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Abstract

To cope with the observed drop in fertility, four policy options are generally

considered: lowering pension bene�ts, increasing social security contributions, post-

poning retirement, and reducing public debt in advance. To assess the respective

merits of these options, we analyze the optimal allocation of resources in an over-

lapping generations economy where old agents care about leisure. We characterize

the decentralization of the optimum both when the retirement age is compulsory

and when it results from a private decision. We conclude that the policy recom-

mendation of postponing retirement is not robust to a wide class of preferences and

technologies. In contrast, policies aimed at increasing capital through a reduction

in public debt are more robust.
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Introduction

Over the next half-century, the demographic structure of most of the OECD countries is
expected to change signi�cantly due to the declining fertility observed since the end of
the 60's (see for example Morrow and Roeger (1999)). Aging of the EU, US and Japanese
populations is therefore an inescapable fact and will result in an increase in the �nancial
burden of public pension schemes by augmenting the dependency ratio. Although opinions
di�er about the extent of the problem, it is a general consensus that some adjustment is
necessary. The question is how the public pension schemes should be changed.

Di�erent policies have been suggested to cope with this demographic change. Four
options to reform the current pension systems are generally considered: lowering pension
bene�ts, increasing contribution rates, increasing national savings through an accelerated
reduction of public debt, and increasing the (e�ective and/or legal) retirement age. Most
of the literature concerned with the aging of the population adopts a numerical approach.
These papers provide evidence on the consequences of the demographic change and esti-
mate the impact of various social security reforms. However, these empirical contributions
are not very conclusive relative to the optimal strategy to follow, as none of them pro-
pose a clear and precise choice criteria to rank the various policy options. Some study
the e�ects on the macroeconomic outcomes (output, savings, taxation level, etc.), others
on the actuarial fairness (ratio of present value of lifetime bene�ts over present value of
lifetime contributions), and the others on utilities and welfare.

Our objective is to lead the debate from the design of parametric reforms to the optimal
allocation of resources (consumption, leisure and capital). Endowed with the well-de�ned
criterion of Ramsey (1928), we are able to theoretically assess the impact of a fertility
drop on the optimal allocation and to determine the required policy reaction.

Moreover, in contrast with the theoretical contributions in this �eld, our model in-
cludes endogenous retirement decisions and is therefore suitable to assess the respective
merits of all policy options mentioned above. The adequate starting point for the de-
termination of the optimal adjustment to a demographic change is the second-welfare
theorem applied to an overlapping generations model: assuming both that an optimum
policy exists and that it converges to a steady state, Atkinson and Sandmo (1980) show
that a �rst-best allocation can be achieved if the government can use lump-sum taxes
that redistribute wealth among generations. Various contributions analyze the capacity
of intergenerational transfers to induce optimal allocations,1 but all these papers assume
an exogenous retirement age. Endogenous retirement decisions are analyzed by Hu (1979)
and Michel and Pestieau (1999). Hu (1979) assumes that the agents optimally select the
share of their time in the second period of life devoted to retirement. If the transfers
are tied to the individual retirement decision, the pension system introduces some distor-

1Marchand, Michel and Pestieau (1990) study the divergence between the market and the optimal
solutions in an overlapping generations model with changing productivity and fertility. They show that
appropriate social security contributions, which might 
uctuate over time, can induce a market allocation
to be optimal. Marchand, Michel and Pestieau (1996) extend this analysis to an endogenous growth
setting. When the size of the population unexpectedly declines, optimality implies some smoothing
of consumptions and investment and makes more likely ascending intergenerational transfers such as
unfunded social security systems. Boadway, Marchand and Pestieau (1990), Blanchet and Kessler (1991),
Peters (1991) and Meijdam and Verbon (1997) also study the capacity of a pay-as-you-go social security
system to reallocate resources across generations when fertility and productivity vary over time.
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tions on the labor supply choice. Michel and Pestieau (1999) compare the decentralized
equilibrium with the Golden Rule and show that in order to achieve the steady-state �rst
best optimum, one needs to control both an unrestricted pay-as-you-go transfer and the
retirement age.

The short-term perspective is a critical issue in this debate since the new steady
state may be far away from the initial one and may take long to reach. In addition
to determining the e�ect of a reduced fertility on the �rst-best long-run allocation of
resources, our paper also analyzes the optimal dynamics. We provide insights concerning
the e�ects of the decline in fertility on the welfare of the �rst generations and show that
they crucially depend on the preferences of the agents.

The paper is organized as follows. A �rst section reviews the empirical literature
concerning the impact of the demographic transition in various countries. The second
section details the economic model and characterizes the problem of a benevolent planner.
In section 3, we analyze the long-run e�ect of a drop in fertility. We �nd that the
e�ects of a decrease in fertility on the optimal capital stock depends on the degree of
substitution between the productive factors. When production factors are relatively good
substitutes, the steady state capital stock will be higher after the reduction in fertility.
The optimal adjustment of the retirement age is also a function of the characteristics
of the production technology and of the preferences of the agents. Section 4 focuses
on the dynamics along the transition path to the new steady-state and highlights the
short-run e�ect of the demographic shock. In section 5 we investigate how the optimal
allocation can be decentralized both when the retirement age is mandatory and when
it results from an individual decision. In section 6 we consider the e�ect of an increase
in longevity on the optimal allocation of resources. We conclude in section 7 that the
policy recommendation of postponing the retirement age is not robust to a wide class of
preferences and technologies. In contrast, policies aimed at increasing capital through a
reduction in public debt are more robust.

1 Empirical evaluations of parametric pension reforms

Various empirical evaluations have been carried out to highlight the impact of demo-
graphic change and the e�ect of potential reforms. The methodology, the reforms consid-
ered as well as the conclusions di�er substantially.

Various authors have estimated the e�ect of three types of corrective measures: raising
contribution rates, reducing pension bene�ts or switching to a fully-funded scheme. Miles
(1999) calibrates an overlapping generations model on European data to assess the impact
of the aging of the population. Maintaining the balance of public pension schemes would
require a sharp increase in the tax rate or a reduction in the replacement rate by 2050,
both leading to a signi�cant fall in savings. The impact of a complete phasing out of
state pensions is also considered. This more radical option generates higher savings and
bene�ts all future generations once the switch from unfunded pensions is completed.
However, the scale of losses for the cohorts during the transition could be substantial.
Chauveau and Lou�r (1996) �nd that for Japan, the smoothing of the pro�le of the
contribution rate by an active Fund policy outclasses a constant replacement rate policy
and a constant contribution rate policy due to the low Japanese tax pressure. Kotliko�
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(1996) analyzes the macroeconomic and eÆciency e�ects of a radical solution to the
expected demographic changes: the privatization of social security. This is done in an
overlapping generations model calibrated on the US economy. He concludes that eÆciency
gains may be substantial. Their precise size depends however on the method chosen to
�nance bene�ts during the transition and on the existing tax structure and social security
system.

Other studies have considered an additional reform: a change in the retirement age.
Cazes, Chauveau, Le Cacheux and Lou�r (1994) study the future of the French public
pension scheme using a computable general equilibrium model with overlapping gener-
ations. The analysis shows that both in terms of macroeconomic outcomes and welfare
criteria, raising the legal age of retirement would clearly dominate other alternatives such
as curtailing bene�ts or switching to a pure capitalization scheme. This option would
however hurt the current working populations signi�cantly. A computable general equi-
librium model with overlapping generations has also been used by Docquier (1994) for
the Belgian case. He shows that under \laissez-faire", the reduced number of working
agents would generate substantial welfare losses for some cohorts. Evaluating the impact
of corrective measures, he �nds that a rapid creation of a social security fund is successful
in stabilizing the macroeconomic performances. However, an increase in the retirement
age seems to be more desirable when intergenerational fairness is on the agenda. The �-
nancial implications of aging for the Belgian pension system are computed by de Callatay
and Turtelboom (1997). In order to put pensions on a sustainable path, they recommend
a combination of reform options (bene�t cuts, increase in legal and e�ective retirement
age and a harmonization of public and wage-earners schemes) that should be borne rather
by relatively favored groups (such as existing pensioners and civil servants). Auerbach,
Kotlifo�, Hagemann and Nicoletti (1989) calibrate an overlapping generations model for
Japan, the Federal Republic of Germany, Sweden and the US to study anticipated de-
mographic changes. They �nd that these changes could have major impacts on the rate
of national saving, on the real wage rate, and on the current account. In the long term
population aging would result in a general decline in the national saving rates of all four
countries, although at di�erent paces and with various intensities. They further study
three types of policies (smoothing government expenditures, reducing bene�ts, and in-
creasing the retirement age) and show that the welfare e�ects di�er across cohorts but
also across countries.2

There do not seem to exist any empirical studies investigating a fourth policy option:
a reduction in national debt. This measure is however considered as a potential reform
by some economists, as is the case in the US. As Greenspan advocated in March 2000 in
testimony to the Congressional Special Committee on Aging, using budget surpluses to
repay national debt would be best for the U.S. economy and a good way to prepare for
the baby boomers' retirement.

2A partial equilibrium approach has also been followed by Heller (1989) seeking to evaluate the impli-
cations of demographic changes for saving rates, distribution of consumption across age groups, and the
level of intergenerational support for each country of the G-7. He too concludes that a general decline in
the aggregate private saving rate may be expected after 2000 in all G-7 countries, although the timing
may di�er among them. Larger government de�cits will arise from increased social security expenditures
and this will put further pressure on the overall saving rate.
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2 The planner's problem

We consider an overlapping generations economy �a la Diamond (1965) with one physical
good that can be either consumed or stored in the form of capital. Time is discrete
and goes from zero to in�nity. In each period we take the good as the numeraire. The
households live two periods, they consume and work during these two periods. The time
endowment of both periods is one. They supply labor inelastically when young. When
old they get utility from leisure and they work a share � of their time endowment, as in
Hu (1979). This share � 2 (0; x), where x 6 1 represents the maximum life span in which
their physical and health condition allows them to work. � is thus proportional to the
retirement age.

Households have a utility function de�ned over consumption when young, consumption
when old, and leisure when old. It is assumed separable and takes the following form:

U(:) = u(ct) + �u(dt+1)� v(�t+1)

where � 2 (0; 1) is the psychological discount factor. The instantaneous utility u(:) is a
strictly increasing, concave function from R+ to R. The derivatives are denoted uc > 0
and ucc < 0. It is smooth on the interior of R+ and

lim
c!0

uc(c) = +1: (1)

The disutility of work v(:) is a strictly increasing, convex function from [0; x] to R. It is
smooth on (0; x) and

lim
�!0

v�(�) = 0 and lim
�!x

v�(�) = +1:

The population grows exogenously with

nt =
Nt

Nt�1
> 0:

The variable nt denotes the growth factor of the population. In our settings, the demo-
graphic change is a once-for-all reduction in nt. This corresponds to a drop in the fertility
rate at time t: at time t, young agents represent a smaller fraction of total population.
In section 6, we also consider a lengthening of the period during which old agents are
physically able to work (parameter x).

Firms have a production function displaying constant returns to scale: f(Kt; Lt). It is an
increasing and concave function from R

2
+ to R+ , homogeneous of degree 1. It is smooth

on the interior of R+ . The derivatives are denoted fk, fl > 0, fll, fkk < 0 and fkl > 0.
When the whole labor force is employed (Lt = Nt + �tNt�1), production is given by3

f(Kt; Nt + �tNt�1):

Denoting the capital stock per old agent kt =
Kt

Nt�1

; output per old agent is given by

yt = f(kt; nt + �t):
3Allowing for di�erent productivities of young and old workers would only require a slight modi�cation

of the production function. This would be given by: f(Kt; Nt + �tNt�1�), with � < 1 (� > 1) implying
a negative (positive) return to seniority.
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The question of the choice of the planner's discount factor is an old debate. If we
assume an exogenous discount factor smaller than one to ensure the convergence of the
in�nite sum, the ex-ante choice of the constant discount factor is equivalent to an ex-post
choice of the long-run stationary state (the so-called modi�ed Golden Rule). ? argues
that, within an utilitarian set-up, one should choose the discount rate which allows the
economy to converge to the Golden Rule. This discount rate is equal to the growth rate
of population, and the corresponding social objective function is the un-discounted sum
of Ramsey.

Therefore, the objective function we use is the one proposed by Ramsey (1928). Ac-
cording to Ramsey (1928), \it is assumed that we do not discount later enjoyments in
comparison with earlier ones, a practice which is ethically indefensible and arises merely
from the weakness of imagination"; thus the optimal growth problem should not be dis-
counted. The social planner maximizes the sum of the life-cycle utility of all current and
future generations. As this social welfare objective may not be de�ned, we consider, as
Ramsey did,

1X
t=�1

(U(ct; dt+1; �t+1)� Û)

where Û = supfU(c; d; �) under the resource constraintg is the maximum stationary
utility. Ramsey assumes that this maximum utility is �nite, as \economic causes alone
could never give us more than a certain �nite rate of enjoyment". The resource constraint
of the economy is

f (kt; nt + �t) = ntkt+1 + ntct + dt; (2)

with k0, and c�1 given. c�1 is the hypothetical youth consumption of the �rst old gen-
eration. As the life-cycle utility function is separable, we can rearrange the objective
function in the following way (grouping the contemporaneous terms together and ignor-
ing the constant term u(c�1)):

W =
1X
t=0

h
u(ct) + �u(dt)� v(�t)� Û

i
: (3)

The planner thus maximizes W given an initial capital stock k0 and given the resource
constraint (2).

De�nition 1 (Optimal allocation)
Given an exogenous path (nt)t>0 and an initial capital stock k0 > 0, an optimal allocation
is a sequence of strictly positive quantities (ct; dt; �t; kt+1)t>0 with �t 2 (0; x) such that the
objective function (3) is maximized subject to the resource constraint (2).

The Lagrangean Lt for period t is the sum of the current utilities and of the increase
in the shadow value of the capital stock, qt+1kt+1 � qtkt, i.e.

Lt = u(ct) + �u(dt)� v(�t) +
qt+1
nt

(f (kt; nt + �t)� ntct � dt)� qtkt:

For an interior optimal solution, the derivatives of Lt with respect to ct, dt, �t and kt
must be equal to zero. Hence:

uc(ct) = qt+1 (4)
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uc(dt) =
qt+1
�nt

(5)

v�(�t) =
qt+1
nt

fl (kt; nt + �t) (6)

qt+1
nt

=
qt

fk (kt; nt + �t)
: (7)

We can characterize the �rst-best solution as follows: an optimal allocation and its sup-
porting implicit price (qt)t>0 are characterized by the two dynamic equations

kt+1 =
1

nt

�
f(kt; nt + �t)� C

�
qt

fk (kt; nt + �t)

��
� �(kt; qt; �t) (8)

qt+1 =
ntqt

fk (kt; nt + �t)
� 	(kt; qt; �t) (9)

where total consumption C(:) is given by

C

�
qt

fk (kt; nt + �t)

�
= ntct + dt = ntuc

�1

�
ntqt

fk (kt; nt + �t)

�
+ uc

�1

�
qt

�fk (kt; nt + �t)

�
;

the static equation

v�(�t)� qt
fl (kt; nt + �t)

fk (kt; nt + �t)
� h(kt; qt; �t) = 0; (10)

and the transversality condition.4

3 Long-run e�ect of the baby bust

Consider that the growth factor of the population is constant, i.e. nt = n 8t. Then, a
steady state is a stationary path (ct; dt; qt; �t; kt+1) = (c; d; q; �; k) with positive quantities
verifying the optimality conditions:

uc(c) = q (11)

uc(d) =
q

�n
(12)

v�(�) =
q

n
fl(k; n+ �) (13)

fk (k; n + �) = n (14)

f (k; n + �) = nk + nc+ d (15)

Proposition 1 (Existence and Uniqueness of the optimal solution)
Under the assumption

lim
k!0

fk(k; n) > n > lim
k!+1

fk(k; n+ x)

the steady state of the dynamics described by (8)-(10) is characterized by the Golden Rule
(14) and it is stable in the saddle-point sense.

4The transversality condition of this problem states that the limit of the capital stock is the Golden
Rule capital stock in the case where it exists (see Michel (1990)).
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See appendix A for a proof. Note that the assumption made in proposition 1 is weaker
than the usual Inada conditions.5

3.1 Optimal capital and retirement age

In order to study the e�ect of a drop in fertility on the optimal age of retirement at the
steady state, we compute the total derivatives of the optimality conditions (11)-(14) and
the resource constraint (15) with respect to c, d, k, �, q and n. The total derivatives of
(11) and (12) allow us to express dc=c and dd=d as follows

dc

c
= ��(c)

dq

q
and

dd

d
= ��(d)

�
dq

q
�

dn

n

�
where �(c) = �

uc(c)

ucc(c)c
: (16)

The term �(c) is the elasticity of substitution between consumption at two points of time.
We also de�ne

� �
v���

v�
(17)

as the elasticity of the disutility of work, and

� �
flll

fl
, � �

fkll

fk
(18)

as the elasticities of the marginal productivity of labor and capital with respect to labor.

When substituting (16) in the total derivatives of (13), (14), and (15), we obtain a
system of three equations and three unknowns, dk=dn, dq=dn, and d�=dn. Using (17) and
(18), we obtain

dk

dn

n

k
= �

1

�
+
c+ k � c �(c) +

��
�
+

�

�

�
(n c �(c) + d �(d))

c+
d

n
+ �

�
1

�
+

1

n

�
(n c �(c) + d �(d))

: (19)

The sign of which is a priori indeterminate. However, with a CES production function,

f(k; l) = A
�
�k�� + (1� �)l��

�
�1=�

; A 2 R+ ; � 2 (0; 1); � 2 (�1;1)nf0g (20)

a rise in n causes the new steady state to display a lower k when the degree of substi-
tutability between production factors is high (� low):

Proposition 2 (Population growth and optimal capital)

With a CES production function,
dk

dn
< 0 if � 6 0.

See appendix B for a proof. The parameter � determines the degree of substitutability
between the production factors. The smaller �, the larger the degree of substitutability
and the more a decrease in fertility and thereby in labor supply will be accompanied by
a rise in capital: labor is replaced by capital: dk=dn < 0 (Note that proposition 2 applies
to a Cobb-Douglas production function (�! 0)).

When capital and labor are poor substitutes (when � is large) however, a decrease in
n might be accompanied by a decrease in k:

5This will allow us to provide examples with CES production functions.
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Corollary 1 For large � and small �(! 0) we have dk=dn > 0

See appendix C for a proof. When � is very large, a decrease in n is likely to be accom-
panied by a decrease in k (dk=dn > 0). The opposite result may only arise if labor input
has risen, which implies that � has increased so much that it outweighs the drop in n.
This only occurs if agents are ready to substitute consumption for leisure, which is the
case when � is large. When � is small, agents do not accept consumption as a substitute
for leisure and so k will move in the same direction as n.

We now use the total derivative of equation (14) in order to compute d�=dn:

Proposition 3 (Population growth and optimal retirement age)
The e�ect of a drop in fertility on the optimal retirement age at the steady state is given
by

d�

dn
=

�
�1 +

1

fkl

�
+

n+ �

n

dk

dn

n

k
; (21)

The total e�ect of fertility drop consists of two di�erent e�ects. The �rst term in (21)
constitutes the direct e�ect of a change in n, while the second term represents the e�ect
induced by a change in n through a subsequent change in k, as given by (19).

The intuition behind the direct term can be understood by looking at the Golden
Rule (equation (14)). On the one hand, a drop in fertility reduces the optimal marginal
productivity of capital. On the other hand, a drop in n directly diminishes the marginal
productivity of capital through its e�ect on labor input. The higher fkl, the larger this
second e�ect. If fkl > 1, the marginal productivity decreases too much and the retirement
age must increase in order to keep it at a suÆciently high level. On the contrary, if a change
in the labor supply only slightly a�ects the marginal productivity of capital (fkl < 1), the
retirement age should decrease to bring the marginal productivity to its optimal level.
If fkl = 1 and if a change in n is not accompanied by a change in k (dk=dn = 0), the
retirement age should remain unchanged.

A change in n, however, will also induce a change in steady state capital as given by
(19). The second term in (21) depends on the elasticity of capital per old to population
growth. The e�ect on � of a change in n through this elasticity always goes in the same
direction as dk=dn. Indeed, as the marginal productivity of labor rises with capital, an
increase in capital input gives an incentive (for the planner) to increase the labor input
through a rise in the retirement age. The relative importance of these two e�ects will
�nally determine the sign of d�=dn. The value of � plays an important role in the balance
of these two e�ects.

Corollary 2 For large � we have d�=dn < 0

See appendix D for a proof. As mentioned before a large � implies that agents easily
substitute consumption for leisure. They are thus ready to give up leisure in order to
safeguard consumption when fertility declines.
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3.2 Numerical examples

To further understand the role of some key parameters in the adjustment to a drop in
fertility, we examine the following examples. Assume a utility function with constant
elasticity of substitution:

u(c) =
�
1� ��1

�
�1

c1�
1

� ; � 2 (0;1)nf1g

and the following disutility:

v(�) = �
ln(x� �) + �=x

2

which satis�es v�(0) = 0 and v�(x) =1. Assume a CES production function as (20). We
choose the following values for the parameters: � = 0:2727, � = :3, A = 2:5, x = 1 and
we consider two cases: case 1: � = 2 (high �), � = :001 (Cobb-Douglas production); and
case 2: � = :1 (low �), � = :001 (Cobb-Douglas production). Case 1 and 2 highlight the
role of �. They both illustrate proposition 2: the optimal capital stock increases when
fertility declines.

In this section we concentrate on steady state comparative statics, namely the long-
term adjustment to a fertility drop (n decreases from 1.4 to 1.1 { a large drop for the clarity
of the graphical presentation). Dynamic adjustments are studied in the next section (with
n going from 1.2 to 1.1).

Let us consider �gure 1. In the space of commodities fc; d; 1��g, we have represented
indi�erence curves together with two resource constraints corresponding to two di�erent
values of n. The top chart corresponds to case 1 and the bottom chart to case 2.

Consider �rst the resource constraints (represented by the 
at surfaces in �gure 1):
f(k; n + �)� n(k + c) � d. They are evaluated with the capital stock set at its optimal
level. Hence, they represent the feasible combinations of d, c and � for this optimal level
of k. The drop in n moves the feasibility surface to the right: the resource constraint
is less stringent with fewer agents in the economy. Indeed, a slower population growth
reduces the investment requirements to keep k, per capita capital of the old, constant,
thus increasing the feasible consumption level for a given capital-output ratio. In addition,
this \consumption dividend" has to be shared among a smaller number of young agents.
This is called the \capital-thickening e�ect"(see Cutler, Poterba, Sheiner and Summers
(1990) and Meijdam and Verbon (1997)). A closer look at the slope of the two surfaces
allows us to notice that the shift favors consumption when young relative to consumption
when old. Since the drop in n reduces the number of young agents, it is easier to increase
per capita consumption of the young.6 Moreover, the shift is unfavorable to leisure. The
productivity of workers is increased by the drop in n, and early retirement is therefore
more costly.

Consider now the indi�erence curves. A large value of � given � implies that the three
commodities are substitutes in the utility function (Case 1). The best way to bene�t
from the new feasibility constraint is to decrease leisure and consumption when old, and
to increase consumption when young. It is thus optimal to increase the retirement age. On

6A fall in the population growth rate has the same e�ect as a decrease of the interest rate in a
competitive economy: it reduces the social return to postpone consumption.

10



0
0.2

0.4
0.6

0.8
d

1.5

2

2.5

c

0.3

0.4

0.5

0.6

l

0
0.2

0.4
0.6d

1.5

2

2.5

c

0.8

1

1.2

1.4

d
0.8

1

1.2

1.4

c

0.4

0.5

0.6

l

0.8

1

1.2
d

Figure 1: Cases 1 and 2

11



the contrary, when � is low, the commodities are complements in the utility function (Case
2). It is no longer optimal for the planner to substitute young-age consumption for leisure
and old-age consumption. The only way to bene�t from the new feasibility constraint is
to increase simultaneously the three commodities. In this case, the retirement age should
decrease.

The conclusions of our analysis of the optimal allocation can be summarized as fol-
lows. First, except when parameters take extreme values, | this is when substitutability
between capital and labour on the one hand, and between consumption when young and
when old on the other one is small (Corollary 1)|, the optimal stock of capital increases
after a drop in population growth. This enhances the production possibilities of the econ-
omy. A drop in fertility constitutes therefore a positive shock that allows the planner to
increase per-capita consumption. Second, from Proposition 3 and Figure 1, the optimal
response of the retirement age crucially depends on the parameters, and in particular on
the concavity of the utility function. When consumption and leisure are highly substi-
tutable, the optimal retirement age should increase. On the contrary, when they are low
substitutes, the optimal retirement age should decrease.

4 Optimal dynamics with an anticipated baby bust

The previous section focused on the long-run optimal adjustment to the baby bust. How-
ever, the new steady-state may be far away from the initial one and long to reach. Section
3 does not provide insights concerning the e�ects of this shock during the transition and
hence on the welfare of the �rst generations, which actually matters in the current policy
debate. In the present section we study the optimal dynamics. For the sake of reality,
the baby bust is supposed to be anticipated by one period. Indeed, in this theoretical
framework individuals are only represented when they have reached the working age. It is
therefore realistic to assume that the shock a�ecting the economy in period 2 is observed
and anticipated today (period 1).

The dynamics of the system around the steady state can be described using a phase
diagram. To build this diagram we use the two equations of the dynamic system (8)-(9):

kt+1 = � (kt; qt; �t)

qt+1 = 	(kt; qt; �t)

where �t is de�ned by a function 
 applying the implicit function theorem to (10):

�t = 
(kt; qt), h(kt; qt; �t) = 0

The set of points (kt; qt) for which there is no change in kt is characterized by � (kt; qt;
(kt; qt))
= kt: By totally di�erentiating this equation, one can show that this phase line is down-
wards-sloping around the steady state. This result is proven in appendix E. To describe
the direction of a change in kt, we notice that �(:) increases monotonically with qt. Hence,
kt+1 > kt above the curve and kt+1 < kt below. The set of points (kt; qt) for which there is
no change in qt is characterized by 	 (kt; qt;
(kt; qt)) = qt. At the steady state the slope
of this phase-line is positive. This is shown in appendix E. To describe the direction of
a change in qt, we notice that 	(:) increases unambiguously with kt. Hence, qt+1 < qt at
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Figure 2: The phase diagram.

the left of the phase-line and qt+1 > qt at the right of it. We gather the information in
�gure 2. The intersection of the two phase-lines represents the steady-state. This �gure
illustrates that there is only one trajectory converging to the steady-state (represented by
the bold line in �gure 2).

The dynamic adjustments for case 1 and 2 are represented in �gures 3 and 4. The solid
and dotted lines represent the phaselines before and after the shock respectively. Bold
dots represent the optimal path. Time 0 is the initial steady state. At time 1 the shock
is anticipated and it takes place at time 2. The thin arrow indicates the new saddle-path.
A planner anticipating (in period 1) a fertility drop for the next period (period 2) will
change the allocation in period 1 so as to be on the new saddle-path in the next period.

The major di�erence between these two �gures is the direction of the shift of the line
kt+1 = kt. This line shifts upwards in case 1 (� high) and downwards in case 2 (� small).7

The saddle-path is therefore located above the initial line kt+1 = kt in case 1 and below in
case 2. This di�erence has major short-term consequences for the evolution of q, hence for
the evolution of young- and old-age consumption in the �rst periods following the baby
bust. Indeed, in the period preceding the drop in fertility (period 1), n is still unchanged,
k is still at its initial steady-state level and an increase (decrease) in q decreases (increases)
both consumption when young and old (see equations (4), (5) and (7)).

The economy may thus display di�erent dynamics, depending on the value of �. In
case 1, the optimal long-run adjustment consists of reducing old-age consumption and
leisure and increasing youth consumption. However, as can be noticed in �gure 3, q is
higher than its initial value in period 1 and 2. Hence, in period 1 (n still unchanged), c
and d must be decreased. In period 2, the drop in fertility permits the planner to increase
consumption of young, while old-age consumption is still lower than initially. However,
this consumption squeeze fosters capital accumulation and allows for a rapid convergence
to the higher long-term capital stock. Consequently, not only current old individuals but

7The line kt+1 = kt represents the resource constraint of the economy, where c and d have been
substituted by their optimal value. The higher �, the greater the willingness of households to accept a
reduction in old-age consumption in compensation of an increase in young-age consumption, and the less
stringent is the resource constraint.
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also currently young individuals (in the two periods of their life) will bear the cost of the
rapid transition to the new steady state to the bene�t of all future generations.

The story is di�erent in case 2. It is now optimal for the planner to increase the long-
run values of the three commodities. The planner therefore increases consumption of
individuals in each period of their life so as to keep the ratio of consumptions optimal. In
addition, the planner uses the capital freed by the \capital-thickening e�ect" to increase
consumption in period 1 (re
ected by the drop in q). This temporarily reduces the
capital accumulation and puts the economy on the new saddle path. Along this path,
the adjustment is slower than in the �rst case. Both periods consumption rise at the
pace allowed by capital accumulation. In this case, no generation looses in the transition
process.

The analysis of the optimal dynamics highlights that the welfare e�ects of a fertility
drop on the initial generations crucially depend on the parameters, and in particular on the
concavity of the utility function. When consumption and leisure are highly substitutable,
the transition is rapid but induces a loss for the two initial generations. When they are
poor substitutes, every generation is better o�. In the next section we investigate how
this optimal allocation can be decentralized by means of policy instruments.

5 Decentralization of the optimal trajectory

As stressed by Michel and Pestieau (1999), a steady-state �rst-best optimum can be
decentralized if one controls the social security tax and the retirement age. In the fol-
lowing �rst sub-section, we generalize their result to non-steady-state allocations. In the
next sub-section, we consider the case where the retirement age is not mandatory. The
decentralization then requires another instrument, e.g. public debt.

5.1 Decentralization with mandatory retirement age

When the retirement age is mandatory, individuals do not choose the end of their working
period. The decentralization of the �rst best solution aims at inducing the level of savings
that corresponds to the optimal stock of capital. For this objective, one intergenerational
lump-sum transfer is suÆcient. We assume that the government taxes the wage income
proportionally and provides the old with a lump-sum transfer. As the retirement age is
mandatory, the proportional tax is not distortionary and amounts to a lump-sum transfer.
The maximization program of the individual is:

max
ct;dt+1

u(ct) + �u(dt+1)� v(�t+1)

subject to ct + st = wt(1� �t) (22)

dt+1 = Rt+1st + pt+1 + wt+1(1� �t+1)�t+1 (23)

where �t < 1 is the tax rate, pt+1 2 R is the lump-sum transfer, st represents savings and
Rt+1 is the interest factor. wt and wt+1 denote wages. The maximization problem has a
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solution if the life-cycle income is positive, i.e.

wt(1� �t) +
pt+1 + wt+1�t+1(1� �t+1)

Rt+1
> 0:

The �rst order condition of the maximization problem is

uc(ct) = �Rt+1uc(dt+1)

which allows to de�ne a saving function

st = s(wt(1� �t); pt+1 + wt+1�t+1(1� �t+1); Rt+1) (24)

with its derivatives satisfying s1 2 (0; 1), s2 2 (�1; 0) and s3 2 R.

The competitive behavior of �rms leads to the equalization of marginal productivities
to marginal costs:

Rt = fk(kt; nt + �t) (25)

wt = fl(kt; nt + �t): (26)

The budget constraint of the government is:

pt = �twt(nt + �t) (27)

and the equilibrium condition in the capital market implies

kt+1 = s(wt(1� �t); pt+1 + wt+1�t+1(1� �t+1); Rt+1): (28)

De�nition 2 (Competitive equilibrium with mandatory retirement)
Assume an exogenous path (nt)t>0, an initial capital stock k0 > 0, a mandatory retire-
ment age (�t)t>0 and a transfer system (�t; pt)t>0 satisfying (27). A competitive, perfect-
foresight, inter-temporal equilibrium is a vector (ct; dt; kt; st; Rt; wt)t>0 starting at k0 and
satisfying the conditions (22){(26) and (28).

Proposition 4 (Decentralization with mandatory retirement age)
For any optimal allocation with positive quantities (c?t ; d

?
t ; �

?
t ; k

?
t )t>0 starting at k0, there

exists a transfer system (�t; pt)t>0 satisfying (27) such that this trajectory is an inter-
temporal equilibrium with perfect foresight and mandatory retirement age �?

t . The se-
quences (�t; pt)t>0 satisfy:

pt = (nt + �?
t )(fl(k

?
t ; nt + �?

t )� k?t+1 � c?t ) (29)

�t =
fl(k

?
t ; nt + �?

t )� k?t+1 � c?t
fl(k?t ; nt + �?

t )
(30)

Proof: See appendix F for a proof. As the retirement age is mandatory, labor taxes
are lump-sum taxes, and can be used to set the level of savings so as to obtain the
optimal stock of capital. Since the individual allocation rule of consumption over the life
cycle is the same as the optimal one, there is no need for another instrument to allocate
consumption optimally.
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5.2 Decentralization with free retirement age

When the retirement age is chosen by the households, their maximization program be-
comes

max
ct;dt+1;�t+1

u(ct) + �u(dt+1)� v(�t+1)

and there is an additional �rst-order condition:

�uc(dt+1)wt+1(1� �t+1) = vl(�t+1): (31)

As mentioned above, the decentralization requires another instrument. The govern-
ment now runs a public debt. Its budget constraint is:

Rtbt + pt = �twt(nt + �t) + ntbt+1 (32)

where bt is the debt per old agent Bt=Nt�1. The debt is held by households. It thus
diverts part of private savings from productive capital:

bt+1 + kt+1 = s(wt(1� �t); pt+1 + wt+1�t+1(1� �t+1); Rt+1) (33)

Proposition 5 (Decentralization with free retirement age)
For any optimal allocation with positive quantities (c?t ; d

?
t ; �

?
t ; k

?
t )t>0 starting at k0 there ex-

ists a sequence of proportional wage taxes (�t)t>0, transfers (pt)t>0 and public debt (bt+1)t>0
such that this trajectory is an inter-temporal equilibrium with perfect foresight. The se-
quence (�t)t>0, (pt)t>0 and (bt+1)t>0 satisfy:

�t = 0 (34)

bt+1 =
d?t � fl(k

?
t ; nt + �?

t )�
?
t � fk(k

?
t ; nt + �?

t )k
?
t

nt

(35)

pt = ntbt+1 � fk(k
?
t ; nt + �?

t )bt (36)

b0 being given.

Proof: See appendix G for a proof. As the planner's optimality condition related to
labor supply is the same as the individual one when the Golden Rule holds, any non-zero
labor tax would distort the individual retirement choice. Debt8 can be used to obtain
the optimal stock of capital and lump-sum transfers to the old balance the budget or
vice-versa. Note that, at steady state, the optimal transfer is zero since the golden rule
fk = n holds (See equation (36)).

5.3 Optimal policies

We now consider the e�ect of a drop in fertility on the optimal policy. Qualitative changes
in policy instruments are represented in table 1 for our two examples. When the retirement
age is mandatory, transfers and taxes decrease in case 1 and increase in case 2. Although

8A negative debt is not excluded and corresponds to a situation where the government detains a part
of the productive capital.
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Table 1: Optimal policies in the face of a demographic shock

Case 1 (� = 2) Case 2 (� = :1)
System instrument t = 2 t =1 t = 2 t =1
Mandatory retirement pt � � + +

�t � � + +
Free retirement pt � 0 + 0

bt � � + �

the new optimal capital stock is higher, it does not necessarily require a drop in old age
transfer. The rise in capital may be ensured by the \capital-tickening" e�ect provided
that the optimal policies do not depress savings too sharply.

Optimal policies di�er because they depend on the preferences of individuals. In case
1, the preferences of the agents make it optimal to substitute young-age consumption
for old-age consumption and leisure. This is implemented by reducing the labor taxes
and decreasing the transfer level. In case 2, preferences of agents are such that it is now
optimal to increase both periods' consumption and leisure. To increase second period
consumption, the planner raises transfers and taxes, but to a moderate extent in order
not to depress savings too much.

When the retirement age results from an individual decision, the planner can no longer
intervene in the labor market without distorting the optimal individual leisure choice. To
induce the optimal level of capital stock, the planner reduces the public debt in both
cases. In case 1, the adjustment is rapid and is realized essentially by a sharp decrease
of national debt during period 3, implying a sharp reduction of the transfer in period 2.
This re
ects the burden in
icted upon the old of period 2. In case 2, national debt must
also decrease in the long-run. However, debt rises strongly in period 2 in order to increase
the consumption of the old in this period. Transfers are higher than in the previous
steady-state during the transition, but to an extent that diminishes with the increase of
capital stock.

From these simulations it appears that the reduction of the national debt should be
implemented in both cases9. No clear action on transfers can be recommended if one does
not know the magnitude of �.

6 Modelling the increase in longevity

Another element that a�ects the demographic structure of most of the OECD countries is
the increased longevity. This component of the demographic change has not been treated
above, but can easily be introduced in our model. An increase in the longevity enlarges
the maximum span which old agents are physically able to work. This corresponds in our
settings to a rise in x.

A lengthening of the period of physical ability reduces the disutility of working as well

9This prediction holds in the huge majority of the simulations we have carried out. However, for �
extremely low (0.05) optimal debt should increase.
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as the marginal disutility to work. This is modelled by assuming that the disutility of
work satis�es the following properties:10

vx < 0 and v�x < 0

Using the same method as in section 3.1, it is straightforward to compute the long-run
adjustment of the optimal capital stock and the retirement age to a rise in x:

dk=k

dx=x
=

��

Æ

n c �(c) + d �(d)

f � nk + �(n c �(c) + d �(d))n+�
�

> 0;

d�=�

dx=x
=

�� (n c �(c) + d �(d))
�

n+�
(f � nk) + � (n c �(c) + d �(d))

> 0;

dq=q

dx=x
=

�(f � n k)

f � nk + �(n c �(c) + d �(d))n+�
�

< 0

where
� �

v�xx

v�
< 0

is the elasticity of the marginal disutility to work with respect to the span of physical
ability, and

Æ �
fkkk

fk
(37)

is the elasticity of the marginal productivity of capital with respect to capital.

The �rst two expressions are unambiguously positive. When the longevity increases,
it is optimal to increase the retirement age since the marginal disutility of working is
reduced. This fosters the marginal productivity of capital at given capital stock. Capital
should thus rise to lower its marginal productivity to its new optimal level. An increase
in the longevity constitutes therefore also a positive shock. This allows the planner to
increase consumption of every generation: dq=dx < 0.

7 Conclusion

In this paper we focus on the consequences of a decline in fertility for optimal retirement
policies. Four options to reform current pension systems are generally considered: lowering
pension bene�ts; increasing contribution rates; increasing national savings through an
accelerated reduction of public debt; and increasing the (e�ective and/or legal) retirement
age. Most of the literature concerned with the aging of the population adopts a numerical
approach and studies the e�ect of various policy reforms. Our objective is to switch
the debate from the design of parametric reforms to the optimal allocation of resources
(consumption, leisure and capital). Endowed with the well-de�ned criterion of Ramsey
(1928), we theoretically assess the impact of a fertility drop on the optimal allocation. In
contrast with the theoretical contributions in this �eld, our model includes endogenous
retirement decisions.

10Note that the functional form chosen in the example satis�es these properties.
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Our analysis of the long-run optimal allocation allows to conclude the following. First,
the optimal stock of capital increases after a drop in population growth except when pa-
rameters take extreme values. This enhances the production possibilities of the economy.
A drop in fertility constitutes therefore a positive shock permitting to increase per-capita
consumption. Second, the optimal response of the retirement age crucially depends on the
parameters, and in particular on the concavity of the utility function. When consumption
and leisure are highly substitutable, the optimal retirement age should increase. On the
contrary, when they are low substitutes, the optimal retirement age should decrease. The
policy recommendation of postponing retirement is thus not robust to a wide class of
preferences and technologies.

The study of the optimal dynamics highlights that the welfare e�ects of the fertility
drop on the initial generations also depends on the concavity of the utility function. When
consumption and leisure are highly substitutable, the transition is rapid but induces a
loss for the two initial generations. When they are poor substitutes, every generation is
better o�.

In order to translate these e�ects in terms of optimal retirement policies, we charac-
terize the decentralization of the optimum through the control over some instruments.
We do so both when the retirement age is compulsory and when the retirement decision
is private. It appears that the reduction of the national debt should be implemented in
all the cases considered. No clear action on transfers can be recommended if one does not
know the magnitude of the agents' elasticity of substitution.
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A Proof of proposition 1

A.1 Existence

The steady state is characterized by the following system of equations

fk (k; n + �) = n (38)

uc(c) = q (39)

uc(d) =
q

�n
(40)

v�(�) =
q

n
fl(k; n+ �) (41)

f (k; n + �) = nk + nc+ d (42)

On the one hand, the golden rule (38) determines a unique relationship in the space fk; �g
between steady state capital and � for given n: when taking the total derivative of (38)
we get dk=d� = �fkl=fkk > 0. On the other hand, equations (39)-(42) establish another
relationship between k and � that should be veri�ed at the steady state. We shall prove
that both equations in k and � intersect at least once, in which case we can conclude that
there exists at least one steady state.

The golden rule (38) implies that 8� 2 (0; 1), there exists one level of k which satis�es
this rule. Now de�ne

k 2 R+ : fk(k; n+ �) = n for � = 0 (43)

�k 2 R+ : fk(�k; n+ �) = n for � = x: (44)

with k < �k. This is, k and �k are the levels of capital satisfying (38) for � = 0 and � = x
respectively.

In the next step we identify two pairs (k; �) belonging to the curve de�ned by equations
(39)-(42); one of which lies above and the other below the upwards sloping (k; �k)-curve
determined by (38). This will allow us to conclude that both curves cross at least once.
We de�ne ~k as the steady state capital which satis�es (39)-(42) for � = x. Since
v�(x) = 1, according to (41) q also tends to in�nity (fl is strictly positive and �nite
by assumption). Given (39) and (40) this implies that consumption in both periods tends
to zero (because of the limit condition (1)). Hence the resource constraint (42) becomes
f(~k; n+ x) = n~k; or

f(~k; n+ x)
~k

= n > fk(~k; n+ x): (45)

The inequality derives from the Euler theorem implying that f(k)=k > fk. Given (44)
and because of decreasing marginal productivity of capital, we can deduce that ~k > �k,
and thus that (~k; n+ 1) lies above the (k; �k)-curve determined by the golden rule.

It is further straightforward to see that when k = k, (39)-(42) imply that � 2 (0; x):
on one hand we have that fl(k; :) is strictly positive and �nite. On the other one f(k; :)
is strictly positive and �nite and greater than nk. Indeed, we know that f(~k; n+1) = n~k
and k < ~k; decreasing returns hence imply that f(k; :) > nk, allowing for strictly positive
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and �nite consumption c and d. Consequently, q is also strictly positive and �nite, given
(39)-(40). Further, according to (41), v� 2 (0;1), which implies that � 2 (0; x) for k = k.
We can conclude that 8� 2 (0; 1), (k; �) lies below the (k; �k)-curve determined by (38)
since the latter is upwards sloping and starts in (k,0). We can thus conclude that given
continuity of (38)-(42), there is at least one intersection in the (k; �)-plane.

A.2 Uniqueness

The dynamics of the economy can be reduced to a system of two equations:

kt+1 = �(kt; qt) (46)

qt+1 = 	(kt; qt); (47)

In appendix E we show that the slope dk=dq of the curves (46) and (47) evaluated at the
steady state are negative and positive respectively. In section A we showed that there
exists at least one steady state. Hence both curves cross at least once. Suppose there is a
second steady state implying that (46) and (47) cross again with a positive and negative
slope respectively. By continuity of (46) and (47) this would imply the existence of at
least a third steady state, again determined by the intersection of the two curves, but
where at least one of the curves has its slope reversed. This is in contradiction with the
characterization of the steady state itself. Hence, the steady state is unique.

A.3 Stability

To study the characteristics of the dynamics, we take a �rst order Taylor expansion of the
system around its unique steady state (k; q) in order to study the local dynamics. This
leads to �

kt+1 � k
qt+1 � q

�
=

�
a1 a2
b1 b2

� �
kt � k
qt � q

�

with the partial derivatives taken at the steady state (k; q):

a1 =
@�

@kt
=

fk
n
+
fl
n

d�

dk
+
Cz

n

qfkk
(fk)2

+
Cz

n

qfkl
(fk)2

d�

dk

a2 =
@�

@qt
=

1

n

�
fl
d�

dq
�

Cz

fk
+ Cz

qfkl
(fk)2

d�

dq

�

b1 =
@	

@kt
= �n

q

(fk)2

�
fkk + fkl

d�

dk

�

b2 =
@	

@qt
=

n

fk

�
1�

qfkl
fk

d�

dq

�

where Cz is the derivative of C with respect to its argument. The derivatives d�=dk and
d�=dq are given by

d�

dk
=

qffl � v�fkl
v��fk + v�fkl � qfll

> 0

d�

dq
=

fl
v��fk + v�fkl � qfll

> 0:
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The characteristic polynomial of the linear approximation is given by

p(�) = �2 � (a1 + b2)�+ a1b2 � a2b1: (48)

When substituting for d�=dk and d�=dq, and rearranging terms we have that

a1 + b2 = 2 +
Czqfkfkkv�� � fl(fk)

2fkkv�
n(fk)2(v��fk + v�fkl � qfll)

(49)

a1b2 � a2b1 = 1: (50)

From (48)-(50) we can see that p(1) > 0 and p(�1) < 0, which corresponds to a steady
state stable in the saddle-point sense. q.e.d.

B Proof of proposition 2

Expression (19) can be rewritten as

��(c) +
�

�
(n c �(c) + d �(d))

N
+

c+ k �
n

n + �

�
c+

d

n

�

N
+

n

n+ �
�

1

�
; (51)

where N = c + d=n + �(n + �)=(n�)(n c �(c) + d �(d)) > 0. The �rst term in (51) is
unambiguously negative. The second, third, and fourth term can be grouped as follows:

c+ k �
n

n+ �

�
c+

d

n

�
+

�
n

n + �
�

1

�

�
N

N
: (52)

When developing the numerator and after simplifying, (52) becomes

�

�
1�

n+ �

n�

�
n c �(c) + d �(d)

�

N
+

c + k �
1

�

�
c+

d

n

�

N
: (53)

In the case of a CES production function we can rewrite 1� (n+�)=(n�) as 1=(nfl)(nfl�
f=(1 + �)); it is straightforward to see that the �rst term in (53) is negative for � < 0.
The numerator of the second term is equivalent to c+ k� f=(1+ �), which is also clearly
negative for � < 0. q.e.d.

C Proof of corollary 1

When � tends to zero, (19) becomes

�
1

�
+

c+ k

c+
d

n

:
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or, over a common denominator:

c+ k �
1

�

�
c+

d

n

�

c+
d

n

:

In the case of a CES-production function, c + k � 1=�(c + d=n) can be rewritten as
c+ k � f=(1 + �). This term will be positive for large �. q.e.d.

D Proof of corollary 2

When substituting (19) into (21), the e�ect of a change in n on � can be rewritten as

d�

dn
=

c + k � fl � c �(c) + (n c �(c) + d �(d))
�

�

fl +
�(n c �(c) + d �(d))

�

From above expression it is straightforward to see that d�=dn < 0 for large �.

E The phase diagram

E.1 The slope of the phase-line � (kt; qt) = kt

The slope of this curve is obtained by totally di�erentiating this expression at the steady
state:

dq

dk
= �

@�=@k

@�=@q
= �

�k + ��
k � 1

�q + ��
q

(54)

with

�k = 1 +
q

n3
fkkCz > 0

�q = �
Cz

n2
> 0

�� =
fl
n
+

q

n3
fklCz


q = �
hq

h�

=
fl

v��fk + v�fkl � qfll
=

flfk
v��f 2k + qflfkl � qfkfll

> 0


k = �
hk

h�

=
�v�fkk + qfkl

v��fk + v�fkl � qfll
=

�qflfkk + qfkfkl

v��f
2

k + qfklfl � qfkfll
> 0

where we substituted v� =
qfl
fk
. Let us show that the numerator of (54) is positive:

@�

@k
= �k + ��
k � 1 =

fl
n

k +

q

n3
fkkCz +

q

n3
fklCz
k

=
fl
n

k +

qCz

n3
(fkk + fkl
k)
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The �rst term is positive. In order to determine the sign of the second term (with Cz < 0)
we substitute for 
k and we obtain the following expression:

(fkk + fkl
k) =
v��f

2
kfkk

v��f 2k + qflfkl � qfkfll
< 0

Since this expression is negative, the second term is also positive and the numerator is
positive.

The denominator of (54)

@�

@q
= �q + ��
q =

fl
q

n
+
Cz

n2

�
�1 +

q

n
fkl
q

�

can also proven to be positive. The �rst term is positive. After substituting for 
q, the
second term becomes:

Cz

n2
�
�v��n

2 + qnfll
� 1

v��f 2k + qflfkl � qfkfll
> 0:

The denominator is therefore positive. We can thus conclude that (54) is negative which
implies that the phase-line � (kt; qt) = kt is downwards sloping.

E.2 The slope of the phase-line 	(kt; qt) = qt

The slope of this phase-line is obtained by totally di�erentiating the equation at steady
state:

dq

dk
= �

@	=@k

@	=@q
= �

	k +	�
k

	q +	�
q � 1

with

	k = �
qfkk
n

> 0

	q = 1

	� = �
qfkl
n

< 0

The sign of the denominator is negative:

@	

@q
= 	�
q < 0;

since 
q > 0 and 	� < 0.

The sign of the numerator

@	

@k
= 	k +	�
k > 0:

can be proven to be positive. Indeed, this expression can be rewritten as:

	k +	�
k = �
q

n
(fkk + fkl
k):

Since we have proved that (fkk + fkl
k) < 0, 	k + 	�
k is positive. Consequently, the
phase-line 	 (kt; qt) = qt is upward sloping.
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F Proof of proposition 4

We follow the proof in de la Croix and Michel (2000). The government budget constraint
and equation (23) allow us to express the transfers in the following way, for all t > 0:

pt =
nt + �?

t

nt

(d?t � fk(k
?
t ; nt + �?

t )k
?
t � fl(k

?
t ; nt + �?

t )�
?
t )

which are the levels that allow the old agents to consume d?t at equilibrium. Using the
resource constraint, this implies

pt =
nt + �?

t

nt

�
f(k?t ; nt + �?

t )� ntk
?
t+1 � ntc

?
t � fk(k

?
t ; nt + �?

t )k
?
t � fl(k

?
t ; nt + �?

t )�
?
t

�

and, using the Euler theorem,

pt = (nt + �?
t )(fl(k

?
t ; nt + �?

t )� k?t+1 � c?t ) (55)

The corresponding tax rate is given by

�t =
fl(k

?
t ; nt + �?

t )� k?t+1 � c?t
fl(k?t ; nt + �?

t )
(56)

Consider any date t > 0. At the given capital stock k?t , and assuming perfect forecasts,
the optimal choices ct; dt+1 and st of the agents for period t are characterized by

uc(ct) = fk(k
?
t+1; nt+1 + �?

t+1)�uc(dt+1)

ct = fl(k
?
t ; nt + �?

t )(1� �t)� st

dt+1 = fk(k
?
t+1; nt+1 + �?

t+1)st + pt+1 + fl(k
?
t+1; nt+1 + �?

t+1)�
?
t+1(1� �t+1)

After substituting the transfers, the last two equations become

ct = k?t+1 + c?t � st

dt+1 = fk(k
?
t+1; nt+1 + �?

t+1)st + (nt+1 + �?
t+1)fl(k

?
t+1; nt+1 + �?

t+1)� nt+1(k
?
t+2 + c?t+1)

= fk(k
?
t+1; nt+1 + �?

t+1)(st � k?t+1) + f(k?t+1; nt+1 + �?
t+1)� nt+1(k

?
t+2 + c?t+1)

= fk(k
?
t+1; nt+1 + �?

t+1)(st � k?t+1) + d?t+1

st = k?t+1, ct = c?t and dt+1 = d?t+1 is the unique solution of the above system. q.e.d.

G Proof of proposition 5

Using the additional �rst order condition of the households (31), we can express the tax
rate as follows:

(1� �t+1) =
vl(�

?
t+1)

�uc(d?t+1)fl(k
?
t+1; nt+1 + �?

t+1)
(57)

Using (5) and (6) characterizing the optimal solution, we deduce that:

�t+1 = �t = 0
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The level of public debt that allows the old agents to consume d?t at equilibrium can
be de�ned as follows, using (23), the government budget constraint (32) and the capital
market equilibrium condition (33):

d?t = fk(k
?
t ; nt + �?

t )k
?
t + ntbt+1 + fl(k

?
t ; nt + �?

t )�
?
t (58)

or equivalently as

bt+1 =
d?t � fl(k

?
t ; nt + �?

t )�
?
t � fk(k

?
t ; nt + �?

t )k
?
t

nt
(59)

From the government budget constraint, the corresponding pension level is:

pt = ntbt+1 � fk(k
?
t ; nt + �?

t )bt (60)

Consider any date t > 0. At the given capital stock k?t , and assuming perfect forecasts,
the optimal choices ct; dt+1 and st of the agents for period t are characterized by

uc(ct) = fk(k
?
t+1; nt+1 + �t+1)�uc(dt+1) (61)

vl(�t+1) = �uc(dt+1)fl(k
?
t ; nt + �t)(1� �t+1) (62)

ct = fl(k
?
t ; nt + �t)(1� �t)� st (63)

dt+1 = fk(k
?
t+1; nt+1 + �t+1)st + pt+1 + fl(k

?
t+1; nt+1 + �t+1)�t+1(1� �t+1) (64)

From equations (12), (13) , we know that the optimal retirement age is characterized by:

�uc(dt+1) =
v�(�

?
t+1)

fl(k?t+1; nt+1 + �?
t+1)

(65)

Substituting this expression and the transfer in (62), we obtain:

v�(�
?
t+1)

fl(k?t+1; nt+1 + �?
t+1)

=
v�(�t+1)

fl(kt+1; nt+1 + �t+1)
(66)

which implies that �t+1 = �?
t+1. After substituting the transfers and (33), equation (63)

becomes:

ct = fl(k
?
t ; nt + �?

t )� k?t+1 �
d?t
nt

+
fl(k

?
t ; nt + �?

t )�
?
t

nt
+
fk(k

?
t ; nt + �?

t )k
?
t

nt

=
1

nt

(f(k?t ; nt + �?
t )� d?t � ntk

?
t+1) = c?t

Substituting the transfers in equation (64), we get:

dt+1 = fk(k
?
t+1; nt+1 + �?

t+1)(st � bt+1) + fl(k
?
t+1; nt+1 + �?

t+1)�
?
t+1 + nt+1bt+2

= fk(k
?
t+1; nt+1 + �?

t+1)k
?
t+1 + fl(k

?
t+1; nt+1 + �?

t+1)�
?
t+1 + nt+1bt+2

= f(k?t+1; nt+1 + �?
t+1)� fl(k

?
t+1; nt+1 + �?

t+1)nt+1 + nt+1(st+1 � k?t+2)

= f(k?t+1; nt+1 + �?
t+1)� nt+1(fl(k

?
t+1; nt+1 + �?

t+1)� st+1)� nt+1k
?
t+2

= f(k?t+1; nt+1 + �?
t+1)� c?t+1nt+1 � nt+1k

?
t+2

= nt+1k
?
t+2 + d?t+1 � nt+1k

?
t+2 = d?t+1

Therefore, bt+1 + st = k?t+1, ct = c?t , dt+1 = d?t+1, �t+1 = �?
t+1 is the unique solution of the

above system. q.e.d.
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