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Introduction

In this thesis, we study the efficiency of competitive equilibrium with
hidden action. We consider a pure exchange economy populated by a
large number of risk averse consumers facing an idiosyncratic uncertainty
on their endowments. They can choose at some cost an action that
modifies the probabilities of the different idiosyncratic states. They can
also buy insurance so as to smooth their consumption profile.

Given these characteristics, we investigate how the efficiency of a com-
petitive outcome depends on the market structure. In particular, we
consider both competitive anonymous markets, where consumers make
their choices taking as given some relevant economic parameters, and
competitive strategic markets, where consumers interact with financial
intermediaries who explicitly take into account the choices of other eco-
nomic agents.

In the first chapter, we start reviewing some known results on the ef-
ficiency of competitive equilibrium when there exists a complete set of
markets for commodities with delivery contingent on the idiosyncratic
state. Then we propose a detailed analysis of the efficiency properties of
competitive equilibrium with strategic insurance intermediaries. In this
case, we argue that the main problem as far as efficiency is concerned
is whether consumers can be prevented from trading with more than
one firm or not. In the former case, efficiency is easily obtained. In the
latter case, it may not be possible to provide the proper incentives to
consumers.

In the second chapter of the thesis, we consider a more general type of
economy. In particular, we assume that there are multiple consumption
goods and that the level of action affects the marginal benefit consumers
get from consumption. For this economy, we consider two canonical
market structures, one with a complete set of contingent-commodity



markets, and one with complete financial markets, together with spot
markets for consumption goods.

Not surprisingly, even under the more general assumptions of this chap-
ter, the competitive equilibrium with complete contingent-commodity
markets is efficient. We therefore ask whether the same is true for the
equilibrium with complete financial markets.

When there is no hidden action, it is well known that the two market
structures are equally efficient. It is therefore interesting to investigate
if this equivalence holds under the case of asymmetric information we
consider.

The main result we provide in this chapter is that under more general hy-
pothesis than those usually considered in the literature, the equilibrium
with financial markets is not efficient. This result depends essentially on
the effects the possibility of trading on the spot market once action has
been chosen and uncertainty is resolved has on consumers’ incentives.

In the third chapter, we consider a rather different market structure.
In particular, we assume that consumers can insure themselves by vol-
untarily committing to deliver part of their uncertain endowment to a
common pool in exchange for a sure return from the pool itself.

In this type of market structure, we assume no strategic behavior. Con-
sumer take as given the return of the pool, and make their choices accord-
ing to their expectations. The return of the pool is then endogenously
determined.

We show that equilibria with pool of promises exists, and they may
imply either a low level of action and return of the pool, or a high level
of both of them.

We finally show that if there exist heterogeneous groups of consumers,
it is possible to form aggregate pool of promises, and that in this case
welfare can be higher than the case of segregated pools.



Chapter 1

Efficiency of competitive
equilibrium with hidden
action: an overview

In this chapter, we review some known results concerning the efficiency
of competitive equilibrium in pure exchange economies with hidden ac-
tion and idiosyncratic uncertainty. After defining an appropriate effi-
ciency concept, we consider different market structures and we propose
a suitable equilibrium concept for each of them. We the ask whether
the resulting equilibrium is efficient according to the above criterion.

Some simplifying assumptions are made in order to make the main ar-
guments transparent. In particular, it is assumed that there is a single
consumption good, that preferences are separable in the cost of action,
and that only two action levels are possible.

In the first part of the chapter, we assume there exists a complete set
of markets for commodities with contingent delivery. We propose an
equilibrium concept based on the observation that prices should properly
incorporate the optimal choice of action by consumers. Thanks to this
property, we easily verify that the resulting equilibrium is efficient.

In the second part of the chapter, we consider a more complex market
structure. In particular we assume that consumers trade with perfectly
competitive insurance intermediaries selling insurance contracts. As a
consequence, the equilibrium definition must incorporate the strategic
interaction among intermediaries. This will in turn depend on whether it
is possible for consumer to trade with more that one firm. We therefore



analyze both an equilibrium with exclusivity, in which consumers can
be restricted to buy only a single contract, and an equilibrium with
non-exclusivity, in which such a possibility is excluded.

Among non-exclusive equilibria, we concentrate on the class of linear
price equilibria, for it was long believed that liner prices and incentives
were incompatible, in the sense that, with linear prices, only equilibria
with too much insurance and too low a level of action were possible.
Indeed, we show that this need not be the case by revising the charac-
terization of high-action linear price equilibria.

Finally, we argue that under the assumption of non-exclusivity the ef-
ficiency criterion should be properly amended to take into account the
possibility for consumers to make unverifiable trades. Hence, we discuss
some type of non-exclusive equilibria that are efficient according to the
modified criterion.

1.1 The economy

Consider a pure exchange economy with a single consumption good. The
economy is populated by a large number of consumers all ex ante equal,
and lasts two periods ¢t = 0, 1.

There is no consumption in the first period, when consumers face an
idiosyncratic uncertainty which realizes in the second period. At t =1
each consumer may be in one out two states s € S = {1, 2}.

Uncertainty affects only the level of the single consumption good con-
sumers are endowed with at the beginning of the second period. Indi-
vidual endowments are denoted by the vector w = (wq,ws) € R%. It
is assumed that w; > wy > 0. With terminology consistent with the
insurance set-up, state s = 1 will be referred to as the good state.

Consumers are risk averse, hence they wish to acquire insurance coverage
against the uncertainty on their endowments. They can do so in formal
insurance markets, which will be described later on.

Consumers can also choose an action a € A = {L, H} affecting, on the
one hand, the probabilities of the idiosyncratic states, and on the other
hand the utility they get from consumption.

In what follows, m, denotes the probability of state 1 when action a is
chosen. It is assumed that 1 > my > 7, > 0. The (dis-)utility of the
action is equal to ¢,. It is assumed that cg > c¢p = 0.



Preferences are represented by an expected utility function v(z, a) : R x
A — R given by:

v(z,a) = meu(rr) + (1 — m)u(r2) — ¢4 -

Because of the binary action set, preferences represented by v are inher-
ently non-convex. On the other hand, we assume that the (Bernoulli)
utility index w is a strictly increasing and strictly concave function.

It is assumed that the action chosen by a consumer remains unknown to
anyone else in the economy, so that information is asymmetric. On the
other hand, it is assumed that endowments are verifiable at t = 1, so
that it is possible to determine in which idiosyncratic state consumers
are.

1.2 Constrained efficient allocation

Suppose at t = 0 there exists a benevolent planner who wishes to max-
imize consumers’ utility by assigning a consumption bundle x and pre-
scribing an action a.

The planner is subject to a physical feasibility constraint, for he can-
not redistribute more resources than those available. In the economy
considered here, there is no aggregate uncertainty once action is cho-
sen. This follows from the assumption of a large number of consumers.
Aggregate resources at ¢ = 1 when action a is chosen are equal to
Wy = Tawy + (1 — 74 )wo

As standard in models of asymmetric information, the planner is as-
sumed to be subject on the same limits on information as all economic
agents.

Hence, in addiction to the feasibility constraint, he has to take into
account the fact that the only action consumers are going to choose is
the optimal one given the prescribed consumption bundle. This latter
constraint is known as the incentive compatibility constraint.

Let # denote the vector (m, (1 —m)) € R2,. Given the above observa-
tions, the planner’s problem is given as follows:
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max  v(z,a)
T,a

st. T (r—w) <0, (1.1a)

v(z,d') —v(z,a) <0, a,d €A. (1.1b)

(1.1a) is the feasibility constraint, while (1.1b) is the incentive compati-
bility constraint. Notice that it is evaluated at the consumption bundle
prescribed by the planner. It is therefore assumed that consumers do
not engage in further trading once assigned the bundle x.

When (1.1b) holds with equality, it defines the locus of consumption
bundles that make consumers indifferent between choosing high action
and low action. In the literature it is usually referred to as the switching
LA portion of a typical switching locus is represented in the
following figure:

locus.

2

45°

Figure 1

For consumption bundles below the switching locus, the incentive com-
patible level of action is @ = H, while for consumption bundles above
the switching locus, the incentive compatible level of action is a = L.
For future reference, notice that independently of the actual position of

!The analysis of the properties of this locus is not pursued here. For our purpose
it is enough to recall that it is an increasing curve and it lies below the 45° line
whenever the cost of high action is higher than that of low action.
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the switching locus, for a consumption bundle on or above the 45° line,
the incentive compatible level of action is always a = L.

Provided that the cost of high action is not too high with respect to
the cost of low action, and that the probability of the good state under
high action is not too close to that under low action, the solution of
the above maximization problem implies a* = H and and consumption
bundle x* which is at the intersection of the switching locus and the
feasibility constraint, as illustrated in the following figure:

€2

x1

Figure 2

We now begin our investigation of the possible equilibrium concepts
suitable for the economy just described. This will require describing the
possibility of trades consumers have access to. We will also investigate
the efficiency properties of the proposed equilibrium concepts. In par-
ticular, we will ask when an equilibrium allocation is efficient according
to the criterion introduced above.

1.3 A model with contingent markets
In this section, we suppose there exists a complete set of markets for

commodities with delivery contingent on the idiosyncratic state. Con-
sumers trade in these markets, which are open at ¢ = 0, by selling their
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state-contingent endowments and buying a bundle of consumption goods
to be delivered only if the corresponding state is realized. This market
structure then implies that consumers face a single budget constraint.

Once the bundle has been purchased, markets close. Consumers then
choose their preferred action a. The uncertainty is resolved, and at t = 1
goods are delivered according to purchases.

In order to define an equilibrium concept for this market structure, we
have to introduce an appropriate price system. Notice that there are
S = 2 prices to be quoted.

Suppose for a moment that there is no hidden action, and maintain the
hypothesis of absence of aggregate uncertainty. In this case, there exist
restrictions on the structure of the price system such that a well defined
equilibrium concept displaying satisfactory efficiency properties can be
defined.

These restrictions essentially require the price of one unit of good deliv-
ered in state s to be equal the actual probability of that state. These
prices are known in the literature as (actuarially) fair.

The presence hidden action does not alter the reasoning in an essential
way. In this case, m5 depends on a. Hence we shall assume that the price
of one unit of good with delivery contingent on state s when action a
has been chosen is equal to 7s(a).

The problem at this point is to consider the appropriate level of action.
The only possible candidate is the incentive compatible one, which we
recall satisfies (1.1b). It follows that the price of one unit of good to be
delivered in state s cannot be quoted unless it is specified the consump-
tion level of the good to be delivered in the other state.

Moreover, the price relative price for of good in state 1 in terms of
good in state 2 differs according to the actual quantity purchased. In
particular it is equal to 7y /(1 — mg) if = is below the switching locus,
and it is equal to 71 /(1 — 7rp) if x is above the switching locus. For this
reason, this price system is sometime referred to as non-linear.

1.3.1 Equilibrium with contingent markets

Given the market structure and the price system just described, the con-
sumers’ problem is equal to the planner’s problem, where the feasibility

13



constraint has to be interpreted as a budget constraint and the incentive
compatibility constraint is required for the prices to be well defined.

Given this observation, we shall introduce an equilibrium concept suit-
able for this economy. Quite naturally, the equilibrium requires con-
sumers to optimize given prices, and market to clear. These properties
are summarized in the following:

Definition 1.3.1. An equilibrium with markets for contingent commodi-
ties is (z,a,7,) such that:

(a) (z,a) € argmax {v(z,a) | (z,a) satifies (1.1a) and (1.1b),

(b) T - (z —w)=0.

Given the extremely simplified economy here considered, the above def-
inition displays redundancies and may appear overstated. Nonetheless,
it has the advantage of elucidating the main characteristics of the equi-
librium concept, which can be easily extended to more general envi-
ronments.”> Equally generalizable is the following proposition, which is
apparent in the present context:

Proposition 1. FEvery equilibrium with markets for contingent com-
modities is constrained efficient.

1.4 A model with insurance intermediaries

In this section, we consider a different market structure. In particular,
we assume that consumers can insure themselves by trading with in-
termediaries who sell insurance contracts. In this case, the equilibrium
notion has to be modified to take into account the strategic behavior of
insurance firms.

Suppose therefore there exists a countable number of intermediaries j =
1,2, ..., offering insurance contracts to consumers.

An insurance contract is a set of transfers 7 = (71, 72) € R? which allows
consumers to transfers income from one idiosyncratic state to the other.
A contract such that 71 < 0 will be referred to as a positive-insurance
contract.

2 An illustrative example is given in the next chapter.
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From an intermediary viewpoint, a positive-insurance contract 7 guar-
antees revenues equal to —m, 7 > 0 and has costs equal to (1—7,)72 > 0,
hence it makes non-negative profits if —m,m > (1—m,)72. This condition
can be rewritten as follows:

o™l + (1 — )72 <0, (1.2)

Recall that 7, = (74,1 — 7m4). The above condition can be rewritten as
e - 7 < 0 and it implies that 7, and 7 cannot make an acute angle if 7
implies non-negative profits.

An important characteristic for the definition, and the properties, of an
equilibrium with insurance firms is the number of intermediaries con-
sumers are allowed to trade with. Two polar cases are usually consid-
ered in the literature. On the one hand, it is assumed that consumers
can trade with at most one intermediary. This case is referred to as the
exclusive case. On the other hand, it is assumed that consumers can
trade with as many insurance companies as they wish. This case will be
referred to as the non-exclusive case.

1.4.1 Exclusive equilibrium

In an exclusive equilibrium, it is implicitly assumed that an exclusivity
covenant may be costlessly enforced. Hence, given a sequence of of-
fered contracts 7o = (..., 77, ...) for j = 1,2..., consumers choose a single
contract 77, and then stop trading.

After the contract is signed, consumers choose an action a. The un-
certainty is resolved, and at t = 1, consumers receive the payoff of the
contract according to the state in which they are.

Consumers choose the intermediary j to trade with and the action so
as to maximize utility. Hence, consumers’ problem is described by the
following;:

max Taw(z1) + (1 — mg)u(z2) — ¢4 s
xT,a,]

st. x=w+7, ac{L H}.

Let (7o) denote the solution set for this problem. Moreover let:

15



Y To = A(To) = (2(70), (7o), (7o)
be a selection of §(7,). Given 4, profits of an insurance intermediary are
equal to:

A — Ry T A = 4(10)
Pl(1,) = (7e) (1.3)

v
0 it j#j(7)

At an equilibrium with exclusivity, all agents optimize given the choices
of each other. These properties are summarized in the following:

Definition 1.4.1. An equilibrium with exclusivity is (x,a,j, 7o) such
that:

(CL) ({17, avj) = ’3/(7-0) >
(b) P,{(TO) > P,g(Tj,To_j) for all j,

where (77,7, 7) is the new set of offered contracts when intermediary j
substitutes 7 with 77.

From (1.3) we notice that any intermediary whose contract is not bought
at equilibrium makes zero profits. Therefore he has strong incentives
to undercut the intermediary active in equilibrium, if the latter makes
positive profits.

In an equilibrium with exclusivity competition among intermediaries
looks then fierce enough equilibrium profits to zero. This intuition is
indeed true, and its implication are even stronger, as suggested by the
following:

Proposition 2. The following statements are equivalent:
(A) (z,a,7) is an equilibrium with exclusivity;

(B) (z,a) is constrained efficient.
Proof. (A) = (B). Take an equilibrium with exclusivity and suppose
(B) does not hold. Then there exists (Z,a) satisfying (1.1b) such that

v(Z,a) > v(z,a) and 7z - (z — w) < 0. Hence P;((:E —w), 75" > P;(TO)
for any i # j, and (z,a,j) is not an equilibrium with exclusivity.
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(B) = (A) Let 7o = ((z — w),75!), where 7,1 = (0,0) for j = 2,3, ....
In this case there exist a selection (7,) such that (x(7,), a(7.),j(70)) =
(x,a,1). Since it is straightforward to verify that there are no profitable
deviations in this case, this is indeed an equilibrium with exclusivity. m

1.4.2 Non-exclusive equilibrium

When the exclusivity covenant considered in the previous section cannot
be enforced, the equilibrium concept must be properly amended. In
particular, it is necessary to consider the possibility that consumers trade
with more than one insurance firm.3

This possibility affects the profitability of each insurance contract, for
the level of action consumers are going to make at equilibrium depends
on the aggregate insurance purchases. Each insurance firm has to take
this effect into account when offering contracts to consumers.

Given a sequence of offered contracts 7o = (...,77,...) for j = 1,2...,
consumers choose a set of J contracts. After contracts are signed, con-
sumers choose an action a. The uncertainty is resolved, and at t = 1,
consumers receive the payoff of the contracts according to the state in
which they are.

Consumers choose the set of intermediary J to trade with and the action
so as to maximize utility. Hence, consumers’ problem is described by
the following;:

max mauw(x1) + (1 — mg)u(z2) — ¢4,
z,a,J

s.t. m:w+Z7'j, ac{L,H}.
jeJ

In what follows, we let C denote the constraint set in the above problem.
Let the solution set for this problem be g(7,). Moreover let:

7170 = (7o) = (2(70), (7o), I (70))

3The analysis of the non-exclusive equilibrium presented here draws heavily from
Hellwig [16]. In particular, proposition 3 and 4 correspond to his lemma 3.1 and 3.2,
proposition 5 to his lemma A.1 and propositions 6 — 9 to his propositions 3.3 — 3.6.
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be a selection of g(7,). Given =, profits of an insurance intermediary are
equal to:

, — Ry T if G € J(70)
Pi(r) = (7e) (1.4)

¥
0 it j¢J(r)
At a non-exclusive equilibrium, all agents optimize given the choices of
each other. These properties are summarized in the following:

Definition 1.4.2. An equilibrium without exclusivity is (z,a, J, 7o) such
that:

(a) ($> a, J) = '7(7—0) )

b) P! To ZPj Tj,To_j for all 7.
¥ ¥

Before proceeding with the analysis of the equilibria without exclusivity,
we need to introduce a modified consumers’ problem, whose solution set
will be useful in what follows.

1.4.3 Compensated consumers’ problem

Let @ be such that w; > w2 > 0. Recall that 7 = (7, (1 — 7)) €
Ri 4. We are interested in studying the solution set of the following
maximization problem, which will be referred to as the compensated
consumers’ problem:

Jnax, Taw(z1) + (1 — mg)u(w2) — Cqo s
st. w-(x—w) <0, (1.5a)
xp —w; <0, (1.5b)
x1 20, (1.5¢)
ae{L, H}. (1.5d)

(1.5a) is a single budget constraint stating that consumers can purchase
goods in the two states by selling their compensated endowments w.

18



Trades occur at price 7. (1.5b) implies that consumers cannot transfers
consumption from the bad to the good state. This constraint is referred
to as non-negative insurance constraint.

In what follows, we let ¢(7,w) be the solution set of the above maxi-
mization problem.

From the standard analysis of choice under uncertainty, it is well know
that risk-averse consumers with state independent expected utility buy
partial, over or full insurance when the price of insurance is respectively
less than fair, more than fair or just fair. This behavior is not sub-
stantially affected by the presence of hidden action, as shown by the
following;:

Proposition 3. For w; > w9 > 0, (z,a) € o(7,w) implies x; § x9 as

—

T ; w. Therefore m, < w implies a = L, hence T, = 7L,.

Proof. See the Appendix. m

Yet, when the price of insurance is very high and the cost of high action is
very low, consumers may prefer underinsurance and high action, instead
of full, or overinsurance, and low action, even if they can buy as much
insurance as they wish at the price 7. This intuition is confirmed by
the following:

Proposition 4. For any given (Tg, 7, w) such that 1 > 7y > wp >
0 and w1 > wy = 0 there exist ¢ > 0 such that, for ¢ > cg > 0,
(z,a) € o(7TL,w) implies x1 > xo and a = H. In this case there exist
a price of insurance Ty, an overinsurance consumption bundle xy, and a
partial insurance consumption bundle xg such that {(zg, H), (xp, L)} =

Proof. See the Appendix. m

The following figure illustrates the solution of the compensated con-
sumers’ problem mentioned in the above proposition:
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T2

45°

1

Figure 3

The following proposition describes some general properties of a non-
exclusive equilibrium that will be relevant in the rest of the chapter:

Proposition 5. Any non-exclusive equilibrium (z,a, J, 7o) satisfies:
(a) Pj(ro) >0,
(b) 7
(¢) (z,a) € p(TL, @),
)

(d) for every e > 0 there exist j such that P(1,) < e.

L ( ’LU)}O,

Proof. (a): PJ(7,) < 0 implies PJ((0,0),757) = 0, which is not possible
at equilibrium; (b): for € > 0, let € = ¢/m, y = (z1 + £, 22) and
z = (x1 + 2¢,x2). Contrary to the statement, let:

7L (z—w) <7p-(z—w)<0.

Using (d), the following chain of inequality gives the required contradic-
tion:

Pj(ro) <& < — (7L (y—w) < PY((y —w), 7).

20



(c): a similar argument as the previous one gives the result. (d): (a)
implies that the series P(75) is non-negative and converges mono-
tonically to 7y(7,) - (z —w). m

We are ready to introduce and analyze an important class of non-
exclusive equilibria called linear price equilibria.

1.4.4 Linear price equilibrium

A linear price equilibrium is a non-exclusive equilibrium with the addi-
tional property that the equilibrium consumption allocation belongs to
a linear budget set. This property is formally stated in the following:

Definition 1.4.3. An non-exclusive equilibrium (;p,a, J, 7o) is a linear
price equilibrium there if exist © such that @ - 77 < 0 for all j and
(z,a) € o(T,w).

Linear price equilibria may or may not exist. At a linear price equi-
librium, consumers may choose low or high action. In the latter case,
equilibrium profits may be positive. We investigate all these cases in the
following section.

1.4.5 Low-action linear price equilibrium

A first type of linear price equilibrium is characterized by the following:*

Proposition 6. If a linear price equilibrium is such that (z,a) € ¢(7,w)
implies © # w and PJ(7,) = 0 for all j, then @ = 71, and (z,a) = (we, L).

Proof. P(r,) =0 for all j implies 7, - djes 7 =7, - (x —w) = 0, since
(x,a,J) € C. The equilibrium being linear implies 7 (z —w) = 0. = # w
then implies 7, = 7. From proposition 3 it follows that x1 = x2, hence
a = L. This finally implies 7, = 7, =7 and £ = w,. =

This equilibrium will be referred to as the low-action linear price equi-
librium. Its existence is established by the following:

Proposition 7. The following statements are equivalent:

(A) there exists a linear price equilibrium such that a(7°) = L;

4In what follows, for a generic vector y, we let y. denote the (full insurance) vector
with components equal to 7r, - y.
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(B) for all w such that:
17]1>7f)2 and ﬁH-(lz}—w)<0§_’L‘(uA)—w), (16)
it is true that (e, L) € p(TL, W) .
Proof. (A) = (B). (a) and (b) in proposition 5 imply respectively
TL D jes 7 =7 (r—w) < 0and 71 (z—w) > 0, hence 7, (x—w) = 0.
(¢) in proposition 5 imply (z,L) € ¢(7r,z), hence 21 < x2.° Indeed,

x1 < xo is not possible, for otherwise there is a profitable deviation
T =1y — w for some j, as the following figure shows:

€2

45°

1

Figure 4

Therefore 1 = 192 = we, hence x # w. The equilibrium being linear
implies that 7 - (r — w) = 0, hence @ = 7, and equilibrium profits are
zero. Suppose now that (B) does not holds. Then there exist w satisfying
(1.6) and w such that (w, H) € ¢(7r, w), hence (w, H) € ¢(7r,w). This
implies v(w, H) > v(we, L) > v(we, L). If offered, the contract 7 = w—w
would be accepted, since it gives higher utility, and it would then yield
positive profits, as wp - (W — w) < 0. The following figure illustrates
these findings:

This rules out the possibility that the equilibrium allocation is between the full
insurance line and the switching locus.
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Figure 5

Formally, (@, H, j) = v(77,757) and P{(i’j,v'o ) > P{(To). This contra-
dicts the hypothesis that 7, was (part of) an equilibrium.

(B) = (A). Let 7o = ((we — w),751), where 75! = (we — w)/(j — 1)
for 7 = 2,3,.... In this case there exist a selection y(7,) such that
(x(75),a(75)) = (we, L). To check that this is an equilibrium, sup-

pose that j substitutes 77 with some 7/ = % — w, where @ satis-
fies (1.6). If purchased, 7/ would makes positive profits if consumers
choose a = H. Since (., L) € ¢(7L,w) by assumption and since

consumers can supplement 77 with contracts in 7,7, it follows that
(2(79,757),a(79,757)) = (e, L). Hence 7/ makes a loss if issued and it
is not a profitable deviation. It is finally straightforward to verify that
the equilibrium just constructed is indeed a linear price equilibrium with
zero profits for each j. m

Low-action linear price equilibria are consistent with the intuition that
consumers cannot be given incentives to choose high action if they are
not constrained in the amount of insurance they can buy, and prices at
which they trade are linear.

Yet this intuition does not exhaust all possible equilibrium configura-
tions. Indeed, it may well be the case that consumers choose at equi-
librium partial insurance, and high action, even when they are not pre-
vented from buying as much insurance as they wish at linear prices. This
case will be analyzed in the following section.
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1.4.6 High-action linear price equilibrium

Recalling proposition 4, we may argue that if (z,a) € ¢(7L,w) implies
a = H, then there exist high-action linear price equilibria. This conjec-
ture is confirmed by the following:

Proposition 8. The following statements are equivalent:
(A) there exists a linear price equilibrium such that a(7°) = H;
(B) (i) there exists Tr, <1 T <1 TH such that:
(e, H), (w1, 1)} = p(Faw), (17)
and (ii) for all w such that:
T (W—w) <0< Ty (W—w), (1.8)

there exists & such that (,L) € o(7y, W) .

In this case either xg = w, and equilibrium profits are zero, or xg # w,
and equilibrium profits are positive.

Proof. (A) = (B). Let 7 be the equilibrium price of insurance and set
x(7o) = xg. Proposition 5 (b) implies 7, - (x iy —w) > 0. The equilibrium
being linear implies 7, - (7 —w) = 0. It follows that 7, >1 71, as shown
in the following figure:

(T —w)

Figure 6

Since a(7,) = H is optimal in the compensated consumer problem, it
follows that z; > x9 and 7, <; Tg. Suppose (i) does not hold. Then
there exist w satisfying (1.8) and w such that (w, H) € ¢(7, w), hence
(w,H) € (74, w). Let 7 = @ — w. Recall that the equilibrium being
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linear price implies that 7, - 72 < 0 for all j. If follows that (w,H,j) =
y(#7,757) and PI(#7,757) = 7 - #9 > 0 for all j. (d) in proposition 5
implies that there is j/ such that P/’ (r,) < @ - 7. 7 is then a profitable
deviation, which contradicts (A). Therefore (i7) holds. Now let {z;} be
a sequence such that x;, — xy and zj, satisfies (1.8) for all h. As (i7)
holds, there exist x; such that (z;, L) € ¢(7«, z;,) for all h. This implies
in particular that x; belongs to the constraint set of the compensated
consumer problem, which is compact. Therefore the series x; converges
to some x, as [ tends to infinity. Since ¢ is upper-semi-continuous, it
follows that (zr,L) € o(Ty,xg) = @(T«,w). (i) then follows from the
strict concavity of u. The following figure illustrates these findings:

z2

45°

x1

Figure 7

(B) = (A). Let 7o = (7, 75Y), with 7! = (2 — w) and 7,71 = (zy —
w)/(j — 1) for j = 2,3,.... In this case there exists a selection (7o)
such that (z(7.),a(7)) = (xg, H). By the same reasoning as in the
previous proposition, it is straightforward to prove that this is indeed
an equilibrium. m

Remark. If in a linear price equilibrium it is admitted that T - >0
for some j, then it may be possible that despite (B) is violated, (A) is
not. In particular, it may happen that once issued W is supplemented
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with another contract so as to reach a point like y, where the optimal
action is L.

In the insurance framework we are considering, the existence of high-
action, positive-profit equilibria is linked to the non-convexity of the
indifference curves. When the latter are convex, this type of equilibrium
does not in general arise.

Convexity of the action set A is a necessary condition for indifference
curves to be convex. In addition, specific assumptions on the shapes of
the functions 7, and ¢, has to be made.b

1.4.7 Non-existence of linear price equilibrium

According to last two propositions, linear price equilibria do exists under
specific conditions. If these do not hold, a linear price equilibrium may
not exist at all. This intuition is confirmed by the following:

Proposition 9. The following statements are equivalent:
(A) no linear price equilibrium exists;

(B) for all © such that T <1 T <1 7y either (i) (x,a) € (7, w)
implies 7o - (x — w) > 0, or (i7) for some x and some W such that

Fr (0 —w) <0< 7 (0 —w), (1.9)

it is true that (z, H) = p(7,0).

For economies with preferences and endowments satisfying the assump-
tions made at the beginning of the chapter, existence is not an issue in
case of constant absolute risk aversion (Bernoulli) utility index u.” With
constant relative risk aversion (Bernoulli) utility index u, a linear price
equilibrium may not exist.?

There is another potential source of non-existence of linear price equi-
libria: the possibility for consumers to buy negative insurance, so as
to transfer income from the bad state to the good state. Consider the
following figure:

6See for example Arnott [1].

"See Hellwig [15], proposition 5.b and lemma A.3.

8See Hellwig [16], proposition 3.8. This proposition, together with the companion
proposition 3.7, shows that the conditions introduced in proposition 7, 8 and 9 are
not empty.
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The solid line represent the boundary of the feasibility set. At price
71, consumers are not willing to buy positive insurance, as they would
rather buy negative insurance. If they are allowed to do so, they will
choose an unfeasible consumption bundle. In particular this implies
that a negative-insurance contract offered at this price will be bought
by consumers, and it will make negative profits.

As the price of insurance is reduced, consumers wish to buy less nega-
tive insurance, but the optimal bundle will still be unfeasible. At the
price corresponding to the dashed line, consumers are indifferent be-
tween choosing a partial insurance consumption bundle, together with
high action, and an overinsurance consumption bundle, together with
low action, but none of the bundle is in the feasibility set. As the price
of insurance is further decreased, consumers discontinuously switch to
an overinsurance consumption bundle which is still outside the feasibil-
ity set. No equilibrium with intermediaries making non-negative profits
can exist in this case.

This example makes clear the importance of the assumption of absence
of negative insurance made in the previous sections.

Linear price equilibria are not the only class of non-exclusive equilibria
with insurance intermediaries. In particular there are examples of non-
exclusive equilibria such that the equilibrium allocation does not belong
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to a linear budget set. Equilibria in this class are still actively investi-
gated, with results not completely settled. An example of an exclusive
equilibrium in this class will be given in the following section.

1.4.8 Non-exclusive equilibrium and efficiency

When the constrained efficient allocation (z*,a*) is such that a* = H,
it is not possible to sustain it as an equilibrium with non-exclusivity.
This follows from the fact that there are robust possibility of profitable
deviations that can be exploited by intermediaries making at equilibrium
sufficiently low profits. Formally one has:

Proposition 10. Assume that (z*,a*) is a constrained efficient alloca-
tion such that a* = H. In this case, if (x,a,J,7) is an non-exclusive
equilibrium, then (z,a) # (x*,a*).

Proof. Contrary to the statement, suppose there exists an non-exclusive
equilibrium such that (x,a) = (z*,a*) = (z*,H). In this case there
exists a contract 7 = & — x* which gives higher utility to consumers, and
make strictly positive profits, as shown in the following figure:

2

Figure 9
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Using (d) in proposition 5, we can find an intermediary j such that

P(1o) < e < P{((z —x*),75 ?), a contradiction which proves the result.
"

Upon reflection, the constrained efficient allocation does not seem to
be a suitable benchmark for evaluating the welfare properties of non-
exclusive equilibria. Indeed, if we accept that the planner has to be
subject to the same constraints on information as all economic agents,
then the planner’s problem should be amended to take into account
the possibility for consumers to make unverifiable trades. The resulting
constraint will in general depend on the market structure, for the latter
determines the actual possibilities of trading for consumers.

Suppose that consumers can always trade with some intermediary offer-
ing insurance at fair prices conditional on low action. Since a contract
traded at these prices always makes either zero or positive profits, this
is assumption is compatible with the characteristics of an equilibrium
with non-exclusivity.

If the planner cannot prevent consumers from trading at those prices,
then its problem should be amended as follows:

max  v(z,a)
T,a
st. W (z—w) <0, (1.10a)
v(xe, L) —v(x,a) <0. (1.10b)

While (1.10a) is the traditional feasibility constraint, (1.10b) is the con-
straint that captures the fact that the planner can only choose among
allocations that are be optimal given the possibility of further trading
at fair prices conditional on low action.

According to the parameters of the economy, the solution of the problem
may imply a = L or a = H. If endowments are sufficiently skewed, then
it is optimal to give consumers positive insurance up to the point where
they are indifferent between a partial insurance bundle, and high action,
and a full insurance bundle, and low action, so that (1.10b) holds with
equality. This configuration is shown in the following figure:
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While an allocation like (&, H) cannot arise in a linear price equilibrium,
there exists notions of non-exclusive equilibrium that sustain it. As an
illustration, assume consumers make offers to insurance firms, who may
or may not accept them.

Since intermediaries anticipate that consumers can always ask for sup-
plementary coverage, they are always willing to accept contracts at price
71, for these guarantees non-negative profits irrespective of trades con-
sumers make. Yet they are also going to accept contract lower at prices,
provided that it finances a consumption bundle satisfying (1.10b), for
in this case they are sure consumers are not going to supplement it and
switch to low action.

In this case, if consumers ask a contract 7 = (& — w), there will be an
insurance firm willing to accept it. This active intermediary makes zero
profits, as well as all the other latent intermediary, who stand ready to
accept any contract offer at prices 7. In is possible to show that in
this case no profitable deviation exists: given the set of contract offers
accepted by intermediaries, consumers maximize their utility. If any
intermediary announces to be ready to accept contracts at lower price,
consumers will then supplement this contract with those offered at price
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71, and will switch to low effort. The deviation is then not profitable for
the intermediary.

1.5 Related literature

The contingent market equilibrium proposed above follows Kocherlakota
[19], who considers a more general framework, in particular allowing for
aggregate uncertainty. For the case of observable action, Marshall [22]
proposed a similar concept, thus making clear that for the equilibrium
to be (unconstrained) efficient, prices should be properly related to a
even in absence of asymmetric information.

The analysis of the exclusive equilibrium dates back to the work of Help-
man and Laffont [17]. The strategic version here considered follows
Arnott and Stiglitz [5], [7]. In addition to the results recalled in this
chapter, these authors observed that some of the properties of this type
of equilibrium, and in particular the fact that it implies zero profits, do
not necessarily hold when preferences are not separable in consumption
and action. This observation has been subsequently analyzed by Ben-
nardo and Chiappori [10], who characterize a class of positive profits
exclusive equilibria.

The of linear price equilibrium was first analyzed by Pauly [23], who
only considered the low-action, zero-profit configuration. Subsequently,
Stiglitz [27], Hellwig [15], [16] and Arnott and Stiglitz [6] extended the
analysis to the case of high action equilibria.

The non-existence problem recalled at the end of section 1.4.7 was first
analyzed by Helpman and Laffont [17].

The efficiency criterion introduced at the end of the last section, as well
as the concept of non-exclusive equilibrium that sustain allocations sat-
isfying it, has been analyzed by Kahn and Mookherjee [18]. Thanks to
the fact all the bargaining power is assigned to consumers, the sequen-
tial equilibrium concept they propose always entails zero profits for the
active intermediaries.

Bisin and Guaitoli [11], following Hellwig [16], consider a class of equi-
libria with non-exclusivity similar to that of Kahn and Mookherjee. Yet
they show that there exist equilibria with positive profits. This result
is due the fact that they assume that insurance firms make offers to
consumers, thus reverting the distribution of the bargaining power. The
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authors then argue that these equilibria are still efficient according to
the same criterion proposed by Kahn and Mookherjee [18].

The analysis of models where exclusivity covenants cannot be enforced
has been extended to cases where supplementary possibilities of trades
do not come only from formal insurance markets, but also from informal
ones, like the family (see Arnott and Stiglitz [8]), and from formal credit
markets (see Bizer and De Marzo [12]).

1.6 Appendix
In this Appendix we prove proposition 3 and 4.

1.6.1 Proof of proposition 3

If x € (7, W), then it satisfies the following first order conditions:

mat(z1) — At +p—v = 0, (1.11a)

(1 —7)u' (z2) = AX1—-m) = 0, (1.11b)
A(r(zr — i) + (1= m)(ze — ) = 0, (1.11c)
pry = 0, (1.11d)

v(z —y) = 0, (1.11e)

where A, u, v > 0 are the multipliers associated with the inequality con-
straints. As (1.5a) always holds with equality, there are three cases left
to consider: when (1.5b) holds with equality, when (1.5¢) does, and
when none of them does.

In the first case, zo > x; = 0, hence v/(z1) > u/(z2) and u > v = 0.
Therefore (1.11a) and (1.11b) imply:

Ta o U (x1) v

< < . 1.12
l—mg 1—mgu/(z2) 1—m ( )

In the second case, 1 = w; > we = x9, hence u/(z1) < u/(x2) and
v > p = 0. Therefore (1.11a) and (1.11b) imply:
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/
Ta o U(x1) T
> . 1.13
1—mg  1—mpu/(x2)  1—7 ( )
In the third case, 0 < 1 < w; and g = v = 0, hence (1.11a) and (1.11b)
imply:

o U (x1) _ .7 , (1.14)
1—mgu(z2) 1—m
which is satisfied whenever the following holds:
< / > Ta < T
TS T2 & u(r)Zu(re) & —m>1_n (1.15)

From (1.12) and (1.15) we conclude that if (x1,z2,a) € ¢(7, w) and

T o
<
S1l-7

, (1.16)

1—m,

then z; < z9, hence a = L.°

1.6.2 Proof of proposition 4

We first prove the first part of the proposition, then the second part.
Let &(x) := mgu(xy) + (1 — g )u(xz) and define:

X(7r,w) :=argmax {{(x) |7 - (r —w) =0,2; > 0,21 —w; <0},

(1.17)
which is characterized by the following equations :
apu (1) = Mp+p—v = 0, (1.18a)
(1 —7mg)u'(z2) — A1 —7) = 0, (1.18b)
Arp(xy —wr) + (1 —7p)(xe —wa)) = 0, (1.18¢)
pry = 0, (1.18d)
vz —wy;) = 0. (1.18e)

9When marginal utility at zero is unbounded, the only relevant first order condition
is (1.14). This implies in particular that a boundary solution is not optimal when
Wy = 0.
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z1 = 0 cannot optimal, for in this case (1.18a)—(1.18b) yield a contra-
diction. When z1 = w1 > we = x9, then v/(z1) < u/(z2) and v > p = 0.
Therefore (1.18a) and (1.18b) imply that:

L TH u'(z1) TH

< < , 1.19
1—7TL 1—7THU,(.T2) 1—7TH ( )

which is admissible. Finally, if 0 < 1 < wq, then 4 = v = 0 and in this
case (1.18a) and (1.18b) imply that:

7w (1)
1—7m, 1—mgu(x)’

(1.20)

Since my > 7, the above condition holds when u/(z1) < u/(x2), hence
r1 > 2.' Summing up, we conclude that = € x(7z,w) implies z1 >
x2, hence x # we, where w, is a vector with components all equal to
7r, - w. Since w, satisfies the constraint set in (1.17), we conclude that
z € x(mp,w) also implies {(x) > &(w.), where the strict inequality
follows from the strict concavity of £. For x € x(mp,w), we let £ =
&(x) — &(we). From the above analysis it follows that &* it is strictly
positive and from the Maximum Theorem it follows that it is continuous
and therefore it reaches a minimum on the compact set D C R? x [0, 1]?
such that (w, g, mr) € D implies wy > we > 0 and 1 > 7wy > 7y > 0.
Let ¢ > 0 be this minimum. If follows that there exists 0 < ¢y < ¢
such that ¢y < €%, hence that £(w.) < &(z) — cg with z € x(mr,w).
Therefore consumers prefer to choose high action and a partial insurance
consumption bundle.

This concludes the proof of the first part of the proof. As for the sec-
ond, we first recall that ¢ is upper semi-continuous by the Maximum
Theorem. Now let II be the set of @ for which consumers choose full, or
overinsurance, and low effort when @ = w. In symbols:

I:=A{7[(z,L) € p(7,w), w2 > 11} .

From the above analysis we know that 7 € II, hence Il # &. Assume
that 77, ¢ II, i.e. assume that the parameters of the problem are such
that consumers would rather choose underinsurance and high action
when they can buy as much insurance as they wish at the price 7y,.
Proposition 4 guarantees that this is possible.

10The previous remark on the optimality of boundary solutions when marginal
utility at zero is unbounded applies also in this case.
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Recall that 7 = (7,1 — m), m € (0,1) by assumption and that 7 >; 7,
whenever m > m,,. Moreover we let

7y := inf{m |7 € 11}, (1.21)

and T, = (w4, 1 — m). Notice that 7, > mp, hence 7, >; 7. We
know there exists xy such that (zg, H) € ¢(rp,w) and 7, such that
(xr, L) € (g, w). Let

. 1\ o 1\ |
Th 1= (1—h>ﬂ'*+<h>7TL.

By construction, 7, >; 7 >1 7. Since (z,a) € ¢(7h, w) cannot imply
a = L and zo > x1, for otherwise (1.21) would be violated, and it

= L and x2 < x; either, for otherwise (1.13) would
be violated, we conclude that (z,a) € (7, w) implies a = H and
xrT > xg.ll
the constraint set in the virtual consumer problem, which is compact.

cannot imply a
Moreover (zp, H) € @(7h,w) implies that x; belongs to

Therefore the series x; converges to some xy as h tends to infinity.
Summing up, we have that 7, — 7 and z;, — xg as h — oo, and
(xh, H) € p(mh, w) for every h. Since the Maximum Theorem guarantees
that ¢ is upper-semi-continuous, it follows that (zpg, H) € @(7x, w).

Now let
S 1 1\ . 1 R
m = -7 Ty + i T -

By construction, 7, <1 m; <1 Tg. It easy to see that 7, € II. If not,
either 7, >1 wforall @ € ITor m; <1 7 for all @ € II. The first case is false
since T <1 Tg, while the second is false for otherwise (1.21) would imply
7 <1 T, which is impossible. It follows that (z,a) € ¢(7, w) implies
a =L and x9 > x1. Moreover (z;, L) € ¢(7, w) implies that x; belongs
to the constraint set of the compensated consumer problem, which is
compact. Therefore the series x; converges to some z; as [ tends to
infinity. Summing up, we have that 7; — 7, and x; — a1 as | — oo, and
(x1, L) € p(7, w) for every [. Since the Maximum Theorem guarantees
that ¢ is upper-semi-continuous, it follows that (z, L) € (7, w).

As a final step we show that the map ¢ is discontinuous by showing that
fails to be lower semi-continuous at 7. Formally this means that there

14 = L and 21 > z2 means that the chosen bundle would be below the 45° line

and above the switching locus.
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exist a sequence 7, — 7, and a choice bundle (z,a) € ¢(7«, w) such that
there does not exist a sequence (z,, a,) — (x,a) and (xy, an) € @(Tn, W)
for all n. To see this, consider again the sequence 7T — 7. as above
constructed and take (zp,L) € (7, w). If there exists a sequence
(xh,ap) — (xr,L) such that (zp,an) € @(7p,w) for all h, we could
extract a sub-sequence such that z,, — xp and (zp, L) € (7, w). But
this is impossible since from the above analysis we know that (z,ap) €
©(7p, w) implies a = L.
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Chapter 2

Constrained inefliciency of
competitive equilibrium
with hidden action

In this chapter, we consider a pure exchange economy with idiosyncratic
uncertainty, hidden action and multiple consumption goods. For this
economy, we consider two different market structures. On the one hand,
we assume that there exists a complete set of markets for commodities
with delivery contingent on the idiosyncratic state. On the other hand,
we assume that there exists a complete set of financial markets, together
with spot markets for consumption goods.

For each of the market structure considered, we propose a suitable equi-
librium concept, and we evaluate the competitive equilibrium using an
appropriate efficiency criterion. We then ask whether differences in the
market structure result in differences in the efficiency of equilibrium.

It is well know that when there is no hidden action, assuming a com-
plete set of contingent-commodity markets or a complete set of financial
markets is irrelevant as far as efficiency is concerned. This result follows
because the two market structures allow to reach the same allocations of
consumption goods, provided that prices are related in an appropriate
way.

When there is hidden action, the incentive compatibility constraint be-
come an essential ingredient of the equilibrium, and it may interfere
with that equivalence. This is because in a multiple-good setting, this
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constraint depends on optimal consumption bundles, and these in turns
depend on the type of trades consumers can make.

In this chapter, we first show that any equilibrium with contingent-
commodity markets is efficient in an appropriate sense.

Then, following the intuition of the previous paragraph, we show that the
equilibrium with financial and spot markets is indeed inefficient, when
assumptions on preferences more general than those usually considered
in the literature hold.

2.1 The economy

Consider a pure exchange economy with L > 1 consumption goods. The
economy is populated by a large number of consumers all ex ante equal,
and lasts two periods t = 0, 1.

There is no consumption, when consumers face an idiosyncratic uncer-
tainty which realizes in the second period. At ¢ = 1 each consumer may
be in one out two states s € S = {0, 1}.

Uncertainty affects only the level of goods consumers are endowment
with at the beginning of the second period. Individual endowments are
denoted by w = (w1, ws) € Riﬁ_ It is assumed that w; > ws, so that
state s = 1 will be referred to as the good state.!

Consumers can choose an action a € A = [0,1] affecting, on the one
hand, the probabilities of the idiosyncratic states, and on the other hand
the utility consumers get from consumption.

Preferences are represented by an expected utility function v(z1, z2,a) :
Ri’: x A — R given by:

v(x1,x2,a) := m(a)u(xy, a) + m2(a) u(xe, a),

where 75(a) : A — (0,1) is a function giving the probability of state s
when action a is chosen. According to the above general formulation,
the level of a affects the marginal utility of every consumption good.
This case will be referred to as non-separable preferences.

If a does not affects the marginal utility of any consumption good, then
we say that preferences are separable. Formally, this arises when the
following assumption hold:

LGiven two vectors x,y € RJLHN x>y means x; > y; for all [.
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Assumption S. (SEPARABLE PREFERENCES) There exist utility in-
dezes i : RY — R and ¢ : A — R such that u(zs, a) == a(zs) — c(a) .

Intermediate cases are possible as well. In particular it may happen that
a affects the marginal utility of all but one consumption goods, as stated
in the following:

Assumption H. (HEMI-NON-SEPARABLE PREFERENCES) There ezist
utility indezes f: Ry — R and g : Rifl x A — R such that u(xs,a) :=
f(zsj) + g(xs?,a) for some consumption good j

where 257 € Rijrl is a bundle consumption goods obtained by eliminat-
ing good j.

It is assumed that the action chosen by a consumer remains unknown to
anyone else in the economy, so that information is asymmetric. On the
other hand, it is assumed that endowments are verifiable at t = 1, so
that it is possible to determine in which idiosyncratic state consumers
are.

2.2 Constrained efficient allocation

Suppose there exists a benevolent planner who knows all the fundamen-
tals of the economy, in particular preferences and endowments. Suppose
in addition that he is subject to the same limits on information as any
economic agent, so that he cannot verify the level of action chosen by
consumers.

Under these assumption the information available to the planner, though
not complete, is indeed rather large. The admissibility of such an as-
sumption, common to most of the literature on the subject, will not be
discussed here.

The planner assigns a feasible distribution of consumption goods and
prescribes an action so as to maximize consumers’ utility. Because of
the limits on information, the planner can only prescribe action that are
optimal given the assigned consumption bundle. In the standard jargon,
this means that the planner can only choose among the set of incentive
compatible actions.

We assume that the planner observe actual consumption at ¢ = 1, and
as a consequence he can enforce a given distribution of consumption
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bundles. It is therefore excluded that consumers trade at ¢ = 1 once
received their bundles. This implies that the choice of a is the only
hidden action consumers make.

From the above discussion it should be clear that the constrained efficient
allocation (x1,x2,a) is the solution of the following problem:

max v(x1,x2,a)
xr1,r2,a
st.  mi(a)(xy —wi) + ma(a)(xe — we) <0, (2.1a)
a = arg max v(z1,22,a). (2.1b)

(2.1a) is the feasibility constraint, which holds in expected value, while
(2.1b) is the incentive compatibility constraint. It states that the only
admissible level of action in the planner choice set are those which max-
imize consumers’ utility, given prescribed consumption bundle.

In what follows, we let B denote the set of (z1, z2,a) that satisfy (2.1a)
and (2.1b).

The solution of the planner’s problem will be the benchmark for evalu-
ating the efficiency of the different types of competitive equilibrium to
be introduced in the following sections.

In the following sections, we introduce two different equilibrium con-
cepts, and we compare the equilibrium allocations with those which are
solution of the above problem.

2.3 A model with contingent markets

In this section, we suppose there exists a complete set of markets for
commodities with delivery contingent on the idiosyncratic state. Con-
sumers trade in these markets, which are open at ¢t = 0, by selling their
state-contingent endowments and buying a bundle of consumption goods
to be delivered only if the corresponding state is realized. This market
structure then implies that consumers face a single budget constraint.

Once the bundle has been chosen, markets close. Consumers then choose
their preferred action a. The uncertainty is resolved, and at ¢ = 1
consumption goods are delivered according to purchases.
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In order to define an equilibrium concept for this economy, we have
to introduce an appropriate price system. Given the complete set of
contingent-commodity markets, SL prices has to be quoted. Suppose for
a moment that there is no hidden action, and maintain the hypothesis
of absence of aggregate uncertainty. In this case we know there exist
restrictions on the structure of the price system such that a well defined
equilibrium concept displaying satisfactory efficiency properties can be
defined.

These restrictions essentially require the price of one unit of good I
delivered in state s to be properly related to the actual probability of
that state.

In particular, suppose that p; is the price at t = 0 of one unit of good [
with delivery at ¢ = 1 no matter what the state is. Following Malinvaud
[21], call it the price for sure delivery of good I.

Given that state s has probability 7, we let the price at t = 0 of one
unit of good [ with delivery at ¢t = 1 in state s be equal to 7,p;.2

The presence hidden action does not alter the above reasoning in an
essential way. In this case m; depends on a. Hence we are naturally led
to assume that the price of one unit of good [ with delivery contingent
on state s when action a has been chosen is equal to mg(a)p;.

The problem at this point is to consider the appropriate level of ac-
tion. The only possible candidate is the incentive compatible one, which
satisfies:

a = argmax v(x1, T2, a). (2.2)

From the above expression it is apparent that the incentive compatible
level of a is well defined only once the the whole consumption bundle
(x1,x2) is considered. Therefore the price of one unit of good [ in state
s cannot be quoted unless it is specified the consumption level of all the
other goods.

Moreover, the price one unit of good [ in state s may well be different
when consumed in conjunction with different quantities of other con-
sumption goods. For this reason, the above price system is sometime
referred to as non-linear.

2Notice that the price system described in the text is the direct generalization to
the case of multiple consumption good of the fair price system, which is well known
in insurance economics.
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2.3.1 CM consumers’ problem

From the above discussion, it follows that at ¢ = 0 consumers choose
(x1,x2,a) so as to solve the following problem:

max  v(z1,22,a)
x1,22,a

sit. mi(a)(p- (x1 —wy)) +m(a) (p- (z2 —w2)) <0, (2.3a)

a = argmax v(x1,z2,a). (2.3b)

(2.3a) is the single budget constraint, while (2.3a) is the incentive com-
patibility constraint.

In what follows, C(p) denotes the set of (x1,z2,a) that satisfy (2.3a) —
(2.3b).

2.3.2 CM Equilibrium

In a contingent-commodity markets (CM) equilibrium, consumers opti-
mize and markets for goods clear. These properties are collected in the
following:

Definition 2.3.1. A CM equilibrium is (x,a,p) such that:

1. (z,a) = argmax{v(x,a)|(x,a) € C(p)} ,

2. mi(a)(x1 —wi) + me(a)(x2 —wz) =0.

The market clearing condition in the above definition is expressed in

expected value because of absence of aggregate uncertainty.

The equilibrium just defined is a direct extension to the case of multiple
consumption good of the equilibrium introduced in definition 1.3.1.

2.3.3 Efficiency of CM equilibrium

In this section we analyze the efficiency of the CM equilibrium. Effi-
ciency is defined as usual: the equilibrium allocation of consumption
goods, and the associated incentive compatible action, is constrained ef-
ficient if there does not exist a feasible allocation of consumption good,
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and an associated incentive compatible action, such that no consumer
is worse off, and at least one consumer is better off.

In the economy under analysis all consumers are ex ante equal. Hence
the last requirement implies that at the alternative allocation the utility
of the (representative) consumer is higher than that at the equilibrium
one.

Given this definition of efficiency, it is straightforward to verify the fol-
lowing:

Proposition 11. Every CM equilibrium is constrained efficient.

Proof. Take a CM equilibrium (z, a,p) and suppose that it is not con-
strained efficient. Then there exists (Z,a) € B such that v(z,a) >
v(x,a). Since (Z,a) € B implies a = argmaxv(Z,a), if the following
inequality holds:

mi(a) (p- (1 —w1)) +m2(a) (p- (v2 —w2)) <O,

then (z,a) € C(p) and (x, a) cannot be an equilibrium, for it is not utility
maximizing over the choice set. Therefore it must be true that:

mi(a) (p- (1 —w1)) +m2(a) (p- (w2 —w2)) >0,

so that:

p-(m(a)(x; —wy) + ma(a)(xg —we)) >0,

hence (z,a) ¢ B, a contradiction that concludes the proof. m

The above proposition extends to the case of hidden action the well
known result of efficiency of competitive equilibria for economies with
uncertainty and complete contingent-commodity markets.

2.3.4 Characterization of CM equilibrium

In this section, we propose a characterization of the CM equilibrium
through first order conditions that will be used later on in the chapter.

As a first step, we replace the incentive compatibility constraint (2.3b)
with the corresponding first order condition:
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O v(x1,29,0) =0.

The CM consumers’ problem may then be rewritten as follows:

max  v(z1,z2,a)
T1,r2,a

st. m(a)(p- (z1 —w1)) +m2(a)(p-(xa —w2)) < 0. (2.4a)

Ogv(z1,29,a) = 0. (2.4b)

An interior solution of the above problem is characterized by the follow-

ing system of equations:?

Oz, 0 — AT1P — [0z, v = 0, (2.5a)

Oz, — AT2p — f404z,v = 0, (2.5Db)

A6 + [10qqv = 0, (2.5¢)

(P (21 —w1)) +m2(p- (w2 —w2)) = 0, (2.5d)
Oqv(z1,29,0) = 0, (2.5e)

where 4 is the multiplier for constraint (2.4a), 4 is the multiplier for
constraint (2.4b) and:

N

6 = Ogmi (p-(z1 —wi))+ Ouma (p- (x2 —w2)).
Together with the market clearing conditions, (2.5a)—(2.5¢) characterize

the CM equilibrium.

For reasons that will be clear later on, it is useful to make explicit the
equilibrium restrictions on the gradient of the (Bernoulli) utility index
u. Using (2.4b), direct calculation gives:

Oaz, U = OgMsOp U + TsOpg U -

3To simplify notation, we write 75 instead of 7s(a).
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Substitute the above equation in (2.5a)—(2.5b) and collect terms to get:

(ﬂs — 10,75

Ts

> Oz U =P + 104z, . (2.6)

Any consumption bundle z; which is part of a CM equilibrium must
satisfy (2.6).

2.4 A model with financial markets

In this section we consider a different market structure. Instead of trad-
ing in contingent commodities, we assume there exist at ¢ = 0 a complete
set of financial markets. Through them, consumers can transfer income
from one state to the other.

Once uncertainty is resolved, spot markets for consumption goods open.
Consumers then use their real and financial income to buy goods with
immediate delivery.

The financial instrument traded at ¢ = 0 may be equivalently interpreted
as an insurance contract, or as a portfolio of S Arrow-securities, each
paying one unit of account if and only if idiosyncratic states s happens.

After having bought the financial instrument, consumers choose their
preferred action. Subsequently uncertainty resolves, and trades on the
spot markets take place.

To define a suitable equilibrium concept for the economy just described,
S + L prices must be considered, both for the financial instrument and
the consumption goods.

Given the structure of trades, the price of the financial instrument must
depend on the action chosen by consumers, which in turn depends on the
optimal consumption at ¢ = 1. The incentive compatibility constraint
must then be adapted to consider the effects of trading on the spot
markets.

2.4.1 FM consumers’ problem
Let p € Ri . be the vector of prices for consumption goods traded on

the spot markets. From the above discussion, it follows that at t = 0
consumers choose (z,a,T) so as to solve:
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max v(xy,x9,a)
T1,22,Q,T1,T2

s.t. mi(a)m + ma(a)2 <0, (2.7a)
p-(z1—w) <,y (2.7b)
p-(z2 —w2) <72, (2.7¢)
a = arg max v(x1,x2,a), (2.7d)
zr1 = argmax{u(xi,a)|p-(r1 —w1) <7}, (2.7e)
xo = argmax{u(xe,a)|p- (ra —wa) < 12}.  (2.7f)

(2.7a) is the budget constraint for the financial instrument, while (2.7b)
and (2.7c) are the budget constraints for the consumption goods. As
for (2.7d)—(2.7f) they constitute the (extended) incentive compatibility
constraint. It implies in particular that the level of action considered is
the optimal one given the optimal consumption at ¢t = 1.

Recall that consumers do take p as given. Therefore in what follows,
D(p) denotes the set of (z,a,7) that satisfy (2.7a) — (2.7f)

2.4.2 FM equilibrium

As in the previous section, the concept of financial market (FM) equi-
librium we propose is standard. Indeed, in a FM equilibrium consumers
maximize their utility and markets clear. These properties are summa-
rized in the following:

Definition 2.4.1. A FM equilibrium is (x,a,T,p) such that:
1. (z,a,7) = argmax{v(z,a)|(z,a,7) € D(p)} ,

2. m(a)(xy —wy) + ma(a)(xe —wa) =0.

Here we just notice that the second equation in the above definition is
the market clearing condition, expressed in expected value.?

“In the interpretation of 7 as a portfolio of Arrow-securities, the market clearing
condition on the asset market is automatically satisfied at the optimum.
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2.4.3 Efficiency of FM equilibria

In this section, we analyze the efficiency of the FM equilibrium. Ef-
ficiency is defined as usual: the equilibrium allocation of consumption
goods, and the associated incentive compatible action, is constrained ef-
ficient if there does not exist a feasible allocation of consumption good,
and an associated incentive compatible action, such that the (represen-
tative) consumer is better off.

As claimed in the introduction, there are cases in which a FM equilib-
rium is constrained inefficient. A quick observation of the budget sets
C(p) and D(p) reveals where the problem lies.

Since (x,a,7) € D(p) implies that (x,a) € C(p), it seems possible to
reason as follows: take a CM equilibrium (z, a,p). Construct transfers
7:=p- (& —e). Assume that (Z,a,7) € D(p), but that (z,a,7) is not a
FM equilibrium.

In this case there exist (Z,a,7) € D(p) such that v(z,a) > v(z,a). As
(z,a) € C(p), we get a contradiction with (&, a) being a CM equilibrium.
Hence we shall conclude that (Z,a) must be a FM equilibrium, which is
then efficient.

Recall that this reasoning holds if (#,a,7) € D(p). The main question
then is whether a CM equilibrium, together with the implied financial
transfers, satisfies the budget set of the FM consumers’ problem.

Inspection of D(p) reveals that it is possible that the required inclusion
is not satisfied. The crux of the problem lies in equations (2.7e) and
(2.7f). They require & be optimal at ¢t = 1 — when trading takes place
— given prices p, transfers 7 and the action a chosen at t = 0.

If there is only one consumption good, these equations do not add any
constraint on the FM equilibrium, since there is no trading at ¢ = 1. If
preferences are separable, the level of action does not affect the level of ex
post utility, hence even in this case we may suspect that these equation
do not impose any further constraint on the FM equilibrium. In this
two cases therefore we expect the above inclusion to be satisfied, hence
the conclusion about the constrained efficiency of the FM equilibrium
to be correct.

When preferences are not separable, consumers who are given enough
income to buy £ may wish to choose a different bundle. This happens
when & does not satisfies (2.7¢)—(2.7f), where a is taken as fixed. In
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this case here exists T which costs not more that z at prices p and gives
higher utility in at least one state s. Since & would be feasible when
action is a, and since it gives higher utility in a least one state, it would
be a natural candidate for a CM equilibrium. Yet there is no guarantee
that (Z,a) satisfies the incentive compatibility constraint, hence that it
is indeed a feasible candidate for a CM equilibrium.

While these observations highlight the main intuition for the inefficiency
of the FM equilibrium, to verify this reasoning we are going to compare
the first order conditions characterizing it with those characterizing the
CM equilibrium.

2.4.4 Characterization of FM equilibrium

In this section, we derive the first order conditions characterizing the FM
equilibrium. Instead of working directly with the consumers’ problem
as above defined, we first derive a reduced-form problem, so as to get a
representation as close as possible to the CM consumers’ problem. The
corresponding first order conditions will then be easily comparable.

Starting with the constraints relevant at ¢ = 1, we notice that (2.7e) and
(2.7f) imply that any admissible x4 satisfies:

max u(zs,a) s.t. p-(rs—es) —7s < 0. (2.8)

Ts

Let 25(7, a) denote the solution of the above problem.® It is characterized
by the following equations:

Oz, u—Asp = 0, (2.9a)
p- (xs - es) -7 = 0. (2.9b)

Substitute xs(7,a) in the FM consumers’ problem to get the following
reduced-form:®

°It is apparent from (2.8) that consumption in state s depends only on the transfer
in state s. To save on notation, we shall write z,(7, a) instead of x(7s,a). Moreover,
since prices are always taken as given, we do not explicitly write them as an argument
of the demand function.

SHere (2.9b) has been used to substitute for 75 in (2.7a).
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1’I7l_&aX ’U(fL‘l(T, a)a Z2 (7—7 a)v CL)

s.t. mi(a) (p- (x1(7,a) —wy)) + m2(a) (p- (z2(1,a) —w2)) <0,

a = argmaxv(x1(7,a),xa(7,a),a). (2.10a)

Replace (2.10a) with the corresponding first order condition:
O3,V - 0g1 + Ogy¥ - g2 + Ogv = 0. (2.11)
Since (2.9a)—(2.9b) imply that:
Oy, U+ 0gTs = TMsOp U+ Dgs = TsAs(p - Ogxs) =0,
(2.11) reduces to:
Ogv(x1(T,0),22(7,0),a) =0, (2.12)

and the FM consumer’s problem can be equivalently written as follows:

H}_%X U(l‘l (T7 CL), L2 (7-7 (I), a)

st. mi(a)(p- (z1(7,a) —wy)) + m2(a) (p- (v2(7,a) —we)) < 0,

Ogv(x1(T,0),29(7y0),a) = 0.

This is the version of the FM consumers’ problem we are interested in.
It has the same structure as the CM consumers’ problem, the only differ-
ence being that the admissible consumption bundles are those satisfying
(2.8).

An interior solution of the above problem is characterized by the follow-
ing equations:”

"In deriving (2.14a)—(2.14b) we used (2.9a) and the fact that d-,x1 = O~ z2 = 0,
while in deriving (2.14c) we used the fact that p - d.xs = 0.
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TIAL — Y71 — f (Oazy ¥ - O T1)

oAz — Y72 — fh (Oazy¥ - OryT2)

Y0 + 110aa? + p (Fazy V- Oa®1 + Oazy¥ - Oa2)
T (p- (w1 —w1)) + m2 (p- (32 — w2))

aa ’U(JZ‘l, X2, (I)

(2.14a)
(2.14b)
(2.14c)
(2.14d)

(2.14e)

where ~ is the multiplier for the first constraint, p is the multiplier for

the second constraint and:

o = Oymi(p-(x1 —w1)) + Oum2 (p- (w2 — w2)).

Multiply (2.14a)—(2.14b) by p and use (2.9a) to get the following system

of equations:

0,0 = Ym1P — 1 (Dazy 0 - Oy 1) P

0,0 — YT2p — 1 (Oazy v - Ory2) P

Y0 + 1aqV + f (Oazy ¥ - 0ol + Oazy - Oaia)
T (p- (21 —w1)) + w2 (p- (22 — w2))

Oq (1, 22,0)

0.

(2.15a)
(2.15b)
(2.15¢)
(2.15d)

(2.15e)

To highlight the role of the assumptions on the fundamentals of the
models, it is useful to rewrite the last addends in (2.15a)—(2.15¢) in

terms of the (Bernoulli) utility index u as follows:

6112}_’771-11)_#80&10‘{'7;[)1 = 0,
Oy — Y7o — 104z, v + P2 = 0,

7U+Maaav+wa = 0.

8Calculations are in the Appendix.
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where:

Vs = pms (Oag,tt — (Oag,u - O, Ts) D) (2.17)

and:

Yo = (71 (Oagy v - 0a1) + T2 (Ogzytt - Og2)) - (2.18)

Notice that (2.16a)—(2.16b) are together 2L equations, while (2.16¢) is
a single equation.

2.4.5 Comparing the first order conditions

Recall the system of equations that characterize the CM equilibrium:

03,0 — YT1P — Oz, v = 0, (2.19a)

Oy — YT2p — f0az,v = 0, (2.19b)

Yo + p0qv = 0, (2.19¢)

m(p-(x1 —wy))+ma(p-(v2 —w2)) = 0, (2.19d)
Oqv(z1,29,0) = 0. (2.19¢)

We shall compare these equations with those characterizing the FM

equilibrium:®

02,0 — YT — p0azyv + 1 = 0, (2.20a)

O0zy¥ — YT2P — (W0azy¥ + 2 = 0, (2.20Db)

Yo 4+ Oqqv + g = 0, (2.20¢)

m((p- (z1 —wy1)) +m2(p- (x2 —we)) = 0, (2.20d)
Ogv(x1,29,0) = 0. (2.20e)

9For simplicity we neglect the market clearing conditions, as they are not relevant
for the present analysis.
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As the last two equations are the same in both systems, any difference
must come from (2.20a)—(2.20c). These equations in turns differs only
for the v-terms. It is therefore necessary to study when ¥; = 0 and
1, = 0. This happens if and only if the following (2L + 1) equations are
satisfied:

gzt — (Ogzyu - Opyw1)p = 0, (2.21a)
Ozt — (Ogzyt - Opya)p = 0, (2.21b)
71 (Ogzy W - 0ax1) + T2 (Ogzyt - Ogz2) = 0. (2.21c¢)

When there is a single consumption good and when preferences are sep-
arable, the above equations are identities.

Indeed, if there is a single consumption good, p is normalized to one,
Or,xs = 1 and J,xs = 0, so that the above system is identically satis-
fied.10

If preferences are separable, then d,,,u = 0, so that the above system is
again identically.

In the two above cases, the system of equations characterizing the CM
and the FM equilibrium are identical. Hence, the equilibrium allocation
of goods and action level must be the same. Given that every CM
equilibrium is constrained efficient, so is every FM equilibrium.

The following proposition collects these findings:

Proposition 12. Suppose that there is single consumption good or that
assumption S holds. Then every FM equilibrium is constrained efficient.

We now investigate the possibility that (2.21a)—(2.21c) are not satis-

fied, since in this case we could conclude that a FM equilibrium is not
constrained efficient.

Let Cs := (Qap.t - By, 25). Then (2.21a)—(2.21b) imply:

duryu =GP, (2.222)

Ougpt = Cop. (2.22b)

1 . . . .
ONotice that in this case Oaz, U is a scalar.

52



According to (2.22a)—(2.22b), for the system (2.21a)—(2.21c) to be sat-
isfied it is necessary that 0.y, v and p are collinear, with scale factor
és # 0. If this condition is violated, the system cannot be satisfied. The
following proposition formalize this intuition:

Proposition 13. Suppose there are multiple consumption goods and
preferences are non-separable. Provided that Oz, u # (sp for (s # 0, a
FM equilibrium is not constrained efficient.

The following proposition verifies that the condition in the above propo-
sition is not empty:

Proposition 14. Suppose that there are multiple consumption goods
and that preferences satisfy assumption H. Then an FM equilibrium is
not constrained efficient.

Proof. The proof consists in verifying that 0y, u # (sp for (5 # 0. When
assumption H holds, it follows that:

Oazy;u =0, and Oy, u = O4zg(ws,a) for 1#7j.

If it is true that Ouz,u = (sp for (s # 0, it must be true that:

0 = Gpj, (2.23a)
Oazg(zu,0) = Gp for 1# 7, (2.23b)
0 = GCpj, (2.23¢)
Oazxg(To1,0) = Gopr for 1#7. (2.23d)

Since the above system is inconsistent, we conclude that Oy, u # (sp. =

For a further intuition of the above result, compare the restrictions on
Oz,u — the gradient of the (Bernoulli) utility index u — both in the
FM and the CM equilibrium. According to (2.9a), in a FM equilibrium
the consumption allocation must be such that 0, ,u and p are collinear.
According (2.6), this restriction is satisfied in a CM equilibrium pro-
vided that assumption S holds, or that preferences are non-separable
and Ogz,u = (sp for (5 # 0.
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2.5 Related literature

The results in this chapter are closely linked to a series of papers that
analyze the connection between hidden action, market structure and
efficiency in perfectly competitive economies.

These models share some common assumptions. One of the most pop-
ular is that of large number of individuals, possibly grouped according
to verifiable types, together with the one of idiosyncratic uncertainty,
possibly augmented by aggregate uncertainty.

In this respect, these are generalizations to the case of hidden action of
the model of Malinvaud [21], in which both types of market structure
considered here are analyzed.!!

The idea of the CM equilibrium dates back to the seminal paper of
Prescott and Townsend [24]. Formally, their model is rather different
from ours. To avoid non-convexities both in the utility functions, due to
a discrete action set, and in the budget constraints, lotteries on consump-
tion goods are introduced, and consumers are allowed to choose among
them. While the objects of trades are different, the market structure
and the nature of the price system are analogous to those considered
here. As a result, an appropriate version of proposition 11 holds for
their model too.

Closely related to the model of Prescott and Townsend [24] is that of
Kocherlakota [19]. The main formal differences are the absence of lot-
teries, since non-convexities are eliminated by appropriate assumption
on the utility function and on the action set, and the hypothesis of a
single consumption good.

Rustichini e Siconolfi [26] have revised the model of Prescott and Townsend,
generalizing the condition for existence and optimality of equilibrium.

In all the above models, consumption allocation is determined through
trading in markets open at ¢ = 0. This hypothesis, and its implica-
tions for efficiency, has been criticized in a series of papers by Arnott
and Stiglitz [4], Greenwald and Stiglitz [14] and Arnott, Greenwald and
Stiglitz [2].

1 Given the absence of asymmetric information, the equivalence between the equi-
librium with a complete set of contingent-commodity markets and the equilibrium
with financial and spot markets is not an issue.
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In these papers, it is assumed that a benevolent planner can redistribute
income through insurance contracts assigned at ¢ = 0, and tax or subsi-
dize trades on the spot markets. It is then investigated when the planner
finds it optimal to actually impose taxes or subsidies. Indeed, Arnott
and Stiglitz in the working paper version [3] of their article [4] find that
one of these cases arises if there are multiple consumption goods and
preferences satisfy assumption H.

Clearly, the idea of the FM equilibrium as above proposed is meant to
capture the importance of this difference in the structure of trades.

Under simpler assumptions, the FM equilibrium has been studied by
Helpman and Laffont [17], who obtained an efficiency result analogous
to proposition 12 for the case of a single consumption good, and by
Lisboa [20], who obtained an efficiency result analogous to proposition
12 for the case of separable preferences.

2.6 Appendix

In this Appendix we derive equations (2.16a)—(2.16¢). Recall that:
Ouz,V = 0gMsOp U + TsO0gz U -

Since p - 0r,zs = 1, we get the following chain of equalities:

(Oaz, V- Or ) = ((0amsOp,t + TsOup 1) - Or ) P
= (Dgms (Op - Orys) + s (Damyt - Or ) P
= (OamsAs (p- Or,s) + Ty (gt - Ory5)) P
= O0gTsAsp + Ts (Oag U - Or,Ts) P
= Ogms0p,u+ s (gt - Or,T5) P
= Ou,V — MsOaz,u + T (gt - Orys) p

= 8axsv — Ts (8axsu - (8aac5u : 87—5563)]7) . (224)

Since p - 9,z5 = 0, we also get the following chain of equalities:
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(8(19057) : 8afEs) = (8(171'581‘5“ + Wsaaxsu) - 0aTs
= 0475 (0, Ogs) + s (Ogg U - Ogs)
= 0ysAs (P Ogxs) + T (Ouz,t - Ogs)

= T (Ogp Ut~ 0ps) . (2.25)

Substituting (2.24) and (2.25) in (2.15a)—(2.15c) we get the equations
in the text.
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Chapter 3

Pool of promises and
hidden action

(This is a joint work with C. Goulao, Core.)

Health, disability and longevity insurance is widely recognized as a ne-
cessity, but there is disagreement on how should it be organized. On
one extreme, there are those who support a market-based system. On
the other extreme, those supporting a compulsory public system. The
debate is still far from being solved. Even recently, in the USA - one of
the countries that rely the most on the private provision of health insur-
ance - the Massachusetts governor announced the creation of a health
insurance universal system to be implemented already in 2007.

In addition to the problem of the private or public nature of provision,
there is the question of its compulsoriness. Should insurance against
those risks be compulsory or voluntary? In developing countries, due to
the lack of reliable systems of tax collection, it is frequently suggested
that insurance should rely more on the market. The problem is that
the population of these countries tends to be more often excluded from
the market itself. As a consequence Pauly et alii [9] suggest that it is
reasonable to think of insurance cooperatives as an adequate form of
insurance organization in these countries.

Following this intuition, this paper studies a model in in which risk-
averse consumers get insurance coverage against their uncertain endow-
ment by voluntary participation in pools of promises. More precisely,
consumers commit to contribute to the pool a fraction of their endow-
ment, thus gaining the right to receive a fraction of the total return of
the pool in the proportion of their contribution.
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Consumers take the total return of the pool as given, and are unre-
stricted in the amount of positive promise they can make. Hence it may
appear that the structure we think of is not compatible with the incen-
tives consumers need to take an action level high enough. Therefore one
may suspect that at equilibrium consumers choose too big an insurance
coverage, and too low an action level. Indeed, this is a possible equi-
librium configuration, but it is not the only one. In particular, there
exists an equilibrium in which some consumers choose an high action
level, thui raising the return of the pool.

Finally, we consider the case of heterogeneous groups of consumers,
and we investigate whether it is possible to form an aggregate pool of
promises, as opposed segregated pools. When consumers differ in their
endowments, it may be conjectured that those from a wealthier group
never find it acceptable to join a pool together with those from a poorer
group, for the latter would lower the pool’s return.

Contrary to this intuition, we provide an example showing that con-
sumers from a rich group have no loss in welfare by joining a pool to-
gether with consumer from a poor group. Since the latter are better
off than being segregated, the example shows the potential benefits of
aggregated pools of promises among heterogeneous consumers.

3.1 The economy

Consider a pure exchange economy with a single consumption good. The
economy is populated by a large number of consumers all ex ante equal,
and lasts two periods t = 0, 1.

There is no consumption in the first period, when consumers face an
idiosyncratic uncertainty which realizes in the second period. At ¢t =1
each consumer may be in one out two states s € S = {1, 2}.

Uncertainty affects only the level of the single consumption good con-
sumers are endowed with at the beginning of the second period. Indi-
vidual endowments are denoted by the vector w = (wq,ws) € Ri. It
is assumed that wy; > wy > 0. With terminology consistent with the
insurance set-up, state s = 1 will be referred to as the good state.

Consumers are risk averse, hence they wish to acquire insurance coverage
against the uncertainty on their endowments. They can do so in an
organized insurance market, which will be described later on.
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Consumers can also choose an action a € A = {L, H} affecting, on the
one hand, the probabilities of the idiosyncratic states, and on the other
hand the utility they get from consumption.

In what follows, m, denotes the probability of state 1 when action a is
chosen. It is assumed that 1 > wyg > 7, > 0. The (dis-)utility of the
action is equal to ¢,. It is assumed that cg > ¢, = 0.

Preferences are represented by an expected utility function v(z, a) : R x
A — R given by:

v(z,a) = mau(xy) + (1 — 7g)u(z2) — cq -

Because of the binary action set, preferences represented by v are inher-
ently non-convex. On the other hand, we assume that the (Bernoulli)
utility index u is a strictly increasing and strictly concave function.

It is assumed that the action chosen by a consumer remains unknown to
anyone else in the economy, so that information is asymmetric. On the
other hand, it is assumed that endowments are verifiable at t = 1, so
that it is possible to determine in which idiosyncratic state consumers
are.

3.2 The pool of promises

Being risk-averse, consumers would like to smooth their consumption
across idiosyncratic states. Instead of a markets for contingent com-
modities or a market for insurance contracts, in this model we assume
that consumers can insure themselves through participation in a com-
mon pool of promises.

Participation to the pool is voluntary and it consists in making at t =0
a binding promise of delivering a fraction 6 of the realized endowment
to the pool. Pooled deliveries are then redistributed to consumers in
proportion of their contribution.

A pool can be costlessly formed, and it is assumed to accept unlimited
positive promises. On the other hand, negative promises are forbidden.
Hence the restriction # > 0 applies. In particular this implies that it is
allowed to promise more than the actual endowment. This is not incon-
sistent, for deliveries to the pool are net of the share of each consumer
is entitled to receive.
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Since realized endowments are verifiable, we assume that promises are
always honored when the realized endowment is positive. If endowment
is zero, then it is allowed to default at no cost. This means that con-
sumers who do not contribute because of lack of endowment are still
entitled to receive their share of the pooled deliveries.

As an illustration, imagine that there are only two individuals, say ¢ and
4, who participate in the pool by promising respectively a fraction 6 of
endowment w’ and a fraction 6/ of endowment w’. In this case aggregate
deliveries to the pool are equal to §*w’ + #7wi. As a consequence of
the promises made, individual ¢, respectively ¢, is entitled to receive a
fraction 6%/(6° + 67), respectively 67 /(6 + 67), of aggregate deliveries.

As usual in model of hidden action, the action consumers choose depends
on the consumption stream, which in turn depends on promises made to
the pool. Since we do not restrict promises to be equal across consumers,
we cannot restrict consumers to all choose the same action either.

With consistent notation, we let 8, be the promise of those consumers
choosing action a. The return of the pool, that is the ratio of aggregate
deliveries to aggregate promises, depends on both 8, and ¢, for the action
chosen influences the realization of endowments through m,. This in turn
influences total deliveries.

By letting w, = mawi + (1 — m,)wa denote the average endowment when
action a is chosen, the return of the pool is given by the following:

_ quﬂ)H + (1 — q)eLﬂ)L

@O + (1 —q)br (3:1)

By construction, we < wy, < k < wy < w; as 0 < ¢ < 1. In what
follows, we say that the return x of the pool is consistent if it satisfies
(3.1).

3.3 Consumers’ problem

Consumers take the return of the pool as given, and choose promises and
action so as to maximize expected utility. Given the above discussion on
the pool of promises, we shall writhe the consumers’ problem as follows:
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max Taw(z1) + (1 — mg)u(z2) — Cq s

z.0,a
st. oz =w; — 0w — k), (3.2a)
x9 = wy — O(we — K), (3.2b)
0>0, (3.2¢)
acA. (3.2d)

Consistently with the discussion in the previous section, (3.2b)—(3.2c)
imply that if wy = 0, then consumers who promised # > 0 in the bad
state do not deliver anything to the pool, and yet they receive 8x > 0.

Since wy < Kk < w1, participation to the pool with a positive promise
allows to decrease consumption relative to the endowment in the good
state and to increase it in the bad state, thus providing effective insur-
ance.

In what follows, we let ¥ (k,w) be the solution set of the above maxi-
mization problem.

3.4 Equilibrium

In an equilibrium with pool of promises, consumers maximize their util-
ity by taking as given the return of the pool. The latter is then en-
dogenously determined in a consistent way. Formally, we propose the
following:

Definition 3.4.1. An equilibrium with pool of promises is (x,0,a,q, k)
such that:

(a) (z,0,a) € Y(r,w),
(b) K is consistent,

(c) q satisfies:



(3) ¢ €(0,1) otherwise.

If at equilibrium ¢ € {0,1}, then we say that the equilibrium is with
uniform pool of promises, while if ¢ € (0,1), then we say that the equi-
librium is with mized pool of promises.

3.5 Existence of equilibrium

In this section we provide conditions under which both uniform-pool
and mixed-pool equilibria exists. These conditions will be related to the
existence of solutions of a modified consumers’ problem analogous to
that introduced in the first chapter.

This procedure will also allow an easy comparison of the equilibrium
concept discussed in this chapter with the linear price equilibrium with
strategic insurance intermediaries discussed in the first one.

3.5.1 The compensated consumers’ problem

We shall modify the above consumers’ problem as follows: eliminate 6
by substituting (3.2a)—(3.2b) with the following equation:

K — W2

(1 —wr) . (3.3)

T2 = Wy —
w1 — K

Construct a vector 7 = (m, (1 — 7)) € R2, by setting:

KR — W23

T = P (3.4)
Finally rewrite the above consumers’ problem as follows:
max mau(x1) + (1 — 7o )u(z2) — ¢q
st. T (r—w)=0, (3.5a)
x1 20, (3.5Db)
x1—wp <0, (3.5¢)
ac{L,H}. (3.5d)
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This in nothing but the compensated consumers’ problem considered
in the first chapter. With consistent notation, we therefore let ¢(7, k)
denote its solution set.

The following apparent lemma will be useful for the characterization of
the equilibria with pool of promises:

Lemma 3.5.1. If (z,a) € p(m,w), then there exists 6 such that (x,0,a) €
Y(k,w), with k given by (3.4). Conversely, if (z,0,a) € Y(k,w), then
(x,a) € p(m,w), with ™ given by (3.4).

For future reference, notice that when x = wy,, then (3.4) implies that
7 = @r. In this case we shall also say that consumers can buy insurance
at fair price conditional on low action.

3.5.2 Equilibrium with uniform pool

In this section we propose conditions for the existence of equilibria with
uniform pool of promises. Recall that this are equilibria in which all
consumers choose the same level of promises, hence the same action.
First of all, we shall eliminate one of the cases of uniform pool by means
of the following:

Proposition 15. If (x,0,a,q, k) is an equilibrium with pool of promises,
then q # 1.

Proof. If ¢ = 1, by definition of equilibrium ¢ = H and x = wyg. The
latter implies # = 7y by (3.4). From lemma 3.5.1, (x,a) € (7, w),
and this implies a = L, a contradiction. m

By using the properties of the solution set of the compensated con-
sumers’ problem, we may then propose the following:

Proposition 16. If {(wr, L)} = (7L, w) then an equilibrium with uni-
form pool of promises exists.

Proof. The argument is constructive. Given 7r,, (3.4) implies k = wp,.
It follows that (wr,1, L) € ¢(wr,w), hence ¢ = 0 and & is consistent. m

For future reference notice that when a uniform pool arises at equilib-
rium, consumers are indeed exchanging consumption across idiosyncratic
states at fair price conditional on low action.
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3.5.3 Equilibrium with mixed pool

As shown in the first chapter, if the cost of action is low and the prob-
ability of the bad state under low action is high, it may not be optimal
choose a full insurance consumption bundle, and ¢ = L, when unlimited
insurance can be purchased at a fair price condition on low action. This
intuition has been verified by proposition 4, which we recall here:

Proposition 17. For any given (g, 7p,w) such that 1 > g > 7 >
0 and w1 > wye = 0 there exist ¢ > 0 such that, for ¢ > cg > 0,
(z,a) € o(TL,w) implies x1 > x9 and a = H. In this case there exist
a price of insurance Ty, an overinsurance consumption bundle xy, and a
partial insurance consumption bundle xg such that {(zg, H), (xp, L)} =

O(T, w).

In light of the analysis of the first chapter it should not come as a surprise
that at points of discontinuity of the map ¢ equilibria with mixed pool
of promises arises, as shown by the following:!

Proposition 18. If there exists vy # w, xp and Tp <1 T <1 TH Such
that:
{(vaH)7<xL7L)} :(p(ﬁ"*,w), (36)

then an equilibrium with mized pool of promises exists.

Proof. Again, the argument is constructive. Given 7, , (3.4) gives k.
Given k and (xp,xr), (3.2a)—(3.2b) give (g, 01). For k to be consis-
tent it must be that:

HH (Ii — ﬂ)H)

= |1+ -
9 0, (wr, — k)

(3.7)

Since 7f, <1 s <1 Mg implies wy < kK < Wy, q € (0,1) and the proof is
complete. m

The following figure illustrates an equilibrium with mixed pool of promi-
ses:

'Recall that 7, <1 7« means 7, < 7+, hence (1 —m,) > (1 — m.).
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The condition for the existence of an equilibrium with mixed pool of
promises is clearly not empty. To verify this, we propose two examples
of equilibria with mixed pool of promises.

In both cases it is assumed that the (Bernoulli) utility index u belong
to the constant-relative-risk-aversion class. In particular, it is assumed
that u(x) = a7/v for v < 1, and that u(x) = logz for v = 0. This
will allow a useful comparison with the linear price equilibria analyzed
in the first chapter.

Example 1. Let u(z) = 27 /y withy = 0.5, cg = 0.163, (7, 7)) = (2/
3,1/3) and w = (1,0). An equilibrium with mized pool of promises ex-
ists in this case, and it is such that k = 0.4 and g = 0.56. Equilibrium
consumption and promises for those consumers choosing high action,
respectively low action, are equal to (xg,0m) = ((0.85,0.095),0.23), re-
spectively to (xr,0r) = ((0.27,0.48),1.21) . For future reference, notice
that the equilibrium utility level is v(xpy, H) = v(xp, L) = 1.27.

Example 2. Let u(x) =logx, cg = 0.135, (mg,7r) = (2/3,1/3) and
w = (1,0). An equilibrium with mized pool of promises exists in this
case, and it is such that k = 0.4 and ¢ = 0.3 . Equilibrium consumption
and promises for those consumers choosing high action, respectively low
action, are equal to (xg,0y) = ((0.6,0.2),0.5), respectively to (xp,01) =
((0.3,0.4),1.1).
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We close this section by proposing the following explicit expression for
the optimal (interior) promise when action a is chosen, given that the
(Bernoulli) utility function is of the constant-relative-risk-aversion class:

w1 — (5’11)2

= [ (52)7 (52) 7 1]

=[5 )

Indeed, with the help of the above expression, it is possible to verify the

0(k) =

where:

remark made at the end of section 3.5.1, since when x = wy, and a = L,
it follows that 6(wy) = 1.

3.6 Linear price equilibrium revised

Comparing proposition 3.7 with proposition 8 in the first chapter reveals
that the sufficient conditions for existence of a mixed pool equilibrium
is weaker than that for a linear price equilibrium.

This suggests that the former type of equilibria may exist even when the
latter do not. This intuition is indeed confirmed by the following:

Proposition 19. There exists economies with equilibria with pool of
promises, but no linear price equilibria.

Proof. Consider the economy in example 1, which has a mixed pooling
equilibrium. For the parameters of this economy, there exists y € [0,2/
3] such that the following inequality is satisfied:

1 v Y
5 |:7TH (1—%) + (1 =7y’ — (ZDL—I-%) } —cyg >0.
When the above condition holds, no linear price equilibrium exists, as
shown in Hellwig [16], proposition 3.8. The proof is then complete. m

The intuition for the above result is straightforward. A linear price
equilibrium in this case do not exist because there exists a profitable
deviation for one of the insurance intermediaries. In the present model,
there are no intermediaries, hence no deviation can break the equilibrium
allocation.

66



3.7 Extensions: heterogeneous consumers

The equilibrium concept just introduced may extended to the case of
heterogeneous groups of consumers. In this case, it is interesting to
investigate whether it is possible that a pool of promises is formed by
all groups in the economy, or whether there can only exist segregated
pools formed by consumers with homogeneous characteristics.?

For concreteness, we focus our attention to the case of two large groups
of individuals, r» and p, differing in preferences and endowments. Con-
sumers in group r have higher expected endowment no matter what
action is chosen, and a lower cost of high action, than consumers in
group p. In symbols:?

wy, >wk and &, > .

The first assumption qualifies consumers in group r as the rich, and
those in group p as the poor. The assumption on the cost of high action
is natural when interpreted in terms of access wealthier people have to
accident-preventing practices.

3.7.1 The pool of promises

When groups are segregated, then the pools formed by consumers by
each of them has a return given by (3.1), which we recall here:
i = @00+ (1= )0y, (3.8)
¢y + (1 —q")0

for i € {p,r}. On the other hand, when an aggregated pool is formed,
its return will be given by the following expression:

X0y + (-,
for i € {p,r}. Notice that promises are allowed to be different both
within and between groups.

As before, we say that the return of an aggregate pool is consistent if it
satisfies (3.9).

2Tt is maintained the assumption that within groups, all consumers are ex ante
equal.
3Tt is maintained the assumption that c¢i, = 0 for i € {p,r}.
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3.7.2 Equilibrium

When groups are segregated, the equilibrium concept is analogous to the
previous section. Each pool’s return is given by (3.8), and for consumers
in group i choices are optimal given &'

When an aggregated pool is considered, the equilibrium definition must
be amended to take into account that the pool’s return is determined
by (3.9) and that consumers’ choices must be optimal given the same x.
These properties are summarized by the following:

Definition 3.7.1. An equilibrium with aggregate pool of promises is
(‘riﬂ eia a’i; qi, K/) SUCh, that fOT’ 1= {py r}'-

(a) («*,6%,a") € Y'(k, w'),

(b) k is consistent,

(c) ¢' satisfies:
(1) ¢* =0 if (2%, 0%, a*) € Y'(k, ') = a* =L,
@) ¢ =1 if (@,0,07) € Yilr,wi) = ai = H,

(3) ¢* € (0,1) otherwise.

Consistently with the previous section, an equilibrium such that ¢* €
(0,1) for i € {p,r} will be referred to as an equilibrium with mixed
(aggregate) pool of promises.

3.7.3 Mixed aggregate pool: an example

In this section we verify that above the equilibrium concept is not empty
by providing an explicit example of a mixed aggregate pool.

Suppose that there consumers in the rich group have preference and
endowments such that:

(w],wy) = (2,0) and ¢y =0.2,

while consumers in the poor group have preference and endowments such
that:

(wi,wh) = (1.5,0) and ¢ =0.21.
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Suppose also that (%, 7%) = (2/3,1/3) for i = {p,r}. In this case
an equilibrium with aggregate mixed pool of promises exists, and it is
such that k = 0.7 and (¢*,¢") = (1,0.8). Among the rich, equilibrium
promises are equal to (0%,67) = (0.51,1.02). Among the poor, equilib-
rium promise is equal to 6P = 1.25.

What is intriguing in the above example is that the equilibrium is wel-
fare improving with respect to the equilibrium with segregated pools of
promises. Indeed, in this case the two pools of promises have return re-
spectively equal to k" = 0.7, with ¢" = 0.1, and kP = 0.52, with ¢? = 0.1.
Since Kk = k" > KP, it follows that consumers in the rich group are as
well off in the aggregate pool as the segregated one, while consumer in
the poor group are better off in the former.

The reason for this result is essentially due to the fact that in the mixed
aggregate pool a large fraction of consumers in the rich group chooses
the high action. This compensate the negative effect consumers from
the poor group have on the return of the pool, both because they have
lower endowments and they all choose the low action.

3.8 Related literature

The idea of the pool of promises has been first proposed by Dubey and
Geanakoplos [13] for an economy with adverse selection. Their main
goal was to overcome the existence problems of the competitive model
with insurance intermediaries studied by Rothschild and Stiglitz [25].
The main conceptual difference with respect to our model is that in
their case the proportion of high-risk consumers and low-risk consumers
is an exogenous parameter. Hence the variable that corresponds to our
q is given, while in our case it is an endogenous variable.

The linear price equilibrium described in the first chapter is a naturally
related concept, and so is the literature cited there. It is apparent that
in particular that the model of Hellwig [16] is a useful benchmark in
elucidating the characteristics of the concept of equilibrium with pool of
promises.
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