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The microstructural geometry of materials has a significant influence on their macroscopic response,
especially when the process is essentially microscopic as for chemo-mechanical processes. In this work,
we are pursuing the idea that interface-tracking models like phase-field modeling can capture the
microstructural dynamics and enrich macroscopic constitutive laws for geomaterials. We are introducing
a phase-field theory for chemo-mechanical processes derived from fully-dissipative thermodynamics,
enabling the inclusion of dissipative effects such as the evolution of the microstructural curvature. The
resulting microstructural viscosity introduces rate-dependency through the associated relaxation time.
To emphasize the influence of irregular microstructural geometries, we study numerically the chemo-
mechanical response of digitalized geomaterials at the grain scale under pressure solution creep. We
show that tracking the grain boundary evolution allows for capturing the microscopic transient nature
of pressure solution. Our numerical results are discussed against experimental results from the literature
and the properties of macroscopic creep laws are shown to be linked to the evolution of the
microstructure.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

1.1. Phase-field modeling

Phase-field modeling (PFM) has been shown to be a framework
adequate in modeling interfacial problems. By smoothing the
physical sharp interface, it avoids the numerically tedious tracking
of the interface. The foundations of PFM date back to van der
Waals’ use of diffuse interfaces for his capillarity theory in 1893
(Rowlinson, 1979). It is then the works of Landau that paved the
way for the phase-field theory. He introduced the Taylor expansion
of the system’s energy function in the context of phase transitions
(Landau, 1937), then the notion of order parameter in his work on
superconductivity with Ginzburg (Ginzburg and Landau, 1950),
and finally, in 1954 with Khalatnikov (Landau et al., 1965), the
time-dependent Ginzburg–Landau equation, called later in the
context of PFM the Allen–Cahn equation. Shortly after, Cahn, based
on similar ideas but in the context of material sciences (Cahn and
Hilliard, 1958), introduced in 1961 the Cahn–Hilliard equation
(Cahn, 1961) and with Allen in 1979 the Allen–Cahn equation
(Allen and Cahn, 1979), hinging on a variational formulation. The
main postulate behind the variational formulation of PFM is that
if the free energy is not minimum with respect to a non-
conserved order parameter /, then / shall immediately change fol-
lowing the gradient flow equation:

s _/ ¼ � dF
d/

ð1Þ

with s the relaxation time to equilibrium and F the free energy
functional, yielding the so-called Allen–Cahn equation. An alterna-
tive to this variational formulation is the configurational formula-
tion by Fried and Gurtin in 1993 (Fried and Gurtin, 1993), based
on the configurational forces theory (Gurtin, 2000) and continuum
thermodynamics. While the variational formulation can be checked
a posteriori to satisfy the thermodynamic laws, the configurational
formulation is derived from them rather than starting from the gra-
dient flow postulate. Firstly, this ensures a clear separation of the
balance laws and the constitutive equations (Gurtin, 1996). Sec-
ondly, the rate terms need not be a priori prescribed as in the vari-
ational formulation (Fried and Gurtin, 1993). Indeed, we recall that
PFM is a gradient theory, for the order parameter / but also its gra-
dient r/ are state variables. The temporal variations of / describe
the translations, or normal variations, of the interface, whereas the
temporal variations of r/ (normal vector to the interface) describe
the changes of orientation, or tangential variations, of the interface.
Those are the two kinematic degrees of freedom necessary to
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describe the dynamics of an interface, by mathematical definition of
a surface. Therefore, omitting the dissipativity of r/, as usually
done in PFM, amounts to assuming that the system is at equilibrium
with respect to r/, or in other words, that the interface can change
its orientation without spending energy. In practice, we will see
that allowing r/ to be dissipative induces rate-dependency of the
material, as shown in the application to pressure solution. Consid-
ering only / to be dissipative yields the usual Allen–Cahn equation,
whereas also considering r/ to be dissipative yields the so-called
viscous Allen–Cahn equation. The latter was first derived by
Gurtin (1996). We thus argue, from the previous non-equilibrium
thermodynamics and interfacial kinematics arguments, that the vis-
cous Allen–Cahn equation offers, in theory, the minimum viable
description of a phase field out of equilibrium. An essential differ-
ence is that the Allen–Cahn equation is a parabolic equation
whereas the viscous Allen–Cahn equation is a pseudoparabolic
equation (Ting, 1969). The latter is characterized by a viscous
damping of any perturbation, as opposed to an instantaneous dis-
persion for the former (Barenblatt et al., 1960). We will illustrate
numerically the role played by the additional term, the Laplacian
rate term, on the kinetics of processes and its relation to the change
of interfacial curvature. To obtain a fully-dissipative model while
ensuring straightforward coupling of the different processes, we
will derive it from a fully-dissipative thermodynamics framework,
that we call contact thermodynamics, in the form of the generalized
relaxation equation.

PFM, mostly derived from the variational framework, has been
largely applied in material sciences. Notable applications include
solid–liquid and solid–solid transitions (Fix, 1983; Langer, 1986;
Fried and Gurtin, 1993; Fried and Gurtin, 1994), used in particular
to describe crystallographic microstructures such as alloys (Chen
and Khachaturyan, 1991; Wang et al., 1993; Zhang and
Steinbach, 2012). We point out, in the context of the present study,
the PFM of Xu and Meakin (Xu and Meakin, 2008) for dissolution
and precipitation, which we will recover to some extent from our
non-equilibrium thermodynamics framework. We must also men-
tion the application of PFM to fracture modeling (see Borden et al.,
2012 for a thorough numerical treatment and Carlsson and
Isaksson, 2020; Dijk et al., 2020 for recent progress), a recent
dynamic endeavor that also enriches the panoply of tools available
to model geomaterials (see e.g. Heider and Sun, 2020). Another
application of PFM to model geomaterials is the tracking of the sat-
uration front in unsaturated media (Cueto-Felgueroso and Juanes,
2009; Sciarra, 2016). We hope to propose here another helpful tool
based on PFM to model geomaterials. While the previous tools are
concerned with the macroscale, we propose here to track the exact
microstructure of geomaterials. The latter cannot be overlooked as
the macroscopic dynamics of geomaterials is usually driven from
the microscale, as for pressure solution, that we will study in this
paper, but also frictional instabilities (Poulet et al., 2014; Rattez
et al., 2018; Rattez et al., 2018; Rattez and Veveakis, 2020) and
fault reactivation (Veveakis et al., 2014; Lesueur et al., 2020).
Unlike discrete-element models, enabling to efficiently describe
grains rearrangement (see the topical book O’Sullivan, 2011 and
Kawamoto et al., 2018 for recent progress), PFM has received little
attention in modeling the microstructure of geomaterials. PFM
appears as a promising candidate to capture the highly irregular
microstructure of geomaterials in order to better understand their
macroscopic behavior, complementarily to discrete-element
modeling.

1.2. Pressure solution

The complexity of geomaterials stems mostly from their
microstructures, shaped by millions of years of changes of environ-
mental conditions. This renders any geomechanical process
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unique, all the more since it generally couples different physical
processes. There is little choice but explicitly accounting for the
geomaterials’ microstructures in attempting to fully comprehend
their macroscopic response. An archetypal example of such pro-
cesses is pressure solution, primarily a chemo-mechanical process,
and secondarily affected by temperature and hydrodynamics. Pres-
sure solution is microscopically-driven as the microstructural
geometry directly controls the strain distribution due to the over-
burden and, in turn, the strain concentration triggers the dissolu-
tion of the grains boundaries.

The concept of pressure solution finds its origin in the realiza-
tion that the deformation of materials in the presence of fluids can-
not be accounted for solely on mechanical bases, but combined
with chemical effects. Fluid-bearing materials like geomaterials fall
into this consideration. The term ‘‘pressure solution” was originally
coined by the geologist Sorby, in application to geomaterials, for
processes where the ‘‘mechanical force is resolved into chemical
action” (Sorby et al., 1863). Pressure solution is a major factor in
the dynamics of Earth’s crust, mainly in the upper crust, as in litho-
genesis (Heald, 1956) and tectonics (Schwarz and Stöckhert, 2002).
It may also play a significant role in the kinetics of earthquakes via
fracture sealing (Renard et al., 2000) and even their onset via pore
pressure buildup under densification (Sleep and Blanpied, 1992). A
noteworthy observable example of pressure solution creep is the
formation of stylolites (see for instance the review paper
Toussaint et al., 2018, as well as Gratier et al., 2013). Finally, pres-
sure solution can play a role in underground storage of nuclear
waste, both in the case of rock salt cavities (Urai et al., 1986) and
bentonite buffers, by making the metallic container sink (Shin,
2017).

Experimental results indicate that diagenesis takes place chiefly
by pressure solution rather than by grain straining or crushing (see
Lowry, 1956; Renton et al., 1969; de Boer et al., 1977; Schwarz and
Stöckhert, 2002 for example). It is thus primordial to take pressure
solution into account in the presence of inter-granular fluids, inso-
far as it can predetermine other processes. Pressure solution creep
is a serial stress-driven mass transfer process that can be described
in four stages: (1) dissolution at grain impingements, (2) diffusion
of the solute out of the contact, (3) deposition/precipitation on the
pore surface and potential (4) diffusion/advection of the solute to
other pores (see Fig. 1 below adapted from Gundersen et al.
(2002)). In the present study, we neglect advective transport, so
that the transport of solute is limited to diffusion to nearby pores.
The corresponding indicators to look for in experiments are mainly
interpenetration and overgrowth. The main drive is mechanical
(constant) loading, triggering dissolution in stressed regions and
allowing precipitation in sheltered regions relatively understressed
(after solute diffusion), first experimentally inferred by Griggs
(1940). Since it is an en-serie process, the rate of the slower process
will govern the rate of the overall process. Different limiting pro-
cesses then correspond to different creep laws. A key process is
the transfer of mechanical energy into chemical energy throughout
the compressed thin layer of trapped fluid between the grains trig-
gering the dissolution. Two main models have been used to explain
it: the thin-fluid layer model (Weyl, 1959; Renard et al., 1997) and
the island-channel network model (Raj and Chyung, 1981). The
main factors influencing pressure solution are the loading stress,
the type of minerals, the temperature, the geometry (grain size
and porosity inter alia) and the diffusion (and advection if any)
coefficients.

To the authors’ knowledge, the existing pressure solution stud-
ies have suggested two main roadblocks. Firstly, the rate-limiting
process (i.e. the slowest process that will control the overall creep
law) must be determined on a case-by-case basis, owing to the
variety of influencing factors just discussed (Croizé et al., 2013).
Therefore, pressure solution creep cannot be described, in general,



Fig. 1. 4 main processes of pressure solution and 2 main models for grain contacts.
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with a unique law (Raj, 1982; Gratier et al., 2013). Secondly, the
actual microstructural geometry is typically averaged by regular
packs of mono-dispersed spherical particles. This approximation
neglects the highly irregular geomaterials’ microstructural geome-
try and its continuous variations during compaction. Even though
the grain boundary structures can be approximately taken into
account in the creep laws by assuming a thin-film model or
islands-channels model, it turns out that the microstrural geome-
try has a major influence on the compaction rate, in two ways:
(1) the compaction rate increases with the grainsize distribution
width, i.e. the pressure solution potency increases with the hetero-
geneity of the microstructure (Niemeijer et al., 2009; Croizé et al.,
2013); (2) at high volumetric strains and low porosities, the usual
analytical models can overestimate the compaction rates by sev-
eral orders of magnitude (van den Ende et al., 2019). According
to van den Ende et al. (2019), the grain boundary dynamics may
be the source of this delay. Indeed, as porosity is reduced, at some
point, the grains are interlocked and cannot rearrange without
degrading their boundaries, which is not an instantaneous process.
Those highly-strained and low-porosity environments are typical
of fault gouges and therefore, overlooking the actual microstruc-
ture could amount to limiting our understanding of earthquakes
nucleation. Accordingly, significant progress has been recently
reported in van den Ende et al. (2019) to account for the grain
boundary evolution by considering a dynamic island-channel
model rather than steady-state. The promising results therein, rec-
onciling existing models with experiments for low porosity, call for
further effort in modeling the actual microstructure.

In all, there turns out to be a large consensus that the next step
in further understanding pressure solution and its consequences
should be modeling the dynamics of the actual geomaterials’
microstructure and associated chemo-mechanical microstructural
evolution in transient conditions. With the numerical and experi-
mental tools available nowadays, such as large-scale numerical
simulations and advanced imaging, it is indeed possible to obtain
considerable insights on the microstructural behavior of materials,
in particular geomaterials. Indeed, geomaterials digitalization from
X-ray computed tomography has paved the way for coupling
experimental and numerical insights on the role played by the
microstructure (Desrues et al., 1996). On the numerical side, the
discrete-element method has largely contributed to this effort
(O’Sullivan, 2011; Kawamoto et al., 2018). The idea is not to replace
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the macroscopic constitutive formulations but rather better con-
strain them with respect to the microstructures specific to each
material. In order to account for grain boundary dynamics, we pro-
pose to use phase-field modeling simulations with digitalized
microstructures as input. Finally, although the present application
is concerned with a microscopic representation of pressure solu-
tion, the present model could also accommodate for other micro-
scopic processes such as grain breakage and grain healing. We
emphasize that this preliminary study is limited to qualitative
results.

2. Viscous phase-field model with chemo-mechanical coupling

2.1. Outlines

Let us first outline the main ideas behind the following deriva-
tion (see Fig. 2). We are interested in modeling a microstructure
undergoing a chemo-mechanical process. An order parameter /
shall differentiate the pores, noted phase A (/ ¼ 0), and the skele-
ton, noted phase B (/ ¼ 1), subject to elastic mechanical loading.
We thereby assume that all irreversible changes of the grains are
accounted for by the variations of their interface. The simplest
way to approximate the pores phase, assumed fully saturated in
liquid, is to model it as a highly deformable shear-free solid, as
done for instance in Kassner et al. (2001). Note that it is consistent
with the notion of order parameter that its highest value is for the
most microscopically ‘‘ordered” phase. This mechanical loading,
when sufficient, triggers the dissolution of phase B, which resulting
solute, of concentration c, can diffuse and precipitate in the phase
A, under the appropriate mass balance. The concentration c is
introduced as a second phase field for consistency, albeit purely
diffusive and thus simply yielding Fick’s law. Most importantly,
the coupling between the phase field / and the mechanics yields
two scales, the microscale for the former and the mesoscale for
the latter (see Fig. 2). The mechanics is described by the usual
strain tensor � and the Cauchy stress tensor r. For simplicity, we
assume small strains. We thus study an assembly of grains subject
to the macroforce balance, while each point of this assembly is
subject to the microforce balance (acting on the phase-field vari-
ables). Such scales separation, inducing two types of force bal-
ances, stems from the configurational force theory,
complementing the traditional standard force theory in the case



Fig. 2. Sketch of our representation of fully saturated geomaterials’ microstructure. The phase-field / differentiates the grains phase (/ ¼ 1) and the pores phase (/ ¼ 0) and
the phase field c differentiates in the pores the solute phase (c ¼ 1) and the non-solute phase (c ¼ 0). The grains are in dark browns, the solute in spotted red, and the pores
without solute in light brown. The pores phase is thus the union of the light brown and spotted red phases. On the left, the assembly of grains represents the mesoscale
governed by the macroforce balance. On the right, a zoom-in shows the grains scale, i.e. the microscale, where one can distinguish the diffuse interfaces associated to the
phase fields / and c. As opposed to the corresponding physical sharp interface, the phase fields progress smoothly from one phase to the other.
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of materials with microstructures (see Gurtin, 2000 for a topical
review). For the present work, we restrict the problem to isother-
mal conditions.

Our derivation is threefold. We shall start from the thermody-
namic laws and supplement them with the appropriate balance
laws and finally complete the specification of the obtained system
of equations with constitutive assumptions. We emphasize a clear
separation between the fundamental laws and the constitutive
postulates, which we summarize in Table 1.
2.2. Thermodynamic foundations

Contact manifold representation Striving to follow a deductive
construction of our model, let us start from thermodynamic
axioms. Firstly, building on the latest developments in the mathe-
matics of thermodynamics (see Hermann, 1973; Mrugala, 1978;
Arnold, 1990; Haslach, 1997 among others), we choose to repre-
sent thermodynamic processes in a contact manifold, noted
Table 1
Summary of the different parts of our viscous PFM with chemo-mechanical coupling,
fundamental laws, then specified by constitutive assumptions.

Contact thermodynamics Supplemental balance law

s x; _xð Þ _x ¼ y � @w
@x

Microforce balances

(generalized relaxation equation, Macroforce balance
equivalent to dissipation inequality) Mass balance
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M; kerxð Þ (axiom 1). In particular, this representation provides a
formal definition of equilibrium. In the general case, should a sys-
tem be represented by n independent state variables noted in the
vector x, energetically conjugated with the n control variables y
via the free energy w, a contact manifold is a smooth manifold M

of dimension 2nþ 1 associated with a contact structure kerx.
We furthermore make the assumption that the free energy w xð Þ
only depends on x (axiom 2). A contact structure kerx is the kernel
of a contact form x, i.e. a differential 1-form verifying the contact
condition:

x ^ dxð Þn – 0 ð2Þ
where d represents the exterior derivative and ^ the wedge product.
This means in particular that the dimension of the submanifold
where x vanishes is at most n (see for instance Geiges, 2008 for a
thorough introduction of contact geometry). Such submanifold of
maximal dimension n is called a Legendre submanifold. In the
context of thermodynamics, the 2nþ 1 coordinates x1; . . . ; xn; y1;ð
derived from contact thermodynamics. The deductive derivation starts from the

s Constitutive assumptions

State variables x Control variables y

/ �p1

r/ n1
c �p2

rc n2
� r

w xð Þ (energy potential)
s x; _xð Þ (relaxation potential, including dissipation

potential ss)
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. . . ; yn;wÞ spanningM are called the thermodynamic coordinates and
x is called the Gibbs form (Haslach, 1997). As per Darboux’s theorem
(see e.g. Arnold, 1978 p.362), the Gibbs form can be expressed with
respect to the thermodynamic coordinates as:

x ¼ �dwþ y � dx ð3Þ
where ‘‘�” represents the scalar product. One can furthermore show
that the tangential action ofx reads, for a given tangent vector tp at
any point p of M (Haslach, 1997):

x tp
� � ¼ � _wþ y � _x ¼ X � _x ð4Þ

where we introduce the thermodynamic forces vector X � y � @w
@x.

The superposed dot denotes any infinitesimal increment of time,
which should be objective to preserve frame invariance (Truesdell
and Toupin, 1960). An example of objective rates is the Lie time
derivative, but for simplicity we assume here that the actual config-
uration of the system coincides with the reference configuration
(axiom 3), so that the superposed dot simply denotes the partial
derivative with respect to time. We thus adopt a Lagrangian formu-
lation, which in the present chemo-mechanical context, amounts to
assuming small strains and neglecting advection.

Now, following 2.1, we choose for our specific problem to rep-
resent the system with the following thermodynamic coordinates:

x � /;r/; c;rc;�ð Þ
y � �p1; n1;�p2; n2;rð Þ
w xð Þ

8><
>: ð5Þ

with w still to be specified. Adopting the notations of the configura-
tional theory (Fried and Gurtin, 1993; Gurtin, 1996), we remind that
p denotes the microforce associated with the phase field and n the
microstress associated with its gradient (the subscripts 1 and 2
refer to the / and c respectively). To fulfil the laws of thermody-
namics, we assume that the system satisfies the second law, in
the form of the dissipation inequality (axiom 4). For isothermal con-
ditions and in the presence of configurational forces, the dissipation
inequality reads in its local form (see for instance Gurtin, 1996):

D � � _w� p1
_/þ n1 � r _/� p2 _c þ n2 � r _c þ r _� ¼ � _wþ y � _x P 0

ð6Þ
where D denotes the system’s local dissipation. Note that even
though the energy balance is used to derive the dissipation inequal-
ity, it is not considered as a self-standing fundamental law in the
present isothermal conditions. The dissipation thus directly relates
to the Gibbs form (Eq. 4) asD ¼ x tp

� �
. The fact thatD can generally

be expressed with a 1-form is clearly a motivation underlying the
embedment of thermodynamics into contact geometry (Haslach,
1997). Indeed, one can show that conversely, if the dissipation
can be written as 1-form with independent functions, it induces a
contact structure.

Definition of equilibrium We have now the support to formally
define equilibrium. We will say that a system is at equilibrium
when D ¼ 0 (axiom 5). According to a theorem due to Arnold
(Arnold, 1978 p.367), when w is only a function of x (axiom 2), this
condition is equivalent to X ¼ 0 (but not necessarily _x ¼ 0). There-
fore, in the contact manifold M, equilibrium is represented by the
Legendre submanifold (of dimension n) generated by the n Legen-
dre equations:

yi ¼
@w
@xi

; i ¼ 1; . . . ;n: ð7Þ

We remind that this is the space of maximal dimension where
the dissipation vanishes. Since we are interested in studying the
general case of full non-equilibrium processes, we assume by
default that all the components of X are non-zero (axiom 6). If
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X – 0 but a certain Xi ¼ 0, the system is only partially out of equi-
librium. As explained in the next paragraph, we understand full
non-equilibrium processes as fully dissipative processes. However,
we may relax this axiom a posteriori if observations show that a
certain state variable xi induces negligible dissipation (Xi ¼ 0).

General solution of the dissipation inequality The Coleman-Noll
procedure shows that in order to have Xi – 0 (axiom 6), Xi must
be a function of _xi (Coleman and Noll, 1963). We are thus looking
for all the vectors _x satisfying the following inequality, while con-
sidering x as a parameter:

X x; _xÞ � _x P 0:ð ð8Þ
Following a theorem due to Gurtin (see appendix B of Gurtin,

1996), a necessary and sufficient condition for the system to satisfy
the dissipation inequality (8) is that there exist a positive semi-
definite tensor s x; _xð Þ such that:

sðx; _xÞ _x ¼ Xðx; _xÞ: ð9Þ
Note that a crucial condition for the validity of this solution is

that the function X x; �ð Þ be continuous in 0 (axiom 7). We call this
tensorial equation the generalized relaxation equation and s x; _xð Þ
the relaxation tensor. Note also that, to be precise, s satisfies a con-
dition weaker than positive semi-definiteness since it depends on _x
(Gurtin, 1996). One must specify the relaxation tensor to obtain a
system of scalar equations (see 2.4.1) and specify the free energy
(see 2.4.2) to obtain an explicit system of equations with respect
to x and y. The dimension of this system of equations is the ther-
modynamic degree of freedom, i.e. the number of independent
variables by which one chooses to describe the system. This yields
a system, in the general case, of n equations with 2n unknowns
x1; . . . ; xn; y1; . . . ; ynf g. In the present example of microstructural
chemo-mechanical processes, n ¼ 5 (see variables in (5)). This sys-
tem can be reduced upon applying the relevant balance laws (see
2.3).

We may coin the term contact thermodynamics to denote the
general framework exposed in 2.2 (axioms and resulting general-
ized relaxation equation), based on contact geometry. Note that
the generalized relaxation equation, although here applied to a
special case, holds for any thermodynamic system satisfying the
second law of thermodynamics (provided axiom 7). As elaborated
in 2.4.1, Edelen (1977) must be acknowledged for proposing the
first general solution to the dissipation inequality, although in a
dual form to our tensorial formulation.

2.3. Supplemental balance laws

In addition to the thermodynamic laws, equivalent to the gen-
eralized relaxation equation, the system’s variables are subject to
supplemental balance laws. In the present context of chemo-
mechanics, and upon neglecting the inertial effects, these are the
microforce balance, macroforce balance and mass balance. At the
microscale, hold the two microforce balances for the two phase
fields / and c (Fried and Gurtin, 1993; Gurtin, 1996):

r:n1 þ p1 ¼ 0
r:n2 þ p2 ¼ 0:

�
ð10Þ

At the mesoscale (with a spatial domain of interest noted X),
hold the macroforce balance and the mass balance of the reactive
species being dissolved and precipitated, present in phase A as
solute and in phase B as part of the solid skeleton:

r � r ¼ 0; ð11Þ
Z
X

_/þ _c
� �

dX ¼ 0: ð12Þ
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The mass balance here amounts to assuming that the reactive
species are either present in a solid form in the skeleton (/ ¼ 1)
or in a solute form (c ¼ 1).

2.4. Additional constitutive assumptions

All in all, the system is presently described by 8 variables
(/; c;�;p1; n1;p2; n2;r) and 9 equations (5 scalar relaxation equa-
tions from thermodynamics for the 5 state variables and 4 balance
equations). The system is therefore over-constrained. This is why
the mass balance will be enforced, as often in PFM, as a constraint
condition on the system of equations, via a Lagrange multiplier,
noted b /ð Þ, in order to satisfy Eq. (12). To fully specify our system
of equations, it remains to describe the system’s relaxation tensor
s x; _xð Þ and its free energy w xð Þ.

2.4.1. Relaxation tensor
The relaxation tensor s describes the time for the system to

reach equilibrium with respect to each state variables. Practically,
it indicates how the rate terms enter the equations, either dissipa-
tively via its symmetric part ss or non-dissipatively via its anti-
symmetric part sa (see App. A). We shall note that it is therefore
not sufficient to prescribe, as usually assumed, an energy potential
and a dissipation potential, since then the non-dissipative rate
terms would be missing. We argue for, instead, using an energy
potential and a relaxation potential. Indeed, rate terms can enter
an equation without contributing to the dissipation as we will
now show for the chemo-mechanical coupling. Edelen has already
extensively argued for the incompleteness of a dissipation poten-
tial description without taking into account the ‘‘gyroscopic” forces
(Edelen, 1977; Edelen, 1993), along with Goddard more recently
(Goddard, 2014) and Ostoja-Starzewski (Ostoja-Starzewski, 2009;
Ostoja-Starzewski, 2014). As pointed out by Goddard, continuum
mechanics has a long-standing tradition of using
‘‘hyperdissipative” models (such as Ziegler, 1983; Collins and
Houlsby, 1997 among many others), meaning that they are fully
derived from an energy potential and a dissipation potential,
implicitly neglecting the gyroscopic forces (as acknowledged by
Ziegler (1983)). Only within such restrictive assumptions exist
variational principles such as the maximum entropy production
principle. We show in this work that non-dissipative forces are,
however, indispensable for chemo-mechanical coupling for
instance, and more generally for reaction–diffusion systems, where
they play the role of ‘‘reactive constraints” (Goddard, 2014) or
more practically of source/sink terms. While the latter is usually
introduced directly in the diffusion equation (as in Xu and
Meakin, 2008), we introduce it as a cross term sc of the relaxation
tensor. Let us thus define the non-symmetric relaxation tensor in
the simplest way as:

s �

s1 0 0 0 0
0 s2 0 0 0
sc 0 s3 0 0
0 0 0 s4 0
0 0 0 0 s5

0
BBBBBB@

1
CCCCCCA

ð13Þ

where s1; s2; s3; s4; s5 (all positive quantities) are respectively the
relaxation times of /;r/; c;rc;�. Note that s2; s4 and s5 are tensors
of dimension 3 since they are associated with gradient variables. For
simplicity, we assume s2 ¼ s21; s4 ¼ s41 and s5 ¼ s51, where 1

denotes the identity tensor. The scalar sc (also positive) is the relax-
ation time of the chemical coupling, related to the solute propaga-
tion. They can depend on any variable xi but for the present
preliminary study we assume the si to be constant. Thereupon,
the 5 generalized relaxation equations now read:
235
s1 _/ ¼ �p1 � @w
@/ ;

s2r _/ ¼ n1 � @w
@r/ ;

sc _/þ s3 _c ¼ �p2 � @w
@c ;

s4r _c ¼ n2 � @w
@rc ;

s5 _� ¼ r� @w
@� :

8>>>>>>>><
>>>>>>>>:

ð14Þ

Note that since we consider the phase field c purely diffusive,
i.e. rc not dissipative, s4 ¼ 0.
2.4.2. Free energy
The free energy acts as an energy potential and describes the

system (only) at equilibrium, i.e. its steady states. Indeed, out of
equilibrium, the energy potential does not Legendre-conjugate
the control variable with its state variable, viz. Xi � yi � @w

@xi
– 0.

Let us define the following specific free energy for our model (unit:
J=m3):
w /;r/; c;rc;�ð Þ ¼ Gg /ð Þ þ 1� h /ð Þð Þ1
2
�:CA�

þ h /ð Þ1
2
�:CB�þ b /ð Þc þ j

2
jjr/jj2 þ D

2
jjrcjj2:

ð15Þ
The first term is the usual double-well potential with G the

double-well’s height and g /ð Þ ¼ /2 1� /ð Þ2. The elastic energy
(second and third terms) is defined in each phase and interpolated
by the interpolation function h /ð Þ ¼ /2 3� 2/ð Þ, with h 0ð Þ ¼ 0 and
h 1ð Þ ¼ 1. In doing so, we use the Voigt-Taylor homogeneization
scheme (Ammar et al., 2009). This consists in interpolating the
elastic energies of the different phases, and hence the equilibrium
stresses rA ¼ @w

@�A
and rB ¼ @w

@�B
, while assuming homogeneous strain

�A ¼ �B ¼ �. We will see that this hypothesis is coherent with the
usual poromechanics formulation. The chemical energy (fourth
term) will be determined a posteriori as a Lagrange multiplier to
enforce the mass balance. The two last terms are the usual gradient
energies for the two phase fields, where j and D are the associated
gradient coefficients. We know from Kim et al. (1999) that the
interfacial energy c [J=m2] of the interface between the skeleton
and the pores scales as c �

ffiffiffiffiffiffiffi
jG

p
and the corresponding interface

thickness li [m] as li �
ffiffiffij
G

p
. For the concentration of the solute c,

since we assume the particular case where it is purely diffusive,
D simply corresponds to the solute’s diffusivity.
2.5. Derivation

Let us summarize the different elements of the model in Table 1,
emphasizing the distinction between the fundamental laws and
the constitutive assumptions. We remind that the system, as such,
is over-constrained, and therefore the mass balance is enforced via
a Lagrange multiplier. We can combine the 5 generalized relax-
ation equations (14) with the 3 force balances ((10)1, (10)2, (11)),
as well as the prescribed free energy w (15), to obtain the 3 evolu-
tion equations of /; c and �:
�s2M _/þ s1 _/ ¼ jM/� f /; c;�ð Þ;
s3 _c ¼ DMc � sc _/� b /ð Þ;
r � C /ð Þ�þ s5 _�

� �
¼ 0;

8>><
>>: ð16Þ

with f /; c;�ð Þ � @w
@/ ¼ Gg0 /ð Þ þ h0 /ð Þ 1

2�: CB � CAð Þ�þ b0 /ð Þc and

C /ð Þ � 1� h /ð Þð ÞCA þ h /ð ÞCB the mixed elastic tensor. To enforce
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the mass balance (12), we choose s3 ¼ sc and the chemical coupling
function to be:

b /ð Þ � b 1� h /ð Þ � 1� h /ð Þ
h i

ð17Þ

where 1� h /ð Þ ¼
R
X

1�h /ð Þð ÞdXR
X
dX

, so that the derivative of b with respect

to / is b0 /ð Þ ¼ �bh0 /ð Þ. We remind that X is the spatial domain of
interest.

Note in particular that we obtain the additional Laplacian rate
term s2M _/ in the first equation, extending the usual Allen–Cahn
equation to the so-called viscous Allen–Cahn equation. It was first
introduced by Gurtin (1996) upon assuming the microstress n to be
dissipative. As previously explained, in our derivation, it stems
from allowing the system to be fully dissipative (axiom 6), i.e.
out of equilibrium, in particular from allowing r/ to be dissipa-
tive. The second equation is the usual chemical diffusion equation
with a (non-dissipative) sink/source term sc _/, due to the non-
diagonal coefficient of s. Regarding the third relaxation equation
for the mechanics, we emphasize that we recover an interpolation
of the partial stresses rA and rB, consistently with our initial Voigt-
Taylor assumption. We have however in addition the viscous term
s5 _� due to assuming � dissipative. Indeed, the relaxation equation
for � can be written as:

r ¼ 1� h /ð Þð ÞrA þ h /ð ÞrB þ s5 _�: ð18Þ
We also recover as a particular case, modulo the viscoelastic

term and in the case where h /ð Þ ¼ /, the usual mixture of stresses
in poromechanics (Coussy, 2004).

The last step of our derivation is to write the previous system in
a dimensionless form. Since the terms are homogeneous to a speci-
fic energy (or equivalently a stress), we choose our reference speci-
fic energy (i.e. reference stress) as the height of the double-well
potential G and divide the three equations by G. Note that G
directly characterizes the energy required to induce phase change.
Then, the reference length is noted l0 and the reference time t0,
yielding the dimensionless derivatives @�=@t ¼ t0@=@t and

M� ¼ l20M. The dimensionless system thus reads:

� s2
Gl20t0

M� @�/
@t þ s1

Gt0
@�/
@t ¼ j

Gl20
M�/� f � /;�; cð Þ

sc
Gt0

@�c
@t ¼ D

Gl20
M�c � sc

Gt0
@�/
@t � b� /ð Þ

r� � 1
GC /ð Þ�þ s5

Gt0
@��
@t

� �
¼ 0

8>>>><
>>>>:

ð19Þ

Let us fix the reference time scale t0 � s1
G , corresponding to the

scaled relaxation time of the normal variations of the interface,
but not the reference length scale l0, which depends on the prob-
lem’s dimensions. In our case, l0 will correspond to the character-
istic length of the problem’s domain X. We thereupon define the
following dimensionless quantities (see also App. D for a summary
of the parameters with their associated numerical values):

l ¼ s2
s1 l

2
0
;

a ¼ j
Gl20

;

f � /;�; cð Þ ¼ g0 /ð Þ þ v �; cð Þh0 /ð Þ;
v �; cð Þ ¼ f �ð Þ � b�c;

f �ð Þ ¼ 1
2G�: CB � CAð Þ�;

b� ¼ b
G ;

s�c ¼ sc
Gt0

;

D� ¼ D
Gl20

;

b� /ð Þ ¼ b /ð Þ
G ;

C� ¼ 1
GC;

s�5 ¼ s5
s1
:
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For convenience, we drop the � notation and our final system of
equations reads:
�lM _/þ _/ ¼ aM/� f /;v �; cð Þð Þ
sc _c ¼ DMc � sc _/� b /ð Þ
r � C

�
/ð Þ�þ s5 _�

� �
¼ 0

8>><
>>: ð20Þ

In particular, the first phase-field equation is characterized by
three dimensionless quantities. The dimensionless group a � j

Gl20

is the usual phase-field interfacial coefficient. From Kim et al.

(1999), we know that a scales as the squared ratio l2i =l
2
0 between

the interface thickness and the problem’s length scale. It is usually
recommended that the latter be much bigger than the former, i.e.
to have a� 1 (see for instance Fix, 1983; Aagesen et al., 2017).
Otherwise, spurious grain boundary diffusion may occur. More-
over, the smaller a, the closer the problem to the real sharp inter-
face problem. Nevertheless, when a is too small, numerical
complications may occur and therefore we shall find a compromise
in defining its value in the following numerical simulations. The
second dimensionless group l � s2

s1 l
2
0
, that we coin phase-field vis-

cosity, appears, to the best of our knowledge, for the first time in
the present work. It essentially characterizes the competition
between the kinetics of the normal variations of the interface
(s1) and the kinetics of its tangential variations (s2). The third
important dimensionless group is the phase-change activation
function v �; cð Þ � f �ð Þ � bc containing the different input of ener-
gies, here mechanical and chemical, and triggering the phase
changes, as detailed in Section 3.1.
2.6. Comparison with existing PFM for dissolution/precipitation

We refer to the model of Xu and Meakin (2008) for a compar-
ison with an existing PFM for dissolution/precipitation (see Eq.
24 and 25 therein). This serves as a valid reference since they prove
their equations to converge to the solution of the corresponding
sharp-interface problem. They showed that an additional term pro-
portional to the interface curvature should be present in Eq. (20)1
to counteract the curvature-driven interface motion, which may be
source of error. Moreover, in Eq. (20)2, they have a different term
instead of our term b /ð Þ, accounting for the discontinuity in the
solute concentration across the interface. However, there is no
direct comparison possible a priori. Indeed, we have an additional
mechanical coupling and an additional term lM _/. The mechanical
coupling could be added to the sharp-interface analysis following
Kassner et al. (2001) for instance, who thereby modeled surface
corrugation instabilites, fundamental in pressure solution for
instance. In all, to fully ascertain the physical validity of our
phase-field model in the context of pressure solution and capture
physical phenomena of interest, we should check the correspon-
dence with the sharp-interface equations. This would also give a
more precise physical meaning to all our parameters. The prob-
lem’s sharp-interface equations may be for instance similar to
those derived by Lehner and Bataille (1984) in the context of pres-
sure solution, under the assumption of steady-state compaction
creep. If the latter does not hold, Lehner (1995) derived the
sharp-interface equations in the case of a regular spheres packing.
This is not straightforward and will be the object of future works.
In fact, the sharp-interface analysis of the viscous Allen–Cahn
equation Eq. (20)1 without any coupling would be a novelty in
itself. This would provide a physical meaning for the phase-field
viscosity l.



Fig. 3. Graph of the bulk energy B /;vð Þ � g /ð Þ þ vh /ð Þ ¼ /4 � 2 vþ 1ð Þ/3þ
3vþ 1ð Þ/2. Upon input of energy, i.e. variations of v, the double well tilts
counter-clockwise when v > 0, leading to production of phase A at the expanse of
phase B (orange curves) and clockwise when v < 0, leading to production of phase B
at the expanse of phase A (blue curves). The phase change (saddle-node bifurcation)
happens at jvj ¼ vb (dashed curves).
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3. Model’s response and parametric study

In this section, we describe first the mechanism of phase transi-
tion and, then, numerical simulations considering simple geome-
tries to investigate the role of the different parameters of the
system. The system of equations Eq. (20) is implemented and
solved numerically using the Multiphysics Object Oriented Simula-
tion Environment (MOOSE1), which is a finite-element simulator
dedicated to multiphysics nonlinear problems with phase-field capa-
bilities (Gaston et al., 2009; Tonks et al., 2012). Specifically, our
model is implemented in the multiphysics module REDBACK
(Poulet et al., 2017), which focuses on thermo–hydro-mechanical-
chemical processes in geomaterials. To resolve our system of equa-
tions, we discretize the problem in space using the finite-element
method and in time using a backward Euler scheme, with a
Jacobian-Free Newton-Krylov solver.

3.1. Phase-change mechanism and assumptions

In the following numerical examples, we intend to illustrate the
roles played by the phase-change activation function
v �; cð Þ ¼ f �ð Þ � bc ¼ fB �ð Þ � fA �ð Þ � bc and the phase-field viscosity
l. The effect of v is first studied with only the mechanical coupling,
i.e. v > 0 to produce phase A only, and then with chemical cou-
pling, so that v can take negative values to allow production of
phase B. The influence of the dimensionless group a, essentially
the ratio of the interface thickness and the problem’s characteristic
scale, is not emphasized here but we remind from the previous sec-
tion that one should keep a � 1 to avoid spurious effects due to
interface diffusion. We intend to numerically illustrate that v plays
the role of phase-change trigger, its sign determining which phase
is produced, whereas l controls the kinetics of this phase change,
presumably by controlling the change of orientation of the inter-
face. The former is illustrated by displaying phase nucleation in
an abstract setting (Section 3.2.1) and the latter by considering
geometrical effects (Section 3.2.2).

The (dimensionless) activation function v �; cð Þ represents the
amount of energy input, in our case the difference between the
mechanical and chemical energies, at each point in space and time.
To visualize its effect, we can write the evolution equation of / far
from the interface, i.e. in the limiting case of a zero-thickness inter-
face (where a! 0 and l! 0):

_/ � �f ð/;�; cÞ � �g0 /ð Þ � v �; cð Þh0 /ð Þ: ð21Þ
Although it is clear that a (scaling as l2i =l

2
0) tends toward 0 when

li does, we make the assumption that l tends toward 0 with li as
well, which scaling remains to be assessed. Hence, the evolution
of / is essentially dictated by the sign of f /;�; cð Þ, i.e. the sign of
v �; cð Þ. More specifically, phase change occurs upon tilting of the
double well potential g /ð Þ, resulting in one phase becoming unsta-
ble. This corresponds to a saddle-node bifurcation set on when
jvj P vb, where vb is a certain positive bifurcation value. We can
visualize in Fig. 3 the influence of v on the bulk free energy:

B /;�; cð Þ ¼ g /ð Þ þ 1� h /ð Þð ÞfA �ð Þ þ h /ð ÞfB �ð Þ þ b 1� h /ð Þ � 1� h /ð Þ
h i

c

¼ g /ð Þ þ v �; cð Þh /ð Þ þ fA �ð Þ þ b̂ tð Þc
ð22Þ

where b̂ tð Þ � b 1� 1� h /ð Þ
� �

. Since phase A is supposed to be much

more deformable than phase B, fA �ð Þ � fB �ð Þ. Then, as the term
b̂ tð Þc is independent from /, it does not influence the way the dou-
ble well tilts, and we may simply visualize the function
1 http://mooseframework.org
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B /;vð Þ � g /ð Þ þ vh /ð Þ. In the present context of pressure solution,
the production of phase A (orange curves in Fig. 3) corresponds to
dissolution and the production of phase B (blue curves in Fig. 3))
to precipitation.

We will consider in the following of this paper a 2D geometry in
x; yð Þ plane strain for simplicity and to show qualitatively the
behavior of the model. However, the model has been also imple-
mented in a 3D numerical framework to provide quantitative
results that will be the focus of future studies. The elastic energy
for phase A and phase B now simply reads:

fA �ð Þ ¼ 1
2 kA �xx2 þ �2yy

� �
;

fB �ð Þ ¼ 1
2 kB �xx2 þ �2yy

� �
þ lB �xx2 þ �2yy þ 2�2xy

� �
;

8><
>: ð23Þ

with kK and lK the Lamé parameters of phase K. We remind that
phase A is considered as a shear-free solid with much lower stiff-
ness than phase B, so that lA ¼ 0 and kA � kB. Furthermore, we
assume that the mechanical equilibrium (at the mesoscale) for �
is reached much faster than the equilibrium of / and c, so that
s5 ¼ 0. Then, it is sensible to assume that the solute diffuses faster
than the microstructure rearranges, i.e. c relaxes faster than /, so
that D 	 a, which is easily satisfied as a � 1. Note that different
reaction diffusivities are characteristic of such reaction–diffusion
systems.

In all our numerical studies, we will work with the following
consistent units system: length in mm, mass in kg, time in ks,
energy in J, pressure/stress in GPa. We scale the specific energies
and stresses by fixing G ¼ 1 GPa. We choose s1 ¼ 1 GPa:ks, so that
the characteristic time scale is t0 ¼ 1 ks. Those values will be kept
in all simulations. As of a, Ghoussoub and Leroy (2001) indicates
for instance for a typical silica/water interfacial energy a value of

0:1 Pa:m, i.e. csf ¼ 10�7 GPa:mm. Since a scales like c2

G2 l20
, then

a � 10�14, as our problem’s scale will be of the mm order. This is
consistent with our recommendation a� 1 to avoid spurious
interface diffusion. However, values of a too small (typically in
our case for a < 0:01), can alter the numerical performance, such
as convergence. Hence in practice, as usual in PFM, a is taken as
small as numerics allows (Aagesen et al., 2017). Regarding the
mechanical properties, we consider the pores phase A saturated
with water (brine), under our shear-free solid assumption, and
then kA � 1 GPa (water’s bulk modulus). Although we are inter-
ested in modeling sands or sandstones, as an example, their
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mechanical characteristics would be valid for phases A and B alto-
gether as a mix but not for phase B alone. We thus consider the
pure skeleton phase as a rock with very low porosity, like granite.
Hence we choose kB � 30 GPa and lB � 30 GPa, which are values
close to what can be found in the literature (Detournay and
Cheng, 1993). Note that all numerical parameters are gathered in
App. D.

To characterize the output, we choose to define the interface as
/ 2 0:21; 0:79½ 
, corresponding to the inflection points of the dou-
ble well at rest, also called spinodal interval (Cahn, 1961). Then
the pure phases A and B are respectively defined by / 2 0;0:21½ 

and / 2 0:79;1½ 
. Note that the three regions, pure phase A, inter-
face and pure phase B, are intentionally defined to overlap (in
/ ¼ 0:21 and / ¼ 0:79), which corresponds to the matching condi-
tion in a matched asymptotic analysis (see Fried, 2006 for exam-
ple). The main output we are interested in is the mechanical
response of the granular assembly, viz. the stress averaged on
the top boundary (dimensionless) versus the vertical strain (in %).

3.2. Parametric study

In the following sections, we present the results of problems
chosen to showcase the effect of the main parameters (v and l)
controlling the mechanical response of the system.

3.2.1. Effect of the phase-change activation function when v > 0
We investigate first the numerical response of the system con-

sidering only mechanically-induced dissolution to study the role of
the dissolution activation function, when v is only a function of �,
viz. v �ð Þ ¼ fB �ð Þ � fA �ð Þ (orange curves in Fig. 3). To display the
nucleation of phase A in a square domain under mechanical load-
ing, we consider the extreme case where there is initially no phase
A, with initial conditions randomly fluctuating in the phase B,
i.e. / 2 0:79;1½ 
. The boundary conditions are those of an biaxial
compression, that is, constantly moving boundaries towards the
center (dimensionless velocity of 1), and null Neumann conditions
for the order parameter. Note that the latter boundary condition
will be satisfied for all the following simulations. The phase field
/ can be visualized in Fig. 4 at the initial, nucleation of the phase
change (corresponding to the peak stress) and final stages of our
simulation. Associated is the stress/strain response for two differ-
ent stiffnesses. The nucleation of the weak phase A, the pores,
stemming from the initial fluctuations, leads to a mechanical soft-
ening of the material. At a same vertical strain, the stiffer the mate-
rial, the larger the amount of elastic energy accumulated in the
structure, the larger the activation v and therefore the smaller
the deformation to trigger the phase change. Note that the numer-
ical results here hardly bear any physical meaning but simply dis-
play the qualitative effect of v in a simple setting.

3.2.2. Effect of the phase-field viscosity l
First of all, we may corroborate the viscous effect of the Lapla-

cian rate term lM _/ by solving numerically the viscous Allen–Cahn
equation in the simplest case, without coupling and in 1D (see App.
B). As expected for a pseudoparabolic equation, the viscous coeffi-
cient l delays the convergence to the steady states, i.e. the phase
change. Then, to more practically highlight the influence of l, we
perform a displacement-controlled oedometric compression of a
square including one spherical pore. This geometry enables to have
a constant initial curvature of the interface without involving the
effect of grains interaction, focus of the next example. More specif-
ically, we aim at illustrating our postulate that the Laplacian rate
term induces a viscous effect (proven in App. B) by delaying the
variations of the interfaces curvatures, or more exactly the change
of interfaces orientation (see App. C). A constant velocity is applied
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on the top boundary. Unlike previously in 3.2.1, this simple simu-
lation may bear physical meaning, namely pore collapse.

To start with, we perform a mesh convergence study upon the
peak stress, for l ¼ 1, visualized in Fig. 5 with the peak stress val-
ues for different mesh resolutions. We may thus use a mesh of
dimension (at least) 100� 100 elements. The output of the com-
pression (Fig. 6) is then shown for different values of l right after
the onset of softening, i.e. just after the stress has peaked. The soft-
ening of this structure translates geometrically into a collapse of
the circular pore. As expected, the higher l, the more delayed
the softening response. This effect is clearly achieved by reducing
the change of interface curvature, via the Laplacian rate term M _/.
We remind that the presence of this term is due to the fact that
r/ is allowed to be dissipative in our model. Without this term
(l ¼ 0), the change of curvature is quasi-instantaneous, from a
constant curvature to a very large curvature, resulting in a loss of
smoothness of the interface and leaving horizontally-flat indenta-
tions on the sides. Furthermore, it is important to stress that
increasing l not only delays the response in time (horizontal trans-
lation of the curves in Fig. 6), but also induces a vertical translation
resulting in a different peak stress. We can thus draw two prelim-
inary insights about the effect of the phase-field viscosity l. Firstly,
at the microscale, the associated Laplacian rate term seems to con-
trol the interface curvature and mitigate the apparition of infinite
interface curvature. Recall that the curvature dynamics is central
to PFM since the Laplacian of the order parameter M/ measures
essentially the curvature of the interface, or at least its change of
orientation (see App. C). In that sense, M _/ acts as a viscous damp-
ing for the change of curvature. Secondly, more than delaying the
kinetics of the process, at the mesoscale l increases the material’s
resistance to softening (corroborated for a geomaterial’s
microstructure in Fig. 9), while the static mechanical properties
remain the same. The phase-field viscosity l, when modeling
microstructures, can thus be seen as a microstructural viscosity.

Finally, the present diffuse-interface simulation of pore collapse
should be related, in the context of pressure solution, to the sharp-
interface study of Ghoussoub and Leroy (2001). Similarly, after a
slow ‘‘ovalization”, a rapid lateral dissolution occurs following
the stress concentration in a crack-like pattern. However, while
the velocity of the crack tip tends to infinity quasi-
instantaneously upon crack nucleation in the sharp interface
model (see Fig. 8 in Ghoussoub and Leroy (2001) e.g.), the phase-
field viscosity l enables to control the velocity of the lateral open-
ings, via penalization by the Laplacian rate term of the change of
curvature.
3.2.3. Effect of the precipitation activation coefficient b (when v can
also be negative)

We now turn our attention to the full chemo-mechanical cou-
pling (i.e. considering both dissolution, when v > 0, and precipita-
tion, when v < 0), and in particular the term bc in Eq. (20)1 that
triggers the production of the strong phase B (/ ¼ 1). As explained
previously, this term allows f /;�; cð Þ to become negative and
hence _/ to become positive (blue curves in Fig. (3)). To highlight
the processes taking place during pressure solution, we assess
the influence of this term and benchmark the validity of the phys-
ical mechanisms of our approach against existing theoretical and
phenomenological studies on pressure solution (in particular
Weyl, 1959), in the case of a simple contact problem. The initial
setup leading to the simulation results in Fig. 7 consists of two
half-circles representing two grains separated by a thin layer of
pores ‘‘fluid” under a constant stress of 200MPa and oedometric
conditions. We assume that the diameter of those idealized grains
is 300 lm so that we choose l0 ¼ 0:3mm. The parameters of the dif-
fusion equation Eq. (20)2 are chosen so that sc ¼ 1 and D ¼ 10. We



Fig. 4. Nucleation of phase A (/ ¼ 0) under isotropic compression with a mesh of 100� 100 triangular elements. The phase-field evolution is shown for
kA ¼ 1;lA ¼ 0; kB ¼ lB ¼ 30 at (a) initial time, (b) onset of softening (vs ¼ 4:48%) and (c) final time (vs ¼ 5:23%). (d) The stress/strain response (averaged on top boundary)
is shown for two different stiffnesses. Note that this is an abstract setting to illustrate the effect of v and does not correspond to any particular physical situation.

Fig. 5. Mesh convergence study with respect to the peak stress value. We estimate that the mesh is converged for a mesh of at least 100� 100 elements.
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will assume for all the simulations involving the solute concentra-
tion an initial condition c ¼ 0. The choice of b is more sensitive as it
directly controls the phase change. Upon performing simulations
for different values of b, one can show that the higher its value,
the later the failure time (jump in vertical strain in Fig. 7). This
seems due to the fact that b (linearly) controls the precipitation
potential bc, which leads to the precipitation of the dissolved
material, thus delaying the overall compaction. In practice, we
choose b ¼ 0:05 so that it has a noticeable effect compared with
the case without precipitation. Our pressure solution model for
the ideal case of two grains displays two clear stages (see Fig. 7):
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(1) the dissolution of the high-strain zone, and (2) ‘‘contact”
between the two flattened grains. The rounded grains’ surfaces
are dissolved at the contact zone from the sides towards the center
until they become flat and there is no more support for the upper
grain. Then a failure phase is characterized by a sudden increase in
vertical displacement and the two flattened grains come into ‘‘con-
tact”, still separated by a thin layer of fluid. Successive dissolution
stages can be triggered on the flattened surfaces should the system
be given enough energy (i.e. time in the present case of constant
loading). Coupled with the dissolution, the precipitation of the
solute occurs on the sides of the grains (see precipitation rate in



Fig. 6. Oedometric compression of a circle inclusion of weak phase (blue). The phase-field evolution is shown from (a) initial condition to (b) right after onset of softening for
different values of l. (c) The associated stress/strain curves exhibit a top-right translation with increasing l.

Fig. 7. Pressure solution creep of a two-grain assembly with a mesh of 100� 100 quadrilateral elements. (a) The vertical strain response can be seen as a tertiary creep, with
an initial elastic loading (until t � 0:2) followed by a primary creep and a secondary creep (between t � 0:4 and t � 1:1). We show the phase field during secondary creep at
t ¼ 0:77. This stage with little displacement displays the dissolution of the grains boundary at the contact, getting undercut and flattened, leading to a sharp increase in
displacement. This is characteristic of a tertiary creep. We show the phase field at the end of the tertiary creep at t ¼ 1:32. Finally, a second stage of secondary creep may
occur, along with undercutting from the sides. We show the phase field during this new secondary creep at t ¼ 1:88. (b) On the right are displayed, at t ¼ 1:32, the volumetric
strain �v , concentrated at the contact, leading to dissolution (negative part of _/), production of solute of concentration c and precipitation of this solute on the sides of the
grains (positive part of _/).
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Fig. 7). This sequence is in accordance with theoretical and phe-
nomenological approaches on the mechanisms of pressure solution
(Weyl, 1959). More specifically, the present numerical results
illustrate the so-called marginal dissolution, or undercutting, con-
stitutively accounted for in the dynamic island-channel model of
van den Ende et al. (2019). Furthermore, the results illustrate the
basic process underlying tertiary creep. This simple case also
exemplifies why a should be small enough to avoid spurious grain
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boundary diffusion and subsequent grains merging during the
compression.

4. Numerical study of chemo-mechanical microstructural
evolution in geomaterials: example of pressure solution

After benchmarking the different features of our model, we
apply it to more realistic microstructures, those of geomaterials.



Fig. 8. Digitalization of a LV60A sandpack’s CT-scan obtained from Dong and Blunt (2009).
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We use as input digitalized CT-scan images of a sandpack obtained
from Dong and Blunt (2009) and accessible online2. Unless men-
tioned otherwise, we use the layer number 159 therein.

4.1. Digital modeling of geomaterials

The initial conditions are obtained by digitalizing the seg-
mented image from the CT-scan (Fig. 8). We use a 70� 70 mesh
for an initial CT-scan whose pixel resolution is 300� 300. Obvi-
ously, to preserve the resolution, we should use a mesh of
300� 300, but this is unnecessarily computationally expensive
for the present qualitative study. The dimensions of the CT-scan
image are 3� 3 mm2. Therefore, the reference length for the CT-
scan simulations is chosen as l0 ¼ 3 mm. Note that the average
grain size is 0:3 mm and the particle size distribution is fairly uni-
form (Talabi et al., 2009).

We start by showcasing the main capabilities of our model
applied to a geomaterial’s microstructure considering the
mechanically-induced dissolution only. The geometry shown in
Fig. 8 is oedometrically compressed (applying constant velocity)
from the top under varying values of l. The mechanical response
is plotted similarly to the previous simulations (Fig. 9), along with
the mean stress and strain distributions, as well as the phase field
for different l at a same given time. The distribution of the
mechanical loading from the top boundary throughout the
microstructure is clearly displayed by chain-forces-like patterns
for the mean stress and by concentration bands for the strain.
One can also ascertain that l indeed controls the onset of softening
(lateral translation of the graph in Fig. 9) and the value of the cor-
responding peak stress (vertical translation of the graph). The
phase-field viscosity can thus be seen as microstructural viscosity
inducing a rate-dependent behavior of the material, as already dis-
cussed in 3.2.2. We can visually assess in Fig. 9 that this results
from the decrease of deformability of the interfaces with increasing
l: at a given time, the grains appear more ‘‘mixed” for low l, sug-
gesting that dissolution of the grains in the fluid is promoted for
low values of l. On the other hand, high values of l tend to delay
dissolution and therefore preserve the shape of the microstructure.

4.2. Application to pressure solution creep

Next we apply our model to pressure solution by also allowing
for precipitation to take place, and oedometrically applying a con-
stant stress on sections of the sandpack’s CT-scan from Dong and
Blunt (2009). The constant stress loading is applied smoothly with
2 https://www.imperial.ac.uk/earth-science/research/research-groups/perm/re
search/pore-scale-modelling/micro-ct-images-and-networks/sand-pack-lv60a
-
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a hyperbolic tangent function (see App. D). Since we are studying a
sandpack composed of quartz grains, the pressure solution reaction
corresponds to the dissolution/precipitation reaction of silica
(SiO2(s) + 2H2O(l)� Si(OH)4(aq)). Thus the skeleton phase is silica,
the pore phase is water (brine) and the solute (of concentration c)
is silicic acid. Although we are only interested in the present study
in qualitative estimation, one may use, for a precise quantitative
study, the relevant chemical properties to determine the chemical
parameters b; sc and D.
4.2.1. Chemo-mechanical response
As expected from the model’s equations and the double-well

mechanism (Fig. 3), dissolution should happen in high-strain zones
(so that v �; cð Þ > vb) and conversely precipitation should happen in
low-strain zones (so that v �; cð Þ < �vb). We illustrate numerically
in Fig. 10 the pressure solution process for CT-scan #159 at t ¼ 8:1
at the end of a major phase change, namely the dissolution of a
supporting bridge in the center of the granular assembly inducing
a jump in vertical strain (see green curve in Fig. 11). The volumetric
strain output (Fig. 10(b)) shows the strain concentration bands
where dissolution is favored, producing solute of concentration c
(Fig. 10(c)) that can diffuse to sheltered pores with less mechanical
energy to precipitate (Fig. 10(d)). Dissolution is checked to consis-
tently affect mainly sharp edges and bridges, i.e. the parts of the
grains with the highest ratios surface available to dissolution over
internal volume.
4.2.2. Influence of the microstructure’s geometry
Since pressure solution is clearly determined by the strain dis-

tribution, we expect to have a different response for different ini-
tial geometries. We show in Fig. 11 the vertical strain response
of different CT-scan layers from the same sand pack from (Dong
and Blunt, 2009), including the one used so far (#159). This con-
firms that while keeping all the material characteristics constant,
different microstructures induce different mechanical responses.
In particular, different dissolution events induce different jumps
in the vertical strain responses. Those jumps, due to microstruc-
tural rearrangement, are characteristic of a non-steady state
response and appear to corroborate the general consensus that
pressure solution is a transient process (Renard et al., 2001;
Dysthe et al., 2002; van den Ende et al., 2019). Nonetheless, all
the different microstructures seem to follow a general trend
already pointed out by Dysthe et al. (2002). Therein, it is claimed
from creep experiments on halite and microscopic modeling that
geomaterials’ response to pressure solution creep follows a power
law to the cubic root of time, similarly to transient creep in metals
(Andrade, 1910). Interestingly, we indeed obtain in Fig. 11 the so-

https://www.imperial.ac.uk/earth-science/research/research-groups/perm/research/pore-scale-modelling/micro-ct-images-and-networks/sand-pack-lv60a
https://www.imperial.ac.uk/earth-science/research/research-groups/perm/research/pore-scale-modelling/micro-ct-images-and-networks/sand-pack-lv60a


Fig. 9. Simulations outputs for CT-scan simulations under constant-velocity loading for a same vertical strain (� ¼ 5:5%) for different values of l and associated stress/
vertical strain curves. While our model captures the characteristic features of chaine-force distribution and strain concentration bands, the phase-field viscosity l introduces
a new feature, the control of the rate-dependency, e.g. here the peak stress and onset of softening.
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called Andrade creep responses for the different microstructures,

namely the vertical strain follows � � kt1=3, with k the compaction
rate differing for each microstructure. To prove it, we show in
Fig. 12 the logarithmic response of the different CT-scan layers,
associated with the experimental data obtained from Dysthe
et al. (2002). As discussed in Dysthe et al. (2002), the compaction
rate parameter k (i.e. y-intercept in Fig. 12(a)) is observed to
depend on the microstructure.
4.2.3. Effect of the phase-field viscosity in the context of pressure
solution

As showcased previously, l represents the phase-field viscosity,
controlling the kinetics of the phase change regardless of the
responsible catalytic sub-processes at stake. The diverse catalytic
effects thus need not be explicitly accounted for, as they can be
encapsulated altogether in l. For that, one can associate with each
catalytic process an activation energy Qi and use for instance an

Arrhenius law l ¼ P
iAi 1� e�

Qi
kBT

� 	
, where Ai is the pre-

exponential factor, kB is Boltzmann’s constant and T the (constant)
environmental temperature. In the case of pressure solution, two
main such effects reported in the literature can be the temperature
(Niemeijer et al., 2002) and the presence of clays (Renard et al.,
2001), both experimentally shown to enhance the process when
they increase.
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Let us consider first the case of clay-enhanced pressure solution.
Renard et al. (2001) have experimentally shown that pressure solu-
tion is more potent on aggregates of brine-saturated halite and
clay, as compared with brine-saturated halite. It is reported therein
that the clay particles present at the interstice between the grains
of salt may mechanically enhanced pressure solution. Beyond the
exact physical reason behind clay-enhanced pressure solution, it
is clear that clay particles increase the compaction rates. Renard
et al. (2001) also reported experiments on brine-saturated halite
with silicate with similar catalytic characteristics. We qualitatively
show in Fig. 13 that a decrease of l also increases the compaction
rate. For that, we visualize the logarithmic response showing again
an Andrade creep (Fig. 13(c)). Namely, a decrease of l, while pre-
serving the Andrade creep response (line of slope 1/3), leads to a
top-left translation of the curve, i.e. a change of compaction rates.
For comparison, we have reproduced in Fig. 13(d) the experimental
results from Renard et al. (2001) also in logarithmic values. One
can relate a slower response, due to higher l, to a slower
microstructural kinetics. Indeed, the jump previously pointed out
at t ¼ 7:5 due to the dissolution of a supporting bridge, appears
later for higher l (t ¼ 11:5 for l ¼ 0:5 and t ¼ 15 for l ¼ 1). One
could for instance associate the brine experiment (black curve in
Fig. 13(d)) with l ¼ 1 (green curve in Fig. 13 (c)), the silicate exper-
iment (dark gray curve in Fig. 13 (d)) with l ¼ 0:5 (orange curve in
Fig. 13 (c)) and the clay experiment (light gray curve in Fig. 13 (d))
with l ¼ 0 (blue curve in Fig. 13 (c)). A quantitative matching with
experiments would require to prescribe the different parameters of



Fig. 10. Visualization of the microstructure’s state of CT-scan #159 from Dong and Blunt (2009) at t ¼ 8:1 at the end of a major phase change (dissolution of a supporting
bridge in the center, indicated by the black circle). (a) Order parameter /. (b) Volumetric strain �v . (c) Solute concentration c. (d) Positive part of order parameter rate _/þ

showing the precipitation zones. (e) Zoom-in on the bridge dissolution area: right after the bridge dissolution, the solute precipitates in a neighboring sheltered pore. The
phase-field distribution (a) is superposed by transparency in (c) and (d). All in all, the particular microstructural geometry drives the strain concentration, which drives the
dissolution/precipitation.

Fig. 11. Different creep responses of 5 different layers of the same sample (from Dong and Blunt, 2009) under oedometric vertical compression. Left panel: Vertical strain
versus time. Right panel: visualization of the evolution of the microstructure (via /) for CT-scans #159 and #000. Dissolution mainly affects the sharp edges (see left black
circle) but also the supporting bridges (see right black circle) leading to a jump in the vertical strain (see green curve between t ¼ 7 and t ¼ 9). The CT-scan #000 shows
negligible microstructural changes, in agreement with a vertical strain response with no jumps.
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the Arrhenius law. In the case of temperature increase, l would
consistently decrease. In the case of the presence of catalytic con-
stituents, such as clay for pressure solution, the activation energy Q
of the reaction, and therefore l, would decrease.

We propose similar conclusions for the dependence of pressure
solution on temperature. Niemeijer et al. (2002) performed com-
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paction creep experiments on quartz sand under different condi-
tions, in particular with varying temperature, which
experimental data set is reported in Fig. 13(b). A similar influence
is observed for varying applied effective pressure. Note that in the
particular case of the experimental results Fig. 13(b) an Andrade
fitting is not as clear as the ones reported in Fig. 13(d).



Fig. 12. Decimal logarithm of the vertical strain � (%) versus decimal logarithm of time. (a) Numerical results from our model for 6 different CT-scan layers. (b) Experimental
results from Dysthe et al. (2002) with halite for different surface treatments and brine volume. A line of slope 1/3 is associated to show the correspondence both numerically
and experimentally with the Andrade creep law. The comparison is however only qualitative as the numerical results are dimensionless unlike the experimental ones. Hence
we have normalized the displacement values of Dysthe et al. (2002) with an arbitrary reference length of 100 lm to obtain a strain and normalized the time values with an
arbitrary value of 1 h. Similarly to Dysthe et al. (2002), we have removed the initial loading stage needed to establish the nominal contact for pressure solution, which we
consider to last until the third time step for t � 0:17.

Fig. 13. Influence of the phase-field viscosity l on the creep response under pressure solution (CT-scan#159). (a) Vertical strain versus time. (b) Experimental measurements
from Niemeijer et al. (2002) on quartz sand with varying temperature. For comparison, we made the assumption that the strain evolution can be approximated by the
porosity evolution. Clearly increasing temperature enhances pressure solution, characterized by a vertical translation of the response. Note that for comparison, we have
normalized the time measurements from Niemeijer et al. (2002) by t0 ¼ 7 h. (c) Logarithmic strain versus logarithmic time. A decrease of l, while preserving the Andrade
creep response (line of slope 1/3), leads to an increase of the y-intercept of the Andrade creep part, i.e. a change of compaction rates. (d) Experimental measurements from
Renard et al. (2001) on halite under pressure solution, comparing pores saturated with brine only, with brine and silicate and with brine and clay. Similarly, catalytic effects
also increase the compaction rate while preserving an Andrade creep response. The time values of Renard et al. (2001) are normalized by the arbitrary value 10 h. Note that in
Renard et al. (2001), the fitting power law’s exponent was chosen as 0.4, yet an exponent of 1/3 remains satisfying.
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5. Conclusion

We have introduced a framework to model geomaterials’
microstructures by using a viscous phase-field model, with focus
on a usually overlooked term, the phase-field viscosity. Our
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approach is consistently derived from contact thermodynamics,
allowing all the state variables to be dissipative. This self-
contained and systematic derivation from the generalized relax-
ation equation, equivalent to the dissipation inequality, allows
for a straightforward coupling of the different mechanisms, such
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as mechanics and chemistry in our case. In particular, the non-
symmetric relaxation tensor, generalization of Onsager’s symmet-
ric phenomenological tensor, allows for an antisymmetric compo-
nent, yielding a gyroscopic force, that proves useful in deriving a
thermodynamically-consistent chemical coupling.

The main insight obtained from our theoretical and numerical
study is that when explicitly tracking the microstructure of a mate-
rial, as with phase-field modeling, and provided that its dynamics
is allowed to be fully dissipative, the resulting microstructural vis-
cosity renders the material’s upscaled behavior rate-dependent.
This could thus provide a microphysical support to viscoplasticity,
which essentially upscales the viscosity of the microstructure.
Rate-dependency is characteristic of materials with microstruc-
ture, all the more when the latter is highly irregular as that of
geomaterials.

To illustrate the influence of the microstructure, we have stud-
ied pressure solution creep. It is largely acknowledged that pres-
sure solution, because of the constant loading and tight chemo-
mechanical coupling, is a transient process owing to the ceaseless
grain boundary dynamics. Therefore, the usual steady states mod-
els are very limiting. We have observed numerically, as intuited
from the phase-field theory, that the Laplacian rate term controls
the change of curvature of the interface, or more exactly its change
of orientation. This seems to mitigate potential loss of smoothness
of the interface upon high deformation. In the context of dissolu-
tion, while the rate of the order parameter, measuring the inter-
face’s normal variations, can be seen as the volumetric
component of the dissolution of a grain, including the Laplacian
rate can be seen as completing the description of the dissolution
with its deviatoric component. From a macroscopic point of view,
the corresponding phase-field viscosity can encapsulate catalytic
effects such as temperature and the presence of clay. More gener-
ally, controlling such kinetic parameters could help accessing field
conditions from the laboratory conditions. Specifically, after cali-
brating the microstructural viscosity in the laboratory at a certain
time scale and temperature, one could deduce the corresponding
behavior at the field’s time scale and temperature, provided that
the microstructure is representative. This could be of interest for
materials used in engineering, such as cement (Bazant et al.,
2004), barrier clays (Veveakis and Poulet, 2020) and energy-
related geomaterials (Veveakis and Regenauer-lieb, 2015;
Alevizos et al., 2017), for which the microstructural chemical reac-
tions (like pressure solution) are taking place at a much slower rate
than those of halite and quartz.

In further works, we shall focus on quantitatively corroborat-
ing our model with experimental results. Firstly, this should allow
us to more realistically calibrate the model’s parameters. Sec-
ondly, we should be able to address the effect of the grainsize dis-
tribution and numerically display the preliminary insights found
in the literature. Thirdly, we may illustrate the time-
dependency induced by the phase-field viscosity by its ability to
capture catalytic effects such as heating and the presence of clay.
That way, we may be able to check the validity of the usual con-
stitutive creep laws, in particular the grainsize exponent, as well
as potentially generalize them to include rate-dependency and
catalytic effects. Further obvious improvements include perform-
ing 3D simulations, as well as modeling the fluid flow in the
pores, which could be crucial in modeling pore pressure build-
up that could trigger frictional instability.
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Appendix A. Dissipative and non-dissipative parts of the
relaxation tensor

Upon decomposing s into its symmetric part ss and asymmetric
part sa, the dissipation D � X � _x P 0 can be written as:

D ¼ ss _x � _xþ sa _x � _x: ðA:1Þ
The second scalar product can be written

sa _x � _x ¼ _x � saT _x ¼ � _x � sa _x ¼ �sa _x � _x so that:

sa _x � _x ¼ 0: ðA:2Þ
The thermodynamic forces vector can thus be decomposed into

a dissipative part characterized by the symmetric part of s and a
non-dissipative part characterized by the non-symmetric part of s:

X ¼ ss _xþ sa _x ¼ Xd þ Xnd : ðA:3Þ
Upon identifying our unique decomposition of the thermody-

namic forces vector X with Edelen’s unique decomposition
(Edelen, 1977), we deduce

Xd ¼ ss _x ¼ @U
@ _x

Xnd ¼ sa _x ¼ U:

(
ðA:4Þ

Thus, one can equivalently define the dissipative part Xd via ss

or the dissipation potential U, and the non-dissipative part Xnd

via sa or the gyroscopic force U.

Appendix B. Numerical solution of the viscous Allen–Cahn
equation in 1D

To appreciate the effect of the phase-field viscosity l, we solve
numerically (on Mathematica) the 1D problem in the simplest set-
ting with the double-well potential without energy input (v ¼ 0):

� l @3/
@x2@t

þ @/
@t

¼ a
@2/
@x2

� 2/ 1� 3/þ 2/2� � ðB:1Þ
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where we recall that the derivative of the double-well function
reads g0 /ð Þ ¼ 2/ 1� 3/þ 2/2� �

. We solve this equation associated
with the initial condition / x; t ¼ 0ð Þ ¼ /0 2 0:49;0:51f g and the
two boundary conditions / x ¼ 0; tð Þ ¼ / x ¼ 1; tð Þ ¼ /0. We visual-
ize in Fig. (14) the evolution of the point x ¼ 1=2. As expected, an
initial state / ¼ 0:51 converges to the closest stable steady state
/ ¼ 1 whereas an initial state / ¼ 0:49 converges to the closest
steady state / ¼ 0. Most interestingly, we can see that as l
increases, the steady state is delayed.

Appendix C. Curvature as a function of the phase field

We make the postulate in the present numerical study that the
Laplacian of the order parameter M/ describes, at least partly, a
measure of the local curvature. Although so-called sharp-
interface quantities such as curvature should be formally related
to phase-field quantities via a matched asymptotic analysis, we
propose as a partial justification the following consideration.

In the present phase-field context, the level sets are also called
uniformity surfaces (Fried and Gurtin, 1996) and are defined as
follows:

Sa ¼ x; y; xð Þ 2 R3j/ x; y; zð Þ ¼ a

 �

; 0:21 6 a 6 0:79 ðC:1Þ
where x; y; zð Þ is the Cartesian position vector and a a constant in
0:21;0:79½ 
. Note that we implicitly consider the dependence on
time here. One can use the gradient of the order parameter to define
the non-unit normal to the uniformity surfaces n � r/ and the unit
normal n̂ � r/

jjr/jj. Then, one can show that the local mean curvature

j reads:

j ¼ �r � n̂: ðC:2Þ
The minus is chosen here by convention. More precisely, in 2D,

�r � n̂ is equal to the differentiation of the angle between the hor-
izontal and the tangent to the curve, with respect to the arc length.
In 3D, �r � n̂ is the sum of the two principal curvatures of the sur-
face. Thereupon one can show that:

j ¼ � 1
jjr/jj M/� rr/ð Þn̂ � n̂ð Þ: ðC:3Þ
Fig. 14. Numerical solution of E
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The connection between j and M/ boils down to this relation in
the general case. However, in 2D, one can show that it reduces to:

j ¼ �/xx/
2
y � 2/x/y/xy þ /yy/

2
x

/2
x þ /2

y

� �3=2 ðC:4Þ

where we use the usual notation for derivatives. Since this equation
is left unchanged upon interchanging x and y, we can define without
loss of generality:

/ x; yð Þ ¼ y� f xð Þ ðC:5Þ

with f a smooth function of x. We then obtain:

j ¼ � f 00 xð Þ
1þ f 0 xð Þ2

� �3=2 : ðC:6Þ

Therefore, for sufficiently small slopes of the interface function
f, this yields the approximation in 2D:

j � M/: ðC:7Þ
Finally, one could argue that the definition of the curvature j

could be loosened to describe the curvature with the non-unit nor-
mal vector n instead of the unit normal vector n̂, insofar as they
both describe the orientation of the interface. In that case,
M/ ¼ �r � n indeed characterizes the notion of curvature of the
interface.
Appendix D. Summary of the numerical parameters’ values

The parameters of the model and their assigned numerical val-
ues in the different simulations are summarized in the table below.
We remind that we use the following consistent units system: ks
for times, mm for lengths, GPa (i.e. J=mm3) for stresses (i.e. specific
energies) and kg for masses. When no unit is indicated, the quan-
tity is dimensionless. We use an asterisk to differentiate a dimen-
sionless quantity from its dimensioned counterpart, although
asterisk notation is dropped in the text body.
q. (B.1) in 1D for varying l.



Parameters vs Simulations 3.2.1 3.2.2 3.2.3 4.1 4.2

l0 mm½ 
 Problem’s length scale 0.3 0.3 0.3 3 3
t0 � s1

G ks½ 
 Problem’s time scale 1 1 1 1 1
G [GPa] Problem’s stress scale 1 1 1 1 1
l � s2G

s1l20
Phase-field viscosity 0 Varying 0 Varying Varying

a � j
Gl20

� l2i
l20
� c2

G2 l20

Interface coefficient 0.1 0.1 0.1 0.01 0.01

k�A � kA
G 1st Lamé parameter for phase A 1 1 1 1 1

l�
A � lA

G 2nd Lamé parameter for phase A 0 0 0 0 0

k�B � kB
G 1st Lamé parameter for phase B 30 30 30 30 30

l�
B � lB

G 2nd Lamé parameter for phase B 30 30 30 30 30

b� � b
G

Chemical coupling coefficient 0 0 0.05 0 5

sc � s3
Gt0

Chemical relaxation time 0 0 1 0 1

D� � D
Gl20

Chemical diffusivity 0 0 10 0 0.1

sm � s5
Gt0

Mechanical relaxation time 0 0 0 0 0

Loading Displacement-controlled for 3.2.1, 3.2.2, 4.1 and stress-
controlled for 3.2.3, 4.2

1� t 1� t 0:2 tanh 2tð Þ 1� t 0:5 tanh 2:3tð Þ
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