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Abstract

In this paper, we propose a first second-order scheme based on arbitrary non-Euclidean
norms, incorporated by Bregman distances. They are introduced directly in the Newton
iterate with regularization parameter proportional to the square root of the norm of the
current gradient. For the basic scheme, as applied to the composite convex optimization
problem, we establish the global convergence rate of the order O (k=) both in terms
of the functional residual and in the norm of subgradients. Our main assumption on
the smooth part of the objective is Lipschitz continuity of its Hessian. For uniformly
convex functions of degree three, we justify global linear rate, and for strongly convex
function we prove the local superlinear rate of convergence. Our approach can be seen
as arelaxation of the Cubic Regularization of the Newton method (Nesterov and Polyak
in Math Program 108(1):177-205, 2006) for convex minimization problems. This
relaxation preserves the convergence properties and global complexities of the Cubic
Newton in convex case, while the auxiliary subproblem at each iteration is simpler.
We equip our method with adaptive search procedure for choosing the regularization
parameter. We propose also an accelerated scheme with convergence rate O (k~3),
where k is the iteration counter.
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1 Introduction

The classical Newton’s method is a powerful tool for solving various optimization
problems and for dealing with ill-conditioning. The practical implementation of this
method for solving unconstrained minimization problem min, f (x) can be written as
follows:

Xkl = Xk — Olk(sz(xk))_lVf(xk), k>0,

where 0 < oy < 1 is a damping parameter. However, this approach has two serious
drawbacks. Firstly, the next point is not well-defined when the Hessian is a degenerate
matrix. And secondly, while the method has a very fast local quadratic convergence, it
is difficult to establish any global properties for this process. Indeed, for o = 1 (the
classical pure Newton method), there are known examples of problems for which the
method does not converge globally [5]. The pure Newton step might not work even
if the objective is strongly convex (see, e.g., Example 1.4.3 in [6]). For the damped
Newton method with line search, it is possible to prove some global convergence rates.
But, typically, they are worse than the rates of the classical Gradient Method [18].

A breakthrough in the second-order optimization theory was made after [19], where
the Cubic Regularization of the Newton method was presented together with its global
convergence properties. The main standard assumption is that the Hessian of the
objective is Lipschitz continuous with some parameter L, > 0:

IV2f(x) = V2Dl < Lallx =y, Vx,y,

ensuring the global upper approximation of our function formed by the second-order
Taylor polynomial augmented by the third power of the norm. The next point is then
defined as the minimum of the upper model:

1
Xt = argmin[ (V£ ),y = xe) + 5 (V2F (0 = 40,y = xe)
y

Ly 3
+ 2y =l (M

Initially, this idea had a full theoretical justification only for the Euclidean norm || - ||.
In this case, the solution to the auxiliary minimization problem (1) does not have a
closed form expression, but it can be found by solving a one-dimensional nonlinear
equation and by using the standard factorization tools of Linear Algebra. The use of
general and even variable norms with cubic regularization in second-order methods
was considered recently in [11, 15], which can be useful for solving optimization
problems with non-Euclidean geometry.

However, even in the Euclidean case, the presence of the cubic term in the objective
makes it more difficult to use the classical gradient-type methods with their developed
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complexity theory. While it is possible to apply the gradient descent [2], the cubic
subproblem prevents the usage of the standard accelerated and conjugate gradients
methods. This drawback restricts the application of method (1) to large-scale problems.

In this paper, we show how to avoid these restrictions. Namely, we will show that it
is possible to use a quadratic regularization of the Taylor polynomial with a properly
chosen coefficient that depends only on the current iterate. In the simplest form, one
iteration of our method is as follows:

Xt = x — (V2 () + AD) 'V f (), )

Ly
A = 7||Vf(xk)||- 3)

We see that it is very easy for implementation, since it requires only one matrix inver-
sion, the very standard operation of Linear Algebra. At the same time, this subproblem
is now suitable for the classical Congugate Gradient method as well.!

For the class of Trust Region methods as applied to unconstrained minimization
problems, the trust region radius proportional to the gradient norm was proposed in [9].
The use of the gradient norm as a regularizer for the Newton method was considered
in the work [20]. Then, the method has a local quadratic convergence. However, to
ensure some global rate for such regularization, one need to use damping steps, which
makes the rate slower.

It appears that for the optimization process (2), (3), we can establish the global
convergence guarantees of the same type as for the Cubic Newton method (1). Namely,
we prove the global rate of the order O (1/k?) in terms of the functional residual and
in terms of the subgradient norm for the general convex functions. This is much faster
than the standard O (1/k)-rate of the Gradient Method. Moreover, for the uniformly
convex functions of degree three, we prove the global linear rate. For the strongly
convex functions we establish a local superlinear convergence.

In this paper, we consider convex optimization problems in a general composite
form. Recently, globally convergent Newton methods for nonsmooth optimization
were proposed in [13]. They are based on the damping steps and regularization by the
gradient norm, which is different from the rule (3).

We also work with arbitrary (possibly non-Euclidean) norms by employing the
technique of Bregman distances. An alternative approach of using general norms in
the cubically regularized Newton scheme was proposed in [11], that uses the adaptive
regularization framework of [3].

where

Contents. The rest of the paper is organized as follows. In Sect. 2, we present the main
properties of one iteration of the scheme.

I When this paper was already finished, we discovered that this idea was recently proposed by K.
Mishchenko [16] for solving unconstrained minimization problem with smooth objective. As compared
to his work, our main advances consist in the usage of Bregman distances, composite form of optimiza-
tion problem, linear rate of convergence for uniformly convex functions, and developments of accelerated
variant of the method.
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We study the convergence rate of the basic process in Sect. 3. In Sect. 4, we establish
convergence for the norm of the gradient. An adaptive search procedure for our method
is discussed in Sect.5.

In Sect.6, we consider an accelerated scheme based on the iterations of the basic
method and justify its global complexity of the order O(e~!/3) assuming Lipschitz
continuity of the Hessian of the smooth part of the objective function. Section7
contains numerical experiments. Some concluding remarks are in Sect.8.

Notation. Let us fix a finite-dimensional real vector space E. Our goal is to solve the
following Composite Minimization Problem

F= min [FQ) ) +y], “

xedom

where v (+) is a simple closed convex function with dom v C [E, and f(-) is a convex
and two times continuously differentiable function.

We measure distances in E by a general norm || - ||. Its dual space is denoted by E*.
It is a space of all linear functions on E, for which we define the norm in the standard
way:

llglls = max{ (g, x): x| <1}, geE"
xek

Using this norm, we can define an induced norm for a self-adjoint linear operator
B : E — E* as follows:

| Bl = max{|(Bx, x)| : [x]| <1}
xek

We can also define the bounds of its spectrum as the best values Amin(B) and Amax (B)
satisfying conditions

Amin(B)IX[1> < (Bx,x) < Amax(B)lx|?, Vx €E.

Our optimization schemes will be based on some scaling function d(-), which we
assume to be a strongly convex function with Lipschitz-continuous gradients:

d(y) zd(x)+<Vd(x>,y—x>+%||y—x||2, )
IVd(x) — VA« < [1x — yl. ©)

where o € (0, 1] and the points x, y € dom  are arbitrary. For twice-differentiable
scaling functions, this condition can be characterized by the following bounds on the
Hessian:

ollh|* < (VZd@)h.h) < [AI?,  V¥xedomy, heE.

Using this function, we define the following Bregman distance:
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P, y) = Balx.y) & d(y)—dx) — (Vd(x).y —x), x,y e domy.
)

We will employ this object to regularize the second-order model of the objective.
The standard condition for the smooth part of the objective function in problem (4)
is Lipschitz continuity of the Hessians:

IV2f(x) = V2fDIl < Laollx—yl,  V¥x,y € domy, 8)

that we always assume to be satisfied. This inequality has the following consequences,
which are valid for all x, y € dom y:

1
IVFG) = V@) = V@) =)l < SLally = x|I?, )

and

1
[f) =) = (Vf(x),y —x) + E(sz(X)(y —Xx),y —x)|

1
= clally — x| (10)

2 Gradient regularization

Our main iteration at some point X € dom ¥ with a step-size A > 0 is defined as
follows:

T € argmin [ MaE ) E f() + (VD y - F)

yedom ¥
1
(V@0 =By =B+ ApE ) +YO) |. an

This is minimization of a convex quadratic function augmented by Bregman distance
and the composite part. Our main structural assumption is that both p(x, -) and ¥ (-)
are simple, meaning that problem (11) is efficiently solvable.

The use of the general scaling function d(-) can be beneficial in practice for solving
problems with some specific non-Euclidean geometry.

Example 1 Let ¥ (x) = 0 and the scaling function is d(x) := %(Bx, x) for a fixed
positive definite self-adjoint operator B = B* > 0. Then,

_ 1 _ _
IO('x’ y) = §<B(y _x)7 Yy —.X'),
and one iteration (11) can be written in an explicit form, as follows:

Ta(®) = % — (V3£ (%) + AB) 'V (%).
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Example 2 Consider the unconstrained minimization problem min,crn f(x), with
f(x) =g(Cx), CeR™",

where g : R — R is a convex smooth function. Let us fix the standard Euclidean

norm || - ||2 in R™ and assume that the Hessian of g is Lipschitz continuous w.r.t. this

norm with constant L,. Then, if we use the standard Euclidean norm || - || for our
primal space R”, the corresponding Lipschitz constant of V2 f(-) is

Ly =|ICIPL,.
At the same time, using the following scaled norm | x|| := (Bx, x)!/2, x € R" with

matrix B = CT C (assuming B > 0, so the rows of C have a full rank) and the scaling
function from the previous example, we have

Ly=Lg,
which is much better.

Example 3 Let v (-) be {0, +oco}-indicator of the standard simplex

n
def i
A, = {xeRQ’_ : Zx(’)zl}.
i=1
Thus, problem (4) is to minimize a smooth convex function over this set:

[min S ().
One of the most suitable choices of the norm for this problem is £1-norm [1], defined

def i . . . .
as ||x|l1 = p |x®| for x € R". The Lipschitz constant w.r.t. this norm is smaller
than that one measured in £;-norm. Let us fix some § > 0, and use the following
scaling function,

d(x) =8Y (D +8)In@® +5).
i=1

We have, for any 7 € R" and x € A:

(h®)?
s S I = A

(V2d(x)h, h) = 52
i=1

And, by Cauchy-Schwarz inequality, it holds
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O 18 ()12 12
Ihll = l, < " (1+n8)'"?.
P Vx@® 4+ 8 X +6

Hence,

)
1+ né

(V2d(x)h, h) > 7117

s 1
1+n8 = 1/5+n"

and conditions (5), (6) are satisfied with o =

In general, the solution to this problem 7' = T4 (x) is characterized by the following
variational principle (see, e.g. [18]):

(VFE) + VEfENT - %) + A(VA(T) = Vd(%)),y = T)
+ () = ¥(T), Vyedomy. (12)

Thus, defining ¥/(T) = —V f (&) — V2 £ (E)(T — X) — A(Vd(T) — Vd(¥)), we see
that v'(T) € v (T). Consequently,

F/(T) = Vf(T)+y/(T)
= VA(T) = Vf&E — V2FENT — %)
—A(Vd(T) —Vd(x)) € oF(T). (13)

Note that this is a very special way of selecting subgradient of a possibly nonsmooth
function F(-), which allows || F’(T)| s« approach zero.

Denote M4 (x) = Ma(x, Ta(x)) < Ma(x,x) = F(x).Let us prove the following
important fact, that uses convexity of the original problem (4).

Lemma1 Forall y € domy and T = T4(X), we have
- R 1 2
Ma(x,y) = Ma(x) + g(V SEOO-T),y-T)+ EGAIIy =T~ 14
Moreover,
_ _ 1 .
ITa(x) = x|l < —IIF' ()], (15)
oA

where F'(xX) = V f(X) + ¥/ (X) and ¥'(X) is an arbitrary element of 9y (X).

Proof For optimization problem in (11), define the scaling function

E(x) = %sz@)x,x) + Ad(x).
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Note that the objective function in this problem is strongly convex relatively to £(-)
with constant one. Therefore, for any y € dom v,

1
Ma(x,y) = Ma(x) = (T, y) = 5<V2f(f)(y —T1),y=T)+ ABa(T., y)

1, 1 )
= f(x)(y—T),y—T)+EGA||y—T|| :

In order to prove (15), note that

1
MAG) = F® + min [(F/E),y =8 + 0 Ally - ]
yedom yr 2

_ . _ _ 1 _
> F(&) +min [(F/(®),y - ) + S0 Ally 5]
yeE 2
— P -~ IF®P
20 A *
Since M 4(x, x) = F(x), we get (15) from (14) with y = x. O

In what follows, the parameter A in the optimization problem (11) is chosen as

1 /H
A= Apg(x) = ;\/?IIF/(J?)II*, (16)

where H > 01is an estimate of the Lipschitz constant L, in (8). This choice is explained
by the following result.

Corollary 1 For A = Ap(x), we have
H||To(x) — x|l <30 A. a7
Proof Indeed, this is a simple consequence of inequality (15) and definition (11). O

Let us relate the optimal value of the auxiliary problem (11) with the cubic over-
approximation (10).

Lemma2 Let A = Ag(x)and T = T4(x).Assume that for some H > O the following
condition is satisfied:

f(T) < fE) +(VFE), T — %)
H|T —x|?

+%<v2foz)<T—)z>,T—)z>+T (18)

(clearly, it holds for H > L, where L is the Lipschitz constant of the Hessian). Then

F@x) - F(T) = %(sz(i)(T —-x),T—x)+ %GAIIT — X2 19)
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Proof Indeed,

as B} H 3
() = MA(X)—A,O(x,T)—llf(T)—l-gllT—XIl‘

) 3 H _5 1 o
< MA(X)—w(T)-FEIIT—XII —EGAIIT—XII

a7
< Ma(x) =¥ (T).

Thus, F(T) < M4 (x) and (19) follows from (14) with y = x. O

Finally, we need to estimate the norm of subgradient at the new point.

Lemma 3 Let the Hessian be Lipschitz continuous with constant Ly. Fix arbitrary
H>0.Let A= Ag(X) and T = Tx(x). Then

3Ly

F'(TD)|« <cA[o™!
IF' (D)« <o (0 +2H

)IIT—XII < I F'® (20)

where

Proof Indeed,

1F (D)l B IV £(T) = V(@) =V F @) (T —5)— AVd(T)=Vd ()l

© 1 o _© 1 5 _
< ELzllT—XII +AIVA(T)=VdD)| = ELzllT—XII +AIT —x||«
(an 3oL,

< A1 T—x||.

< ( YT )II x|l

This is the first inequality in (20). For the second one, we can continue as follows:

a7 30Ly\ 30A% (17 _
IF' (Tl < (1+ - ) - D ) F @)

Now we can prove the main theorem of this section.
Theorem 1 Let the Hessian be Lipschitz continuous with constant L. Fix arbitrary
H > 0.Let A= Ay (x) and T = T4(x). If for this point relation (18) is valid, then

1 [3 F(M)?

F(i)—F(T)Zﬁ EW 21)

Proof We only need to insert in (19) the first inequality of (20) and definition (16). O
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3 Properties of the minimization process

In this section, we propose an iterative scheme based on the gradient regularization of
the Newton steps. Note that the choice of the regularization parameter (16) depends
solely on the current gradient norm and it can be easily computed at each iteration.
Then, we do one regularized Newton step defined by (11). According to Theorem 1,
repeating this process would result in monotone decrease of the objective.

First, we prove global convergence for the function value. In the next section, we
also prove the convergence in terms of the gradient norm. Thus, small gradient norm
can serve as a stopping criteria for our scheme.

Let us analyze the following algorithm with a fixed value of parameter H .

Initialization. Choose H > L, xg € dom ¥, and Fé € d0F (xg).

kth iteration (k > 0). 1). Set g = || F{|l, and Ay = +./Z .

2). Compute xi41 = Ta, (xx) and define 22)

Fl., = Vi) = V) — V2 f @) (1 — )

— Ar(Vd(xg41) — Vd(xp)).

Let us introduce the distance to the initial level set:

D= sup {llx —x*|: F(x) < F(xo)}

xedom ¢

which we assume to be bounded: D < +00. We can prove the following convergence
rate for method (22).

Theorem 2 Let the Hessian be Lipschitz continuous with constant Ly. Let H > Ly
and F (x;) — F* > € for some k > 0. Then,

1 1
[F) — FFII2 = [F(xg) — F¥]1/2

1 [3 ( wuw—ﬂwwmmWDW>
k—1In .

VDS 32

(23)

Proof Denote Fy = F(x;) — F(x*) and g = || F/(xx)||x. Thus, Fx < Dgy. Note that

12 12
[ R - B _ Fy — Fiq Fi — Frq
/2 2= a2 - ARz, ik ai. = iz

i e F RS F RGBT+ Fily) 2FF
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Since for all k£ > 1, the subgradients of ¥ (-) are defined by the rule (13), we can use
the results of Sect.2. We can continue as follows:

1/2 1/2
1 1 @y fg,%ﬂ . \/ggkileH gkileH 3

— >
1/2 12 — 1 2 1/2 1/2 1/2 3°
Fk-{-l Fk/ 4V Hc’g / k-/H 4«/Hc2gk/ FyD3/2 4czg/ HD

Summing up these bounds and using the inequality of arithmetic and geometric means,
we get

1/k
Lo / Faagilh _ k [3 (Re”
Fkl/2 F1/2 s Fig 1/2 = 4¢2\ HD3 FO 172

0
>k J 3 oz \" (24)
T 42V HD? \ o)/ D112 ‘
Since
1/k
302 / | Fg1/2D1/2 | Fogl/ZDl/z
Py =exp(—71n37/2) zl—flnT,
Fog, "D/ k k
we obtain inequality (23). O

Corollary 2 The second condition of Theorem 2 can be valid only for

HD? F FH|F (xo) |1/ > D12
ex a2 [HE |, F0 = PIF "D 05)
. \

Remark 1 Note that up to the additive logarithmic term, the iteration complexity (25)
corresponds to that one of the Cubically regularized Newton method as applied to
convex functions [19] in the Euclidean case. However, iterations of our method (22)
are easier to implement, and it is also possible to use an arbitrary scaling function d(-).

Remark 2 The right-hand side of inequality (25) can be used for defining the opti-
mal value of parameter H. Indeed, it can be chosen as a minimizer of the following
function:

2In@Ho ™" +3Ly) — % InH.
This gives us
H, = -Ljo. (26)
In this case,
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8.71, ——. 27
3¢ 9%\ 2e0 eod @7)

2\/H*D3 64 [3L,D3 L, D3
4c

Let us estimate now the performance of method (22) on uniformly convex functions.
Consider the case when function F(-) is uniformly convex of degree three:

F(y) = F(x) + (F'(x), y —x) + %Ily—xlls, x,y € domy. (28)

For the composite F(-), this property can be ensured either by its smooth component
f (), or by the general component ¥ (-). In the latter case, it is not necessary to
coordinate this assumption with the smoothness condition (8).

In our analysis, we need the following straightforward consequence of definition
(28):

F(x) — F* IF ()12, x € dom . (29)
f

Theorem 3 Let the Hessian be Lipschitz continuous with constant Ly . Let F (-) satisfies
condition (28). If H > Lo, then for all k > 0 we have

(30)

kln(1+4 S
F(xk)—F*sDIIF’(xo)||*~exp<— ndx5) )

2+ 11+ )

3V3
p~

where S = 757

Proof As in the proof of Theorem 2, denote Fy = F(x;) — F* and g = || F’ (xg) |l «.
Then, we have

1 1 F @ NEY
In —ln—:ln<1+¢> > In 1++721
Fit1 Fi Fit1 2\/Hc2gk Fit1

1/2
9) 3 303 &l Sk+1
S 142 288 (s ,
- < 42N H g;/z cgk

(20)
where § = 40%/2 3% Denote 7; = \/ gc%kl < 1. Since In(-) is a concave function,
we have In(1 + S‘ck) > 1 In(1 + S). Hence,

D k—1g1/2 /
def 0 A
== > In —>ln(1+S)Zfz > ln(l—i-S)(l_[ 11721>

Fi i=0 &
12k
——In(1 +5) (gk) .
20

@ Springer



Gradient regularization of Newton method with Bregman...

Note that (&)™ = Fin€) > 14 Lins>q14 Linto =11
ote that ( - =exp(—ggIngl ) = 1+ Ingr > 145 1In 55 = — 35 &k-
Thus,
kIn(1+S)
Sz o T o
/s 4+ 5In(1+5)
and this is inequality (30). O

Remark 3 in accordance to the estimate (30), the highest rate of convergence corre-
sponds to the maximal value of S. This means that we need to minimize the factor
¢32HY2 in H. The optimal value is given by Hy = 30 L. In this case,

[ o3 [03
S = — 0.40 | —. 31
o 6L > o L, 3D
Note that this condition number also corresponds to the global convergence of the

Cubically regularized Newton method [8].
Finally, let us prove a superlinear rate of local convergence for scheme (22).

Theorem 4 Let the Hessian be Lipschitz continuous with constant Ly. Let function
f () be strongly convex on dom  with parameter i > 0. If H > Ly, then for all
k > 0 we have

2¢ |H
IF ()l < ;\/gnF/(xk)ni/z. (32)

Proof Indeed, for any k > 0 we have

(V2 £ (k) (X1 — Xk)s X1 — Xk)

N =

H 2
—lx — X <
2|| k1 — Xkl <
(19 ,
< F(xp) — Far1) < I1F Ga)llsllxe — x|l

Therefore,

/ (20) 20c¢ ,
IF gDl < ocArllxesr — 2l < 7Ak||F(xk)||*

ae) 2¢ |H 3/2
= ;‘/gnF’(xk)n*/ :

O
Thus, the region of superlinear convergence of method (22) is as follows:
2
def , 3u
Ro = d D |IF < ——1. 33
0 {xe omy : || (’C)”*—4H62} (33)
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Note that outside this region, the constant of strong convexity of the objective function
in problem (11) with A = Ap (x) satisfies the following lower bound:

cAn(x) > &

20 x¢Ro. (34)

4 Estimating the norm of the gradient
Let us estimate the efficiency of method (22) in decreasing the norm of gradients. For

that, we are going to derive an upper bound for the number of steps N of method (22),
for which we still have

IF' (ol 28>0, 0<k<N. (35)

We will see that global complexities of our method for minimizing the gradient norm
in convex case are the same as that one of the basic Cubic Newton [10].
In this section, we use notation of Sect. 3:

Fi=FQ) —F*, g = [F (x0)lls

Firstly, consider the case when the smooth component f (-) in the objective function
of problem (4) satisfies condition (8). Then

2

@D 841 def 1 3

Fio— Fey1 =2 k=5, K= 3/ 4- (36)
gk/ 2¢*V H

It is convenient to assume that the number of iteration N of the method is a multiple
of three:

N =3m, m=>1. 37

Then for the last m iterations of the scheme we have

m—1 g2 ] 35) m—1 gl/z '
Fam > Fon — Fap 2 k) 2L 50 32 5 2mind
i=0 Sam+i i=0  Som+i
1/2 l/m 172 I/m
(35 5
z (g?m) = () ) (38)
/2 172
&2m 8om

At the same time, for the first 2m iterations we obtain

@ Springer



Gradient regularization of Newton method with Bregman...

1/Q2m)
1 1 oevom [3 Fangyl? /@em
2 F1/2 = 22V HD? Fog 1/2

2m
1/2 1/@2m)
F
= kem D2 218 (39)
Fog
Therefore,
1/2\ 1/m
1 1 39 Fomg,
( 7z~ 1/2) (km)*D~ <71/nz1 : (40)
F2m FO FOg

Note that the power of gp,, in the last term is equal to that one of gzﬁ in (38). This
explains our choice 2m for the length of the first stage.
Hence, using both inequalities (38) and (40), we obtain the following:

2 2 1
1>1(1 Fom 1 ! Fy, > (Km81/2>3 Fy81/2 "
> =1 = |- oy =
Fo F21n/12 F1/2 m D Fogl/z

0 ,
Note that g2,, < ¢”"go. Therefore,

and we obtain

1/m

1> (Km5'/2>3 kmd? (5'/2>1/m
= 12 ° 172
D cFog, / go/

(Km51/2)3+,1l (51/2>(3+m)m 7%
> —_— C .
> 7 (c)

D go/

Thus, we can prove the following theorem.

Theorem 5 Let the Hessian be Lipschitz continuous with constant Ly. Fix H > L,
and some § > 0. Then, the number of iterations of method (22) to reach small norm
of the gradient | F'(xy) ||« < 8 satisfies the following bound:

2 3HD? 3 g
N <2c 3 +§ln§+lnc. (41)
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Proof Indeed,

1/2

kmé 8\ 2w — ST kms8l/? 1 £0 T
ey (L[
D 80 D 2m )
s1/2 1 sl/2 1 1
ZK m—fln@— n Inc) > K m—fln&—flnc R
D 2§ 3m + 1 D 2§ 3

and this is inequality (41). O

Finally, let us estimate the efficiency of method (22) under additional assumption
of uniform convexity (28). From the proof of Theorem 3, we know that

In

F 2 1/(2m)
0 am In(l + ) 82m >
172 80

m 1 80
> —In(1+ S ——In—
Fom — 172 n(+5) exp ( 2m ! )

82m

1 £0 35 1 8o
zmln(l+S)<2m—l —) > mln(l—l—S)(Zm 1n§>

82m
On the other hand,

8 8
In F>, 2 ln(KmSg/z) + —In— ln(Km83/2) + —In— —Inc.
2m  gom 2m  go

Thus,

2m 1 3 1 8
In(cFp) > ln(l +S8) — ln(l +9) In 82 04 In(kmé’<) + — In —.
c! ) 2m  go

In other words,

cky 2m 1 3 $ 1 1 8
In 3/22 1/21(1—1—5) 1n(1—|—S)l ——}—El n— —In —~|—2—ln—
K& 80 m m 80

"™ 01+ S ! L a4 m8 !
17/21‘1(4-)_ %-’-Clﬁn(ﬁ-)ﬂ-i n?—n%.

Thus, we have proved the following theorem.

Theorem 6 Let the Hessian be Lipschitz continuous with constant Ly . Let F () satisfies
condition (28). Fix H > Ly and some § > 0. Then, the number of iterations of method
(22) to reach small norm of the gradient | F' (xy)||s« < & satisfies the following bound.:

N2 deh Tl st m
n —+ ——=1In —|In=
“2In(1+S5) Kggﬂ 2m  cl/2 2 8
29 3 1/2 2 1 1/2
(5) ¢ In ¢ +3| =+ _c In g—o.
2In(1+S) 3« /o3 In(1+S) 8

(42)
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5 Adaptive search procedure

The main advantage of the method (22) consists in its easy implementation. Indeed,
in the case ¥ (-) = 0 with dom ¢ = E, the iteration (11) is reduced mainly to matrix
inversion, the very standard operation of Linear Algebra, which is available in the
majority of software packages. However, for the better performance of this scheme, it
is necessary to apply a dynamic strategy for updating the step-size coefficient H. Let
us show how this can be done.

Gradient Regularizaion of Newton Method

with Adaptive Search

Initialization. Choose Hy < L7, xo € dom v, and Fé € 0F (xp).
kth iteration (k > 0). 1). Set gx = [ F ||+
2).For iy =0,1,...do:
Set H =2 Hy and T = Ta, (x,)(Xx)
Until f(T) < fO) +(VF0), T —xi) + 3 V2 FoIT — xil?
+ ST = xell.

3). Set xp41 = T, Hyy1 = max{Hp, 2%~ H;}, and

Fl = Va1 — VFer) — V2 f @) (g1 — x0)

— Ar(Vd (x41) — Vd(xp)

(43)

For the initialization, we need an initial guess Hy for the regularization parameter,
which can be an arbitrary sufficiently small number.

Note that this scheme does not depend on any particular value of the Lipschitz
constant. By definitions of the updates and from inequality (10), we conclude that
inequalities Hy < Hy < L, and 2iH, < 2L, imply Hy41 < L;. Thus,

Hy < Hy < Ly,  2%Hp < 2Ly, k=0, (44)
Hence, from Theorem 1, we have the following progress established for each iteration
k>0:
L[ 3 IF el
Fe) = Fu1) 2 5 [ 50 o,
2¢p 2 [F (el
where
def _1  3L»
=o'+ —.
Y7
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Repeating the reasoning of Theorem 2, we obtain the following complexity result.

Theorem 7 Let the Hessian be Lipschitz continuous with constant Ly. Let F (xi) —
F* > € for some iteration k > 0 of method (43). Then,

2L,D3 F — FY||F’ 112172
k < 4¢3 2 +1In (F(x0) M F' (x0) |l .
0 3e €3/2

Note that some scaling of the domain or the target objective may affect the fixed
choice of regularization parameter in the basic scheme (22). At the same time, we
expect the adaptive method (43) to be robust with respect to these changes.

6 Acceleration

Let us present a conceptual acceleration of our method, that is based on the contracting
proximal iterations [7].

First, we fix an auxiliary prox-function ¢ (-) that we assume to be uniformly convex
of degree three with respect to the initial norm:

1
Bo(x, 1) = $(1N=d()—(Vh(x), y—x) = Zlly—x|’, V¥x,y € domy.
(45)
At each iteration k > 0 of the accelerated scheme, we form the following functions:

bry1x + Bka)
Bi+1

M1 () 2 ges 1 (6) + b1 ¥ () + By (v x),

def .
gk+1(x) = Bk+1f(
. .. def k def
where {by}x>1 is a sequence of positive numbers, By = Y ;_; b;, Bo = 0, and
{xkte=0.  {vidi=0, X0 = vo,

are sequences of trial points that belong to dom .
Note that the derivatives of gx4+1(-) and f(-) are related as follows:

b} b B
Dgua () = 5L DY (T,
B Bt

For simplicity of the presentation, we assume that f is three times differentiable on
the open set containing dom /. Let us choose
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k2
by = .
T oL
k 3
Then, B, = ngl(f) Z i2 > %2(1‘) Therefore, for any i € E:

i=1

bry1x + Bka)’ < ||h||3

1
D? n? ‘D3
1D Pl = s | DV (P

thus Ly (gk+1) = 1, and we can minimize objective h very efficiently by using our
method (22). Namely, in order to find a point v with a small norm of a subgradient:

lglls =68, g€ dhi1(v),

the method needs to do no more than

steps, where O(-) hides absolute constants and logarithmic factors that depends on
the initial residual and subgradient norm.
Let us write down the accelerated algorithm.

Acceleration of Newton Method with Grad. Regularization

Initialization. Choose xg € dom ¢ and § > 0. Set vg = xg, By = 0.
kth iteration (k > 0). 1). Set b1 = % and By = Bi+bei- | (46)

2). Form the auxiliary objective i1 (-). Find a point vg1

by method (22) such that || g|l« < & forsome g € dhjy1(Vk+1)-

it 1V 1+ Biexk

3). Set xyp = it

Applying directly Theorem 3.2 and the corresponding Corollary 3.3 from [7], we
get the following complexity bound.

Theorem 8 Let the Hessian be Lipschitz continuous with constant Ly (f). Let us set

2/3 .
§ = 231—7/3 . (ﬁj)) 73 in method (46), and let
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k= {(2,33)1/2 ] (W)uy‘.

€

Then, F(x;) — F* <e. O

7 Experiments

In this section, let us present computational results for solving the unconstrained
minimization problem,

min f(x),
xeRnf( )

with objective that is a smooth convex approximation of pointwise maximum:

i=

f) :=ulog(§eXP(W)) ~ m?lﬁ[(ai,x)—bi}

The problems of this type are important in applications with minimax strategies for
matrix games and £o-regression [17].

The vectors {a; € R"}!" , and numbers {b; € R} | are given data, while u > 0 is
a fixed parameter of smoothing.

Let us fix matrix B := Y 1, a,-aiT , which we assume to be positive definite (oth-
erwise, it is possible to reduce the dimensionality of the initial problem), and we use
the following Euclidean norms:

Ixll == (Bx, x)'%, gl = (g, B~'g)'/?

respectively for the variables and for the gradients. We also know the corresponding
Lipschitz constant for the Hessian, that is (see, e.g. Example 1.3.6 in [6])

L= = 47
w

To generate the data, we sample random elements {a; € R", b; € R}, from the
uniform distribution on [—1, 1], and form an auxiliary function

= (@, x) —b;
f(x) == plog (Zexp (’l)> .
i=1 K
Then, we set
ai:=a; —VfO), 1<i<m.

Thus we ensure to have the optimum at the origin, since V f(0) = 0. We start the
methods from xg := (1,1, ..., 1).
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Log-sum-exp, n=100,m=200,u=1 Log-sum-exp, n =100, m=200,u=0.5
=+ Cubic Newton R I =+ Cubic Newton
—— Grad. Reg. Newton 105 —— Grad. Reg. Newton
Accelerated Accelerated
— LD3/ k? _ 10%] LD3/ k?
S LD k? S - LD/ k?
° ° 10t
w w
o o
2 S
18] 18]
c c
3 S5 107%
IL 1074 \ s
-5
1075 | 10 |
l '
0 250 500 750 1000 1250 1500 1750 2000 0 500 1000 1500 2000 2500 3000 3500
Iterations Iterations

Fig. 1 Newton methods with Cubic and with Gradient regularization, and the accelerated scheme. Lipschitz
constant is fixed

We study the performance of the Newton method with Gradient regularization and
with Cubic regularization [19] on this problem. Also, we compare our accelerated
scheme (46) with the basic methods.

We use the following scaling function for this problem, as in Example 1:

A = Sl = (B x)
= —||lx = —(Bx,x).
V=3 2

The subproblem in our methods is solved exactly by using the standard matrix inver-
sion. For the Cubic Newton, one need to find a root of a one-dimensional nonlinear
equation at each step (see Section 5 in [19]). To solve it, we apply the classical uni-
variate Newton method and use the value ¢ = 10~% as a target tolerance in terms of
the function value.

Regularization parameter is fixed according to the theory (47). The results are shown
in Fig. 1. We see that both algorithms show reasonably good performance, which is
better than the theoretical prediction of the global behaviour. The Newton method with
Gradient regularization possesses the best convergence rate. Accelerated scheme has
an improvement in the rate in the beginning, but the basic methods are better for the
higher level of the accuracy due to their superlinear local convergence.

In the following experiment, we compare the uses of the fixed Lipschitz constant
with the adaptive search procedure for our method. The results are shown in Fig.2. We
see that the adaptive methods show the best performance. At the same time, iterations
of the Gradient regularization are much cheaper which results in better computational
time.

Finally, we compare our approach with iterations of the damped Newton method
with line search. For this problem, the Hessian is often degenerate, thus we use a small
perturbation to correct the matrix. Namely, we consider the following iterations:

-1
sirr = x— (VA0 +B) V@), k=0,

@ Springer



N. Doikov, Y. Nesterov
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Fig.2 The effect of using adaptive line search in the regularized Newton methods
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Fig.3 Comparison of the regularized Newton methods with the damped Newton algorithm

where T is a fixed small parameter (we set T = 10~° which was tuned to have the best

performance), and o is chosen by the standard backtracking line search to satisfy the
following condition:

FO) = s = “—;nwuk)ni.

The results are presented in Fig.3 . We see that the damped Newton method is
sensitive to the choice of perturbation parameter 7, while the method with Gradi-

ent regularization shows the most robust and efficient performance for all problem
instances.

8 Discussion

In this paper, we have analyzed the global behaviour of the Newton method with a gen-
eral Bregman regularizer, whose regularization parameter is chosen to be proportional
to the square root of the current gradient norm.

We demonstrated that our scheme works with the composite form of the convex opti-
mization problem. For the Euclidean norms, this approach can be seen as a relaxation
of the Cubically regularized Newton method, achieving the same global convergence
rates.

A significant advantage of the gradient regularization scheme is a simpler structure
of the subproblem, which does not need auxiliary one-dimensional minimizations that
are required in the cubic regularization. As a consequence, the subproblem becomes
suitable for the large-scale case as for employing the Conjugate Gradient methods.

Itis a favorable feature of our methods that regularization parameter always depends
on the current iterate only. Therefore, it seems to be convenient for the use in stochastic
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optimization. We believe that this property could fit well with the broad family of
stochastic second-order methods based on the Cubic regularization (see [4, 12, 14]).
We keep the development of such schemes for further investigation.

Another important direction is an extension of our results to nonconvex optimization
problems. It seems to be a challenging question since our current analysis heavily relies
on positive semidefiniteness of the Hessian. It is needed to ensure a bound for the step
length (see Lemma 1). Therefore, to tackle nonconvex problems, some modifications
of our analysis have to be made.
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