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Abstract

Regular vine sequences permit the organization of variables in a random vector along a sequence of trees.
Vine-based dependence models have become greatly popular as a way to combine arbitrary bivariate
copulas into higher-dimensional ones, offering flexibility, parsimony, and tractability. In this project, we use
regular vine sequences to decompose and construct the exponent measure density of a multivariate
extreme value distribution, or, equivalently, the tail copula density. Although these densities pose
theoretical challenges due to their infinite mass, their homogeneity property offers simplifications. The
theory sheds new light on existing parametric families and facilitates the construction of new ones, called
X-vines. Computations proceed via recursive formulas in terms of bivariate model components. We develop
simulation algorithms for X-vine multivariate Pareto distributions as well as methods for parameter
estimation and model selection on the basis of threshold exceedances. The methods are illustrated by
Monte Carlo experiments and a case study on US flight delay data.

Keywords: exponent measure, graphical model, multivariate Pareto distribution, pair copula construction, regular vine,
tail copula

1 Introduction

For multivariate extremes, margin-free tail dependence models based on max-stable distributions
arise from classical limit theory for sample extremes (de Haan & Resnick, 1977). A question of
high interest is the construction of such models that are flexible, parsimonious, and computation-
ally tractable, and scale well as the dimension grows (Engelke & Ivanovs, 2021). To do so, we pro-
pose a novel approach based on regular vine tree sequences (Bedford & Cooke, 2001, 2002),
called X-vines. The models can easily be built in arbitrary dimension by combining bivariate com-
ponents only. The latter can be chosen independently from one another, giving great flexibility.
The pairs are grouped in trees, the number of which determines the complexity of the model.
Computations proceed by recursive algorithms.

For copula-based dependence modelling, outside the context of extreme value analysis, vine
constructions have grown into a versatile and widely applied approach (Czado, 2019; Czado &
Nagler, 2022; Nagler & Vatter, 2023). Our contribution is to make vine-based methods oper-
ational, in theory and practice, for densities of exponent measures of multivariate extreme value
distributions. The challenge to overcome is that these densities do not integrate to one but to in-
finity. A change of margin transforms these into tail copula densities, which still have infinite mass,
but with structural properties that resemble copula densities more closely.

Figure 1 shows a regular vine sequence V in dimension d = 5. The sequence consists of four trees
Ti, ..., T4, in which the edges of one tree become nodes in the next one. Each of the d(d — 1)/2 = 10
pairs of variables appears as the leading pair before the semicolon on exactly one edge. The numbers
behind the semicolons refer to conditioning variables. The first tree represents a Markov tree, while
the subsequent trees add higher-order dependence relations.
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Figure 1. Aregular vine sequence Vin dimension d = 5 consisting of trees T1, ..., T4, where T;has d — j + 1 nodes
and d — edges. The nodes of Ty are {1, ..., 5}, while the edges of T; become the nodes of Tj,.

An X-vine specification consists of a regular vine sequence V, together with, for each edge in the
first tree, a bivariate exponent measure or tail copula density, and, for each edge of the subsequent
trees, a bivariate copula density, not necessarily stemming from extreme value theory. For the ex-
ample in Figure 1, four bivariate exponent measure densities (T7) and six bivariate copula densities
(T2, T3, T4) would be required. These bivariate components can be chosen independently from an-
other, without any constraints. Our main result shows how to combine bivariate building blocks
into a single multivariate exponent measure or tail copula density. Further, we show that commonly
used parametric models in extreme value analysis are actually examples of such X-vine models. We
leverage the recursive nature of regular vine sequences both in theory and computations.

The models constructed in this way turn out to be the tail limits of regular vine copulas. For the
special case of D-vine copulas, such tail limits were already computed in Joe (1996) and Joe et al.
(2010), focusing on tail dependence functions rather than densities. Li and Wu (2013) define tail
densities and compute those of D-vine copulas in dimensions three and four. In Simpson et al.
(2021), tails of D-vine and C-vine copulas were investigated from the perspective of the limiting
shapes of sample clouds.

X-vine constructions are related to but different from recently proposed graphical models for
extremes, either for directed or undirected graphs (Engelke & Hitz, 2020; Gissibl &
Klippelberg, 2018). Markov trees (Hu et al., 2024; Segers, 2020) are a special case in the intersec-
tion of graphical and X-vine models.

After reviewing background on multivariate extremes and regular vine sequences in Section 2,
we state a version of Sklar’s theorem for tail copula densities in Section 3. Some parametric exam-
ples are worked out in Section 4, with a focus on the simplifying assumption that the conditional
copula densities only depend on the indices of the conditioning variables, but not their actual val-
ues. Section 5 contains the paper’s main results, showing on the one hand how a general tail copula
density can be decomposed along any regular vine sequence, and, on the other hand, how to
construct a tail copula density from a regular vine sequence and bivariate building blocks. The
so-called X-vine models arising in this way are put to work in the subsequent sections, covering
simulation algorithms (Section 6), parameter estimation and model selection (Section 7), simula-
tion studies (Section 8), and a case study on US flight delay data (Section 9) taken from Hentschel
et al. (2024). Section 10 concludes. The online supplementary material contains a detailed
example to illustrate our theory, the proofs of the paper’s results, expressions based on exponent
measure densities, and additional numerical results. The methods are implemented in the R
(R Core Team, 2023) package xvine,' relying in particular on packages graphicalExtremes
(Engelke et al., 2022), and VineCopula (Nagler et al., 2023).

2 Background

We write [d] = {1, ..., d} for the index set of the variables. Bold symbols refer to multivariate
quantities. For a point x=(xq, ...,x4) € R? and a subset ] C[d], write subvectors as

1 Available from https:/github.com/JeongjinLee88/Xvine.
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x; = (x;) ey and x\j = (x;}) ;14 ;- Mathematical operations on vectors such as addition, multiplica-
tion and comparison are considered component-wise.

2.1 Multivariate extreme value theory: tail copulas and their densities

Tail copulas. Classical extreme value theory starts from the assumption that the distribution func-
tion F of a random vector X = (X1, ..., Xj) is in the max-domain of attraction of a multivariate
extreme value distribution (Beirlant et al., 2004; de Haan & Ferreira, 2007). This assumption con-
cerns the tails of the univariate marginal distribution functions Fy, ..., Fy and the tail dependence
structure of X. Our focus is on the latter aspect, that is, on probabilities of high values occurring
jointly among the variables X;. Let C be the survival copula of X: under the standing assumption
that Fy, ..., F; are continuous, C is the distribution function of the random vector U=
(Ui, ..., Uy) with uniformly distributed components U; =1 — F;(X;) for j € [d]. Our interest is
in high values of X; and thus in low outcomes of U;.

Definition 2.1  Tail copula and tail copula measure. The (lower) tail copula R of C is the
function on E = (0, 00]? \ {c0} defined by

R(x)=lim¢'C(tx), x €, (2.1)
N0

provided the limit exists. If it does, then the tail copula measure, denoted
by the same symbol R, is the Borel measure on E determined by R((0, x]) =
R(x) for x € E.

The term ‘tail copula’ stems from Schmidt and Stadtmiiller (2006) in case d = 2. The tail copula
measure already appears in Einmahl et al. (2001) and is closely linked to the exponent measure 4 in
equation (2.9), introduced in de Haan and Resnick (1977). The limit (2.1) appears in Jaworski
(2006) and in Joe et al. (2010), who call it ‘tail dependence function’.

The total mass of the tail copula measure R equals infinity but R(B) is finite for Borel sets B con-
tained in {x € E: minx < M} for some M > 0. Its univariate margins are equal to the one-
dimensional Lebesgue measure:

vj e [d], Vx; € (0, o), R({y ek:y < x,}) =x;. (2.2)

Equation (2.1) implies that R is homogeneous of order one, both as a function and as a measure:
for x € E, Borel sets B C [, and s € (0, o),

R(sx)=sR(x) and R(sB)=sR(B). (2.3)

Any Borel measure R on E satisfying (2.2) and (2.3) is a tail copula measure, i.e. is the limit in (2.1)
for some copula C; see Lemma B.1 in the online supplementary material.

Tail copula densities. Throughout, we assume that the tail copula measure R has no mass on the
hyperplanes through infinity, R({x € E:x; = o}) = 0 for all j € [d], so R is supported on (0, c0)".
Further, we assume that R is absolutely continuous with respect to the d-dimensional Lebesgue
measure with continuous density 7: (0, o0)? — [0, o), that is, R(B) = | r(x) dx for all Borel sets

B C (0, )?. Choosing B = (0, x] for x € (0, o), we recover 7 from R by r(x) =ﬁR(x) for
all x € (0, 00)?. The marginal constraint (2.2) implies

Vj € [d], ¥xj € (0, 0), [ ot T{x) oy =1. (2.4)
In view of (2.3),  is homogeneous of order 1 — d:

Vs € (0, o), Vx € (0, 00)%, #(sx)=s""9r(x) (2.5)
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Properties (2.4) and (2.5) characterize the set of d-variate tail copula densities; see Section 4 for
some parametric families.

By Scheffé’s lemma, if the copula C has density ¢ and the tail copula measure R has density 7,
then (2.1) is implied by limy o' ~?c(tx) = #(x) for all x € (0, 00)?. Liand Wu (2013) call 7 the (low-
er) tail density function of C. A word of caution: for a given copula density ¢, the limit
limyo'~4c(tx) may exist for all x € (0, 00)? but not be a tail copula density, as the marginal con-
straint (2.4) may fail. A case in point is the independence copula, with density ¢ = 1, in which case
the said limit is zero.

Margins of tail copulas. For nonempty | C [d], let 7 : (O, 00)? — (0, o) denote the coordinate
projection x — 77(x) =x; and let R;j =R o 7[]—1 denote the Jth marginal measure

R](B)zR(nj‘l(B))=R<[xe (0, 00) 1 ) eB]), (2.6)

for Borel sets B C (0, o). The choice B = [T 5 (0, x;] for x; € (0, oo) shows that R; is the tail copula
measure of the copula C; of Uy = 7;(U), as in Definition 2.1. For x; € (0, oo/ \ {00}, we have Rj(xf) =
R(%j) with % = x; if j € Jand X; = o if j € [d] \ ]. For x; € (0, o0)/, the density 77 of the measure R; is

i
7’](36]) = %RJ (1_[ (0, x,-]) = J.x\,E(O,oo)d’U‘ r(x) dx\/, (2.7)

and, provided ] # [d], is obtained from r by integrating out the variables x; with indices j /€ J.

Relations between tail copulas and other concepts in multivariate extremes. We review a num-
ber of related terms from multivariate extreme value theory. This paragraph can be skipped at first
reading, as the contributions in Sections 3 to 5 do not depend on it.

Equation (2.1) is equivalent to the assumption that the random vector V= (Vq, ..., V,) with
V;=1/U; for j € [d] satisfies

lim P(V < n2)" = G(z) =exp{—£(1/2)}, z€ (0, x)%, (2.8)

n— 00

that is, V is in the max-domain of attraction of a multivariate extreme value (or max-stable) dis-
tribution G defined in terms of the stable tail dependence function €(x)=R(E\ [x, co]) for

x € [0, 00)?. The margins of V are unit-Pareto, P(V;>x)=1/x for x> 1, while those of G are
unit-Fréchet, G;(x) = exp(— 1/x) for x > 0. Equivalently, the distribution of V is multivariate regu-
larly varying (de Haan & Resnick, 1977; Resnick, 2007) with limit measure

A()=R({x € E:(1/x1, ..., 1/xg) €-}) on [0, c0)?\ {0}, (2.9)

that is, tP(V € tB) — A(B) as t — oo for Borel sets B contained in [0, 00)? \ [0, &]¢ for some & > 0
and satisfying A(0B) = 0, with 0B the boundary of B. The measure A is called exponent measure

because of the identity G(z) = exp{—A([0, o) \ [0, 2])} for z € (0, 00)?.
Another statement equivalent to (2.1) is that the conditional distribution of V/# given maxV > ¢
is asymptotically multivariate Pareto, that is, we have the weak convergence

(V/t | maxV > t)v»Y, t— oo, (2.10)

where Y is a random vector supported on [, := [y € [0, c0)?: maxy>1 } with distribution equal

to the restriction of A in (2.9) to L, and normalized to a probability measure,

P(Y € B)=A(B n L,1)/A(Ls1) (2.11)
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for Borel sets B C R? and normalizing constant A(Lsq)=£(1). For y € L.y, we also have
P(Y > y) =R(1/y)/€(1).

Up to a location shift, multivariate Pareto distributions are a special case of multivariate gener-
alized Pareto distributions introduced in Rootzén and Tajvidi (2006). They play a prominent role
in the theory of graphical models for extremes (Engelke & Hitz, 2020).

In practice, it may be convenient to reduce the information contained in the tail copula
measure to a dependence coefficient. In this paper, we will encounter the tail dependence coeffi-
cients y; = R({x € (0, o]¢: max ey x; < 1}) =Ry(1, ..., 1) for index sets J C [d] with two or
more elements.

If the tail copula measure R is concentrated on (0, o0)? and has density 7, the exponent measure
and the multivariate Pareto distribution have densities too. The exponent measure A is concen-
trated on (0, o) and has density

d

Ay =r(1/ ]2 yel0,«), (2.12)
=1

while the multivariate Pareto vector Y has probability density A(y)/£(1) for y € L.

2.2 Regular vine sequences and the vine telescoping product formula

Informally, a regular vine sequence on d elements consists of a linked set of d — 1 trees, where the
edges in tree j — 1 become nodes in tree j, joined by an edge only if they share a common node as
edges in tree j— 1, for j € {2, ..., d - 1} (Bedford & Cooke, 2002). Regular vine copulas, also
called pair copula constructions, allow for flexible high-dimensional modelling using parametric
families of bivariate copulas as building blocks for the edges of each tree. For recent overviews, see,
for example, Czado (2019) or Czado and Nagler (2022). Our objective is to do the same for tail
copula densities. All concepts introduced below are illustrated via a five-dimensional example in
Section A of the online supplementary material.

A tree T = (N, E) is a connected, acyclic graph comprising a finite node set N and an edge set
E C {{x,y}:x,y € N, x # y}. Any two distinct nodes in a tree are connected by a unique path.

Definition 2.2  Regular vine (tree) sequence. An ordered set of trees V= (T4, ..., Ty_1)is
a regular vine tree sequence on d > 3 elements if T1 = (N4, Eq) is a tree with
node set Ny = [d], while for j € {2, ..., d — 1}, the tree T; = (N;, E;) has
node set N;j=E;; and the proximity condition holds: for any
{a, b} € E;, we have |a n b| =1, that is, two nodes in Tj can be connected
only if, as edges in T;_1, they share a common node.

Definition 2.3  Complete union, conditioning set, conditioned set. Let V= (T4, ..., T4_1)
be a regular vine sequence, with T; = (N, E;). For any edge e € E;, the com-
plete union of e is A,=e if j=1 and A, =A,UA, if e={a, b} and
j€ {2, ...,d-1}. Informally, A, is the subset of nodes in [d] reachable
from e by the membership relation. The conditioning set of an edge e =
{a, b} € E; withj > 2 is D, = A, n A, and the conditioned set of e is C, =
Ce,a U Ce,b with Cg,a =A, \ D,=A, \Ab and Ce,b = Ab \ D, = Ab \Aa. If
e={a, b} € Ey, then C,, = {a}, C,, ={b}, C. =e and D, = ¥.

For an edge e = {a, b} € Ej, the sets C,4, C,, and D, are disjoint and their union equals A,, a
node set with j+ 1 elements. The sets C., and C,; are singletons while D, has j — 1 elements.
Clearly, D, = A, \ C, = A, \ C.. The edge e is also written as e = (CM, Ceps De) and, since C.,
and C,, are singletons, {a.} and {b,.}, say, we abbreviate e = (a., b; D.), with a., b, € [d] and
the convention that g, < b,, that is, @, = minC, and b, = maxC,. Similarly, for e = {a, b} € Eq,
the convention is that @ < b. In Figure 1, for instance, the edge e labelled (14; 23) in T3 has
a,=1,b,=4,and D, = {2, 3}. See Section B.1 in the online supplementary material for some add-
itional properties.
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For pos.itive scalars Vis s V> t.he identity ]_[j-I:z (yi,/y/’—l) =y,/y1 is a telescoping prpduct.
Regular vine sequences enjoy a similar property that will be key to Theorem 5.1 and which, to
the best of our knowledge, has not yet been stated in the literature.

Lemma2.4  Vine telescoping product. Letd > 3 be an integer and let y; € (0, o) for every
nonempty | C [d], withy;: =y, =1 for every j € [d]. Given a regular vine se-

quence V= (T; = (N, E,))‘li;l] on [d], we have
o ’D, " VA
Vd = l_[Ve'H H ——. (2.13)

ceEr =2 e=lab)eE; TAa Ay

With the notation y;|; = yy;/7), the last factor in (2.13) is

"D, " VA, _ _ Manbe|De (2.14)
YA, Y4, Va. D, Vb.|D.

Remark B.4 in Appendix B.1 in the online supplementary material generalizes Lemma 2.4 to
factorizations of y, for certain nonempty subsets | C [d], while Remark B.5 of the online
supplementary material provides a generalization of (2.13) without the restriction that y; =1

for allj € [d].

3 Sklar’'s theorem for tail copula densities

Let r be a d-variate tail copula density, so properties (2.4) and (2.5) hold. Recall its
multivariate margins in (2.7). For nonempty, disjoint I, ] C [d] and for x; € (0, c0)! and
xy € (0, o)  such that ri(xy) >0, define 7y j(xg|x)) :=rgp(enyy)/rp(y)  for  all
xyy € (0, 00)!Y/. Viewing the ‘conditional’ tail copula density 7717 as an |I|-variate probability
density, we can decompose it into |I| univariate probability densities and a copula
density.

Proposition 3.1  Sklar’s theorem: direct part. Let » be a d-variate tail copula density
and let I, ] c [d] be nonempty and disjoint. For x; € (0, ) such
that 7y(x;) > 0, the function ry;( - |xy): (0, o)l = [0, ), defined via
xp+— r1y7(xr|x7), is a probability density on (0, o). For iel, it
has marginal probability density x; — r;;(x; | x;) and cumulative dis-
tribution function x;— R;j(x;|%;):= fy riyy(t]%7) dt, with quantile
function u; — Ri‘llf(ul- | ). If |I| > 2, then the copula density of (-
| x) is

Var € (0, 00)!,  crygluss x])::l_[ru/(xz | %))

— W with x; =R (| xp).
e Ti17(%i | %) S A

(3.1)

The homogeneity property (2.5) induces certain scaling properties.

Lemma 3.2 Scale equi- and invariance. In Proposition 3.1, for x; € (0, oo) such that
r7(xy) > 0, the family {m]( -l txp):t € (0, oo)} of probability densities is a
scale family: if the random vector & has probability density 77;( - |x;),
then the random vector #&; has probability density rj;( - | £x;). As a conse-
quence, for all t€ (0, ), x; € (0, ), u;€(0,1) and i €I, we have
rinp(exi | txp) =7y (i | %p), Ry (i | £xg) = ¢ - Ry (mi | ), and

cry(ug; txy) = cry(ug; xp). (3.2)
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In particular, if | = {/} for some j € [d], then cg( - 5 xj) = cr;i( - 5 1) does not
depend on the value of x; € (0, ).

Remark 3.3 Conditional independence. LetY be the multivariate Pareto vector in (2.11),
suppose d > 3, and let i, be distinct elements in [d], with | =[d]\ {3, j}.
Provided r is positive and continuous, Y; and Y; are conditionally independ-
ent given Y7 in the sense of Definition 1 in Engelke and Hitz (2020) if and only
if ¢ijiy(ui, uj; x7) =1 for all (u;, u;) € (0, 1)* and xj € (0, o)/, the density of
the independence copula. This statement follows by combining the factoriza-
tion property in Proposition 1 in Engelke and Hitz (2020) with equations
(2.12) and (3.1); see also (C.1) in Appendix C in the online supplementary
material for an expression of ¢y in terms of the exponent measure density 1.

Definition 3.4  Simplifying assumption. The family of copula densities cg;( - ; %) in (3.1)
satisfies the simplifying assumption if the copula densities do not depend
on xj € (0, o)/, that is, there exists a single copula density cry such that
cry(mr; x7) = cy(uy) for all ur € (O, 1) and x € (0, o).

If ] is a singleton, ] = { j}, the scale invariance (3.2) implies that {cy;( - ; x;) : x; € (0, o)} always
satisfies the simplifying assumption. In Section 4, we will see that the copula families induced by
many commonly used parametric exponent measure models satisfy the simplifying assumption for
all T and J.

As a converse to Proposition 3.1, we can combine several tail copula densities along a
scale-invariant family of copula densities to form a tail copula density in higher dimensions.
With slight abuse of notation, write i U J:= {i} U ] for i € I. A family of k-variate copula densities
{c(-; 60):0 € O} indexed by a Borel set @ C R™ is jointly measurable if the map (u, ) — c(u; 0) is
Borel measurable on (0, 1)* x ©.

Proposition 3.5  Sklar’s theorem: converse part. Let I U ] be a partition of [d] into two dis-
joint, nonempty sets, with d > 3 and |I| > 2. Let (riyy);c; be an |I|-tuple of
(IJI + 1)-variate tail copula densities with common margin 7;. Let
{51;]( 5 x7) x5 € (0, oo)]} be a jointly measurable family of |I|-variate

copula densities such that (3.2) holds. Then the function 7: (0, c0)? —
[0, o) defined by

r(x):=r(x;) - Hmj(xi |7) - iy (Riyy(xi | x7), i € I; x7), (3.3)

iel

for x € (0, 00)? such that r7(x7) > 0 and zero otherwise, is a d-variate tail
copula density with margins r;; for i € I.

4 Parametric families of tail copula densities

We will compute the copula densities cg( - ; x;) in (3.1) for tail copula densities 7 arising from two
parametric families: the scaled extremal Dirichlet model (Section 4.1) due to Belzile and Neslehova
(2017), encompassing the logistic, negative logistic and Dirichlet max-stable models, and the
Hiisler—Reiss model (Section 4.2). For both families, the simplifying assumption (Definition 3.4)
is satisfied for all choices of I and J, and the copula densities c;; take on known parametric forms.
This section can be skipped at first reading.

4.1 Scaled extremal Dirichlet model

In dimension d > 2, consider parameters ay, ..., ag>0 and p > —min(ay, ..., ay) with p # 0.
The angular measure density of the scaled extremal Dirichlet model is introduced in Belzile and
Neslehova (2017, Proposition 5). By equation (2.12) and Lemma B.2 in the online
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supplementary material, the corresponding tail copula density is

r(a +p 4 1/p T aj/p —aj/p—1 4.1
e PO B VSR T
=1 7 = =

for x € (0, 00)?, where @=ay + - -- + ay and c(a, p) =T(a + p)/T'(a). The model is closed under
marginalization: for | C [d] with |J| > 2, the marginal tail copula density 7; in (2.7) is of the
same form in dimension || and with parameters (o) ;c; and p. The model unites and extends sev-
eral well-known parametric families in multivariate extreme value analysis:

o ifa;=...=ay=1and p > 0, we get the negative logistic model (Joe, 1990);
e ifa;=...=0ay=1and -1 < p <0, we obtain the logistic model (Gumbel, 1960);
e if p=1, we get the Coles—Tawn extremal Dirichlet model (Coles & Tawn, 1991).

In McNeil and Neslehova (2010, Definition 3), the family of Liouville copulas is defined as the
collection of survival copulas of random vectors of the form Y = SW, where W has a Dirichlet dis-
tribution on the unit simplex and is independent of the positive random variable S. The special case

where W is uniformly distributed on the unit simplex yields the family of Archimedean copulas
(McNeil & Neslehova, 2009).

Proposition 4.1  Letr be the scaled extremal Dirichlet tail copula density in (4.1) in dimension
d > 3.Forevery pair of disjoint, nonempty subsets I, | C [d] with|I| > 2,the
copula densities crj( - 5 x;) in (3.1) satisfy the simplifying assumption
(Definition 3.4). If p > 0, then ¢z is equal to the density of the |I|-variate
Liouville copula with Dirichlet parameters («;);c; and with radial density

on (0, co) proportional to s — DI (s+ 1)_ﬂ_ZkEM % If p < 0, then
cry isequal to the density of the survival copula of the above Liouville copula.

In special cases, the copula densities ¢z can be identified more explicitly (calculations in
Appendix B.3 in the online supplementary material):

e ifag =...=0ay=1andp > 0, then ¢y is the density of the |I|-variate Clayton copula with par-
ameter 6/(1 + |J|10) with §=1/p > 0;
e ifag=...=0ay=1and -1 <p <0, then ¢y is the density of the |I|-variate Clayton survival

copula with parameter 6/(|J|0 — 1) with 6=—-1/p > 1.

In both cases, the dependence decreases as the number |]| of conditioning variables increases.

4.2 Husler-Reiss model

Let D, be the set of symmetric, strictly conditionally negative definite matrices, that is, all matrices
= (rii)zf:1 € R%™4 of the form I'j = Var(A; — A)) for a d-variate random vector A = (A4, ..., Ay)
with positive definite covariance matrix, i.e. I is a variogram matrix. Fix k € [d] and consider the
(d — 1) x (d — 1)-dimensional positive definite covariance matrix

1
5Tk + T =T5), (4.2)

(k) _
) _2(

for I" as in the previous sentence, we have Zi-/k) = Cov(A; — Ay, Aj — Ay). The d-variate Hiisler—
Reiss tail copula density is

= (1'[ x;l>¢d_1(a‘c\k; M), xe (0, ), (4.3)

i:i#k
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where ¢,_; is the centred (d — 1)-dimensional Gaussian density with the stated covariance matrix

and %, = (log (xi/xz) — %Fik) The exponent measure density A associated with 7 via (2.12) ap-

iright
pears in Engelke et al. (2015), where it is shown that it does not depend on the choice of k € [d].
The corresponding max-stable distribution G in (2.8) goes back to Hiisler and Reiss (1989), who
studied maxima of triangular arrays of Gaussian random vectors.

For a matrix M and for index sets K and L, write Mgy, = (Mjj);ex jer- Let @ denote the standard
normal distribution function and recall that the m-variate Gaussian copula density with
(m x m)-dimensional positive definite correlation matrix R evaluated in # € (0, 1) is

cR(u)=|R|_1/2~exp{—%zT(R_1—I,,)z} where z; =07 (1)) (4.4)

Proposition 4.2  Let 7" be a d X d variogram with d > 3 and let 7 be the Hiisler—Reiss tail
copula density in (4.3). For every pair of disjoint, nonempty subsets I, | C
[d] with |I| > 2, the copula densities cpy(-;x;) in (3.1) satisfy the
simplifying assumption (Definition 3.4). The copula density ¢y is equal
to the |I|-variate Gaussian copula density (4.4) with correlation matrix

k) \— B) A (k) \— P )
Ry ;= (A(Il)]) 172 z(u)] (A(Il)]) 12 for any k € J, where A(I|)] is the diagonal
-1
matrix with the same diagonal as E(,kl)j = Z(,IIQ) - Z‘,}d (Eﬁ)) Ey;).

The matrix R;j|; in Proposition 4.2 is the correlation matrix of the conditional Gaussian distri-
bution with covariance matrix E(Ikl),, the corresponding Schur complement. Its expression depends

on the choice of k € J, although the actual matrix does not. It remains to be investigated how to
express it in terms of the Hiisler—Reiss precision matrix ® introduced in Hentschel et al. (2024).

5 Vine decompositions of tail copula densities

5.1 X-vines: density decomposition and construction

In this section, we show that any tail copula density 7 in dimension d > 3 can be decomposed along
any regular vine sequence (Definition 2.2) on d elements into d — 1 bivariate tail copula densities
and Zfl:_f i=d — 12 bivariate copula densities. Moreover, copula densities with only a single con-
ditioning variable satisfy the simplifying assumption (Definition 3.4). Conversely, starting from
any regular vine sequence on d > 3 elements, any collection of d — 1 bivariate tail copula densities
and any collection of d — 12 bivariate copula densities, a d-variate tail copula density can be as-
sembled. We coin tail copula densities constructed in this way as X-vines. Appendix C in the
online supplementary material states the main results in terms of exponent measure densities.

Theorem 5.1  Tail copula density decomposition along a regular vine. Let r be a d-variate
(d > 3) tail copula density and let V = (T,~)]~;11 with T; = (Nj, E;) be a regular
vine sequence on [d]. For x € (0, o0)?, we have

d-1
#%)= [ | 7an. 6aes,)- [ [ [ | €aipusp. (Racip, (xa, 1%D,), Ro, b, (%5, 1%, )3 XD,)
ecE j=2 e€E;

(5.1)

where, for e=(a,, be; D,) € E; U---UE,_q, the pair-copula density
Ca,,b.;D. is

Taob.|D.(Xa,s Xp, | XD,)

S (5.2)
Ta,1D.(Xa, | XD,) - b, D, (Xp, | XD,)

Ca,,be;D, (”ae’ Up,s xDe) =
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with x,, = R;jl p,(#a, |%p,) and x;, = Rl:g]|DL,(Mbe | xp,) for ug,, uy,, € (0, 1).

The decomposition (5.1) also applies to marginal tail copula densities 7; for index sets ] = Ay for
some edge fin the vine; see Remark B.7 in the online supplementary material. For the pair copula
Ca,.b:0,( +5 - 5 xp,) associated with the edge e = (4., b.; D,) in the regular vine sequence, consider
the first-order partial derivatives

U,
Cae 164D, (ta, | 15,3 %D,) = 52— Cyp:p, (ta,, Up,; %D,)= [0 Cavibun, (Vs 11,5 xp,) dv,
i o (5.3)
Co,asp. (b, | #a3%D,) = g50=Co, D, (May> e, %D,)= 1, %) Ca D, (tas U3 %, ) dv.

Theorem 5.2 Recursion and uniqueness. In the setting of Theorem 5.1, for any
e=(a,, be; D,) € E; U---UE,_q, we have

Ru, Dok (%a, 1 %D,08,) = Cay 6D, (Ra, 1D, (Xa, 12D,) | Rp, D, (xp, | %D,); XD,)5
Ry, | Dova, (%, | %D,0a,) = Cb,|aup. (Re, D, (%5, | %D,) | Ra, D, (Xa, |%D,); XD,)-
(5.4)

As a consequence, 7 is determined uniquely by the bivariate tail copula
densities 7,, for e={a, b} € E; and the bivariate copula densities
Cabip, (3 %p,) fore € Ex U --- U Eg_y and xp, € (0, c0)*.

Equation (5.4) is effectively a recursive relation, allowing to reduce the number of conditioning
variables until there is only one conditioning variable left. The reason is that each of the indices
a.|1D, and b, | D, in (5.4) is itself of the form as|D; U by or br| Dy U ar for an edge f € e in
E;_1, i.e. one level lower than e.

Definition 5.3  X-vine tail copula density. A d-variate tail copula density r is an X-vine
along a regular vine sequence V if for each edge e € E; U --- U E4_4, the
pair copula densities ¢, _j.p,(-,-;%p,) do not depend on the value of

D
xp, € (0, c0)"*.

Example 5.4 Trivariate case. By Lemma 3.2, a trivariate tail copula density r is always an
X-vine, and this along any of the three possible regular vine sequences on
{1, 2, 3}. For the vine determined by E; = {{1, 2}, {2, 3}}, for instance, we
have

r(x1,%2,x3) = r12(x1, %2) 123(x2, x3) - €132 (R 12 (%1 | %2), R3)2(x31%2)),
r(x1,1,x3)
r12(x1, 1)723(1, x3)

where ¢35, (u1,u3) = with x;=R7} (1), je{1,3}.

(5.5)

The function 7 is thus completely specified by the two bivariate tail copula
densities 712 and 723 and one bivariate copula density ¢13,2. The form (5.5)
was already discovered for tail copula densities of D-vine copulas in Li
and Wu (2013).

By Propositions 4.1 and 4.2, the scaled extremal Dirichlet model (including the logistic,
negative logistic and extremal Dirichlet models) and the Hiisler—Reiss family have condition-
al copula densities cy(-; xj) that always satisfy the simplifying assumption. As a conse-
quence, they are examples of X-vine tail copula densities too, and this along any regular
vine sequence.
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Figure 2. (a) An X-vine specification (V, R, C) on d =5 variables. The bivariate tail copula densities ry,_ p, in the first
tree Ty are selected from the Hisler-Reiss (HR), negative logistic (NL), logistic (L), and Dirichlet (Diri) parametric
families, each with specified tail dependence coefficients y. The bivariate copula densities c,, p,.p, in the subsequent
trees Ty, T3, T4 are chosen from the Clayton (Clay), Gumbel (Gum), and Gaussian (Ga) copula families, each with
specified Kendall’s tau z. (b) Box-plots (first four for T;, next three for T,, next two for T3 and last one for T4) of
dependence measure estimates from bivariate parametric families selected sequentially from the data for the X-vine
specification in (a). The lines in the middle of the boxes indicate the specified parameter values.

Definition 5.5

X-vine specification. The triplet (V, R, C) is an X-vine specification on d
elements (d > 3) if:

1. V= (T,-)‘f;l1 with T; = (N, E;) is a regular vine sequence on [d];
2. R={rop :e={ac, b} €E1} is a family of bivariate tail copula
densities;

3. C= {Caz,be;De e =(ac, be; De) € U5, E,-] is a family of bivariate copula

densities.

Figure 2a shows an example of an X-vine specification involving a mix of parametric models for
the bivariate (tail) copula densities.

Theorem 5.6

X-vine tail copula density construction. Let (V, R, C) be an X-vine specifi-
cation on d > 3 elements. Then the function r defined by

d-1
1) = [ 7anbe®aer %6,) - [ [ ] Cavbusn. (Rac1 0. (%a, 12D,), R, b, (x5, | %D,))
e€E, j=2 e€L;

(5.6)

with the functions R.|. defined recursively by

R, Dok (%a, 1%D,08,)  =Ca, b0, (Ra, D, (%4, |%D,) | Ry, b, (%5, | %D,)) }
Ry, 1 p,ua, (%, | %D,0a,)  =Ch, 4.0, (Rb, D, (Xb, | %D,) | Ra, D, (%4, | %D,))
(5.7)

is a d-variate tail copula density. For e € E1, the bivariate margin of r is
equal tor, € R, while for e = (a,, b.; D,) € E; U - -+ U E4_1, the pair copula
density ¢, p.p,( -, -3 %p,)in(5.2)isequaltoc,, s .p, € C.Inparticular, ris
an X-vine.
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In Example 5.4 with d =3, the vine V= (T1, T3) is determined by E; = {{1, 2}, {2, 3}}, while
R =1{r,r3}and C= {613;2}, and (5.6) reduces to (5.5).

5.2 X-vines as limits of regular vine copula densities
A natural question is whether X-vine tail copula densities arise as the lower tail dependence limits of
regular vine copula densities, as introduced in Bedford and Cooke (2002). Below, we show that this is
indeed the case, provided the pair copula densities at the edges of the first tree have the corresponding
bivariate tail copula densities as lower tail dependence limits. In the passage to the limit, the regular
vine sequence is preserved and so are the pair copulas at all trees starting from the second one.
LetV= (T,)f__ with T; = ( E;) be a regular vine sequence on d elements, for d > 3. For every
edge e = (a., b.; D,) € U7 ] E,, let Ca,.b,:D, b€ a bivariate copula density, with copula C,_4,.p, and
conditional distribution ftunctions C,,s,.p, and Cy,_|4,.p,. For e € E1, the conditioning set D, is
empty and we simply write ¢, 5, and so on. Then there is a d-variate regular vine copula density
¢ given by

1_[ Ca, b, “ata “b 1_[ 1_[ Cae,bg,D aL | D, (uaa |MDL,)a Chg\Dg (Mbe |14DL,))9 (58)

ecEq j=2 e€E;

where, for a random vector U with density c, the conditional distribution function of (U,,, Uy,)
given Up, =up, is

Cao b1 D, (tays wp, | D,) = Cyy po:D, (Ca, 10, (#a, | #D,)5 Ch, D, (1, | uD,))- (5.9)

Assumption 5.7 Let ¢ be a d-variate regular vine copula density as in (5.8), with d > 3

(i) Foreveryedgee € E, there exists a bivariate tail copula density r,_j,
such that limyot - ¢4, , (2, ty) =7, 5, (x, ¥), for (x, y) € (0, ®)?.

(ii) For every edge e € U[;tz] E;, the pair copula density ¢, j.p, is
continuous.

Proposition 5.8  Under Assumption 5.7, we have lim,z%! - ¢(tx) = (x) for x € (0, o)“,
where the X-vine tail copula density r is generated by the triple (V, R, C)
as in Theorem 5.6 with

¢ )V the same regular vine sequence as in (5.8),

* R={r,p e €E1}forr,, in Assumption 5.7(i), and

* (C the same bivariate copula densities for edges ¢ € E; withj > 2 as in
(5.8).

In particular, the copula C of ¢ has tail copula R with tail copula density 7.
Proposition 5.8 is foreshadowed by Theorem 3.4 and Example 3.5 in Li and Wu (2013), who
consider D-vine copulas and who require stronger convergence properties.

5.3 Truncated X-vines

If the bivariate copula density ¢, j,.p, associated with an edge e € E, U--- U E,_; is equal to
the independence one, ¢, p,.p, =1, the corresponding factor drops out in (5.1) and the
recursive formulas in (5.4) and (5.7) simplify to R,,|p,up, (Xa. | Xp,up.) = Ra, D, (%a, | %p,) and
Ry, D,ua, (xbe IxDzuaB) =Ry, |p, (x;,e IxDE). Sparse X-vine specifications arise when ¢, ,.p, =1 for
many edges e € E; U --- U E;_;. Model selection of sparse vine copulas in high dimensions has
been investigated in Miiller and Czado (2019) and Nagler et al. (2019). The case where all pair cop-
ulas are equal to the independence one for all edges starting from a given tree is of practical import-
ance (Brechmann et al., 2012; Brechmann & Joe, 2015).
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Definition 5.9 A truncated regular vine tree sequence V = (T4, ..., T,) ond > 3 elements
with truncation level g € {1, o, d- 2} is an ordered set of trees for which
there exists a regular vine tree sequence V' = (T, ..., T, ;) on d elements

such that T;=T; forallj e {1, ...,q}.

Definition 5.10  The triplet (V, R, C) is a truncated X-vine specification on d elements
(d > 3) with truncation level g € {1, ..., d -2} if:

1. V= (T,')‘II-:1 is a truncated regular vine tree sequence on [d];

2. R={rup:e={a, b} €E1} is a family of bivariate tail copula
densities;

3. C={cyp.p, :€=(ac, be; D,) € U(;:z E;} is a family of bivariate copula

densities; in case g = 1, we have C = 0.

By definition, any truncated X-vine specification can be completed to a full X-vine specification
by completing the truncated regular vine tree sequence V to a full one V' as in Definition 5.9 and by
setting ¢,, p,.p, = 1 foralle € E},; U --- U E);_,. The resulting X-vine copula density r does not de-
pend on the way in which the truncated regular vine tree sequence V is completed, since the fac-
torization in (5.1) simplifies anyway to

q
r(%) = [ | 7au. a0 26.) - [ [ [ [ Cavsbusn. (Rac 1D, (%a, 1%D,)s Ro, 1, (%5, | ,)), (5.10)

e€kE; j=2 e€E;

The right-hand side of (5.10) involves 27.22 (d — j) bivariate copula densities. The truncation level

q allows to tune the trade-off between sparsity and flexibility. If g = 1, the second product is empty
and the model is a Markov tree as in Engelke and Hitz (2020), Segers (2020) and Engelke and
Volgushev (2022). Increasing q and adding trees (‘layers’) yields more complex dependence mod-
els. Truncated X-vine specifications will be shown at work in Section 9.

6 Sampling from X-vine Pareto distributions

6.1 Inverted multivariate Pareto distributions

In Section 2, we introduced the multivariate Pareto distribution (2.11) as a limit model for high
threshold excesses in (2.10). In the context of tail copula measures, it is more convenient to
work with their reciprocals.

Definition 6.1 The d-variate random vector Z has an inverted multivariate Pareto
distribution if there exists a d-variate tail copula measure R such
that P(Ze€eB)=R(BnL)/R(L), for Borel sets B, with

L= [x € (0, 00]?: minx < 1]; equivalently, if there exists a multivariate

Pareto random vector Y such that Z=1/Y.

If R is concentrated on (0, c0) and has density 7, then Z has probability density
x — 7(x)1(x € L)/R(L). In general, for j € [d], the conditional distribution of Z; given Z; < 1 is uni-
form on (0, 1); this follows from the marginal constraint (2.2). For Borel sets B, we have

P(ZeB|Z<1)=R(BnL"), (6.1)

where the set LV = {x € (0, o0]¢: x; < 1} has R-measure one. Hence, on L, the probability dens-

ity x — r(x)1{x; < 1} of (Z | Z; < 1) coincides with the tail copula density r.
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For the random vector U in Definition 2.1, the inverted multivariate Pareto vector Z is the weak
limit in

(U | minU<1/8)Z, t— oo. (6.2)

For nonempty ] C [d], we have (tU; | minU; < 1/t) » Z; 4 (Z; | minZ; < 1),ast — oo. The con-
ditional marginal Z; has a |J|-variate inverted multivariate Pareto distribution associated with the
marginal tail copula measure R; in (2.6). In contrast, Z; does not necessarily have an inverted
multivariate Pareto distribution, as min Z; < 1 is not guaranteed.

6.2 Sampling from (inverted) multivariate Pareto distributions

Through equations (2.10) and (6.2), the (inverted) multivariate Pareto distribution serves as a model
for arandom vector conditionally on the event that at least one variable takes a value far in the tail of its
respective marginal distribution. The L-shaped support of the (inverted) multivariate Pareto distribu-
tion makes direct random sampling from it a little awkward. Lemma 2 in Engelke and Hitz (2020) pro-
vides an ingenious algorithm that reduces the task of sampling a multivariate Pareto random vector Y
to sampling the conditional distributions (Y | Y; > 1) forevery; € [d]. Below, we study the equivalent
problem of simulating from the conditional distribution of (Z | Z; < 1) for X-vine tail copula densities.

We will do so by inverting the Rosenblatt transformation (Rosenblatt, 1952), applying condi-
tional quantile functions with an increasing number of conditioning variables successively to in-
dependent uniform random variables. A judicious choice of the ordering of the variables
permits to compute the required conditional quantile functions recursively in terms of the bivariate
ingredients of the X-vine specification. This sampling order (Cooke et al., 2015) is encoded by the
permutation constructed in the next lemma.

Lemma 6.2 Let V be a regular vine sequence on d elements. For all j € [d], there exists a
permutation oj of {l, s, d} such that (i) 6j(1) = and (ii) there exist edges
67,1€E1,.. ,dleEdlsuchthata,-(k)eC and {O'i(i):i=1, ...,IQ}=

for all k IS {2 }

Ck-1

ekl

Let 7 be an X-vine tail copula density as in Definition 5.3. For each edgee € E; U ... U E4_; and
for fixed 0 <uy,, <1, let u,, — C; 1‘b D, (#1a, |up,) be the inverse of the distribution function

g, — Cy b0, (4a, |up,), with C, p,.p, defined in (5.3). Similarly for C;zllae;De' Recall from

Proposition 3.1 that for i € [d], nonempty J C [d] \ {7}, and x; € (0, o0)? such that r7(%x7) > 0, the
quantile function u; — Ri"ll(u,- |x;) is the inverse of the distribution function x; — R;j(x;|x;).
Inverting (5.4) yields the recursive relations

R; by (ta, | %D,00,) = R, ‘D (Cal s, (0. | Ry, 053, 1%0,)) | 2D, ) 63

R o 00, 1%0,08) = R, (Col i, (40, 1 Raci, (5, 1 %0,)) | %, ).

Let Wy, ..., W, be independent random variables, all uniformly distributed on (0, 1). For; € [d],
let 6; be a permutation of [d] satisfying the two requirements in Lemma 6.2. Define a random

vector ZV) = (Z({), c Zg)) recursively as follows:

Z'=w; and 7V, =K (Wou 120,

, (11 )) kel2,...,d}. (64

0i({Lk= 1}>)

Proposition 6.3  Let Z be an inverted multivariate Pareto random vector associated with
the X-vine tail copula density 7. Forj € [d], the distribution of Z") in (6.4)
is equal to the one of Z conditionally onZj<1.Foreveryk € {2, ..., d},

the conditional quantile function R is of the form R

(k) | j({1,...k—1}) a, | D.Ub,
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or R;:‘ D,ua, for some edge e=ej;_1 € E;_; and can thus be computed
recursively via (6.3).

The simulation algorithm based on Proposition 6.3 relies on structure matrices encoding regular
vine sequences as explained in Appendix A in the online supplementary material. In Section 8, we
apply the algorithm to assess the estimation methods from Section 7 through Monte Carlo
experiments.

7 Estimation and model selection

Let X; = (Xi1, ..., X;4) fori € {1, ..., n} be an independent random sample from a distribution
function F with continuous but unspecified margins Fy, ..., F; and whose survival copula C has
lower tail copula R (Definition 2.1). Suppose that the tail copula density 7 is an X-vine with spe-
cification (V, R, C) (Definitions 5.3 and 5.5 and Theorem 5.6). We propose a procedure to esti-
mate 7 from the excesses over a high multivariate threshold.

The regular vine sequence V = (T,-)‘/t1 with trees Tj = (Nj, E;) may be known or not. The bivari-
ate tail copulas 7, for edges e = {a, b} € E; in the first tree and the bivariate copula densities
Ca, b0, for edges e = (a., be; D.) € E; in trees j > 2 are assumed to belong to prespecified (lists
of) parametric families. The X-vine specification may be truncated (Definition 5.10), leading to
a simpler model.

The basis of the method is a link between the conditional copula densities ¢y in Sklar’s theorem
(Proposition 3.1) on the one hand and the inverted multivariate Pareto distribution (Definition 6.1)
on the other hand (Section 7.1). In Section 7.2, we propose parameter estimates, supposing that V is
given and that parametric families of (tail) copula densities have been specified for all edges. In
Section 7.3, finally, we treat model selection, which comprises the selection of the parametric fam-
ilies of the bivariate model components, the selection of the regular vine sequence V, and the selec-
tion of the truncation level g.

7.1 Copulas and inverted multivariate Pareto distributions

Let 7 be a d-variate tail copula density, not necessarily an X-vine. In Sklar’s theorem (Proposition
3.1), suppose that the copula density ¢y satisfies the simplifying assumption (Definition 3.4). The
following proposition shows how to transform an inverted multivariate Pareto random vector Z
associated with 7 into a random vector with density cy;.

Proposition 7.1  Let r be a d-variate tail copula density and let Z be an inverted multivari-
ate Pareto random vector associated with . Let I, | C [d] be nonempty
and disjoint.

(i) For zj € (0, o)/ such that min 27 <1 and r;(zj) > 0, the conditional

density of Z; given Z; =zy is ryjj( - | 2p).
(ii) Suppose [I| > 2. If ¢py( - 5 - ) satisfies the simplifying assumption
(Definition 3.4), then, conditionally on the event min Z; < 1, the ran-
dom vector (Ri|](Zi | Z]))iel is independent of Z; and its density is cz;;.
By statement (ii), the density of (R;|;(Z;| Z]))iel given Z; € A is equal to cg; for any nonempty
set A C {z € (0, )’ : minz < 1}. For estimation, we will use this property for A = (0, 1Y/, requir-
ing in effect that all variables (rather than at least one) in ] exceed a high threshold. We do so in
order to avoid a potential bias stemming from including too many nonextreme values in the pro-
cedure. An alternative would be to opt for a censored-likelihood approach (Ledford & Tawn,

1996).

7.2 Sequential maximum-likelihood estimation of X-vines

Let the d-variate tail copula density  be an X-vine specified by (V, R, C) as in Theorem 5.6.
Assume that the bivariate tail copula densities (R) and bivariate copula densities (C) belong to spe-
cified parametric families. Let the parameter vector be denoted by 8 = (6%, 6¢): here, Or = (6,) ¢,
contains the parameters (or parameter vectors) 8, € @, associated with each pairwise tail copula

density r,, s, for e € E1, while 6, = (6¢) 7.;2 for fc,j = (0e).cf, denotes the parameters (or parameter
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vectors) 6, € O, associated with each bivariate copula density ¢, j, .p, for e € U E While it is
possible to derive the full likelihood of an X-vine (inverted) multivariate Pareto dlstrlbutlon per-
forming parameter estimation with the full model in high dimensions is challenging. Instead, using
the X-vine decomposition into bivariate components and recursively defined quantities (Theorem
5.6), we outline a sequential procedure for parameter estimation, tree by tree. This approach is
inspired by the one for regular vine copulas (see, e.g. Czado, 2019), but with suitable adaptations
to the extreme value context.

(1) Standardizing the margins and selecting sub-samples. Recall that X1, ..., X,, is an independ-
ent random sample from F, with survival copula C, tail copula R and tail copula density 7. For
i=1,...,nandj € [d], let U,, =1- F'(X,,) where F denotes any estimator of the marginal dis-
tribution function Fj(x) = P(X;; < x). One possibility is the empirical distribution function, and to
avoid boundary effects, we set

Uij=1- (rnk,; — 0.5)/n, (7.1)

where rnk,, Z?:l 1(X,,; < Xij) is the (maximal) rank of X;; among X1, ..., X,,j. We view the
points U (U,,l, ..., U;4) as pseudo-observations from the survival copula C.

__ By equation (6.2), for large ¢> 0, the rescaled points tU; for i € {1, ..., n} such that min
U, < 1/# constitute pseudo-observations from a distribution that approximates the inverted multi-

variate Pareto distribution associated with r. We set t =7/k where, in an asymptotic setting,
k=k, € {1, ..., n} satisfies k - o0 and k/n — 0. For j € [d] and U, as in (7.1), let

K,-=[z‘=1, ...,n;ff,-,,-</</n} (7.2)

be the set of indices i corresponding to the k largest observations for the jth component. Further,
put K; =g Kj and K= ¢4 Kj, which are, respectively, the set of indices 7 corresponding to

large observations in all variables m] C [d] szmultaneously and the set of indices with large obser-
vations in at least one variable. Write Z; = (Z,,),E[d] where Z,, (n//e) ;j- In view of equation

(6.2), we treat {Z;};,cx as a sample of |K| pseudo-observations of the inverted multivariate
Pareto distribution associated with 7. The sample size |K| is random, and from (7.1), we have

k < |K| £ dk. For nonempty | C [d] and i € K, we write Z‘,] = (Z’,/’);‘e]-

(2) Estimating the tail copula parameters 0% in T;. For each edge e = {ae, be} € E,, we estimate
the parameter (vector) 6, associated with the bivariate tail copula density 7, 4, ( - ; .). By equation
(6.1),forj € {a., b}, the conditional density of (Z,,, Zp,) given Z; < 1is 7, (2a,» 26,3 0c)1(zj < 1).

We use maximum pseudo-likelihood estimation to fit this density to the sub-samples (Z‘,a,,,, Z,bg)
for both i € K,;, and i € K}, with K; as in equation (7.2). More precisely, we maximize each of the
two pseudo-likelihoods

Lre(005 Ziais Zip )51 € K) = [ raut(Ziaer Zins 0)s 7 € laes bo)y (7.3)
ieK;

over 0 €0,, yielding estimates 6§ and 9(;’5‘), respectively. The final estimate is
9%58 = {9(6”") + @)Lb“)}/l. The idea of averaging maximum pseudo-likelihood estimators on product
spaces has already been proposed for the Husler—Reiss model (Engelke et al., 2022, 2015). Other
estimation approaches include censored likelihoods (de Haan et al., 2008; Ledford & Tawn,

1996) or empirical stable tail dependence functions (Einmahl et al., 2018, 2008).

(3) Estimating the copula parameters 6; in T,, ..., T,_;. Estimation of the parameters
associated with edges e = (4., b.; D,) in E; for j € {2, c,d- 1} is based on a similar procedure
as the one employed in regular vine copulas (Czado, 2019, Section 7.2). The main difference
concerns the definition of the pseudo-observations: if O(E. (-1)) denotes the parameter estimates

Gzoz Ainr 91 uo Jesn JID0TOHOASd 3A ILTINDV4 V13A 1419 10N Ad #1.€906./6.G/€/.8/2101He/gsssul/woo dnoolwapede//:sdiy Woly papeojumoq



J R Stat Soc Series B: Statistical Methodology, 2025, Vol. 87, No. 3 595

associated with the edges in Ei.j_1y=E;U---UE; 4, by Proposition 7.1(i), for i € Kp,,
pseudo-observations (Uj,;p,, Up..p,) from ¢, p..p, can be defined by

~

Uia;p, = Ra, D, (Z‘,ay | Zip,; @’(El:j—l)), Uiy, = R, 1, (21',};9 | Zip.; @(51:/—1))- (7.4)
The full procedure is detailed in Section D of the online supplementary material.

7.3 Model selection for X-vines
Model selection for X-vines based on a random sample X1, ..., X}, from F involves:

1. selecting a regular vine sequence V = (T4, ..., T4_1);
2. given the regular vine sequence obtained in (1), choosing adequate bivariate parametric (tail)
copula families, R and C.

In fact, the two procedures are executed together sequentially, progressing from one tree to the
next tree. First, we describe step (2) given the regular vine sequence V.

Selecting parametric (tail) copula families given a truncated regular vine sequence. We first
consider the specification of R in Definition 5.5 in tree Ty. Let Bg,1.7 = (Bg,1, ..., Br,1) be the
list of candidate bivariate tail copula families. For each edge e = (e,, ¢,) € E1, specifying R
involves choosing the bivariate tail copula family among Bg 1. 1. Similar to the idea of averaged
maximum pseudo-likelihood estimates in Section 7.2, we use the averaged-AIC value for selecting
bivariate tail copula families. For each edge e and each Bgr,, t=1, ..., T, we obtain two

maximum pseudo-likelihood estimates @)Lt’””) and é(ez’b“), derived through the maximization of
log-likelihood functions on product spaces; see (7.3). The averaged-AIC value is

AIC,(Bgr,) =20 = L{log L . (9&’””) +log Lz, (@Ef’b”)}, where v is the number of parameters

in Bgr,;. We select the bivariate tail copula family with the lowest averaged-AIC among
AIC.(Bgr,1), -- ., AIC.(Bg,7).

Similarly, to specify C and select the bivariate parametric copula family among a list of candi-
dates for each edge in E; U --- U Ey_{, we follow common practice in vine copula modelling
and choose the family with the lowest AIC; see Brechmann (2010) and Czado (2019, Section 8.1).

It is worthwhile to note that when implementing the model selection step for an edge e in E;, only
the trees Ty, ..., T; need to have been selected, but not the trees Tjy1, ..., Ty—_y. This sequential
approach aligns well with the vine learning procedure in the next paragraph.

Selecting the regular vine sequence. Morales-Napoles (2010) showed that the number of regular
d-2

-1
vine sequences on d elements is equal to d! 2( 2 ) , making it impossible to go through all
possible vine sequences. We adopt a model selection approach similar to the one in Dissmann
et al. (2013), choosing trees sequentially from Ty to T,_;.

To select the first tree, T4, on the node set Ny = [d], we follow a procedure as in Engelke and
Volgushev (2022) and Hu et al. (2024). For every pair {a, b} of distinct elements in [d], let w,,
be a nonnegative weight derived from the data. We use an empirical version of the tail dependence

coefficient y,;, = R, (1, 1), setting w,;, equal to 7,, = %Z?:l 1{6,-,(, < k/n, f],-,b < k/n}, where

f],»,a and ﬁi,b are defined as in (7.1). Another possible edge weight could be the empirical extremal
variogram as in Engelke and Volgushev (2022). For subsequent trees T», ..., T4_1, the edge
weight is chosen to be the absolute value of the empirical Kendall’s tau. All trees are selected as
maximum spanning trees; see, for example, Czado (2019, Section 8.3).

Selecting truncated regular vine tree sequences. The model selection procedure described above
may set all pair-copulas to the independence copula in the subsequent trees from Ty4q to T;_; for a
truncation level g € {1, ..., d — 2}. In this case, the resulting model corresponds to the truncated
X-vine model in Definition 5.10. Besides an information criterion, we consider two additional
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criteria for selecting the independence copula at an edge e: when the effective sample size |[Kp,| =
np, falls below a certain low value, or when the absolute value of the empirical Kendall’s tau is
close to zero. Sparsity induced by a smaller effective sample size, is more likely when the total sam-
ple size n is relatively small with respect to the dimension d.

Even when the above criteria are not met, when d is large, it is natural to limit the number of
model parameters by considering truncated X-vines, since Dissmann’s algorithm captures as
much dependence as possible in the first few trees. We use a modified Bayesian information
(mBIC) to determine the truncation level, inspired by the one for regular vine copulas in Nagler
etal. (2019). This modified version adjusts the prior probability in the BIC to penalize dependence
copulas more severely in trees at higher levels. More specifically, assuming that for any edge e € E;
for j > 2, the parametric family has a single parameter 6, and that a value of §, = 0 corresponds
to the 1ndependence copula, the mBIC includes independent Bernoulli variables 1(6, # 0)
with mean y, =y ' for e e E; and a hyperparameter y, € (0, 1): set mBIC(1)=0 and, for
ge{2,...,d—1}, put

mBIC(q ZZ[ (6, # 0) {lognDF—210g<1i/76%>} —210g[(£(1’e(&£21}:| (7.5)

j=2 e€E 1_‘//3)

with L¢, as in (D.1). The selected truncation level g* is the value of g in {1, ..., d — 1} that min-
imizes mBIC(q). In practice, we will set y, = 0.9 as in Nagler et al. (2019).

8 Simulation study

We conduct three simulation studies, evaluating the proposed procedures for parameter estima-
tion, selection of bivariate parametric (tail) copula families, and vine truncation.

8.1 Parameter estimation

We first consider the 5-dimensional X-vine model r in Figure 2a. The bivariate tail copula densities
7a..b, 0 the first tree Ty = (N1, E1) are chosen from the Hiisler-Reiss model, the negative logistic,
logistic, and Dirichlet families (Section 4), while the bivariate copula densities ¢, p,.p, in the sub-
sequent trees T; = (N, E;) forj € {2, 3, 4} are taken from the Clayton, Gumbel, and Gaussian cop-
ula families. Figure 2a shows the values specified for the tail dependence coefficient y = R(1, 1) or
for Kendall’s z for each edge. The formulas connecting the parameters of the families of tail copula
densities with y are given in Appendix E.1 in the online supplementary material.

Implementing simulation algorithms as detailed in Section 6 and Appendix A in the online
supplementary material, we generate multivariate inverted Pareto random samples Zy, ..., Z, as-
sociated with 7. As in equation (7.1), we transform to Ql, .. U,,, with U; j based on the rank of
Z;jamong Zy j, ..., Z,;. We then take the sub-sample {Z;};cx w1th K=Jjeq Kjand Kjasin (7.2).

We set (1, k) = (4000, 200) and perform sequential parameter estimation as in Section 7.2 over
200 repetitions. We obtain maximum pseudo-likelihood estimates and corresponding dependence
measures, ¥ and 7, using the relations in Appendix E.1 of the online supplementary material, for
each of the 10 edges in the vine. In Figure 2b, box-plots present dependence measure estimates
of parametric families based on the X-vine specification in Figure 2a. The four left-most box-plots
(light sky blue) show the tail dependence coefficient estimates ¥ for the four edges e € E;, and the
remaining plots display Kendall’s tau estimates 7 for the six edges e € E; U E3 U E4. The plot sup-
ports the validity of the sequential method for estimating tail dependence measures. We see that
estimation uncertainty becomes larger at higher tree levels. Sections F.1.1-F.1.3 in the online
supplementary material include additional box-plots: first, of dependence measures as in
Figure 2b, but supposing that the bivariate parametric families are known, second, of dependence
measures with varying sample sizes and threshold exceedances, and third, of maximum-likelihood
estimates of tail copula densities for a specific edge e € E; with varying (n, k).

8.2 Selecting parametric (tail) copula families

We assess algorithm effectiveness in selecting bivariate parametric families for each edge in each
tree, using the X-vine specification in Figure 2a. While the flexibility of X-vine models allows us
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T 99% 40% 60% 49%
T, 58% 93% 82%
T; 42% 68%
Ty 11%

to consider any bivariate parametric family, we simplify the process by considering a catalogue of
four candidate tail copula models for T;: the Husler-Reiss, logistic, negative logistic, and Dirichlet
models, along with a catalogue of nine candidate pair-copula families for T, T3, Ty:
Independence, Gaussian, Clayton, Survival Clayton, Gumbel, Survival Gumbel, Frank, Joe, and
Survival Joe copulas, as implemented in the R package VineCopula (Nagler et al., 2023).

Using again 200 repetitions with (1, k) = (4 000, 200), we assess the accuracy of the (averaged)
AIC in Section 7.3 in selecting bivariate parametric families. The overall proportion of correctly
selected families across all trees is 60%. For individual trees, the proportions are 62% for Ty,
78% for T>, 55% for T3, and 10% for T4. The specific proportions for each edge in each tree are

The lower proportions observed for e;3 and e4s in Eq result from the challenge in distinguishing
between the logistic and negative logistic models. Overall, the proportion of accurately selected fam-
ilies decreases with declining effective sample size and Kendall’s tau estimate across tree levels. We ob-
serve the lowest proportion for the deepest edge e15.234 where the corresponding pair-copula exhibits
weak dependence. For this edge, the algorithm selects the independence copula 110 times out of 200.

In Section F.1.4 of the online supplementary material, we investigate the effective sample sizes
for each tree.

8.3 Tree selection and truncation

We consider a higher dimensional X-vine model where residual dependence weakens with increas-
ing tree level. Specifically, for V we consider a 50-dimensional C-vine, that is, in each tree T}, there
is a single node a; € [d] such that a; belongs to the conditioned set C, of all edges e € E;. The first
tree includes the Hiisler—Reiss models and negative logistic models with randomly assigned par-
ameter values 0, € [1, 2] for e € E;. Subsequent trees contain bivariate Gaussian copulas with
partial correlations p,=1.1-0.1j for e€ E; and j € {2, ..., 9}, and p, =0.1 for e € E; with
j = 10. This X-vine specification allows us to explore truncated X-vine models by setting pair-
copulas with weak dependence to independence copulas.

We use a single inverted multivariate Pareto sample of size # = 1 000 from the X-vine model dir-
ectly, i.e. without rank transformation and thresholding. As in Sections 7.2 and 7.3, we sequen-
tially select trees T4, ..., T4y using, for e € E; and 7, for e € Ej, j > 2, as edge weights, with
%, as in equation (E.1) in the online supplementary material. For each selected tree, we choose
the bivariate parametric families with the lowest (averaged) AIC for each edge and estimate the
associated parameters. Additionally, independence copulas are chosen in subsequent trees if either
[7.] < 0.05 or np, < 10 for each edge.

To explore truncated X-vine models, we use the mBIC in (7.5) with w, = 0.9 as in Nagler et al.
(2019). The estimated mBIC-optimal truncation level is g* = 19 (dotted line in Figure 3a). We assess
the goodness of fit by comparing pairwise y-values from the true X-vine model with those from the
fitted 50-dimensional X-vine model via Monte Carlo simulations (as explained in Section E.2 in the
online supplementary material) in Figure 3b. For the truncated X-vine model, the y-plot in Figure 3¢
resembles that of the full model but exhibits more variability, particularly for lower y-values.

9 Application: US flight delay data

We apply X-vine models to investigate extremal dependence among large flight delays in the US
flight network. The raw data set is accessible through the US Bureau of Transportation
Statistics.” These flight delay data were analysed by Hentschel et al. (2024) who first selected

2 https:iwww.bts.dot.gov.
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Figure 3. Simulation study: (a) The modified Bayesian information (mBIC) plotted across tree levels with a dotted
line indicating the selected mBIC-optimal truncation level of g* = 19. (b) y-plot comparing pairwise y values from the
true X-vine model to those obtained from the fitted 50-dimensional X-vine model via Monte Carlo simulations.
(c) Similar to (b) but for the truncated fitted X-vine model.

airports with a minimum of 1,000 flights per year and applied a k-medoids clustering algorithm to
identify homogeneous clusters in terms of extremal dependence. This clustering approach not only
makes the analysis suitable for modelling extremal dependence but also reveals shared frequent
flight connections between airports and similar geographical characteristics in each cluster.
Focusing on the Hiisler—Reiss family, Hentschel et al. (2024) fitted an extremal graphical model
to large flight delays of airports in the Texas cluster to investigate conditional independence.

For the purpose of model comparison, we also analyse daily total delays (in minutes) in the
Texas cluster. The cluster comprises d =29 airports and counts # = 3,603 days from 2005 to
2020, during which all airports have recorded measurements. These preprocessed data are avail-
able through the R-package graphicalExtremes (Engelke et al., 2022). A graphical represen-
tation of the actual flight connections between airports is presented in Figure 4a.

Let x;, for i=1, ..., n, denote the measurements. Following the standardization process with
the rank transformation (7.1) as in Section 7.2, we take the sub-sample Z; = (n/k)u; for i €
K=Ueq Kj as in (7.2). We choose k =0.137 in order to have a large enough effective sample
size with respect to the number of variables.

Assigning, for e € E1 and7, for e € E;,j > 2, as edge weights, we select the trees of the regular
vine sequentially as in Section 7.3. Figure F.5a in the online supplementary material shows the first
maximum spanning tree. The corresponding estimated tail dependence coefficients vary between
0.42 and 0.65, with a mean of 0.55. Out of the d — 1 = 28 edges in T4, selected bivariate tail copula
families include the Hiisler-Reiss (8 edges), negative logistic (3 edges) and Dirichlet models (17
edges). Subsequent trees with a total of 378 edges are then chosen with the following pair-copula
families (number of edges in parentheses): Independence (201), Gaussian (31), Clayton (8),
Gumbel (26), Frank (34), Joe (36), Survival Clayton (31), Survival Gumbel (9), and Survival
Joe (2). As the tree level rises, we observe a decline in residual dependence and an increase in
the number of independence copulas. The X-vine algorithm sets all pair copulas to the independ-
ence copula from T, that is, the vine is truncated at level g = 20.

To evaluate the X-vine model’s efficacy in capturing extremal dependence for large flight delays
between airports, we compare bivariate and trivariate empirical tail dependence coefficients with
those from the fitted X-vine models in Section F.2.2 in the online supplementary material. Fig. F.6
in the online supplementary material indicates a satisfactory fit, both for the full 29-dimensional
model and for the truncated model.

To further explore truncated X-vine models with a lower truncation level, we use the mBIC in
equation (7.5). Figure F.7a in the online supplementary material illustrates the mBIC-optimal
truncation level of g* =7, which corresponds to 113 dependence copulas [Gaussian (17),
Clayton (3), Gumbel (23), Frank (16), Joe (25), Survival Clayton (22), Survival Gumbel (6),
and Survival Joe (1)] out of the 147 total edges from T to T7. The total number of bivariate model
components is thus 28 + 113 = 141. Additionally, we investigate how the truncation level changes
over the threshold range in Figure F.7b in the online supplementary material. It appears that the
mBIC-optimal truncation levels are not overly sensitive to the choice of the threshold. The
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Figure 4. (a) Flight graph illustrating connection flights between airports joined by edges in the Texas cluster. (b) The
X-vine graph with the first seven trees superimposed, showing for trees T, to T7 only the 113 out of 147 edges for
which a copula other than the independence copula is selected, for 141 edges in total. (c) The estimated extremal
Husler—Reiss graph structure using the regularized method with a tuning parameter value of p* = 0.1, totalling 148
edges. Corresponding y-plots comparing empirical pairwise tail dependence coefficients with those from the fitted
graphical models: (d) the flight graph, (e) the truncated X-vine graph, and (f) the extremal Hisler-Reiss graph using
the EGlearn algorithm.

superimposed graph of the first seven vine trees is shown in Figure 4b, showing for T, to T7 only
the 113 out of 147 edges for which a copula other than the independence one is selected. The vine
tree sequence from T to T is presented in Figure F.5 of the online supplementary material.

Returning to model comparison, we consider extremal Hiisler—Reiss graphical models (Engelke
etal.,2021; Hentschel et al., 2024). Hentschel et al. (2024) obtained a sparse Hiisler—Reiss graph-
ical model using the EGlearn algorithm (Engelke et al., 2021). The tuning parameter p > 0 con-
trols sparsity. The empirical extremal variogram matrix I" is used as edge weight for the minimum
spanning tree with smaller elements in I' indicating stronger extremal dependence. Following
Engelke et al. (2022), the data set is split in half: a training set for model fitting and a test set
for tuning parameter selection. We determine the optimal tuning parameter, p* = 0.1, by evaluat-
ing the Hisler-Reiss log-likelihood across tuning parameter values p from the test set. The result-
ing sparse extremal graph with 148 edges and p* = 0.1 is shown in Figure 4c.

We assess the goodness of fit using the entire sub-sample and compare empirical tail dependence
coefficients to those obtained from the fitted graphical models as explained in Appendix E.2 in the
online supplementary material: the Hiisler—Reiss extremal graphical model for the flight graph in
Figure 4d, the truncated X-vine model with g* = 7 in Figure 4e, and the extremal Hiisler-Reiss
graphical model with p* = 0.1 in Figure 4f, respectively.

The flexibility of a vine-based dependence model allows the selection of various (tail) copula
families with the lowest AIC. Recall from Section 4.2 that the Hiisler—Reiss model arising from
the X-vine specification is constructed using bivariate Hiisler—Reiss tail copula densities in the first
tree and bivariate Gaussian copulas in subsequent trees. In the truncated X-vine model, 8 out of 28
edges prefer Hisler—Reiss models in Ty, while in trees T; for j > 2, a total of 96 out of 113 edges
favour copula families other than the Gaussian one. However, uncertainty in sequential parameter
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estimation tends to accumulate across tree levels. Consequently, the y-plot of the truncated X-vine
model shows a better fit but more variability. In contrast, the y-plot of the extremal Hiisler—Reiss
graphical model has less variability but seems biased towards higher tail dependence. Figure F.8 in
the online supplementary material presents a model comparison similar to Figure 4d—f, but focus-
ing exclusively on the Hiisler—Reiss model and using empirical tail dependence coefficients derived
from the empirical extremal variogram matrix.

10 Discussion

We have opened the door to the construction and the use of extremal dependence models based on
regular vine tree sequences. For (ordinary) copulas, the methodology has been extensively devel-
oped in the literature since its inception more than two decades ago. Our contribution is to deliver
the theoretical and methodological advances required to apply vine machinery in the extreme val-
ue context too. The key consists of a version of Sklar’s theorem applied to tail copula densities,
together with a telescoping product formula for regular vine sequences.

While the proposed methodology is fully operational, it is clearly open to improvement, while
many open questions remain, just as for ordinary regular vine copulas. We name just a few. The
vine sequence learning method inspired by Dissmann et al. (2013) aims to capture dependence by
the first several trees in the sequence, but there is no guarantee that it retrieves the true structure.
The regular vine atlas of Morales-Napoles et al. (2023) can serve as a test bed for evaluating vine
learning approaches. While the parameter estimators were shown to perform well in simulations,
their large-sample theory remains to be developed, in line with Hobak Haff (2013). For the
Hiisler—Reiss model, the precise connection between the variogram matrix and the correlation pa-
rameters of the bivariate Gaussian copulas remains to be elucidated and the effect of truncation on
the Hiisler-Reiss precision matrix (Hentschel et al., 2024) to be uncovered. The relation between
X-vines and graphical models for extremes as in Engelke and Hitz (2020) deserves further inves-
tigation, perhaps leveraging results of Zhu and Kurowicka (2022). Finally, as our approach is lim-
ited to dependence structures generated from max-stable distributions, a completely open question
is whether it can be extended to other settings in multivariate extreme value analysis, such as the
conditional extremal dependence model (Heffernan & Tawn, 2004) or the geometric sample-
cloud approach (Nolde, 2014; Simpson et al., 2021).
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