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1. INTRODUCTION

In this paper, we present a numerical scheme for the solution of the initial-value problem for the
“bad” Boussinesq equation

Ut — Ugy — (UQ):m — Ugzzr = 0, (1'1)

where subscripts denote partial derivatives and u(x, t) is a real-valued function of a space variable z and
a time variable t. Equation (1.1) was derived a century and a half ago as a model for the propagation
of long water waves of small amplitude by J. Boussinesq [3]. Along with the Korteweg—de Vries (KdV)
equation, (1.1) is one of the fundamental models for dispersive water waves in the weakly nonlinear
regime [26]. Just like the KdV equation, equation (1.1) admits a Lax pair formulation [42] and supports
soliton solutions [23]. However, in contrast to the unidirectional KdV equation, (1.1) is a bidirectional
equation, i.e., it models waves traveling in both the right and left directions.

Equation (1.1) is also known as the “nonlinear string equation” [42]. In addition to water waves
and nonlinear strings, it also models other physical phenomena, including the propagation of ion-sound
waves in a plasma [33], the dynamics of the anharmonic lattice in the Fermi-Pasta—Ulam—Tsingou
problem [33], and quite generally nonlinear lattice waves in the continuum limit [38].

A distinguishing feature of equation (1.1) is that it is ill-posed. At the linear level, the ill-posedness
is easily observed by substituting the plane wave u(z,t) = eilkz—wt) "I = R into the linearized version
of (1.1). This gives the dispersion relation w = +4/k?(1 — k?). Since w has a nonzero imaginary part
whenever |k| > 1, Fourier modes with |k| > 1 grow (or decay) exponentially in time. This feature makes
the initial value problem linearly ill-posed. A deeper analysis shows that the ill-posedness persists at
the nonlinear level: in fact, it was shown in [9] that there exist Schwartz class solutions of (1.1) that
blow up at time 7T for any T' € (0, +00). Moreover, a wide range of asymptotic scenarios can occur as
T is approached [7].

Due to its ill-posedness, equation (1.1) is notoriously difficult to study both analytically and nu-
merically (see e.g. [16, 17]). Accordingly, the terminology “bad” Boussinesq equation was introduced
in [27] for (1.1). This is in contrast to the so-called “good” Boussinesq equation, which has the same
form as (1.1) except that the term wy,,, has the opposite sign. Changing the sign of the wy,,-term
makes the equation linearly well-posed, and a large number of works are dedicated to the study of the
“good” Boussinesq equation: for example, numerical investigations include [4-6, 18, 24, 25, 34, 36, 37],
asymptotic estimates and spectral results are obtained in [8, 14, 21, 31, 32|, local existence and well-
posedness results can be found in [1, 2, 15, 20-22, 29, 39, 41], and global existence results are derived
in [2, 30, 39, 41]. The “good” Boussinesq equation also has various applications, but it is the version
derived by J. Boussinesq (i.e., the “bad” version) that is relevant for water waves. Since it is relatively
straightforward to solve the initial value problem for the “good” Boussinesq equation numerically to
high accuracy [34], we henceforth focus on the “bad” Boussinesq equation (1.1).
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The purpose of this paper is to propose a numerical scheme for the solution of the initial-value
problem for (1.1). The proposed scheme involves six steps. The first step is to rewrite the equation
(1.1), which is second-order in t, as a first-order system. The second step is to apply a discrete Fourier
transform to this first-order system, and thus obtain a system of ordinary differential equations that
describes the time evolution of the Fourier modes. The third step is to set all Fourier modes of frequency
above a carefully chosen cut-off frequency to zero. The fourth step is to add a damping term to one
of the equations in the first-order system so that the transition from the nonzero Fourier modes to the
vanishing ones is smoothened out. The fifth step is to solve the damped system of ordinary differential
equations by means of, for example, a Runge—Kutta method, to obtain approximate Fourier coefficients.
In the sixth and last step, an approximate solution of (1.1) is obtained by applying an inverse Fourier
transform.

Our construction of the above numerical scheme was inspired by recent developments in the analytical
understanding of the “bad” Boussinesq equation. More precisely, in [9], the flow of (1.1) was linearized
by means of a “nonlinear Fourier transform”. This led to existence, uniqueness, and blow-up results, but
also to the identification of a physically meaningful class of global solutions. The global solutions arise
as follows. As already mentioned, the linear ill-posedness of (1.1) leads to the exponential amplification
of high frequency Fourier modes. The presence of unstable modes does not contradict Boussinesq’s
derivation of (1.1) as a model for water waves, because the derivation assumes that the waves are
long, in the sense that the wavelength is long compared to the depth of the water (see Section 3 for
more details). Thus, physically relevant solutions arise from initial data without high-frequency modes.
However, since the equation is nonlinear, high-frequency modes will be generated by the time evolution,
even if none are present initially. The “nonlinear Fourier transform” of [9] makes it possible to identify
the unstable modes in a nonlinearly precise way. In particular, it is shown in [9] that initial data with
vanishing “nonlinear high-frequency modes”, give rise to global solutions, which can be expected to
describe the physical characteristics of water waves according to Boussinesq’s model. The numerical
scheme proposed here grew out of an attempt to capture these physically relevant solutions of (1.1). In
particular, the scheme time-evolves the Fourier coefficients of the solution while setting Fourier modes
of high enough frequency to zero in a smooth way.

Being integrable, equation (1.1) admits large families of exact soliton solutions [23]. We test our
numerical scheme by comparing the approximate solution it generates with the exact solution in the
case of one-solitons. We also test the scheme by comparing the approximate solution it generates with
the asymptotic formulas presented in [9]. These asymptotic formulas describe the large time behavior
of the solution of (1.1) and allow us to test the scheme for more general initial data.

1.1. Relation to earlier work. We are aware of six earlier papers dealing with numerical schemes
for (1.1), see [4-6, 16, 24, 40]. In [4], a numerical solution of (1.1) was obtained by using the so-
called method of lines. A finite difference scheme for the numerical solution of (1.1) was proposed and
investigated in [16], where accuracy was improved by the application of filtering and regularization
techniques. In [24], a fourth-order in time and second-order in space finite-difference scheme was
developed, and a predictor-corrector pair was proposed for the solution of the resulting non-linear
system. The work [6] introduces linearized numerical schemes to study (1.1), and a predictor-corrector
scheme was presented in [5]. In [40] and [28], a Galerkin finite element method is applied to (1.1) and
to a modification thereof. Common to the schemes in [4-6, 16, 24], is that they time-evolve the solution
in physical space. The scheme proposed in this paper, in contrast, time-evolves the solution in spectral
(Fourier) space.

The schemes proposed in [4-6, 24, 40] are all tested on the one-soliton of amplitude 0.369 and
numerical L*-errors are given. The amplitude 0.369 is too large to make the solution comfortably fit
within the small-amplitude long-wave regime where the Boussinesq equation is expected to be a good
model for water waves, and where our numerical scheme is expected to provide a good approximation.
Nevertheless, in Section 4, we have applied our scheme to the soliton of amplitude 0.369 and compared
the resulting error with the errors found in [4-6, 24, 40]. The L*°-errors we find at ¢t = 72 are roughly
five times smaller than those found in [4-6]. In [24], the L*°-error 0.074056 is reported at ¢ = 50,
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whereas we find 0.00734. In [40, Table 9], the L>-error at t = 72 is reported to be 0.0207, whereas we
get 0.00880. For the soliton of amplitude 0.1, the L>®-errors 0.262 x 1072 and 0.147 x 1073 at t = 36
are reported in [4, Table 3] and [40, Table 9], respectively, while we find 0.212 x 10~%. In general, our
method yields significantly smaller L>°-errors than those reported in [4-6, 24, 40] except at very small
times. See Section 4 for further details.

The numerical scheme is presented in Section 2. In Section 3, we comment on the physical regime
where (1.1) is expected to model water waves. In Sections 4 and 5, the scheme is tested by comparison
with exact soliton solutions and with the asymptotic formulas of [9], respectively.

2. A NUMERICAL SCHEME

In this section, we describe the numerical scheme proposed in this paper. We consider spatially
periodic solutions of (1.1) of period 2L, i.e., solutions u(z,t) such that u(xz + 2L,t) = u(x,t), for some
fixed L > 0. We assume that ug(z) := u(z,0) and ui(z) := us(z,0) are given, and that

L
/ ui(x)dx = 0. (2.1)

—L

The condition (2.1) is fulfilled for any physically meaningful data for which the total mass [ udz is
conserved, because (1.1) implies that

Q2 L L L L
-3 udr =0, i.e. / udr = (/ uldm’>t + / updz,
dt= J_r L L L

where the boundary terms vanish because of periodicity.
Equation (1.1) can be equivalently written as the system

{“t = Yo (2.2)

Vt = Uy + (UQ):B + Uz,
where, thanks to (2.1), v(z,t) := [*, u(2’,t)da’ is periodic of period 2L.

Remark 2.1. Our scheme is formulated for spatially periodic solutions of period 2L. To treat the
non-periodic initial value problem on the line, we choose L so large that the initial data is appreciably
different from zero only in an interval contained in [—L,L]. We then use the periodic extension of the
restriction of the initial data to [—L, L] as initial data for the periodic problem. Finally, we run the
simulation only for so long that u(x,t) remains approximately zero for x near the endpoints =L. By
choosing L large enough, this leads to an accurate numerical solution also for the problem on the line.

2.1. A Fourier transformed system. Let N > 1 be an integer and define z; := jL/N, so that
{zj|j=—N,—N+1,...,N—1} is a partition of the interval [—L, L] with mesh size L/N. For a function

f defined at each of the points z;, we define the discrete Fourier transform f (j) forj=—N,...,N—1
by

The inverse transform

is an approximation of f such that F(x;) = f(x;) for each j. The nth derivative F((z) is an
approximation of f(")(zx) given by



4 CHRISTOPHE CHARLIER, DANIEL ERIKSSON, AND JONATAN LENELLS

with Fourier coefficients F(")(j) := (mj )" £(). An application of a discrete Fourier transform therefore
suggests that we approximate (2.2) by the following system of 4N ordinary differential equations:

. — MA
l{t(q,t) 3 V8, ” i NN _1, (2.3)
where the convolution (/]; « U is defined by
N-+j 7 T( 5 ;
—~ NU(LO)U(5 — 1t forj=—-N,...,—1,
<Uz*U><J,t>={Z A
Zl ]+1 ( - )t)U(vt) 01']—0,...,N-17

with U, (1,t) == Tj 7(1, ) Solving (2.3) with initial conditions given by the discrete Fourier transforms
of u(-,0) and v(-,0), i.e

] A ]_ ]
.77 2N Z xla T]xlv V(.]a 0) = ﬁ Z ’U(.’EZ,O)G_TJM, (24)

we expect the inverse Fourier transform

N-—1 . i
)= Y U@ ter” (2.5)

j=-N

to be a good approximation of the solution u(x,t) of (1.1). In the case of the “good” Boussinesq
equation, a scheme of this form indeed gives an accurate solution, and the accuracy can be increased
by choosing N large. However, in the case of the “bad” Boussinesq equation (1.1), the above scheme
is only accurate if N is appropriately chosen: if N is too large the linear ill-posedness makes the
scheme exceedingly unstable, while if IV is too small, the approximation fails because it ignores relevant
frequencies.

2.2. The choice of N. To understand how to choose N for (1.1), we observe that Fourier transfor-
mation of the linearized version of (1.1), uy = Uz + Uzgza, leads to

o= (- ()" (2)')ou
Utt(]vt) - < (L + 17 U(]7t)a
0(j,t) = ex(g)eV D" gy (e B2
for some time-independent functions ¢; and cs. Thus exponential growth of the coefficient U (j,t) is
avoided provided that
ﬂ)Q . (lj)4 > 2.6
( . 7) =0 (2.6)

This suggests that we can achieve good numerical accuracy if U (j,t) is nonzero only when |j| < % We
therefore choose N to be the integer part of L/m:

and hence

L

veE| o
meaning that high-frequency modes with |j| > % are set to zero. In particular, no frequency mode
with wave length below 27 can be captured by our scheme. If such high-frequency modes are present in
the initial data, they will be immediately lost by our scheme. However, equation (1.1) is a good model
for water waves only in the long wave regime, and physically meaningful solutions arise when no high-
frequency modes are present, see Section 3. More precisely, it is the “nonlinear high-frequency modes”
mentioned in the introduction that should be absent, and (2.6) is a natural linear approximation of
this nonlinear condition.
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Figure 2.2. The damping function d(z) for N =128, dy = 10, Ng = | N/8].

2.3. Smooth damping out of high-frequency modes. The next step of our numerical scheme is
to smoothen out the transition from the nonzero Fourier modes with j € [N, N — 1] to the vanishing
modes with j ¢ [N, N —1]. It turns out that the accuracy of the scheme can be improved substantially
if instead of leaving all the modes with j € [-N, N — 1] unchanged and setting the modes with
j ¢ [-N,N — 1] to zero, one introduces a gradually increasing damping of the Fourier modes as j
approaches the endpoints —N and N — 1.

Let s : R — [0, 1] be continuous step function such that s(z) = 0 for z < 0 and s(z) =1 for z > 1.
Then, for any dy > 0,

1— s(m;iv) for € [N, —N + N,
d(z) =dyx ¢ 0 forx € (=N + Ng, N —1 — Ng),

s(TAFRL) forw e [N —1— Ny, N — 1],

is a continuous function of x € [-N, N —1] such that d(—N) =d(N —1) =dp, d=0o0n (=N + Ny, N —
1— Ng), and d(x) increases continuously from 0 to dy as x increases from N —1— Ny to N —1 and as =
decreases from —N + Ng to —N, see Figure 2.2. For the numerical experiments in this paper, we have
used dp = 10, Ng = | N/8| where |z ] is the integer part of z, and the following step function which is
continuously differentiable on R:

0 for x <0,
s(z) = at(x —2)* for0<z <1, (2.8)
1 for x > 1.

We consider the following modification of (2.3) that includes the additional damping term —d(§)U (4, t):
V(G ) = S0, 1) + 2(U, + U)(5,1) + (1)U (. 1),
One effect of the damping is to smoothen out the Fourier transforms as functions of j: the damping

suppresses Fourier modes with j close to the endpoints —/N and N — 1, and the closer j gets to these
endpoints, the more damped the jth mode is.

j=-N,...,N—1. (2.9)

2.4. Summary. To summarize, our numerical scheme for the solution of the initial value problem for
(1.1) consists of solving the system of 4N ODEs (2.9) with initial conditions (2.4) and N given by (2.7).
The system (2.9) can, for instance, be solved with the help of a Runge-Kutta method. The numerical
approximation U(z,t) of the solution of the initial value problem for (1.1) is then given by (2.5).

3. THE SMALL-AMPLITUDE LONG-WAVE REGIME

Before applying the numerical scheme of Section 2 to concrete examples, it is useful to elaborate
on the regime where (1.1) is expected to model water waves. The derivation of (1.1) relies on two
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parameters being small: the amplitude parameter € and the long wavelength or shallowness parameter
J, see [26]. These parameters are defined by € = a/h and § = h/\, where a is the typical amplitude,
h is the typical depth of the water, and A is the typical wavelength of the surface wave. The limit
0 — 0 is referred to as the long wave or shallow water approximation, while the limit ¢ — 0 is the
small-amplitude approximation. Equation (1.1) is a model for long waves of small amplitude, meaning
that both € and § are assumed to be small.

In physical units, (1.1) can be written as (see [3, Eq. (26)])

8 (3 , h?
Nrr — ghnee — ghaT? %77 + 37755 =0, (3.1)

where g is the gravitational acceleration, and n(§,7) is the surface elevation measured with respect
to the mean water level at the horizontal position £ at time 7. The dimensionless equation (1.1) is
obtained from (3.1) by defining

3 3 3
U(%t):%’ﬂ(fﬁ), iC:ﬁ\h[, t=r1 ﬁg

Thus, if we denote the typical amplitude and typical wavelength of a solution u(x,t) of (1.1) by A and
A, respectively, then the parameters e and § are given by ¢ = 2A4/3 and § = v/3/A. If we interpret
e and § as being small when they are < 0.1, then we should restrict ourselves to solutions of (1.1) of
amplitude less than 0.15 and typical wavelength greater than 10v/3 ~ 17.3. The choice we made in
Section 2 of setting frequency modes with wave length less than 27 to zero should be viewed in this
light.

We finally mention that since g ~ 9.8 m/s?, the physical time variable 7 is related to t by 7 ~
0.184v/h t seconds. For example, if the mean water depth h is 1 meter, then 18.4 seconds have elapsed
when t = 100.

4. COMPARISON WITH ONE-SOLITON SOLUTIONS

Equation (1.1) admits the following family of exact one-soliton solutions parametrized by A > 0 and
zg € R:

u(z,t) = Asech®(\/A/6(z — zo — ct)), (4.1)

where the wave speed c is given in terms of the amplitude A by ¢ = /1 + % > 1 [23] (see also [11,

Appendix A]). To test our numerical scheme, we choose A = 0.05 (corresponding to a physical wave
amplitude that is 3.33% of the mean water depth, see Section 3) and xzy = 0 (so that the peak of the
soliton lies initially at = = 0).

We first consider the soliton for times ¢ € [0,50]. By choosing L = 200, we ensure that the wave
u(z,t) is negligibly small outside [—L, L] for t € [0,50]. Applying the numerical scheme described in
Section 2 (with Ny = N/8, dy = 10, and s(x) given by (2.8)), we obtain an approximation U(x,t) of
the one-soliton u(x,t) for t € [0,50]. Figure 4.1 shows U(z,t) and u(x,t) at time ¢ = 50, as well as the
L>®-error e(t) defined by*

e(t):= sup |U(z,t) —u(z,t)| (4.2)
z€[—L,L]
As it is seen in Figure 4.1, the error e(t) reaches its maximum at ¢ ~ 2.5 and then decreases with ¢ on
the given interval. This is because the numerics leads to an initial drop of the soliton’s peak. The peak
bounces back up, but |U(z,t) — u(z,t)| remains maximized near x =~ 0 for any ¢ on the given interval.
For = near the position ct of the soliton’s peak, the error |U(z,t) — u(z,t)| grows slightly with ¢, but
it is nevertheless smaller than the error near x = 0 and therefore not visible in Figure 4.1.

INumerically, we compute the error e(t) in (4.2) as maxacs |U(x,t) — u(z,t)| where S is a set of 10° equally spaced
points ranging from —L to L.
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Figure 4.1. Left: The one-soliton solution u(xz,t) (dashed black) for A = 0.05 and xo = 0 together
with the numerical approzimation U(x,t) (solid blue) obtained with the scheme described in Section 2
at time t = 50. (Curves are indistinguishable at this scale.)

Right: The L*-error e(t) = sup,e|_r, 1) |U(2,t) — u(z,t)| as a function of t € [0,50].

0 . . L . t
0 10 20 30 40

Figure 4.2 (No damping gives larger error). The L*™-error e(t) as a function of t € [0,50] for the
same simulation as in Figure 4.1 except that no damping has been included in the numerical scheme.

To demonstrate the effect of the damping introduced in Section 2.3, we display in Figure 4.2 the
L*>-error e(t) in the case when no damping has been used in the numerical scheme. In this case, e(t)
is more than an order of magnitude larger and grows with t.

To investigate the accuracy of the numerical scheme of Section 2 also on larger time scales, we
consider the same soliton solution as above on the time interval ¢ € [0,1000]. Choosing L = 1200, we
obtain the results shown in Figure 4.3. We see that the error remains small for all ¢ € [0,1000]. The
error in Figure 4.3 is slightly larger than the error in Figure 4.1 due to the larger value of L.

4.1. Comparison with other numerical schemes. Other numerical schemes for the solution of
(1.1) have been proposed and studied in [4-6, 16, 24, 40]. The authors of [16] use the one-soliton (4.1)
of amplitude A = 0.5 to test their scheme, while in [4-6, 24] the proposed schemes have been applied
primarily to the one-soliton of amplitude A = 0.369. These amplitudes (corresponding to physical
amplitudes that are 33.3% and 24.6% of the water’s depth, respectively) are outside the regime where
we expect (1.1) to be an accurate model for water waves, and also outside the range where the numerical
scheme of Section 2 is expected to perform well. Nevertheless, we have applied our scheme with L = 200
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Figure 4.3. Same as Figure 4.1 except that t = 1000.
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Figure 4.4. Left: The one-soliton solution u(x,t) (dashed black) for A = 0.369 and xo = 0 together
with the numerical approzimation U(x,t) (solid blue) obtained with the scheme described in Section 2

at time t = 72.
Right: The L>-error e(t) = supye(_r, 1) |U(2,t) — u(z,t)| as a function of t € [0,72].

to these waves and found good results; see Figure 4.4 for the results in the case of A = 0.369.2 At
t =36 and t = 72, the L*>-error is 0.00839 and 0.00880, respectively. The corresponding errors in [4,
Table 1] are 0.0358 and 0.0347, while the corresponding errors in [40, Table 9] are 0.0118 and 0.0207.
These values and Figure 4.4 can also be compared with [4, Figure 2], [6, Figure 1], and [5, Figure 1b],

which show larger errors.
In [4, 40], solitons of other amplitudes are also considered. For the soliton of amplitude 0.1, [4, Table

3] and [40, Table 9] list the L>-errors 0.262 x 1072 and 0.147 x 1073 at t = 36, respectively, whereas
we find 0.212 x 1074, At ¢t = 72, [40, Table 9] reports the L>-error 0.532 x 103, while our scheme
yields 0.204 x 10~%. The relatively small errors generated by the scheme of Section 2 are a reflection
of the fact that the soliton with A = 0.1 falls within the small-amplitude long-wave regime.

In [4-6, 16, 24, 40], the L®-errors typically grow relatively quickly as ¢ increases. No numerical
results have been reported in [16] for ¢ > 8, in [4-6] for ¢ > 72 and in [24, 40] for ¢ > 120. A strength
of the scheme presented in this paper is that it performs very well for moderate and large values of t.
In these regimes, our scheme yields significantly smaller L>°-errors than those reported in [4-6, 24, 40].
Our scheme performs less well for small values of ¢, where the loss of high-frequency modes leads to a

temporarily increased error (as in Figure 4.1).

2In this case, we have not included any damping in the numerical scheme, because we do not want to suppress more

Fourier modes than necessary in these large-amplitude waves.
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Figure 5.1. The approximate solution U(x,t) of (1.1) obtained by the scheme of Section 2 for the
Gaussian initial data (5.1) at times t =0, t = 250, t = 500, and t = 1000.

5. COMPARISON WITH ASYMPTOTIC FORMULAS

Asymptotic formulas for the long-time behavior of the solution of (1.1) were presented in [9]. Ten
main asymptotic sectors were identified and in each sector an exact expression for the leading asymptotic
term together with a precise error estimate was provided. The formulas are valid whenever the initial
data has sufficient smoothness and decay and is such that its “nonlinear high-frequency modes” vanish
(more precisely, a certain spectral function, r1(k), must vanish on the vertical segment from 0 to ¢ in
the spectral complex plane, see [9, Assumption 2.11]). As discussed in the introduction, this implies
that the associated solution of (1.1) exists for all times [9, Theorem 2.12].

In this section, we apply the numerical scheme of Section 2 to various choices of the initial data
and compare the approximate solutions it generates with the asymptotic formulas of [9]. Since the
asymptotic formulas we use are only valid up to an error of order O(t~'Int) or O(t~/?) depending
on the sector, we cannot expect complete agreement. However, as t increases we expect the numerical
approximation to approach the leading asymptotic term, and this is indeed what is found.

5.1. Gaussian initial data. We consider the Gaussian initial data
w(z,0) = —0.05¢ 0927 y,(z,0) = 0. (5.1)

Applying the scheme of Section 2 with this initial data, we obtain the approximate solution U(x,t)
shown in Figure 5.1.

5.1.1. Comparison with the leading asymptotic term. We focus on the asymptotic sectors denoted by

IV and V in [9], which are given by 4+ < ¢ < 1 and 0 < ¢ < %, respectively, where ¢ := x/t.

V3
According to [9], the solution u(z,t) of (1.1) with initial data (5.1) obeys in Sectors IV and V the
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asymptotic estimate?
Int
u(z,t) = weaa(x,t) + O e as t — 00, (5.2)

where the leading asymptotic term ujeaq(, t) has the form

A9 o5 (¢, t)+ A200) (o5 a(¢,t) in Sector IV (ie., for L < ¢ < 1)
Uiead (1) = 4 1Yy v V3 (5.3)

Jr cos a1(¢,t) + \/(f) cos (¢, t) in Sector V (i.e., for 0 < ¢ < %)
Note that the amplitude function A, is the same in both sectors. By [9, Theorem 2.14], the formula
(5.2) is valid uniformly for ¢ in compact subsets of (0, %) (% 1).

The functions Ay, As, o, ao, A1, d1, o 1n (5 3) are defined in terms of the initial data ug(x) = u(z,0)
and uy (z) = u(x,0) as follows. Let w:=e % ,vo(w) = [*__ui(a)da’, and

(k) = ZW i=1,2.3 keC\{0}. (5.4)

Introduce P(k) and U(x, k) by

1 1 1 0 0 0
P(k)= | li(k) lo(k) I3(k) |, Uz, k)=Pk)! 0 0 0] P(k),
h(k)? la(k)? I3(k) —te - -0

and let X (x, k) be the unique solution of the linear integral equation
X(z,k)=1-— / @(90—96’)5(10(LJ)()(x/7 k)e—(x—x’)ﬁ(k)dx/

where £ := diag (l1,[2,13). Define

812(/6)
S11 (k) ’

where s;;(k) is the (ij)th entry of the 3 x 3-matrix s(k). The amplitude A3(¢) is given in terms of

s(k):=1— /R e EBUX) (2, k)e™ Pdz, (k) = (5.5)

N 1 (1 + 7(w?ka) 1 (w?k2) [*) 511 (w?ka) |
ko) i = ——1 >

va(ke) =~ o “< 511 (wk2) 2 =0

by
~4/3\/oa(k2) ()| FIm ks
A5(¢) := v sin(arg(w?k2)),
%

where 7(k) := % and

ke = k2(C) (g \/8+c2—zxf\/4 §2+C\/8+C2> (5.6)

22 = 227*(<) = \/56T \/— #, —iw2k2227* > 0.

We refer to [9] for expressions for the functions Ay, aq, e, Ay, @1, @&s. The expressions for the amplitudes
Ay and A; are similar to the expression for A given above; the expressions for ai, as, &1, & are more
complicated, but just like A1, A1, Ao they are expressed in terms of the initial data via linear operations

3Strict1y speaking, the asymptotic formula (5.2) only holds for initial data whose nonlinear high-frequency Fourier
modes vanish (in a sense made precise in [9]). Since the initial data (5.1) is very slowly varying, the nonlinear high-
frequency Fourier modes are almost, but not exactly, zero. The estimate (5.2) is therefore only true up to a small error.
We will ignore this error in what follows.
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Figure 5.2. Left: The leading asymptotic term ujeaq(x,t) (dashed black in Sector IV and dashed red in
Sector V) together with the numerical approzimation U(x,t) (solid blue) for the Gaussian initial data
(5.1) obtained with the scheme of Section 2 at time t = 500.

Right: The graph of t — te(t) for t € [0,1500], where e(t) = SUPge(0.2t,0.81 [U (%5 1) — Weaa(w, 1)|-

Ulead, U e(t)
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Figure 5.3. Left: The leading asymptotic term ujeaq(x,t) (dashed black) together with the numerical
approzimation U(z,t) (solid blue) for the Gaussian initial data (5.1) obtained with the scheme of Section
2 at time t = 1000.

Right: The graph of t — e(t) where e(t) = SUPge10,70] [U (%5 1) — Weaa(w, 1)|-

that are numerically accessible. We have used the Julia package “ApproxFun” developed by S. Olver?
to compute ujeaq(x,t) numerically.

In what follows, we compare ujeaq(x,t) with the numerical approximation U(x,t) obtained by the
scheme of Section 2 for the initial data (5.1). The left half of Figure 5.2 shows ujeaq(,t) and U(z,t)
for x € [0.2¢,0.8t] at t = 500. To test the accuracy of the numerical scheme, we consider the difference
U(x,t) — wead(, ) in the asymptotic sector ¢ € [0.2,0.8]. From the asymptotic formula (5.2), we know

that, for any compact subset Z of (0, %) U (%, 1), ﬁ Sup, jrez [U(@,t) — Wead (7, t)| remains bounded

as t — oo. In fact, we expect the formula (5.2) to be uniform also near 1/4/3, see Section 5.4. In the
right half of Figure 5.2, we therefore plot 5 e(t) where e(t) = SUPge(0.2t,0.8 [U (@, 1) — Weaa (2, )] is the
L*-error on the interval [0.2¢,0.8t]. The function - e(t) shows no tendency to grow, which is evidence
for the accuracy of the numerical scheme of Section 2.

4See https://github.com/JuliaApproximation/ApproxFun.jl and [35].
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Ulead,r, U ﬁer(t)
s t = 1000
1.0x107° 0.0015 - \“ llwi ” N”'H \1
A
°l 0.0010 | l f‘l’l‘ }l\ { ) \‘HMMM ” ”
” M\ W n‘uWnlr i W th |
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Figure 5.4 (No left-moving wave gives large error). Left: The right-moving wave Uieaq,r(2,t) (dashed
black) together with the numerical approzimation U(x,t) (solid blue) for the initial data (5.1) obtained
with the scheme of Section 2 at time t = 1000.

Right: The graph of t — e, (t) where e,(t) = SUPgei0,70] [U (%5 1) — Wead,r (2, 1)]-

5.1.2. Interaction of right- and left-moving waves. One of the most interesting aspects of the “bad”
Boussinesq equation, which sets it apart from for example the KdV equation, is that it is bidirectional.
This means that it models waves propagating in both the positive and negative z-directions, see e.g.
[26, Section 3.2.5]. In the asymptotic formula (5.2), the bidirectionality manifests itself in that ujeaq =
Ulead,r T Ulead,l 18 the sum of a right-moving wave ujeaq,» and a left-moving wave ujeaq i:

ulead(l'a t) = Ulead,r (l’, t) + Ulead,! (l’, t)

where
Ulead,r (T, 1) = Ai/(;) cosai((,t) and Ueaqu(z,t) = Af/(%o cos az((,t) in Sector IV;
A1(Q) Az(¢)

Ulead r (T, 1) = i cos@i(¢,t) and Uleaq (x,t) = i cos @z(C,t) in Sector V.

Since the bidirectionality is a prominent feature of (1.1), it is interesting to determine whether the
numerical scheme of Section 2 is accurate enough to resolve the right- and left-moving components of
Ulead -

Figure 5.3 shows wjeaq(, t) and the numerical approximation U (x,t) for z € [10, 70] at time ¢t = 1000

for the Gaussian initial data (5.1). Figure 5.3 also shows e(t) where e(t) = SUPgeio,70) [U (25 1) —

Uiead (2, t)| is the L*-error on [10,70]. Figure 5.3 suggests that, up to small oscillations, e(t) ap-
proaches a constant for large ¢, in agreement with (5.2).

To observe the left-moving wave wjeaq (2, t), we plot in Figure 5.4 the same graphs as in Figure 5.3
except that ujeaq has now been replaced with wjeaq ., i.€., only the right-moving wave wjcaq,» has been
included in the asymptotic approximation. In this case, the error is larger and, up to small oscillations,
er(t) = SUPgeno,z0] |U(2:t) — Uiead,r (7, )] is a growing function of ¢.

This shows that the numerical scheme is able to capture both the right- and left-moving waves,
and illustrates the conclusion drawn in [9] that the “bad” Boussinesq equation has a region where
the nonlinear interaction between right- and left-moving waves makes a quantitative difference even
asymptotically.

5.2. A sum of three Gaussians. We next consider the initial data
u(z,0) = —3ae~¢@0)? _ 9ge—cr” _ ge—elath)? u(x,0) =0, (5.7)

with a = 0.01, b = 20, and ¢ = 0.02. Applying the scheme of Section 2 to this initial data, we
obtain the approximate solution U(z,t) shown in Figure 5.5. Figure 5.6 shows ujeaq(x,t) and the
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Figure 5.5. The approximate solution U(x,t) of (1.1) obtained by the scheme of Section 2 for the
initial data (5.7) at times t =0, t = 250, t = 500, and t = 1000.

numerical approximation U(x,t) for the initial data (5.7) at three different times, as well as the graph
of t — e(t) where e(t) = SUPLe0.2t,0.84 [U (25 1) — Weaa (2, t)]. The function re(t) is roughly twice as
large for (5.7) as it was in the case of the single Gaussian (5.1) (cf. Figure 5.2), but it still exhibits no

tendency to increase with time, in consistency with (5.2).

5.3. A solution supporting a soliton. The asymptotic formula (5.2) is valid for solitonless solutions,
i.e., for solutions such that the spectral function s;;(k) defined in (5.5) has no zeros. If s11(k) has a
zero at a point ko € (—1,0)U(1, 00), then the solution u(x,t) develops a soliton for large times; zeros of
s11(k) in (—1,0) generate left-moving solitons, whereas zeros in (1, +00) generate right-moving solitons,
see [11]. The solutions considered in Sections 5.1 and 5.2 are all solitonless. In this section, we consider
a solution that supports a soliton. More precisely, we let the initial data u(z,0) be the sum of the initial
data of the exact one-soliton considered in Section 4, Asech?(\/A/6z), and a Gaussian perturbation,

—Ae~47" /3;
A A 2
2 Az
3 ) t\Ly - z\LyVU), .
u(z,0) = Asech (\/ 6x> 3¢ ug(x,0) cug(z,0) (5.8)

where A = 0.05 and ¢ = /1 + %. As discussed below, the corresponding solution u(z,t) of the

initial-value problem for (1.1) asymptotes for large times to a right-moving one-soliton generated by
the zero kg ~ 1.1755 > 1 of s11(k). The scheme of Section 2 applied to the initial data (5.8) yields the
approximate solution U (z,t) shown in Figure 5.7.

5.3.1. Comparison with the asymptotic approximation in Sectors IV and V. Let us first compare the
approximate solution U(x,t) with the leading asymptotic approximation in Sectors IV and V; as in
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Figure 5.6. Topleft, topright, and bottomleft: The leading asymptotic term ujeaq(z,t) (dashed black in
Sector IV and dashed red in Sector V) together with the numerical approximation U(z,t) (solid blue)
for the initial data (5.7) obtained with the scheme of Section 2 at t = 500, t = 1000, and t = 1500,
respectively.

Bottomright: The graph of t — 5 e(t) where e(t) = SUPgco.26,0.81 [U (%, 1) — Wead (2, 1)

Section 5.1, these sectors are given by % <(<land0< (< %, respectively, where ¢ = z/t. In the

presence of a soliton, the asymptotic formula (5.2) for u(x,t) is modified as follows. Let ka = k2(C) be
as in (5.6), let

kg = k(¢ <<+v8+@ xTJ 4+@+CM8+@)
and define the rational function P(k) by

(k — w?ko)(k — whky ')
(k — wko)(k — w2k 1)’

P(k) =

where w = ¢35 . The solution u(z,t) with initial data (5.8) obeys (5.2) with the asymptotic term

Ulead (2, t) modified by introducing phase shifts arg P((Wk‘*)) and arg 7)((“) :2)) in the cosine factors as

follows [12]:

A w
Ulead (CC, t) = \1/(5) COS (Oq (C’ t) +arg ;D(Eufki)))

A o2 -
+ f/(g) cos (042@7 t) +arg 7;((0.)15;2))> in Sector 1V, (59)
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Figure 5.7. The approximate solution U(x,t) of (1.1) obtained by the scheme of Section 2 for the
initial data (5.8) at times t = 0, t = 250, t = 500, and t = 1000. The right-moving hump with
amplitude approzimately 0.04 is the asymptotic soliton generated by the zero ko ~ 1.1755 of s11(k).
The asymptotic soliton is followed by a decaying dispersive tail.

and

Ulead (2, 1) = 7 cos (dl(g, t) 4 arg 72%%2))

As(C)
Vit

where A1, A, a1, s, Ay, @1, éo are as in (5.3). When the solution supports no soliton, P(k) is identically
1. In that case, the phase shifts are absent and (5.9)—(5.10) reduce to (5.3).

Figure 5.8 (left) shows ujead(z,t) and the numerical approximation U(z,t) of the solution u(z,t)
for x € [0.2¢,0.8t] at t = 500. The theoretical results of [10, 12] show that weaq(x,t) approximates
u(z,t) in Sectors IV and V with an error of order O(!2%) for large ¢. In Figure 5.8 (right) we plot the
graph of the L>-error e(t) = sup,e(o.or,0.8 U () — Weaa(, )| multiplied by - If U(z,t) is a good
approximation of u(z, t), then tfze(t) should be of O(1) for large ¢; Figure 5.8 confirms this expectation.

To illustrate the importance of the phase shifts, we let Ujead no shift(Z,t) denote uead(x,t) without
the phase shifts. Figure 5.9 (left) shows wead no shift (2, t) for ¢ = 500 and Figure 5.9 (right) displays the
corresponding L°°-error. The phase shifts are clearly of crucial importance.

_l’_

cos (&Q(C,t) + arg 7;;&;;) in Sector V, (5.10)

5.3.2. Comparison with the asymptotic approximation in Sector II. We next compare the approximate
solution U(x,t) with the leading asymptotic approximation in the asymptotic sector 1 +¢ < ( = x/t <
M, where € > 0 and M > 0 are arbitrary constants. This sector was referred to as Sector II in [9]. The
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Figure 5.8. Left: The asymptotic approzimation ujeaq(z,t) for x € [0.2t,0.8t] and t = 500 (dashed
black in Sector IV and dashed red in Sector V) together with the numerical approzimation U(x,t) (solid
blue) for the initial data (5.8) obtained with the scheme of Section 2.
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Figure 5.9 (Large error without phase shifts). Left: The asymptotic approzimation Uicad no shist (T, )
without phase shifts (dashed black in Sector V and red in sector IV) together with the numerical ap-
proximation U(x,t) (solid blue) obtained with the scheme of Section 2 at time t = 500.

Right: The graph of t — e(t) = & SUPge(0.2t,0.8¢ [U (%5 ) — Wead no shift (2, )|

solution u(x,t) with initial data (5.8) obeys the following asymptotic formula in Sector II [13]:
w(x,t) = ugo(z,t) + Ot as t — 400 (5.11)
uniformly for =/t € [1 + ¢, M], where

ugor(z,t) = Agsech? (@(x —cot) —In fk0(§)>. (5.12)

The real constants Ag and ¢p in (5.12) are defined by

240 ko +ky!
Ag = §(k0 — k)2~ 003955,  coi=4/1+ 2 ="0 s
8 3 2
where ko ~ 1.1755 > 1 is the zero of s1;(k). The definition of the real-valued function In fi,(¢) in

(5.12) is given in the appendix where we also describe how equation (5.11) follows from the results of
(11, 13)].

~ 1.0131,



NUMERICAL SCHEME FOR THE “BAD” BOUSSINESQ EQUATION 17

As t — o0, the leading term ug,(z,t) in (5.11) asymptotes to the exact one-soliton of amplitude Ag
and speed ¢y given by

[A /
Ag sech? ( Fo(x — cot — xg)) with zg := 14‘150 In fr, (co).

Indeed, for large times the sech?-function in (5.12) is exponentially suppressed except in a narrow
region around the line z/t = ¢y whose width tends to zero as ¢t — +oc.

Figure 5.10 (left) shows ugoi(x, t) and U(x,t) at ¢ = 1000. Equation (5.11) with e = 0.001 and M = 2
implies that us(x,t) — u(z,t) is of order O(1/+/t) uniformly for z/t € [1.001t,2t] as t — +oo. Figure
5.10 (right) shows the graph of the L>-error e(t) = sup,c(1.001¢,2¢) |U (2 t) — usor(, )| multiplied by V.
If U(z,t) is a good approximation of u(z,t), then v/fe(t) should be of O(1) at ¢t — +o0. Figure 5.10
suggests that v/te(t) is indeed of O(1), confirming that U(z,t) is a good approximation of u(z,t).
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Figure 5.10. Left: The asymptotic approrimation use(x,t) at t = 1000 (dashed black) together with
the numerical approzimation U(x,t) (solid blue) for the initial data (5.8) obtained with the scheme of
Section 2.

Right: The graph of t = /te(t) where e(t) = SUPge1.001t,2¢] U (T, t) — usor (2, 1)]-

5.4. Conjecture. Figure 5.2, Figure 5.6, and Figure 5.8 suggest that the error term in (5.2) is uni-
formly valid for ¢ near 1/v/3. This is noteworthy because analytically it has only been shown that (5.2)
is valid uniformly for ¢ in compact subsets of (0, %) U (%, 1), see [9, 10, 12]. Based on Figures 5.2,
5.6, and 5.8, as well as other numerical simulations, we conjecture that (5.2) holds uniformly for ¢ in
compact subsets of (0,1). In other words, we conjecture that there is no transition sector separating

Sector IV and Sector V.

APPENDIX A. THE ASYMPTOTIC FORMULA (5.11)
We explain how the asymptotic formula (5.11) follows from the results of [11, 13].
Define U(z, k), X(z, k), L(k), s(k), and r1(k) as in Section 5.1.1 with ug(z) = u(z,0) and ui(x) =
ut(x,0) given by (5.8). Then s;;(k) has a simple zero at kg ~ 1.1755 > 1 and it was proved in [11] that
there exists a unique complex constant cy, such that

7[}/,(:;’ o)l = ckoe(ll(ko)*b(ko))x[X(a:, ko)1 for all z € R,
$55(ko)

where Y (z, k) is the unique solution of the linear integral equation

Y(l‘, k‘) =1+ / e(ur—g[;/)ﬁ(k)(Uy)(lj7 k‘)e_(x_x/)ﬁ(k)daj/.

—0o0
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For ( > 1 and k € C with |k| # 1, define
2 _ 2

— k1 1n 7(s)|r1(s)]? w® —s
5(C,k):exp{2ﬂli/ 1 (Hs(_)'kl( ) )ds}, i(s)i= 2 (A1)

where the principal branch is taken for the logarithm and the path of integration follows the unit circle
in the counterclockwise direction. Set

Ass(C k) ==

8(¢ wk) 8(¢, 27

(¢, w?k) (¢, %)

and consider the following Riemann-Hilbert (RH) problem.

RH problem A.1 (RH problem for Myy). Find a 3 x 3-matriz valued function Mg (z,t, k) with the
following properties:

(a) Mgoi(z,t,-): C\ 7 — C3%3 s analytic, where 7= {ko,wko,kao, k:o_l,wko_l,kao_l}.

(b) For k € C\ Z, My, obeys the symmetries

Mo (z,t, k) = AMyoy (2, t,wk) A~ = BMy(z,t, k™ B, (A.2)
where
0 01 010
A=(1 0 0 and B:=[1 00 (A.3)
010 0 01

(¢) Msoi(z,t, k) =1+ O(k™) as k — oo.
(d) At the zero ko > 1 of s11(k), the first and third columns of Mg, are analytic, while the second
column has (at most) a simple pole. Furthermore,

k; Ckoefezl(x,t,ko) k A
Res | Mgoi (2, t, = — = Mgoi(z, 2, , 4
R M2 Bl = R G ko)A Gty et ol A

where 01 (2, 1, k) = (la(k) — L (k))& + (22(k) — 21(k))t with 2;(k) = i LD —

It was proved in [13, Theorem 2.1] that

t Int

u(x,t) = usol(z, t) + Urad (7, 1) o 22 as t — 400, (A.5)
Vit t

uniformly for ¢ = ¥ in compact subsets of (1, +00), where the leading term s is given in terms of the

unique solution Mg, of RH problem A.1 by

Usor(7, 1) = —z'\/ﬁa% klggok((a, 1,1) Mgt (z, 1, k), — 1). (A.6)

The function upq(x,t) in (A.5) is given explicitly in [13, Theorem 2.1], but for our present purposes
it suffices to note that [13, Lemmas A.1 and A.2] imply that uyq(z,t) is of order O(1) as ¢t — +oc.
To complete the derivation of (5.11), it therefore suffices to show that the function ug,(x,t) defined in
(A.6) can be expressed as in (5.12).

The fact that ug(z,t) can be expressed as in (5.12) follows from the exact solution of the above
Riemann—Hilbert problem presented in [11, Appendix A.1]. Indeed, applying the result of [11, Appendix

A 1] with ¢y, replaced by ASS(C’MO)CE’;;(CM%O), we find that

3(ko — ko ')?

usol(xyt) = ,%71 ,%71 5’ (A7)
——2—(x—cot —— (x—cot
(Fiu(Qe 3 4 gy (et o)
where
—1 o122
LR L. KU APt L L | (A.8)
2 V3ko(k3 — 1) Asz(¢,wko)Ass (¢, w?ko)
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It is not necessary to specify the branch of the square root in (A.8) because the value of u(x,t) does
not depend on the sign of fg,(¢). By [11, Lemma A.3], we have iw?(k3 — w?)cg, > 0. The symmetry
A33(C,k’) = Ag;((,l?:) which is a consequence of [13, Eq. (6.7)], then implies that fx,(¢)? € R. In
fact, since ugo)(z,t) is non-singular and non-trivial, we have fx,(¢)?* > 0, so we can define a real-valued
function In fi, (¢) by

I o (C) = L <z’w2(k‘8 — w?)eg, 1 >

—In - -
2 V3ko(k§ — 1) Ags(¢, wko)Azy (¢, w?ko)
With this choice of In fy, (C), usol(,t) can be expressed as in (5.12).
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