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Abstract— In this paper, we address the problem of finite-
horizon distribution steering of state-affine nonlinear systems
using open-loop control. The terminal distribution is con-
strained by an isotropy constraint which enforces uniformity
in all directions. With the nonlinear dynamics and the isotropy
constraint, a constrained nonlinear optimization problem is
formulated. To solve this nonlinear problem, this paper pro-
poses a sequential linearized algorithm that generates feasible
iterates. The main advantage of the proposed algorithm is
that it requires no a priori knowledge of the global Lipschtiz
property of the gradients of the cost and constraint functions.
The performance of the proposed algorithm is demonstrated
by a beamline calibration problem in proton therapy.

I. INTRODUCTION

This paper considers the problem of steering dynamical
systems from an initial distribution to some desired terminal
distribution while minimizing a given cost function. Such
a problem has received considerable attention in recent
years and it can be found in a wide range of engineering
applications, such as swarm robots [1], [2], nuclear magnetic
resonance (NMR) spectroscopy and imaging (MRI) [3], pro-
ton radiotherapy [4]–[6], and self-assembly of nanoparticles
[7]. It is can also be viewed as an optimal mass transport
problem [8] when the terminal distribution is fixed.

One typical distribution steering problem is the covariance
steering problem. This problem is especially important for
Gaussian distributions as they are fully defined by the first
two moments. The covariance steering problem, also known
as the covariance assignment problem, was first introduced
in [9], [10], where linear feedback controllers were designed
for continuous stochastic linear systems such that the state
covariance converges to a specified value. This work was
then followed by other infinite-horizon optimal solutions
[11]–[14] for both continuous and discrete stochastic linear
systems. Recently, the finite-horizon covariance control prob-
lem has also been extensively studied in [15]–[19], where the
state covariance is steered to the targeted value in a finite
horizon. In particular, the authors in [15], [16] discussed the
sufficient conditions for the existence of the state-feedback
gains to achieve finite-horizon optimal steering. These refer-
ences focus on state-feedback controllers and assume that
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the state of the system is observable. However, in some
circumstances, the state is not always observable and state-
feedback controllers cannot be implemented. For instance,
in proton radiotherapy, a group of protons will be driven
to a desired distribution by external electric fields in the
absence of state measurements. For this reason, this paper
will focus on open-loop distribution steering and the state
is assumed to be unobservable during the course of control.
Note that the state covariance of linear systems is always
uncontrollable using open-loop control. This paper studies
a family of nonlinear systems where the open-loop control
input affects the state covariance.

In this paper, we also aim to achieve an isotropy termi-
nal distribution that is uniform in all directions. An exact
isotropy distribution will restrict its covariance matrix to be
a multiple of identity. However, it is unrealistic to pursuit
an exact isotropy distribution in practical applications. Con-
sequently, an inequality of the covariance matrix will be
used to achieve an approximate isotropy distribution. The
issue of isotropy often arises in proton radiotherapy, where
the protons are required to be distributed uniformly in all
directions for better treatment. With this consideration, the
terminal distribution is not fixed but rather constrained in
a feasible set, from which this paper differs from many
works in the literature [15]–[19]. In the presence of the
nonlinear dynamics and the isotropy constraint, a constrained
nonlinear optimization problem has to be solved to achieve
open-loop distribution steering. To ensure the feasibility of
the isotropy constraint, this paper will use sequential convex
approximation methods [20], [21] which generate feasible
iterates. Unfortunately, the method in [20] is based on the
global Lipschitz property of the gradients of the cost and
constraint functions, which is difficult to obtain and may
lead to poor numerical performance for general nonlinear
problems. Attempts to improve the numerical performance
have been made in [21] where the global Lipschitz property
of the gradient of the cost function is not needed. While being
a great improvement, this method still requires the global
Lipschitz property of the gradient of a general nonconvex
constraint to construct a feasible approximation set of the
original constraint set. In order to circumvent the incon-
venience of the global Lipschitz property, this paper will
propose an iterative algorithm where the approximation set
is parameterized and updated until its feasibility is reached.

The rest of the paper is organized as follows. This sec-
tion ends with the notations needed, followed by the next
section on the formulation of the control problem. Section
III discusses the reachability of the covariance matrix of



the dynamical system. In Section IV, the solution of the
distribution control problem is discussed and a proximal
linearized algorithm is proposed with a feasible initialization
procedure. Section V shows the application of the proposed
algorithm on the beamline calibration in proton therapy. The
last section concludes the work. The proofs of some Lemmas
and Theorems are not provided in this paper due to page
limitation.

The notation used in this paper is as follows. In is the
n × n identity matrix and 1n is the column vector of all
ones (subscript omitted when the dimension is clear). For a
square matrix Q, Q � (�)0 means Q is positive definite
(semi-definite). The p-norm of x ∈ Rn is ‖x‖p and ‖x‖
denotes 2-norm. For Q � 0, ‖x‖2Q denotes xTQx. Given a
set S and matrices A,B, ASB = {Axb : x ∈ S}. For a
square matrix A ∈ Rn×n, ρ(A) denotes the spectral radius
of A. For a square matrix Q � 0, λmax(Q) and λmin(Q)
denote the maximal and minimal eigenvalues, and κ(Q) :=
λmax(Q)/λmin(Q) denotes its condition number. Additional
notation is introduced as required in the text.

II. PROBLEM FORMULATION

A. System Description

We consider the following nonlinear state-affine system

xt+1 = ft(ut)xt + gt(ut), 0 ≤ t ≤ N − 1

yt = Cxt, 0 ≤ t ≤ N,
(1)

where xt ∈ Rn, ut ∈ Rm, yt ∈ Rr are the state, input
and output vectors, ft : Rm → Rn×n and gt : Rm → Rn
are proper functions, C ∈ Rr×n, N is the given time
horizon, and x0 is distributed according to a known Gaussian
distribution N (µ0,Σ0). The state xt is not measurable for
all t ≥ 0. The control input is subject to the constraint

ut ∈ U ⊆ Rm, 0 ≤ t ≤ N − 1. (2)

The following assumptions are needed in the sequel.
Assumption 1: U ⊆ Rm is a convex and compact set.
Assumption 2: For any t, ft(u) and gt(u) are continu-

ously differentiable functions with Lipschitz gradients:

‖DuT ft(u
′)−DuT ft(u)‖ ≤ Lf‖u′ − u‖, (3)

‖DuT gt(u
′)−DuT gt(u)‖ ≤ Lg‖u′ − u‖, ∀u′, u ∈ U, (4)

where Lf > 0 and Lg > 0 are the Lipschitz constants, and
DuT denotes the derivative of a matrix-value function with
respect to u [22].

From Lemma 6.9.1 in [23], the following lemma is an
immediate consequence of Assumption 2.

Lemma 1: Suppose Assumption (2) holds and let f ijt (u)
and git(u) denote the (i, j)-entry of ft(u) and ith element
of gt(u) respectively, for all 0 ≤ i, j ≤ n and t ≥ 0. Then,
∀u′, u ∈ U ,

|f ijt (u′)− f ijt (u)− (∇f ijt (u))T (u′ − u)| ≤ Lf
2
‖u′ − u‖2 (5)

|git(u′)− git(u)− (∇git(u))T (u′ − u)| ≤ Lg
2
‖u′ − u‖2 (6)

The control objective is to steer the output distribution
to some desired distribution while minimizing a given cost

function. Since the state information is not available, this
paper only considers open-loop control strategies and the
control signal ut in (1) serves as a universal input for any
realization of the initial state from N (µ0,Σ0).

Let µt and Σt denote the mean and the covariance matrix
at time t. As ut is independent of xt for all t, it is easy to
verify that µt and Σt evolve as follows

µt+1 = ft(ut)µt + gt(ut), Σt+1 = ft(ut)Σtf
T
t (ut). (7)

The output distribution can be given by

µyt = Cµt, Σyt = CΣtC
T , 0 ≤ t ≤ N. (8)

B. The isotropy constraint

In this paper, we aim to achieve the uniformity of the
output distribution in all directions, motivated by the beam
specifications in proton therapy [4], [6]. The uniformity can
be represented as the isotropy of the distribution. For the
terminal output distribution N (µyN ,ΣyN ), such a property
can be quantified by the relative difference between the
largest and smallest eigenvalues of the covariance matrix,
as shown below,

λmax(ΣyN )− λmin(ΣyN )

λmin(ΣyN )
(9)

Equivalently, it can be described as the condition number
κ(ΣyN ). The following constraint is imposed at the terminal
time instant to achieve an isotropy output distribution

κ(ΣyN ) :=
λmax(ΣyN )

λmin(ΣyN )
≤ κ̄ (10)

where κ̄ ≥ 1 is some given parameter.

C. The distribution control problem

The control problem is to determine the control inputs uuuN
such that (10) is satisfied. The objective function is chosen
to be

J(uuuN−1) := E{
N−1∑
t=0

(‖yt‖2Q + ‖ut‖2R) + ‖yN‖2P } (11)

for some weighting matrices Q,R � 0. Using this objective
function, the control problem can be cast as

min
uuuN−1

E{
N−1∑
t=0

(‖yt‖2Q + ‖ut‖2R) + ‖yN‖2P } (12a)

s.t. xt+1 = ft(ut)xt + gt(ut), ut ∈ U, t ≤ N − 1 (12b)
yt = Cxt, 0 ≤ t ≤ N (12c)
κ (ΣyN ) ≤ κ̄, x0 ∼ N (µ0,Σ0) (12d)

III. THE REACHABILITY OF THE COVARIANCE MATRIX
AND ITS CONDITION NUMBER

This section discusses the reachability of the covariance
matrix of the output distribution and its condition number in
system (1).

Let Γt(uuut) = ft(ut) . . . f1(u1)f0(u0) for all t. For a
given initial distribution N (µ0,Σ0), the reachable set of
the covariance matrices at time t is defined as Ω(t,Σ0) :=



{Γt−1(uuut−1)Σ0ΓTt−1(uuut−1) : uuut−1 ∈ UUU t}, t ≥ 1, where
UUU t := U × U × · · · × U ⊂ Rtm. Via vectorization, (7)
becomes

Vec(Σt+1) = (ft(ut)⊗ ft(ut)) Vec(Σt). (13)

Note that Σt is symmetric, Vec(Σt) can be represented by
the n2+n

2 variables in upper triangle. Let zt denote the n2+n
2

variables and Vec(Σt) can be represented by

Vec(Σt) = Mzt, ∀t ≥ 0, (14)

where zt ∈ R
n2+n

2 and M ∈ {0, 1}n2×n2+n
2 is the selection

matrix. Since M is full column rank, (13) can be rewritten
as

zt+1 = M+ (ft(ut)⊗ ft(ut))Mzt. (15)

where M+ denotes the pseudoinverse of M . Let
f̃t(ut) := M+ (ft(ut)⊗ ft(ut))M and Γ̃t(uuut) =
f̃t(ut) . . . f̃1(u1)f̃0(u0) for all t. The reachability problem
of the covariance matrix boils down to the reachability
of the nonlinear system (15). With z0 = M+Vec(Σ0),
an equivalent reachable set can be defined Ωz(t, z0) :=
{Γ̃t−1(uuut−1)z0 : uuut−1 ∈ UUU t}, t ≥ 1. Several algorithms,
see, e.g., [24], [25], are available in the literature to compute
bounds on Ωz(N, z0). From (8), the reachable set of the
output covariance matrices can be given by CΩ(t,Σ0)CT

for all t ≥ 1. Considering the vectorization form (15), it can
also be expressed by C ⊗ CMΩz(t, z0) for all t ≥ 1.

As this paper is focused on the isotropy of the
output distribution, it is more important to investi-
gate the condition number reachable set. Similarly,
we define the following reachable set Ωκ(t,Σ0) :=
{κ
(
CΓt−1(uuut−1)Σ0ΓTt−1(uuut−1)CT

)
: uuut−1 ∈ UUU t}. Let

κmin denote the lower bound of Ωκ(N,Σ0). The feasibility
of problem (12) relies on the condition that κ̄ ≥ κmin. To
verify this condition, we do not have to compute the whole
set Ωκ(N,Σ0), but rather, we restrict our attention to κmin.
For notational convenience, we drop the subscript of uuuN−1

and let

G̃(uuu) := CΓN−1(uuuN−1)Σ0ΓTN−1(uuuN−1)CT . (16)

To compute κmin, we need in principle to solve the following
problem

min
uuu∈UUU

κ(G̃(uuu)), (17)

where UUU := U×U×· · ·×U ⊆ RNm. However, it is difficult
to obtain the exact κmin for general nonlinear systems.
Hence, we will aim to compute an upper bound of κmin
as discussed in the next section.

IV. THE DISTRIBUTION CONTROL AND OPTIMIZATION:
A PROPOSED ALGORITHM

In this section, we will present a proximal linearized
algorithm to solve problem (12) with some given κ̄.

A. Reformulation

Before we present the proposed algorithm, we first need to
reformulate problem (12). After several manipulations, J(uuu)
can be rewritten as

J(uuu) =

N−1∑
t=0

(trace(QCΣtC
T ) + ‖Cµt‖2Q + ‖ut‖2R)

+ trace(PCΣNC
T ) + ‖CµN‖2P (18)

As shown in Chapter 3 of [26], the isotropy constraint (10)
is satisfied if and only if there exists a γ > 0 such that

γI � CΣNC
T � γκ̄I (19)

Taking (18) and (19) into consideration, the problem (12)
can be reformulated as

min
uuu,γ

J(uuu) (20a)

s.t. µt+1 = ft(ut)µt + gt(ut) (20b)

Σt+1 = ft(ut)Σtf
T
t (ut), ut ∈ U, 0 ≤ t ≤ N − 1 (20c)

γI � CΣNC
T ≤ γκ̄I, γ ≥ 0 (20d)

Using the notation in (16), a compact formulation is given

min
uuu∈UUU,γ≥0

J(uuu) (21a)

s.t. γI � G̃(uuu) � γκ̄I. (21b)

For notational convenience, let

HJ(uuu′,uuu) := J(uuu) + (∇J(uuu))T (uuu′ − uuu) (22)

HG̃(uuu′,uuu) := G̃(uuu) +DuuuT G̃(uuu)((uuu′ − uuu)⊗ I) (23)

for all uuu′,uuu ∈ UUU . The following lemma is needed for the
proposed algorithm.

Lemma 2: Suppose Assumptions 1 and 2 hold, there exist
LG̃ > 0 and LJ > 0 such that the following inequalities hold

J(uuu′)−HJ(uuu′,uuu) ≤ LJ‖uuu′ − uuu‖2, (24)

−LG̃‖uuu
′ − uuu‖2I �G̃(uuu′)−HG̃(uuu′,uuu) � LG̃‖uuu

′ − uuu‖2I, (25)

for all uuu′,uuu ∈ UUU .

B. The Proposed Proximal Linearized Algorithm

Similar to [20], [21], we propose an algorithm that solves
(12) via sequential linearization. As will be shown, the
proposed algorithm ensures the feasibility of the solution as
long as the initialization is feasible.

We use the epigraph form of (21):

min
uuu,γ,β

β (26a)

s.t. uuu ∈ UUU (26b)

γI � G̃(uuu) � γκ̄I, γ ≥ 0 (26c)
J(uuu) ≤ β. (26d)

To convert the problem above into a convex problem, we will
linearize the constraints (26c) and (26d) based on Lemma
2. Suppose there is a feasible solution (ũuu, γ̃, β̃) that satisfies
(26b), (26c) and (26d), the following linearized set is defined
based on Lemma 2: Φ(ũuu;L′a, L

′
b) := {(uuu, γ, β) : HJ(uuu, ũuu) ≤



β − L′a‖uuu − ũuu‖2, (γ + L′b‖uuu − ũuu‖2)I � HG̃(uuu, ũuu) � (γκ̄ −
L′b‖uuu − ũuu‖2)I,uuu ∈ UUU, γ ≥ 0} for any L′a, L

′
b ≥ 0. This

is a convex set and can be represented as Φ(ũuu;L′a, L
′
b) :=

{(uuu, γ, β) : HJ(uuu, ũuu) ≤ β−L′a‖uuu− ũuu‖2, λmax(HG̃(uuu, ũuu)) ≤
γκ̄ − L′b‖uuu − ũuu‖2γ + L′b‖uuu − ũuu‖2 ≤ λmin(HG̃(uuu, ũuu)),uuu ∈
UUU, γ ≥ 0}. The size of this set largely depends on the
parameters L′a and L′b. The properties of the linearized set
are stated in the following lemma.

Lemma 3: Given a ũuu ∈ UUU , suppose there is (γ̃, β̃) such
that (26c) and (26d) are satisfied. Then, the following results
hold.
(i) Φ(ũuu;L′a, L

′
b) is non-empty and (ũuu, γ̃, β̃) ∈ Φ(ũuu;L′a, L

′
b)

for any L′a, L
′
b ≥ 0.

(ii) Suppose L′a ≥ LJ and L′b ≥ LG̃, for any (uuu, γ, β) ∈
Φ(ũuu;L′a, L

′
b), (uuu, γ, β) is feasible to problem (26).

With the linearized set, problem (26) can be linearized
and the following proximal linearized problem is invoked at
every iteration

(uuuk+1, γk+1, βk+1)← arg min
uuu,γ,β

β + τ‖uuu− uuuk‖2 (27a)

s.t. (uuu, γ, β) ∈Φ(uuuk;LJ , LG̃); (27b)

where τ > 0. This is a convex constrained optimization
problem with a quadratic cost function and can be easily
solved by general convex solvers, such as CVX [27] and
MOSEK [28]. The convergence properties of the solution of
problem (27) are stated in the following theorem.

Theorem 1: Suppose (uuu0, γ0, β0) is a feasible solution to
(26) and let {uuuk, γk, βk} be obtained from solving problem
(27) with τ > 0. Then, the following results hold.
(i) (uuuk, γk, βk) is feasible for all k ≥ 0.
(ii) βk+1 ≤ βk − τ‖uuuk+1 − uuuk‖2 for all k ≥ 0.
(iii) The sequence {uuuk, γk, βk} converges.
Proof of Theorem 1: (i) This statement can be easily proved
by induction. Suppose (uuuk, γk, βk) is feasible to (26), from
property (ii) of Lemma 3, (uuuk+1, γk+1, βk+1) is also a
feasible solution.
(ii) From property (i) of Lemma 3, (uuuk, γk, βk) is always
a feasible solution to (27). As (uuuk+1, γk+1, βk+1) is the
optimal solution, we can know from the optimality that
βk+1 + τ‖uuuk+1 − uuuk‖2 + τ‖γk+1 − γk‖ ≤ βk + τ‖uuuk −
uuuk‖2 + τ‖γk − γk‖ = βk.
(iii) From property (ii), we can see that {βk} is a non-
increasing sequence that is bounded from below by 0. This
means that {βk} is convergent. Finally, this implies the
convergence of {uuuk} and {γk}. �

C. The Proximal Linearized Algorithm without a priori
Lipschitz constants

The main limitation of problem (27) is that it requires
the knowledge of LJ and LG̃. In practice, it is difficult to
obtain tight bounds on LJ and LG̃ and conservative bounds
may restrict the size of the set Φ(uuuk;LJ , LG̃) in (27). To
circumvent this problem, we propose an iterative algorithm
where the lower bounds on LJ and LG̃ is refined during the
convergence of the algorithm. At the kth iteration, an inner
loop is introduced to update the parameters LJ and LG̃ in

Φ(uuuk;LJ , LG̃). Let Φ(uuuk;Lk,`a , Lk,`b ) denote the linearized
set at the `th inner loop iteration with Lk,0a = 0 and Lk,0b = 0.
With this set, problem (27) is solved and the solution is
denoted as (uuuk+1,`, γk+1,`, βk+1,`). The parameters Lk,`a and
Lk,`b are updated according to

Lk,`+1
a ← Lk,`a +

θ`ωk,`a
max{‖uuuk+1,` − uuuk‖2, 1}

(28)

Lk,`+1
b ← Lk,`b +

θ`ωk,`b
max{‖uuuk+1,` − uuuk‖2, 1}

(29)

where

ωk,`a = max{J(uuuk+1,`)− βk+1,`, 0} (30)

ωk,`b = max{λmax(G̃(uuuk+1,`))− γk+1,`κ̄,

γk+1,` − λmin(G̃(uuuk+1,`)), 0}, (31)

and θ` > 0 is the stepsize. The inner loop will be terminated
when the following conditions are satisfied:

J(uuuk+1,`) ≤ βk+1,` (32)

γk+1,`I � G̃(uuuk+1,`) � γk+1,`κ̄I. (33)

Suppose the inner loop terminates at ¯̀
k, let uuuk+1 ← uuuk+1,¯̀k ,

γk+1 ← γk+1,¯̀k and βk+1 ← βk+1,¯̀k . The proposed
algorithm is summarized in Algorithm 1.

Algorithm 1 The iterative proximal linearized algorithm
without a priori Lipschitz constants

1: Initialization: set k = 0 and obtain (uuu0, γ0, β0);
2: Inner loop Initialization: Set ` = 0 and Lk,0a = Lk,0b = 0;
3: Obtain (uuuk+1,`, γk+1,`, βk+1,`) by solving

(uuuk+1,`, γk+1,`, βk+1,`)← arg min
uuu,γ,β

β + τ‖uuu− uuuk‖2 (34a)

s.t. (uuu, γ, β) ∈Φ(uuuk;Lk,`a , Lk,`b ); (34b)

4: Obtain ωk,`a and ωk,`b from (30) and (31);
5: Update Lk,`+1

a and Lk,`+1
b according to (28) and (29);

6: If (32) and (33) are satisfied, terminate and let ¯̀
k = `;

otherwise, let `← `+ 1 and go to Step 3;
7: Let uuuk+1 ← uuuk+1,¯̀k , γk+1 ← γk+1,¯̀k and βk+1 ←
βk+1,¯̀k ;

8: k ← k + 1 and go to Step 2.

The convergence properties in Theorem 1 still hold for
Algorithm 1 if the inner loop terminate successfully. Hence,
we only need to discuss the convergence of the inner loop,
which is stated in the following lemma. This lemma also
gives the motivation of the inner loop stopping criterion.

Proposition 1: For any k ≥ 0, suppose (uuuk, γk, βk) is
feasible to problem (26), let {uuuk+1,`, γk+1,`, βk+1,`} be
generated from (34) and {Lk,`a , Lk,`b } be generated from (28)
and (29) with Lk,0a = 0 and Lk,0b = 0, and θ` ≥ c for some
c > 0. Then, the following results hold.
(i) If Lk,`a ≥ LJ for some ` > 0, the solution
(uuuk+1,`, γk+1,`, βk+1,`) satisfies (32);if Lk,`b ≥ LG̃ for some
` > 0, the solution (uuuk+1,`, γk+1,`, βk+1,`) satisfies (33).
(ii) There exists some finite ` such that (32) and (33) will
be satisfied.



D. Feasible Initialization

As we have mentioned in the beginning of this section,
the proposed algorithm requires a feasible initial solution.
One way to find a feasible solution is to compute κmin by
solving (17). The optimal solution of (17) will be a feasible
solution to (21) if κmin ≤ κ̄. However, it is impractical to
obtain κmin due to the nonlinearity in (17). Usually, we can
only get an upper bound of κmin and use the upper bound
to evaluate the feasibility of the solution.

A reformulation of problem (17) is given by

min
uuu∈UUU,α≥0,η≥0

α (35a)

s.t. ηI � G̃(uuu) � αηI. (35b)

The additional variables α and η are coupled in (35b). To
handle this issue, an alternating algorithm will be used.
Suppose (ũuu, α̃, η̃) is feasible to problem (35), the constraint
(35b) can be linearized around (ũuu, α̃, η̃) and the following
linearized set is defined based on Lemma 2: Φ̄(ũuu, η̃;L′) :=
{(uuu, α) : uuu ∈ UUU,α ≥ 0, (η̃ + L′‖uuu − ũuu‖2)I � HG̃(uuu, ũuu) �
(αη̃−L′‖uuu−ũuu‖2)I}, for any L′ ≥ 0. It is easy to verify that
this is a convex set. Based on this set, a proximal alternating
algorithm is proposed in Algorithm 2 to solve problem (35).
The convergence of Algorithm 2 can be guaranteed, although
not mentioned due to page limitation.

Algorithm 2 The iterative proximal linearized alternating
algorithm without an a priori Lipschitz constant

1: Initialization: set k = 0 and obtain (uuu0, α0, η0);
2: Inner loop initialization: set ` = 0 and Lk,0 = 0;
3: Obtain (uuuk+1,`, αk+1,`) from

(uuuk+1,`, αk+1,`)← arg min
(uuu,α)

α+ τ‖uuu− uuuk‖2 (36a)

s.t. (uuu, α) ∈ Φ̄(uuuk, ηk;Lk,`) (36b)

4: Obtain ωk,` and Lk,`+1 from

ωk,` ← max{λmax(G̃(uuuk+1,`))− αk+1,`ηk,

ηk − λmin(G̃(uuuk+1,`)), 0} (37)

Lk,`+1 ← Lk,` +
θ`ωk,`

max{‖uuuk+1,` − uuuk‖2, 1}
(38)

5: If ηkI � G̃(uuuk+1,`) � αk+1,`ηkI , terminate and let
¯̀
k = `; otherwise, set `← `+ 1 and go to Step 3;

6: Let uuuk+1 ← uuuk+1,¯̀k and αk+1 ← αk+1,¯̀k , and update
ηk+1 from

ηk+1 ← λmax(G̃(uuuk+1))

2αk+1
+
λmin(G̃(uuuk+1))

2
(39)

7: Set k ← k + 1 and go to Step 2.

V. APPLICATION TO THE BEAMLINE CALIBRATION IN
PROTON THERAPY

Proton therapy uses a beam of protons to irradiate the
diseased tissues. It is an attractive cancer treatment modality

for its precision and low overall toxicity as opposed to
the conventional X-ray radiotherapy. Recently, a compact
proton therapy technology, called Proteus R©ONE, has been
developed by IBA, a world leader in proton therapy. Figure
1 shows the configuration of Proteus R©ONE, which consists
of the extraction beam line and the compact gantry. The
gantry is equipped with energy selection and beam transport
elements.

Fig. 1: Proteus R©ONE Configuration

A therapeutic proton beam is typically specified by a
number of characteristic quantities at the isocenter, where
the tumor is positioned for treatment. The quantities include
the size and the shape and they are determined by the transit
of the beam through a number of beamline magnets, whose
magnetic properties are set by the bias currents feeding the
magnets. An important beam feature is the uniformity in the
horizontal and vertical directions and it is mainly affected
by the quadrupoles in the beamline as they are used to focus
(or defocus) the beam. Since the whole beamline calibration
is complicated, we restrict the problem to an easier one
where only 5 quadruples(between B1G and B2G in Figure
1) are involved. We want to achieve an isotropy beam at exit
of the last quadrupole. For the entire beamline, there are
more elements and constraints. We will handle those using
a similar idea. This is a work in progress.

The behavior of the protons can be described by dynamical
equations, see [6] for details,

xt+1 = Mt(ut)xt, 0 ≤ t ≤ 4 (40)

where xt is the state of the proton, ut is the current, and Mt

denotes the transfer matrix of the tth element.
In the simulation, the energy of the proton beam is set to

be 200.23MeV and the maximal current is 100A. The time
horizon in system (1) is set to be N = 5. The constraint is
given by

λmax(Σy5)− λmin(Σy5)

λmin(Σy5)
≤ 9%, i.e., κ(Σy5) ≤ 1.09

Let Q = 0, R = 0 and P = I in (18). Before
we solve (21), we first need to get a feasible solution
using Algorithm 2. Let τ = 10−4 and θ` = 0.1 +
0.01e0.3`. In the initialization step, uuu0 is set to be uuuinit =
(4.265, 63.52, 28.19, 53.86, 69.52, 12.7609), η0 is set to
be λmin(G̃(uuu0)) and α0 is set to be κ(G̃(uuu0)). The stopping
criterion is ‖uuuk+1−uuuk‖/‖uuuk‖ ≤ 10−3. At the termination, a
feasible solution uuuf = (23.87, 77.53, 35.87, 48.25, 71.55)
is obtained and the condition number is reduced from



12.7609 to 1. With the feasible initialization, we can use
Algorithm 1 to solve (21). We also let τ = 10−4 and
θ` = 0.1 + 0.01e0.3` in Algorithm 1. In the initialization
step, let uuu0 be the feasible solution uuuf from Algorithm 2,
γ0 = λmin(G̃(uuu0)) and β0 = J(uuu0). With the stopping
criterion ‖uuuk+1 − uuuk‖/‖uuuk‖ ≤ 10−5, the optimal solution
uuuopt = (0, 58.57, 44.05, 0, 100) is obtained. The cost
function is reduced from 88.2353 to 4.3892. At the optimal
solution, the condition number is 1.09. Hence, the constraint
is satisfied. Note that the optimal solution in this section
refers to the solution obtained from Algorithm 1 with the
stopping criterion ‖uuuk+1 −uuuk‖/‖uuuk‖ ≤ 10−5. For different
sets of currents, the proton distributions along horizontal and
vertical directions are shown in Figure 2.

(a) The initial distribution (b) The initial currents

(c) The feasible currents (d) The optimal currents

Fig. 2: The distributions of the proton beam for different sets
of currents

VI. CONCLUSIONS

We studied the distribution steering of state-affine non-
linear systems using open-loop control. An isotropy con-
straint is imposed on the terminal distribution to achieve
the uniformity in all directions. The nonlinear dynamics
and the isotropy constraint result in a constrained nonlinear
optimization problem. In order to ensure the feasibility of
the solution, a sequential linearized algorithm is proposed
without any a priori knowledge of the global Lipschitz
property. In this paper, we also discuss the application
of the proposed algorithm to the beamline calibration in
proton therapy. Numerical simulation of a set of quadrupoles
is made to demonstrate the performance of the proposed
algorithm.
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