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Abstract

The local eigenvalue statistics of large random matrices near a hard edge transitioning into a soft
edge are described by the Bessel process associated with a large parameter a. For this point process,
we obtain 1) exponential moment asymptotics, up to and including the constant term, 2) asymptotics
for the expectation and variance of the counting function, 3) several central limit theorems and 4) a
global rigidity upper bound.
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1 Introduction and statement of results

The hard-to-soft edge transition is a universal phenomenon which arises in a wide class of unitary invariant
random matrix ensembles [5], but to make the explanation more concrete we are going to focus on Wishart
matrices. Let X denote an n x (n+a) matrix whose elements are independent standard complex Gaussian
random variables, and consider the matrix X X*, where X* is the conjugate transpose of X. Such matrices
were first studied in 1928 by Wishart [51], and since then have found applications in various areas, such as
numerical analysis [26], information theory [48] and finance [2]. Of particular interest is the local statistics
of the smallest eigenvalues of X X™* in the large dimensional limit. There are two distinct regimes that
have been observed [39]. In the limit n — +oo while « is kept fixed, the smallest eigenvalues accumulate
near the “hard edge” 0, and after rescaling, a limiting point process arises [28] [29], known as the Bessel
point process (which depends on «). On the other hand, if «o/n tends to a positive constant as n — 400,
then the smallest eigenvalues are pushed away from 0 and instead are located near a “soft edge”. In this
case, after rescaling, they give rise to the Airy point process [28] [29] (which is independent of «). The
hard-to-soft edge transition corresponds to the regime where ov/n — 0 but @ — +00, and is described by
the Bessel process associated with a large parameter a.

The above example of Wishart matrices only makes sense for @ € N>g := {0,1,2,...}, but in fact the
Bessel process can be defined for all values a € (—1, +00) [28, [29]. The Bessel point process is universal
in random matrix theory: it appears near hard edges of a wide class of random matrix models [50].

It is known, see [5, Theorem 1] or (1.16]) below, that the gap probabilities of the Bessel process, when
properly rescaled, converge as o — +00 to the gap probabilities of the Airy process. In this paper, we
establish various other properties of the large o Bessel process.

The Bessel point process is a determinantal point process on [0, 4+00) whose kernel is given by
Jo(VT) /Yo (VY) — VI, (V) Ja (/)
2(z —y)

where J,, is the Bessel function of the first kind of order a. As « increases, the Bessel process increasingly
favors configurations whose points are further away from 0. We refer to [47, 4, [35] for several surveys on
determinantal point processes.

ng(xay) = ’ o> 71; (11)



We emphasize that the Bessel process studied in this paper arises near hard edges of unitary invariant
random matrix ensembles. The generalization of this process to the so-called (-ensembles has been
introduced in [43] and is not determinantal. Tts transition to the 3 soft edge has been studied in [43] 44} [25].
We also mention that other types of hard-to-soft edge transitions than the one considered here have been
studied in e.g. [19] 136}, 52].

Let us introduce the parameters

m € Nsg, U= (u1,...,uy) ER™ and F=(x1,...,2m) € Ri‘r’sn, (1.2)
where RET i= {# = (21,...,2) : 0 < 21 < 29 < -+ < &y, < +00}. Our main interest in this work

lies in the generating function of the Bessel process, which can be written as the following exponential
moments

E,(Z,1) = E[He“iN"(xﬂ], (1.3)

j=1

where N, (x) denotes the random variable that counts the number of points < z in the Bessel process.
It is known that E, (%, @) can be naturally expressed in terms of the solution to a system of m coupled
Painlevé V equations [49] [I7]. The goal of this paper is to obtain precise exponential moment asymptotics
for E,(rZ, @) as r — +oo in the regimes outlined below which involve letting @ — +o0. Exponential
moment asymptotics have attracted considerable attention recently, partly due to their relevance for the
global rigidity of the associated point process, see Section Such asymptotics have been obtained
for various point processes, see [3| 9 6] [I3] for the sine process, [8, [12] for the Bessel process with «
fixed (or bounded), [7, [I5] for the Airy process, [16] for the Meijer-G and Wright’s generalized Bessel
process, and [20] for the Pearcey process. In Theorem below, we obtain asymptotics for E,(rZ, @) as
r — 400 in three regimes for the varying parameters a and &; this allows us to discuss the transition
to the Airy exponential moment asymptotics, and to obtain a precise matching, up to and including the
constant term, with the known exponential moment asymptotics from [8], [I2] for the Bessel process with
« bounded. More precisely, our main result is stated in Theorem and describes the asymptotics of
E,(rZ, 4) in the following three regimes:

1. r = 400, @ = a\/r — +oo with a,z1,..., T, > 0 fixed (or mildly varying),
2. 71— +00, @ = a\/T — 400, a = 0 with z1,...,x,, > 0 fixed (or mildly varying),
3. 1 — 400, @ = a\/T — +00, a fixed, and the points z; converging sufficiently slowly to a?.

The second regime, in which a — 0, requires a different (and more delicate) proof than the other two,
and allows for a matching with the results of [8, [12] for the Bessel process with o bounded, see Corollary
M2l The third regime is needed to discuss the transition to the Airy exponential moment asymptotics
obtained in [7), [15], see Corollary

Theorem [1.1] encodes significant information about the hard-to-soft edge transition: we can deduce
from it large r asymptotics for the expectation and the variance of N,(rz), see Corollary several
central limit theorems (CLTs), see Corollaries and and an upper bound for the global rigidity of
the process, see Theorem [L.11]

As mentioned, as o = a+/r gets large, the Bessel process increasingly favors point configurations with

fewer points near 0. The quantity o? = a?r, which appears at various places within the statement of

our results, is the lower end-point of the support of the points in the large o Bessel process (see also the
discussion at the beginning of Subsection [3.1]).

Theorem 1.1 (Exponential moment asymptotics for the large o Bessel process).

1. Let m € Ny, and let
a€(0,4+00), T=(u1,...,um) ER™ and T=(v1,...,Tm) € R(‘;’?, (1.4)

be such that

O<:c1<~~<a:n_1<a2<xn<~-<xm,



withn € {1,..., m+1}, 2o := 0, Tyms1 := +00, and for r > 0, define a« = a/r. Asr — 400, we
have

m m 2
E.(rZ i) = exp (Z Ujpha (T25) Z ?] (raj) Z UjULSo (Tk, T5)

j=n j=n n<j<k<m
" ws logr
+) log (G(1+ 524)G(1 — 2m))+0< ﬁ)) (1.5)
Jj=n

where G is Barnes’ G-function, and p, 0> and ¥, are given by

02 (r2) = log (4(rz — a?)3/2(rz)1) _logr N log (4(z — a?)*/2271) (1.7)

272 T 4x2 272 ’

YalTr, ;) = 1 ( \\?ig :Z2+\\ZZ:22|> . (1.8)

Furthermore, the asymptotics (L.5) are uniform for (x1,...,Tn_1,0%,Tp,...,2y) in compact subsets
of R and uniform for UL, ..., Uy 0 compact subsets of R.
ord ’ ) ) 74

2. Let m € Nyg, © € R™ and ¥ € R:rén, and for r > 0 and a € (0,/1), define o = a\/r. The
asymptotics of Eq(rZ, @) as r — +oo and simultaneously a — 0, a\/r — 400 are also given by the
rzght hand side of . (necessarily with n = 1). Furthermore, these asymptotzcs are uniform for
U, ..., Uy I compact subsets of R, and uniform for & in compact subsets of Rord .

3. Letm € Nsg and a € (0,+00) be fived, let @ € R™ and € RL, and for r > 0, define a = ay/r.
Assume that 0 < a® < x1 < --- < x,, and that the points {x;}1* tend to a? at the same sufficiently
slow rate in the sense that the following hold:

| T — a®| — 0 as r — +o0, (1.9a)
2
ki a2 stays in a bounded subset of (0,+00) for each j=1,...,m —1, (1.9b)
T —
1
ogr — 0 as r — 4o0. (1.9¢)

NG

In this regime, the asymptotics of Eq(r@, @) as r — 400 are given by the right-hand side of (1.5))
but with the error term O(logr/+/T) replaced by

ot (110

Furthermore, these asymptotics are also uniform for uy, ..., u,, in compact subsets of R.

The asymptotic formulas in each of the above three regimes can be differentiated any number of times
with respect to uy, ..., U, at the cost of increasing slightly the error term as follows. Let E.(rZ,@) be
the right-hand side of without the error term and let £ = log Eq(ri, @) — log Eo (rZ, @) be the error
term. Ifk1,...,km € Nso, k=ki + ...+ kp, > 1 and OF :651 ...35$, then

oke = @( (105;)'6> for regimes [ and B (1.11)
oke = O(%) for regime [3 (1.12)

Remark 1. If a®> > x,,, i.e. n =m + 1, then each sum in (1.5) should be interpreted as 0.

Remark 2. For the regimes 1 and 2 of Theorem [I.1] the points z1,...,x,, remain bounded from each
other, while for regime 3, the points z1, ..., x,, are merging. We believe the convergence rate (|1.9¢|) and
the error estimate (1.10]) are not optimal, and that they could be improved with some extra work.



As stated in part [2| of Theorem the error term in does not get worse as a — 0. It is however
important in our proof that a = a\/r — +00. The asymptotics of E,,(rZ, @) as r — +o0o with a bounded
are not covered by Theorem but they have been obtained in [8, eq (1.35)] for m = 1 and in [I2
Theorem 1.1] for m > 2. These asymptotics are given by the right-hand side of with n = 1 and
with i, 02 and 3, replaced by

log(4+/ = VI + /T
&2(ra) = BT g ey = L ( > (1.13)
27 |/ZT; — Tk

respectively. Corollary - below shows that Theorem [I.1| matches explicitly with [I2, Theorem 1.1] in
the regime a — 0, @ = a\/r — 400, up to an error (’)(logr +a?y/r). In other words, Theoremand 12
Theorem 1.1] taken together describe the asymptotics of E, 7(r¥,u) as r — 400, up to and including

the constant, uniformly for a € [%, ag] for any fixed ag € (0,x1) and fixed & € (—1,400).

Corollary 1.2 (Matching with the Bessel exponential moment asymptotics with « bounded). Let m €
Nug, @ € R™ and £ € R7™, and for v > 0 and a > 0, define o = ar/r. The asymptotics of E.(rZ,u) as

ord
r — +oo and simultaneously a — 0, a\/r — +0o can be written as

m m 2
u? ~
E,(r#, i) = exp <Zujﬂa(rxj + Z ?J (raj) Z UjuRX(xg, T5)

j=1 j=1 1<j<k:§m

= w; log r 5
+ > logG(1+ 35)G(1—5%)+ 0O +0 f) (1.14)
> os (257) + 0w

where iy, 62, Y are defined in (1.13|). Furthermore, these asymptotics are uniform for uy, ..., Um in
compact subsets of R, and uniform for & in compact subsets of R;é".

Proof. Since the error term in Theorem is uniform as a — 0, the claim follows after letting a — 0 in

(1.6)—(1.8]) with n = 1, and noting that
o (12) = fio(rz) + O(a®V/7), o (rz) = &2 (rz) + O(d?), Yolzr, xj) = i(mk,xj) + 0(d?) (1.15)
uniformly for Z in compact subsets of R;gﬂ and for r > 1. O

The Airy process is a determinantal point process on R whose kernel is given by

Kaila,y) = Ai(z)Ai'(y) — Ai'(x)Ai(y)7 sy R,

r—y

where Ai denotes the Airy function. It has been proved by Borodin and Forrester in [5, Theorem 1] that
Ppessel |there is a gap on [0, a? + 25y + (’)(a)]} — Pairy [there is a gap on [—y, —1—00]] (1.16)

as a — 00, for any y € R. Here “a gap” on an interval A C R means that no points in the process fall in
A. Tt is important to note that y is fixed in . In Corollary below, we show an analogue of
at the level of the exponential moment asymptotics, in the double scaling limit where both « — 400 and
simultaneously y — +o0o at a slow speed. Let Na;i(y) denote the random variable that counts the number
of points in [—y, +00) in the Airy process, y € R, and consider the exponential moment

EJA1 y, =E

He“JNA‘ Yi ], =1, .. Ym) ER™, &= (u1,...,un) € R™.

The asymptotics for Ea;(rai¥f, @) as ra; — +0o have been obtained in [7] for m = 1 and in [I5, Theorem
1.1] for m > 2, and are as follows:

m o2
Ei(raiy, @) = exp (ZujNAi(TAiyj Jrzjj Nram) + Y wurSaiyr, vs)
=1 j=1 1<j<k<m

- u) log 7ai
+Y log G(1 + 24)G( 2m)+o( i )) (1.17)

j=1 T Ai



where

) = o) = s ) = grslo (V)

Furthermore, the error term in (1.17)) is uniform for wy, ..., u,, in compact subsets of R. The result (|1.16]
suggests that the asymptotics of E,(r#, @) as r — 400, o — 400 and simultaneously

2 4 .
ij=a2+23a3rAiyj, j=1,...,m, 0<yr < < Ym,

with ra; — +o00 at a sufficiently slow speed should somehow be related to the asymptotics of Ea;(rai¥, @).
Corollary [I.3] below confirms this expectation.

Corollary 1.3 (Matching with the Airy exponential moment asymptotics). Let m € Nsg, a € (0, +00)
and 0 < y; < -+ < Y, be fized. Forr >0, define a = a+/r, and let © € R™ and ¥ € R;rr’;n be such that

2
a ozsrAl
23

(J,Sf’I”A1
XTj = — +
T

y; = a’ 423 A e — Y, ji=1,...,m, ra; > 0. (1.19)

Asr — +o00 and simultaneously

Mrr%(logr)% <ra; < r3 (1.20)

where M, > 0 tends to infinity at an arbitrarily slow rate as r — +oo (i.e. Mt = o(1)), we have

m 2

)52 (i +0(2)

E,(rZ, @) = exp <ZUJMA1 rAly])<1 +O(

y 3|
+ > “jukEAi(yk,yj)+ZlogG(1+T%i)G —55) (T fgr)) (1.21)

Tx-
1<j<k<m j=1 Ai
Furthermore, the error term is uniform for uy, ..., U, in compact subsets of R.

Proof. Substituting rz = o? + Z%a%rmy in ([L.6)—(1.8) and letting ™4+ — 0, we get
a3

Lo (1) = pai(raiy) (1 + O(ZE)), ai(rx) = Uii(TAl )+ @(TAI), Yok, xj) = Zai(ye, y;).  (1.22)

The claim now follows directly from part 3] of Theorem [T.1] O

1.1 Large r asymptotics of E[N,(rz,)], Var[N,(rz;)] and Cov[N,(rx;), No(rzs)]
It is directly seen from with m = 1 and m = 2 that
Oulog Eo(w1,u)|lu—o = E[Ny(21)], 02log Eo (w1, u)|u—o = Var[Na(z1)], (1.23)

oo (E T o)

o = 2Cov(Ny(z1), No(z2)). (1.24)

Recall that the asymptotics of Eq(rz1,u) and Eq((rz1,r22), (u,u)) as r — +00,a — 400, which are
given by Theorem [ with m =1 and m = 2 can be differentiated at the cost of increasing the error

term as in (1.11)-(1.12)). Hence, from , we obtain the following asymptotics for E[N, (rz1)],

Var[N, (rxl)] and Cov[Ny(rzy1), N, ,(m:z)] as r % +oo o — +00.

Corollary 1.4. Let 0 < x1 < x5 be fized, let a € (0,/71), and for r > 0, define a = a+/r. Asr — +o0,
we have

E[Na(ra:l)]:ua(rx1)+0(lc\)gfr> f/ md +o<1igf’"> (1.25)

1+ log“r
Var[N, (rz1)] = o2 (ra;) + QWZE —i—O( \g/?: >
:logr+1+10g(4(a?1—a)3/2 )+7E+O log? r 7
472 272 NG

log? r 1 Vs — a2+ V1, — a? log? r
Cov[Ny(rz1), No(rae)] = Xz, 21) + (’)( W ) = ﬁlog <\/x2 s B e +0 )




where yg ~ 0.5772 is FEuler’s gamma constant. Furthermore, these asymptotics are uniform for a in
compact subsets of (0,/T1).

Remark 3. The asymptotics , without the error term, have been obtained independently in the
recent work [45]. The main result of [45] is a general asymptotic formula for the variance of the counting
function of an arbitrary non-interacting fermion process. Non-interacting fermion processes are determi-
nantal point processes whose kernel can be written in the form

Ku(z,y) =Y ¢e(@)nly), n=#{k:e<p}, peR,

where €7 < €5 < €3 < --- denote ]‘Ehé eigenvalues of a Schrédinger operator H = —92 + V associated to
a certain potential V : R — R U {400}, and ¢}, denotes the eigenfunction associated to €. It has been
observed, see [38] Section 6.2], that the Bessel kernel, after a proper rescaling, arises as the limit g — +o0
of the correlation kernel of the non-interacting fermion process associated to the potential

o’—1/4 ifx>0
V(r) =4 2% 7 ’ (1.27)
400, if z <0.

The general formula of [45] specialized to the potential (1.27) agrees with (1.26)) up to and including the
constant; this consistency has been verified in detail in [45] Section V (ii)].

The large r asymptotics of E[N,(rz1)], Var[Nq(rz1)] and Cov[N,(rzy), No(rze)] with o bounded
have been obtained in [46] (for the leading terms) and in [I2) Corollary 1.2] (for the subleading terms).
Using 7 it is straightforward to verify that if a — 0 sufficiently fast, the asymptotics of Corollary
agree with [I2 Corollary 1.2], up to and including the constant term. More precisely, we have the
following.

Corollary 1.5 (Matching with the Bessel asymptotics with « bounded). Let 0 < z1 < xo be fized, and
fora>0,r >0, define a = a\/r. Asr — +00, a — +oo and a®\/r — 0, we have

E[N, (rz1)] = fia(rz1) + (’)(k\)f; + ﬂ/;),

B 1+ log? r
Var[ Ny (rz1)] = 62 (ra,) + %ZE +o< \g/; +a2>,

= log®r 9
Cov[Ny(rx1), No(rze)] = X(xe,21) + O +a® .
Jr
The following asymptotics related to the Airy process have been obtained in [46] (for the leading
terms) and in [I5] (for the subleading terms), and are valid as ra; — +o0o with fixed 0 < y1 < ya:
E[Nai(raiy1)] = pai(raiyr) +o(1),

+E
272 +o(1),

Cov[Nai(raiy1), Nai(raiyz)] = Lai(y1, y2) + o(1).

Using the expansions given in the proof of Corollary we establish the following asymptotics (the
result follows in the same way as Corollary .

Corollary 1.6 (Matching with the Airy asymptotics). Let 0 < y1 < y2 and a € (0,+00) be fized. For
r >0, define a = a+/r, and let x1, 2o be such that

1
Var[Nai(raiy1)] = oa;(raiyi) +

2 4 4
« 2 QU3 TAj 2A3TA; .
'Tj:i,r +23 y]:a2+23 T y]; J:]"Q'
r3

As ra; = +00 and r — +oo such that (1.20) holds, we have

E[Na(rz1)] = pai(raiyi) (1 + O(“ﬁ)) + O<rg 1fgr>7

r3 T Ai

1+ TAj 78 log? r
VarlNaran)] = o) + ot + O 44 TET),
™ r3 T Aj

78 log? r
Cov[Nu(rz1), No(rz2)] = XaAi(y1,92) + (’)(7n4g).
Ai

Remark 4. We believe the error estimates in the statement of Corollary are not optimal.



1.2 Central limit theorems

We first obtain a CLT for the counting function of the large a Bessel process.

Corollary 1.7. Let « = a\/7, a >0, r >0, and let m € Nyg and ¥ € R;T be such that 0 < a? < 1 <
-+ < Ty, Consider the random variables /\/'j(r) defined by

N(T) _ Na(ij) - Ma(rxj)

; , j=1...,m.
! o5 (rz;)
1. Asr — +o0 and o — +00, we have
WOLND N s N(0.I,). (1.28)
uniformly for (a®,x1,...,2.,) in compact subsets of R;rr’gnﬂ, where “~%5 7 means convergence in
distribution, I, is the mxm identity matriz, and N(ﬁ, I,,,) is a multivariate normal random variable
of mean 0 = (0,...,0) and covariance matriz I,,.

2. The convergence in distribution (1.28)) still holds in the regime where r — +00 and o = a/r — 400

such that a — 0 and Z lies in a compact subset of R;ﬁn.

3. The convergence in distribution (1.28) still holds in the regime where r — +00, o = a/r — +00,
a € (0,+00) is fived and & € R satisfies a®> < x1 < -+ < &, and (L.9).

ord

Proof. Recall that the asymptotics of part [I]of Theorem are valid uniformly for uq, ..., u, in compact
subsets of R, and uniformly for # in compact subsets of R_ . Therefore, it follows from (L.5) with n =1

and u; =t;/+/02(rz;) that
Ea[exp<2tj/\/j(r)>1 :eXp<ZQJ+O(1)>’ as r — 400, a — +00,
j=1

Jj=1

uniformly for # in compact subsets of R which implies the convergence in distribution (T.28)) stated

ord
in part 1 of the claim. The regimes considered in parts 2 and 3 of the claim follow similarly from parts

@l and Bl of Theorem [L.11 O

The Bessel process is locally finite, has almost surely all points distinct and possesses almost surely
a smallest point. Let 0 < &,,1 < &q,2 < --- be the points in the Bessel point process. Our next result
is a CLT for the fluctuations of the points around their classical locations. We will use the notation
[x] = |z + 3], i.e. [x] is the closest integer to z. Also, since p, : [@?,4+00) — R, defined by (L)), is
strictly increasing, it possesses an inverse which we denote by u, .

Corollary 1.8. Let a = ay/r, a > 0,7 >0, let m € Nyg and T € R;Zin be such that 0 < a? < x; <
s < Ty, and let kj = [pa(re;)], j=1,...,m. Consider the random variables Yj(r) defined by

allar,) — ki
yj(r):%’ j=1,...,m.
o2 o st (kj)
1. Asr — 400, a — +00, such that (a,x1,...,%y,) lies in a compact subset of Rjr’énﬂ, we have
(Yl(r)’ }/'2(7“)7 o Yn(l'f)) i} j\/’(d I,). (1.29)

2. The convergence in distribution (1.29)) still holds in the regime where r — +00 and o = a/r — 400

such that a — 0 and T lies in a compact subset of R;ﬁ".

3. The convergence in distribution (1.29) still holds in the regime where r — +00, o = a4/r — 400,
a € (0,+00) is fivred and T satisfies (1.9)).



Proof. The proof is inspired by (but different from) the proof of [31, Theorem 1.2]. Given y1,...,ym € R,
we have

]P’[Yj(r) <yjforallj=1,...,m| = P[fa,kj < ,u;l(kj +y;\/ 02 ou&l(kj)) for all j = 1,...,m},
= P[Na(u;1<kj +yj\/02 ougl(k‘j)>) > kj for all j = 17...7m}. (1.30)

Let us define

T ZZ%Mgl(ijryj UiouEl(ka‘)» j=1....m
As r — 400, @« = 400 such that (a,z1,...,2zy) lies in a compact subset of R;ﬁ"“, we verify from
and that

b = lalre)] =06, 35 =a;(1+0(y ),
and in particular (a2, %1,...,%,,) lies also in a compact subset of R;ﬁnﬂ for all sufficiently large r. Now,

we rewrite (1.30)) as

P[}/j(r) <yjforall j = 17...7m]
:IP)- kj_,ua(ri'j)

L Vo) - Vol

foralljzl,...,m}

Nao(ri;) — pa(ri;) o2 o piat (k)

=P > —yi————————forallj=1,...,m
VR Y ey ’ ]
[ (e T;) — Na o
_ p|Halr®) (r2;) y;(1+0(1)) forall j=1,... m} (1.31)
I o (ra;)
where o(1) in the last equality is understood as r — 400, a — 400 such that (a2, &1,...,&,,) lies in

a compact subset of R Part 1 of the claim now follows from (1.31) and part 1 of Corollary

ord
because if A is a multivariate normal random variable of mean 0 and covariance matrix I,,, then so is

—N. Part 2 follows similarly from (1.31)) and part 2 of Corollary For part 3 of the claim, we note
that

By = OWrlen —a*?), &5 =a; (14 O( Yotz

VT Zm—aZ|3/2

Since % = O(ljlj%) as r — +00, @ = 400 with a € (0, +00) fixed and & satisfying
(11.9), the claim follows from ([1.31)) and part 3 of Corollary O

1.3 Rigidity

There exist several notions of rigidity in the literature. For example, the Bessel process is said to be
rigid in [10, [IT], [40] because N, (x) is almost surely determined by the points on (x,400). In this work,
the rigidity of a point process refers to the study of the maximal deviation of the points with respect to
their classical locations. This notion of rigidity has been widely studied in recent years, see e.g. [27, [1]
for important early works, [32] for the sine process, [16] for the Airy and Bessel point processes, and
[14] for the Pearcey process. A global rigidity upper bound for the Bessel process with o bounded has
been established in [16]. In this work, we contribute in this direction by providing a global rigidity upper
bound for the large a Bessel process. Our techniques are inspired by previous works and rely on the
first exponential moment asymptotics, which are given by with m = 1. There already exist several
general rigidity theorems that are available in the literature, see [I8] [I6], but none of them can be directly
applied to our case. The reason is that here the Bessel process varies as r increases (recall that o« — +o0
as r — +00).

In fact, we will go slightly further and prove a general rigidity result which can be applied to varying
point processes that possess a smallest point almost surely and for which the first exponential moment
asymptotics are known. This result, which is stated in Theorem below, generalizes [16], Theorem 1.2]



and allows us to obtain a global rigidity upper bound for the large o Bessel process. It can also be applied
to other varying point processes, such as the conditional Airy and Bessel point processes considered in
[15, Theorem 1.2] and [12], Theorem 1.4], but we do not pursue this matter here.

Assume that we have a family of point processes { X, },>0, each of them with an almost surely smallest
point. Let N, (z) be the random variable that counts the number of points of X, that are < z. Our
general rigidity result will be valid under the following assumptions on {X, },>o.

Assumptions 1.9. There exist constants a > 0, M > /2/a, C > 0, 79 > 0, {ny,2,Mr1, 0 }r>r, With
0 <Ny < o < +00, 6 € (0, 22211 and functions {,, oy : [1r,17, 9r27] — [0,400)}>p, such that
the following statements hold:
(1) We have
]E[e'yNT.(a:r)] < Ce'ypr(a:r)JrgGﬁ(a:r), (132)
Oy

forally € [-M,M], all z € (9,1 + %,nm — %), and all r > rq.

(2) For each r > rg, the functions z — w.(z) and  — o,(x) are strictly increasing and differentiable,
and satisfy

lim pw,-((9r1 + 0r)r) = +00 and lim o.((nr1 4+ 0,)r) = +00.

T—+00 r—+00

Moreover, z — zp.(z) is non-decreasing and
Sl (xr
lim inf St ar) _ 4 o (1.33)
TA)JFOOIvyG(Wr,l-‘r%mrQ—%T) O—T(yr)

(3) For each r > g, the function 02 o w1 : [, (1, 17), wr(Nr27)] — [0, +00) is strictly concave, strictly
increasing, and
(02 op ) (k) = alogk + O(1) as 1 — 400, (1.34)
uniformly for & € [, (1 + 2)7), e (2 — %))

(4) The quantities 7,1 + ¢, and 7.2 — 1,1 — 40, remain bounded away from 0 as r — +oo, and 7,2
remains bounded away from +oo as r — +oc.

Theorem 1.10 (Rigidity). Suppose that {X,},>o s a family of locally finite point processes on the real
line with almost surely a smallest point and such that Assumptions hold. Let a,n,1,my2,0, be the
constants appearing in Assumptions and let &, denote the k-th smallest point of X, k> 1, r > 0.
Let A > 1. There exist constants ¢ > 0 and ro > 0 such that for any small enough € > 0 and for all

r> To,
T\ Gr -k 2 T T 57‘ -
P max [Hr(re) =kl ”1)1 < Vit ) >1- 8 (G2 +0r)r) "% (1.35)
kel NN>o (02 o uy ) (k) a €
where I, = (- ((nr1 + 26,)7), e (N2 — 26,)7)). In particular, for any € > 0,

- —k 2
lim P| max % < \[+ e] =1 (1.36)
r—+o00 kel NN>o (02 o wy ) (k) a

Remark 5. We expect (|1.35) to hold also for A = 1, but this sharper case requires a more delicate
analysis and we do not pursue this here.

Remark 6. Assumptions[1.9]imply that the Lebesgue measure of I,. tends to +oo as r — +o00. Indeed,
using parts (2) and (4) of Assumptions one has

. r,2 Tlr,1— 67‘ T (sr
o] > (2 = mry = 40,) inf vy (ar) > (ma=ted 0ot 200 vy (1, +26,)r) > crri (17,0 + 26,)r),

where the infimum is taken over x € (9,1 + 2d,, 7,2 — 20,) and ¢; > 0 is independent of r. It follows
from part (2) of Assumptions that the right-hand side tends to +0o as r — 4o0. This means that
the maximum in is taken over a large number of values of k as r gets large.

The parameters 7, o and 7, ; influence the size of |I,.|. Since the bound gives more information
about {X, },>o if || is larger, it is important, in concrete examples, to choose 7,2 as large as possible,
and 7,1 and §, as small as possible, such that holds.

In the next subsection, we use Theorem [I.10] to obtain a global rigidity upper bound for the large o
Bessel process.



1.4 Rigidity of the large o Bessel point process

Assume that o = a(r) > 0 is an increasing function of 7 such that {a := a?/r},>; is bounded and
a — +oo as r — +o0o. Let X, be the Bessel process associated with «. It follows from parts 1 and
2 of Theorem 1.1 that the sequence {X,},>1 satisfies Assumptions with 7,1 = a?/r, nro = K, 1o
sufficiently large

:%71-27 Hr(f):ua(f), 0-72"(5):0—2(5)7 6r:5>0, and M > 1/2/a,

C = 2sup,e(_aran G(1 + 3%)G(1 — %), where i, and 02 are defined in (L6)-(1.7), where M > \/2/a
and K > sup,~; a?/r can be chosen arbitrarily large but finite and where § > 0 can be chosen arbitrarily
small but fixed. Indeed, all statements in Assumptions follow from straightforward computations
except ([.34). To verify (L.34)), suppose k € [ ((n1 + 3)7), t-((9r2 — $)7)]. Since pqo is increasing,
it follows that pg'(k) € [(n.1 + $)7, (2 — $)r] and hence o2 + er < pz'(k) < Cr for some constants
¢,C > 0. Since, by ,

1
o2 (&) = ng +0(1), as a — oo uniformly for ¢ € [o® + cr, C7],
72

we conclude that

- - log(5 " (k) log

2 1 _ (2 1 _ o _

(Ur oW, )(k) - (Ua Oy )(k) - T + 0(1) - 471_2 + 0(1)7 T — +00. (137)
Moreover, by (1.6)), there exist constants c1,C; > 0 such that ¢;v/€ < o (€) < C1/€ whenever € € [o? +
cr, Crl; thus /7 < k < Cy4/7 for some constants ¢z, Co > 0. This implies that logr = log(k?) + O(1)
and (1.34)) then follows from (|1.37)). Therefore, by specializing Theorem to the large o Bessel process,
we obtain the following.

Theorem 1.11 (Rigidity of the large o Bessel point process). Assume that « is an increasing function
of r such that {a := a2/r}r21 is bounded and a — +00 as r — 400, and let €41 < Eq2 < -+ be the
points in the Bessel point process X,. Fix X > 1. For any K > sup,~; a?/r, any § € (0, K) and any
small enough € > 0, there exist ro > 0,c > 0 such that -

p iolEos) =4 YTFC)

max

c _ e
>1-—- X 1.38
ke(8+/r,K/T)NN>g log k - om - e\/; ( )

for allr > ro. In particular, for any € > 0,

| 1 Ea k \/u az du k'| 1
lim P max <—+€] =1 (1.39)
r—+o00 k€(8+/7,K+/T)NN>g logk T

Proof. Applying Theorem to the large o Bessel process, we infer that there exist ¢, € and r{, such
that

—k -5
P ( max ‘ﬂa(ga,k_)l | <om/ite €'> >1- o (@® +0r)~ %
k€I, .NN>q (O'Z 0 g )(k) e

/ a2+6 ) _7, A <!
_1-¢ W‘/ VES ) s1- S,
€N T Ja2 2u €

’

for all 7 > r and €’ € (0, €], where ¢ := ¢/ sup,.>,/ 66(0601( faz+5 YU a2d ) % < 400 and

a

(S

I = (a(0® 4 267), o (Kr — 267))

Note that

I. D (cs\/r,cx\/T), where cs:= sup —

r>rg T

——du, ck := inf —
2 r>rog T

/a +25 \/7 ) 1 /KQ(S U — a2
a a

10



Let ¢ be sufficiently small and/or let K be sufficiently large such that ¢s < cx. Then,

a\Sa _k c —<
]P’< max ’u(f’k)1|<27r\/1+e’>>1—clﬁ x,
k€(csv/Texv/r)NNso (02 0 g ) (k) €

for all » > 7, and € € (0, ey]. Using that (cf. (1.37))

(Jioﬂal)(k)cg;grf)_l_l’_0(10;7“) as T — 4o,

max
kE(Cg\/RCK \/’F)I’WNZQ

we conclude that there exists a ¢y > 0 such that

p< WJ&M—M<:\ﬁ+a)> —

max 21——/\/; X
€

k€(csv/T,crev/T)NN>o log k —or(l— 1ocg0r

for all sufficiently large r and all € € (0, ¢]. Hence for each € € (0, €],

~ / A 1 .
P max |Ma(£a,k:)_k| < V1+e 21_%\/7:—7 :1_2062>\ \/;_X,
k€(esv/Ter vF)NNsg log k& T € €

for all sufficiently large r, where € = ¢’ + (£~ and ¢, is sufficiently large but fixed. Since c5 can be made
arbitrarily small and cx can be made arbitrarily large by choosing § sufficiently small and K sufficiently
large, the claim follows. O

If we let o — 400 at a slow speed so that a?/y/r — 0 as r — 400 in Theorem [1.11} we obtain the
following corollary, which is consistent with the known rigidity result [16, Theorem 1.6] for the Bessel
process with « fixed.

Corollary 1.12 (Matching with the rigidity of the Bessel process with o bounded). Assume that « is
an increasing function of r such that o2 /\/r — 0 and o — 400 as T — +00, and let £o1 < Epo < -+ be
the points in the Bessel point process X,. For any K > § > 0 and any € > 0, we have

[k _ &g 1

i —r 2 <= = ;= .
Proof. The claim follows easily from Theorem and the first expansion in (1.15). O

Outline. The proof of Theorem [I.T]is divided into several steps that are carried out in Sections In
Section [2| we present a differential identity from [12] that relates E, to a model Riemann-Hilbert (RH)
problem whose solution is denoted by ®. In Section [3] we obtain asymptotics for ® in the three regimes
of Theorem via the Deift—-Zhou [24] steepest descent method. As mentioned in the introduction, the
regime a/+/r — 0 (part [2| of Theorem requires a different analysis from the regimes |1| and [3| where
a/+/r remains bounded away from 0. In Section |5 we substitute the asymptotics of ® into the differential
identity to obtain large r asymptotics for E, (rZ, @). The proof of Theorem is independent from the
other proofs and is given in Section[6} The appendix collects three model RH problems that are important
for the construction of local parametrices in the steepest descent analysis. Of particular interest is that
we describe and employ the Bessel model problem in the regime where the order « of the Bessel functions
tends to infinity. This appears to be the first time that the Bessel model problem is used in this way.

Acknowledgements

We are grateful to Grégory Schehr for suggesting this problem to us, for interesting discussions and for
pointing out a mistake in an early draft of this manuscript. The authors acknowledge support from the
European Research Council, Grant Agreement No. 682537, the Swedish Research Council, Grant No.
2015-05430, and the Ruth and Nils-Erik Stenbéck Foundation.

2 Background from [17, 12]

We will prove Theorem via a differential identity that was established in [I2]. This identity relates
E,, with the solution ® to a model RH problem. We first recall the properties of ® in Subsection [2.1]
and then present the differential identity in Subsection [2.2

11



Figure 1: The contour ¥¢ with m = 3.

2.1 Model RH problem ¢ from [17]

The model RH problem for ® depends on parameters «, & = (21,...,Zm), § = (S1,...,Sm) satisfying
a>—1, O<z < <y < +00, S1y.-+y8m € [0, +00), (2.1)

and is as follows.

RH problem for &(-) = ®(:; &, 5, a)

(a) ®:C\ Xg — C?*2 is analytic, where the contour is given by

27i 27

Yo = (—00,0| U (=2 +[0,e73 00)) U (= + [0,7 3 00)),

and is oriented as shown in Figure [T}

b) Let &, (resp. ®_) denote the left (resp. right) boundary values of ®. Here, “left” and “right”
+
are to be understood with respect to the orientation of ¥¢. ®; and ®_ are continuous on g \

{0,—z1,...,—x;,} and are related by:
1 0 2mi
Dy (2)=D_(2) (e’””‘ 1) , 2 € —m+ (0,673 00), (2.2)
0 1
O, (z) =D_(2) (_1 O) , z € (—00, —Zm), (2.3)
1 0 __ 273
@4@@4@qu-ﬂv B P ) (2.4
(I) eﬂ'ia s;
+(Z) = q)—(z) 0 e~ mia | z € (_xj7 _'Tj—l)’ (2 5)
where j =1,...,m.
(¢) As z — oo, we have
o(z) = (1 F P2 4 0(2—2))2—%‘“‘%@3, (2.6)

where the principal branch is chosen for each root, the matrix ®; = (&, §, «) is independent of z

and traceless, and
1 0 1 /1 4
w=(o 5) ¥=500):

As z tends to —zj, j € {1,...,m}, we have

Sj+1—8; _ e
00 =G (5 T T ) v, o), 2.7

12



where G (z) = G;j(#; &, 5, a) is analytic in a neighborhood of —z; and satisfies det G; = 1, and 6,
Vi, H_,,, are piecewise constant and given by

1 Imz>0
_J +1, Im=z>0, . B A ,
"= { =1, Im 2z <0, Vi(2) = ((1) fﬂ) , Im 2z <0, (2.8)
and i 2
1, for —§<arg(z+xm)< =,
1 O 21
Hfzm(z) _ (_efria 1) ) for 3 < arg(z + ij) <, (29)
L 0 27
e~ 1) for — 7w < arg(z + :L'm) < -3

As z tends to 0, we have

®(2) = Go(2)22 7 <é Slﬁ(z)) , (2.10)

where det Gy = 1, Go(z) = Go(z; Z, §, o) is analytic in a neighborhood of 0, and

1
- a>—1, 0‘¢N207
Wz = 2 Slmcfm) (2.11)
= ) logz, « € Nxg.
211 =

The solution ® to the above RH problem exists and is unique, and satisfies det ® = 1, see [17].

2.2 Differential identity from [12]

Recall that F, (7, ) is the exponential moment (1.3), where @ = (uy, ..., un) € R™. To relate E, (7, @)
with the solution ® of the model RH problem of Subsection we define § = (s1,..., Sy) in terms of @
as follows:

§; = etatuititttm j=1,...,m. (2.12)

Since u1, ..., Uy € R, we have s1,...,5, € (0,400), and in particular the s;’s meet the requirement in
(2.1)). For convenience, we define

F,(Z,5) = E(Z, ). (2.13)

Based on the facts that

e F,(Z,5) can be written as a Fredholm determinant with m discontinuities and is an entire function
of $1,...,8m (see [47, Theorem 2]),

o the kernel of this Fredholm determinant is integrable in the sense of [33],

e & admits a Lax pair (studied in [I7]),

the following differential identity was obtained in [I2] egs (2.34)—(2.37)] for k = 1,...,m:

Do log Fo(ri,§) = Koo + Y K o + Ko, a#0, (2.14)
j=1
where
Koo = —%8Skq)1712(7".’f, §, a), (2.15)
271

fo]- = 78j+1 _ Sj (Gj,uasij,gl - Gj,zlasij,ll) (—TZL'j; T‘f, §; a), (216)
K() = OZ(G()’QlaskGo,lg — Go,llaSkGo’Qg) (0; ’l‘.’)’j"7 §, a). (217)

We mention that the above differential identity is not valid for a = 0, but since our analysis deals with
the case o — +00, this fact is not important for us.
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3 Large r asymptotics for ® with o — +oo: regimes [1] and

In this section we perform an asymptotic analysis of ®(rz;rZ, §, ) in the two regimes of the parameters
that are relevant to prove parts[I] and [3] of Theorem In Subsections we deal with the regime
which is relevant for part 1; in Subsection [3.6] we indicate how to adapt this analysis to the regime in

part [3]
Let m € Nug, a € (0,400), @ = (u1,...,up) € R™ and & = (z1,...,%,,) € R be such that

ord

0<z1 < - <Tp1<a®><xp << Ty,

with n € {1,...,m+ 1}, g := 0, x;p11 := 400, and define § = (s1,..., ) in terms of 4 as in .
For r > 0, define @ = a+/r. In this section, we first obtain asymptotics for ®(rz;r%, 5, a) as r — +00
uniformly for (xq,...,Zn_1,a% @p,...,Ty) in compact subsets of Rt’f“, uniformly for wuq,...,up, in
compact subsets of R, and uniformly for z € C. This analysis is based on the Deift—Zhou steepest descent
method [24] and is carried out in Subsections

In what follows, we assume without loss of generality that a® < x,,, or in other words that n €

{1,2,...,m}. Indeed, if a® > x,,, then it suffices to increase m by 1 and to define z,, = a® + 1 and
Sm = 1.

3.1 First transformation: & — T

As mentioned in the introduction, as o = a+/7 gets large, the Bessel process increasingly favors point con-
figurations with fewer points near 0. It turns out that a typical point configuration has its smallest point
located near the soft edge a?. Therefore, at least at a heuristic level, one expects the interval (—oo, —a?)
to play a special role in the large r analysis of ®(rz;rZ, 3, a\/F)E| The first transformation has multiple
purposes: it normalizes the RH problem at oo and transforms the jumps that are not on (—oco, —a?) into
exponentially decaying jumps. The g-function is the main ingredient of this transformation and is defined

by . 2
A ) = / LLALA (3.1)

where the path does not intersect (—oo, —a?) U (0,+00), and @ is defined in (2.8). We summarize the
properties of the g-function in the following lemma.

Lemma 3.1. The g-function is analytic in C\ (—o0,0] and satisfies the following properties:

g+(2) +g-(2) =0,
9+(2) — g-(2) = mia + f1.(2) — f-(2),

a
9(z) = 51082+ g0 + O(z),

9(2) = g(2),

for z € (=00, —a?),
for z € (—o0, —a?),

for z € (—a?,0),

as z — 00, (3.5)
as z — 0, (3.6)
for z € C\ (—o0,0], (3.7)

where gy € R. Furthermore, there exists € > 0 and an open set V C C such that

and such that

{zeC:|z| > 1}u{z€C:Rez < —a® and [Imz| < €} C V,

Re f(z) = 0,
Re f(z) < 0,

with equality in (3.8) if and only if z € (—oo, —a?).

forall z € V,
for all z € (—a?,0),

IThe model RH problem for ® is directly related to the reverse Bessel process for convenience. One needs to identify
(=00, —a?) in the reverse Bessel process with (a2, +00) in the classical Bessel process.

14



tations. Let us prove (3.8). Since Re f(z)/Rev/z =1+ O(271) as 2 — oo, there exists €; > 0 such that
Re f(z) > 0 for all |2[ > Z-, with equality if and only if 2 € (o0, é] On the other hand, as z — —a?, we
have Re f(z) ~ cRe (z4a?)3/? for a certain ¢ < 0. Hence, there exists ez > 0 such that Re f(z) > 0 for all
z € {z:Rez € [—a® — €3, —a?) and |Im z| < &2} with equality if and only if z € [—a? — €2, —a?). Also, we
note from that f(z) = f(z) and that Im f () is decreasing as = € (—o0o, —a?) increases. Therefore,
by Cauchy-Riemann, there exists €3 > 0 such that Re f(z) > 0 for all z satisfying Rez € [-X, —a? — €]
and |Im z| € (0, e3]. Indeed, suppose such an e5 does not exist. Then there is a sequence {z,j‘fo of zeros
of Re f such that Rez, € [,i’ —a? — €] and Im z, > 0 for each n, and such that Imz; > Imzp > - --
and lim,_, - Im z, = 0. For each n, there exists by the mean value theorem a point &, with the same
real part as z, such that 0 < Im¢,, < Imz, and dyRe f(x + iy) = 0 for « + iy = &,. Moreover, since the

interval [—é, —a? — €] is compact, there is a subsequence z,, such that z,, — z. as k — +oc where

2, € [~ &, —a® — &) Since the restriction of f to [~ L, —a® — €] x [0,1] is C and &,, — ., we infer

€
that %Réf(x* +1y)|y=o+ = 0, which is a contradiction. This proves (3.8) with € = min{e;, ez, e3}. O

Proof. The properties (3.2)—(3.7) and (3.9)) follow directly from (3.1) and some straightforward compu-
3.8)

The first transformation is defined by

1 0\ es
T(z) = ia? rT®(rz;ri, § a)e VIS, (3.10)
= (s 1) )

Using Lemma [3.1] together with the properties of ® listed in Subsection 2] it can be verified that T'
satisfies the following RH problem.

RH problem for T
(a) T:C\ ¥g — C?*? is analytic.

(b) The jumps for T are given by

1 0 2mi
6_2\/;'}0(2) > 5 Z2E€ —Ty + (O,ej:TOO)7 (311)

o~V ()~ - (2)) 5.
! , zeBj, je{n,...,m}, (3.13)

0 eVT(f+(2)=f-(2))

(

Ty (z) =T (2) <_01 é) , 2 € (=00, —m), (3.12)
(
< z€Cj, je{l,...,n}, (3.14)

(—2p, —a?), if j =n, (—a?, —x,_1), ifj=n,

BJ = {(_Z’], _xj—l)7 lfj >n, C] — {(_ZL‘J7 _l‘j—l>7 1f] <mn,

with z¢ := 0 and z,,,+1 = +00.

(¢) As z — oo, we have

Z'GQ\/F @1’12(7“.’1_7’, §7 CL\/’F)
- +
2 NG
where the principal branch is chosen for the root, and the matrix Ty = T} (rZ, 5, a+/7) is independent
of z and traceless.

T(z) = (I+ % +0 (2_2)) TN, (Ti)1,2 = (3.15)

As z — —x;, j €{1,...,m}, we have
_ (0(1) O(log(z + x;))
7= (O(1) Ofiete +4) (310
As 2 — —a?, we have T(z) = O(1).
As z — 0, T(z) = O(1). More precisely, we have
— 1 0 73 . Vs 1 s1h(rz) — o5 —\/TG003
T(z) = (_m;\/; 1) r3 Go(rz;rd, §,a)(rz) (0 1 z e (I+0(2)).
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Figure 2: The contour I'g with m = 3 and n = 2.

Using that f1 (z) + f—(z) = 0 for all x € (—o0, —a?), the jumps in (3.13)) can be factorized as follows

e~ 2V f+(2) sj _ 1 0 0 S 1 0 17
0 e=2VrI-(2) - site V- 1)\ st 0 ) \s7le V() 1) (3.17)

3.2 Second transformation: 7 — S

Here we proceed with the opening of the lenses, which is a standard step of the steepest descent method
[21]. Let ©; 4 and Q; _ be open regions located above and below B;, respectively. We let ~; . and ;-
denote the parts of 0€); y U 0€); _ lying strictly in the upper and lower half-plane, respectively. The
contours v; 1,%vj,—, j = n,...,m, are represented in Figure 2|in a situation where m = 3 and n = 2. The
second transformation is defined by

1 0 . .
(—sjlez\ﬁf(z) 1) s if z € Qj)_l’_, S {n, RN m}

S(z) =T(z) 1 0 . .
S;lefzﬁf(z) 1) itzeQ;_,j€{n,...,m}

I, if 2€ C\ UL, (),+ UQ; ).

(3.18)

Since T is analytic in C\ X, we conclude that S is analytic in C\I'g, where

m—+1
Pg:=(—00,0) Uys Ury_ with Vi = U Vi, Vmalt = —Tm + (O,ei%oo).
j=n

The contour I'g is oriented as shown in Figure 2l Using the factorization (3.17) and the jumps (3.11)—
(13.14])), we verify that S satisfies the following jumps:

O .
Si(z) =8_(2) (_&1 Sd), zeBj, je{n,...,m+1}
J
1 0 .
S+(Z) = S—(Z) <S_—16—2\/Ff(z) 1> ) S Vit J € {’Il,. . 'am+ 1}7
J

o2V f(2)
Lsje ), z€C;, jEe{1,...,n},

si0) =50 (5
where xg = 0, ;41 = +00 and Sp,41 1= 1.

Deforming the contour if necessary, we can (and do) assume without loss of generality that v C V,
where V is as described in the statement of Lemma We infer from f that the jumps
S_(2)71S,(2) are exponentially close to the identity matrix as 7 — +oo for z € v4 U~vy_ U (—a?,0). This
convergence is uniform for z bounded away from (—oo, —a?), but only pointwise for z close to (—oo, —a?).
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3.3 Global parametrix
The global parametrix is denoted P(°°) and is defined as the solution to a RH problem whose jumps are
obtained by ignoring the (pointwise) exponentially small jumps of S. We will show in Subsection [3.5] E 5 that
P() ig a good approximation to S outside small neighborhoods of —a2, —z1, ..., —Zp,.
RH problem for P(>)

(a) P(*) . C\(—o0, —a?] — C?*? is analytic.

(b) The jumps for P(>) are given by

PJ(roo)(Z) = Pﬁoo)(z) (_3_1 Sg) , zeBj,je{n,...,m+1}.
J
(¢) As z — oo, we have
(o0)
Py o
P)(z) = <I+ +0 (z_2)> EN, (3.19)
z

where Pl(oo) is a matrix independent of z.
(d) As z = —x;, 7 € {n,...,m}, we have P(>)(z) = O(1).
As z — —a?, we have P(®)(2) = O((z + a?)~/%).
A slightly more complicated version of this RH problem has actually been solved in [12]. The solution

P(>) is obtained by setting the parameters a and —z; of [T2, Section 5.3] to 0 and —a?, respectively.
The construction is as follows. Define

1 .
Bji=—log 2L =1, m,  with sppq =1, (3.20)
27 S;

and for £ € {0,1,2,...}, define

dy = %_ Z -1 (3.21)
The unique solution to the RH problem for P(>) is given by
P = (1 O e ra?) % NDE) e, (3.22)
Zd1 1
where
D(z) =ex Vz+a ) / )
(2) p( Zﬁ] \/u—aQZ—f—u)
Furthermore, P(°°) satisfies
P} = idy, (3.23)
and, for any p € Nyg ={1,2,...} and any j € {n,...,m}, we have
- dy .
D(z) =ex —— +0(z7P72) |, as z — 00,
(2) = exp (Z T O >>
D(2) = \/5;(4(x; — a®)) P ( H Tk_f")(z +x)P(1+ Oz +1x5)), asz— —xj,Imz>0, (3.24)
k=n
k#j
D(z) = /s, (1 —doVz+a?+0(z+ a2)>, as z — —a?, (3.25)
log D(0) = —a »_iB;Z;, (3.26)
j=n
where
. g2 —_ 2 Tj d
Ty, = \/x] a? +Vap —a 7 7, — / _du (3.27)
|Vzj —a? = Vap —d?| a2 uVu — a?
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3.4 Local parametrices

We consider small open disks D, centered at p € {—a? —x1,...,—xy}. The radii of the disks D_y,,
j=1,...,m are all chosen to be equal to § > 0, where
1
0= min  {zy — z;, 7, —a®,a* —z,_1}, M >3, M fixed, (3.28)

T M o<j<k<m

where we recall that xg := 0. The condition M > 3 ensures that the disks do not intersect each other,
and that 0 ¢ D_,, UD_,2. Since (z1,...,2Tn_1,a%, Tp,...,Zy) lies in a compact subset of R?;g”“, )

remains bounded away from 0. In this regime, there is no need to consider a disk around the origin.

In each of the disks, we will build a so-called local parametrix. We will show in Subsection [3.5] that
the local parametrices are good approximations to S inside the disks.

The local parametrix P®) is defined in D, U ID, as the solution to a RH problem whose jumps are
identical to those of S. On the boundary of the disk, we require P®) to “match” with P(°) in the sense
that

P®(2) = (I +0(1))P)(2), as r — 400, (3.29)
uniformly for z € 0D,. We need to distinguish three different types of local parametrices:
e inD_4,,5=mn,...,m, P(=%3) is built in terms of hypergeometric functions,
e inD_y,,5=1,...,n—1, P(=%3) can be solved explicitly using elementary functions,

e inD_,, P(=") is built in terms of Airy functions.
We will construct the local parametrices with the help of three model RH problems that have already
been studied in the literature and which we recall in the appendix (Section .
3.4.1 Local parametrices around —z;, j =n,...,m

The construction of P(—%i) for j € {n,...,m} relies on a model RH problem whose solution ®y¢ is built
in terms of confluent hypergeometric functions. This model RH problem has been studied in [34} [30] and
we recall the properties of @y in Section [A73 for the convenience of the reader. The function

o) f(2) = fr(=xj), ifmz>0 _ . P V-s—a? )
foa;(2) = 2{ e~ ), ifme <0 T 2/@ S (3.30)

has the following expansion as z — —x;

)
foay(2) =i, (2 +2) (14 Oz +2y)), with ey = Y= >0, (3.31)
J

This shows that f_,, is a conformal map in D_,, provided that M in is chosen sufficiently large.
In order to use the model RH problem for ®yg, we need f_.; to map the contour I's N"D_,; to a subset
of the contour ¥yg, where Xyg is shown in Figure E Note that the function f_,, automatically satisfies
f-z;(RND_,,) CiR. In Subsection we had some freedom in the choice of the lenses y+. Now, we
use this freedom to ensure that the lenses in a neighborhood of —x; are such that

fez; (V41,4 Uj4) ND—z;) CT3 Uy, fez; ((Vj41,- U7—-) ND_y;) CT5U T, (3.32)
where I';, j = 2,3,5,6 are the contours displayed in Figure m Let us define
P(—a;j) (2) — Efzj (Z)QHG(\/;,]E*(E]‘ (Z), Bj)(SijJrl)_%e_ﬁf(z)o?’, (3.33)

where F_, . is analytic in D_, and given by

o3

5 , Imz>0
o] Z3 Sj T —x;)o io
By, (2) = PO ) (sys50) F { Y o0t VI I (i, ()5, (3.34)
1 o) Imz <0

18



One can verify from the RH problem for ®y¢ that S(z)P(~%/)(2)~! has no jumps in D_,; and has a
removable singularity at z = —x;. Furthermore, using (A.19)), we obtain

v
Vrf-z,;(2)

as 7 — +o0, uniformly for z € 9D_,,. In particular P(=%i) satisfies (3.29). Finally, using (3.22), (3.24)
and (3.31)), we get

P2 ()P ()7 = T + E_4,(2)®uc,1(8))E-s,(2) "' +0(r 1), (3.35)

1 0\ _=i, _%3 o
E_y,(—xj) = (idl 1) e” T (z; —a®) 3 NAT?, (3.36)
where .
i T —XT; & j
Aj = (4(z; — a2))ﬁ] < H T,ﬁ’;)eff+( i) p3 C[i]mj- (3.37)
k=n
kg

The quantities (3.36) and (3.37)) will be useful in Section

3.4.2 Local parametrices around —z;, j=1,...,n—1
We note from (3.16) and (3.18) that S has a logarithmic singularity at —z;, and from (3.22) that P(>°)(2)
remains bounded as z — —x;, j = 1,...,n—1. Therefore, even though the jumps for S are exponentially

small as r — +o0o uniformly for z € D_,, NR\ {—x;}, P(>) cannot be a good approximation to S in
D_,;, and we need to construct a local parametrix. We define

P (2) = PO (2) ((1) hfwlj (Z)) , (3.38)

where

ds + —L ds.

wj—25 STZ 2mi J g, s—z

h_z;(2) = Sitl

/—%‘ e2VTf(s) y —j+26 2/Tf(s)
2mi J_

We easily check from the definition of h_,; that P(=%i) has the same jumps as S inside D_,,. Further-

more, we infer from (3.1) and (3.9) that
P ()P ()7 = T+ O(e™V7), as r — +00, (3.39)

uniformly for z € 0D_,,, for a certain ¢ > 0. In particular, P(=%3) satisfies (3.29). Finally, using the
expansion

h_y;(2) = %62‘/’7(_%) log(z + z;) + O(1), as z — —x;, (3.40)
I
one verifies that S(z)P(~%i)(2)~! has a removable singularity at z = —x;.

3.4.3 Local parametrix around —a?

Recall that in this section a remains bounded away from 0 as r — 4o00. The construction of P(=a%) s
standard and relies on the model RH problem from [23], whose solution is denoted ® ;. For the reader’s
convenience, we recall the properties of ®; in Section The function

Fa) = (- §f<z>)2/3 (=3[ L) ” (3.41)

has the following expansion
z+ a?
(2a2)2/3

From (3.42), we infer that the map f_,2 is conformal in D_,2, provided that M in (3.28]) is chosen
sufficiently large. In view of the jump contour for ®,; displayed in Figure |§| (left), we deform the lenses
in a neighborhood of —a? such that

foaz(2) = (1 + %(z +a®)+0((z + a2)2)>, as z — —a’. (3.42)

27mi

fear(ng) CEFRY,  fpo(ym-) Ce TR (3.43)
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afijegeion

Figure 3: The contour I'p with m = 3 and n = 2.

We define

3

PE)(2) = E_ o2 (2) @i (1 fogz(2))sy 2 e V7 (23, (3.44)
where E_,2 is analytic in D_,2 and given by
() (;).F N1 Gt
E_,2(2) = P\ (2)8 N f_q2(2) T r2. (3.45)

From (3.43)), (3.44) and the RH problem for ®;, we verify that S(Z)P(_“z)(z)_1 has no jumps in D_,2
and remains bounded as z — —a?. Also, using (A.2)), we obtain

1
VT f-a2(2)%/2

as r — —oo uniformly for z € 9D_,2. In particular, P(=9%) gatisfies (3.29). Finally, after a long
computation using (3.22)), (3.25)) and (3.42)), we obtain

o _ (1 0\ (1 —ido\ a1 _
Eag(—a)—(id1 1) (0 1 (riz27sa

The above identity will be used in Section [5

P(*aZ)(z)P(o")(z)f1 =1+ P (z)s? @Ai,ls;%P(m)(z)fl + 0™, (3.46)

ol

). (3.47)

3.5 Small norm problem

In this section, ¢ and C' denote generic positive constants that may change within a computation. We
will think of ¢ as being sufficiently small (but fixed), and C as being sufficiently large (but fixed). Define

S(z)P)(z)71,  for z€ C\ (UjLy D, UD_g2),
R(z) =14 S(z)PC%)(2)71, for 2 € D_,,, j € {1,...,m}, (3.48)
S(z)P)(2)71, for z € D_,e.

From the analysis of Subsections R has no jumps inside the m + 1 disks, and the singularities

of R at —x1,...,—2,,, —a? are removable. Therefore, R is analytic inside the m + 1 disks and R has

jumps only on the contour

Tp = (aDaz ulJ oD, Urs Uy U (—a2,0)) \ ('Daz vl DIJ),
=1

j=1
see also Figure 3] and for convenience we orient the boundaries of the disks in the clockwise direction.
The jumps Jr(z) := R_(2) 1R, (z) are given by

Jn(z) = P(®)(2)Js(2) P ()7L, for z € (v4 Uy U(—a?%,0))\ (D_42 U U;';l D_,),
7 Pl (2)Poo) (2)1, for 2 € 0D_,., x4 € {a1,...,Tm,a%}.

where Jg(z) := S~!(2)S4(2). Using Lemma and (3.22)), (3.35)), (3.39), (3.46)), we infer that there
exists ¢ > 0 such that, as r — +o0o we have

O(e—cxﬁﬁ)7 unif. for z € (v Uy_) NTg,

Jr(z) — I = Ofe© ﬁ)7 unif. for z € U;L:_ll 0D, U (—a?,0)\ (D_q2 U U;l:_ll D—a;j)a (3.49)
o)
Jﬂi\/y) +O(L), unif. for 2 € 9D_,2 U U=, 0D},
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where J g ) is given by

;Efa:(z)(bHG l(ﬁ)Efz j (Z)_17 z € aD*I'a J =n,...,m,
(1) ) S (2) i ’ J J J
JR (Z) = 1 (c0) UTS _073 (50) 1 (350)
WP (Z)Sn @Ai’lsn P (Z) , 2 € (9'D,a2.
In particular, for each 1 < p < oo and any choice of k1, ...,k € N>, there exist constants ¢ > 0 and
C > 0 such that for all » > 2 we have
k —cy/T
”a/B(JR - I)H[,p(mﬂ(@pf ZUUm aD_.,)) <e \[; (3.51&)
logk T
||65(JR —-I- )”LP(QD QUum’ 0D_z,) <C r (351b)
log r
k
105(Jr — Dllrrg) < C o (3.51c)
where k = k1 + ...+ k,, and (‘3k 8’“ ak . The factors logk r in (3.51) is due to the factors r¥fi
appearing in the entrles of Jr, see 1- . It is also easy to see from ([3.22)), (3.35)), (3.46), (3.38])
that the the estlmates ) and (13.51] hold umformly for s1,...,8m in compact subsets of (0, +00), and
uniformly for (z1,...,2,_1,a%,@p,...,2,) in compact subsets of RJF m+1 . Finally, we also note that

« since S(z) and P(OO)(Z) are O(1 ) as z — 0, R(z) remains bounded for z near the endpoint 0,

o (3.22), (3.33), (3.44) and (3.38) imply that R(z) remains bounded as z approaches an intersection
point of I'g,

o (3.15), (3.19) and (3.48)) imply that R(z) =1+ O(z7') as z — oo.

Therefore, R satisfies a so-called small norm RH problem, and one can prove existence of R for sufficiently
large r and compute its asymptotics following the method of Deift and Zhou [24]. Let C : L?*(T'g) —
L?(T'r) be the operator defined by

1)

27t Jp, S — 2

Cfz) = dz,  feL*(Tg)

and let C; f and C_f denote the left and right non-tangential limits of Cf. Since Jg — I € L?(I'g) N
L>(I'r), we can define the Cauchy operator

Cy, : L*(TR) + L>(Tg) — L*(Tr), Cinf=C_((Jr—1D)f), f e L*Tg)+L>(R).
Since
ICrrllz2m—r2r) < CllJr = IllLoe(rp), (3.52)
the estimate (3.51¢c|) with p = 400 and ky = -+ = k,;, = 0 implies that for all sufficiently large r the

operator I — Cy,, can be inverted as a Neumann series:

(I—-Cyp) Zc (3.53)

Hence, for all sufficiently large r, we have
R=1+4C(ur(Jr — 1)),  where  pgr:=I+ (I —Cy,) " Cs(I). (3.54)

Furthermore, using (3.51c)), one deduces that, for ki, ..., &k, € N>q,

_ logkr
105 (1r = Dllz2(0r) = 105(( = Cn) "' Con(D)lL2rpy < C o (3.55)
where as before k = ky + - - - + k,;, and 8’5 = 8;1 e 615:;‘ Using (3.51)), (3.55)), and the representation
z J(l) z
R=T+¢(28) 1¢(n—1—TLE) 1 C((un — 1)(Jn— 1)),

21



we get

R(l) 1 k
OLR(z) = 0% (I + \/7,EZ>) + 0( Ogr ")7 OERM(z) = O(loghr),  asr— +oo,  (3.56)
uniformly for z € C\ 'y, for (z1,...,2,_1,a% &p,...,2,) in compact subsets of R;?H and for
B, ..., 0m in compact subsets of iR, where
1 JI( I (s)
RW(2) = — / Ir (8) 4 / SR gs. 3.57
(2) 2mi Jop_, S—% + Z 2mi 5=z ( )

The fact that (3.56|) holds uniformly for z close to I'r can be seen, for example, by deforming the contour
I'g slightly. From (3.50)), we infer that JI(Q}) can be analytically continued to

m
(D_a2 U U D_g;j) \{—a® ~2n,...,—Tm},
j=n

and has a double pole at —a? and simple poles at —z,,, ..., —Z.,. Hence,
1
RM(2) = e Res(Jl(;il)(s), s=—a")+ WRGS((S + GQ)JS)@% s =—a’)
m 1 m
+ Z Py Res(Jl(%l)(s)7 s =—x;), for z€ C\ (D_a2 U U DM). (3.58)
J=n j=n
A long but straightforward computation using (3.22), (3.25)), (3.42)) and (3.50) gives
2 -1
2 (1) 2y 5a d1 1 Zdl
Res((s + a®)Jy " (s),s = —a®) = o (id1 ) (3.59a)
1 2 i 2 72
s —dy +4a°dy(1 + dodq (=1 +4a°d
ReS(JI(;,‘l)(S), 5 — _ag) _ A 8 ( ( )) X 8( 0)
4 ( — 32 + a2(7 + 24dod; + 12d3d§)) L (d1 — 4a2dy(1 + dodl))
(3.59b)
Also, using (3.31)), (3.36]), (3.37) and (3.50), for j € {n,...,m}, we obtain
9 ~
(1) ) ﬂj 1 O _L’io-s 2 _ 93 —1 Aj71
Res (JR (5),8= xj> = 72'0_%. <id1 1) e 1%(xj—a®)" N 77\%2 ]
o\ T3 mig. 1 0
x N z;—a*)7 e (—idl 1) , (3.60)
where _ _
Aj71 = T(ﬂj)Ag and Aj72 = T(*ﬂj)AJ_Z (361)

3.6 Large r asymptotics for & with a — +00: regime

In this subsection we consider the regime where r — 400, a € (0,400) is fixed and where ¥ € Rjrén
satisfies 0 < a? < 21 < --- < x,,, and . In particular, this means that n = 1. The asymptotic analysis
of ® in this regime is essentially the same as the one carried out in Subsections (with n = 1), but
some extra care is needed since the z;’s converge to a?. In particular, the radius ¢ of the disks in
must now depend on r and decrease as r — 400, which means that the disks shrink as r — +o00. We
next discuss the consequences this has for the construction of the local parametrices and of the solution

R to the small norm RH problem. Note that (1.9b]) implies that ¢ is of the same order as |z,, — a?|.

3.6.1 Modification of the error terms in the construction of P(=%), j =1,...,m

By (3.22) and (3.33), we have
P2 ()P () = E_, ()P (VT f—u, (2):B5)(558541) "7 F e Vrl(2)os

x D(2)* N~z + a? f( ) (3.62)
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The map f_,, defined in (3.30) satisfies

, 2
foe;(2) =ic o, (2 + x5) (1 + 0(%)), Cog; = VT >0, asz— —zj. (3.63)

Zj Zj

As can be seen from the above error term, f_, is a conformal map in D_,; provided that ¢ < c|z; — a?|
where ¢ > 0 is a sufficiently small constant. Note also that c_,, = O(y/z; —a?) = O(6Y/?) — 0 as
z; — a?. Hence, |f_,,;(2)| =< 6*? uniformly for z € 9D_,,. In particular, the argument \/rf_, (z) of
Oy in satisfies |\/7f_z, ()| < 6%/2\/r. Moreover, for z € 0D_,,, we have E_, (z) = O(61/%),
D(z) = O(1), and (z + a?)?3/* = O(§~/*). Consequently, using the asymptotic formula for ®yg
in , we conclude that

1

(~2) (PO ()L = [ 4 L
PP = =1+ Vrfz;(2)

By, (2)®nc1(8)) B, (2) " + 06772 71) (3.64a)
and
1

=7 z NE_ . (2) 1 = -2,-1/2 .
\/Ff_zj(Z)E_Ij( )Puc1(Bi)E-v;(2) O ) (3.64b)

uniformly for z € 9D_,, as r — +o00 and § — 0. Equation (3.64a)) should be compared to the expansion

(3:35) of P(~=%i)(2)P(>)(2)~! obtained earlier. It follows from (3.64)) that P(~*i) satisfies (3.29), provided
that /762 tends to infinity as r — +oo.

3.6.2 Modification of the error terms in the construction of P(—¢°)

By (3.42), we have | f_,2(2)| < 6, and hence /7 f_q2(2)%/? =< §%/2\/r, uniformly for z € 9D_,2. Moreover,
P()(z) = O(§~/*) uniformly for z € 9D_,2. Using these observations, arguments similar to those used
to obtain (3.64)) show that the matching condition (3.46)) becomes

1

2 _23
WP(OO)(Z')SH’A’ Pai1n 2 p(oo)(z)fl _1_0(577/27“—1) (3.65)

PEA) ()P () =T +

and that
1
VT a2 (2)3/2

uniformly for z € 9D_,2 as r — 400 and § — 0. In particular, P(=9%) gatisfies (13.29), provided that
/762 tends to infinity as r — +oo.

P ()52 Basisy 2 PO (2)"L = O35~ 2r1/2) (3.65b)

3.6.3 Modification of the error terms in the construction of R

Let R be defined as in (3.48) with n = 1. Using Lemma [3.1] (3.22), (3.64) and (3.65)), we infer that there

exists a ¢ > 0 such that, as r — +o0,

0(6’653/2\”‘/5), uniformly for z € (v Uy-) N TR,

0(6’653/2\/;), uniformly for 2z € (—a?,0) \ D_,z,
JR(Z) —I= J(l)(z) 1 . m (366)
2+ O(577z;), uniformly for z € 9D_,2 UUJ;Z,, 0D,
O(ﬁ) uniformly for z € OD_,2 U U;n:n oD_,,,

where Jl(?ll) is given by (3.50)). In particular, for each 1 < p < co and any ky,...,kn € N>o, there exist
constants ¢ > 0 and C > 0 such that for all » > 2 we have

k —c83/2 /7
Haﬂ(JR — I)”LP(FR\(‘?D*Q?UU;’; D)) <e \f’ (3.67&)
k
k TP (2) 1/, 1log"
105(Jr — I — RT)||LP(3D%2UU;’;1 oD_,,) < Qv 5772, (3.67b)
logk r

\IG’E(JR —Dllzrry < CoY/p

2 (3.67¢)
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where k = ki + -+ + km and 8’“ 8’“ 8 . By (]3 52[) and (]3 670[) we see that I CJR is invertible
and R is given by prov1ded that 52\/77 is large enough. In a similar way as in , we infer from
- ) that R satlsﬁes

RM log” log”
05 R(z) = O (1 + J?EZ)) + 0(%) OERM (z) = 0(%) asr — +oo,  (3.68)

uniformly for z € C\ T'g and with Z € R satisfying a2 < 1 and (L.9), where R™) is given by (3.57).

ord

4 Large r asymptotics for ® with a — 4+00: regime 2

In this section we analyze ®(rz;rZ, s, ) as r — 400 in the regime where a — 0, & = a/r — +00 and
simultaneously # lies in a compact subset of RT" and & lies in a compact subset of (0,400)™. This
regime is relevant for part [2 of Theorem

In this regime, if one tries to repeat the same construction of P(=") as in Subsection one faces
several issues. As can be seen from , for f_,2 to be a conformal map in D_,2, one needs to choose
the radius § small compared to a2. As a consequence, the expansion converges more slowly to [
if a — 0 at a slow rate, and the construction completely breaks down if a — 0 at a fast rate. This is a
serious obstacle to the study of the regime a — 0, which we circumvent by constructing a local parametrix
PO in a disk Dy centered at 0.

We take the radii of D_,,, j =1,...,m as

1
0= i 0<]Héll?<m{xk zj, 21 —a’}, M >3, M fixed, (4.1)

xl—az

and we take dy = a® + for the radius of Dy. Since the z;’s remain bounded away from each other
and from 0, both § and §g are bounded away from 0. We choose M > 3 so that the disks do not intersect
each other, and by definition of 6y we have —a? € Dy.

The local parametrices around —z;, j = 1,...,m, are identical to those constructed in Section (with
n = 1), so we do repeat their construction here.

4.1 Local parametrix around 0

Our construction is based on the Bessel model RH problem from [37], whose solution is denoted ®p, and
given by . To the best of our knowledge, this is the first time that ®p, is used for large values of a.
A main difference compared to the case where « is bounded lies in the rather complicated asymptotics
for ®pe(z,a) as z — oo and simultaneously « — +o00. An important observation is that the
function £ defined in is related to the g-function by the relation

B i vz B Vrz
Vrg(z) = Vrf(z) + —9 =Vrz+a?+ alog i af(T). (4.2)

T as the conformal map, and we deform the lenses in a neighborhood of 0

Here, we will simply use z —
such that . .
(V1.4 NDy) C —a® +e5 (0, +00), (y1.- NDy) C —a® +e 3 (0, 400). (4.3)

We seek a local parametrix P(©) of the form (see Figure [4)

1 0 ~
- (671'1'04 1) ’ zeJy Y v
PO)(z) = Fy(2)@p( 3 0) ( : 0) s 7 e VI RmemHEm (44
4 —Tix ) ZEj_
—e 1
1, else

where J4 = {z : targz € (¥, 7) and +arg(z + a?) € (0,%)}, and Ej is an analytlc matrix-valued
function in Dy that will be determined below. It can be verified from the jumps of &g, that PO
has the same jumps as S inside Dy, as desired.
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Figure 4: The subsets J1 of the complex z-plane.

We now choose Ej such that the matching condition (3.29) holds. Since dg remains bounded away
from 0 as r — +o00, y/rza~! — oo for all z € 9Dy. Therefore, we can use (A.15) with z replaced by %2
and we obtain

2®p.1(F; @)

PO ()P ()7t =Ey(z) (\/7?(@2 + rz)i)"31v(1 - T

+ O(r1)>

uniformly for z € 9Dy. On the other hand, we deduce from (3.1]) that
f(z) = Vz+o(1), as a — 0,

uniformly for z in compacts subsets of C \ {0}, which implies

1 0
<ie—2ﬁf(z> 1) =1+0(e™),  asr 400,00, (4.6)

uniformly for z € 9Dy N (I UT_), for a certain ¢ > 0. In view of (4.5) and (4.6), we define

Fo(2) = PO (2)s,? N1 (yA(a? +72)), (4.7)
and we verify that Fj is indeed analytic inside Dy, as desired. Furthermore, we have

2 73 o3
P(O)(Z)P("O)(z)_1 =1+ —P(Oo)(z)sfd Dpe 1 (E, a)sl 3 P(‘X’)(z)_1 + (9(7“_1), (4.8)

\TZ 4 .

as r — 400 uniformly for z € 9Dy. Finally, it is directly seen from (4.7) that
Eo(0) = P (0)s,” N~ (y/mart)™. (4.9)

4.2 Small norm problem

The function
S(z)P) ()7t forz € C\ (Do UUIL, D—o,),

R(z) =14 S(2)P%)(2)7Y, forz€D_,,,j€{l,...,m}, (4.10)
S(z2)PO)(2)~1, for z € Dy,

is analytic in C \ I, where

= (aDO ulJoD ., Uy uw_) \ (DO 'y ’D_l.j>,

j=1 j=1
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see Figure 5 From (3.35) and (&.§)), as  — 400 the jumps Jr = R_'R, satisfy

Oe—cVrvz unif. for z € (vy Uy_) NTg,
e 1_{( ) (v Ur-) N T

() . . (4.11)
+O(L), unif. for 2 € 9Dy U Uj=, 0D,

G
where J 1(31) is given by
T (2) = 7, @ e () Pra (B) B, (2) 7 2€0D—;, j=1...om (4.12)
R = o3 _ o3 .
%P(o")(z)sl2 <I>BC71(T4 ; )s1 E P(‘X’)( )7L, 2z € 0Dy.
As in Subsection we obtain that, for k1, ..., kn € N>,
okR(s) = o (14 BB | o(logr 95RM (z) = O(log* 413
sR(z) = 05| I + + ( ), R (2) = O(log" 1), as r — 400, (4.13)
T T
uniformly for z € C\ I'g, for a — 0, for & in compact subsets of Rjr’(;" and for fi,..., B, in compact
subsets of iR, where k = k1 + ... + kp,, 5’“ 8’“ 82: and
(1) (1)
1 J J
RW(z) = — / B / SR gs. 4.14
(2) 21 Jop, S— % Z 2 Jop . S— % ( )

We deduce from (4.12)) and m ) that J can be analytically continued to

(DO U 6 D_$j> \{—a® —21,...,—2m},

Jj=n

and has a double pole at —a? and simple poles at —x1, ..., —Zm.

In Section |5, we will need the explicit values of R (z) for z outside the disks, and also for z = 0.
Although the computations involved in the evaluation of the residues at —a? are quite different from the
ones in Subsection we find, somewhat remarkably, that the exact same formula (withn =1
and the residues given by and ) holds for R™(z) for z outside the disks. To obtain an explicit
expression for R(0), we evaluate the integrals in by means of residue calculations, and we get

1 1
RM(0) = SRes(J; (5),5 = —a®) + —Res((s +a”)J (s), s = —a?)

+ Z Res I (s),s = —a;) — JP(0), (4.15)

with the residues given by (3.59)—(3.60)) and

0 o o OO OO e
T’ (0) = VP 0 {0 s e |5 PO

4o 24

o 1 o .
_ pege? (a9 o F pleoyg-t — L dy i
viPR st (5 3 ) s TP - pn (Lt e ).

12

and P(*) is given by ([3.22) and the function p is given by (A.12).

5 Proof of Theorem [1.1]

In this section, we prove Theorem [I.T]in three steps using the following differential identity stated already

in (Z1)

0, log Fo(r7,8) = Koo + Y _ K_y, + Ko. (5.1)
j=1
First, we obtain large r asymptotics for Koo, K_,, ..., K_, _, Ko using the analysis of Sections |§| and

Second, we substitute these asymptotics into the differential identity (5.1) and use the change of
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Figure 5: The contour I'g with m = 2 and a — 0. The two unlabeled dots are —a? and 0.

variables (3.20) to get large r asymptotics for dg, log Fi,(r@,5), k = 1,...,m. Third, we integrate these
asymptotics in f1,. .., 8, and obtain large r asymptotics for log F, (r&, §).

The three regimes considered in Sections [3] and [f] can all be treated at once, save for the analysis of
Ko. A main difference between these regimes is that the terms that are of order O(r~/2) and O(r—1)
in regimes 1 and 2 become of order O(6~2r~1/2) and O(6~*r~1) in regime 3. Since ¢ = |z, — a?| is
of order 1 in regimes 1 and 2, we can include all the factors of § in the error terms, and then simply
replace § by 1 in regimes 1 and 2 at the end. Moreover, we will present all calculations for any value of
n € {1,...,m+ 1}, but we recall that n = 1 in regimes 2 and 3.

Asymptotics for K,. By l-) - ) and (| -, we have T = Ry + Pl(oo)7 where R; is defined
via the expansion R(z ) I+ 4+ 0(27?) as z — oo. Therefore, by (3.56), (3.68) and (3.20), for any
ke {l,...,m}, we have

0o 0y RM logr

05, Th = 8SkP1( ) + ’“Trl + 0(5477‘)’ as r — +00, (5.2)
1)

where R§1) is such that R (z) = % + O(272) as z — oco. Here we have used that the expansions in

r and z can be computed in any order, which is a consequence of (3.54). The matrix 0, Rgl) can be
calculated explicitly using (3.58). Recalling (2.15), (3.15]) and (3.23)), a computation yields

; - logr
Ky = —f\/;ﬁsle,m:_ (8 P 12\[4'8%]%%1%24_0(54\/;))
0. A =N +2i) a2 log
85 - (BF (A1 — A, — 0, (d3 +O< ) 5.3
. 1\[ Z 426- % — 22 4 A,( O) 54\/77 ( )

Asymptotics for K_,, with j € {1,...,n—1}. Suppose j € {1,...,n —1}. For z outside the lenses
such that z € D_,; and Im z > 0, using (3.18)), (3.48), (3.38), (3.10), (2.7) and (4.2), we find

T(2) = R(z)P@)(2) = R(z)P™)(z) (é h_mlj(z)>

1 0\ - Sit1—85 _
= ( . 2 > T'T3 G] ('rz’ rf’ §’ a) <1 27 log]-(T(Z + x]))) 6*\/;.]0(2)0'3
Therefore, using also ((3.40)),

- _oa 1 0 . f(—woa (1 C
Gj(—rzjre,s,a) =r"4 (m;\/; 1) R(—xj)P( )(—xj)eff( J)3<O 1>7

where the exact expression for ¢ = ¢(r) is unimportant for us. Substituting the above expression into

(2.16) and using (3.56)), we find that
K ., = Oe™VT), as r — 400, (5.4)

for some constant ¢ > 0.
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Asymptotics for K_,, with j € {n,...,m}. Suppose j € {n,...,m}. For z outside the lenses such
that z € D_,,; and Im 2z > 0, using now (3 18]), (3.48) and (3.33), we have

T(z) = R(Z)E—-'L'j (Z)(I’HG(\/;JC—:EJ (2); Bj)(sjsj-&-l)_%e_\/;f(z)%- (5.5)
By (3.20), (3.31) and , as z — —x; from outside the lenses, Im z > 0, we find

B (VS (B ssaen) % = (P D) (1 Oy () B BT s

W22 0
where
1+ 211
Ui = G 2 ; W01 = al ﬁjl) ; V11V 01 = Bj——. (5.7)
(sj8541)7 (s58541)7 Sj+1 7 55

The exact values of ;2 and ¥ 22 can also be computed explicitly, but they are unimportant for us. By

combining (|5.5) . w1th . and ( ., we find
- _o3 1 0 0. U
Gj(—rxj;rE, §,a) =r"74 (z“;ﬁ 1) R(—zj)E_,,(—x;) (‘I’j; Wj;;) (5.8)
The change of variables (3.20)) shows that 95, = —(27is;)'9p, and 95, = (2misy) ' (s, , — O3,) for
k=2 ...,m. Hence (3.56) and (3.68)) imply that, for each k =1,...,m

R(—z;) =1+ (’)( and 0, R(—x;) = (9(10£>7 as r — +o0. (5.9)

52/r ) 52/
Substituting (5.8) into (2.16)) and using (3.36)), (5.9) as well as the identities I'(z + 1) = 2I'(z) and

I'(z)I'(1 — z) = n/sin(wz), we find after a long computation that

(1 +8;)
K_,. = p;0s,lo 7]—25'83klo A
J J gF(lfﬂj) ' g N
Ot (62(Ry0 + Ao) +2i8;) + O 5.10
+m<ﬁj( ia+Ag2) + Zﬁj)"‘ N as r — +00. (5.10)

Asymptotics for K; in the regimes where a is bounded away from 0. For z near 0, we use
(3.18)), (3.48)), (3.10) and (2.10) to obtain

1 0\ s . aVF 1 s1h(rz)\ _
= (OO) = . 9 4 . 2 93 1 \/;g(z)og
T(z) = R(2)P'*(2) <—w§ JF 1) ra Go(rz;rZ, §,a)(rz) (0 1 > e

from which we get

0 1

o ar o a\/r
_ <‘21 0) R() P ()¢ V72103 (1.5)~ ¥ o ((1) 81h(7"zl)(rz) >

]
=}
3
N
=
&
»y
=)
S~—
\3\
A\;g
7N
[N
—_
o
~_
3

(2) () (2)e V7o) (1 —slhvz)) (r2) ¥

fege 1 O
- ( ) R()P(2)5 (I +0(1),  asz—0,

Tvro 1
for a certain ¢y that is independent of si,...,s,, and whose exact expression is unimportant for us.
Therefore, we have
S _os 1 0 (00) (V203
Go(0;rZ, 8, ) =7~ 4 %\/77 1 R(0)P'>’(0)c5®. (5.11)

Substituting this expression into (2.17)) and simplifying, we find

Ky = aﬁ(Ho,zlaskHo,m — Ho,110s, Ho 22 — 05, log D(O))a
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where

Hmzmmﬂwwp@@:me;‘DM?N

Recall that D(0) is given by (3.26) and R(0) by (3.56]) (see also (3.68)) and (3.58) with z = 0. After a

direct computation, we obtain

. d " d " B2(Ajq + A 2)0sd
Ky = <8 S SRR ZIjaskﬂj>\/;+ ansk (d1 - a2d0) - Z @( 2 :2)0s,
j=n

2 € QC,ZE,Z‘J‘
Jj=n 7
"™ 9, ([4a% — 22 —izi(Aiq — A; 2 1
+y Al s~ i — Ase) | 57) +O(—Zgr), as 7 — +o0. (5.12)
= de_y i/ 15 — a? 4/

Asymptotics for Ky in the regime where ¢ — 0 and z; remains bounded away from 0 as
r — 4o00. Let us consider regime 2, where a — 0 while the points z; stay bounded away from 0 as
7 — +00. In this regime, the analysis of K involves the local parametrix P(®) rather than P(*>). For
z € Do, we use (3.18), (4.10)), (3.10) and (2.10) to conclude that

1 0\ o3 - ayr 1 sih(rz)\ _ )
- 0) () = . o 1 Vrg(z)o
T(z) = R(z)P")(z) = (_igzﬁ 1> r 4 Go(rz;rd, §,a)(rz) = 7 (O 1 ) e 3,

and in the same way as for (5.11)), we find

- 1 0
Go(0; 72, 8,0) =~ 1 [ R(0)P© (0)eg? 5.13
o(in 50) =% (e ) ROPO O (5.13)
for a certain ¢y that is independent of sy, ..., s, and whose exact expression is unimportant for us. We

now find an explicit expression for P(?)(0). As z — 0, Im z > 0, z outside the regions J. defined in (4.4))
(for example, z — 0 with argz = 7 ), we use (4.4) and (A.9) to obtain

PO(2) = By(2) e (i) s; T eI T 00

1 il'(a) o
o E rz\z7s (1 h(F -3 —Vrg(z)o
= EO(Z) (F(%L‘IJ’T_ ) I‘(12+a)> ( 4 ) <0 (14 )) 51 ‘e Vre(z)as

I(e) 2

1 i) s
= Ey(0) <F(1Z:a) r(fi@) sp 2 ¢5* (I +o(1)),
T'(a) 2

where here too, ¢3 is a function independent of s1,...,s,, whose exact expression is unimportant for us.
Hence, using ({4.9)), we find

1 il(a) s
PO(0) = Ey(0) (F(li:a) F(%ia)) sy ° g

1 il'(a) -
—P@Mmlewﬁwﬂ“<Tr>r&@>£faf (5.14)
I'(@) 2

Defining Hy by Hy := R(0)P(>)(0), equations (5.13) and (5.14)) imply that

o 1 0 o3 o _ 1 iy o3
Go(0; 7%, 8,0) =r~ % (ia2 1) Hosy* N~ (Vrari)™ (F“Ja) P(ita) | 51 ° G765
Tﬁ T(a) 2

Substituting this expression for Go(0; %, 3, ) into (2.17)) and using the identities I'(a 4+ 1) = oI'(«) and
det Hy = 1, we obtain

Ky = a\/;(HO,ZlaskHO,IZ - H0,11askHo,22)~ (5.15)



The fact that P()(0) = O(a~2) as a — 0 could a priori worsen the error in the large r asymptotics
of Ky. However, the following exact formula, which is obtained by substituting the explicit expression
(3:22) for P(>)(0) into (5.15) with Hy = R(0)P(>)(0), shows that this is not the case:

Ky = # (mask log D(0) — idy, d1 + (a® — d?) (R(O)ggaskR(O)lg — R(O)uaskR(O)zg)

+ (R(O)mask_bz(())11 - R(())H@SkR(O)m) + 2id, (R(O)glaskR(O)lg - R(O)n&‘skR(O)zg)).

The right-hand side of the above equation can now be expanded as r — o0 using and the

expressions (3.26) for D(0) and (@&15) for RM(0). A calculation shows that the term J' )(0) in (4.15)
leads to a contribution to Ky of O(log(r)/+/T ) and in the end we arrive at the followmg asymptotic
formula which is identical to (5.12):

52( J1 Ag 2)0s, d1

KO <8&kd1 QZI 8sk5]>\[+ 08Sk (dl —G,2d0) Z

4 2¢ 4,75
j=n
" 9, ([4a? —2m; —ix;(A; 1 — A 2 1
+Z k j i(Aja 3’2)}6]) +O(5jig/;>’ as r — +oo. (5.16)

. )
de_y,j\/T5 —a

Asymptotics for 0g, log Fi,(r#, 5). Recall that c_,; is given by (3.31]), and do and d; by (3.21)). Hence,
by substituting 1nto l-j the large r asymptotics of Koo, K4, ] 1 ..,m and Ky given by (5.3,

- - ) and (5.12)), we find (after simplifications), for k = 1,.
s, log Fo(r, 3) = (askdl + ia? Z@%@) V=" (2Bj65k log Aj + s, (6?))
j=n j=n

+ 3 B0, log 11:8 . gj; + o(;‘j%/;) as T — +oo. (5.17)

Using (3.37)), we also note that
= 28i0s Jog Aj = =2y 504, (8)) log(4(xj — a®)e—u, 1) =2 B Y 05, (Br)log(Tr ). (5.18)
j=n j=n Jj= L=n

J

j=n

Since Bn,...,[Hm are independent of s1,...,8,_1, see -7 05, log Fo,(r#,5) = O(log(r)/(6%/7)) as
r — +oo for each k = 1,...,n — 1. Let us define F,(rZ, [3) = F, (mc 5), where g = (B ooy Bm)-

By (3.20), we have s, = exp(—2mi Z;":k B;) and hence 0g, = —2mi Z] 18j0s; for k =1,...,m. In
particular, foreach k=1,...,n—1,
- 1
0p, log Fo (rZ, B) = O(%), as r — +o0. (5.19)

Substituting (5.18]) into , for k € {n,...,m} we obtain

03,108 Fa(rT, ) = O,y +ia®Te)V7 =23 50, (53) log (4la; = a*)*20 17

j*n

722@26& Be) log(Ti ;) Zaﬁk +Zﬂja,3k log FE +gj;+@(;23;) (5.20)

] =N

#J
as r — 4o00. Recalling that d; is given by (3.21), Z;, by (3.27)), and f by (3.1)), we note that

Com — _ \/u—a2 B
Op,d1 + ia"Ly = — T — a® +ia / um z/ =2f_(—z).
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Hence, for k € {n,...,m}, the asymptotics (5.20) can be rewritten as

-,

O, 108 Fu (i, ) = 2/ (~2i)v/7 — 28 Tog (4(a — o) 20 V)

N4 N I'(1+ Br) log
2%@ log(T.) = 25k + s, log 5y + 0(64ﬁ). (5.21)
J

Asymptotics for log F,,(r#,5). Integrating (5.19) in S1,...,Bn-1, wWe get

log Fn(rZ, (B, ..., Bp1,0,...,0 1
og Fo (ri (~51 Bn-1 ) _ (’)( Zgr )7 as 7 -5 400, (5.22)
log Fi (r, (0,...,0)) oty
We will now proceed with the successive integrations of in By,...,08m.- We will use the notation
Bj = (b1,...,B4,0,...,0), j > n— 1. First, we set Bn+1 =...= Bmn =0 and use (5.21) with k = n.
After integration in Bn, we get
E(r& , Bn _
10g~(i> =28, f- (~xn) VT — B log (4(xn — a®)* 2,1 V)
F (rm,ﬂn 1)
+log (G(1+ B,)G(1 - B,)) + O logr as r — +oo
g n n 64\/; b )
where GG is Barnes’ G-function, and where we have used that
A (1 +x) )
20y log ———=dz = B* +log (G(1 + B)G(1 — j)). (5.23)
0 (1 —=2)
Now, we set Bpio == fFm =0and k =n+ 1 in (5.21)), and integrate in B,41. This gives

o M = 2Bn11f- (—2np1)VT = By log (4(zni1 — a®)* a1y V/r)
F,(rZ, ﬁn)

— 26,541 10g(Ts1.0) + log (G <1+ﬂn+1>G(1ﬁn+1>)+0(§23;) (5.24)

as r — +oo. The integrations in S,2,..., 8y are similar. By adding the asymptotics of log M

Fo(r#,Bj-1)
for j =mn,...,m to (5.22)), we obtain

logm = iQ :L'] \[ Zﬁ210g x —a )3/2x;1\/7j)

j=n j=n

—2 3 BiBklog(Tiy) + Y log (G(1+ 8;)G(1 - B;)) + o(éj%}) (5.25)

n<j<k<m j=n

-,

Since u; = —2mif;, F(ri, B) = Fo(r#, ) = Eo(ri, @), and

Fo(r#,0) = Eq(r7,0) =
we can rewrite ([5.25)) as

log Eq(r, i) (*f/ “*“2 >u3+241 log (4(z; — a®)*/?z; ' /r)

uju Ve —a®+ Vr —a? - logr
+ Y 2]772 10g<\/33j_a2 \/xk—a2|>+zlog 1+ﬂj)G(l_6j))+O(54\/;)’

n<j<k<m

which finishes the proof of Theorem [I.1]
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6 Proof of Theorem 1.10

The proof is an adaptation of [I6, Theorem 1.2] to handle varying point processes. Let {X,},>0 be
a family of point processes satisfying Assumptions and let N,.(z) denote the random variable that
counts the number of points of X, that are < x. In what follows, we let a, 7, 1,7y 2,0, be the constants
appearing in Assumptions We also write &, ;. for the k-th smallest point of X,., and let #,.; := w, (k).
We divide the proof into two lemmas.

Lemma 6.1. There exist ¢ > 0 and ro > 0 such that for any € > 0 sufficiently small and r > ro,

Nofa) — pele)| i(ue))SC”T“”“”’”)”6. (6.1)

o3(x)

P sup
z€((Nr,1+07)7,(Nr2—07)7) 2¢

In particular, for any € > 0,

N, (z) — pr ()
07(z)

< i(1+e)> ~ 1.

lim P su
r—too xe((nr,l+57‘)7'7("]7‘,2_57‘)T)
Proof. For each large enough r, i, and o, are increasing by part (2) of Assumptions and therefore

Nr - Mr NT T - Br\ivrk— Nr T - Br\lvr 1
(#) = wr(2) _ Np(hirg) = pr(mrp—1) _ Ne(rrg) = pr(frg) + . forallz € [krg_1,krk] (6.2)

op(z) T 07 (K1) 07 (For k1)

and for all k € K := {k € Nog : £ > (9r1 + 0p)r and Ky -1 < (9r2 — 0,)7}. The definition of K,
implies in particular that

((777”,1 + (57«)7", (777",2 - 6T)r) C U [K/T,kfla ’ir,k]'
ke,

Note that I, is finite and #K, — +o0o as 7 — 400 (this follows directly from Remark @ Using first
(6.2), then a union bound and then Markov’s inequality, we find

N — U, N k) — 1
P Sup M >y | <P <max T(Hv’k)z o (Krp) + > ’y)
S€((Mr 1 +8,)7, (02— 8,)7) o7 () kEX, 02(Krk—1)

S Z P (NT(KT,IC)Q u’l"(/ﬁ”,k) —+ 1 > 7) S Z E |:6'YNT(HTJ€)] ef’yur(nnk)+,y,,y2o-'i(l€,«,k_1)’ (63)
kek, o7 (Fir k1) ke,

for any v > 0. Let k¥’ := max{k : k € K,} and k" := min{k : k € K;-} (note that &’ and k" depends on r,
even though this is not indicated in the notation). For all k such that k" < k < k/, by definition of K,
we can directly use ([1.32)) to obtain an upper bound for ]E[eVN"‘(“’“”“)]. To also obtain an upper bound for
E[e"Nr(Frx)] using (1.32), we need to show that the inequality Br g < (Mr2— %)7‘ holds for all sufficiently
large 7. Let us write Ky 1 = Ky pr—1 +m. We have

= (K =1)+m) >k —1+m inf ()
E€[Ry k7 — 1K 7]

m
>kE -1+ ——mMm— inf ; . 6.4
R/ —1 + M EE€[R,. 1y 15K jor] Sw (5) ( )

Note that &, g—1 > (9,1 + 6,)r for all sufficiently large r, because #K, — +o00. Thus, since & — &p).(€)
is non-decreasing by Assumptions [T.9]

inf fu;(f) = Rrk’'—1 H;(’fnk’—l) > (nr,l + 57»)7‘H/r((77r,1 + 5T)T) (65)

EE[Ry 1 — 13K 1]
for all large enough r. Also, by definition of K,, &y x—1 < (92 — 6,)r. Hence, (6.4)—(6.5)) imply

m < - Nr2 — 6r 2(777',2 - 57‘)

<
6 T O (et + 00) T (M + 60)7) =1 7 (M1 + 04) ey (11 + 61)7)
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for all sufficiently large r, and the right-hand side tends to 0 as » — +oo by parts (2) and (4) of
Assumptions This shows that K, < (9r2 — %)r for all sufficiently large r. Therefore, using (|1.32))

in ([6.3]), we obtain

P sup w >~ | < Cev Z 677—22Gf(nr,k)eVQ(Uf(nr,k)fcf(nnk_l)).
zE€((Mr,1+07)7,(Nr,2—067)7) o7(z) e
Using the assumption that 02 o p~! is concave and increasing, we have
sup 672(63(5r,k)_63(5r,k—1)) — evz(ﬂiou:l(k”)—aiou;l(k”—l)) < efyz(crfop.;l)’(k”—l). (6.7)
ke,

On the other hand, for any ki, ke € [ (0r17), L (r,27)] With k1 < ko,
(07 o uy ) (ka) — (07 o, t) (k1)

(070 (1) < o e < (@20 (k) (69
Moreover, for any b1,ba € [0.1,1r2] with by > by,
. bl . b1
(bor) — 1 (byr) > (by — b fow) > (1-2 f ") = (1= 2oyl (byr).
prbar) = e (bar) 2 (b2 = b _inf (o) > (1= ) nf () = (1= 52 )b (bar)
(6.9)

If by,b2 € (nr1 + %,m’Q - %) are chosen such that 1 — Z—; > 10, for a certain ¢; > 0 independent of

r, then the right-hand side of converges to 400 as r — +0o by part (2) of Assumptions The
definition of K, implies that & — 1 € (u-((9r1 + 6,)7) — 1, (91 + J;)7)], and therefore with
bi = (r1+2=)r and by = (9,1 +6,)r implies & —1 € (i (10,14 22)7), (1,1 +6,-)7)] for all sufficiently
large r. Hence, applying the first inequality in with ks = k" — 1 and k1 = w.((nr1 + 5g)r), and
using parts (2) and (4) of Assumptions we get

(0.2 o H_l)/(kn _ 1) < (0‘2 o LLT—l)(k;// _ 1) - cf((nm + %)7‘) < 0-72“((,77,’1 + 5r)7“)
r r - k" —1— u-r((nr,l + %)T) - Hr((nr,l + %)7«) _ ur((nr,l + %)’I‘)
402((ny1 + 6,)r) Mt e 462y + 60)7) o

Tooeinf oy e TR(PE) T o+ 5 Seri (e + §)T)

for all sufficiently large r, where C" is independent of r. Therefore, the right-hand side of (6.7) is bounded
by a constant C' = C'(M) for all r sufficiently large and all v € [0, M|, where M > ,/2/a is arbitrary
but fixed. Using also the fact that 02 and p, are increasing, we obtain

P sup Nr(x)27 W(I’) >~ < CC'e Z e*éci(ur_l(k))
@€ (M1 +8,:)7, (12— 3,)r) 0% () =

Hr((nr,2_5r)7‘)+1

<Ol (e—ﬁai«m,mm) +/ e—f(ciwﬂ)(lc)dk) . (6.10)
i

7‘((7]7‘,1"1‘57‘)7‘)
The proof for the other bound is similar (and simpler): for any v > 0,

. ( s (@) = No(2) 7) <Y (w(m,k_o ~No(fraaa) +1 7)

2e((nrat6o)r (nra—dryr) 02 (T) = 02 (Krk-1)

< Z Ee_VNr(KAr,k):|e’YHr(Hr,k)""'Y_’YZG?«(HT,k)SC@’Y Z e-ﬁ“f(uil(k))

k:k+1elC, k:k+1elC,

r((Mr,2—67)7)
<Ce 26”22(Uf(u?l(ur((nr,1+57-)r)1))+/u T = F o gy | | (6.11)
wr((r,1+67)7)

P sup >y
we((nr,l +67')7'; (7]7‘,2 _67‘)7')

< C(C" +2)e” 6*?(Gfoufl)(ur((nr.1+6rr~)r)71) +/
wr ((Mr,1+67)T)

The inequalities (6.10)) and (6.11]) imply that

N, () = ()
o2(z)

(M 2—68,)r)+1 2
wr ((r,2—0r) eg(ﬁouﬂ)(’ﬂ)dk) .
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The above inequality is valid for any v > 0 but is useful only for v > y/2/a. Indeed, using part 3 of
Assumptions we find

a 2
M ur((nr,l + 67”)7')1_%

ay?
5 1

N, (z) — pr(2)
o)

P su > ] <3C(C"+2)e
xe(("?r,l+5r)77(77r,2_5r)T)

for all sufficiently large r and for all v € (1/2/a, M]. We obtain the claim with ¢ = 6C(C’ + 2)eM after

choosing v = 1/ 2(1 +¢). O

Lemma 6.2. Let € € (0,1) and A > 1. For all sufficiently large v, if the event
sup

No (@) — e (@)| _ ‘/2(14_6) (6.12)
@€ (e 148, )7, (112 —6,)r) Vo

0% ()
r T - k 2
max % <4/ =(1+4 Xe). (6.13)
k€ (e (101 +28,)7), 111 (1,228, )r) N30 (02 0 ) (k) a

Proof. First, we observe that if &, < (1 + 6,)r < (p1 + 20,)7 < Ky, then

uT((nT,l + 2(57«)7’) < ur(ﬁr,k) =k= Nr(‘ir,k) < NT((nr,l + 5r)r)7

holds true, then

and hence, using Assumptions [I.9]
Ny (11 + 6,)r) = (11 +67)7) W (01 + 200)7) — pr (971 + 60)1)

o2 ((1r,1 + 07)7) - oZ((nr,1 + 0r)r)
Or infze(m«,l—i-(sr,m\,l +26,) TH;”(‘TT) N Nr,1 + Or 57‘7'”{,‘((777”,1 + 5r)r)
B oZ((nr,1 +0,)r) T N1+ 20 02((ea +00)r)

and since the right-hand side tends to +00 as r — +o00, this contradicts (6.12) if r is large enough.
Similarly, if &k > (r2 — 67)r > (Nr,2 — 26,)7 > Ky, then

ur((nr,Q - 2(5})7’) Z Hr(ﬂr,k) =k= Nr(‘ir,k) 2 Nr((nr,Q - 5T)r)7

and we find
UT((W,Z — 1) — Nr((nr,Q —0,)r) > Hr((nrﬂ —0,)1) — Hr((nrﬂ —26,.)r)

02((nr2 — 6,)1) - o2 ((nr,2 — 0r)r)
> Or infﬁe(ﬁr,2—267.7nr,2—5r) TH;«(Tﬁ) > Nr,2 — 26, 57“7'“;’((777",2 - 25r)r)
B 02((7%,2 - 6T>T> = T2 — Or 03((%,2 - 6r)r) .

The right-hand side tends to 400 as r — 400 by Assumptions so this also contradicts (6.12) if r
is large enough. Therefore, we have shown that &, € (9,1 + 0,)7, (9r2 — 0,)7) for all k € (K- ((r1 +
26,)r), i ((Mr2 — 20,)7)), provided that r is large enough. The rest of the proof follows as in [I6, proof
of Lemma 2.2, eq (2.9) and below]. In [16], the parameter A is equal to 2. We consider here the sharper
situation A > 1, but this improvement can be obtained without modifying the idea of the proof of [I6],
so we omit the details here. O

Proof of Theorem[I.10 Let A > 1. By Lemma there exist ¢ > 0 and 79 > 0 such that

T T 67‘ -X
P(A) >1-— € (1 4 0r)r) , for any r > ry and any small € > 0,

€

and Lemma [6.2] implies that A C B, where A and B are the events

N, (z) — 2
A{ sup Ne@) o) | (HE)},
2€ (M1 +8,)7 (02— 82)7) 0% () a A

r\Gr —k / 2
B{ max L’wg (1+6)}
ke(Hr((nr,1+25r)'r)>H'r((n'r‘,2_25r)r))ﬂN20 (O-% O Wr )(k) a

Hence P(B) > P(A) > 1 — el £901) 2 hich finishes the proof. O

€
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Figure 6: Left: the jump contour Xa; for ®4;. Right: the jump contour ¥, for ..

A Model RH problems
A.1 Airy model RH problem

The following RH problem was introduced in [23], and its unique solution can be explicitly written in
terms of Airy functions.

(a) ®p;:C\ Za; — C?*2 is analytic, where ¥4; is shown in Figure |§| (left).

(b) ®a; has the jump relations

Paig(2) = Pai—(2) ; 1) ; onR7,

-1 0
11 N
Dpi 4 (2) = Pai—(2) ;  onRT,
: : 0 1
1 0 2mi (A1)
Ppit(2) = Pai—(2) L 1) ones Rt
Dpi 1 (2) = Dai—(2) 1 (1) , on e~ FRT.
(¢) As z — 00, z ¢ Xai, we have
- Dy 2
Ppi(z) =2 N (I—i— ‘;/’21 + O(z_g)) 6_323/2”3, (A.2)
2
where ) L/
1 = d
- . —_(®
vemla) mess(l )
As z — 0, we have
Ppi(z) = O(1). (A3)
A.2 Bessel model RH problem
Given o > —1, we define
I,(222) 1Ko (222) )
4 1 9 < ia
2mizhIl(223) —22B K/ (2:%) sl <
H (2(=2)}) 3HD (2(=2)})
Dpe(z;0) = 2 e 2 e e 208, 2r <argz <, A4
PED T et (1) o)) wd (1) 22 P .
1Y (2(-2)%) LHP (2(-2)) :
27 27 e~ 9, —p<argz < —2F,
—rz (HP) (@-2)}) w2d (HD) (2(-2)F) 8PS T3

where H((),l) and H((f) are the Hankel functions of the first and second kind, and I, and K, are the
modified Bessel functions of the first and second kind.

The matrix-valued function ®p. was first considered in [22] for o = 0 and in [37] for general & > —1. For
fixed «, it is known that ®g. enjoys the following properties
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(a) ®p.: C\ Uge — C2*2 is analytic, where ¥, is shown in Figure |§| (right).

(b) ®p. satisfies the jump conditions

0 1
Dpe +(2) = Ppe,—(2) 1 0) ) z€R™,
‘I)Be,+(z) = (I)Be,—(z) ewlioc (1)> ’ z € ezgl R+ (A~5)
Ppe,+(2) = Ppe,—(2) e—];ria (1)> , z€e FRY.
(¢) As z — 00, z ¢ Xge, we have
1._93 >~ i
(I’Be(z;a) = (27TZ§)_TN <I =+ Z ‘I)Be,k(a)z_k/2> 6222037 (Aﬁ)
k=1
for certain matrices E)Be,k(a) independent of z.
(d) As z tends to 0,
o) O(1)\  ss 2
o) o))" laesl <% |
Dpe(z;a) = 0(=-%) O(=%) , if o >0. (A7)
O %) O(Z—;)> o 5 <largz| <m,
Also, in [12), eqs (7.5) and (7.6)] it was shown that, for z in a neighborhood of 0,
Dpe(z;0) = Ppeo(z;0)22 % (é h(12)> Ho(2), (A8)

where Hj is given by (2.9)), h by (2.11), and ®pe o is analytic in a neighborhood of 0 and satisfies

1 il'(a)
(r(li:a) r(fia)) , ifa#0,

TI'(@) 2

1 & ¢
T 3 —
(0 1 ), it a =0,
where g is Euler’s gamma constant.

We emphasize that the asymptotics (A.6) are valid only as z — oo while o remains in a compact
subset of (—1,+00). Our task in the rest of this section is to find uniform asymptotics for ®pe(z, a)
as z — oo and simultaneously & — 4o00. The uniform asymptotics of I,(az) and K,(az) as z — oo,
Rez > 0, and @ — +o0 are given in [4I, Chapter 10, equations (7.18)—(7.19)]. As z — oo in the right
half-plane Re z > 0 and simultaneously o — 400, we have

Ppe0(0;a) = (A.9)

eé(2) 3p(z) — 5p(2)3 1
1 = 1 Al
a(a2) (2ma)t/2(1 4 22)1/4 ( * 24 + O( (az)? ))’ (4.10)
T\/2 em() 3p(z) — 5p(2)3 1
K =(— 1-— A1l
o(az) (2&) (1+z2)1/4< 24 +O((az)2)>’ ( )
where the error terms are uniform for |arg z| < § — ¢ for each fixed 6 > 0 and
1
2) = ——, =V1+22+1o A12
S e v 2

In (A.12)), the principal branch is used for the square roots and the logarithm. To evaluate the asymptotics
of I (az) and K/ (az), we use (A.10) and (A.11]) together with

Ioii(az) + Io—1(az)

2 K

o(a+DE(EF) _ paé(2) z (1 ~ p(2) N O( 1 )))
1+ V1422 20 (az)?

SamDE(E) _ e LT VI+22 (0 p(2) 4o 1 )
2 (az)?

a—1
z

I'(az) =

K! (az) = —K,_ 1(az) — %Ka(az),
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As z — 00, Rez > 0, and simultaneously @ — 400, we obtain

I (az) = eag(gi;/i)” ! (1 n ‘9p(z)2;; (=) | of (alz)Q)), (A.13)
Kiez) = (5-) H2em ot (:L ) (1 + 9p(z)2;;p(z>3 +o( (alz)z )) (A.14)

Setting 2 — 2v/za~! in (A.10)—(A.14), we obtain, as a — +o0o and y/za~! — oo uniformly for |arg z| <
2
3

Ppe(z;a) = (Vr(a® + 4z)411)_03N(I + Opeq(z;0)2 2 + (’)(z:_1)>e‘c“é(%a/;)‘”7 (A.15)
where ®pe 1(2z; @) is uniformly bounded and given by
—3p(2E)+p(RE)° i=p(BE)+p(3E)?)
Ca) — 24 1
Pror(z0) =VE |, oAl ams) s (A-16)

4o 24a

In fact, the asymptotic formula (A.15)) is valid as a — 400 and \/za~! — oo uniformly for all values of
arg z (not just in the sector |argz| < 2F). To see this, we employ the identities (see [42, eq (10.27.8)])

2 _ mi
HV(z) = e 7 (TDK, (—iz), —g<arg(z)§7r,
_
2 mi
HP (2) = ZeF VK, (iz), —7r<arg(z)§g,
0
to write
—iKa—'2— 1 l'K o \L
20l I )
—222K! (—i2(—2)7) —222K/(i2(—2)%)
Ppe(20) =49 5 s (A.17)
7 HKa(i2(=2) o(—12(=2)7)

%) % 27
23 K7 (i2(—2)3)  —2:3 K7 (—i2(—2 )é)>’ TeAasES T
We now observe that the asymptotic formulas and (A.14) for K,(az) and K[ (az) are in fact
valid uniformly for all |argz| < 7 as z — oo and o — —|—oo provided that the functions (1 4 22)%/4, p(z)
and £(z) are analytically continued in the natural way as z crosses the imaginary axis, see [41, Chapter
10, Section 8.2]. (The formulas (A.10) and (A.13)) cannot be analytically continued in the same way.)
Substituting the asymptotics (A.11]) and (A.14)) into (A.17]), We conclude after a long calculation that

(A-15)) holds as o — +o0o and y/za~! — oo uniformly also for 2% < argz < 7 and —7 < argz < — 2%

A.3 Confluent hypergeometric model RH problem

The following RH problem depends on a parameter 8 € iR and was introduced in [34]. Its unique solution
can be explicitly written in terms of confluent hypergeometric function.

(a) g : C\ Xue — C?*2 is analytic, where Yy is shown in Figure

(b) For z € Ty (see Figure , k=1,...,6, Pyg obeys the jump relations

Puc,+(2) = Pua,— (2)Jk, (A.18)

0 e 1 0 1 0
Jy = <ei7rﬁ 0 ) 3 Jy = (eiﬂ,@ 1) ) J3 = (eiwﬁ 1)

0 e'mh 1 0 1 0
Jy = <ei7rﬂ 0 ) 5 Js = (e—iﬂﬂ 1) ’ Jo = (eiwﬁ 1) .

where
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Figure 7: The jump contour Yyg. For each k = 1,...,6, the angle formed by I'y and (0,4o00) is a
multiple of 7.

(c¢) As z = o0, z ¢ Ypq, we have

P (8) e”ﬁ‘”, I<8L1rgz<3—7r7
Pyg(z) = <I + HG% + 0(22)) 2 Posem503 0 —1 2 T . (A.19)
(1 O)’ —§<argz<§,
where . rp)
waa) =0 (_ Ly V) o= o5 (A.20)

In (A19), the root is defined by 2° = |z|fe?Par8* with argz € (-5, 2F).
As z — 0, we have

O(1) Oflog2)} ifz e ITUV,
O(1) O(log =)
Pua(z) = O(logz) Ollog2)\ e 1 1rruIV UV A2
O(logz) O(logz))’ ne ’
We will need the following more detailed asymptotics: as z — 0, z € I, we have
dna(s) = (I T2) (11 o) (L T log (A.22)
Uor W 0 1 ’

where the argument of log z = log || + i arg z is such that argz € (—7, 7”) and

(-
Uy =T(1—B), Wpp—= — ( - )) + 29 — z7r>
B)

L) \ra -
Uy =T(1+ 5), Voo = F(_j@) (I‘(( 5) +27E—Z7T>

where g is Euler’s gamma constant.
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