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Abstract

This paper studies proportional risk sharing at claim occurrence time in community-based
insurance. Fach participant is modeled by an individual Cramér—Lundberg surplus process,
and, whenever a claim is reported within the pool, its cost is redistributed according to a fixed
allocation matrix. We compare the infinite-time ruin probability of each participant under
stand-alone operation and under pool participation. Our main result shows that pooling
reduces, for every participant, the infinite-time ruin probability when claim severities belong
to a common scale family, the allocation rule satisfies full allocation and actuarial fairness,
and each transfer remains bounded by an individual capacity condition. The proof relies on
a convex-order comparison between the losses borne inside the pool and the corresponding
stand-alone losses. We also clarify the role of these assumptions by showing that, outside this
framework, pooling need not be beneficial for all participants. Numerical illustrations with
Exponential and LogNormal severities support the theoretical findings and highlight how the
design of proportional sharing rules affects solvency. The paper thus provides simple and
interpretable sufficient conditions under which transparent linear risk-sharing arrangements
improve individual solvency in community-based insurance.

Keywords: Community-based insurance; linear risk-sharing; risk pooling; risk process; ruin
probability.

JEL Classification: G220; G520; O120.



1 Introduction and motivation

Human societies have always operated under conditions of uncertainty, where unpredictable
shocks such as illness, fire or death pose recurrent threats. These vulnerabilities are par-
ticularly acute in low-income communities where market imperfections, limited enforcement
capacity, weak infrastructure, and incomplete credit and insurance markets restrict access
to formal mechanisms for managing risk (Dercon, 2002; Fitzsimons et al., 2018; Saha and
Qin, 2023). In such environments, households frequently rely on informal, socially embedded
arrangements to cope with adverse events.

Among the range of informal strategies used to manage risk, risk pooling occupies a dis-
tinctive position. Unlike precautionary behavior, risk avoidance, or self-insurance through
the accumulation of private reserves, which can be undertaken individually, risk pooling
is inherently collective, relying on social interaction and cooperation to distribute losses
among participants. Through this mechanism, individuals share exposure to uncertainty by
smoothing shocks over time and across the group, thereby transforming potentially large
or volatile losses into more manageable contributions. Much like formal insurance, which
involves regular premium payments in exchange for protection against adverse events, infor-
mal risk-pooling systems redistribute losses within networks of kin, friends, or community
members, thereby reducing the burden borne by any single individual (Cronk and Aktipis,
2021).

In a risk-sharing pool, participants are indemnified from a collective fund for their indi-
vidual losses and, in return, make ex-post contributions so that the aggregate of individual
payments exactly matches the total loss experienced by the pool (Denuit et al., 2022; Feng,
2023). The actuarial literature on such arrangements has investigated a variety of modeling
assumptions, including the distribution of losses, the homogeneity of participants, and the
exchangeability of risks, as well as alternative allocation rules governing the distribution
of contributions and benefits. Among these rules, the conditional mean risk-sharing rule,
originally introduced in Denuit and Dhaene (2012), has received particular attention; see,
for instance, Denuit (2019), Denuit and Robert (2024), and the references therein. Under
this rule, each participant’s contribution is given by the conditional expectation of their loss
given the aggregate loss of the pool. Beyond this benchmark, several alternative allocation
principles have also been proposed and studied.

The studies discussed above primarily examine risk-sharing arrangements in a static
setting, where interactions are confined to a single period. In practice, however, individuals
often participate in long-term risk-sharing agreements that allow them to smooth adverse
shocks over time. This naturally gives rise to a dynamic framework in which the temporal
dimension plays a fundamental role.

This article adopts such a dynamic perspective on risk sharing. Recent contributions
in this area include Abdikerimova et al. (2024), who show that, within the risk-sharing
framework they consider, the optimal dynamic risk-sharing rule is horizon independent.
They further establish a connection between their model and the classical portfolio selection
problem in mathematical finance. Likewise, Boonen and Zhou (2026) formulate risk sharing
as a continuous-time stochastic control problem in which participants enter social contracts
to determine Pareto-efficient proportional sharing arrangements. Consistent with practical
risk-sharing mechanisms, the authors impose non-negativity constraints on the risk-sharing



proportions. Under this framework, they derive the Hamilton—-Jacobi-Bellman equation that
characterizes the optimal sharing rule, which they subsequently use to quantify the benefits
of risk sharing and to investigate the impact of the imposed constraints.

Other recent studies have explored dynamic risk sharing in different settings. For exam-
ple, Hanbali et al. (2025) examine time-varying risk-sharing arrangements in the context of
life insurance, focusing on the interaction between annuity buyers and providers. Meanwhile,
Tao et al. (2025) study a group of economic agents belonging to two distinct types and derive
the optimal investment, consumption, and risk-sharing strategies using martingale methods.

While the actuarial literature has primarily focused on the mathematical properties of
risk-sharing rules (see Denuit et al., 2022, for a broad overview), practical implementations
of collective risk sharing arise in a variety of institutional settings. In many low-income
environments, informal pooling mechanisms have evolved into more structured and insti-
tutionalized arrangements, such as community-based insurance schemes (CBls). CBIs are
locally organized, member-financed schemes that pool contributions in order to provide pre-
specified benefits, formalizing rules on contributions, eligibility, and payouts while preserving
the underlying logic of collective risk sharing. See Dercon et al. (2006) for an example of
funeral CBIs in Ethiopia and Tanzania, and Lemay-Boucher (2012) for an example from
Benin. CBIs exist in many forms, with community-based health insurance (CBHI) being
especially prominent in the literature (Ekman, 2004; Carrin et al., 2005; Mebratie et al.,
2013; Eze et al., 2023), alongside schemes covering funeral expenses, agricultural risks, and
other insurable events.

In practice, CBls display substantial heterogeneity in their contribution mechanisms,
with many schemes relying either on regular flat-rate contributions paid periodically by
members or on fixed ex-post contributions triggered by specific events. For instance, Dercon
et al. (2006) document that, in Tanzanian funeral CBIs, participants contribute only when
a funeral occurs, whereas in Ethiopian CBIs members typically pay regular monthly con-
tributions. The contribution mechanism therefore defines the risk-sharing rule: it specifies
the allocation borne by each member in exchange for participation in collective coverage. In
many real-world settings, these designs prioritize simplicity and transparency, two features
that are essential for building trust and sustaining participation when information asymme-
tries are severe and administrative capacity is limited (Dror et al., 2016; Fadlallah et al.,
2018; Levantesi and Piscopo, 2022). In this paper, we study whether participation in a CBI
yields a measurable solvency benefit for individuals relative to stand-alone operation.

Following Denuit and Robert (2023), we model individual insurance accounts within a
community by means of the classical Cramér—Lundberg risk process; see Asmussen and Al-
brecher (2010) and Mandjes and Boxma (2023) for standard references on this model and
its variants. Pooling is introduced directly at claim occurrence times, so that each insured
loss is immediately redistributed across participants according to a prescribed sharing rule.
While the conditional mean risk-sharing rule studied by Denuit and Robert (2023) enjoys
strong theoretical properties and is naturally motivated by conditional averaging, it may be
computationally demanding for some probability models (Yang and Wei, 2025). More im-
portantly for our present purpose, it may be less transparent for non-technical participants
than simpler linear arrangements. In community-based settings, where legitimacy and par-
ticipation often depend on the perceived clarity of the contribution rule, this interpretability
issue is not merely cosmetic. Motivated by these considerations, we focus here on linear



risk-sharing rules under which each participant bears a fixed fraction of each loss reported
in the pool. We then compare the infinite-time ruin probability of each participant under
stand-alone operation and under pool participation.

It is important to note that, unlike most previous studies on risk sharing in the actuarial
science literature, where individual losses are first aggregated into a common pool and only
subsequently redistributed (see, for example, Chapter 6 in Feng (2023)), our model allocates
individual losses among pool members immediately upon their occurrence. Moreover, exist-
ing models typically assume that risk sharing is activated only as a mechanism to prevent
ruin, that is, support from peers is provided only when an insurer’s surplus is about to be-
come (or becomes) negative. See, e.g., Albrecher et al. (2017) and Gu et al. (2018). By
contrast, in the present framework, losses are shared instantaneously among pool members
regardless of whether any participant is close to ruin, making risk sharing an integral and
continuous feature of the surplus process rather than an intervention triggered only by the
risk of insolvency.

The main contribution of this paper is to provide tractable sufficient conditions under
which joining a community-based insurance pool with a linear sharing rule reduces the
infinite-time ruin probability of every participant. In contrast with the conditional mean
rule, the proportional mechanism studied here is fully specified by a deterministic allocation
matrix and is therefore easier to explain, implement, and monitor. Our analysis shows
that this simplicity does not prevent rigorous solvency improvements: under appropriate
assumptions, pooling makes each participant weakly better off in ruin-probability terms.
The paper thus contributes to the actuarial theory of risk sharing by identifying a class of
transparent allocation rules for which individual participation can be justified through a
classical solvency criterion.

The remainder of the paper is organized as follows. Section [2] introduces the compound
Poisson loss model and the corresponding individual and pooled surplus processes. Section
defines the proportional risk-sharing rule at occurrence time and establishes the main
result showing that pooling reduces individual infinite-time ruin probabilities under some
conditions. This section also provides numerical illustrations. Section {4 discusses the scope
and limitations of the assumptions. Section |5| discusses the design of allocation matrices
through scalarized optimization problems and illustrates how Pareto-efficient candidates can
be obtained under the full-allocation, actuarial-fairness and capacity constraints. Section [0]
concludes. The appendices provide additional material: Appendix [A] discusses an extension
incorporating dependence through common shocks, Appendix [B| details the mathematical
proofs, Appendix [C] gives supplementary examples illustrating the role of the scale-family
assumption, and Appendix [D] reports an additional numerical example on the violation of
the capacity constraint.

2 Loss model

2.1 Individual accounts

Consider a community-based insurance pool with n participants, indexed by ¢ = 1,... n,
and starting operations at time 0. Each participant is associated with an individual insurance



account reflecting his or her own claims experience.

For participant i, let {N;;,t > 0} denote the number of claims reported over the interval
(0,t], with N; o = 0. Throughout the paper, {N;, t > 0} is assumed to be a Poisson process
with intensity A; > 0. The size of the kth claim reported by participant ¢ is denoted by Y; j.
For each fixed ¢, the random variables Y; 1, Y, , ... are assumed to be non-negative, indepen-
dent and identically distributed, with common distribution function Fy,, mean b; = E[Y;4],
and finite variance oy, = Var[Y;,]. Claim sizes are furthermore assumed to be independent
of the counting process {N;, t > 0}.

The cumulative claim amount reported by participant ¢ up to time ¢ is

N@,t
Sie=Y Yir, >0, (2.1)
k=1

with S;o = 0. Hence, for each i, {S;;, ¢ > 0} is a compound Poisson process. We also
assume that the processes {S;¢, t > 0} are mutually independent for i = 1,...,n.

Participant ¢ contributes to the scheme at constant rate ¢; and provides an initial reserve
k; > 0. The corresponding individual surplus process is

V;’t = Cit — S@t + K, t Z 0. (22)

We take the contribution rate to be the expected claim amount per unit of time, multiplied
by a common safety loading:

¢ = (1+n)E[Sii] = (1 +n)\ibi, (2.3)

where 1 > 0 is the safety loading coefficient.

2.2 Pooled fund

When participants join the pool, contributions, claim amounts, and initial reserves are ag-
gregated as

c= 2":% Sy = z": Sits K = z": K. (2.4)
i=1 i=1 i=1

The aggregate surplus of the pooled fund at time ¢ is then given by

Vi=) Vig=ct—8,+r,  t>0. (2.5)

i=1

Both and are of classical Cramér-Lundberg type.

At the pool level, the total number of claims reported over (0,¢] is Ny = > | N;;. Since
the participant-specific claim arrival processes are independent Poisson processes, { Ny, t >
0} is itself a Poisson process with intensity Ae = > ; A;. Let

Ty =inf{t > 0: N; = k}, (2.6)



denote the occurrence time of the kth claim at the pool level. The aggregate claim amount
up to time t can then be written as

Nt
Si =D Xi >0, (2.7)
k=1
where X1, X, ... are independent and identically distributed with common distribution func-

tion Fx = % Z?:l AiFy,. Therefore, {S;, t > 0} is a compound Poisson process with inten-
sity A\ and claim-size distribution F'x.
More explicitly, the kth claim amount at the pool level can be represented as

n
Xk - Z I],k }/j’Nj*Tk ) (28)
j=1
where, for each k, exactly one indicator among Iy, ..., I, is equal to 1, namely the one

corresponding to the participant who generated the kth claim. In particular,

A -
Plljp=1] =% j=1,...,n, and > k=1
° 7j=1

Hence, X, is a mixture of the individual claim severities, with mixing weights proportional to
the claim frequencies. The summands in (2.8]) are mutually exclusive in the sense of Dhaene
and Denuit (1999).

3 Linear risk sharing at occurrence time

3.1 Proportional risk sharing rule

Section [2] introduces the aggregate claim process at pool level through the sequence of claim
occurrence times (7j)g>1 and the corresponding claim amounts (X)r>1. We now specify
how each aggregate claim X}, is redistributed among participants when it occurs.

For each ordered pair (i,7) € {1,...,n}? let a;; € [0,1] denote the fraction of a claim
generated by participant j that is borne by participant ¢ within the pool. Following Ab-
dikerimova and Feng (2022), we refer to these coefficients as transfer ratios, and we collect
them in the allocation matrix A = (a;;)1<ij<n. In particular, a,; is the retention level of
participant ¢, that is, the fraction of his or her own claim that remains on the individual
account after pooling.

A basic requirement is that each claim be fully redistributed across the members of the
pool. This is the full-allocation property, also referred to as budget balance; see Denuit et
al. (2022) and Charpentier and Ratz (2025). In matrix form, it requires

n

ay;=1, j=1....n (3.1)

=1

so that A is column-stochastic. Under (3.1]), the whole amount of each loss is allocated
within the pool, with no residual gain or deficit at occurrence time.



We now define the individual payments generated by the kth pooled claim. Recall from
that the kth claim at pool level is generated by exactly one participant. Let Z;
denote the payment made by participant ¢ at time 7} when the kth claim is generated by
participant j. Then

Zi,j,k = Q4 I],k }/;:Nj,Tk7 Z,j = 1, Lo, ny (32)

where I;; is the indicator introduced in Section Since exactly one indicator among
Lk, ..., I, is equal to 1, the total payment made by participant ¢ at the kth occurrence

time is .
Zik = Z Zi j k-
j=1
Equivalently, if J;, denotes the unique participant such that I, ; = 1, then

n
Zz',k = aiﬂ;k YJ’V’NkaTk and E Zi,k = Xk

i=1

For each fixed i, the sequence (Z; ;)r>1 is independent and identically distributed. More
precisely, Z; ;, is a mixture of the scaled severities a; 1Y, ..., a;,Y,, with mixing probabilities
proportional to the claim frequencies:

PlJ,=j]=2L,  j=1,....n (3.3)

Hence, for z > 0,

Its mean is given by

and we denote its variance by 0% = Var[Z; ].
Therefore, the cumulative claim amount allocated to participant ¢ up to time t after
pooling is

N
SN =N "Ziy,  t20,
k=1

which is a compound Poisson process with intensity A, and claim-size distribution F,.
Keeping the same contribution rate ¢; and initial reserve r; as in Section [2 the pooled
surplus process of participant ¢ is

VRl = et — ST k£ >0, (3.4)

Whereas S;; records the claims originally reported by participant i, S7; °l records the claims
eventually borne by participant ¢ after the occurrence-time redistribution rule has been
applied throughout the pool.
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Figure 1: Hlustration of the individual surplus processes under the proportional risk-sharing
rule introduced in Example for a pool of three individuals with initial reserves xk; = 5,
ke = 1 and k3 = 4. The left and right columns correspond to the dynamics before pooling
{Vit, t > 0} and after pooling {V;;OOI, t > 0}, for i = 1,2,3, respectively. The model
parameters are set to n = 2/5, Ay = 0.3, Ay = 0.25, A3 = 0.2 and Y} ;, ~ LogNormal(y;, 0?),
with g1 = 0.6, pg = 0.55, pu3 = 0.525 and 0? = 03 = o2 = 1. The origin of each claim is
indicated by line style and color: orange dotted for participant 1, teal dashed for participant
2, and pink dot-dashed for participant 3.



Figure (1] illustrates how pooling affects the claim experience (i.e., claim arrival times
and claim sizes) of an individual’s account surplus process. As expected, after pooling, an
individual makes more frequent payments, since they are required to participate in the losses
incurred by other members of the pool. However, these payments are smaller compared
to those made in the stand-alone setting. Furthermore, participant 1 makes the largest
contributions, reflecting the fact that this participant has the highest expected loss per unit
of time among all members of the pool.

3.2 Allocation constraints and scale loss family assumption
3.2.1 Actuarial fairness constraint

Actuarial fairness means that, for each participant, joining the pool does not change the
expected claim amount borne per unit of time. In other words, the risk-sharing rule redis-
tributes losses without creating systematic expected gains or losses across participants; see,
e.g., Denuit et al. (2022).

Under stand-alone operation, the cumulative claim amount borne by participant ¢ up to
time t is S;4, so that

Under the proportional sharing rule introduced in Section [3.1], the cumulative claim amount
.. . . . pool N
borne by participant ¢ after pooling is S;;" = » ;1 Z; . Hence,
B[ S5 = BINIElZia) = MWEE[Zia] = £ Ajai by, (3.6)
j=1

This leads to the following assumption.

Assumption 3.1 (Actuarial fairness). The proportional risk-sharing rule with allocation

matriz A is said to be actuarially fair if, for every participant 1 = 1,2,...,n,
)\sz = Z )\jai,jbj <~ )\zbz(l — ai,i) = Z )\jaiyjbj. (37)
=1 #i

Condition states that the expected loss per unit of time borne by participant i
inside the pool coincides with the expected loss per unit of time borne under stand-alone
operation. The equivalent formulation highlights the balance between the expected loss
ceded by participant i to the rest of the pool, namely \;b;(1 — a;;), and the expected loss
assumed by participant i from the claims of the other participants, namely > ﬁ Aja; ib;.

3.1]

When claim frequencies are homogeneous, that is, Ay = --- = \,,, Assumption [3.1] reduces
to Z?:l Cli,jbj = bi: 1= 1, s, N

We now present two benchmark examples of proportional sharing rules. The first one
satisfies both the full-allocation property and Assumption by construction. The second
one always satisfies full allocation, but is actuarially fair only under an additional symmetry
condition.



Example 3.2 (Mean-proportional rule). Consider the mean-proportional (MP) sharing rule
defined by

Aib;
MP MP A ..
a,; =a; ==, 1,7=1,...,n. 3.8
4,7 1 § b1 )\kbk‘ -7 ( )

Under this rule, participant i bears the same fived fraction a}¥ of every claim reported in
the pool, independently of its origin.
Since the coefficient does not depend on j, each column sum is equal to

n M n
;a ZZk Py

so the full-allocation property holds. Moreover, for every participant i,

Z)\aMPb _Z/\ Akbkb S MkkaAb

Hence Assumption 1s satisfied. Therefore, the mean-proportional rule defines an actuar-
tally fair proportional sharing scheme.

Example 3.3 (Uniform-proportional rule). Consider now the uniform-proportional (UP)
sharing rule defined by

1 .
aHJP = 57 1,] = 1,...,7?,. (39)

Under this rule, every claim is shared equally among the n participants, regardless of the
identity of the claimant.

The full-allocation property is immediate. However, actuarial fairness does not hold in
general. Indeed, Assumption[3.1] becomes

)\szzz/\Jﬁb]:EZ/\]bj’ ’L:].,,n
j=1 j=1

Therefore, the uniform-proportional rule is actuarially fair if, and only if,
Aby = Aoby = -+ = A\ by, (3.10)

In other words, equal sharing is actuarially fair precisely when all participants have the same
expected claim amount per unit of time.

As a particular case, if claim frequencies are homogeneous, that is, \y = --- = X\, then
(3.10) reduces to by = by = --- = b,. Hence, under homogeneous claim frequencies, the
uniform-proportional rule is actuarially fair if and only if the participants have identical
mean claim severities.

3.2.2 Capacity constraint

Actuarial fairness controls the average loss borne by each participant per unit of time after
pooling, but it does not by itself prevent the allocation matrix from assigning to participant
1 an excessively large share of claims generated by a participant with a much larger severity
level. To rule out such disproportional transfers, we impose the following bilateral constraint.



Assumption 3.4 (Capacity constraint). The proportional risk-sharing rule with allocation
matriz A is said to satisfy the capacity constraint if, for every pair (i,7) € {1,...,n}?,

ai,jbj < bl (311)

Assumption [3.4] means that the expected payment borne by participant ¢ when a claim
from participant j occurs, namely a; ;E[Y;1] = a; jb;, cannot exceed participant i’s own mean
claim size b;. Economically, the rule prevents a participant from being asked to absorb, claim
by claim, an exposure that is larger than his or her own typical loss level. Mathematically,
this bilateral bound will be used in the proof of the ruin-probability comparison to control
the dispersion of transferred claims.

It is worth noting that Assumption [3.4] is more restrictive with respect to the bilateral
transfers done by each member of the pool than actuarial fairness. Specifically, the latter
balances expected losses only after aggregation over all claim origins j, whereas the capacity
constraint must hold separately for each bilateral transfer. In general, neither assumption
implies the other; however, when claim frequencies are homogeneous, that is, Ay = -+ = A,
Assumption implies Assumption [3.4 Indeed, in that case actuarial fairness reads

n
E CLiJ’b]’:bi, z:l,...,n,
J=1

and since all summands are non-negative, one necessarily has a; ;b; < b; for every j.
Assumption [3.4] also provides some intuition on the admissible heterogeneity of the pool.
Summing ([3.11]) over i and using the full-allocation property (3.1]), we obtain

n n
bj:ZambjSZbi, j:]_?,n
i=1 i=1
Thus, the capacity constraint is compatible with heterogeneous pools, but it prevents par-
ticipants with small mean severities from absorbing too large a fraction of claims generated
by participants with much larger mean severities.

For the benchmark rules introduced in Section [3.2.1] the capacity constraint takes a
simple form.

Mean-proportional rule. Under the mean-proportional rule of Example|3.2| substituting

ay = a;"™ into (B.11]) gives

Aibib; a
MP i0i0;
a," b = ————— < b; & \b; < Aibg.
i J Zk:l )\kbk 7 ; kVE
Hence, Assumption holds for the mean-proportional rule if, and only if,
Aibj < ;Akbk, i0j =1, m e A max b < kZAkbk, i=1,....n (3.12)
) -1

In particular, when claim frequencies are homogeneous, the mean-proportional rule auto-
matically satisfies the capacity constraint, because b; < >~} , b, obviously holds true for
g=1...,n.

10



Uniform-proportional rule. Under the uniform-proportional rule of Example [3.3] the
capacity constraint becomes

1
—bjgbi, i,jzl,...,n@bjgnbi, ,7=1,...,n. (313)
n

Therefore, the uniform-proportional rule satisfies Assumption if, and only if, the mean
severities are not too dispersed across participants. In particular, if the uniform-proportional
rule is actuarially fair under homogeneous claim frequencies, then by = --- = b,, and the
capacity constraint is automatically satisfied.

3.2.3 Scale loss family

We now impose a structural assumption on claim severities. It states that the heterogeneity
across participants operates through scale parameters only, while the normalized severities
share a common distribution.

Assumption 3.5 (Scale loss family). There exists a non-negative random variable W such
that E[W| =1 and, for everyi=1,...,n and every k > 1,

Yip Sb,W, b >0. (3.14)

Equivalently, the normalized severities satisfy Y,;Z’“ Ly fori=1,....,n and k > 1.

Assumption [3.5] means that all participants have the same severity shape after normaliza-
tion by their mean scale b; = E[Y; ;]. Thus, differences across participants are captured only
by multiplicative scale effects. This assumption is restrictive, but it provides a transparent
framework in which the dispersion of pooled and stand-alone losses can be compared on a
common basis.

Under Assumption [3.5], the payment made by participant ¢ at a claim occurrence time
remains a scaled version of the same benchmark random variable W. Indeed, when the
triggering claim comes from participant j, the payment borne by participant 7 is

d
aijYj1 = a;;b;W.

Hence, after normalization by b;, the pooled payment borne by participant ¢ is a mixture of
the random variables albi W, j=1,...,n In particular, under Assumption , all these
scaling coefficients satisfy

'y
ogﬁﬁigl, (3.15)
which will be crucial in the proof of the main ruin-probability comparison.

We conclude this subsection with two standard examples.

Example 3.6 (Gamma scale family). Let W follow a Gamma distribution with shape pa-
rameter a > 0 and rate parameter «, that is, W ~ Gamma(«, «), so that E[W] = 1 and
Var[W] = é Then, Assumption holds if, and only if, for each participant 1,

Yii~ Gamma(a, g) ,

11



in the shape-rate parametrization. Thus, Gamma severities belong to a common scale family
precisely when the shape parameter is common across participants, while the scale parameter
18 proportional to b;.

Example 3.7 (LogNormal scale family). Let W follow a LogNormal distribution with pa-

rameters )

W ~ LogNormal(—%, 02> , a2 >0,

so that E[W] = 1. Then Assumption holds if, and only if, for each participant 1,
Y1 ~ LogNormal | log b; — 50

Equivalently, a collection of LogNormally-distributed severities Y;; ~ LogNormal(ju;, 0?),
1=1,...,n, belongs to a common scale family if, and only if, the variance parameter is the
same for all participants, that is,

and the location parameters satisfy

2
,uzzlogbz—g—, z:l,,n
2
Hence, within the LogNormal family, a common scale family is obtained by keeping the shape
parameter o2 fived and allowing only location shifts across participants.

3.3 Main result on ruin-reducing effect of pooling

Define the infinite-time ruin probabilities as

() =P %Izltf)v; <0] VO:“} ; Vi (ki) =P [%gg‘/i,t <0] Vi,():lii:| ,
(3.16)
and 77ijool (m) =P bgg V;?tool <0 | ‘/if)OOOI _ /@} .

The quantity (k) is the probability that the pooled fund will ever become negative, whereas
¥;(k;) is the probability that participant i is eventually ruined when operating on a stand-
alone basis, and ¢ OOl(m) is the corresponding probability after joining the pool. Assumption
implies that the pooled model of participant ¢ has the same expected claim amount per
unit of time as the stand-alone model, namely A;b;. Since ¢; = (1 + n)\;b; by , the net
profit condition holds for both V;; and Vﬁwl, and thus ¢;(k;) < 1 and ¢} OOI(/%) < 1 for all
Kk; > 0.

It is important to distinguish between the solvency of the pooled fund and the solvency of
the individual accounts after risk sharing. Under the full-allocation condition, the allocation
matrix A does not affect the aggregate surplus process of the pooled fund. Indeed, at each

claim occurrence time one has )" | Z; = X}, and therefore 7" | S} ol — G, for all t > 0.
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Consequently, for a given aggregate contribution rate ¢ and aggregate initial reserve x, the
pooled fund ruin probability ¥ (k), defined in (3.16)), is invariant with respect to the choice
of A. The role of the sharing matrix is instead to redistribute the aggregate claim stream
among the individual accounts, thereby affecting the individual ruin probabilities ¢y OOl(/fz-),
also defined in (3.16)). Thus, the financial health of the pooled fund is governed by the
aggregate reserve k = » ., k;, whereas individual solvency depends both on the individual
reserve k; and on the allocation rule.

An alternative avenue is to study finite-time ruin probabilities, defined as the probability
of ruin occurring within a finite time horizon. In this paper, however, we focus on infinite-
time ruin probabilities. This choice is motivated by their greater mathematical tractability
compared to their finite-time counterparts, while still providing an informative measure of
each participant’s solvency. Moreover, in the context of risk-sharing, Denuit and Robert
(2023) show that, when a participant has zero initial reserve, its finite-time ruin probability
is higher under pooling than in the corresponding stand-alone setting (see Proposition 3.4 in
that paper), thus demonstrating that pooling is detrimental. Their numerical illustrations
suggest that this adverse effect of pooling on finite-time ruin probabilities also persists for
small positive initial reserves. Nevertheless, it diminishes as the time horizon increases,
eventually vanishing. This is rather intuitive: pooling makes participants more likely to
contribute shortly after joining the pool. Hence, participants with low initial reserves are
more likely to experience ruin under pooling than in the corresponding stand-alone setting,
even though their contributions are expected to be smaller after pooling takes place. In
general, finite-time ruin probabilities under the stand-alone and pooling settings cannot be
directly compared for initial reserves greater than zero. Therefore, following Denuit and
Robert (2023), our work seeks to determine whether the risk-sharing mechanism introduced
in Section [3.1] reduces participants’ infinite-time ruin probabilities when pooling, compared
with the corresponding stand-alone setting.

To compare ruin probabilities, we use the convex order <¢x. Recall that for two integrable
random variables W, and Wa, one writes W, <cx Wa if E[W;] = E[Ws] and E[(W; —t)4] <
E[(Wy —t)4] for all t € R. Equivalently, W; <cx Ws if, and only if, E[g(W;)] < E[g(W2)]
for every convex function g for which the expectations exist. In actuarial terms, this means
that W5 is more variable, or more dispersed, than W; while having the same mean; see, for
example, Denuit et al. (2005).

We are now in a position to state the main result of this section. The proof of Proposition

is given in Appendix [B.1]

Proposition 3.8. Suppose that the proportional risk-sharing rule satisfies Assumptions
and . Then, % (k;) < i(k;) for every participant i =1,...,n and all r; > 0.

Proposition [3.8] gives a clear actuarial interpretation of pooling under the proportional
rule. Under Assumptions [3.1 [3.4] and joining the pool does not improve solvency
through hidden subsidies or through a reduction in the expected loss rate borne by a par-
ticipant. Instead, the gain comes from a genuine risk-pooling effect: losses are redistributed
at occurrence time in such a way that each participant faces a claim stream that is less
dispersed than in stand-alone operation, while preserving the same expected claim amount
per unit of time. In ruin-theoretic terms, the pool therefore acts as a volatility-smoothing
mechanism. Proposition [3.8 shows that, within this framework, a sufficiently well-designed
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linear sharing rule transforms collective solidarity into an individual solvency benefit, since
every participant weakly reduces his or her infinite-time ruin probability by entering the
pool.

3.4 Numerical illustrations

The purpose of the numerical illustrations below is to complement Proposition by show-
ing, on concrete examples, how the risk-reducing effect of pooling appears in terms of infinite-
time ruin probabilities. In both subsections, the parameters are chosen so that the propor-
tional sharing rules under consideration satisfy the full-allocation property together with
Assumptions [3.1] and [3.5] Hence, the assumptions of Proposition are satisfied. The
numerical results therefore provide explicit illustrations of the theoretical conclusion that,
under these conditions, pooling weakly decreases the ruin probability of every participant.

3.4.1 Exponentially-distributed losses

Even if the choice of the Exponential distribution for modeling losses is questionable in
practice, it remains useful because analytical expressions are available for infinite-time ruin
probabilities. This provides the actuary with a better understanding of the risk-sharing
mechanism so that we begin with this case.

Consider a pool of three participants (n = 3). For each individual ¢ = 1, 2,3, the claim
amounts Y; 1, Yo, ... are independent and identically distributed according to the Exponen-
tial distribution with rate parameter «; > 0, that is, Fy.(y) = 1 —e~®¥ y > 0. We consider
the following parameter values:

(i) Claim frequency: A\ =2, Ao = 1, and A3 = 3,

1

(ii) Claim severity: oy = 5, ap = 2, and az = 1.

The corresponding mean claim sizes are b; = a% = 2, by = a% = 5, and b3 = a—s = 1.
Additionally, we assume a safety loading factor of n = % Under these Condltlons7 it is clear
that the net profit condition ({2.3)) is satisfied for the three participants in the pool. Hence,
it is also satisfied for the pooled individual risk account for each participant i.

Under this setting, the probability density function of the random variables Z;, for

1=1,2,3, is given by

1 3
i :/\_Z:

(a ) = p1 Bige P 4 po Bioe P27 4 py Bige P97 2 >0, (3.17)
17]

where p; := 3£ and 3, ; 1= s . Thus, Z; , follows a mixture of Exponential distributions with
]

rate parameters Bi,; and mixing probabilities p;. In particular, p,; represents the probability
that Z; 5, is Exponentially distributed with rate 3; ;.
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In this example, we consider the mean-proportional (MP) risk-sharing scheme introduced
in Example with allocation matrix AMP given by

Al A M
aj o o
A1 Ao A A1 Ao A A1 Ao A3

S S24sd sz s Slgn2gis 8 8 8
15 15 15

Az Az Az
AMP: X (;2 X X (;2 X X i2 X =i L 1
1 2 3 1 2 3 1 2 3 1 1 1
arTazTay  artazTas a1 taztas 5o
2 2 2
Az A3 A3 5 5 5

e s N e m e

Ao ESERRY) ESHRY)

We also consider an alternative (ALT) risk-sharing with allocation matrix AALT

structed as follows. The procedure begins by choosing how much each participant retains
from his or her own loss, that is, by specifying the diagonal elements aALT. These choices
must be made with care, as they are required to satisfy the conditions stated in Proposi-
tion [3.8l For example, in our setting, participant 2 is expected to experience the smallest
claims, as his or her mean loss b, is the lowest among the 3 participants. Therefore, it would
be unreasonable to require this participant to bear a large share of losses originating from
participants 1 and 3, as doing so would likely violate the actuarial-fairness condition. In
other words, the proportions aALT and aALT should be relatively small in order to maintain
actuarial fairness for part1c1pant 2. Accordmgly, we select the following retention fractions:
aj“fT = 0.800, aALT = 0.400, and aALT = 0.700.

After having ‘selected the d1agona1 retention levels for each participant, we specify only
one additional “free” sharing fraction, namely an off-diagonal element of the matrix AALT.
In this case, we assign participant 1 (who is expected to incur the largest losses, since b
is the highest among all participants) to take on 10% of participant 2 risk, that is, we set
aty" = 0.100. Now, the full-allocation property (or column-stochasticity of the matrix A*T)
and the actuarial fairness condition do the rest of the work. For af§", the actuarial-fairness
condition implies

con-

)\1[)1&1 .+ /\gbgal ) -+ )\3b3(l1 3 = )\1b1 = CLALT = 0.250.

Similarly, for ailgT, using the full-allocation property, we have the following,

T+ a4 0B =1 a7 = 0.050,

Then, using actuarial fairness again, we obtain aé%T,
bl

)\1[)1&2 .+ /\262&2 D) -+ )\3b3(12 3 = )\ng = CLALT = 0.038.

Finally, using the full-allocation property provides us with a{i%T and a3A’I5T since
ayyt = 1—ayy" —ap}" =0.163,
ayy’ = 1—ayy’ — a?gT =0.5.
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This finally results in the following set of transfer ratios:

0.800 0.100 0.250
AAT — 10.038 0.400 0.050

0.163 0.500 0.700

It is straightforward to verify that the proposed alternative proportional risk-sharing scheme

based on the transfer ratios al‘-ijT is actuarially fair.

The Exponential distributions form a scale family with scale parameter b; = ai More-
J

over, for both risk-sharing schemes based on AM” and AAM under consideration, the con-

dition 0 < a;;b; < b; is satisfied. Consequently, the assumptions of Proposition hold.
Furthermore, this setting allows for analytic expressions of ruin probabilities in both the
individual and pooled surplus models. Indeed, it is well known that when claim sizes are
Exponentially distributed, the ruin probability in the compound Poisson surplus model
admits the closed-form expression

Vi(ki) = A 6_(ai_%)m- (3.18)

;G

See, for example, Equation (5.3.8) in Rolski et al. (1999) or Corollary 3.2 in Asmussen and
Albrecher (2010, Chapter 1V).

Likewise, when claim sizes follow a mixture of Exponential distributions, the ruin prob-
ability in the compound Poisson surplus model is available in the closed form

113001—MP (/fl) _ 0.6736—0.34151 + 0.0356_1'524H1 + 0.0076_3'62651 ’
SoolfMP</i2> _ 0.673672.726/12 + 0.0356712.1961&2 + 0.0076729'0()%{2,
gOOI—MP(R?’) — 0.6736—0.45453 + 0'0356—2.033H3 =+ 0‘0076—4.83553’

for the mean-proportional linear risk sharing scheme,

wIlJOOl_ALT(/‘fl) — 0.6776—0.20551 + 0'0346—3.519H1 _‘_0‘0026—19.831'{1’
SOOI_ALTO{Q) _ 0'6166—2.165/%2 4 0.086_10H2 4 0'0]_86—17.5971%27
?I’)OOlfALT</€3> — 0.686670'475”3 4 0.023672.7281{3 4 0.005673.874/€37

for the alternative proportional risk-sharing scheme. For the pooled fund, the ruin probability
for the compound Poisson surplus model ([2.5)) is given by

W(r) = 0.673¢70182% 1 0,035 0313 1 0.007¢ 193, (3.19)

See, e.g., Equations (13.6.9)-(13.6.13) in Bowers et al. (1997).

Figure [2| displays the ruin probabilities for the pooled fund, and both the individual and
pooled surplus models, under each of the two proportional risk-sharing schemes considered
in this section for all participants in the pool. Consistent with Proposition [3.8] the ruin
probabilities associated with the pooled surplus process are lower than the corresponding
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individual ruin probabilities for every participant. The ruin probability for the pooled
fund is also shown in Figure 2] In practice, participants may contribute different initial
reserve amounts, x;, for i = 1,2, 3, to the pool, while the fund’s overall financial position
depends on the total amount contributed, K = K1 + k2 + k3. For example, if we know that
k1 = 10 and k = 20, then participants 2 and 3 may have deposited any amounts ko and g,
respectively, satisfying xs + k3 = 10. Although different combinations (e.g., (k2, k3) = (5,5),
(8,2), and (9.5,0.5)) may lead to the same initial reserve of the pooled fund and hence the
same pooled-fund’s ruin probability, these combinations may result in different individual
ruin probabilities for participants 2 and 3. Thus, Figure [2| and subsequent figures provide a
way to examine the relationship between the financial position of the pooled fund and the
solvency of its individual participants.

1.0

0.8

_ ) = | = w(R)

08

ability
0.6
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Ruin Probability

0.4

0.2

0.0

Figure 2: Ruin probabilities for the pooled fund, individual and pooled surplus models under
the mean-proportional (pool — MP) risk-sharing scheme and the alternative (pool — ALT)
proportional risk-sharing scheme in the pool of Section [3.4.1}

3.4.2 LogNormally-distributed losses

Consider a pool of three participants (n = 3) where the claim amounts Y;;,Y;,... are now
assumed to be independent and distributed according to the LogNormal distribution with
parameters y; and ¢? in Example We consider the following parameter values:

(i) Claim frequency: A\; =2, Ay =1, and A3 = 3,

(ii) Claim severity: gy = 0, pg = 0.5, u3 = —0.3, and 07 = 03 = 03 = 1.
of o3
The corresponding mean claim sizes are by = e"'72 = 1.649, by, = "2 = 2.718, and
2

by = Mt = 1.221. Additionally, we assume a safety loading factor of n = % Under these
conditions, it is clear that the net profit condition is satisfied for the three participants
in the pool. Hence, it is also satisfied for the pooled individual risk account for participant i.
In this setting, the probability density function of the random variables Z; , for ¢ = 1,2, 3,
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is given by

3 3

1 Aj z 1 Aj 2—2M
(2) = — . ==y Z_¢ % , 2> 0.
fz,(2) Ao ; a; ng (@iyj) e ; 20V 2T

Again, we consider two different risk-sharing schemes: the mean-proportional risk-sharing
scheme and an alternative scheme defined by

Aef1t 2 Mel1T2 At 2
2 2 2
o? o2 o
3 A 3 L 3 L
> /\je“ﬁ_ 2 > )\JeHJ+ 2 > )\je”]+ 2
j=1 j=1 j=1
0.341 0.341 0.341
o o o3
)\2€‘L2+ 2 )\2€‘L2+ 2 )\26“24— 2
AMP o7 o2 o2 | =10.281 0.281 0.281 ],
3 s 3 — 3 P—
SRVEAE TS SOV E AT SOV A
j=1 j=1 j=1
0.379 0.379 0.379
2 2 2
93 93 93
Age!3T 2 Aze”3 T2 Aze”3t 2
o2 o? o?
3 2 3 -2 A
> /\Je“ﬁ— 2 > )\Je“]+ 2 > )\jeu7+ 2
Jj=1 j=1 j=1

and
0.400 0.300 0.317

AMT — [ 0.374 0.300 0.183 |,

0.226 0.400 0.500

ALT

respectively. The transfer ratios a;;~ have been obtained by the procedure described in

Section |3.4.1] Both risk-sharing schemes are actuarially fair.
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Figure 3: Ruin probabilities for the pooled fund, individual and pooled surplus models under
the mean-proportional (pool — MP) risk-sharing scheme and the alternative (pool — ALT)
proportional risk-sharing scheme in the pool of Section .
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For equal 02 (as assumed in this section), we know from Examplethat the LogNormal
distributions form a scale family with scale parameter b; = etito’/2 " This restricted family
assumes that the ratio of the mean to the median claim size is equal among participants.
The condition 0 < a;;b; < b; is satisfied for both risk-sharing rules under consideration.
As a result, the assumptions of Proposition hold. Unfortunately, in contrast to Section
[3.4.1] the LogNormal setting does not yield closed-form expressions for infinite-time ruin
probabilities. The representation of the infinite-time ruin probability as the survival function
of a compound Geometric sum resulting from the celebrated Pollaczek—Khinchine formula
(also referred to as Beekman’s formula in the actuarial literature) provides a practical way to
compute 1;(k;) and ¥P°° (k;) with the help of Panjer algorithm. See, for example, Equation
(5.3.16) in Rolski et al. (1999) or Equation (2.2) in Asmussen and Albrecher (2010, Chapter
V).

Figure (3| presents the ruin probabilities for the pooled fund, and both the individual
and pooled surplus models under the two proportional risk-sharing schemes considered in
this example (the mean-proportional scheme and the alternative scheme) for all participants
in the pool. Consistent with Proposition [3.8] the ruin probabilities for the pooled surplus
process are lower than the corresponding individual ruin probabilities for every participant.

4 Discussions of the assumptions

Section (3| established a sufficient set of conditions under which proportional pooling reduces
the infinite-time ruin probability of every participant. The purpose of the present section
is to clarify the scope of this result by examining more closely the role of the underlying
assumptions. In particular, we discuss what may happen when Assumption is relaxed,
so that claim severities no longer belong to a common scale family, and when Assumption
is not imposed, so that some bilateral transfers may become too large relative to the
participants’ own severity levels. These questions are important because the assumptions
of Proposition are sufficient rather than necessary, and the following subsections are
intended to better understand both their practical meaning and their limitations.

4.1 On the scale family assumption
4.1.1 Beyond scale families

Assumption requires the normalized severities Y;/b; to be equal in distribution across
participants. This is a convenient sufficient condition for Proposition [3.8] but it is stronger
than what is actually needed in the convex-order argument underlying the proof. The
purpose of this subsection is to identify a weaker condition that is nevertheless necessary if
one wants the key convex-order comparison to hold for all admissible proportional sharing
rules. We show that, even without assuming a common scale family, the normalized severities
must be ordered in the convex order.

To focus on the role of severities only, we consider here the case of homogeneous claim
frequencies, that is, we assume \; = --- = X\, = A. For each participant i € {1,...,n}, let
Y; > 0 denote the individual claim severity, with finite mean b; = E[Y;] € (0,00). Condi-
tionally on an occurrence in the pool, the triggering participant index J is then uniformly

19



distributed over {1,...,n}, that is,
L1 .
P[J =j] = —, j=1,...,n. (4.1)
n

Let A = (a;)1<ij<n be a proportional sharing matrix satisfying the full-allocation prop-
erty, so that > | a; ; = 1 holds for every j = 1,...,n. For participant 7, the amount borne
at an occurrence time is

Zi = ai7JYJ. (42)
As in the proof of Proposition [3.8] the stand-alone benchmark can be written as

Y/ = BY, (4.3)

where B; ~ Bernoulli(1/n) is independent of Y;.

Under homogeneous claim frequencies, actuarial fairness becomes Z?Zl a; jb; = b, 1 =
1,...,n, and this already implies the capacity constraint a; jb; < b;, 7,5 = 1,...,n, because
all summands are non-negative. Throughout this subsection, an admissible sharing matrix
means a matrix satisfying full allocation and actuarial fairness.

We can now state the main result of this subsection. The proof of Proposition [4.1] is

provided in Appendix [B.2]

Proposition 4.1. Assume that, for every admissible sharing matriz A, the convex-order
comparison
Zi 2ox Y/ holds for alli=1,...,n, (4.4)

with Z; and Y] defined by (4.2) and (4.3)). Then, for every pair (i,j) such that b; < b;,

Y, . Y
g 2 4.5
b, =ex 3 (4.5)
Equivalently, if bqy < -+ < b,y denote the ordered means, then
Yin)
bn)

Yo Y,
<ox 1 <ox e Zex 2 (4.6)
bn-1) bay

Proposition [4.1] shows that Assumption [3.5is not necessary in its full strength. What is
necessary, at least if one requires the convex-order comparison in the proof of Proposition
to hold for all admissible sharing rules, is the existence of a monotone convex-order
structure across normalized severities. In particular, participants with larger mean severities
must have less dispersed loss ratios Y;/b; in the convex-order sense.

This necessary condition is strictly weaker than equality in distribution of the normalized
severities. Indeed, the chain does not imply that the variables Y;/b; are identically
distributed. Hence, it does not force a common scale family. Appendix [C] provides explicit
counterexamples showing that one may have without having Y;/b; 4.4 /) bn.
Conversely, if one had the reverse convex ordering as well, then equality in distribution
would follow, and one would recover the scale-family structure.
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Remark 4.2 (On heterogeneous claim frequencies). The homogeneous-frequency assumption
in Proposition 1s mainly used to isolate the role of claim severities from the role of
claim frequencies. Without this assumption, the result cannot be stated only in terms of
the normalized severities Y;/b;. Indeed, the stand-alone benchmark of participant i, when
represented on the aggregate occurrence process, is a zero-inflated loss B;Y;, where B; ~
Bernoulli(p;) with p; = A\i/Ae. Hence, when the frequencies are heterogeneous, the Bernoulli
thinning probabilities differ across participants.

A partial analogue of Proposition can nevertheless be obtained. Suppose that ad-
missible sharing matrices are required to satisfy full allocation, actuarial fairness and the
capacity constraint. Consider two participants ¢ # j such that A\; < X; and b; < b;. Then
m; = \bi < \jbj = mj. Set « = m;/m;. The two-agent transfer construction used in the
proof of Proposition in Appendiz[B.3, with

a; 5 = «, Q55 = 1-— «, Qi = 1, Qi = 0,

and age = 1 for € ¢ {i,j}, satisfies full allocation, actuarial fairness and the capacity con-
straint. If the convex-order comparison Zy <cx Y/, L =1,...,n, is required to hold for every
admissible sharing matriz, then applying it to this particular matriz yields B;aY; <cx B;Yi,
where B; ~ Bernoulli(p;), B; ~ Bernoulli(p;), and p; = A\¢/Ae. Equivalently, after normal-
1zation by the common mean p;b;,

Y, Y,
Bj—— Zcx Bi—-.
’ p;b; pibi

Thus, in the heterogeneous-frequency case, the relevant necessary condition involves frequency-
thinned normalized losses rather than the normalized severities alone. When \; = \;, this
reduces to the comparison of normalized severities appearing in Proposition |4.1. This ex-
plains why the homogeneous-frequency assumption is useful for obtaining the simple chain of
convez-order comparisons in .

4.1.2 Pooling may not benefit all participants beyond scale families

The previous subsection showed that Assumption [3.5] is stronger than necessary for the
convex-order argument underlying Proposition [3.8] since a weaker necessary condition can
still hold outside the scale-family framework. The purpose of the present subsection is
to make a different point. We provide a numerical example in which claim severities do
not belong to a common scale family and in which the conclusion of Proposition [3.8 no
longer holds uniformly across participants. More precisely, pooling may reduce the infinite-
time ruin probability for some participants while increasing it for others. Hence, outside
the scale-family setting, the ruin probabilities under stand-alone operation and under pool
participation are not necessarily uniformly comparable.

To construct this example, we build on the setting of Section [3.2.3] as the LogNormal
distributions do not form a scale family when the parameters ¢ differ across participants.
We consider a pool of three participants (n = 3) with LogNormally-distributed losses where

(i) Claim frequency: A\ =1, A\ = 1, and A3 =1,
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(i) Claim severity: pu; = —3.224, us = —0.171, and pz = 0.288, 0% = 4.615, o5 = 0.342,
and o2 = 0.236.

2 o2

91 93
The corresponding mean claim sizes are by = €72 = 04, by = €72 = 1, and by =
2

st — 1.5, while the corresponding variances are
of, = (ef = 1) @it —16.004, o, = (e — 1) €%t — 0.408,
and a3, = (e78 1) o+ = 0,508,

We report the variances as they play an important role in what follows.
Participant 1 has the smallest expected loss among the participants but a high relative

0.2
volatility, as measured by its variance-to-mean ratio, blll = 160'_0404 = 40.006. In contrast, the

other tW20 participants are expecthd to experience larger losses, but their variance-to-mean
ratios, % = @ = 0.408 and % = % = 0.399, are much smaller, indicating relatively
stable volatilities relative to their means.

Under these characteristics, since the standard deviation of participant 1 is much larger
than expected loss, the corresponding loss distribution is right-skewed with high tail risk.
This tendency toward large loss realizations will be crucial in what follows, as we will see
that when risk-sharing rules are not properly designed (even if they satisfy both the full-
allocation property and the actuarial-fairness condition), pooling may be detrimental to some
participants in the pool.

Additionally, we assume a safety loading factor of n = % Under these conditions, it is
clear that the net profit condition is satisfied for the three participants in the pool.
Hence, it is also satisfied for the pooled individual risk account for each participant.

As before, we consider the mean-proportional scheme defined by

0.138 0.138 0.138
AMP — [ 0.345 0.345 0.345

0.517 0.517 0.517

Following the same approach as in Section [3.4.1 we also construct an alternative set of
transfer ratios. However, we choose these fractions so that participant 3 bears the majority
of the risk originating from participant 1, while still retaining most of his or her own losses.
In this sense, participant 3 is exposed both to the high volatility of losses from participant
1 and to limited risk-sharing of his or her own claims with the rest of the pool. This is

formalized by
0.080 0.100 0.179

AST = 10.020 0.850 0.095

0.900 0.050 0.727
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It can be verified that actuarial fairness holds for both the mean-proportional scheme and
the proposed alternative scheme.

Figure || displays the ruin probabilities for the pooled fund, and both the individual
and pooled surplus models under the two risk-sharing schemes under consideration. As
expected, participant 1 is the only member of the pool who benefits from pooling under
both schemes. This is because the corresponding stand-alone ruin probability is high, due to
the large volatility of claim sizes relative to the mean, while after pooling its ruin probability
is reduced since, under both risk-sharing rules, it retains only a small fraction of its own
losses.
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Figure 4: Ruin probabilities for the pooled fund, individual and pooled surplus models under
the mean-proportional (pool — MP) risk-sharing scheme and the alternative (pool — ALT)
risk-sharing scheme in the pool of Section [.1.2]

In contrast, participants 2 and 3 are adversely affected by pooling (under the mean-
proportional scheme in the case of participant 2, and under both the mean-proportional
and alternative schemes in the case of participant 3) as illustrated in Figures and .
This outcome is mainly due to the fact that these participants retain a large proportion of
their own losses while also contributing a material share to the losses incurred by the other
members of the pool.

It is worth noting that pooling remains beneficial for the most vulnerable participants,
that is, those with the lowest initial deposits (smallest k;), whereas it is not beneficial for
those with higher initial deposits. This is intuitive, since bearing a substantial fraction of
the losses incurred by participant 1 exposes participants 2 and 3 to large transfers that may
drive them to ruin even when they start from relatively strong financial positions.

4.2 Capacity constraint

In contrast with Section [4.1] where we showed that the scale loss family assumption is a
convenient sufficient condition but not a necessary one, the purpose of the present section is
to explain why the capacity constraint plays a more essential role in Proposition [3.8f More
precisely, we show that even when claim severities belong to a common scale family, and
even when the sharing rule satisfies both the full-allocation property and Assumption [3.1}
the risk-reducing effect of pooling may fail as soon as Assumption |3.4]is violated. Thus, the
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examples below are designed to isolate the specific contribution of the capacity constraint in
the ruin-probability comparison.

To illustrate this point, we consider two numerical examples with Exponentially dis-
tributed losses. The first example is constructed so that the capacity constraint fails only
for one participant, which makes it possible to identify clearly the local adverse effect of
excessive transfers on that participant’s ruin probability. The second example strengthens
this message by considering a setting in which the constraint is violated for two participants,
simultaneously. Taken together, these examples show that, without Assumption [3.4] pooling
does not necessarily improve solvency for all members of the fund, even in a setting where
the scale-family assumption is satisfied.

4.2.1 A numerical illustration with failure of the constraint for one participant

We again consider a pool of three participants (n = 3) with Exponentially-distributed losses,
specified as follows:

(i) Claim frequency: A\ = 2, Ay =5, and A3 = 40,

(ii) Claim severity: a; = , and ag = 2.

P

1 _
E7a2—

The corresponding mean claim sizes are then by = o% =10, by = aiz =4, and b3 = o% = 3.
As in the previous section, we assume a safety loading factor of n = % and we adopt
either the mean-proportional or alternative schemes defined by

1 1 1

111 05 0.3 0.2
AMP = [l and AMT =] 01 06 03 |,

1 1 1

111 04 0.1 0.5

respectively.
Clearly, for participant 3, both the mean-proportional and alternative schemes violate
Assumption [3.4] Specifically,

MP 1 bs %
a3 1 25%0333>b_1:E:005’

1 1
a§?§=§zo.333>b—2=i=0.125, and
ALT — 9 4 b3—%—005
31 — >b_1 10

As a result, participant 3 does not benefit from pooling, as illustrated in Figure [5
A supplementary example analogous to that presented in Section but considering
failure of constraint ([3.15) for two participants, is provided in Appendix D]
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Figure 5: Ruin probabilities for the pooled fund, individual and pooled surplus models
under the mean-proportional (pool - MP) risk-sharing scheme and the alternative (pool -
ALT) proportional risk-sharing scheme in the pool of Section m

5 Designing transfer ratios and Pareto-efficient candi-
dates

5.1 Pareto-efficient design of transfer ratios

We now briefly discuss how the allocation matrix can be designed when several feasible
sharing rules satisfy the sufficient conditions of Proposition 3.8 The objective of this section
is not to provide a complete characterization of optimal sharing matrices, but rather to show
how the preceding constraints can be used to formulate tractable design problems for the
transfer ratios. Since improving the solvency of one participant may come at the expense of
another, a natural criterion is Pareto efficiency with respect to the vector of individual ruin

probabilities.
Let
by . .
A= {Ae 0, 1" : Am=m, 1TA=1", 0<a;; < oo b= 1n} (5.1)
J
where
m = (ml, mao, ... ,mn)T = (>\1b1, )\ng, e )\nbn)T

is the vector containing the expected losses per unit of time borne under stand-alone oper-
ation by the participants in the pool, and 1 denotes the n x 1 all-ones vector. The three
constraints defining A correspond respectively to actuarial fairness, full allocation, and the
capacity condition.

For A € A, write

R(A) = (60 (m3 A), 0 (0 A))

for the vector of individual infinite-time ruin probabilities induced by the sharing matrix A.
A matrix A* € A is Pareto efficient if there is no A € A such that

U (ki A) S UP(Ri AT, i=1.n,

(2
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with at least one strict inequality.
A standard scalarization approach consists in choosing weights wq,...,w, > 0, with
Sor,w; =1, and solving

A*(w) € arg manwZ¢p°°1 Ki; A). (5.2)

Any global minimizer of (5.2)), when all weights are strictly positive, is Pareto efficient.
Indeed, if such a minimizer were dominated by another feasible matrix, the weighted sum
of ruin probabilities would be strictly smaller, contradicting optimality. Conversely, with-
out additional convexity assumptions on the attainable set {R(A) : A € A}, weighted-sum
scalarizations need not generate all Pareto-efficient matrices. Therefore, the optimization
problem (5.2)) should be viewed as a practical way to identify Pareto-efficient candidates
rather than as a complete characterization of all efficient sharing rules.

Other scalarizations could also be considered. For instance, one may seek to maximize
the worst individual improvement,

gg}ﬁggh{ﬁaﬁw)—-¢?mxﬂﬁx4)},
or its relative version. We leave a systematic comparison of such design criteria for future
research.

In the following subsection, we consider an example in which the optimization problem
(5.2) admits a relatively tractable mathematical treatment, making it suitable for illustrat-
ing the proposed approach. For larger pools or more general loss distributions than those
considered in Section [5.2] solving the optimization problem generally requires numerical
methods.

5.2 Example for a pool with two participants

As previously noted in Section [3.4.1 when participants’ losses are Exponentially distributed,
the pooled ruin probabilities admit closed-form expressions. This provides a tractable base-
line for the design problem . We now illustrate this point in the simple case of a pool
with two participants.

Consider a pool of two participants, n = 2, with Exponentially distributed losses. The
claim frequency intensities are A\; and )\2, and the claim severity rates are oy and ay. The

corresponding mean claim sizes are by = = and by = —. Let
A:(%lmﬁ. (5.3)
Q21 Aa22
The actuarial fairness condition gives
Ab
Ay = a1 1 b1 + a1 2M\0be, = a1 2 = 20— ain).
Azba
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The full-allocation property gives a1 =1 —a;; and ass = 1 — a; 2. Thus, all entries of A
can be expressed in terms of a single transfer ratio a := a; ;:

A(a) = AQ% by . (5.4)

The requirement 0 < a < 1, together with actuarial fairness, full allocation, and capacity,
leads to the admissible range

A2by by A2
0,b1-—=,1-—-,1-—,<a<l 5.5
moxfo, 1= 32 1= 2= 2 <as (5.5

Under (j5.4)), the payment borne by participant 1 at a generic pooled claim occurrence is
an Exponential mixture with probability density function given by

1 Oél>\1 (03] Oéz)\%bg Oég)\zbg
—— - S - > 0.
J2(2) = 3, ( a eXp{ a z} "Nl —a ™\ - f) 7
Similarly, the density of the payment borne by participant 2 is
. 1 Oél)\l (0%}
) = 5 (P2 exp { -]

Oé2/\%b2 052>\262
— > 0.
+)\2b2 — )\1[)1(1 — a) b )\ng — )\1[)1(1 — a)z ’ “=

The corresponding moment generating functions are

1 Oél)\l 052>\362
M —_
7 (r) )\. (Oél — ar + ag)\gbg — )\1b1(1 — G)T ’
. aq Q2 A2by
_ 5.6
r<mm{a,m(l_a)}, (5.6)
1 Oél/\l 052/\362
My, (r) = —
2z (r> )\. (Oél — (1 — G)T + Oég)\gbg — ()\2[)2 — )\1()1(1 — a)) T ’
r < min &3] Qi A2by
' ].—CL’/\QbQ—)\lbl(l—(l) ’

Using the classical expression for the infinite-time ruin probability with a mixture of
Exponential claim sizes, see Equation (13.6.13) in Bowers et al. (1997), the ruin probabilities
can be written as finite sums of exponentials:

2
YP (ki A(a)) = D Cinla) exp{-rin(a)si},  i=12,

where the coeflicients C; ;(a) and adjustment roots r; ;(a) are obtained by partial fraction
decomposition from My,. More explicitly, for participant 1, set
A a o )\1b1<]. — (Z)

= ki = —, k
p W 1,1 . 1,2 W

Y
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so that
A1

Oél)\.'

E[Z)] = pki1+ (1 = p)k12 =
The two roots 1 1(a) and 71 2(a) are the roots of
Pi(r) = (1 +n)E[Z1](1 = k117)(1 — k1o1) — E[Z1] + k11k1 27
The associated constants are obtained from the residue formula. Rewriting P;(r) as follows

_ P .2, P P
Pi(r) = CroT” + ¢ 7 + g,

then
n (B[Z1] - k‘1,1k1,27”1,e) By
Bl,@ = - P/ ) CI,Z - ) g - ]-7 2
(L4 n)Pi(rie) T
< Ne)
o o
o —
S B
= SR
o | g
Q L o«
= 1 2 g S 7
< 3 Sy
§ ] or) S o™
ST g e
3 =) B!
= T oo
_ 2 3
2 3 £
35 ; 1 —— ‘M’y 7lvUUl\.u’z—UUUU.szl\J;S
2 2 § Se-
A wy = 0.700,w N A w = X X 3
wy = 0.300, wy = 0.700,a* :3' wy = 0.300,wy = 0.700,a* = 0.576
S o
o T T =] T T T
0.0 0.2 0.4 0.6 0.2 0.4 0.6 0.8 1.0
Pyt (K1;a1‘1,a1‘2) a
(a) (b)
Figure 6: Weighted-sum optimal transfer ratios a* for a pool of two individuals with initial
reserves k1 = Ky = 3. The model parameters are n = 2/5, A\; = 0.5, \y = 0.6, and

Yir ~ Exponential(q;) for i = 1,2, with a; = 0.5 and ay = 0.7. The optimal transfer ratios
are computed under five different weight scenarios. Plot (a) shows 1P (r1; as.1, ay2) versus

2% (ko 491, ag5) for varying values of a, with markers indicating the weighted-sum optimal
transfer ratio a* for each scenario. Plot (b) shows the objective function as a function of
a, with markers indicating the corresponding minimizers a*. The cases with one zero weight
are included as single-participant benchmarks; the Pareto-efficiency interpretation applies to
minimizers obtained with strictly positive weights.

The same calculation applies to participant 2 with

A
[6%) )\. .

1— Agby — Aby(1 —
ka1 = a’ koo = 22 1b1(1 — a)

d E|lZ,| =
(@51 i Aoby » [ 2]
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Consequently, in the two-participant Exponential case, the weighted-sum design problem
reduces to the one-dimensional problem

main {wl (0171((1)67”’1(“)”1 + 0172(0/)67711’2((1)'{1)

+ w, (0271(a>67r2,1(a)142 + 02’2(a)67r2,2(a)n2) }7 (5.7>

subject to the admissible range . We denote by a* a global minimizer of and refer
to it as the weighted-sum optimal transfer ratio.

Figure [6 illustrates the behavior of a* under different weight scenarios. The cases w; =
1,we = 0 and wy; = 0, wy = 1 correspond to single-participant benchmark objectives, whereas
strictly positive weights correspond to genuine multi-objective scalarizations. As the relative
weight assigned to a participant increases, the optimal transfer ratio moves toward the
value that is most favorable to that participant. Figure [6a] displays the attainable pairs of
ruin probabilities, while Figure [6b] shows the corresponding weighted objective functions as
functions of a.

6 Conclusion

Community-based insurance schemes (CBIs) play a crucial role in many resource-constrained
communities where the availability of conventional insurance products is limited. Indeed,
CBls are prevalent in low-income communities and serve as one of the most common mech-
anisms for mitigating risk. This article examined the benefits of joining CBIs, focusing on
whether pooling reduces individual ruin probabilities and makes participation preferable to
remaining outside these risk-sharing arrangements.

Recognizing that simple and transparent risk mitigation strategies are essential in com-
munities of this kind, this article focuses on CBIs with linear risk-sharing rules, in which
each participant contributes a fraction of the loss suffered by the pool at the time it occurs.
Such rules are widely regarded as easier to interpret and implement in practice, making them
a natural choice for reducing complexity while enhancing understanding and trust among
community members.

The analysis developed in this paper shows that proportional risk sharing at claim occur-
rence time can reduce the infinite-time ruin probability of every participant in a community-
based insurance pool, provided that the allocation rule satisfies full allocation, actuarial
fairness, and the capacity constraint, and that claim severities belong to a common scale
family. Under these assumptions, pooling improves individual solvency not by lowering the
expected loss borne by each participant, but by reducing the dispersion of the claim stream
faced inside the pool. In this sense, the benefit of participation comes from a genuine risk-
pooling effect. The numerical illustrations confirm this theoretical result, while the discussion
in Section [4| clarifies its scope by showing, on the one hand, that the scale-family assumption
is sufficient but not necessary in full strength and, on the other hand, that violations of
the capacity constraint may destroy the uniform ruin-reduction effect. Overall, the paper
highlights that transparent linear sharing rules can improve individual solvency, but only
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when they are designed so as to balance fairness and protection against excessive bilateral
transfers.

It is important to acknowledge some limitations of our study. In its current form, the
conditions under which contributions keep the CBI beneficial are identified only when indi-
vidual losses belong to the same scale family. Furthermore, individual accounts are modeled
using the simplest form of the classical Cramér—Lundberg risk process. Alternative models,
such as those discussed by Asmussen and Albrecher (2010) and Mandjes and Boxma (2023)
may offer a more realistic representation and yield additional insights in specific situations.

One of the drawbacks of the model introduced in Section [2]is the assumption of indepen-
dent compound Poisson processes across participants in the pool. In practice, community
members are typically exposed to risks exhibiting a certain degree of dependence. In Ap-
pendix [A] we introduce a common-shock model that reduces to some extent the limitations
of this assumption. The main results of this paper are extended to this particular depen-
dence setting. Despite the independence assumption, the model introduced in Section
captures the key features of the risk-sharing mechanism and provides valuable insights into
its implications.

In addition to finite-time ruin probabilities, an important avenue for future research would
be to assess the effect of pooling on other risk measures commonly studied in the classical
Cramér—Lundberg risk process. These include the time to ruin, the surplus immediately
prior to ruin, the severity of ruin, the time in red (the time spent below zero from the first
ruin to the first time the surplus trajectory upcrosses the level zero) and the amount of the
claim causing ruin (see Gerber et al. (1987), Dufresne and Gerber (1988), Egidio dos Reis
(1993), Picard (1994), Gerber and Shiu (1998) and Loisel (2005) for instance).

Finally, future research could also explore subsidized CBIs through the lens of ruin theory
(see, e.g., Flores-Contré et al. (2025)), to assess how subsidies affect both the benefits and
the conditions governing contributions. This is particularly relevant given that, over the
past decades, governments in many countries have promoted CBls and fostered community
participation through subsidies. See Zhang and Wang (2008) for an example of a subsidized
community-based health insurance (CBHI) scheme in China and Parmar et al. (2012) for
another example in Burkina Faso, where a subsidy of 50% of the premium is offered to poor
households.

Github repository

A repository containing the R scripts used to generate the numerical illustrations presented
in this paper is available on GitHub at: https://github.com/josemiguelflorescontrou
clouvain/CommunityBasedInsuranceintheCompoundPoissonSurplusModel .git.
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Appendices

A Incorporating dependence through proportional common shocks

The purpose of this appendix is to discuss a simple extension of the model in Section
in which the individual risk processes are no longer mutually independent. The depen-
dence is introduced through a common-shock component affecting all members of the pool
simultaneously. The model is deliberately kept close to the scale-family framework used in
Proposition in order to show that the ruin-reducing effect of proportional pooling can
still be obtained under a specific form of dependence.

A.1 Individual accounts with proportional common shocks

Let {N;s,t > 0}, i = 1,...,n, be the idiosyncratic claim-counting processes introduced
in Section 2l In addition, let {P;,¢ > 0}, be a Poisson process with intensity A® > 0,
independent of the idiosyncratic counting processes. The process {P;,t > 0} records the
occurrence times of systemic events affecting the whole community.

We assume that idiosyncratic losses belong to a common scale family. More precisely,
there exists a non-negative random variable W such that E[I¥] =1 and

Yi,k i biWi,ka 1= 17 ceey N, k Z 17 (A]_]_)

where W, are independent copies of V.

For the systemic component, we assume that all participants are hit by the same under-
lying shock, but with participant-specific exposure coefficients. Thus, at the occurrence time
of the kth systemic event, participant ¢ suffers the loss

Y5 = bW, i=1,...,n, k>1, (A.1.2)

where b5° > 0 is the systemic exposure of participant 7, and where W W5*, ... are indepen-
dent copies of a non-negative random variable W satisfying E[I/W*] = 1. In the most direct
scale-family extension of Proposition [3.8] one may take

WCS%W

This means that idiosyncratic and systemic claim severities have the same normalized shape,
while their magnitudes differ through scale parameters only.

Under this common-shock model, the cumulative claim amount reported by participant
1 up to time ¢ is

Ni P
S5=> Y+ D> VG t>0 (A.1.3)
k=1 k=1

The corresponding stand-alone surplus process is

Vig =t =S+ ki, 120, (A.1.4)
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where
= (L mEIST] = (L) Qi+ X%8), 7> 0, (A15)

The processes {Sf3,¢ > 0} are dependent because they share the same systemic counting
process {F;,t > 0} and the same systemic shock sizes Wi®. For instance, if N} = N;; + P
denotes the total number of claim occurrences affecting participant ¢, then

ACS
Corr | N3, N5 | = 1 ]
|: 3,8 J7t:| \/)\Z + )\cs\/Aj + )\CS’ 7£

This is a standard common-shock source of dependence across participants.

A.2 Pooled fund and occurrence-time representation

Let

A=) N, A=A

The total occurrence process at the pool level is
N®=> Nyu+P, t>0,
j=1

which is a Poisson process with intensity A. Let

TS = inf{t > 0: N® =k}

be the kth occurrence time at the pool level.
At each occurrence time, the triggering event is either an idiosyncratic claim from one
participant or a systemic event affecting all participants. Let

Cs CS CS
0,k>*1,k> "+ 9 *nk

be the corresponding indicators, where I§% = 1 means that the kth occurrence is systemic,
while I75 = 1 means that it is an idiosyncratic claim generated by participant j. Thus,
exactly one of these indicators is equal to one, and

Cs >\ j - CS >\CS
P[[],kzl] — K]’ ] :1,...,7/’1, P[[O,kzl] — T.
The aggregate claim amount at the kth occurrence time is then
Xp=Y L5Y) N, res + 1% > DFWE,.. (A.2.1)

Jj=1 Jj=1

Consequently,
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cs
Ni

n
d
SP=Y_SEEd Xtz
j=1 1

The aggregate surplus process of the pooled fund is therefore

k=

n

n
Vi® = %t — S° + &, &= E e, K = E K.
i=1

i=1

A.3 Proportional sharing under common shocks

(A.2.2)

Let A = (a;;)1<ij<n be the allocation matrix introduced in Section 3| If the kth occurrence
is an idiosyncratic claim generated by participant j, then participant ¢ pays the amount

@i 5 V5N, es
If the kth occurrence is systemic, the original systemic loss profile is
(b5, ..., b ) WE

Prpes)
Ty

and the proportional sharing rule allocates to participant ¢ the amount

n
CS cs
> aigb Wi
J=1 '

Thus, the payment borne by participant ¢ at the kth occurrence time is
n n

S = DIV, + IS (Z ai,jb55> %
j=1 j=1

The cumulative claim amount allocated to participant ¢ after pooling is

NCS

t
cs—pool cs
S@t = E Ziyk, t >0,
k=1

and the corresponding surplus process is

cs—pool _ cs cs—pool ]
VGl = et — S sy, >0

(A.3.1)

(A.3.2)

We impose the following conditions on the allocation matrix. First, the full-allocation

condition is

n

Zai,jzl, jzl,,n

=1

Second, the idiosyncratic part is actuarially fair:

Z)\jai7jbj = )‘zbza 1= 1,...,7’Z.
Jj=1
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Third, the usual capacity constraint is imposed on idiosyncratic transfers:
ai by < b, i, j=1,...,n (A.3.5)

Finally, we assume that the allocation matrix preserves each participant’s systemic exposure:

Z a; b7 = b, 1=1,...,n. (A.3.6)

j=1
Equivalently, with b = (b$°,...,b%) T, condition (A.3.6) reads
Ab® =%,

This condition means that the proportional sharing rule redistributes idiosyncratic losses,
while it does not alter the systemic exposure borne by each participant. Under (A.3.4]) and
(A.3.6)), the expected loss rate borne by participant ¢ is unchanged by pooling:

Z )\jaiyjbj + A Z CLi’jb;S = )\le + )\CSbgs.
j=1 j=1

A.4 Ruin comparison

Define the infinite-time ruin probabilities
() =P [inf Vi < 0| V5 = .

and

7

U =P [V <0V =
The following result shows the effect of the systematic risk on ruin probabilities.

Proposition A.1. Assume that f hold. Suppose moreover that the allocation
matriz A satisfies the full-allocation condition , the idiosyncratic actuarial-fairness
condition , the capacity constraint , and the systemic-exposure preservation
condition . Then, for every participant i = 1,...,n and every initial reserve k; > 0,

1/1§S_p001(/€i) < Y (ka).

Proof. Fix 1 € 1,...,n. We represent both the stand-alone and pooled models on the same
occurrence process N;° ¢ > 0, with intensity A = A + \%.

For the stand-alone model, define the claim amount borne by participant ¢ at a generic
occurrence time as

b; W, with probability A;/A,
Y™ = ¢ bW, with probability A®/A,
0, with probability (Ae — A;)/A.
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Then,

Ngs
Scs d ?cs
it ik

k=1

where Y%, Y%, ... are independent copies of Y,*.

For the pooled model, the claim amount borne by participant ¢ at a generic occurrence
time is distributed as

s a; ;b;W, with probability A\;/A, j=1,...,n,
T (z a”bcs) Wes, with probability A% /A.

Using (|A.3.6]), this becomes

s _ a; ;b;W, with probability \;/A, j=1,...,n,
’ bW, with probability A /A.

Moreover, by (A.3.4)),
b+ A%D®

E[Z] = Z)\ aigby + bCS— - =E[)

We now prove that Z® <cx XZCS. Let g be any convex function for which the expectations
below exist. Using the capacity condition (|A.3.5)), we have, for every j =1,....n,

Hence, by convexity of g,

Bl W] < (1= 52 900) + 2 Blg(07)]

Therefore,
cs - /\] )‘CS cs cs
Elg(Z)] = > S ElglaisbW)] + - Elg(b7W )]
j=1
P a; b
< i 37
< 9(0) A<1 b )
7j=1
“N\jaiib; A
E . MY N ) —__E ST/ 8)]
By (A.3.4),
S Naigly A
<A b A
7=1



It follows that

A= A000) + Y EL(bI)] + X Bl

= E[g(¥;”)].

Elg(Z)] <

Since the two random variables have the same mean, this proves that Z* <cx ?fs holds
true.

The stand-alone and pooled surplus processes of participant ¢ have the same premium rate
c®, the same claim-arrival intensity A, and claim severities ordered in the convex order. The
standard ruin-probability comparison theorem for the Cramér-Lundberg model therefore
gives

wics_pOOl(/‘fi) < (k) ki = 0.

This completes the proof. O
Remark A.2. The assumption Ab® = b is essential in the above argument. It prevents

the sharing rule from increasing the systemic exposure borne by some participants. If this
condition 1s relazed, the pooled systemic payment of participant i becomes

(zn: ai,jb§s> WCS,

j=1
which need not be smaller than bW in convex order. In that case, equality of total expected
losses alone is not sufficient to guarantee a reduction of individual ruin probabilities.

Remark A.3. A simple case in which Ab® = b is automatically satisfied is obtained when
the systemic exposure vector b is proportional to the idiosyncratic expected-loss vector

m = (Aby, ..., A\uby) "

Indeed, if b = pm for some p > 0, then the idiosyncratic actuarial-fairness condition Am =
m implies Ab® = b*. In particular, when claim frequencies are homogeneous, this condition
reduces to the more transparent requirement that systemic exposures are proportional to the
mean idiosyncratic claim severities.

B Mathematical Proofs
B.1 Proof of Proposition (3.8

Proof. Fixi € {1,...,n}. We first rewrite the stand-alone loss process of participant i using
the aggregate occurrence process {Ny, t > 0} introduced in Section . Let Y/, Y/, ... be
independent and identically distributed random variables such that

Ai
-1 P>y =T (0-F@), y>0 (B.1.1)
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Define

N
Sl,=> Y t>0 (B.1.2)
k=1

By the classical thinning property of independent Poisson processes, {S;, t > 0} < {Sint>
0}. Hence, the stand-alone and pooled models can be represented on the same aggregate
arrival process {N;, t > 0}.

Under Assumption M, we have Y i 2 b;W, where W > 0 and E[W] = 1. Therefore,

, 4]0 with probability 1 — \;/ A,
" bW, with probability Ai/Ae.

In particular, E[Y/,] = i—bz
On the pooled side, the payment borne by participant ¢ at the kth occurrence time is
Zip = Z?:1 Zi ik, and, conditionally on the event that the triggering claim comes from

participant j, one has

d
Zik = a;;Yj1.

Using again Assumption [3.5] it follows that

d
Zi,k: = ai,kaka

where J defined in (3.3) is the index of the participant generating the kth claim. Hence,
ElZix]l =275, i_iai:jbj‘ By Assumption we get from ([3.7]) that

Ai
ElZis] = 7bi = E[Y].

We now prove that Z; ;, <cx Y. Let g be any convex function such that the expectations
below exist. Then

n

Blo(Zu)] = 3 2 Blg(as b, W)

j=1

By Assumption [3.4] we have

Therefore, for each 7,

and convexity of g yields

Bl W] < (1= 522 o(0) + 22 BlgGo )]



Summing over j gives

Using (3.7]), we obtain

Consequently,

Elo(Zia)] < (1 3% 9000+ 3 BloW)] = Blg(1,)]

Since we already proved that E[Z; ] = E[Y},], this shows that Z;, <cx Y/;.
Now consider the surplus process

Vie=cit— S, +ri,  t>0.

Because {S;;, t > 0} 4 {Sis t > 0}, the ruin probability associated with XN/M is exactly
¥i(k;). Considering VftOOl, both models have the same premium rate ¢;, the same claim
arrival intensity A,, and claim severities ordered by convex order. Therefore, Proposition 8.2
in Asmussen and Albrecher (2010) implies that the inequality 1" (k;) < 10;(x;) holds true,
as announced. This ends the proof. O

Remark B.1. Notice that the proof also yields a pointwise convex-order comparison at claim
occurrence times. Indeed, by closure of the convex order under convolution, for every k > 1,

k k

!
E Ziy 2cox E Y,
=1 /=1

Thus, after any fired number of aggregate claim occurrences, the total amount borne by par-
ticipant 1 inside the pool is less dispersed, in the convex-order sense, than the corresponding
stand-alone amount.

B.2 Proof of Proposition 4.1

Proof. Fix two distinct participants ¢ # j such that b; < b;, and set a := Z— € (0, 1]. Consider
J

the matrix A®<9) defined by
CL,L'J' = «, CLjJ =1- a, aj,i = 1, am- = 0, CL@}@ =1 fOI' 6 ¢ {Z,]}, (B21)

and all other entries equal to 0.
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Let us first check that A7) is admissible. Full allocation is immediate. Actuarial
fairness also holds. For row 7, one has

n
E aLkbk = am-bj = Oébj = bl
k=1

For row 7,

ZaMbk = aj,ibi —+ aj,jbj = bl -+ (1 — Oé)bj = bl + bj — bl = bj.

k=1

For every ¢ ¢ {i,j}, fairness is trivial since asy = 1. Because claim frequencies are homoge-
neous, admissibility also implies the capacity constraint.
Under the sharing rule A®<7) | participant i pays

o {ayj, it J = j,

0, otherwise.

Thus,
Z: L Bay;, (B.2.2)

where B ~ Bernoulli(1/n) and B is independent of Y;. On the other hand,
Y/ 4 BY;, B; ~ Bernoulli(1/n),

with B; independent of Y;.
By assumption, (4.4)) holds for this admissible matrix, so that

BaY; =cx BY;.
Now, for every convex function ¢ for which the expectations exist,

Elp(Bary)] = (1= 1) ¢(0) + > Elp(ar;),

and similarly,

1 1
Bip(B30] = (1= 1) #(0) + 3 (i)l
Therefore, B
BaY;<ox BY; & aYj =« Ve
Since

E[aYj] = ab; = b; = E[Y{],

we conclude that aY; <cx Y;. Dividing both sides by b; yields :—]J <cx bz, which proves (4.5)).

The chain (4.6) follows by ordering the participants according to their means. O
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C Examples illustrating the role of Assumption |3.5
C.1 An example with random and constant stand-alone losses for n = 2

We now exhibit an explicit example (for n = 2) in which the stand-alone loss is random

for one participant while it is constant for the other. This example shows that even when

capacity and actuarial fairness are satisfied and both convex-order constraints Z; <cx Y/

and Zs <cx Y, are fulfilled, the severities need not form a common scale family.
Consider

0, with probability 1/2,

. . (C.1.1)
2, with probability 1/2.

Yo=2 and Y] = {
Then, by = E[Y5] = 2 and b; = E[Y;] = 1. Hence, the normalized severities differ: Y5/by = 1
is constant whereas Y; /by = Y] is non-degenerate, so there is no common scale family.

Define the sharing matrix
(@ a2) _ (0 1/2
an () (0 ), o1

This matrix satisfies the full-allocation, actuarial-fairness and capacity constraints used in

Proposition [3.8 although the scale-family assumption itself is not fulfilled. Indeed, full

allocation obviously holds (each column of A sums to 1). Capacity is valid since aj 20y =

(1/2)-2=1=10by and ag by =1-1=1 <2 = by. Actuarial fairness is also satisfied because

a171b1 +a1,262 =0-1+ (1/2) 2=1= bl and a271b1 —I—a272b2 =1-1+ (1/2) -2=2= bg.
The reasoning proceeds in 3 steps:

Step 1: compute 7Z;,Zy. If J = 1, then (Z;,725) = (0,Y1). If J = 2, then (Z;,723) =
((1/2)Y, (1/2)Y2) = (1, 1) since Ya = 2. Therefore,

7z, — 0, W%th probab%l%ty 1/2, and 7, — Yi, W%th probab?l::lty 1/2, (C.1.3)
1, with probability 1/2, 1,  with probability 1/2.
It follows that
P[Z, =0]=1/4, P[Zy,=1]=1/2, and P[Z, =2 =1/4. (C.1.4)
Step 2: compute Y/, Y]. Here Y/ = B;Y; with B; ~ Bernoulli(1/2). Thus
Y/ — 0, W%th probab::d%ty 3/4, vl — 0, W%th probab%l%ty 1/2, (C.1.5)
2, with probability 1/4, 2, with probability 1/2.

Step 3: verify Z; =<cx Y] and Z; =<cx Y; (via stop-loss transforms). For integrable
non-negative random variables, X <cx Y is equivalent to equality of means and the stop-loss
inequalities E[(X —t)4] < E[(Y —¢)4] for all ¢ > 0. We check this criterion.

(i) Z1 Zcx Y{. Both means are 1/2. For ¢ € [0,1], E[(Z — ¢)1] = 3(1 — t), and for ¢ > 1 it

is 0. For Y{, for t € [0,2], E[(Y{ —¢);] = 1(2 —t), and for ¢ > 2 it is 0. One checks that

1(1—t) < 1(2—1t) fort € [0,1] and also 0 < 3(2 —¢t) for t € [1,2]. Hence, Z; <cx Y.
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(ii) Z3 <cx Y,y. Both means equal 1. For ¢ € [0, 1], using (C.1.4)),

Bl(Z — )] = 5(1 1)+ 2 —1) =1~ "t

4
For t € [1,2], E[(Z; —t) ] = 12-1t), and it is 0 for t > 2. For Yj, for t € [0,2],
E[(Y] —t)4 ]:%(2—15) — 3t, and it is 0 for ¢t > 2. Thus, for t € [0,1], 1 — 3¢ <1 — 1¢
and for tell,2], 3(2-1) § $(2—1t). Hence, Z, <cx V3.

In conclusion, all constraints are fulfilled and both convex-order inequalities are satisfied,
vet (Y1,Y2) do not belong to a common scale family.

C.2 An example with random stand-alone losses for n = 2

We now provide an example in which the stand-alone losses are random for each participant.
Under this setting, as in the previous case, even when capacity, actuarial fairness and both
convex-order constraints Z; <cx Y/ and Z; <¢x Y, are fulfilled, the severities need not form
a common scale family.

Consider the random variables

0, with probability 1/3, 0, with probability 1/3,
Y1 =< 100, with probability 1/3, and Y, = ¢ 150, with probability 1/3, (C.2.1)
200, with probability 1/3, 400, with probability 1/3.

Hence, we have that b; = E[Y1] = 100 and by = E[Y5] = 183.333. Thus, the normalized
severities differ: Y7/b; = Y]/100 whereas Y5/by = Y5/183.333. Therefore, there is no common
scale family.

Furthermore, let us define the sharing matrix

(@11 G122\ ]_/2 0.273

A= (a271 (1272> o (1/2 0727) ’ (C22>
which clearly fulfills the full-allocation, actuarial-fairness and capacity constraints used in
Proposition [3.8] although the scale-family assumption itself is not fulfilled. That is, full
allocation holds since each column of A sums to 1, while the capacity constraints are satisfied
because aj by = (0.273) - 183.333 = 50.05 < 100 = by and as by = (1/2) - 100 = 50 <
183.333 = by. Moreover, actuarial fairness is also satisfied: ay1b; + a1202 = (1/2) - 100 +
0.273 - 183.333 = 100 = by and as1by + ag9be = (1/2) - 100 4 0.727 - 183.333 = 183.333 = b,.

Our reasoning follows that of the previous example:

Step 1: compute 7Z;,7Z,. If J =1, then (Z1,75) = ((1/2)Y1,(1/2)Y1). If J = 2, then
(Z1, Z) = (0.273Y5,0.727Y5). Therefore,

0.273Y53, with probability 1/2, 0.727Y5, with probability 1/2.
(C.2.3)

{(1/2)3/17 with probability 1/2, and 7 {(1/2)3/1, with probability 1/2,
= n =
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It follows that
P[Z, =01=1/3, P[Z,=50]=1/6, P[Z, =100]=1/6, P[Z; =40.909] =1/6,
P[Z; =109.091) =1/6, P[Z;=0]=1/3, P[Zy=50]=1/6, P[Zy=100]=1/6,
P[Z, =109.091) = 1/6, and P[Zy =290.909] =1/6. (C.2.4)

Step 2: compute Y/, Y]. Here Y/ = B;Y; with B; ~ Bernoulli(1/2). Thus

0, with probability 2/3, 0, with probability 2/3,
Yy =< 100, with probability 1/6, Y, =< 150, with probability 1/6, (C.2.5)
200, with probability 1/6. 400, with probability 1/6.

Step 3: verify 7; <cx Y] and Z; <cx Yy (via stop-loss transforms). We check the
stop-loss criterion.

(i) Z1 Zcx Y{. Both means are 50. Using (C.2.4)), it yields

% (190.909 — 3t), for 0 <t < 40.909,
1 (150 — 2¢t), for 40.909 <t < 50,
Bl(Z—).] = § 12072 5
1(100 — 1), for 50 < t < 100,
0, for 100 < t.
On the other hand, for Y/, it yields,
£(300 —2t), for 0 <t < 100,
E[(Y] —)+] = 1 (200 — ),  for 100 < ¢ < 200,
0 for 200 < ¢.

Y

One checks that E[(Z; — t),] < E[(Y{ —t),] for t € [0,00). Hence, Z; <cx Y/.
(ii) Z3 <cx Y5. Both means equal 91.667. Using (C.2.4), it yields

% (550 — 4t) for 0 <t < 50,
(500 — 3t), for 50 < t < 100,
E[(Zy — t)4] = ¢ (400 — 2¢), for 100 < ¢ < 109.091,
1(290.909 — ¢), for 109.091 < ¢ < 290.909,
0, for 290.909 < ¢.
For Y, we have the following,
1(550 —2t), for 0 <t < 150,
E[(Y; —t)4] = { £ (400 —¢t),  for 150 <t < 400,

0 for 400 < t.

9

One checks that E[(Zy — t)4] < E[(Y; —t)4] for t € [0,00). Hence, Z5 <cx Y.

Thus, we conclude that all constraints are fulfilled and both convex-order inequalities are
satisfied, yet (Y7,Y3) do not belong to a common scale family.
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C.3 An example with continuous random stand-alone losses for n = 2

We now provide an example in which the stand-alone losses are continuous random variables
for each participant. Under this setting, as in the two previous cases, even when capacity,
actuarial fairness and both convex-order constraints Z; =<¢x Y] and Z; <¢x Y5 are fulfilled,
the severities need not form a common scale family.

Let Y] and Y5 be continuous random variables with probability density functions

L ofor0<y<l1 20000-y) g0 < 4 < 1
fyl(y)Z{mO’ ori=y =100y fy2(y)={ oo+ for U=y < 100, (C.3.1)

0, otherwise, 0, otherwise,

respectively. Specifically, let Y7 ~ Uniform (0, 100) and let Y5 follow a left-triangular distribu-
tion on (0,100). Hence, we have that b, = E[Y;] = £ = 50 and by, = E[Y,] = 13° = 33.333.
Thus, the normalized severities differ: Y;/b; = Y;/50 whereas Y3/by = %Yg. Therefore,
there is no common scale family.

Furthermore, let us define the sharing matrix

(a1 a2\ 0.6 0.6
A= <CL271 a272) a <O4 O4> ’ (C32>
which clearly fulfills the full-allocation, actuarial-fairness and capacity constraints used in
Proposition [3.8] although the scale-family assumption itself is not fulfilled. That is, full

allocation holds since each column of A sums to 1, while the capacity constraints are satisfied

because aj2br = 0.6 - (132) = 20 < 50 = by and ag by = 0.4- 50 = 20 < 130 = 33.333 = b,.
Moreover, actuarial fairness is also satisfied: a;1b; + a12b2 = 0.6 - 50 + 0.6 - (%) =50=10b;
and ag1by 4 azoby = 0.4-50 + 0.4 - (182) = 120 = 33.333 = bs.

Our reasoning is similar to that of the previous examples:

Step 1: derive the survival functions of 7, Z,.

_ 1 1—i+1—i2), for 0 < 2 < 60,
Fu(z) =PlZ > =17 ( w1 %) rl=E= (C.3.3)
0, otherwise,
and
_ 11— = 1—12) for 0 < 2 < 40
Fu(2) =P[Zy >z =12 (1=d+ (= 5)7), fro<z<a, (C.3.4)
0, otherwise.
Step 2: derive the survival functions of Y/, Y].
_ , 1(1—4), for 0 <y <100,
Fy;(y) =P[Y] > y] = . (C.3.5)
! 0, otherwise,
and ,
11— for 0 < y < 100
Fyi(y) :==P[Y] >y] =<2 (=), for = Y= (C.3.6)
0, otherwise.



Step 3: verify Z; <cx Y] and Z; =<cx Y, (via stop-loss transforms). Recall that
the stop-loss transform of an integrable non-negative random variable X can be obtained as
the integral of its survival function Fx(z) := P[X > x| from ¢ to infinity: E[(X —t),] =
[ Fx(z)dz. We now check the stop-loss criterion.

(i) Z1 Zcx Y/. Both means are 25. Using ((C.3.3) and (C.3.5)), for 60 < ¢ < 100 it yields

BV = 0] ~El(Zi— 0] = [ (Fyle) - Fao) do = S0 0 (ca)

Similarly, for 0 <t < 60, it yields

_ t (
~ 21600

Fy/(z) = Fz (z)) dz t* — 216t + 10800) > 0.

(C.3.8)

The last inequality follows from the fact that vy () := ﬁ > 0 for 0 <t < 60. Moreover,
©1(t) := t2 =216t + 10800 is an upward-opening parabola with vertex at ¢t = % = 108, which
lies outside the interval [0,60). Therefore, ¢;(t) is strictly decreasing on 0 < ¢ < 60, and
its minimum over this interval is attained at the right endpoint: ¢;(60) = (60)? — 216(60) +
10800 = 1440 > 0. Hence, both v (t) and ¢;(t) are non-negative on [0,60), implying that

their product is also non-negative. Thus, we conclude Z; <¢x Y/.
(i) Z5 <cx Yy. Both means are 16.667. Using (C.3.4)) and (C.3.6)), for 40 < ¢ < 100 it yields

B((Y] — 1)) ~ E[(Z — 1),] = / (

E[(Yy —t)] —E[(Z,—t);] = /t (Fy;(z) — Fz,(z)) do = 20 (1 — i) >0. (C.3.9)

Then, for 0 <t < 40, it yields

E((Y 1)) ~ E[(Zs—1),] = / (Fry(z) — Fryla)) de

(C.3.10)
= —— (7t* — 1100t + 40000) > 0.
80000 ( * ) -
Again, the last inequality follows from the fact that v5(t) := g5 > 0 for 0 < ¢ < 40.

Furthermore, ¢5(t) := 7t — 1100¢ + 40000 is an upward-opening parabola with vertex at
t = 1% = 78571, which lies outside the interval [0,40). Thus, ¢,(t) is strictly decreasing on
0 <t < 40, and its minimum over this interval is attained at the right endpoint: ¢9(40) =
7(40)% — 1100(40) + 40000 = 7200 > 0. Hence, both 15(t) and ¢,(t) are non-negative on
[0,40), implying that their product is also non-negative. Thus, we conclude Z; <¢x V5.

An alternative approach to verifying the stochastic order inequalities Z; <cx Y/ and
Zy =cx Yy is to apply the one-crossing condition for survival functions; see, for example,
Theorem 3.A.44 in Shaked and Shanthikumar (2007). According to this result, if X and YV
are two continuous random variables with equal means and survival functions Fy and Gy,
respectively. Then, X =<cx Y if the following condition holds: S™(Fx — Gy) = 1 and the
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sign sequence is +, —. Here, S™(h) =sup S~ (h(x1), h(x2), ..., h(z,)) denotes the number of
sign changes of the function h defined on the subset I of the real line, where S~ (y1, y2, ..., Ym)
is the number of sign changes of the indicated sequence, zero terms being discarded and the
supremum is extended over all sets z1 < 29 < --- < x,,, such that z; € [ and m < co. We
now verify this criterion.

(i) Z1 2cx Y{. Both means are 25. Using (C.3.3)) and (C.3.5)), for 0 < z < 60, we have the
following

Di(x) = Fr(a) = Fyla) = 5 (1- =) = 2 (C3.11)
xr) = xr) — "\r) = = - = —_ . 0.
! & Y 2 60/ 300
First, observe that D;(0) = > 0. Moreover,
Di(z) = 1(1 ””) L 0 0<z<60 (C.3.12)
P60 60/ 300 ~ 7 T~ ’ o

implying that Dy (z) is strictly decreasing on [0, 60). Consequently, D;(z) admits a unique
root at x = 32.201 within this interval. It follows that

Di(z) >0, 0<2<32201, and Di(z)<0, 32.201<z < 60. (C.3.13)

It therefore remains to show that D;(x) < 0 for all 60 < z < 100. This establishes that
D;(x) changes sign exactly once over its support and the sign sequence is +, —, thereby
satisfying the one-crossing condition for survival functions. For 60 < x < 100, we obtain

1 T
= —— —— ) < <z< . 3.
Di(x) = =3 (1 100) <0, 60<az<100 (C.3.14)
Then, we conclude Z; <¢x Y/.

(ii) Zy 2cx Y;. Both means are 16.667. Using (C.3.4) and (C.3.6), for 0 < z < 40, we
have the following

Dy(x) := Fz,(z) — Fy;(z) = % (1 - % + (1 — 5—0)2 — (1 - %>2> . (C.3.15)

First, observe that D,(0) = > 0. Moreover,

, 1 /1 x x
Da() 2 \ 50 <1 100) 40 20 (1 40) <0, Osz<dl, (C.3.16)

implying that Ds(x) is strictly decreasing on [0,40). Consequently, Ds(x) admits a unique
root at & = 23.415 within this interval. It follows that

Dy(x) >0, 0<x<23415, and Ds(x) <0, 23.415<z <40. (C.3.17)
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It therefore remains to show that Dy(x) < 0 for all 40 < x < 100. This establishes that
Dy(z) changes sign exactly once over its support and the sign sequence is +, —, thereby
satisfying the one-crossing condition for survival functions. For 40 < z < 100, we obtain

1 T \?2
= —— - ) < <z < . 0.
Da(ar) = 3 (1 100) <0, 40 <z <100 (C.3.18)

Consequently, we conclude Zy <cx V3.

D Supplementary example illustrating the role of Assumption |3.4
D.1 A numerical illustration with failure of the constraint for two participants

For this second example, we examine a pool of three participants (n = 3) with Exponentially-
distributed losses, defined as follows:

(i) Claim frequency: A\; = 100, A\ = 2, and A3 = 100,

1

=5, and az = 1.

(ii) Claim severity: a; =1, a9 =

The resulting mean claim sizes are b = ail =1,by =

We again assume a safety loading factor of n = Losses are allocated according to
either the mean-proportional or the alternative schemes, defined by

=50, and b3 = 13 =1.

[}

cof |-

1 1 1

111 0.5 04 0.1
AMP = L Ll and AMT = 03 02 05 |,

30303 02 04 04

respectively.
Both the mean-proportional and alternative schemes violate condition ({3.15)) for partici-
pants 1 and 3 because

1 b, 1
MP 1
— 2 A0333> 2L = — —0.02
M2 =3 by 50 ’
1 by 1
P 3
— 2 A0333> 23 = = =002
%2 =3 by 50 )
aALT:O4>b—1—i:002 and
1,2 by 50 o
by 1
ALT 3
—04>3 - = 002
3,2 by 50

As a result, Figure [7| shows that pooling does not benefit participants 1 and 3.

50



2 2 <
— (k1) 2 (K2) — ts(kg)
v (k) b (K2) iy ()
S U (k) Y5 (k2) o Uy ()
3 -0 » | RG] ® - v
3 = S

Ruin Probability

0.4

0.2

0.0

Ruin Probability

0.6

30 40 50 60 0 10 20 30 40 50 60 30 40 50 60
K, K1 K K2 K K3
(a) (b) ()

Figure 7: Ruin probabilities for the pooled fund, individual and pooled surplus models
under the mean-proportional (pool - MP) risk-sharing scheme and the alternative (pool -
ALT) proportional risk-sharing scheme in the pool of Appendix
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