, bottom left and bottom right legs have
perimeters N, N4 and Np, respectively.

where C4, is the structure constant of the three-point function of three
other primary fields ¢, ¢4 and ¢).

For case (ii), the function gp(l)(a:) reads

1 2
W) =22(1-2) — g2 — 2 20 _
g @) =2|at(1- =) - 6} — 20302 = 2 + {1 — 2)| log(1 — )

+{n < g,r—1—z}+ %(Gp(x) +Gy(1—2)+C  (38)

where C is a non-universal constant. On the second line of (3.8), the
first contribution, marked by a bracket, indicates that the first line must
be copied but with the substitutions indicated inside this bracket.

Finally, we find that the prefactor 952) (z) of the N~'log N term is

0)(p) =9z x (CLzoFa) A A
% (m)_2u><< 24x(1 — x) + A x l—=x (39)

for both cases (i) and (ii). We recall that the extrapolation length =
is a non-universal constant. As a remark, we note that the conformal
predictions for 9150)7 gp(l)(x) and gp(2) () are twice the same functions
obtained by Dubail and Stéphan for the asymptotic expansion of F; on
the flat pants domain. This property stems from the relation ws(z) =
2up(2)|g—1—¢ for z € H, where wy(2) is the map (2.95) to the flat pants

domain.
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3.2 Lattice calculation for the XX spin chain

We compute the bipartite fidelity of the periodic XX spin chain with
twisted boundary conditions. For a chain of length N and twist angle ¢,
the Hamiltonian is
N-1
H,=— Z (O';FO';_H + O';O';r+1> —otor —e Yoyof (3.10)
j=1
where we use the notations and conventions of Section 1.2.2. We re-
strict our investigations to the case where N is an even number. The
Hamiltonian commutes with the total magnetisation S* = % z;vzl s

We also consider two smaller periodic chains of lengths N4 and Np with
respective twist angles are ¢ 4 and ¢p. The three twist angles ¢, ¢4 and
¢p are three free parameters. We impose that both lengths are even
numbers that satisfy N4 + Np = N. We denote by HPAB, HpA and HpB
the Hamiltonians of the chains of lengths N, N4 and Npg, and their
respective groundstates are |XgZ), |X¢) and |XB). The subscript 0
indicates that these states belong to the subspaces of zero magnetisation.
We define the dual states as

(o] = [, (3.11)

and the states (Xg'?|, (Xg!| and (X#| are the left-groundstates of the
Hamiltonians HpAB , HpA and I-%B. The logarithmic bipartite fidelity for
the XX spin chain on the periodic pants lattice is

‘2

EX = —log (X' @ XF|X§P)|", (3.12)

where | X§'B), | X4') and | X£) are assumed to have unit norms.

3.2.1 Diagonalisation of the Hamiltonian

The diagonalisation of H, is very similar to the diagonalisation of Hy pre-
sented in Section 1.2.2. It also uses the Jordan-Wigner transformation
(1.52) and a Fourier transform. The result is

N

Hy = =" 2cos(0k )l ik (3.13)
k=1
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where

1 1 &
_ eiijCG t_ e‘ijech,
O M

B

(3.14)
2mk— N z

_1y_
w % + 5% even.

O, =

The operators uj and ,u} satisfy the usual fermionic anticommutation
rules

{tres 1} = O, {ttrer g1} = {paf, b} = 0. (3.15)

With k in the set {1,..., N}, we have a full set of fermionic operators.
It is however useful to extend the range of k to negative values using the

periodicity properties pryn = g and ,uLJrN = ,uL.

For ¢ € (—m, ), the groundstate eigenvalue of H, is non-degenerate.

The groundstate vector lies in the magnetisation sector S% = 0 and
reads
T T N
Pa-nya Bagal0) 5 even,
|X0> = 1 ¥ N (3'16)
Ha—Ny/a- "/‘(N—Q)/4|O> 7 odd.

Due to the anticommutation relations of the operators pj and :“Z’ the
groundstate has norm one, namely (Xy|Xo) = 1, where

N even,

x| :{ < (Olpnya -+ p(a—ny/a (317

2
Olp(v—2)/a " Ha-nya 5 odd,
is the left-groundstate of H,.

For ¢ = 4, the groundstate eigenvalue is doubly degenerate because
there is a value kg € {1,..., N} which depends on the parity of N/2 +
S# such that cos(f,) = 0. For ¢ outside of the range (—m, ), the
state defined in (3.16) is still an eigenstate of the Hamiltonian, but it
corresponds to an excited state. In the following, unless stated otherwise,
our results for the bipartite fidelity hold for arbitrary values of the twist
angles ¢, ¢4, ¢, but they should be interpreted in terms of overlaps of
groundstates only for ¢, ¢4, dp € (—m, 7).
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3.2.2 Bipartite fidelity

To compute the bipartite fidelity, we introduce the fermion operators for
the subsystems A and B:

AL 1
A _ ij0A | At —ijoA t
e = e’k c;, 7 = e Ve, (3.18a
1 N 1 N
B _ i(j—Na)oE . BN\t _ —i(j—Na)6B 1
Mg = Z € Fej, () = Z © ey,
VNB , N VB N
(3.18b)
with
2mk—
A FNA% T+ (59)4 odd,
0 or(h-Y)—pa N A (3.18(:)
T 5 —|— (S ) even,
2mk—
HB - 7TNB¢B % + (SZ)B Odd, s
K=Y ont-b)-op (3.18d)

N % + (S8%)B even,

where (S%)4 = %Z?@l o7 and (S%)B = 8% — (S*)4. The three ground-
states | Xg'P), | Xg!) and | X®) have unit norms. Using Wick’s theorem,
we evaluate the overlap in (3.12) as a determinant. The corresponding
matrix contains the anticommutators of the operators ,uL, and ,uf or ,uE.

After simplification, the result is

(X5 © X§|Xg'P)] = 27NN
fo:B/4(1 _ x)*N(lfm)/éL‘det A‘, (319)

with
1 + o~ imz(2k'=1) o—i(¢a—z¢) . .
sin [7@A-1 _ 1) _ oqee] =1,...., 5%,
A 2Nz 2N 2Nz
o i i / .
’ 1 + oi(0=05)gim(1-2)(2k'~1) gioe _ Net2 N
sin [ﬂzk*Nm*l) _ @K1 ¢B*(lfm)¢>} 2 2
2N(1-x) 2N 2N(1—2)
(3.20)

and ¥ =1,..., % This holds for all parities of N/2, N4/2 and Npg/2.
For generic twist angles, we do not know how to evaluate this determi-
nant in closed form. This is due to the numerators in (3.20) which are
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different in the two parts of the matrix A. We can however evaluate the
determinant if the twist parameters ¢, ¢4 and ¢p are such that

1 4 e ik =) =i(da—2¢) _ | 4 o=i(6=¢B)ain(1-2)(2k'~1) jiwe (3.21)

The solutions are
¢p=¢a+op—n+2ml, LEL. (3.22)

In the following, we focus on the case £ = 0. Under this specialisation, we
are able to simplify the determinant and obtain a closed-form formula.
Indeed, we find

(X8 & XPIXGE)| = N~/ NalA(1 — g)~NO-a)/t

N/2
H cos [mck ga(z=1) +$¢B] |det M| (3.23)
k'=1
where
, -1
“ sin { (Gh-D6a _ 7r(2k27vl)—¢] k=1,... M
k.k' — -1
. [7(2k—Nz—1)—¢p 2K —1)—¢ _ N N
Sm[ 2N(§ ) - IN ] k=5+1,5,
(3.24)
and k' =1,..., Y. We use the sine version of the Cauchy identity,
2" Y y
dfet 1 _ H1<k<£<L sin(wy — wy) sin(z — 2¢) (3.25)

k=1 sin(wy, — z¢) Hié:l sin(wy — 2¢)
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and find

det M = sin i(k—k’) % sin l(k’—k:)
1§k<£Nw/2 {Nx } 1§k<ll:/[§N/2 [N }

: m Y
X H Sm[]\/(l—m)(k k)}
1<k<k'<N(1-z)/2

Nz/2 N(1—x)/2

I 1I Sm[(%—l) ¢A_7r(2/<:/—1)—¢3]

Pl it 2Nz 2N(1 —z)
Nz/2 N/2 -1
2k - 1) ba w2k —1)—¢
SID —
(I o =)

N(1-z)/2 N/2 -1

w2k —1)—¢p  wEK —1)— ¢
8 H kl,—_llsm{ ON1—-1z) ON ]

(3.26)

Many of these products have a similar structure. We define two generic
products R; and Ry,

B = T |a[ge-0]. .
1<k<k'<N/2
RQ(N17N27¢17¢2) -
T oo - 2 - 52+ 52| oo
No 2N, 2N , .
k=1 k'=1

and recast the overlap (X @ XF|X3P)| as

ei%};XX p=¢at+dp—m N*N/2fom/4(1 - x)iN(lim)M
N/2
H cos [ka:' alz= 1)+:v¢>3}
k=1

Rl(N) Rl(N.%') Rl(N(l — .%')) RQ(N.%',N(l — 1‘), (bA, (bB)

RQ(NI',N,(?A,(bA +¢B - 7T) RZ(N(l _x)7N7¢Ba¢A +¢B _(ﬂ-) )
3.28
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3.2.3 Other instances of the bipartite fidelity

The CFT predictions of Section 3.1 cover cases where fields are inserted
in the legs and on the crotch point. In order to investigate these cases
further, we consider modified instances of the bipartite fidelity for the
XX spin chain on the periodic pants lattice. We do this by relaxing the
condition tying N, N4 and Np, and define

2
F¥n)=—log|(Xg o XF ol - ot [XP)|, (329

n/2 times

where n is an even integer. The spin state |1 --- 1)) is known as a
Néel state of length n. The new constraint on the lengths is N =
N+ Np-+n. In the scalar product (3.29), the magnetisation of the dual
state vanishes, and the corresponding overlap is non-zero. Following the
arguments presented in Section 3.2.2 for };)XX , we obtain a determinant
expression for this overlap similar to (3.19), which we do not reproduce
here. We are unable to evaluate it in product form. We analyse 7;** (n)
for small values of n in Section 3.4 using the numerical evaluation of these
determinants. The case n = 0 corresponds to the standard definition
(3.12) of FX¥.

3.3 Lattice calculation for critical dense poly-
mers

The second lattice model for which we compute the bipartite fidelity
on the periodic pants lattice is the model of critical dense polymers.
The lattice is divided into three parts, as illustrated in the example of
Figure 2.1. The top part is an M x N rectangular array of tiles, with
even N. The boundary conditions on this rectangle are periodic in the
horizontal direction, so that the left and right segments of this rectangle
are identified as the same segment. The bottom part is divided into
two smaller arrays of tiles of respective sizes M X Ny and M X Np,
with N4 and Np both even and satisfying N4 + Ng = N. Each of
these smaller arrays also has periodic horizontal boundary conditions.
The tops of these two arrays are placed side-by-side and attached to
the bottom segment of the M x N rectangle. The three free ends of
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N
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Figure 3.3: A configuration of the model of critical dense polymers on
the periodic pants lattice, with M =6, N = 12, Ny = 8 and Np = 4.
It contains four non-contractible loops and therefore has a weight o?.

the periodic pants lattice, one at the top and two at the bottom of the
lattice, are decorated by simple arcs that connect each tile to one of its
neighbours. Put together, the loop segments drawn on the tiles and on
the boundary arcs form a set of loops. The contractible loops, namely
those that can be continuously deformed to a point, are given a weight
B = 0. Non-contractible loops are divided into three families. They
can (i) wrap around leg A, (ii) wrap around leg B, or (iii) wrap around
the waist of the pants (or equivalently around both legs A and B). We
choose to assign a weight o € R to non-contractible loops in the families
(i) and (iii), but a weight zero to those in the family (ii). The Boltzmann
weight of a configuration {/¢;} is

%({EZ}) = anAJrnAB(Snﬁ,O(SnB,O (330)

where ng is the number of contractible loops, and n4, np and nap are
the numbers of non-contractible loops in families (i), (ii) and (iii), re-
spectively. The partition function on the periodic pants lattice, denoted
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ZP = Wo{t:)). (3.31)
{e:}

We also consider ZAP and ZA, the partition functions for the model
of dense polymers on cylinders of dimensions 2M x N and 2M X N4,
respectively. On these cylinders, the bottom and top ends are also deco-
rated with simple arcs. The contractible and non-contractible loops have
the fugacities 0 and «, respectively. Finally, we define Z7, a partition
function defined on a cylinder of size 2M x Npg. It is different from the
other partition functions, in that the only configurations with non-zero
weights are those with exactly one loop. This loop can be contractible
or non-contractible. The boundary conditions are as before, with both
ends of the cylinder decorated with simple arcs. Each of the contribut-
ing configurations has a weight 1, and Z? is simply the number of such
configurations. As argued in [141], one way to implement this without
taking a limit on the fugacity of the loops is to replace one of the arcs at
the top edge by two defects, and likewise at the bottom of the cylinder.
One then imposes that the defects at the top connect with those at the
bottom, with weight 1. For convenience, we choose that the last arc,
on both the top and bottom segments, is the one replaced by a pair of
defects. The lattices corresponding to the different partition functions

are depicted in Figure 3.4.

The logarithmic bipartite fidelity of the model of critical dense polymers

on the periodic pants lattice is

AB)?2
FP0 =~ lim log % : (3.32)
M—roo Z i

As we shall see, the ratio in the parenthesis has a well-defined limit.

3.3.1 The enlarged periodic Temperley-Lieb algebra

As in Chapter 2, our goal is to express the partition functions defined
in the previous paragraphs in terms of the Temperley-Lieb algebra. Be-
cause of the periodic boundary conditions, our calculation of F" re-
quires the periodic incarnation of the algebra. This algebra was first in-
troduced [152] by Levy in 1991 and was subsequently studied [153—156]
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oM G am || ZA 75
B
N N Ng

Figure 3.4: The lattices and boundary conditions corresponding to ZpAB ,
ZAB. ZA and ZPB. The boundary conditions are periodic in the hori-
zontal direction so that the corresponding lattices from left to right are
the periodic pants lattice and cylinders of perimeter N, N4 and Np.

by both physicists and mathematicians. Certain details in the definition
of this algebra vary from one paper to the next, and here we work with
the enlarged periodic Temperley-Lieb algebra EPTLy(a, ), as defined
in [157]. The standard Temperley-Lieb algebra TLy(3) is a subalge-
bra of EPTLy (e, 8), TLyn(8) C EPTLn(«, 3). Hence, the definitions
and concepts that we introduce here generalise those we discussed in
Section 2.1.1.

Definition of the algebra. The enlarged periodic Temperley-Lieb
algebra EPTLy (v, ) is the linear span of connectivity diagrams where
the boundary conditions are periodic in the horizontal direction. The
loop segments can therefore cross the vertical edges of the box, in which
case we say that they travel via the back of the cylinder. The product
ajaz of two connectivity diagrams in EPTLy(«, ) is done by vertical
concatenation: one draws a; below as and obtains the new connectivity
from the connection of the top and bottom nodes. Each loop formed
in the process is removed and replaced by a factor « or 5, depending
on its contractibility. Here are two examples of products of connectivity
diagrams for N = 4:

AV

w748

VAN

2, @ o X7 (B
=W
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This algebra is generated by N + 2 connectivity diagrams: Q, Q! and
ej with 7 =1,..., N. The generators e; with j = 1,..., N — 1 are given
in (2.5), whereas the remaining ones are depicted as

12 3N 12 3N

and
7 \
en = Pk (3.34b)
12 3 N
Finally, the identity I for this algebra is the element
I=0'0=00"1= . (3.35)
123 N

The diagrammatic rule that describes the product in this algebra can
be translated into relations satisfied by the generators. These are given
for instance in [157]. The value of 5 pertaining to the model of critical
dense polymers is § = 0. In our calculations below, we keep « as free

parameter and set N to an even integer.

The transfer tangle and the Hamiltonian. The transfer tangle for
the model of critical dense polymers with periodic boundary conditions
T (u) is an element of EPTLy(a, 0),

T(u):_ u wol- || u
b N b

N (3.36)

U | =cosu Jf + sinu \k .

N

It is a linear combination of 2!V connectivity diagrams. As in the case of
free boundary conditions discussed in the previous chapter, the isotropic
value is v = 7, and we use the short-hand notation T' = T'(7). This
transfer tangle commutes for different values of the spectral parameter:
[T'(u), T(v)] = 0. Expanding T'(u) in a Taylor series in w in the limit
u — 0, we obtain

N
T(u) = QI —uH,) + O(?), H,=-) e, (3.37)
j=1

where H,, is the Hamiltonian. It commutes with the transfer tangle:
[Hp, T (u)] = 0.
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The standard modules Wy o and Wy 2. The algebra EPTLy (a, 5)
possesses a family of standard modules Wy 4 labelled by an integer num-
ber d of defects. Our calculation of .7-;CDP requires two standard modules:
Wy 0 and Wy 2. These are respectively defined on the vector spaces gen-
erated by link states with zero and two defects. The boundary conditions
are periodic in the horizontal direction. For example, here are the link
states for N = 4:

W4,0:Ar\,m (A~ ,

)

xnr (S mﬁ,(3.38a)

W42:||n,|r\|,r\|| . (3.38b)

5 )

The action of a connectivity in EPTLy(«, 3) on a link state w in Wy o
is similar to the action of EPTLy(«, ) on itself. One draws the link
state w on top of the connectivity and reads the resulting new link state
from the bottom nodes. If this procedure creates non-contractible or
contractible loops, they are removed and replaced by a multiplicative
factor of o or 3, respectively. Moreover, for Wy o, the result is zero
if the two defects are connected. Here are examples of this standard
action:

Il &
NV CSNTE
L] A
\u//r =0

We note that one can define the standard module Wy 2 more generally

(3.39)

with a twist parameter that keeps track of how much the defects wrap
around the cylinder.

A link state module with identified connectivities. In the spe-
cial case where oo = (3, there exists another representation defined on link
states with zero defects, with so-called identified connectivities [157]. We
denote it by Y N,0- Its vector space is spanned by the link states with zero
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defects in Wy o that have no arcs travelling via the back of the cylinder.
These are in fact the same link states that span the standard mod-
ule Vv o with zero defects of the usual Temperley-Lieb algebra TLx (/).
For N =4, these link states are:

(A~ . (3.40)

Wio: .-

)

The action of connectivity diagrams on link states in VT/MO is defined
using the same construction as for standard modules. One draws the
link state above the connectivity diagram, reads the new link state from
the bottom edge of the diagram, and includes factors of 5 for each closed
loop, both contractible and non-contractible. Crucially, in reading off
the resulting link state, there is no distinction between arcs travelling
via the front or back of the cylinder. Any arc travelling around the back
of the cylinder is transformed into an arc travelling in the front of the
cylinder. Here are two examples of this action for N = 4:

)

0O

M
J U
| A= LY

=0_O\ N . (3.41)

D |C

\
N

The XX representation. We extend the XX representation Xy of
TLn(0) discussed in Section 2.1.2 to EPTLy(c,0). The generators e;
with j = 1,..., N — 1 are represented by the matrices given in (2.20).
Likewise, the generators Q*! and ey are represented by

XN(Qil) = t:l:lezl:iqﬁaf/Z’ XN(GN) = XN(Q)XN(el)XN(Q_l), (342)
where ¢ is the twist angle and ¢ is the translation operator:
t(v1) ® [v2) ® - ® [un)) = |v2) @+ @ Juw) ® [v1). (3.43)

The matrices Xy (ej) and Xy (%) realise a representation of the en-
larged periodic Temperley-Lieb algebra EPTLy (v, 0) for

o = 2cos (g) (3.44)

. . . 1 N
They also commute with the total magnetisation S* = 53", 07. As
a consequence, the representation Xy splits as a direct sum of smaller
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representations labelled by the eigenvalues m of S*, which take the values

In this representation, the Hamiltonian H,, is the twisted XX Hamilto-
nian (3.10):

=

-1

_ _ + - — 6 _+ — _ —ip_— +
H, =Xn(H)p) = — (O'j 0iqto; O'j+1> —eolor —ePayor
1

’ (3.45)

Likewise, the transfer matrix is defined as T'(u) = Xy (T'(w)). It is the
transfer matrix of the six-vertex model at the anisotropy A = 0, with
periodic boundary conditions and a diagonal twist. We use the notation
T = T(%) for this transfer matrix at the isotropic point.

Homomorphisms. Similarly to the case of free boundary conditions
from Section 2.1.2, we discuss the map from link states to spin states that
intertwines the standard and spin-chain representations of EPTLy (av, 0).
For a given link state w in Wy 9, Wy 2 or VAVN,O, we write its image in
(C?)®N under this map as |w). It is defined from the following local
maps:

la) =with+o 1, 1Ly =1,
(3.46)

ae)=w e 1) +we? |11,

where we recall w = €™/4. For a given link state, these local rules are
applied to each arc and each defect. For w € Wy g, Wy 2 and W N,0, the
resulting state |w) has the magnetisation m = 0, —1 and 0, respectively.
The homomorphism property then reads

Xn(ej)|w) = lejw)y, Xy(QFHw) = |0Fw), j=1,...,N, (3.47)

and is satisfied for each link state w. This holds for Wy, V/\\/N70 and
Wy 2, with the action of the generators on the right sides of the equations
adapted accordingly, for each case. For Wy o, the homomorphism with
the spin-chain representation holds for a fixed as a function of ¢ as
in (3.44). For VA\/N70, non-contractible loops have the weight 5 and the
homomorphism holds provided that ¢ is fixed to +x. In that case,
| A ) and |5_,) are equal up to a sign. For Wy o, the map (3.46) is
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a homomorphism for the special value ¢ = 0. This is consistent with
the fact that our definition of this module was given without including
a parameter that keeps track of the winding of the defects.

3.3.2 Bilinear forms and partition functions

In this section, we extend the Gram bilinear form for critical dense
polymers introduced in Section 2.1.1 to the modules Wy o and Wy 2, and
define a new bilinear form on the periodic pants lattice. These definitions
allow us to express the partition functions used in the definition (3.32)
of the logarithmic bipartite fidelity in terms of the enlarged periodic
Temperley-Lieb algebra. We use the XX representation of the algebra

to recast the partition functions as overlaps in the spin chain.

Bilinear forms for link states. The Gram bilinear form is an in-
variant form on the standard modules. For critical dense polymers with
periodic boundary conditions, it is defined as follows. Let w,w’ be two
link states in Wy, o or Wy . Performing a vertical flip of w and con-
necting its nodes to those of w’, we obtain a diagram where the loop
segments form loops, that can be contractible or non-contractible loops.
For Wy, the Gram product of w and w’, denoted w - w', is defined
as a”aénﬁ,o, where n, and ng count the non-contractible and the con-
tractible loops. It is therefore non-zero only if the number of contractible
loops is zero.

For Wy 2, the same diagram constructed from w and w’ involves loops as
before, but also finds the defects connected pairwise. If both defects of
w are connected to defects of w’ and there are no loops, then w-w' = 1.
Otherwise, w - w’ = 0. To illustrate, for N = 4, the matrices encoding
the Gram products between the link states in the bases (3.38) are

0 0 0 aa 0 O
0 0 a 0 a o 0101
00400042@’ 1 010 (3.48)
a 0 0 0 0 0 0101

0 a o> 0 0 « 1010

0 2 o 0 «a 0
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These bilinear forms allow us to express the partition functions ZCAB ,
ZA and ZP in terms of Gram products:

ZCAB — QMN’U(I]L‘B . (TAB)QM,U(I]LXB‘WN’O ’ (349&)
A A A A

ZA = oMNayd(pAy2M |WNA,0 , (3.49b)

7P = oMNg B . (TB)2M vQB|WNB72 , (3.49¢)

where the boundary states are

VW= OO A A A v2:nn---r\n||.(3.50)

There appears to be a difference between vy in (3.50) and vy for d = 2
in (2.19), namely the pair of defects is not located on the same position.
However, since we consider systems with periodic boundary conditions,
the position of the pair of defect in vy is irrelevant and does not affect our
final results. The superscripts AB, A and B for T in (3.49) serve as a
reminder that the corresponding objects are elements of the enlarged pe-
riodic Temperley-Lieb algebra with N, N4 and Np nodes, respectively.
We have also indicated by subscripts on the right side which action is
used. Finally, we note that the powers of 2 ensure that each tile has a

weight 1 instead of % as it does in (3.36) for u = 7.

Gram products on the periodic pants geometry. We define a
new Gram product, denoted (w; X wsg) - w3, that is needed to compute
ZpAB. In this product, the states wq, wy and w3 belong to Wy, o, VAVNB,O
and Wy o respectively, with NV = N4+ Np. The result of this product is
obtained as follows. One flips w; and ws vertically, draws them on the
legs A and B of the periodic pants lattice, and connects the nodes to
those of w3 drawn on the top part of the pants lattice. Then (w; xws)-ws
equals anATAB 0ng,00n5,0, where ng counts the number of contractible
loops, and the numbers n4, np and nap count the non-contractible
loops in the three families, as explained in the beginning of Section 3.3.
Here are two examples to illustrate this definition:

(ﬁ (%X _A >'\ (AN =0, (3.51a)
(\ (A~ * n) A LA =0 (3.51b)
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In terms of this Gram product, the partition function ZpAB reads

ZE = MN (ANl s (TP)Moff) - (TAF) Mo P, (3.52)

TAB act on the bound-

In this expression, the transfer tangles T and
ary states v64 and 1)643 under the standard actions of Wy, o and Wy o
respectively (where o is a free parameter). In contrast, (T%) acts on

v under the module action of VT/NB,O (where a = 0).

We note that one can define more generally a Gram product on the peri-
odic pants geometry where the result of the product is a4 ay” ag*?d,,, 0
and thus depends on three free parameters, one for each family of non-
contractible loops. Our choice to set as = 0 and a1 = a3 = a how-
ever allows for an important simplification. Indeed, in this case, the
connectivity of link states in leg B can be described using the mod-
ule W Ng,0, and the Gram products on the periodic pants geometry can
be computed using the Gram product on the cylinder, for Wy g. Our
construction above achieves this by using the natural embedding from
Whn, 0 X VT/NB,O into Wy o, where the two link states w; and wo are sim-
ply drawn side by side, and the loop segments of w; that travel via the
back of the cylinder (if any) are extended to travel via the back of the
larger cylinder. For instance,

N LA D
\ (~ x.~ HszZZ.

The same embedding in Wy o does not naturally extended to Wy, o X

(3.53)

W 0. For example, we cannot embed 22 ¢ X » £in Wy in the same
way as in (3.53).

Thus, for the case as = 0, any Gram product on the periodic pants
geometry can be computed using the same product on the cylinder. In
the spin-chain language, the resulting embedding translates simply to

\wl X UJ2> = \w1> (= ‘UJQ>. (3.54)

Overlaps in the XX chain. At the end of Section 3.3.1, we defined
a map w — |w) that intertwines the link state and spin-chain represen-
tations of EPTLy (e, 0). For each link state w, we define the dual state
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(w] as

wl = hw)'| (3.55)

where the superscript * stands for real transposition. Let us note that
in the absence of a twist (¢ = 0), the definition of the dual state reduces
to {w| = |w)*. The relation (3.55) is thus a generalisation compatible
with the notion of dual state that we used in Chapter 2 for the model
of critical dense polymers on the flat pants lattice. The Gram product
between two link states wi and wy can then be computed from the spin-
chain representation [158]:

w1 - Wy = ((w1]w2>. (3.56)

In the spin-chain language, the partition functions read

7P = oMV (ugt Pl (T AP M [0l P), (3.57a)
Z:4 = 2N (g (T M o), (3.57b)
77 = 2MNE (o |(TP)*Mof), (3.57¢)

Z;:XB _ 2MN<<’L)64 ® ’UOB|((TA)M ® (fB)M)(TAB)M|vé43> (357d)

Here, T8 and T4 are the transfer matrices of the six-vertex model with
a twist ¢ for system sizes N and N4 respectively, whereas TP and T8
are the transfer matrices for the system size Np with the twists ¢ = 0
and ¢ = m, respectively.

3.3.3 Bipartite fidelity

In this section, we use the known diagonalisation of H, to derive a closed-
form expression for 77

Diagonalisation of the Hamiltonian. The diagonalisation of H, is
given in Section 3.2.1. We recall that for ¢ € (—m, ), the groundstate
of H, is unique, belongs to the magnetisation sector S* = 0 and is

even,

odd.

T T
Ha—nNy/a r“N/4|O>

1_

| Xo) = ;
Plo-nyja H(n—2)410)

(3.58)

vz vz
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Likewise, in the sector 5% = —1, the lowest-energy state of H, for ¢ = 0
is unique and given by

T T N
Ha—nNy/a " M(N74)/4‘O>‘¢:0 o even,
| X_1) = : : N (3.59)
Fo—nyja M(N—Z)/4|O>‘¢>:O 7 odd.
The transfer matrix and Hamiltonian commute, and we have
T|Xo) =TolXo),  (Tlg=0)[X-1) =T 1| X_1). (3.60)
The eigenvalues are [157,159]
é N/2 N
cos(%)
Iy = 2N_21 (14 tanx;) H (1 —tanz;) (3.61a)
J=1 J=(N+2)/2
i1y o
with z; = G ]\2,) 2 and
N (N—-2)/2
i) 2
T = o5 (1+tan(5))". (3.61b)
j=1
These are the largest eigenvalues in the sectors S* = 0 and 5% = —1,

respectively. We note in particular that I'_; = limg_,, I'o.

In the representations Wy o and Wy 2, the transfer tangle T has the
right-eigenstates Xy and X_; with respective eigenvalues I'g and I'_,
and |Xo) and |X_;) are their images under the homomorphism map.
Their duals (Xo| and (X_;| are obtained from the definition (3.55).

Because ; N
N z
Wl =1 2 o7 odd (3.62)
MLk % + 5% even,

we have
(Xo| = (—1)NW=DB( x|, (X | = (-1)NAWEDB(X | (3.63)

where (Xg| = |Xo)" and (X_1| = |X_1)T. The state (Xq| is given in
(3.17) and is the left-groundstate of H, in the sector S* = 0. Like-
wise, (X_1] is the left-groundstate in the sector S* = —1. Because of
the fermionic relations (3.15), the groundstates have unit norms, and
therefore we have

(XolXo) = (~D)NETIE (X4 [X ) = ()RS (3.64)
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Ratios of overlaps. We now adapt the calculations of Section 2.2.1
and extract the leading behaviour of the partition functions (3.49) and
(3.52) as M tends to infinity. We start with ZpAB and assign the extra
labels AB, A and B to the groundstates over (C2)®V  (C2?)®Na and
(C2)®NB | respectively. From (3.64), we deduce that the identity matrix
over (C?)®N in the sector of zero magnetisation has a contribution along
the groundstate of the form

I (—1)NWN=2/8| x ABy (X 2B (3.65)

Sz=0

where the next terms involve states that are not groundstates. Likewise,
for (C?)®N4 and (C?)®VB | we have

I (—DNMAVADB XA X 4L (3.66a)

57=0 —

I (—1)NeWNe=2)/8| x By(xB| 4 ... (3.66D)

Sz=0
We then have

(TAP)MugtP) o (—)NOAB @M X3P (Xt PlogtP),  (3.67a)

(| (MM o (~)NANADEEHM (ot X (X, (3.67b)

(F (TP ~ ()N We=2BOFM (P | XPY (XF|,  (3.67c)

where I’S‘B , F()4 and I’(Jf are the eigenvalues of TAB, T4 and T8 in the
zero magnetization sector. The symbol ~ indicates that the smaller
contributions coming from excited states have been omitted. We thus

find
ZAB = e 2MN(TEPTITEM (0| X3 (| XE)
x (Xg' @ X8 1X5P) (X P v B), (3.68)

where € is a sign that will be irrelevant for our computation of F;""".
We repeat the same argument for the other partition functions and find

78 o MV (DB (B XA B) (X8 XY (X P o), (3.69)
7 = 2MNA (DM (0| X3 (XX (X o), (3.69b)

77 o2 2MNE (DB )2 (0| X5 ) (XB) | X P ) (X o), (3.69¢)
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where I'B| is the groundstate eigenvalue of T2 in the sector S* = —1.
Using (3.64) and T'¥ = I'3,, we find

Ty = —log <0 (X' © X7 X57)*

AP P) (R1X8) (gl X)? >(3'70a)
(o P1XP) (X3ug) (o IXP)(XP [oF)

with

N(N-2) NA(NA—=2) (Np—2)(Ng—4)
o= (— 3 -1 8 _1) 8

(3.70b)

Product expressions for the overlaps involving boundary states.
We use Wick’s theorem to evaluate the various overlaps in (3.70a). To
start, we express the boundary states ((vg| and ((vs| in terms of the
fermionic operators a; defined in (2.35) as

{(vo] = (Olay—1aNn—_3 - - - asasay,

(3.71)
(vo| = (Olan—3an—5 - - - asaza;.
With the anticommutation relation
; o200 y )
{age—1, 1y} = N (we'* +w™) (3.72)

and Wick’s theorem, we write the overlaps ((Xo|vg) and (X _1|ve) as

_ T
{(vo] Xo) = k(éelt(() {age—1, 1y},

(=1,..,N/2
(3.73)
_ t
(alXo) = det  {awr, i},
t=1,..,(N-2)/2
where
{55, 4§ even,
Ko = 2-N N-21 N
{35~ "2 § odd,
(3.74)
Koi= 6—N N—2 N
{*5 - ") 5 odd.
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We factorise the terms that only depend on k in (3.72), and evaluate the
remaining determinants in terms of a product using the Vandermonde
identity. We simplify the result with the identities

o N1/2 N/2 N/2 27r k ) NN/4
Hsm (R) = SN-D2 H H sin (5 = oNTs (3.75)
j=1 j=1k=j+1
and find

N/2

(wo| Xo) = 2N/ 4ei#(N+1)/4=inN(N=2)/16 H sin (W% (3.76a)
j=1

N1/2 —im(N2—6N—-4)/16
<’UO|X0 ‘¢_ me ( )/ 5 (376b)
o—im(N—2)(N—4)/16
<<1)2|X*1> = 2(N72)/4 . (376(3)

It also follows from the definition (3.55) of dual states that

{(Xolvo) = (vol Xo) |,y (X 1]v2) = (va] X)), (3.77)

Putting these results together, we obtain

N/2 . 2 17r

(X Z1007) _ g /21‘[51 () (3.78a)
(g P X P i sin (2 O )
(815 _ orvarnsz T 52 (Famet®)
e - sin (2537=2) e

0 Y j=1 Sln NA

X
(R (3.78¢)

(v IXED (X5 v7)

Exact expression for the bipartite fidelity. It remains to compute
the overlap (X§' ® XP|X§'B). Up to unimportant signs that come from
(3.64), the overlap is exactly the one that we consider in (3.19), with the
specialisations ¢4 = ¢ and ¢p = m. We note that these specialisations
are compatible with (3.22) for ¢ = 0, for which we were able to obtain
closed-form formula (3.28). From (3.70a) and (3.78) we find

FP" = X[ pamp — QIN, ¢) + Q(Nww,¢) —log (N(1 —z))  (3.79)

B=T
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where N/
2 . ((2j-Dr—¢
_ sin (<57—)
Q(N,¢) = E log i (G078 | (3.80)
j=1 N

The closed-form expression for J;** |¢a=g is read from (3.28).
¢p=m

3.4 Asymptotic results

In this section, we study the large- N asymptotics of the bipartite fidelity
for the XX chain and the model of critical dense polymers on the peri-
odic pants lattice, and compare the results with the CFT predictions of
Section 3.1.

3.4.1 XX spin chain

Exact results for ]-;[)XX with ¢ = ¢4 + ¢ — w. The calculation
of the first terms in the large-N asymptotics of (3.28) is a long yet
straightforward calculation. The details are similar to the asymptotic
calculations presented in Section 2.4. We find

1
XX _ 4+
]:1; ‘¢:¢A+¢B_7T 9 log N

72 (=1 —x + 22?%) — 6mc<(—1 +x)pa + ms)

- . log(1 — x)
72(3x — 222) + 67(—1 + ) <(—1 + x)pa + xgbB)
+ 6721 — 2) log
2 2
((~1+2)64+205) ((=1+2)6a + 205)
B 272(1 — x) logz = 212 log(1 - )
— % — %logw +6logA+O(N!) (3.81)

where A = 1.282427... is the Glaisher-Kinkelin constant. As expected,
F;¥ is symmetric under the simultaneous transformations * — 1 — =
and ¢4 <> ¢p. This result is identical to the CFT prediction (3.1) for

case (ii) where gp(o) and gp(l)(:c) are given in (3.3) and (3.8) with the
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central charge ¢ = 1, the charges

ba 1 ¢B pa+op—T
= — = — — = — = -—— . 2
n=5- @ 5 B=5- U . ; (3.82)
and the non-universal constant
1 1
G = —5 §log7r + 6log A = 0.420162... . (3.83)

The result (3.81) holds for arbitrary values of the twist angles ¢4 and
¢p. However, as we discussed at the end of Section 3.2.1, };)XX corre-
sponds to an overlap of groundstates when ¢4 and ¢p are in the interval
(—m, ) and are such that ¢ = ¢4 + ¢p — 7 € (—m,7) too. Finally, we
remark that there is no term proportional to N~1log N in (3.81). Com-
paring with (3.9), we observe that the content of the large parenthesis
in this equation does not vanish in general. We therefore deduce that

the extrapolation length = vanishes in this case.

Numerical results for F*(n). We now study the large-N be-
haviour of the bipartite fidelities in the case where the three twists angles
o, 4 and ¢p are arbitrary. We consider the standard bipartite fidelity
(3.12) as well as the modified instances F;**(n) defined in (3.29). Since
we do not have an exact product formula, we instead use the determinant
expression (3.19), and very similar formulas for the modified instances,
to study the large-N behaviour of these quantities numerically. To get
precise numerical estimates, we follow the strategy of [62] and fit ;** (n)
as

1
F(n) = g7 log N + g (z) + ¢ (2) N~ log N + 73

log N 1 log N 1
N2 T Rm T T

+ 71 (3.84)

In the following, we consider that a fitted value gfi* matches a theoretical
prediction ¢'" if the error is smaller than 107°%:

th _ fit
‘%‘ <1075, (3.85)

From our numerical explorations, we find that the leading terms in the
asymptotic expansion (3.84) match the CFT prediction of Section 3.1,
which in this case reads
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1 1/¢—¢a—¢p\?2 )
XX _ (2 :
7 (n)—<4—i-4(77T )>logN+gp (x)

+ ¢ ()N og N + O(N7Y), (3.86)
where glgl)(x) is given by the formula (3.8) for vertex operators, with
c=1and
Pa qQZW’ q3:¢_B q4:—£. (3.87)

w= o’ 2 o’ 2

The constant C}; is unknown and obtained from a fit in our analysis.

Likewise, gp(Q) (z) is given by (3.9) with the conformal weights A; = ¢?/2,

the charges ¢; in (3.87), and the extrapolation length

[1]

= —n. (3.88)

In particular, we have = = 0 for the standard bipartite fidelity. This
result supports the interpretation proposed in the previous chapter,
namely that the extrapolation length is related to the effective length of
the system. In this case, this effective length is modified by the insertion
of a spin state on the crotch point.

In Figure 3.5, we plot (3.86) and compare it with numerical values ob-
tained from the determinant formula (3.19), as a function of z and N.
The analogous plots for ¥ (n) with n = 2, 4,6 are very similar, and the
match is again convincing in the sense of (3.85). Finally, in Figure 3.6
we plot the CFT prediction for function the gp(Q) (x) with n = 2,4, and
compare it with our fitted values. The function gp(Q) () depends on the
spin state inserted at the crotch point only via the extrapolation length
(3.88). The match between our numerical results and the CFT predic-

tion is again convincing.

Conformal interpretation. Let us now discuss how our results fit
with previously known results about the conformal interpretation of the
XX chain. It is well-known that the XX chain (and more generally the
XXZ chain) is described by a CFT with central charge ¢ = 1 [96]. In
this context, the presence of a twist line ¢ between two points z; and
29 is accounted for by the insertion of two fields ¢(z1) and ¢(z2). The
field ¢ is a so-called electric operator [160]. Its multi-point functions
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Figure 3.5: The bipartite fidelity /;** as a function of z for N = 800 (top
panel), and N for z = i (bottom panel). The symbols are the numerical
data obtained from the evaluation of the determinant expression (3.19),
and the solid lines are (3.86) with (3.87), Z = 0 and C; = 0.447447. In
all panels, the twist angles are ¢ =1, ¢4 = 2 and ¢p = 3.
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Figure 3.6: The function gp(g) (x) for the XX spin chain with ¢ = 1,
o4 = 2 and ¢p = 3 for n = 2 and n = 4. The symbols are obtained
from the numerical evaluation of determinants similar to (3.19). The
solid lines correspond to the CFT prediction (3.9) with the conformal
data (3.87) and E given in (3.88).
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are known to have the form (3.4), and our analysis in this subsection
confirms this. It is also a spinless field. Its conformal weight Af;x =
AZ* can be computed from the 1/N finite-size correction term of the
largest eigenvalue of the periodic transfer matrix 7" with a diagonal twist.
Indeed, this finite-size correction can be obtained either via the Bethe
ansatz [161] or with the method of functional relations [162], and it
allows one to compute the difference ¢ — 24A explicitly:
3¢

With ¢ = 1, the resulting conformal weight is

x _ 9
AN = . 3.90
¢ 872 ( )
This conformal weight is consistent with the known values ¢ = ¢ = —2(;;

for the charges of electric operators, and the values A; = qi2 /2 obtained
in (3.82) and (3.87). Comparing (3.3) and (3.86), we see that (3.90) also
produces the correct value for gpo . We note that the field inserted on
the crotch point is special, as it lies at the intersection of three twist
lines. Accordingly, its conformal weight is obtained from (3.90) with ¢
replaced by the difference ¢ — ¢4 — ¢p of the twists at this intersection.
The insertion of a Néel state of size n on the crotch point does not
modify this conformal weight.

3.4.2 Critical dense polymers

The large-N expansion for J”" follows directly from the expansion
(3.81) for F* at the special point ¢ = ¢4 and ¢p = 7, and the large-N
expansion of the function Q(N,¢) defined in (3.80). This asymptotic
calculation is straightforward and yields

r(isq2
Q(N, ) = —?10g ¥ logM +O(N). (3.91)
Ty

We insert these results in (3.79) and find

1 1
]‘;)CDP = —5 10gN — E(Gp(ﬂ?) + Gp(l — ,I))
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(1—x)’

- %(i_z — 1) <(1 —x)logx + log(1 — x))
1

1
— 5~ plogm+6log A+ O(N') (3.92)

where Gy(z) is defined in (3.6). This large-IN expansion exactly corre-
sponds to the CFT prediction for case (i) with

9, A=Ay =1 <¢2 1) Az =0 (3.93)
C = — = = — _ p— .
5 1 4 ] 7T2 3 3 )
and the non-universal constants are
1 1 _
Cp:—§—§10g7r+610g14, ==0. (3.94)

Our results fit with the conformal interpretation of the model of crit-
ical dense polymers. The central charge of the model is known to be
¢ = —2 [103,157]. In this context, for the model defined on an infi-
nite cylinder, assigning a fugacity a # [ to the non-contractible loops
amounts to inserting two copies of a conformal field p(z) at the top and
bottom of the cylinder. The properties of this field were investigated
in detail in [107]. The conformal weights AZ"" and AgDP of p(z) are
equal and can be obtained from the 1/N finite-size correction term for
the groundstate eigenvalue of the periodic transfer matrix. The spec-
trum of the transfer matrix for the six-vertex model and for the model
of critical dense polymers are identical for a = 2005(%5). As a result,
the difference ¢ — 24A for critical dense polymers is also given by (3.89).

Setting ¢ = —2 and solving for the conformal weight yields
ASPP = l<¢—2 - 1) (3.95)
¢ 8 7T2 . .

We obtained this value for the conformal weights of A; and Ay in (3.93).
It is also the value previously known from Coulomb gas calculations
[163].

3.5 Summary of the main results

In this chapter, we investigated the bipartite fidelity on the periodic
pants geometry. In the context of CFT, this quantity is related to the
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four-point function of bulk fields inserted on the periodic pants domain.
We adapted CFT arguments initially developed by Dubail and Stéphan
and obtained predictions for the leading terms in the large-N expansions
of 7, up to order N~!log N in two distinct cases. In the first case, no
field is inserted on the crotch point, and the three bulk fields inserted
in both legs and at infinity are spinless primary fields. In the second
case, the four fields are vertex operators. We compared these predictions
with exact and numerical lattice calculations and found a precise match
for two lattice models: the XX spin chain and the model of critical
dense polymers. These models are known to be described by CFTs with
central charges ¢ = 1 and ¢ = —2, respectively.

In the XX spin chain, we defined the quantity F**(n). It is related
to the overlap between the groundstate of the whole system with the
product of the groundstates of the subsystems A and B where each
system is endowed with periodic boundary conditions and a Néel state
of length n is inserted on the crotch point. The logarithmic bipartite
fidelity 7;**(n) also depends on the twist angles ¢, ¢4 and ¢p. We
found a closed-form expression for the bipartite fidelity when n = 0 and
the twist angles satisfy ¢ = ¢4 + ¢p — w. For arbitrary values of n
and the twist angles, we expressed ;**(n) as a determinant that we are
unable to simplify but whose numerical evaluation is simple. Using both
analytical and numerical results, we investigated the large-IN behaviour
of 7;*¥ (n) with fixed aspect ratio. In the CF'T, the presence of twist lines
connecting certain points of the domain correspond to the insertions
of electric operators whose n-point functions are given by the simple
formula (3.4), and our analysis of 7;**(n) confirms this. The charges

of the electric operator are ¢ = ¢ = ¢ and the conformal weights are

2
A;X = A;X = %. If a field marks a transition between two twist lines
¢ and ¢4, then its charge is ¢ = %. We also investigated the case
of an intersection point between three twist lines of twists ¢, ¢4 and
¢p, and found that the corresponding charge is ¢ = %. Our
numerical investigations of the term of order N~'log N suggests that
the extrapolation lengths depends linearly on the length n of the Néel

state via the relation = = —n.

Finally, we investigated the logarithmic bipartite fidelity F,"”” of the
model of critical polymers on the periodic pants lattice. We fixed the
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fugacity of non-contractible loops that wrap around the waist of the

periodic pants lattice and those that wrap around leg A to oo = 2 cos(%).

In the CFT description, this amounts to inserting a bulk operator with
8

contractible loops that wrap around leg B and contractible loops to

conformal weight AgDP = l(f—z — 1). We also set the fugacities of non-

a = = 0. We expressed £,°”" in closed form and investigated its
asymptotic behaviour for large N and fixed aspect ratio. Our results
are in perfect agreement with our CFT prediction for the first case,
where no field is inserted on the crotch point and the other fields are
primary. Similarly to what we observed on the flat pants lattice, we find
that the extrapolation length vanishes.



Bipartite fidelity on the skirt geometry

In this chapter, we use the various tools and concepts that we introduced
in Chapters 2 and 3 to investigate the logarithmic bipartite fidelity F
on the skirt domain. Similarly to the previous chapter, we study /; in
the context of CFT, the XX spin chain and the model of critical dense
polymers. We recall that for quantum spin chains, F; is given by the
definition (1.78) where the whole system has periodic boundary condi-
tions and the subsystems have free boundary conditions, whereas F; is
defined in (1.79¢) for two-dimensional lattice models. In Section 4.1, we
give the CFT predictions for the leading terms in the large- N expansion
of the logarithmic bipartite fidelity. In Sections 4.2 and 4.3, we compute
Fs for the XX spin chain and for the model of critical dense polymers.
Finally, we compare the asymptotic behaviour of the lattice results with
the predictions of conformal field theory in Section 4.4. The results
discussed in this chapter were initially presented in the publication [3].

4.1 Predictions of conformal field theory

This section gives the CFT predictions for the bipartite fidelity on the
skirt domain. As in Section 3.1, the details of the calculations are given
in the Appendix A of [3] and are not reproduced here. We consider the
asymptotic behaviour of F; in the limit where N and N4 are sent to
infinity such that the aspect ratio x = N4/N converges to a constant

129
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Figure 4.1: The function wg(z) maps the upper half-plane onto the skirt
domain. The positions zo and z4 that are the preimages of the slits’
endpoints are 2o = (Vo — 2?2+ 2 —1)/(2x — 1) and z4 = (—Vx — 2% +
x —1)/(2x — 1). The bold lines are the boundaries of the domains. On
the right part of the figure, the dashed lines are identified.

in the interval (0,1). The logarithmic bipartite fidelity has the large-IV
expansion

T =g log N + g (z) + ¢ (2)NMog N+ O(N"1).  (4.1)

S

In the CFT framework, the skirt domain is described as an infinite hor-
izontal strip of width N drawn in the complex plane. The boundary
conditions are periodic along the strip’s edges, so that two points with
respective imaginary parts 0 and N with the same real parts are identi-
fied. The strip is decorated with two slits that divide the left half into
two strips of width Nz and N(1—z). In contrast with the periodic pants
domain, the two slits are not identified, and the skirt domain really has
two distinct slit endpoints. The map from the upper half-plane to the
skirt domain is

ws(z) = %(CE log (—(z — 1)2)

+ (1 —a)log2® —log(z* + (2 — 1)%)) + K, (4.2)

where K, is given in (3.2). This map is illustrated in Figure 4.1. It
can be understood as the composition ws = wjy, o v of the function w,(z)
given in (3.2) and the function v(z) = 22/(22%2 — 22 + 1). The latter
maps the upper half-plane into the complex plane with a cut along the
segment [0, 1]. Hence the boundary of the upper half-plane is mapped
to the two slits of the skirt domain.
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We consider the situation where five fields are inserted in the skirt do-
main. A field ¢; is inserted at —oo in the leg A, a field ¢5 is inserted on
the first slit’s endpoint, a field ¢3 is inserted at —oo in the leg B, a field
¢4 is inserted on the second slit’s endpoint, and a field ¢5 is inserted at
+oo. We denote by ws(z;) their positions in the skirt domain, and by
z; the corresponding positions in the complex plane. The fields ¢; with
1 = 1,2,3,4 are boundary fields that depend on a single variable and
have the conformal weight A;. In contrast, ¢s is a bulk field that de-
pends on two variables in the complex plane. For simplicity, we assume
that ¢5 is spinless. It has the conformal weights A5 = As. We illustrate
this setting and the fields insertion points in Figure 4.2.

(0)

The first function gso in the expansion (4.1) is obtained as a direct
application of the Cardy-Peschel formula [135] for domains with corners.
Indeed, the skirt domain has two corners of angles 2w. The resulting

(0)

expression for gsO depends on the dimensions of the field ¢2 and ¢4 and

on the central charge:

gS(O) = 2 =+ AQ + A4. (43)

The next-leading terms gs(l)(x) and gs(2) (z) depend non-trivially on the
aspect ratio x. In a general setting where the five fields are primary
fields, the function gs(l)(x) also depends on the non-trivial functions of
the cross-ratios that arise in the five-point function of these fields in the
upper half-plane. Because ¢5 is a bulk field, from Cardy’s method of
images [93], we know that this correlator is in fact a six-point function
in the full complex plane. Here we restrict our focus to the following
special cases: (i) only one non-trivial primary field is present, namely
the bulk field ¢5, and (ii) each of the fields ¢; is a vertex operator in a
free-boson CFT with central charge ¢ = 1. In this case, the fields ¢; with
1 =1,...,4 are boundary fields with charges ¢; and conformal weight
A; = ¢?/2. In contrast, the field ¢5 is a bulk field with the charges
g5 = @5 and conformal weights A5 = A5 = ¢2/2.

The results are as follows. For case (i), we have

V(@) = =(Gola) + Go(1 — )

+4A5(zlogx + (1 — ) log(l — z) + 2log2) + Cs  (4.4)
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where we recall that
3 — 6 + 42
Gy(z) = 22T T 0y (4.5)

1—z

is given in (1.87), and C; is a constant. For case (ii), we have

D(g) =< 1 2)) = Dlog(1 — ) — 234
oV (@) = 2 (Gola) + (1 — ) — “Llog(1 —2) — 22 loga

+ 4A5 (zlogz + (1 — x) log(1 — z) + 2log 2)
+ (Ao + Ay) log(z — 2%) + C! (4.6)

where C! is a constant. As expected, the functions gs(o) and gs(l) (x) reduce

to the prediction (1.86) obtained in [62] for the special case where all
the conformal weights are zero.

(

To proceed, we compute the function gs2) (z) using the arguments of
Stéphan and Dubail [63]. As we shall see in Section 4.4, a correct
CFT interpretation of our lattice results requires a generalisation of
their derivation to cases where each slit is assigned its own extrapola-
tion length. We denote them by =Zs and =4, and they correspond to
the corners situated at ws(z2) and ws(z4), respectively. For case (i), we
obtain

(2) — (=, 4= c(
i) = Er+ 20 x (G

(

For the case (ii), the expression for 952) (z) instead reads

+ 2A5>. (4.7)

2 2 2
@ () = =, 5 [ —22) a5 — i
47 (@) = B2 x [48(1 o)z 162(1 - x)

o -—eta) ale—aota) +q2]
4x 4(1 — x) >

+ {52 = E4,q2 & qu}. (48)

On the last line of (4.8), the contribution marked by a bracket indi-
cates that the previous lines must be copied but with the substitutions
indicated inside this bracket. We note that (4.8) greatly simplifies for
=9 = Z4, and becomes independent of the charges g and g4 of the fields
inserted at the endpoints of the slits. The function gs2 (x) also simplifies
for go = gq4. In that case, it only depends on the sum Z5 + =4, as in
(4.7), and can be written in terms of the dimensions A; = ¢?/2:

2
(2) _(m.= M _ﬂ_i
07 ()] gy, = (B2Ea) X (48x(1—x)+2A5 2w aa-w) 4V
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Figure 4.2: Illustration of the fields insertion points on the skirt do-
main. The top part has perimeter N, whereas the left and right bottom
subsegments have respective lengths N4 and Npg.

4.2 Lattice calculation for the XX spin chain

The first model for which we compute the bipartite fidelity on the skirt
lattice is the XX chain. In this case, the system AB is a periodic chain
of length N. Its Hamiltonian H,, is given in (3.10) and depends on the
twist angle ¢. The subsystems A and B are instead chains of lengths
N4 and Np with free boundary conditions. Their Hamiltonian is Hy
from (1.51) with N4 and Np sites, respectively. We denote by (z{| and
(z¥| the left-groundstates of Hy with N4 and Np sites in their zero-
magnetisation sectors. As before, N4 + Np = N and all three lengths
are even numbers. The logarithmic bipartite fidelity is
|2

FXX = —log|{zg @ a5 1X4'")

(4.10)

where |X{'P) is the groundstate of H,, given in (3.16). The states |z{')
and |z8), like | X¢P), are assumed to have unit norms.

4.2.1 Bipartite fidelity

The diagonalisation of H; is detailed in Section 1.2.2. We adapt the
result from that section to the case of a bipartite chain where two sub-
systems A and B are described by Hy with Ny and Np sites, and do
not interact. The tensor product of the left-groundstates is

(wf @ x| = <0|dﬁ3/2"‘d?dﬁf,/2”‘dfl (4.11)
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where
A 9 \12da rkj 12
= () ;SID<NA+1>C” iz
2 N2 N ak(j—=N

j=Na+1

The operators ¢; are the fermionic operators in (1.52). With the choice
of normalisation in (4.12), both (z{!| and (x| have unit norms. To
compute (4.10), we use Wick’s theorem and find

(2 @ 2B | X{AB)| = 2-3NAN-N/A(N 1 1)~(Na=2/4
x (Np +1)"N5=2/4det D (4.13a)

where
1—(—1 ka—i(Ng+1)0,
( )k; = - k= 17 ’ %7
cos (N“Jr ) — cos Uy
Dk7k/ - NA/2 (NB+1)79 ’
—INAﬁkfl_( O N .
os (TR con : :
(4.13b)
with & =1,..., %, and
ok — L — Ny _
g ks —) ¢ (4.13¢)

This holds for both parities of N/2. Sadly, we have been unable to push
the calculation further and evaluate this determinant in product form
with the methods we developed in the previous chapters, even for special
values of x and ¢.

4.2.2 Other instances of the bipartite fidelity

The CFT predictions of Section 4.1 covers cases where fields are in-
serted in the legs and on the slits’ endpoints. In order to investigate
these cases on the lattice, we consider various modified instances of the
bipartite fidelity on the skirt lattice. In each case, the state |X643 ) is
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kept unchanged in the overlap, whereas the state <x64 ® méﬂ is replaced
by a state of the form

(o, @ 52 @5 @ s4. (4.14)

Here (:U;i| is the left-groundstate of the XX spin chain for the system S
with free boundary conditions in the magnetisation sector m, and ss, s4
are spin states that we impose on the corners situated at ws(z2) and
ws(z4) on the skirt domain, respectively. We select these states from the
set {0,1, ], 14,11, 111}. The condition on the even parity of N4 and Np
is relaxed and the relation tying them to N is N = N4 + ng + Np + ny,
where ny and ny are the lengths of the states |sq) and |s4). Table 4.1 gives
an overview of the thirteen cases that we consider. In particular, case 1
corresponds to the standard bipartite fidelity, as defined in (4.10) with
the overlap (4.13). In the other cases, N4 is chosen to be even if m4 is
an integer and odd if m 4 is a half-integer, and likewise for Ng in terms of
mp. In each case, the magnetisation of the state (4.14) vanishes, and the
corresponding overlap |<xﬁA ®syQxh ® S4|X648>‘ is non-zero. We
obtain a determinant expression for each of these overlaps similar to
(4.13), which we do not reproduce here. We are unable to evaluate
these determinants in product form. Our analysis in Section 4.4.1 of
the asymptotics of F;** thus relies on the numerical evaluations of these
determinants.

4.3 Lattice calculation for critical dense poly-
mers

We study the model of dense polymers on the skirt lattice. The lattice
is a cylinder of height 4M and width N, which we choose to be even.
There are two vertical slits that extend halfway across the cylinder.
They divide the lower edge into two open segments of lengths N4 and

Np, which are even numbers too.

The top circular edge, the bottom segments as well as the interior of the
two slits are decorated with simple arcs. The situation is similar to the
example of Figure 2.1, with the following differences: (i) the total height
of the lattice is 4M instead of 2M, and (ii) the four diagonal edges in the
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Case | myg | s2 | mp S4
1 0 0 0 0
2 =1/2 1 0 | +1/2] 0
3 -1 0 +1 0
4 =3/2| 0 | +3/2| 0
5 -2 10 2 0
6 0 T 0 +
7 =12 1t | +1/2 ] |
8 +1/2 1 | | +1/2 ] |
9 0 0 0 ™
10 —1/2 10 | =1/2 | ™
11 —-1/2 | 0 0 T
12 -1 0 0 ™
13 —3/2| 0 0 M

Table 4.1: The thirteen cases we consider for the XX chain on the skirt

lattice.

diagram’s lower-half are decorated with simple arcs. The contractible
loops have a fugacity S = 0, whereas the non-contractible loops have a
fugacity a. The Boltzmann weight of a configuration {¢;} is W;({¢;}) =
a"*dp,0, where n, and ng are the numbers of non-contractible and
contractible loops in the configuration. The partition function on the
skirt lattice, denoted Z;“B , 18

ZP =N W({t)). (4.15)
{4}

To proceed, we consider three more partition functions. The first, ZA5,
is the partition function on the cylinder of height 4M and perimeter N
where the top and bottom segments are decorated with simple arcs. It
corresponds to the example in the central panel of Figure 3.4, but with

height 4M instead of 2M. The other two partition functions, Zr(2)’A
and ZT(Q)’B, are defined on rectangular lattices of respective dimensions

4M x Ny and 4M x Ng. These partition functions correspond to the

partition functions Zﬁd)’s with S = A, B and d = 2 that we introduced

in Section 2.1. In particular, we saw that the partition function Z7£2)’S
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with a pair of defects that connect the top and bottom segments with
weight 1 it is the reference partition function on the rectangle [141].

With these various partition functions, the logarithmic bipartite fidelity
of the model of critical dense polymers on the skirt lattice is

AB)?2
FEPP = — lim log (Z") . (4.16)
s M—oo Qa ZABZTQ)’AZ,@’B

As we shall see, the limit M — oo of the ratio (4.16) is well-defined.
Moreover, the factor a in the denominator ensures that 7" is also well-
defined in the limit o — 0. Indeed, Z® and ZAP both vanish linearly
in « as it tends to zero. With this convention for F“"”, the leading

powers of « coincide between the numerator and the denominator.

4.3.1 Partition functions

Our lattice calculations exploit the tools and methods that we intro-
duced in the two previous chapters. As before, we first express the parti-
tion functions that appear in (4.16) in the context of the Temperley-Lieb
algebra. We already computed the partitions function ZCAB in (3.49)
with 2M instead of 4M, and the partition functions Zﬁz)’A and Zﬁz)’B
are given in (2.17). We use the results from Sections 2.1.1 and 3.3.2 to
derive a similar expression for ZAP and find

ZAP = 2MN (i @ of) - (DA @ DB)M(TAB)QMU(‘;‘B{WM . (4.17a)

S

AB 2MN, 6 AB AB\4M , AB
740 = 22MNt (T AP Mg \WN’O, (4.17b)

Z@A — 92MNayA (DA)2MU§X|VNA2 7 (4.17¢)

Z2B = 92MNp, I (DB)QMU2B|VNB’2 : (4.17d)

Second, we follow Sections 2.1.2 and 3.3.2 and express the partition
functions as overlaps in the XX spin chain. We find

ZAB = 92MN (4 o o8| (DA @ DPYM (TABY M 0ghB),  (4.184)

S

ZAB — 92MN (1 AB|(PABYAM | ABy (4.18Db)
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24 = PN (D) o), (4180
28 = 2N (W |(DP)M of), (1.189)

where ((vo] and ((ve| are defined in (3.71). We note that all the states
that appear as dual states do not depend on the twist parameter ¢, so
in this case (3.55) simply becomes {(w| = |w)".

Following the same steps and logic as in Sections 2.2.1 and 3.3.3, we
finally extract the leading behaviour of the overlaps (4.18) in the limit
M — o00. The result is

FOP _ g <<<wé ® wf| Xg'P)?
S

(o' iog')? (o of)? <<X0AB\v6*B>>_ (419)
(i fwih? (of wf)? (v P|X51P)

4.3.2 Closed-form expressions for the bipartite fidelity

After a long but straightforward calculation that uses free-fermion tech-
niques similar to those of Sections 2.2.2, 2.2.3, 2.3.2 and 3.3.3, we find

e S NTE(N2) ER (N —a)) e
x 272 (det €)% (4.20)
where
-1
sin (Nx;’“’ — %k) (cos ¥y — cos (;{,—';)) ,
Crpr = N N -1
’ L (N—2)dy, (k—5*) (k—75*)
(—1)k sm( ( 233) o T 52 )(cosﬁk/ — cos (ﬁ))
(4.21)
with k£ = 1,...,% and k = % + 1,...,% for the top and bottom

N
y 9
¢, we are unable to evaluate the determinant in closed form using the

entries, respectively, and k' = 1,... For arbitrary values of x and
Cauchy determinant formula (2.70) or (3.25). We are however able to
compute the determinant for two specialisations of z and ¢: (i) z = 1/2
with arbitrary ¢ and (ii) ¢ = 0 with arbitrary x. For simplicity, we give
our results for these two cases when N is a multiple of four.
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Specialisation (i): = = 1/2 and arbitrary ¢. For z = 1/2,
N = 0 mod 4 and arbitrary values of ¢, after some simplifications, we
find

N/4 1
|detC| = cos(%)N/4 k%/eil (cos Vopr — COS (”Wk))

N/4

—1
X k(}g/eﬁl (cos Vop/_1 — COS (%)) ‘ (4.22)

In this case, we apply (3.25) to evaluate both determinants.

Specialisation (ii): ¢ = 0 and arbitrary . For ¢ = 0, N =
0 mod 4 and arbitrary values of z, we find

|detC| = 2N/4‘ det C! detCz‘

N/4 N/2
X H cos (NxTﬁ’“> H sin (NJCTW)‘ (4.23a)
k=1 k=N/4+1
with
-1
. (Cosﬁk/—cos(%)) k‘zl,...,%,
Ck kK = Nz -1
(cosﬁk/—cos(% > k=81 8,
(4.23b)
where k' = 1,...,%, and
-1
) (cosz?k/—cos(%» k‘zl,...,%,
Ciwr = No -1
(cosvﬂk/—cos(%» k=041, 4
(4.23¢)
where k/ = % +1,..., % In this case too we evaluate both determinants
with (3.25).

4.4 Asymptotics

In this section, we study the large-N asymptotics of the bipartite fi-
delity for the XX chain and the model of critical dense polymers on
the skirt lattice. We compare these results with the CFT predictions of
Section 4.1.
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Case Al Az A3 A4 A5 st/ Eg 54
1 0 0 0 0 Afgx 0.03669 | 1 1
2 1/81 0 |1/8| 0 Af;x 0.03669 | 1 1
3 [1/2] 0 [1/2] 0 [AX[0.03669 | 1 | 1
4 9/81 0 [9/8] 0 Af;x 0.03669 | 1 1
) 2 0 2 0 Afgx 0.03669 | 1 1
6 0 [1/8] 0 [1/8| A | 111331 0 | 0
7O ]1/8]1/8|1/8|1/8 | AX | 111331 | 0 | 0
8 |1/8]1/8]1/8|1/8 | Ax*[042016| 0 | 0
9 0 0 0 0 Af;x 096639 | 1 | -1
10 [1/8] 0 [1/8]1/2 | AX[0.78562 | 1 | -1
11 1/8 1 0 0 |1/8 A(’;X 0.40172 | 1 0
12 /21 0 0 |1/2 A;fx 0.78562 | 1 | —1
13 [9/8] 0 | 0 |9/8]AX[106794| 1 | -2

Table 4.2: The conformal weights, the constant C! and the extrapolation
lengths for each of the thirteen cases, with AZ* defined in (3.90).

4.4.1 XX spin chain

We study the asymptotic behaviour of the bipartite fidelity for the XX
chain numerically, for each case in Table 4.1. We obtained the data
points by evaluating the determinants numerically, namely the expres-
sion (4.13) for case 1 and similar determinant expressions for the other
cases. As in Section 3.4.1, we compare these numerical values with a fit

of the form

1
FX =" log N + gV (2) + g N og N + 75

S & & N
log N 1 log N
TV E T RE T NE T s (4.24)

and we consider that the numerical results and CFT predictions match
when the criteria (3.85) is satisfied. From this analysis, we find that the
asymptotic behaviour of F*¥ is correctly predicted by the CFT formula
(4.1) for case (ii), with the functions gs(o), gs(l)(:r:) and 93(2) (x) given in
(4.3), (4.6) and (4.8). These are specialised to the value ¢ = 1 of the

central charge and to values of the conformal weights A; and of the
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constant C! that depend on the case considered. We give these values
in Table 4.2. In Figure 4.3, we plot the numerical data and the curve
gs(o) log N + gs(l)(ac), for the cases 8 and 12 and find a good agreement.
We find a similar agreement for all other eleven cases.

The conformal weights in Table 4.2 are consistent with known results
for the CFT description of the XX spin chain and the six-vertex model.
The field inserted at z = z5 accounts for the presence of the twist ¢
in the model. As discussed in Section 3.4.1, this electric operator has
the conformal weights AZ* = A;X given in (3.90). The other fields
in the positions z; with i = 1,...,4 are called magnetic operators [160].
These are primary fields that account for the presence of spin states of
fixed magnetisation m. Here they are inserted on the boundary and thus
depend on a single variable. Their conformal weight A,, depends only
on the magnetisation m of the state inserted at z = z;. As we discussed
in Section 1.2.2, this dimension can be computed from the finite-size
correction of the groundstate energy of the Hamiltonian Hy defined in
(1.51). We recall that the difference ¢ — 24A,, reads

c— 240, =1 —12m?, (4.25)

see (1.71), and setting ¢ = 1 yields

A= 2 (4.26)

m2

2
The values of Ay, Ay, As and Ay in Table 4.2 are precisely given by
(4.26) with the corresponding values for m € {0,421, £1,£3 £2}. Re-
garding the non-universal additive constant C!, we observe that it is
independent of ¢ and only depends on the fields inserted on the end-
points of the slits, corresponding to the states sy and s4 in (4.14).

(

We plot our numerical data for 952) () in Figure 4.4 for the cases 3 and
13. This data appears alongside the CFT prediction for gs(z) (z), with
the suitably chosen values of the extrapolation lengths =9 and =4, given
in Table 4.2. Once again, we do not plot the eleven other cases but find
similar agreement.

The original derivation of the N~!log N term in [63] is based on a per-
turbative calculation. By varying the position of a boundary near a
corner by a distance =, one obtains the variation of the free energy as
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P log N + ¢ ()
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Figure 4.3: The function gs(o) log N + gs(l)(x) as a function of x for N =

800 and ¢ = 2 for the cases 8 and 12. For the data points, gs(o) and
gs(l)(x) are obtained by fitting (4.24), whereas the solid curve is the

CF'T prediction for these two functions with the data of Table 4.2.

a function of the perturbation, and then integrates it to obtain gS(Q) (x).

On the skirt domain, there are two corners, each of internal angle 27,
and in this case, one can perform two separate perturbations near those
corners. One can then assign an extrapolation length to each of the
two slits, denoted Z5 and Z4. This generalised result with two distinct
extrapolation lengths is necessary to correctly reproduce the data for
the cases 9 to 13, for which =9 # Z4. In the general case, our numerics
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Figure 4.4: The function gS(Q) (x) for the XX spin chain for ¢ = 2 for the
cases 3 and 13. The data points are obtained by fitting (4.24), whereas
the solid lines are the CF'T predictions with the conformal weights and
extrapolation lengths fixed as in Table 4.2.

reveal that the extrapolation lengths are

[1]

9=1-—ng, Z4=1—ny, (4.27)

where n;, with ¢ = 2,4, is the length of the spin state s; defined in Sec-
tion 4.2.2 inserted on the corner ¢. Similarly to the previous chapter, we
interpret this result in terms of the effective length of the system, which
depends on spin states inserted on the corners and on the boundary
conditions.
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Figure 4.5: The bipartite fidelity F.°?” as a function of x for N = 800
(top panel) and as a function of N for z = % (bottom panel). In both
cases, the fugacity is set to v = 2 COS(%) with ¢ = 2. The data points are
computed from the determinant (4.20), whereas the solid line is (4.28c).

4.4.2 Critical dense polymers

We now study the large-N expansion for the bipartite fidelity for the
model of dense polymers on the skirt lattice. In Section 4.3.1, we ob-
tained closed-form expressions for F.°"” for two specialisations: (i) x =
1/2 with arbitrary ¢, and (ii) ¢ = 0 with arbitrary z. We extract the
asymptotic behaviour in these two cases using arguments that are similar
to those presented in Section 2.4. We obtain

log 2

1
-FsCDP|$:l = —§logN—i— +4A5"" log 2
2
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+=(=1+12log A —log 7 + 4log2) + O(N 1) (4.28a)

N |

and

1
E(GS(QU) + Gs(1 —x))

1
- §(mlogx+ (1 —2x)log(l —x)+2log?2)

1
]:;CDP|¢:O — _5 logN _

1
+5(=1+12log A —logr +4log 2) + O(N™Y), (4.28b)

where we recall that Gs(z) and AZP” are defined in (1.87) and (3.95),
respectively.

We performed numerical evaluations of the determinant expression (4.20)
for values of x and ¢ that do not enter the specialisations (i) and (ii).
In Figure 4.5, we plot the results for the value ¢ = 2. From the exact
results (4.28) and our numerical experiments, we conjecture that the
general formula is

1 1
]::SCDP = —§IOgN - E(Gs(x) + Gs(l - 1‘))

+4A37" (zlogx + (1 — ) log(1 — ) + 2log 2)

1
+5(=1+12log A —logr +4log 2) + O(NY). (4.28¢)

This conjecture reproduces the numerical results with good precision, in
the sense of (3.85). Moreover, it also coincides with the CFT prediction
(4.1) for case (i), with gs(o) given in (4.3), gs(l)(x) in (4.4), 93(2) (x) in (4.7),
the conformal data specified to

c= -2, A5 = AgDP, (4.28d)
the non-universal constant taking the value

1
Cl = 5(—1+1210gA—10g7r+410g2), (4.28e)
and with vanishing extrapolation lengths: Zy = =24 = 0. Indeed, since
the conditions at the two slits’ endpoints are identical, we must have
E9 = Z4. From the exact results (4.28) and the numerical evalua-
tions, we find that the term proportional to N~!log N vanishes, namely
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gS(Q) (x) = 0. A glance at (4.8) indicates that this is only possible if both
extrapolation lengths vanish.

The values (4.28d) are precisely those expected in the conformal de-
scription of the model of dense polymers. Indeed, there is no change of
boundary condition at the endpoints of the slits. Moreover, the bound-
ary conditions in the legs A and B are known to correspond to the
groundstate of the model. Both of these features correspond to iden-
tity fields with the dimension A = 0. Similarly to what is discussed
in Section 3.4.2, the bulk field at z = z5 assigns weights a # 0 to the

non-contractible loops and has the conformal weight AgDP .

4.5 Summary of the main results

In this chapter, we investigated the bipartite fidelity on the skirt geom-
etry. In the context of CF'T, this quantity is related to the five-point
function of fields inserted on the skirt domain. We obtained new predic-
tions for the leading terms in the asymptotic large-IN expansions of F;
up to order N~ !log N in two distinct cases, and hence generalise an ear-
lier result of Dubail and Stéphan. In the first case, the only non-trivial
field is the spinless primary bulk field inserted at infinity. In the second
case, the five fields are vertex operators. We compared these predictions
with exact and numerical lattice calculations and found a precise match
for the XX spin chain and the model of critical dense polymers.

In the XX spin chain, we investigated thirteen instances of the bipartite
fidelity. We considered various overlaps between the groundstate of the
whole periodic system in the zero magnetisation sector, the groundstates
of the subsystems A and B with free boundary conditions in the mag-
netisation sectors m4 and mp, and fixed spin states s and s4 on both
slits endpoints. We expressed these instances of the bipartite fidelity
as determinants that we investigated with numerical evaluations. In the
CF'T, the insertion of spin states with fixed magnetisation m corresponds
to inserting magnetic operators, whereas the presence of twist lines ¢
connecting certain points of the domain correspond to inserting elec-
tric operators. Hence, our investigation of the bipartite fidelity on the
skirt geometry is related to correlators that mix electric and magnetic
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operators. Our numerical analysis reveals that these mixed correlators
take the simple form (3.4) for vertex operators. This factorisation of
the n-point functions is the expected result for a free CFT [36], however
it is interesting to recover this property from the scaling limit of lat-
tice calculations. We found that the charges of the magnetic operators
are ¢ = m and their conformal weights are A,, = m?/2, whereas the
conformal weight of the electric operator related to the twist ¢ is A;fx.
These are the known conformal data of the XX spin chain. Our numer-
ical investigations of the term of order N~!log N suggests that we must
assign an independent extrapolation length =;, ¢« = 2,4, to each corner.
We found that the extrapolation lengths depend linearly on the lengths
n; of the spin states inserted on each corner via the relation Z; = 1 —n;.

Finally, we investigated the bipartite fidelity £°"” in the model of crit-
ical dense polymers on the skirt lattice. On this geometry there is only
one family of non-contractible loops with fugacity a = 2 COS(%), whereas
contractible loops have the fugacity 8 = 0. The CFT interpretation is
the same as on the periodic pants geometry, namely this choice for the
loop fugacities amounts to inserting a bulk operator with conformal
weight AZP" = %(f—z —1). We expressed F°P" in closed form for two
specific combinations of the aspect ratio and the twist angle, and inves-
tigated its asymptotic behaviour for large N and fixed aspect ratio. We
used numerical evaluations of determinants for other arbitrary values of
x and ¢. Our results are in agreement with our CFT prediction for the
first case, where there is only one non-trivial field inserted as infinity.
Moreover, we found that the extrapolation lengths associated to both

corners vanish.



148 CHAPTER 4. BIPARTITE FIDELITY ON THE SKIRT GEOMETRY




Conclusion and outlooks of Part |

In the first part of the thesis, we investigated the bipartite fidelity in the
context of CFT and related critical lattice models in low dimensions.
We provided original results in the context of non-unitary CFT and
systems with periodic boundary conditions, with the systematic aim
of comparing the asymptotic limit of exact or numerical lattice results
with new or existing CFT predictions. For the lattice calculations, we
focused on two critical lattice models: the XX spin chain and the model
of critical dense polymers. In all the cases we considered, we found a
systematic match between the CFT and lattice results.

To conclude, we mention a selection of future developments and gener-
alisations of our work that we believe are worthy of investigation. The
lattice derivations that we presented in the previous chapters use the ex-
act diagonalisation of free-fermion Hamiltonians and related free-fermion
techniques, such as Wick’s theorem. An important development would
be to repeat our calculations for genuinely interacting models, such as
the XX7Z spin chain with anisotropy A # 0, or dense loop models where
bulk loops have a fugacigy 8 # 0. Exact results and conjectures ex-
ist for the bipartite fidelity of the XXZ spin chain at A = —1/2 with
diagonal boundary magnetic fields [5, 137, 164]. These results rely on
the extraordinary structure of the groundstate of the XXZ spin chain
at its so-called combinatorial point [165-173]. We expect that similar
arguments will allow us to investigate the bipartite fidelity of the XXZ
spin chain at the combinatorial point on other geometries, such as the

149
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periodic pants lattice. However, the case of arbitrary A remains elu-
sive. A main challenge is to understand whether the tools developed
in the context of the algebraic Bethe ansatz [58], and most notably the
celebrated Slavnov formula for the overlap of Bethe states [174], can
be adapted to evaluate the bipartite fidelity of interacting integrable
systems. Another interesting avenue would be to use the framework of
the quantum separation of variables [175,176] and understand whether
the bipartite fidelity takes a simple form in the separated basis. In his
doctoral dissertation, Liénardy derived a plethora of explicit expressions
and conjectures for multipartite fidelities in the XXZ spin chain at the
combinatorial point [177]. These quantities generalise the bipartite fi-
delity when there are more than two subsystems. We believe that, as for
the bipartite fidelity, it would be a major achievement to generalise these
results for other integrable models by means of Bethe ansatz techniques

or the quantum separation of variables.

An important result of this thesis concerns the bipartite fidelity on the
flat pants geometry in the case where logarithmic fields are inserted on
the domain. From the LCFT perspective, our calculation corresponds
to the simplest case where two logarithmic fields from a rank-two Jordan
cell are inserted on the flat pants domain. In this case, we observed that
the difference between the LCFT result and the equivalent CFT result
for primary fields only differs by a universal constant that is independent
on the conformal data of the theory. A natural question is whether
this result remains valid for generic settings of the fields. One could
for instance generalise our LCFT arguments to the case where more
logarithmic fields, possibly from Jordan cell with ranks higher than two,
are inserted on the flat pants domain. Another generalisation would be
to insert logarithmic fields on the periodic pants and the skirt domains,
and compare the results with our CFT prediction for primary fields. A
parallel challenge would be to define lattice observables whose scaling
behaviour reproduces the LCFT predictions for these new settings of
logarithmic fields, and compare the new LCFT predictions with these
lattice results.

Finally, we believe that the bipartite fidelity is a useful tool to compute
the structure constants Cjo3 that arise in the three-point functions (1.23).
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Computing a correlation function of a lattice model for a number of arbi-
trarily located positions in the complex plane is in general a notoriously
difficult task, even for two-point functions. In this case, a simple way to
measure the conformal dimension A; that appears in a two-point corre-
lator is to consider the problem defined on an infinite cylinder and insert
the two fields at infinity at the endpoints of this cylinder. The dimension
A; appears in the 1/N finite-size correction term of the largest eigen-
value of the transfer matrix. Similarly for the three-point functions, the
periodic pants and skirt domains are useful as they have three points at
infinity where the three fields can be inserted. This idea has the potential
to make the lattice computation of C123 a manageable problem.
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Part 11

Dynamics of
symmetry-resolved
entanglement
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Quantum quenches and symmetry resolution

The nonequilibrium dynamics of isolated quantum systems received con-
siderable attention over the last two decades [42,45,59,178-180]. In
particular, the entanglement dynamics plays a fundamental role in our
understanding of numerous aspects of quantum many-body systems out
of equilibrium, such as the equilibration and thermalisation of isolated
many-body systems [42,180-183], the emergence of thermodynamics in
quantum systems [43, 184—186] or the effectiveness of classical comput-
ers to simulate quantum dynamics [187-191]. In one-dimensional quan-
tum integrable systems, the entanglement dynamics after a quantum
quench [45-47] is well described and understood in terms of the quasi-
particle picture [43-45,49,50]. These theoretical developments benefited
from pioneering cold-atom and ion-trap experiments that were able to
probe isolated quantum systems at large time-scales with an unprece-
dented precision [60,192-197]. Most notably, it has been possible to mea-
sure the entanglement of many-body systems out of equilibrium [51-54].

Symmetries and entanglement are two pillars of modern condensed mat-
ter physics, and in the following we investigate their interplay in the con-
text of isolated quantum many-body systems out of equilibrium. In the
case where the system has a global symmetry, the entanglement splits
between the various symmetry sectors, and understanding this symme-
try resolution of entanglement [64—66] is a problem that attracted a lot
of attention recently. The first surprising result, obtained independently

155
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and with different techniques by Goldstein and Sela [65] and Xavier, Al-
caraz and Sierra [66], is the so-called equipartition of the entanglement
entropy. It states that the contribution of each symmetry sector to the
total entanglement is the same, up to corrections that vanish in the
scaling limit. The properties of symmetry-resolved entanglement mea-
sures have since been investigated in numerous contexts, such as CFT
and critical lattice models [65, 66, 198-204], systems with symmetry-
protected topological phases [205-207], integrable systems and field the-
ories [208-214], quantum models in two dimensions [215, 216], disor-
dered systems [217], high-energy physics [218, 219], systems with non-
abelian symmetries [220], non-complementary subsystems [221,222] and
quantum many-body systems out of equilibrium [52,67,69]. Moreover,
symmetry-resolved quantities have already been measured experimen-
tally [68] and play a role in the detection of entanglement in quantum
many-body systems [223].

The second part of the thesis is dedicated to the investigation of the
nonequilibrium dynamics of symmetry-resolved entanglement measures
following a global quantum quench. In this chapter, we review the con-
cepts of quantum quenches in integrable systems and the description of
the subsequent entanglement dynamics in terms of the quasiparticle pic-
ture. We also define the symmetry-resolved entanglement entropies and
discuss useful analytical methods in the context of free-fermion models.

6.1 Entanglement dynamics after a quench

In the following, we discuss chosen aspects of the entanglement dynamics
after a quench in integrable systems. For further details, we recommend
the pedagogical reviews [43,44,180] and references therein.

6.1.1 What is a quantum quench?

Let us consider an isolated quantum many-body system described by
a Hamiltonian H () that depends on a parameter A, such as an exter-
nal magnetic field or a coupling constant. At time ¢ < 0 the system
is prepared in the groundstate [¢g) of H()g), that we assume to be
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non-degenerate, for simplicity. At t = 0, the value of the parameter is
modified abruptly from Ag to A, and for times ¢t > 0 the system un-
dergoes a unitary evolution governed by the Hamiltonian H(\). The
time-dependent state of the system is

() = e N [ghg) (6.1)

in units where i = 1. The initial state |1)) is in general not an eigenstate
of the Hamiltonian H()). As a consequence, the quantum expectation
values of time-independent observables have a non-trivial dependence
on time, and we say that the system is in a nonequilibrium situation.
Such a protocol is known as a quantum quench [45-47]. In the literature,
this denomination often includes situations where the system is prepared
in an initial state |1g) that is not an eigenstate of the Hamiltonian H
that governs the subsequent unitary time evolution. Indeed, it is always
formally possible to construct a Hamiltonian Hy such that |t¢g) is its
groundstate and interpret the situation as a quench from A =0to A =1
with the Hamiltonian H(X) = (1 — A\)Ho + A\H.

In the following, we focus on so-called global quantum quenches. In this
context, the initial state |tp) has a non-zero overlap with an exponential
number of eigenstates of H in the limit of large system size. In particular,
|1ho) cannot be considered as a small perturbation from the groundstate
of H. A defining property of global quantum quenches is that the en-
ergy density in the initial state (and hence in the time-dependent state,
because the energy is conserved) is larger than the groundstate energy
per site. Performing a global quantum quench thus adds an extensive
amount of energy in the system. For a one-dimensional system of length
L, this translates to [180]

H E
lim (0| H |1bo) S lim Fs

L—o0 L L—oo

(6.2)

where Fgg is the groundstate energy of H.

6.1.2 Relaxation in isolated quantum systems

Relaxation and thermalisation are ubiquitous phenomena in the physics
of nonequilibrium many-body systems. A quantum system out of equi-
librium is described by a time-dependent density matrix p(t), and the
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system relaxes if the density matrix reaches a stationary state, namely
if the limit
p(o0) = lim p(¢) (6.3)

t—o00
exists. More precisely, we say that the system relaxes to the statistical
ensemble FE if p(t) converges to the corresponding density matrix pg:
p(00) = pg. For example, the canonical (or Gibbs) ensemble is described

by the thermal density matrix
1
PGibbs = EefﬁH, Z=Tre M, (6.4)

where Z is the partition function that ensures the normalisation of the
density matrix, 5 is the inverse temperature and H is the Hamiltonian.
When the system relaxes to a Gibbs ensemble, we say that it thermalises.

After a quantum quench in an isolated quantum system, the system
remains in a pure state [¢)(t)) and is described by the density matrix
p(t) = |¢(t))(¥(t)|. Because of the unitary time evolution (6.1), the
system does not relax. Numerous experiments [51-54,60,192-197] show
that, while the system indeed remains in a pure state, the average val-
ues of local observables can become stationary and be described by a
stationary ensemble. For an isolated quantum system, we extend the
definition of relaxation and say that the system relaxes to the ensem-
ble F if, for any finite subsystem A embedded in an infinite system AUB,
the reduced density matrix pa(t) = Trpp(t) reaches the stationary state
pa(00) = pap = Trppp [43,44,180]. The idea behind the definition of
relaxation for isolated quantum systems is that for any finite subsystem
A, the infinitely large complementary subsystem B plays the role of the

environment.

Conservation laws and integrability. The conservation laws of a
quantum system drastically influence the stationary ensemble that de-
scribes its stationary behaviour. Since we are dealing with isolated sys-
tem, energy is always a conserved quantity. In the absence of other
conserved quantities, isolated quantum systems are believed to ther-
malise [180]. In stark contrast, integrable systems are counter exam-
ples of systems that never thermalise. Because of their large number
of conserved quantities (which diverges in the thermodynamic limit),
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the dynamics is constrained and the final stationary state is instead de-
scribed by a generalised Gibbs ensemble (GGE) [59]. It is important
to stress that in a quantum system, it is possible to construct trivial
conserved charges that are highly non-local. For instance, a projector
onto an eigenstate [1.) of the Hamiltonian is trivially conserved through
the time evolution,

(1)) (Wel o (t)) = (Wole™ |9he) (Wele ™ 1po) = (o|te) (Weltbo), (6.5)

but it should not be included as a conserved charge in the GGE de-
scription of the stationary state. The notion of quasilocality [224] is a
criterion that allows one to select the relevant conserved charges that
play a role in the dynamics of the system. If we denote by {I;} the set of
quasilocal charges of an integrable system, the associated GGE density
matrix is

PGGE = %e* X8l g =Ty o” 258l (6.6)

Here, the quantities 3; are the so-called generalised inverse tempera-
tures, which are fixed by the conservation relations

Tr(pccrl;) = (olljlvo). (6.7)

Entanglement and thermodynamics. The thermodynamic entropy
of a statistical ensemble F is Sp = —Tr(pglog pr), and it is extensive
in the thermodynamic limit. For a system of volume V', the following

limit defines the thermodynamic entropy density sg:

sp = lim S—E (6.8)

V—oo

For any subsystem A with volume V4, we also have

limy 00 Sap

li 6.9
VAlgloo VA B ( )
where Sy g = —Tr(pa plogpa,r) is the thermodynamic entropy of sub-

system A. With these properties, we conclude that if an isolated quan-
tum system relaxes towards a statistical ensemble E, the stationary
value of the entanglement entropy of any subsystem A of volume Vj4
embedded in a system of volume V' satisfies [43,44]

lim limy 00 S1(00) — lim limy o0 Tr(pa(oo)log pa(co))

Va—00 VA Vai—00 VA
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limy o Tr(pa,plogpa k)

= — N
VAlgloo VA
. limy o0 Sa.E
= lim —————
VAHOO VA
= SEg. (6.10)

The interpretation of this relation is that, in the thermodynamic limit,
the thermodynamic entropy density in the stationary state corresponds
to the entanglement entropy density accumulated during the unitary
time evolution [43]. Understanding how the entanglement entropy grows
in time to reach its stationary value is crucial to unveil how thermody-
namics and statistical ensemble arise from the unitary quantum dynam-

ics.

6.1.3 The quasiparticle picture

In this section, we discuss a physical picture, known as the quasiparti-
cle picture [45,49,50], that allows one to predict the time evolution of
the entanglement entropy after a global quantum quench from a low-
entangled initial state in a one-dimensional quantum integrable model.
As we discussed in Section 6.1.1, the initial state has an extensive ex-
cess of energy with respect to the groundstate, and it is regarded as a
source of quasiparticle excitations. These quasiparticles are assumed to
be produced in pairs with opposite momenta k£ and —k and velocity vy.
For spin chains with local interactions, the Lieb-Robinson bound [225]
guarantees that there is a maximum value vy, for the possible velocities
of the quasiparticles. Moreover, the quasiparticles are assumed to move
ballistically through the system. The key assumption of this description
is that the quasiparticles emitted from different points are incoherent,
while those emitted from the same point are entangled and spread the
entanglement and the correlations through the system. In particular,
the entanglement between two parts of the system is proportional to the
number of entangled pairs of quasiparticles they share.

In the following, we consider two cases where A is a subsystem of length
£ embedded in a system of length L. In the first case, A is a single
interval of length £, whereas in the second case A = Ay U Ay consists of
two subsystems A; and As that are intervals of respective lengths ¢ and
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Figure 6.1: Illustration of the quasiparticle picture for the entanglement
spreading in a one-dimensional integrable system. The arrows indicate
the propagation of the quasiparticles with the largest velocity vy;.

ly = £ —{q separated by a distance d. In stark contrast with Part I, here
we always take the thermodynamic limit L — oo before investigating the
limit where the subsystem A becomes large. In that way, the subsystem
A can always be seen as embedded in an infinite system, and the ideas
developed in the previous sections apply. In that context, the scaling
limit corresponds to the limit L — oo followed by the limits (i) ¢, — oo
where the ratio ¢/¢ is kept fixed for the first case, and (ii) ¢, ¢1,d,t — oo
with the ratios ¢1/¢, d/¢ and t// fixed for the second case.

Single interval

In the case where A is a single interval of length ¢, the quasiparticle
picture predicts that the entanglement entropy evolves as [45]

Si(t) = Qt/ dk vs(k) + f/ dk s(k) (6.11)
2upt<l 2upt>L

in the scaling limit. Here, the function s(k) depends on the rate of pro-
duction of the quasiparticles with momentum +k and their contribution
to the entanglement entropy. This situation is illustrated in Figure 6.1.
The two terms of Eq. (6.11) give two different regimes as the entropy
evolves in time. For times ¢ < ¢/(2vys), the domain of integration of
the second integral vanishes, and the entropy grows linearly in time.
For larger times, the entanglement entropy growth slows down, and for
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t > £/2v)s the entanglement entropy saturates to a value that is exten-
sive in the subsystem length, namely

Sy (00) = e/dk s(k). (6.12)

To give predictive power to the quasiparticle result (6.11), one needs to
compute the function s(k), which depends strongly on the model and on
the initial state. For free-fermion models, and Alba and Calabrese [49]
derived an exact formula for s(k). The main idea is to compare the
stationary value (6.10) with the large-time limit of S1(¢) in (6.12). They
find

s(k) = 5 (~nilog g — (1= ng)log(1 —ng))  (6.13)

where ny, is the probability of occupation of the mode k in the stationary
state. The entanglement entropy is thus

Si(t) = / %(—nk logng — (1 — ng) log(1 — ng)) min(4, 2v,t)  (6.14)

where we use the function min(4, 2vit) to recast the sum of two integrals
in (6.11) in a simpler form. For free-fermion models, the result (6.11)
also holds for the Rényi entropies S,, with the replacement [226]

_ 1 1
S 2rl—nm

s(k) — sp(k)

log(n} + (1 — ng)™). (6.15)

We recall that Rényi entropies are entanglement measures defined in
(0.6) that reduce to the entanglement entropy in the limit n — 1.

For generic integrable models, there can be different types of quasi-
particles m with velocities v,im) and kernel s(™ (k). In that case, the
quasiparticle result (6.11) generalises to a sum over all the different
species [44,49,50],

Si(t) =

(2t / de o™ s (k) + ¢ dk s<m>(/<:)>. (6.16)
2v,(€m)t<£

m 2U£m)t>£
In general, it is a daunting task to compute the full entanglement dy-
namics from exact lattice calculations. In a seminal paper, Fagotti and
Calabrese computed the time-dependent entanglement entropy after a
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quench in the XY spin chain [48] with ab-initio calculations, and their
result matches the quasiparticle prediction (6.11) in the scaling limit.
For generic interacting integrable models, the quasiparticle predictions
have been tested with numerical results for the XXZ spin chain [49,50]
and the spin-1 Lai-Sutherland model [227]. We also stress that gener-
alising the quasiparticle picture for the Rényi entropies with n > 1 in
interacting integrable models is still an open problem [226,228-231].

Disjoint intervals

Let us consider the case in which the subsystem A of length ¢ is formed
by two disjoint intervals A1 and As of respective lengths ¢1 and ¢y that
are separated by a distance d. Without loss of generality we consider
01 < lo. In this case, we investigate the mutual information (0.7) to
quantify the entanglement between A; and As. In terms of the quasi-
particle picture, the total mutual information is related to the number
of entangled pairs that, once emitted from the same point, are shared
by the two subsystems at subsequent times.

To gain an intuitive understanding of the general quasiparticle result
for the dynamics of the mutual information, we first assume that the
quasiparticles possess a single velocity v. For short times ¢ < d/(2v),
there are no entangled quasiparticles shared by the two intervals and
the mutual information is zero. At t = d/(2v), the pair of quasiparticles
emitted from the center of the interval of length d reaches the subsystems
Aj and As, and the mutual information starts growing linearly in time.
For (d+4¢1)/(2v) <t < (d+/{2)/(2v), there is a plateau because the rates
of pairs that start and stop being shared are the same. The plateau
is followed by a linear decrease in time up to ¢t = (d + ¢)/2v. For
t > (d + ¢)/2v, there are no longer any quasiparticles shared between
the subsystems, and the mutual information vanishes. Accordingly, the
mutual information is [21,232]

1142 o max(d, 20t) + max(d + £, 2ut)
— max(d + ¢1,2vt) — max(d + lo2,2vt). (6.17)

We illustrate this behaviour in Figure 6.2.
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Figure 6.2: Illustration of the mutual information dynamics in the case
where there is a single velocity for the quasiparticles. At a given time ¢,
the number of quasiparticles shared between A; and As is proportional
to the width of the darker orange region. The typical behaviour of
the mutual information is reported on the vertical plot on the left. It
illustrates the delay before the linear increase, the plateau and the linear
decrease discussed in the main text.
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In the case of a non-trivial dispersion where the quasiparticles with
momenta +k have the velocity vg, the total mutual information reads
[21,49, 50]

Ifh:AQ = /dk s(k)(max(d, 2vit) + max(d + ¢, 2uyt)
— max(d + {1, 2vit) — max(d + {2, 2vit)) (6.18)

in the scaling limit, where s(k) is the same kernel as for the entanglement
entropy in (6.11). For free fermions, s(k) is given in (6.13). In the case of
generic integrable models, (6.18) generalises to a sum over the different
species of quasiparticles, similarly to the entanglement entropy.

6.2 Symmetry-resolved entanglement

In this section we give the general definitions of the main quantities
of interest for this part of the thesis, namely the symmetry-resolved
entanglement entropies. We focus on extended quantum systems with
an internal U(1) symmetry. In particular, we show how to express the
symmetry-resolved quantities in the context of a free-fermion model.
The following discussion is mainly based on the work of Goldstein and
Sela [65] and Xavier, Alcaraz and Sierra [66], but we use the conventions
of Bonsignori, Ruggiero and Calabrese [198]. For the interested reader,
we recommend the latter article for a pedagogical introduction to the

subject.

6.2.1 Symmetry resolution

We consider an extended quantum system with an internal U(1) sym-
metry generated by a global operator @) that is a sum of local operators.
In particular, @ splits as a sum of two operators, Q = Q4 + @p, in the
case of a bipartition in two complementary subsystems A and B. Here
Qs, s = A, B, acts on the degrees of freedom of the subsystem s. We
also assume that the system is in an eigenstate [g) of Q. As a con-
sequence, the density matrix p = |¢g)(¥g| commutes with the charge,
[p, @] = 0. In the case of a bipartition, the trace over the degrees of
freedom of subsystem B in the commutation relation [p, Q] = 0 yields
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[pA,Qa] = 0. This relation implies that the reduced density matrix pa
acquires a block diagonal form, where each block corresponds to a given
eigenvalue ¢ of Q) 4. We thus have

pa = ®qllgpa = ®4[p(q)pa(q)] (6.19)

where 11, is the projector on the eigenspace corresponding to the eigen-
value ¢, and p(q) = Tr(II;p4) is the probability that a measurement
of Q4 gives g as outcome. The reduced density matrix in the sector ¢
is normalised so that Trpa(q) = 1. The average value of the charge in
subsystem A, denoted (Q4), is

(Qa) = Tr(paQa). (6.20)

The block structure of the reduced density matrix induces a decompo-
sition of the entanglement entropy into contributions associated to each
charge sector. For example, plugging (6.19) into the definition of the
entanglement entropy (0.4), we obtain

Zp )S1(q Zp ) log(p =S5+ 5" (6.21)

where S1(q) is the symmetry-resolved entanglement entropy associated
to the charge sector g,

$1(q) = —Tr(pa(a) og pa(a)). (6.22)

The two terms in (6.21) are the so-called configurational entropy (S€) [52
233-235] and number entropy (S™) [52,236-241]. The former quantifies
the average of the entanglement in each charge sector, whereas the latter
measures the entropy caused by the fluctuations of the value of the
charge within subsystem A.

Similarly, the symmetry-resolved Rényi entropies are defined as

1
Sn(q) = T log Trpa(q)"™. (6.23)

There is an expression similar to (6.21) that expresses the total Rényi
entropies in terms of the symmetry-resolved one [199], but we do not
use it in the following and do not reproduce it here.
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In principle, the evaluation of the symmetry-resolved contributions re-
quires the knowledge of the resolution of the spectrum of p4 in Q4. This
is a highly non-trivial problem, mainly because of the non-local nature
of the projector II,;. A different strategy, put forward in [65,66], is based

on the evaluation of the charged moments
Zn(a) = Tr(phel*94). (6.24)

We mention that the charged moments evaluated at o = 0 are propor-

tional to the total entanglement entropies,

o= i —log Zn(0),  S1= —(0nZn(0)|n=1- (6.25)

The symmetry-resolved entanglement entropies are obtained from the
Fourier transform of the charged moments,

Z,(q) = /7r ;l—:e*iqaZn(a) = Tr(II,p%), (6.26)
and read
5.0 = 108 (5). Sl =-0u(F50)| - (621
Finally, the probability p(q) is
p(q) = Z1(q)- (6.28)

6.2.2 Free fermions

The charged moments Z,(«) are the key ingredients in the definition of
the symmetry-resolved entanglement entropies. In this section, we show
how to compute Z,(«) in the tight-binding model, a one-dimensional
free-fermion model with a U(1) symmetry. For a chain of size L with
periodic boundary conditions, the Hamiltonian is
L
H= Z(C;Cj+1 + c;r»ch). (6.29)
j=1

Here, ¢; and c;[ are the canonical fermionic annihilation and creation

operators on site j, that satisfy the anticommutation relations {¢;, c;r} =
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9i; and {c;,¢j} = {cj,c}} = 0. Up to a sign, (6.29) is the Hamilto-
nian (1.54) with periodic boundary conditions, and is thus equivalent to
the XX spin chain via the Jordan-Wigner transformation (1.52). The

conserved charge is the fermion number

L
Q=> e, (6.30)
j=1
and it trivially splits as
Q:Zc}cj—i—Zc;cj:QA—i—QB (6.31)
jeEA JjEB

in the case of a bipartition in two complementary subsystems A and B.
We consider the case where A is a subsystem of size ¢, but the following
results are independent of the topology of A.

In the following, we consider states |¢y) that satisfy the factorisation
property

n
<1/}0’ca:1 e anCln+1 T Cl’gn W}O> = idj‘.e:t1<¢0‘carici:n+j W}O> (6'32)

Such states are often denoted Slater determinants in the literature [242],
and are ubiquitous in free-fermion models. For instance, the eigen-
states of free-fermion Hamiltonians satisfy (6.32), and when |t) is the
fermionic vacuum |0), the condition (6.32) is equivalent to Wick’s the-
orem (2.62). Another aspect of free-fermion models is that many oper-
ators G can be expressed as exponentials of quadratic forms of fermion
operators,
~ Y Gijele;

G=ge , (6.33)
where g is a constant and G is a diagonalisable matrix. Such operators
are denoted Gaussian operators. In particular, when the whole system
is in a state |1g) that satisfies (6.32), the reduced density matrix of A is
Gaussian and reads
1 —Thijele

2,

pa = e

— S hijele
Z )

. Z= Tr<e o (6.34)

The matrix h depends on the state |1g), but we do not need its explicit
form. Since p4 is a Gaussian operator, it is completely determined by
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the two-point correlation matrix Cy = <¢0\c;ﬂcm/\wo>, with z,2" € A
[125,242,243]. By definition, we have

[Calpw = Tr(pachey), xa' €A (6.35)
and the eigenvalues of h and C4, respectively denoted ¢; and &, satisfy
1

&= (e*+1)" (6.36)

Because py commutes with @4, and hence with the Gaussian operator
¢l®@4 | the relation between p4 and C'4 can be generalised to the charged
moments Z,(a) (6.24) as [65]

log Zn(a) = Trlog [(Ca)"e™ + (1 — Ca)"] . (6.37)
For later convenience, we define the matrix J4 as
Ja=2C4 -1, (6.38)

where I, is the £ x ¢ identity matrix. We denote the eigenvalues of Jy

by v;, i =1,...,£, and write the charged moments as

log Zn(a ZlogKH”’) eia+<1_2”i>n] (6.39)

To perform analytical calculations, it is useful to express the charged

moments as a Taylor series in TrJ’'. We thus introduce the function

hno(z) and the coefficients ¢, o(m) as

hn,a(x):logKl;x)nei%r(1_90) } ch (6.40)

and conclude

log Z,,( Z Cn,a(m)TrJy. (6.41)

As we shall see in the subsequent chapters, the precise form of the coef-
ficients ¢, o(m) is not needed.
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6.3 Organisation of Part II

After a quantum quench in the tight binding model (6.29), if the initial

state [1g) is a Slater determinant, then time-evolved state

[(t)) = e~ o) (6.42)

also satisfies (6.32) at all times during the unitary evolution. In the
following, we use this property to investigate the quench dynamics of
symmetry-resolved entanglement measures in the tight-binding model.
We consider quenches from two low-entangled initial states [¢g) that
(i) are Slater determinants, (i) are eigenstates of the fermion number
operator (), and (iii) whose time-dependent correlation matrix C4(t) =
(oleltH cheyre ™ |1ho), with z,2 € A, is exactly known when H is the
tight-binding Hamiltonian. The states we consider are the Néel and the
dimer states, written |N) and |D), respectively. For a system of even
length L and with the conventions of Section 1.2.2, they read

L/2 L2
|N) = ® H/T>2j71,2j = Hcgj‘()%
= = (6.43)

|D> _ é/j [HT> - ’\1\/2”2]‘172]- _ i_[/2 cgj ?/;gjl

Despite their apparent simplicity, these two states are relevant to inves-

0).
j=1 j=1
tigate realistic quantum many-body systems. In particular, they can be
engineered in cold-atom and ion-trap experiments [53,244].

In Chapter 7, we derive exact expressions for the charged moments Z,, ()
after the quenches from the Néel and the dimer states. We use these
results to investigate the symmetry-resolved Rényi entropies in both
cases. In particular, we find that the symmetry-resolved entanglement
entropies (i) start growing after a time delay that depends on the charge
sector, and (ii) exhibit an effective equipartition in the scaling limit. We
argue that the behaviour of the charged moments can qualitatively be
understood in terms of the quasiparticle picture for free-fermion models,
and we conjecture an analogous result for generic integrable models. We
also study the dynamics of the number entropy for both quenches, and
find that it grows logarithmically in time before saturating to a value
proportional to the logarithm of the subsystem size.
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We investigate the case where the subsystem consists of two disjoint in-
tervals in Chapter 8. In particular, we define a symmetry-resolved mu-
tual information and express it in terms of doubly-charged moments that
depend on two U(1) charges. For free-fermion models, we express these
doubly-charged moments in terms of two-point correlation matrices. We
use these results to investigate the dynamics of the symmetry-resolved
mutual information after the quenches from the Néel and the dimer
states, and find an effective equipartition of the mutual information in
the scaling limit.

We present concluding remarks and outlooks in Chapter 9.
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Symmetry-resolved Rényi entropies after a
quench

In this chapter, we use the known expression of the time-dependent
correlation matrix C4(t) to derive exact results and approximations for
the charged moments, the symmetry-resolved Rényi entropies and the
number entropy after the quenches from the Néel state |N) and the
dimer state |D) in the tight-binding model.

We also use the expression of C4(t) to perform numerical checks of our
analytical results. To obtain our numerical results, we diagonalise the
matrix by brute force and use the formula (6.39) to obtain the charged
moments. The numerical Fourier transform yields the symmetry-resolved
moments and entropies. In the following, we consider that our analytical
and numerical results match convincingly if they exhibit the same quali-
tative behaviour, and if the difference between the analytical predictions
and the numerical data decreases drastically with the system size. Since
we use our numerical investigations to support our analytical results but
not to draw new conclusions, we do not quantify the numerical precision
further.

In the following, we consider the case where the system A is a single
interval of £ adjacent sites in an infinite chain with periodic boundary
conditions. Because of the translation invariance of the model and the
structure of the initial states, we choose A = {1,...,¢} and work with

even £. Since the charge Q4 is a conserved quantity, its average value

173
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(Q4), defined in (6.20), is fixed by the initial conditions (N|Q4|N) and
(D|Qa|D). In both cases we have

l

(@) =5 (1)

The results discussed in this chapter were initially presented in the pub-

lications [1,2].

7.1 Quench from the Néel state

The two-point correlation function after a quench from the Néel state
|N), defined in (6.43), in the tight-binding model (6.29) is [C(t)]y» =
(N clc,re H|N) and reads [21]

o | (=D [ dk o) aitcosk
P v ik(x—a itcosk 9
Cl0ew =52+ 5 [ She (7.2

As explained in Section 6.2.2, the expression of the time-dependent cor-
relation matrix is the starting point to compute the charged moments,
and hence the symmetry-resolved entanglement measures. The correla-
tion matrix of subsystem A is C4 = 3(I; + J4) with

[JA)]ze = (1) / ! %eim—ﬂﬁ’)mwsk, z, 2 € {1,2,...,0}. (7.3)

< 2T

7.1.1 Charged moments

The first step to compute the charged moments Z,,(«) is the evaluation
of the trace of powers of J4. Using the exact expression (7.3), it is pos-
sible to perform this calculation analytically using the multidimentional
stationary phase approximation in the scaling limit, where ¢,/ — oo
with a fixed finite ratio t/¢. We adapt the calculations of [48], where the
authors find an exact expression for the time-dependent entanglement
entropy after a quench in the XY spin chain. Their method relies on the
following elements: (i) the correlation matrix is a Toeplitz matrix, and
(ii) the exact expressions for the two-point correlation functions contain
several terms that oscillate and can be neglected in the scaling limit. In
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our case, the correlation matrix in (7.3) satisfies the same properties,
and we find

K

. dk .
TrJa(t)? =0 — / — min(¢, 2vt), TrJa(t)¥ 1 =0, (7.4)

_x 27

with vy = 2|sin k|. We note that, with our normalisation, the maximal
velocity vy = maxgvg is vpr = 2. To compute the charged moments
Zn(a), we evaluate the sum (6.41) with (7.4). We use the fact that
TrJ4(t)™ only depends on the parity of the exponent for m > 0, and
TrJa(t)? = ¢. We find

[e.e]

10g Zn () = Len o (0) + TrJa(t)® > na(2m), (7.5)

m=1

where the coefficients ¢, o(m) are defined in (6.40). To proceed, we no-
tice that the coefficient ¢, o(0) and the sum ">, ¢, o(2m) in fact cor-
respond to the function hy, o(z) from (6.40) evaluated in certain points.
Indeed, we have

¢n,a(0) = hn.a(0)
=(1—n)log2 —i—logcos% —i—ig,

2
oo 7.6)
(1) + fina(—1 (
Z Cn,a(Qm) — < ) ( )+2 , ( ) _ Cn,a(0)>
m=1
o
= (n —1)log2 — log cos 3
It immediately follows that
L« ™ dk )
log Zu () = i€ + / el o (0)] min (£, 204t), (7.7)
or equivalently
aN J
cos § we
Zn(a) = <2n§ ) elts (7.8)
where we introduced the quantity
_ 2 Tdk
Jt)=0—TrJa(t)” = Py min (¢, 2vit). (7.9)
—x 2m

The function J(¢) is an increasing function of time, going from J(t =
0) =0 to J(t = 00) = £. Its time evolution is separated in two distinct
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Figure 7.1: Time evolution of [J(¢)/¢ from (7.9) as a function of t/¢ for
¢ = 100. Left: For small times, we observe the cross-over between the
linear growth and the saturation. The vertical dashed line indicates the
time at which the transition occur and is placed at time t/¢ = 1/4. This
is in agreement with t/¢ = 1/(2vy) and vy = 2. Right: For large time,
J(t)/¢ saturates to the horizontal dashed line that indicates the value
J(t=00)/t =1.

regimes. For short times t < ¢/(2vps), J(t) o t increases linearly with
time. On the other hand, for ¢ > ¢/(2vps) the derivative of J(t) with
respect to ¢ decreases with time, and J(t) eventually saturates to its
asymptotic value £ for large time. These behaviours are illustrated in
Figure 7.1. From the definition (7.9), it is clear that the ratio J(t)/¢ is
a function of ¢/¢, and in the scaling limit we have J(¢)/¢ = O(1). In
the following, we make repeated use of this property.

In Figure 7.2 we compare the prediction (7.8) for the charged moments
Zpn (o) with the numerical results obtained by exact diagonalisation of
the correlation matrix. From the top left, top right and bottom left
panels, we see that the dependence of Z,(«) in t and ¢ is convincingly
reproduced by the exact result. Concerning the a-dependence, we ob-
serve that away from a = m, the analytic prediction and numerical data
match convincingly, even for relatively small . However, as « gets closer
to 7, the difference between the numerical results and the exact predic-
tion gets larger. To highlight this phenomenon, we zoom on the region in
the vicinity of & = 7 in Figure 7.3. Similar discrepencies close to o = 7
were observed in other contexts [198,201], and in this case additional
terms should be included to correctly describe these large corrections.
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Figure 7.2: Comparison between the exact result (7.8) (solid lines) and
numerical results (symbols) for log Z,,(«) after a quench from the Néel
state in the tight-binding model (6.29). Top left: Time evolution of the
real part of log Z,(a) as a function of t/¢ with £ = 120. Top right: Time
evolution of the imaginary part of log Z,(a) as a function of ¢/¢ with
¢ =20 and n = 1. Bottom left: Real part of log Z,(a) as a function of
¢ with t/¢ = 0.5. Bottom right: Real part of log Z,,(a) as a function of
a with ¢t/ =0.5 and n = 1.
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Figure 7.3: Real part of log Z,(«) after a quench from the Néel state
in the tight-binding model (6.29) as a function of o with ¢/¢ = 0.5 and
n = 1 near the value a = 7.

However, this issue will not affect our forthcoming investigations, be-

cause we strongly rely on saddle-point approximations close to o = 0.

7.1.2 Fourier transform

In this section, we compute the symmetry-resolved moments Z,,(q) de-
fined in (6.26) as the Fourier transform of the charged moments Z,,(«).
We express the charge ¢ in terms of the average value of Q4 as ¢ =
Ag+{(Q4). The quantity Ag measures the difference between the charge
sector ¢ and the average value of the charge. By definition, we have

Zu(g) = / dor —iaatay () (7.10)

. 21
where we used (Q4) = g. To proceed, we introduce the function ¢, (q)
Td J .
Calg) = 20777 /ﬂ % <cos%) e—iadd (7.11)

where the function J = J(t) is defined in (7.9). In the scaling limit
where ¢,t — oo with fixed ¢/¢, we use the asymptotic result (7.8) and
find

as

Zn(q) = Calq)- (7.12)
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In finite size however, the function (,(¢) in (7.11) can be negative,
whereas the symmetry-resolved moment Z,(q) as defined in (6.26) are
positive quantities. In particular, Z;(q) is interpreted as a probability,
as we discussed in Section 6.2.1. In the following, we investigate the
properties of the function ¢, (q).

Since the n-dependence in (7.11) is simple, we focus on n = 1. The
integral (i(g) can be evaluated in terms of the Euler Beta function
B(z,y) = Fégigj’;, where I'(z) is the Gamma function. With the in-
tegral representation

B(z,y) = /01 dt t*7 11 —t)v1, (7.13)

the result reads

B I(J+1)
Cl(Q) =2 jr(j+22Aq+2)F(J—22AQ+2) ’

(7.14)

The function ¢ (¢) depends on J = J(t) and hence implicitly on ¢. Since
J(t) is a monotonically increasing function of time, we investigate the
behaviour of (1(gq) as a function of J to understand its time evolution.
However, we plot (1(q) as a function of ¢/¢ in Figure 7.4 to ease the
comparison with forthcoming results.

The function I'(z) has poles when z is a negative integer. Since J > 0, it
follows that (1(q) vanishes when J —2|Ag¢| is a negative even integer. For
other values of J in the regime J < 2|Agq|, the function (;(g) oscillates
in ¢ around zero. We illustrate this behaviour on the top panels of
Figure 7.4. The amplitudes of the oscillations quickly decay to zero
for increasing ¢, an in the scaling limit we have Z1(¢) = (i(q) = 0.
The last zero of the function (;(g) is at position J = 2|Aq| — 2, after
which it starts growing monotonically with J. At J = 2|Aq|, we have
¢1(q) = 2=7. This value becomes negligible in the scaling limit, and
we conclude that Z1(¢) = 0 in the regime J < 2|Ag|, whereas it grows
monotonically in J (en hence in t) for J > 2|Ag|. These behaviours are
illustrated on the bottom panels of Figure 7.4, where we compare the
exact result (7.14) for (i(g) (solid lines) with numerical computations
of Z1(q) (symbols). In particular, on the bottom left panel, we indeed
observe that Zi(q) vanishes for small 7, whereas (i(q) oscillates and
can be negative.
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Figure 7.4: The function (;(¢) in (7.14) after a quench from the Néel
state in the tight-binding model (6.29). Top: Short time regime J <
2|Aq|. Left: (i(q) as a function of ¢/¢ for ¢ = ¢ and various values of /.
As ¢ increases, (1(q) quickly averages to zero. Right: (1(q) as a function
of £ with ¢ = 9¢/10 and fixed J = ¢/100. Bottom: (;(q) (left) and
log ¢1(q)/¢ (right) as a function of ¢/¢ with ¢ = 7¢/10. We compare
the exact formula (7.14) for (;(q) (solid lines) with numerical data for
Z1(q) (symbols). The vertical dashed lines are placed at the value of
t/¢ corresponding to J(t)/¢ = 2|Aq|/¢ = 2/5 in both panels. Left:
(1(q) starts growing monotonically at the value of ¢/¢ corresponding to
J(t) = 2|Aq| — 2. Right: The horizontal dashed line is at position
log ¢1(q) = —2|Ag|log2. All the curves collapse on the point (i(q) =
277 at the value of t/¢ corresponding to J(t) = 2|Aq].
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In the following, we only work in the scaling limit. In the regime J >
2|Aq|, we use Stirling’s formula to derive the asymptotic behaviour of
Z1(q) and find

log Z1(q) = —<§+|Aq|) log (14—@) —<%—|Aq|> log (1_@)

47 1
— —log 27. 1
(J+2Aq)(J—2Aq)> 5 log2m. (7.15)

+%log(

The first line of (7.15) contains the leading terms, the second one gives
the first corrections, and sub-leading terms are omitted.

We have seen that Z1(q) is zero for short J and starts growing at J =
2Aq. These relations can be transferred from the auxiliary variable J to
the physical time ¢. The crossover between the zero-probability regime
and the growing one takes place at a time ¢p that we dub delay time. The
latter is defined by the relation J(tp) = 2|Ag|. In general, this relation
does not allow us to find an explicit expression for tp. However, for
2vpst < £ the definition (7.9) reads

T dk
j(t) = 275/ %Uk, 2upt < /L. (7.16)

—Tr

Since v = 2|sin k| and vy = 2, we find

T dk
4tD/ Q—\Sink\ =2|Aq|, 4tp <, (7.17)
g 2m
and conclude A p
tp = Wﬂ, for |Aq| < —. (7.18)
4 T

For larger |Agq|, there is no explicit expression for ¢tp. In Figure 7.5 we
compare the numerical solution of J(tp) = 2|Aq| (symbols) with the
linear result tp = W% (solid line). For [Ag| < £ the match is perfect,

but for larger Aq the delay grows faster than linearly in |Ag|.

Even though the behaviour of Z;(¢) in the scaling limit is encoded in
(7.14), we also analyse it with the saddle-point approximation. The
reason is that this method is useful in the cases where there are no
analytical formulas for Z(q) comparable to (7.14). We recast (7.12) as

™ d A
Zi(q) = / ﬁem(a)’ h(a) = —iaTQ + %log cos %, (7.19)
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Figure 7.5: Delay tp obtained from the numerical solution of J(tp) =
2|Aq| for ¢ = 240 (symbols) compared with the linear result tp = ﬂ%
(solid line). The dashed vertical line is at position Ag = %.
so that the saddle point o, defined as h'(a*) = 0, is
) 2Aq ) J — 2Aq>
o = —2iarctanh | — | =ilog | =——— | . 7.20
(57) =nes(Fimg)- - 0

We have two regimes, (i) J < 2|Aq|, where a* has a real part, and
(ii) J > 2|Ag|, where a* is purely imaginary. In the first regime, the
real part of a* leads to a non-zero imaginary part of h(a*) and Z1(q)
oscillates quickly in ¢ around zero. This behaviour is the same as the
one we found by analysing the exact formula (7.14). These oscillations
average to zero for all the relevant physics.

Conversely, for J > 2|Aq|, we deform the integration contour to pass
through o* while remaining in the analyticity region of the integrand.
The saddle-point method gives

1

ey [ L
Zila) = ¢ omllh" (o)

(7.21)

The logarithm of this equation precisely gives (7.15), as expected. In
the limit where J > |Aq| we have

2 2442
2=y 7 (7.22)

at leading order.
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7.1.3 Symmetry-resolved Rényi entropies

We now turn to the evaluation of the symmetry-resolved Rényi entropies
in the scaling limit. We insert (7.12) with (7.11) into the definition (6.27)
of S,(q) and find

Sn(q) = Jlog2 + log Z1(q). (7.23)

In particular, S, (g) does not depend on n. In the regime J > 2|Aq|, we
express Z1(q) with (7.14) and obtain an exact result for S, (¢). Following
the discussion of the previous section, the entropies start to grow for
t > tp. In the top panels of Figure 7.6, we compare the exact prediction
(7.23) with numerical results for S,(¢) and find a good agreement. In
particular, Figure 7.6 convincingly shows that the numerical results for
Sn(q) do not depend on n. We thus focus on Si(q) for the rest of this
subsection. We also compare the prediction (7.18) for the delay with
the numerical results in the bottom right panel of Figure 7.6 and again
find a very good agreement.

If in the scaling limit we also take J > |Ag|, we expand (7.23) in powers
of |Ag|/J and find

Sulg) =T <1og2 - 2(ﬁ)2> . (7.24)
J
This equation implies that for small |Ag| there is an effective equiparti-
tion of entanglement between the various symmetry sectors, with viola-
tions of order (Aq)?/f. We report this prediction as dashed lines in the
bottom left panel of Figure 7.6. There appears to be some discrepancies,
close to the delay time, between this approximation and the numerical
results, even for small |Ag|, where one would expect the approxima-
tion to be very accurate. The reason for such disagreement is that at
the delay time we have J(tp) = 0, and hence the subleading terms in
(7.24) cannot be neglected. Looking at (7.15) (or equivalently (7.21)),
we see that the first correction to S,(¢)/¢ in the large-¢ expansion is
proportional to £~ !log¢. In the same panel of Figure 7.6, we add this

2
correction to S, /¢ and report % <10g 2— 2<%) ) —1/(2¢)log ¢ as the

dotted lines. These curves get closer to the numerical data and fit them
convincingly for ¢t > tp, namely in the region where J is significantly



184 SR RENYI ENTROPIES AFTER A QUENCH

0.6 0.6
0.5 0.5
< 04 04
~ ~
=0.3 =03
— o™
95) [95)
0.2 0.2
0.1 0.1
0.0 0.0

t/l
/”
0.12
0.10 ,
< 008
= "
J0.06
0.04
1
0.02
0.00{ =
00 02 04 06 08 10 0 5 10 15 20 25 30 35 40
t/t Agq

Figure 7.6:  Top left and right: Time evolution of the symmetry-resolved
entanglement entropies S, (q) after a quench from the Néel state in the
tight-binding model (6.29). We compare the exact numerical results
for ¢ = 160 and various Aq (symbols) with our prediction (7.23) (solid
line) and find a good agreement. Bottom left: The dashed lines are the
approximation (7.24) and the dotted ones are the same approximation
with the logarithmic correction. Bottom right: Delay time tp for various
Agq and ¢ = 240. The solid line is the analytic prediction (7.18) and the
symbols are the numerical results. They are obtained as the time for
which S;(¢)/¢ = 0.007.
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larger than |Aq|. The correction is of order £~ log ¢ and is thus sublead-
ing in the scaling limit. We conclude that the prediction (7.24) correctly
reproduces the numerical data in the regime J > |Aq].

7.1.4 Total and number entropies

A question worth investigating it whether our results for the symmetry-
resolved entanglement entropy are coherent with the known results for
the dynamics of the total entanglement entropy S;. We also investigate
the contribution of the number entropy S™ to the total entanglement.
To proceed, we insert (7.23) into (6.21) and find

S1=> Zi(9)T log?2, (7.25)

where we used the relation p(q) = 21(q), given in (6.28). With the exact
formula (7.14) it is direct to show that the sum over the probabilities is
Zgzo Z1(q) = 1 in the scaling limit, as expected. We thus recover the
known result for the total entanglement entropy after a quench from the
Néel state [49,50], namely

Si(t) = log2/ % min (4, 2uyt). (7.26)
This result corresponds to the quasiparticle prediction (6.14) with ng =
1/2 and vy, = 2|sin k|. For large times, we have lim;_,~, S1(t) = ¢log 2.
We stress that (7.26) immediately follows from the relation between the
total entanglement and the charged moments (6.25) and our exact result
for Z, () in (7.7). However, the fact that we recover this result from
our formula (7.23) for the symmetry-resolved entanglement entropy and
(6.21) shows that our calculations are consistent.

To better understand the contribution of the charge fluctuation between
the various symmetry sectors to the total entropy, we analyse the number
entropy S™. It is defined in (6.21), providing in our case

4

S" ==Y Z(q)log Zi(q). (7.27)
q=0
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With the same asymptotic calculations as in Section 7.1.2 and the Gaus-
sian approximation (7. 22) for the symmetry-resolved moments, we find

=\ jw Z 2Aq 1 log %) 72AJ(12. (7.28)

Ag=—1/2

The approximation (7.22) holds for J > |Ag|, but this condition is not
met for the extreme values of |Ag| in the sum, where instead we have
J ~ |Aq|. However, such values of the subsystem charge have a very low
probability and hence we nonetheless expect this approximation to give
good results. Since we are in the scaling limit, we transform the sum in
(7.28) into a Gaussian integral. The evaluation is straightforward and
fin

e gn— 1 (1 +1o j”). (7.29)

T2 2
In particular, (7.29) implies that the number entropy grows logarithmi-

cally with time until saturation to a value which is proportional to log /.
This behaviour for the number entropy was observed in many different
contexts [237,238,240)].

In Figure 7.7, we compare the result (7.29) (solid lines) with numerical
evaluations of S™ (symbols), and find a good agreement. The inset
in the left panel shows the time evolution of S™ in a log-linear scale
and highlights the logarithmic growth in time before the saturation.
It directly follows from (7.29) that the large-time limit of the number
entropy is

lim S"(t) = (1 +log f—”) (7.30)

t—o0 2
This asymptotic value is the ordinate of the dotted horizontal line in the
left panel of Figure 7.7. Our analysis shows that the number entropy
has a negligible contribution to the total entropy for large times,

ST
tliglo S0 = O log¥). (7.31)

7.2 Quench from the dimer state

In this section, we adapt the calculations of the previous section in the
case of a quench from the dimer state | D), defined in (6.43), in the tight-
binding model (6.29). Because of the structure of the initial state, the
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Figure 7.7: Evolution of S™ after a quench from the Néel state in the
tight-binding model (6.29) as a function of ¢/¢ for £ = 40 (left panel), and
as a function of £ with ¢t/¢ = 1 (right panel). The prediction (7.29) (solid
line) convincingly matches the numerical results (symbols). In the left
panel, the horizontal dotted line is the asymptotic value 2% <1 + log %T)
for large times. In the same panel, the inset shows S™ as a function of

t/¢ in a log-linear scale.
two-point correlation functions are organised in 2 x 2 matrices

: g :
eltH CQJT_l . <62k,1 62k> e_ltH‘D>. (732)
CQj

CWlin=(D

They read [245]
(5j,kﬂ2 + kaj) (7.33)

DO =

[CO)]jk =
where II,, is

21 —g(k,t)*  f(k,t)

—Tr

— / dk i (—f(kat) g(kat)) (734)

and

f(k,t) =isin ksin(2¢xt),
g(k,t) = e *(cos k + isin k cos(2ext)), (7.35)

€, = cos k.

The correlation matrix Ca(t) = (I + Ja(t)) is the £ x £ matrix whose
entries are [C(t)];x given in (7.33) with j, k € {1,...,¢/2}.
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7.2.1 Charged moments

We compute the trace of J4(t)™ in the scaling limit where ¢,/ — oo
with a fixed finite ratio. The computation is exactly the same as in [48]
and we find

TrJs(t)¥ =0 — / %(1 — (cos k)¥) min(¢, 2uyt), (7.36)

TrJa(t)¥+ =0,

with vy = 2|sink|. As for the quench from the Néel state, the maximal
velocity is vy = 2. We evaluate the sum (6.41) with (7.36) and find
e T dk .
log Z,(a) = 1€§ + —Re[hy, o (cos k)] min(¢, 2uyt) (7.37)

2T

where hy, o(z) is given in (6.40). This result is very similar to the result
(7.7) for the Néel quench, with the difference that the function hy, o(z)
is now evaluated in x = cos k and hence cannot be factorised out of the
integral. In Figure 7.8 we compare this prediction with numerical results
and find a very good agreement.

7.2.2 Fourier transform and symmetry-resolved entropies

We evaluate the symmetry-resoled moments Z,(¢q) with the definition
(6.26) and ¢ = Ag+ (Qa). For a quench from the dimer state, we have
(Qa) = £/2. In the scaling limit, we use the asymptotic result (7.37)
and find

T d - m :
Zn(Q) _ / ﬁe—loqu—i—f_7r %Re[hn,a(cos k)] mln(Z,kat). (738)

Contrarily to the quench from the Néel state, there is no closed-form
expression similar to (7.14) for this integral. However, we can infer the
validity of our two main results, namely the existence of a time delay
that grows linearly in |Ag| for small values of |Agq|, and an effective
equipartition of entanglement broken at order (Aq)?/¢.

For the delay, we analyse (7.38) with the saddle-point approximation in
the regime where 2vyst < £. The saddle-point equation is

T dk
—iAq + it/ 2—(91@ (Re[hn,q(cos k)])2v, = 0 (7.39)
T

—Tr
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Figure 7.8: Comparison between the exact result (7.37) (solid lines) and
numerical results (symbols) for log Z,, («) after a quench from the dimer
state in the tight-binding model (6.29). Top left: Time evolution of the
real part of log Z,(a) as a function of t/¢ with £ = 120. Top right: Time

evolution of the imaginary part of log Z,(a) as a function of ¢/¢ with
¢ =20 and n = 1. Bottom left: Real part of log Z,(a) as a function of
¢ with t/¢ = 0.5. Bottom right: Real part of log Z,,(a) as a function of
a with ¢t/ =0.5 and n = 1.
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S1(q) and Sa(q) after a quench from the dimer state in the tight-binding
model (6.29) for ¢ = 140 and various Aq. We compare the predictions
(7.45) and (7.46) (solid lines) with numerical data (symbols). Bottom:
Delay time tp for various Ag and ¢ = 280. The solid line is the analytic
prediction tp = # and the symbols are the numerical results. They
are obtained as the time for which S; 2(¢)/¢ = 0.011.
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and it admits a solution for imaginary « only. In that case, the integral
J7 95 8o (Re[hn,a(cos k)]) 20y, is a monotonic function of ia, going from

—7 27
4/m at o = —ico to —4/m at o = ioco. It thus follows that (7.39) only
admits a solution for ¢ > #. Hence we find precisely the same delay as

for the Néel quench, with the same self-consistency relation |Ag| < ¢/,
as given in (7.18).

For the equipartition, we expand the charged moments at quadratic

order in «,
o a2
with
T dk 4sin?" k
"= . in (¢, 2ut). 7.41
7 /w 27 (1 + cos k) + (1 — cos k)™)2 min (€, 2vet).  (T.41)

These J™ integrals generalise the function J defined in (7.9). In par-
ticular, we have J 0) — 7. With the quadratic expansion (7.40), we
compute the Fourier transform and find

_ 2842 2
Z.(q) = Zn(0)e 70 /Wj - (7.42)

We insert this result into the definition of the symmetry-resolved en-
tropies (6.27) and find at leading order

1 2A¢? 1 n
Sld) = 7 1oe Za0) = 715 { F@  7m } (7.43)
where we used log Z1(0) = 0. The symmetry-resolved entanglement
entropy is obtained as the limit n — 1 of (7.43), and reads
_ 2Aq2 (anj(n))‘nzl
S1(q) = —(0nZn(0))|n=1 — 0 { O 1}. (7.44)

Equations (7.43) and (7.44) are physically equivalent to (7.24). Similarly
to the case of a quench from the Néel state, the match with the numerical
data is better when we include the sub-leading terms that arise from the
square root present in (7.42). The expansion of the entropies with this
correction reads

_ 1 280 (1
Sn(q) = 1_nloan(0) B (1—n){j(") - j(l)}
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1. 2 1 Jm
T loe = 3= 8 (7O

(7.45)

and the limit n — 1 is

(n)
$1(@) = ~(OnZn(O)or — (O et )

JO JO
L. 2 1/(00T™)|n= 1)

We compare these predictions with numerical results in Figure 7.9. As
expected, the delay is not well reproduced by the approximation for
large |Aq|, but the asymptotic values match convincingly. In the same
figure we report the delays for S1(q) and S2(¢) and compare them with
#. For S1(q), the match is good. We expect that
finite-size effect play an increasing role for larger values of n and |Ag|,

the prediction tp =

and indeed the match is less precise for Sa(q) at large |Aq]|.

7.2.3 Total and number entropies

As in Section 7.1.4, we verify that our results for the symmetry-resolved
entanglement entropy are compatible with previously known results re-
garding the time evolution of the total entropy. We also investigate
the behaviour of the number entropy and its contribution to the total
entanglement.

We insert the Gaussian approximations (7.42) and (7.46) in the decom-
position (6.21) and find

S1 = =(912n(0))|n=

n 2A¢? 7“11
%_,ﬁ)z 25

where we also used »_ 21(g) = 1. In the scaling limit, the sum in the

right-hand side of (7.47) becomes a Gaussian integral. The expression
in the parenthesis on the second line vanishes and we recover

St = —(0pZ(0)) s (7.48)



7.3. QUASIPARTICLE PICTURE 193

as expected from (6.25). Using (7.37), we conclude

T dk

S) = / 2—(—7% logng — (1 — ng)log(1 — ng)) min(4, 2vit)  (7.49)
_p 2m

with ng = w This result matches the quasiparticle prediction for

the entanglement entropy after a quench from the dimer state [49,50].

The number entropy is given in (7.27) and only depends on Z(q). We
use the quadratic approximation (7.42) and find that the calculations
are exactly the same as in Section 7.1.4 where J is replaced by J1) =
[T 4k (1 — cos? k) min(¢, 2vxt). We thus find

—7 27

n 1 j(l)w
S —§<1+log 5 ) (7.50)

In Figure 7.10 we compare this result (solid lines) with numerical results
for S™ (symbols), and find a good agreement. The inset in the left panel
shows the time evolution of S™ in a log-linear scale. We note that 7™
saturates to the value £/2 for large times, so that

1 I
lim 5"(t) = 5 (1+10g ) 51
ti)rgloS (t) 5 (L Hlog— (7.51)
This asymptotic value is the ordinate of the dotted horizontal line in the
left panel of Figure 7.10. Similarly to the quench from the Néel state,
the number entropy grows logarithmically with time before saturation,
and has negligible contribution to the total entropy in the large-time
limit,
S™(t
lim (t)

Jim s = O togt). (7.52)

7.3 Quasiparticle picture

From our results of Sections 7.1.1 and 7.2.1 for the charged moments and
our discussion of Section 6.1.3 on the quasiparticle picture, we conjecture
the following form for the charged moments after a global quench in a
free-fermion model:

log Z, (o) = i (Q 4)
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Figure 7.10: Evolution of S™ after a quench from the dimer state in the
tight-binding model (6.29) as a function of ¢/¢ for £ = 80 (left panel), and
as a function of £ with ¢t/¢ = 1 (right panel). The prediction (7.50) (solid
line) convincingly matches the numerical results (symbols). In the left
panel, the horizontal dotted line is the asymptotic value 2% <1 + log %”)
for large times. In the same panel, the inset shows S™ as a function of
t/¢ in a log-linear scale.

s
+ /7r %Re[log(nﬁem + (1 — ng)")| min(4, 2vit). (7.53)
This conjecture matches the exact results of (7.7) with ny = 1/2 and
(7.37) with ng = (1 4 cosk)/2 for the quenches from the Néel and the
dimer states, respectively. Similarly to the total entanglement entropy
in a generic interacting integrable model (6.16), we conjecture that, in
the presence of different species of quasiparticles m, the result (7.53)
generalises to a sum over the different species:

log Z, () =i (Q ) —i—Z/dk (™) (k) min (¢, QUlgm)t). (7.54)

Here, the functions Sgg(k) and v,gm) strongly depend on the model and
the initial state, and we expect that their evaluation is a highly non-
trivial problem.
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For free-fermion models, the validity of the quasiparticle conjecture
(7.53) can be inferred from the following argument. For the Rényi en-
tropy, the quasiparticle conjecture is

1 ™ dk .
Sp(t) = T /_ﬂ %hmo(aﬂk)mm(ﬁ, 2uit)

o 7.55)
1 i . (
= Cn,0(2j)/ g—kxzj min(¢, 2vyt),

1—n ™
Jj=0

where xp is related to the probability of occupation of the mode &k by
ni = (14xx)/2 and the function hy, o(x) is given in (6.40). In terms of the
function s,,(k) defined in (6.15), it is just hy, o(2ng —1) = 27(1—n)s, (k).
Similarly to the charged moments, the total entropies can be expressed in
terms of the eigenvalues of the two-point correlation matrix. Combining
(6.25) and (6.39), we recover the known result [35]

o= s (154 (5%

" (7.56)

where v; are the eigenvalues of the matrix J4 introduced in (6.38). We
compare (7.56) and (7.55), and find
y mdk g
TrJa(t)” =0+ —(x;” — 1) min(¢, 2ut). (7.57)

2T

The combination of this expression for the trace of J4 and (6.41) yields
the desired result (7.53).
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Symmetry-resolved mutual information after a
guench

In this chapter, we propose a definition for the symmetry-resolved mu-
tual information. In particular, we express this new quantity in terms
of two-point correlation matrices in free-fermion models. We use these
results to investigate the behaviour of this symmetry-resolved mutual
information after the quenches from the Néel and the dimer states in
the tight-binding model. As in the previous chapter, we use the exact
expressions of the correlation matrices for the two quenches to perform
numerical calculations and support our analytical results.

In the following, we consider the case where the system A = A; U As
consists on two disjoint intervals of respective lengths ¢; and f5, with
{1 + £y = ¢, separated by d lattice sites. Because of the structure of
the initial states, we work with systems of even lengths. The conserved
charge for the system A split as a sum over the subsystems, Q4 =
Qa, + Q4,, and the respective time-independent averages are

—L @)=Y

(Qa) 5 J=12 (8.1)

The results discussed in this chapter were initially presented in the pub-
lication [1].

197
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8.1 The symmetry-resolved mutual information

For the sake of completeness, let us recall the definition (0.7) of the total
mutual information,

[ = gt g2 gy (8.2)

where the superscripts Ay, Ao and Ay U Ay indicate which system the
entanglement entropies pertain to, where the notation A; U Ay serves as
a remainder that the system A consists on two disjoint intervals. We use
this notation for various other objects throughout this chapter. Each of
the entanglement entropies in (8.2) admits its own symmetry decompo-
sition with respect to a different charge. It is thus not straightforward to

define a symmetry-resolved version of [ fh:AQ, and in particular there is
not a unique way to do so. We propose to define the symmetry-resolved

mutual information as
q
I OEDY) p(cn,q—ql)(sfl(ql)JrSfQ(q—qO) — 514 (g), (8.3)
q1=0

where weight p(q1,q — q1) is the probability that a simultaneous mea-
surement of the charges ()4, and Q) 4, yields q; and ¢ — q1, respectively,
while the charge sector of the system A is fixed to ¢. The idea behind
the definition (8.3) is that for a given charge sector ¢ of the subsystem
A, we take a weighted sum over the contributions from charge sectors
q1 and ¢o of A7 and Ay such that ¢1 + g2 = q.

To express the weight p(q1,q—q1) in terms of concrete lattice quantities,
we introduce the doubly-charged moment

zA2 (o B) = Tr(pAeiaQAlJriﬁQM) (8.4)
and its double Fourier transform

) T do d . . .
Zhide () gp) = / A0 B imoeimd zh M (o, 5. (8.5)

x 2m 2T

The weight p(q1,q — q1) reads

Al A
ZUV2 (1,9 — q1)
Z{h4 (g)

pla,q—q1) = (8.6)
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and satisfies Zglzop(ql, ¢ — q1) = 1. The symmetry-resolved moment
Zf‘lUAQ (q) is defined in (6.26) with A = A; U Ay and is the probability
that a measurement of the charge @) 4 yields the value q.

Similarly to the entanglement entropy, it is possible to reconstruct the
total mutual information from the symmetry-resolved ones. We have

Ii41:A2 _ Zp(q)jfleg (q) + SAl,n + SAQ,n - SAlLJAQ,n
q

8.7
_ ZP(Q)IiAIAQ(Q) + IA1:A27n, ( )
q

where the notation S%™ stands for the number entropy associated with
system s, and p(q) = Zf‘ 1UAQ(q). The last equality defines the number
mutual information JA4142n = g41n 4 gAamn . gA1UAsn

8.1.1 Free fermions

In this section, we express the doubly-charged moments th:AQ(oz, B) in
terms of two-point correlation matrices for free-fermion model. As in
Section 6.2.2, we consider the case where the whole system is in a pure
state that satisfies the condition (6.32) and hence the reduced density
matrix p4 is a Gaussian operator.

For disjoint intervals, the matrix J4 = Ja,u4, defined in (6.38) has the

Jii J

where the matrices Jg, a,b = 1,2, contain the two-point correlation

block structure

functions between sites in A, and A;. The computation of the charged
moments Z,(a) is not affected by the fact that A is not a connected
block. The formula (6.39) still holds, with the eigenvalues of Ja,ua,
defined above. To compute the symmetry-resolved mutual information
in free-fermion model, it remains to evaluate Zf1 1:A2(a,ﬁ) defined in
(8.4). Since the reduced density matrix p4 does not commute with the
charges (D4, and @ 4, of the two disjoint subsystems, the method used to
compute Z,(a) in [65] and derive (6.39) does not apply. To circumvent
this problem, we adapt a technique devised in [246] to compute the
full counting statistics of the magnetisation in the transverse field Ising
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chain. The idea is to express th:AQ(a, B) in terms of a trace of two
non-commuting density matrices. We recast (8.4) as

Z{2 (, B) = ZaTr(papa) (8.9)

were

A= ;eiaQAlﬁﬁQAg, 4= Tr (eiaQA1+iﬁQA2> (8.10)

ZA
and the normalisation Z4 ensures that Trps = 1. We use that the
charges (Y4, and )4, are diagonal in the basis of the canonical fermion
operators c¢;, and find

Za = (1491 4P, (8.11)

The matrix p4 is not a true density matrix, in the sense that it does not
describe the state of a subsystem A. However, it is a very simple Gaus-
sian operator and is completely determined by a two-point correlation
matrix C A-

To proceed, we use that the trace of a product of two ¢ x £ Gaussian
operators p; and po is [247,248]

I, + J1J:
Tr(p1p2) = det <%> (8.12)
where
Jj = 20]‘ - Hg, [Cj]x,x’ = TI‘(ijI:Cm/). (813)

To ease the comparison with the methods developed in [246], we mention
that for free-fermion systems without particle number conservation, one
also has to consider correlations of the form Tr(pjcl«cl/) and Tr(pjcpcyr).
For that reason, the size of the correlation matrices are 2¢ instead of £,
and the right-hand side of (8.12) is written with an overall square root
in [246]. In our case, the two correlation matrices are

T

Culpw = Tr(pactey), z,2' € A,
[Cala, (pacycar) (8.14)

€T

[(Calzwr = Tr(pacley), =2 € A
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The matrix C'4 is the usual correlation matrix related to J,u4,, whereas
Cy is simply

_ 7L+ 1+ eP)2 2 e Ay,
TI'([)ACxcx’) = 511 1A i3 ia\fq iByl2—1
7.© (I+ e (1 +€") z € As,
| (8.15)
.y { Trae T €4
= Og,x’ i
Toa? T € Ay

where we used the diagonal form of the charges. Finally, combining
(8.9), (8.11), (8.12) and (8.15), we have

| | . I+ Jo
Z{M 42 (a, ) = (14 ) (1 + %)% det (%) (8.16)
where
la 1I[ 0
Jaﬁ _ Jll J12 . ela+1 41 1,8 1 . (817)
Jo1 J2o 0 ar1le

Similarly to the charged moments, we write ZlAI:A2 (c, B) as an expansion
in terms of the traces of the powers of J,3. We introduce the function
h(x) and the coefficients &(m) as

- 1 0
() = log ( + D=3 dmpam, (8.18)
and find
log Z{"*2(a, B) = £y log(1 + &)

o
+ 0 log(1+ ) + > Em)TrJs.  (8.19)
m=0

8.2 Quench from the Néel state

In this section, we investigate the behaviour of the symmetry-resolved
mutual information after a quench from the Néel state in the tight bind-
ing model. The correlation matrix C4 = C4,u4,(t) has the form

Cayuas(t) = (g;gg ZZEED (8.20)
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with
[C11(D]sar = [CO)]oars z2' € {1,...0), (8.21)
[CQQ (t)]x,x’ = [C(t)]x+d7$/+d, x, x € {1, - 52}, (8.22)
[Cm(t)]x,x/ = [C(t)]x,x’+d7 WS {1, ce 51}, x e {1, ce @2}, (8.23)
[C2l(t)]x,x’ = [C(t)]x-i-d,a:’a S {1,...62}, = {1,...(1}, (8.24)

where the matrix elements [C(t)]; v are given in (7.2).

8.2.1 Symmetry-resolved moments and entropies

The definition (8.3) of the symmetry-resolved mutual information in-
volves symmetry-resolved moments thUAQ(q) and entropies thUAQ(q)
of disjoint intervals. To investigate these quantities, we start with the
charged moments for disjoint intervals and compute the trace of arbi-
trary powers of the matrix Ja,u4,(t) = 2C4,u4,(t) —I;. We perform the

™ in the scaling limit ¢, ¢1,d,t — oo where

computation of TrJ,ua4,(t)
the various ratios are kept constant. The calculation uses the multidi-
mensional stationary phase approximation, and generalises the methods

introduced in [48] to the case of an arbitrary separation d. We find

» ™ dk
TrJ g0, ()% =0 — %(min(ﬁl, 2upt) + min(ly, 2vit))

—Tr

T dk
+ / Q—(max(d, 2uit) + max(d + £, 2uit)

_q2m

— max(d + 01, 2vit) — max(d + {9, 2vit)), (8.25)

with vy = 2|sin k| and TrJ 4,04, (#)% T = 0. We note that the case d = 0
reduces to the result of (7.4) for a single interval. The computation of
the charged moments ZA1942(a) proceeds exactly as for the case of a
single interval discussed in Section 7.1.1. We thus find

cos 2\ 4
Z (a) = <2n§> el2 (8.26)

where we introduced

jd:/ g—k(min(el,zvkt)+min(€272vkt))
™

—Tr
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Figure 8.1: Time evolution of the charged moments Z21Y42(q) after
a quench from the Néel state in the tight-binding model (6.29) as a
function of ¢/¢ with ¢; = 100, f2 = 140 and d = 80. The analytical
prediction (8.26) (solid lines) convincingly matches the numerical data
(symbols).

— / g—k(max(d, 2ut) + max(d + ¢, 2vit)

_q 2T

— max(d + 01, 2v;t) — max(d + {2, 2vt)). (8.27)

Similarly to J defined in (7.9), the integral J; is an increasing function
of time, going from zero at t = 0 to £ in the limit of large times. In Fig-
ure 8.1 we compare the prediction (8.26) for ZA1Y42(a) with numerical
results and find a good agreement.

The calculations for the symmetry-resolved moments and Rényi en-
tropies in the scaling limit are exactly the same as the computations
of Section 7.1.2 and Section 7.1.3 where J is systematically replaced by
J4- We thus have

S,;?lUAQ (q) — jd log 2+ 10g ZiAlUAQ (q)7

F(jd+22Aq+2)F(Jd_22Aq+2) ’

Ziot(g) 2%
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and

A1UA2 _ _ M 2
s) = 7 (1og2 - 2(151)°).

(8.29)

in the regime J; > |Aq|.

8.2.2 Symmetry-resolved mutual information

We now turn to the computation of the symmetry-resolved mutual in-
formation defined in (8.3). The first step is to compute th:AQ(oz,ﬁ).
To do so, we evaluate the trace of powers of the matrix J,g (8.17) in the
scaling limit. We adapt the calculations of Section 8.2.1 for the trace of
Ja,ua, and find

TrJos(t)% = (EZ - 1)% 6 - / :rr g min(¢1, 20, |
#(Grgq) e [ g 2]
+ (—1)j<tan % tan é)] /7T g—k(max(d, 2uyt)

2 _x 2w

+ max(d + ¢, 2vit) — max(d + £, 2vit) — max(d + l2, 2vit)), (8.30)

whereas the traces of odd-powers vanish, Tr.J,s(t)%**! = 0. The re-
summation in (8.19) is direct and we find

B i5104 + Lo
B 2

1
+ log <cos g)jAQ + 3 log <1 + tan % tan g)jm (8.31)

log th:AQ(oz,ﬂ) + log (COS %)jAl

with the notations

™

dk .
Thin =Tty = / oy min(¢; 2, 2vyt) (8.32a)

—Tr

and
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Figure 8.2: Time evolution of ZlAl:A2 (c, B) after a quench from the Néel
state in the tight-binding model (6.29) as a function of ¢/¢ with ¢; = 100,
ly = 140 and d = 80. The analytical prediction (8.31) (solid lines)
convincingly matches the numerical data (symbols).

™

dk
In=Ta, + T, —Ja = / %(max(d, 2u.t)

—Tr

+ max(d + ¢, 2vit) — max(d + £, 2vt) — max(d + l2,2vt)) (8.32b)

where J and J; are given in (7.9) and (8.27), respectively. As expected,
ZlAl:A2 (o, @) is equal to the charged moment thUAQ(oz) given in (8.26).
We compare the prediction (8.31) with numerical results in Figure 8.2
and find a good agreement.

To proceed, we investigate th:’%(ql, q — q1) defined in (8.5). To per-
form the double Fourier transform, we expend ZlA“A2 (v, B) at quadratic

order,

log th:AQ(Oé,ﬁ) =
Ry, 2 ?
O T+ G 4 T, - a), (839)
and find

2

2
7[-\/ jAleg - {Tm

[Aqf Tay+(Aq—Aq1)2Ta, +Aq1(Ag—Aq )Jm]

ziA2 (g g —qp) =

- &
x e a7 (8.34)
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where Agq; = q1 — ¢1/2. With (8.34) and the equivalent Gaussian ap-

Zi(

proximation (8.29) for q), one can show that the weight defined

in (8.6) satisfies Y71 _p(q1,¢ — ¢1) = 1 in the scaling limit.

Using the Gaussian expressions (7.24), (8.29) and (8.34) for each term
involved in the definition of the symmetry-resolved mutual information

(8.3), we find

12 (q) = Jpnlog 2 — %(log ﬂéigjﬂ)
— 2 _ — i
S (e ) e (PR
J. 1 - J. 2 —Jay?_1 !
+( o 22 d) - _Zl} (8.35)

in the scaling limit. The result (8.35) implies that there is equipartition
of the symmetry-resolved mutual information at leading order. Here,
we computed the corrections to the equipartition up to order Ag?//.
For t < d/(2vy) and in the limit ¢ — oo, the terms of order Ag?/¢
in (8.35) vanish because J; = Ja, + Ja, in these two regimes, and
hence equipartition is broken at higher order. For intermediate times,
the equipartition is broken at order Ag?/¢.

In Figure 8.3 we compare the prediction (8.35) (solid lines) with the
numerical evaluation of (8.3) where the entropies are given by their exact
expressions (7.23) and (8.28), and the weight p(q1,q — q1) is obtained
from the Gaussian approximations (8.29) and (8.34) (symbols). We
find a good agreement. The slight negative values for early times arise
from the term —1 log “ﬁéi“gﬂ in (8.35). This term is at most of order
log ¢ and is negligible in the scaling limit. There is a time delay t =
d/(2vpr) = d/4, but it is inherent to the disjoint structure of the system
A, and independent on the charge sector. We expect that the absence of
a sector-dependent delay is related to the fact that, from its definition

(8.3), I 1A1:A2(q) mixes quantities from different charge sectors.
The leading term 7, log 2 in (8.35) is the total mutual information,

14042 — 1og 2 dk max(d, 2vit) + max(d + £, 2uyt
1 g 2 ) )
T

— max(d + 01, 2vit) — max(d + {2, 2vit)). (8.36)



8.2. QUENCH FROM THE NEEL STATE 207

0.175
0.150
0.125

]
X0.100
=

< 0.075

{—4

=5"0.050
0.025

0.000

0.0 0.2 0.4 0.6 0.8 1.0

t/¢
Figure 8.3: Time evolution of I12(q) after a quench from the Néel
state in the tight-binding model (6.29) as a function of ¢/¢ with ¢; = 180,
ly = 220 and d = 220 for various values of Aq. We compare the approx-
imation(8.35) (solid lines) with the exact result given by (8.3) where
the entropies are replaced by their exact formulas in terms of Gamma
functions and the weights are given by their Gaussian approximations
(symbols).

This immediately follow from the definition of the mutual information
(8.2), the relation (6.25) and the exact results for the charged moments
for a single (7.7) and disjoint intervals (8.26). The integral (8.36) is pre-
cisely the form predicted by the quasiparticle picture for the spreading
of entanglement between two non-complementary subsystems [21]. It
is vanishing for times t < d/(2vps) as well as in the large-time limit.
We mention that, to the best of our knowledge, (8.36) is the first ab-
initio calculation of the mutual information in a free-fermion model, and
hence the first analytical verification of the quasiparticle prediction for
the mutual information.

To verify the consistency of our calculations, we must recover the total
mutual information from the symmetry-resolved ones with the combi-
nation given in (8.7). Using the same Gaussian results as before, (8.35)
and the asymptotic result (7.29) for the number entropy, we indeed find

l
Y EHR (@I (g) + SN 4 52— g = 7, l0g 2 (8.37)
q=0
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in the scaling limit.

8.3 Quench from the dimer state

In this section, we investigate the behaviour of the symmetry-resolved
mutual information after a quench from the dimer state in the tight-
binding model. The correlation matrix C4,,4,(t) is obtained from the
matrix elements (7.33), and its structure is analogous to the one of the

correlation matrix (8.20) that we considered in the previous sections.

8.3.1 Symmetry-resolved moments and entropies

Similarly to the calculations of Section 8.2.1, we compute the trace of
arbitrary powers of the matrix Ja,u4,(t) = 2C4,04,(t) —1;. We perform
the computation of TrJa,ua,(t)™ in the scaling limit ¢,¢;,d,t — oo
where the various ratios are kept constant. We find

T dk

TrJ 04, ()% = 0— %(1— (cos k)% (min(¢y, 2vi,t)+min(ly, 2uyt))

+ / ;—k(l — (cos k)?)(max(d, 2uxt) + max(d + £, 2vxt)
_a 2w
— max(d + 01, 2vit) — max(d + {2, 2vit)), (8.38)

with v, = 2|sink|, and TrJ4,u4,(t)% 1 = 0. We note that the case
d = 0 reduces to the result (7.36) for a single interval. The calculation
is similar to case of a single interval as presented in Section 7.2.1, and
we find

log Z;" () = it5

+ / R (cos b)) (anin (61, 2051) + min(ls, 2051))
T

—T

- / %Re[hn,a(cos k)] (max(d, 2vxt) + max(d + £, 2uit)

< 2T

— max(d + {1, 2vit) — max(d + {2, 2vit)) (8.39)

where we recall that hy, o(z) is defined in (6.40). We compare the pre-
diction (8.39) for ZA1Y42(q) with numerical results in Figure 8.4 and

find a good agreement.
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To perform analytical calculations, we approximate log ZA1Y42(a) at
quadratic order in «,

AjUA5 e AjUA5 042 (n)
log Z,; (o) = 165 + log Z;, (0) — ?jd (8.40)
with
jdn) -
™ dk 4sin® k
— in(¢q1, 2uit in(fs, 2uit
/7r 27 ((1 4+ cos k)™ + (1 — cos k)™)? (min(fy, 2vgt) + min(és, 205t))

™ dk 4sin®" k
—/ o (max(d, 2vit)

221 (1 + cos k)™ + (1 — cos k))2
+ max(d + ¢, 2vit) — max(d + €1, 2vit) — max(d + lo, 2vit)). (8.41)

These J an) integrals generalise Jy defined in (8.27). In particular, we
have J d(O) = J4. We follow the calculations of Section 7.2.2 and find

72Aq2
Z;?IUAQ (q) _ ZhAlUAQ (0) e Jén) 2(n)’ (842&)
Ty
s = s 2AC { % el
n n _ n 1
n)
1 2 1 J
“og 2 — 1 d 42

12 10,95 W

8.3.2 Symmetry-resolved mutual information

We now turn to the computation of the symmetry-resolved mutual in-
formation. Most of the results and computations are similar to those
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Figure 8.4: Time evolution of the charged moments Z21Y42(q) after
a quench from the dimer state in the tight-binding model (6.29) as a
function of ¢/¢ with ¢; = 100, f2 = 140 and d = 80. The analytical
prediction of Eq. (8.39) (solid lines) convincingly matches the numerical
data (symbols).

presented in Section 8.2.2 in the case of a quench from the Néel state.
The first step is to compute Zf‘ 1:AQ(oz, B) and hence the trace of powers
of the matrix J,s3 defined in (8.17). We adapt the calculations of Sec-
tion 8.3.1 for the trace of J4,u4, and find TrJ,s(t)**1 = 0, whereas for
even powers we have

TrJas(t)% = (eia - 1)2j [51 - / "R (cos k)X ) min(6s, 2vkt)}

ele +1 .2
iB_1\2 T dk A
e i, dk YN
+ <eiﬁ n 1) [62 /_ﬂ 277(1 (cos k)*7) min (4, 2vkt)]

+ / O (0, ) (max(d, 200) + max(d + £, 20y1)
T

—Tr

— max(d + {1, 2vit) — max(d + {2, 2vit)) (8.43)

§(k,j) = Z (—1)'5(22%)”%22 J—r D%H

X Yst.5C08 k¥ T2 sin k?* (8.44)
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with

sj 29 —s—t\ [s+t
Tsitid = (2] —s—1t)(s+1) ( s > < s > (8.45)

The re-summation in (8.19) yields the formal expression

= iw + %Re[hlﬂ(cos k)] min (41, 2vyt)

l ZA1:A2
Og 1 (Oé, /8) 27‘(‘

™ dk T dk
+/ Q—Re[hlﬁ(cosk)] min(@,?vkt)—i—/ 2—E(k)(max(d, 2uyt)
7r

7 —r 2T

+ max(d + ¢, 2vit) — max(d + (1, 2vit) — max(d + l2,2vt)) (8.46)
with the infinite sum

1

E(k) = Y e@E(k,g), &(2)) = =5

j=1

(8.47)

where we recall that the coefficients ¢(j) are the Taylor coefficients of the
function h(z) = log[(1 + z)/2]. To plot these doubly-charged moments,
we use a cut-off A for the maximal value of the index j in the infinite
sum. Let us stress that the function ~,,; in (8.45) satisfies the crucial

2j—2s ‘
3 (1) = <i> . (8.48)

t=0

relation

With this, it is a simple calculation to show that Zf‘ 142, @) indeed
reduces to Zf‘IUAQ (o) given in (8.39), as expected. We compare the
prediction (8.46) with numerical results in Figure 8.5 and find a good
agreement.

Despite the cumbersome form of Zf‘ 142 (o, B) in terms of an infinite
sum, we are able to extract the quadratic orders in v and § and find
B

1
‘71‘(\1)_§ A2+

Lo+ 4yp3 o?
j—— e

log Z{""42(er, ) = i —— — = Ty, (849)

af
8
: 1 _ 7D (ORI 2 ¢)) : :
where we introduced Jp, (J Y +7J s J, ) to lighten the notations.
Here, jf(ﬁ)g is simply J( from (7.41) where £ is replaced by {12, and

J d(n) is given in (8.41). With (8.49), the double Fourier transform reads
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Figure 8.5: Time evolution of th:AQ (a, B) after a quench from the dimer
state in the tight-binding model (6.29) as a function of ¢/¢ with ¢; = 100,
0y = 140 and d = 80. The analytical prediction (8.46) with the cut-off
A = 6 (solid lines) convincingly matches the numerical data (symbols).

2
1 1 jy(nl) 2
Tr\/jzgh)jf(b) - ( 4 )

[Aq%ij;+(Aq_Aq1)2J,E,11)+Aq1(Aq_Aq1)y,53>]

zZMih g g —q) =

-8
a7 g -ai))?

% e (8.50)

where Ag; = ¢1 — ¢1/2. The two results (8.49) and (8.50) are the same
as (8.33) and (8.34) where the J; integrals are systematically replaced
by js(l). In a similar fashion as for the quench from the Néel state, the
weight p(q1,q — q1) defined in (8.6) satisfies 31:0 p(q1,9 —q1) = 1.

To compute the symmetry-resolved mutual information, we replace each
quantity in the definition (8.3) by its Gaussian approximation (7.46),
(8.42) or (8.50). The calculations are similar to those of Section 8.2.2
and we find

(1) ~(1)
1 <10 jAl jA2 ™

I{41=A2 (q) = th + SIAQ _ SlA1UA2 -5 2j(1)
d

10T =1 0T =t (T
+35( )

+ —
2 gy T, ;"
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AT I) - a2 <an<j/§?>>\m )
1 1 1
8~7€§ ) *7/(11) jf(h)

0 (T =
J})( 2(112) -1}

2

_9A 2{<_~7f(111)+*7£&12) _jd(l)>2 (9n(u7f(1?))|n=1 n 1 >
! 27" iz g
1 1

N (Jfﬁ) - «7/(112) - le)>2<6n(Jf‘Z))|n:1 n 1 >
2‘7;1) (jf(ll))Q jf(ll)

(T et 1
_ < (}21))2 Ly, jd(l)>}. (8.51)

We compare this prediction with the definition (8.3) where the various
quantities are replaced by their Gaussian approximations in Figure 8.6,
and find a good match. The result of (8.51) has the same physical inter-
pretation as (8.35), namely the first three terms of the right-hand side
correspond to the total mutual information, equipartition is broken at
order Ag?/¢ for intermediate times and at higher order for ¢ < d/(2vy)
and t — oo, since jd(n) = jx) + jéz) in those regimes. As for the
quench from the Néel state, the combination (8.7) yields the total mu-
tual information, namely

¢
Nz (g A2 (g) S g gAAnn - e (g 5g)
q=0

where

. ™ dk
Az = _/ %Bnhn,o(cos k)|n=1(max(d, 2vxt) + max(d + £, 2uit)

—T

—max(d + {1, 2v;t) — max(d + l2,2v;t)) (8.53)

is the quasiparticle prediction for the total mutual information [21]. Sim-
ilarly to (8.36) and (8.37), it is a good consistency check to obtain the
known total mutual information from our definition of the symmetry-
resolved ones. Moreover, this result is also a new ab-initio result for the
total mutual information after a quench in a free-fermion model.
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Figure 8.6: Time evolution of I{2(¢) after a quench from the dimer
state in the tight-binding model (6.29) as a function of ¢/¢ with ¢; =
180, ¢5 = 220 and d = 220 for various values of Agq. We compare the
approximation (8.51) (solid lines) with the definition (8.3) where the
various quantities are replaced by their Gaussian approximations with
the first corrections for the entropies (symbols).

8.4 Quasiparticle picture

In this final section, we interpret our results for disjoint intervals in
the framework of the quasiparticle picture. For the charged moment
log ZA1942(q), it is straightforward to adapt the argument of Section 7.3
for free-fermion models, and we find

log Z;"9*2(a) = ia(Q.)

T dk
+/ —Re[hp o (k)] (min(fy, 2vit) + min(fa, 2vit))

x 2T

™ dk
— / 2—Re[hn,a(wk)](max(d, 2ut) + max(d + ¢, 2uit)
77

—T

— max(d + 01, 2v;t) — max(d + {2, 2vit)). (8.54)

This equation precisely matches our analytical results (8.26) with z; = 0
for the quench from the Néel state, and (8.39) with xj, = cos k in the case
of the quench from the dimer state. As in the case of a single interval,
we conjecture that in the presence of different species of quasiparticles,
the result (8.54) generalises to a sum over the different species.
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To investigate the symmetry-resolved mutual information we also need
to interpret the doubly-charged moment Z,(«, ) defined in (8.4) in
terms of the quasiparticle picture. Unfortunately, this quantity has a
more complicated structure than the charged moments, since it requires
the manipulation of non-commuting operators. As it was already argued
for the full counting statistics of the Ising model [246], the quasiparticle
picture fails to capture the complex structure of this kind of objects. The
cumbersome function Z(k) in (8.46) is a manifestation of this problem.
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Conclusion and outlooks of Part Il

In this second part of the thesis, we investigated the symmetry-resolved
entropies and mutual information after a global quantum quench from
the Néel and the dimer states in a one-dimensional tight-binding model.

In Chapter 7, we studied the case where the subsystem A is a single
interval. With the multidimensional stationary phase approximation
developed in [48], we derived exact expressions for the charged moments
Zn(ar). The symmetry-resolved entropies are obtained from the Fourier
transform of the charged moments, and we found exact results in the
case of a quench from the Néel state, whereas we used the saddle-point
approximation around « = 0 for the quench from the dimer state. In
both cases, the structure of the charged moments leads to two main
physical results. First, the symmetry-resolved entropies with charge
g = Aq + (Qa) start evolving after a time delay tp that depends on
|Agq|. For |Aq| < ¢/, we were able to compute the delay exactly and
found that it grows linearly with |Ag|. Second, for small |Ag| there is an
effective equipartition of entanglement broken at order Ag?/¢. We also
investigated the number entropy for both quenches. We found that it
grows logarithmically with time before saturating to a value proportional
to the logarithm of the subsystem size.

We considered the case where A consists of two intervals in Chapter 8.
In particular, we defined the symmetry-resolved mutual information in
terms of a doubly-charged moment ZlAI:A2 (v, B) that depends on two

217
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charges. In the context of free-fermion models, we expressed the doubly-
charged moments in terms of the two-point correlation matrix and a
matrix that contains the dependence in o and 5. We generalised the
method of [48] in the case of disjoint intervals and obtained exact results
for the charged moments Z41Y42(a) and th:AQ(oz,ﬂ) in the scaling
limit for the two quenches we considered. Our analysis reveals that
there is also an effective equipartition of the mutual information. For
intermediate times, the equipartition is broken at order Aq?/¢, whereas
is it broken at higher order for early and infinite times. The leading
term of the symmetry-resolved mutual information is the total mutual
information. To the best of our knowledge, we provide the first ab-initio
computation of the total mutual information after a global quantum
quench, and our result matches the quasiparticle prediction [21].

Our investigations of the charged moments for free-fermion models nat-
urally led to the quasiparticle conjecture (7.54) for Z,(«). To give pre-
dictive power to this conjecture, one should devise a way to fix the
kernel s,(qma) (k), but this is a challenging problem for interacting mod-
els [226,228-231]. For the Rényi entropies, which correspond to o = 0,
the solution is only known in the neighbourhood of n = 1, where the
kernel is the Yang-Yang entropy [49]. It would already be interesting
to generalise this result at n = 1 and small o # 0, and use the saddle-
point approximation to investigate the symmetry resolution. Indepen-
dently from the details of the function s}, (k), the form of the conjecture
(7.54) is sufficient to infer the two main physical results, namely the ex-
istence of a time delay tp and equipartition for small |Ag| in generic
integrable models. Moreover, the logarithmic growth of the number en-
tropy follows from the behaviour of Z;(«) close to a = 0 and so follows
generically from (7.54) too. In stark contrast, the doubly-charged mo-
ments Zfle? (v, B) contain information which is not accessible by the
quasiparticles picture. This is not surprising, since a similar conclusion
was drawn for the generating function of the subsystem magnetisation of
the Ising model [246], an object similar to th:AQ(oz, B). Because of this
obstacle, we do not have a quasiparticle conjecture for the symmetry-
resolved mutual information.
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Our work unveils new features of the symmetry-resolved entanglement
dynamics after a global quantum quench, and we conclude with a se-
ries of research directions and questions which we believe are worthy of
investigation. First, as we already discussed above, it would be impor-
tant to test the quasiparticle conjecture (7.54) for a variety of generic
integrable models. A second question is whether the symmetry-resolved
entropies can be obtained in inhomogeneous settings, in a similar fashion
as the total entanglement entropy [249-254]. One could also wonder if
techniques developed for non-integrable models [255-260] apply to the
evaluation of symmetry-resolved quantities, and whether our main phys-
ical findings, namely the time delay and equipartition, are robust away
from integrability. In the context of disjoint subsystems, it would be
interesting to study the symmetry decomposition of the entanglement
negativity [221,222] in further detail, and in particular its behaviour out
of equilibrium. Finally, we mention that Estienne, Ikhlef and Morin-
Duchesne argued in a recent paper [202] that quantum overlaps similar
to the bipartite fidelity are useful to compute symmetry-resolved Rényi
entropies in integrable models. This result creates a surprising connec-
tion between the two parts of this thesis, and we intend to investigate
this matter in further details in a near future.
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