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Abstract

This note revisits Simpson’s paradox in insurance and discusses confounding effects of hidden
covariates on Kendall’s tau. As a result, observed correlation may vanish or even revert.
This phenomenon is shown to have important consequences in insurance risk assessment and
ratemaking.
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1 Introduction and motivation

There are many applications in insurance where actuaries aim to assess the degree of de-
pendency between two variables of interest. Examples include claim amounts (or claim fre-
quencies) related to different guarantees or products owned by the same policyholder since
actuaries started to move from marginal, policy-based analyses to joint, customer-based mul-
tiline risk assessment. See e.g Bermudez and Karlis (2011, 2012) and Shi and Valdez (2014).
The correlation structure among claim amounts related to policyholders belonging to the
same household is another instance, since exploiting the correlation existing between the
different products owned by the household appears to be useful for cash-flow projections,
loyalty assessment, and the identification of cross-selling opportunities. See e.g. Pechon et al.
(2018, 2019, 2021). In such circumstances, the dependence may only be apparent, produced
by some hidden information impacting the variables under consideration. Dependencies can
thus be partially explained by shared or correlated features. Features acting in opposite
directions can also obscure the dependence existing between the variables of interest.

Another situation where dependency is of prime interest is certainly insurance ratemak-
ing. Actuaries exploit the correlation structure between claims-related responses (frequency
or severity) and features recorded in the database serving as potential risk factors. In a
preliminary analysis, actuaries often consider the marginal impact of each candidate risk
factor on the response of interest. The possible effect of the other features comprised in the
database is thus disregarded. The aim at this stage is to make a first selection of poten-
tial risk factors, and to remove all the information seemingly unrelated with the response.
This part of the analysis is often referred to as a one-way analysis. See e.g. Pechon et
al. (2020). Multivariate methods (such as GLM/GAM regression approach) that adjust for
correlations between features are then applied to a subset of the initial variables contained
in the database. See e.g. Denuit et al. (2019) for an overview of risk classification based on
GLM and GAM techniques. The actuary’s task is much simplified when the features that
do not play any significant role in explaining the insurance losses can be eliminated at an
early stage, before starting the multivariate analysis. Again, one-way analyses are subject to
confounding effects from omitted features and this may result in obscuring or even reverting
the association. Actuaries must be aware of possible deficiencies accompanying this kind of
analysis.

To detect an association between two variables, actuaries often use correlation measures.
Usually in practice, the assessment of correlation between risk factors and loss responses is
performed with the help of Cramer’s V . This measure of association is based on contingency
tables and assumes its values in the unit interval [0, 1], with the extremities corresponding
to independence and perfect dependence. Being based on data displayed in tabular form,
Cramer’s V is widely applicable, even to continuous variables after a preliminary banding.
See e.g. Pechon et al. (2020). Kendall’s tau is a classical measure of association between
distributions also often used by actuaries. Recall that Kendall’s tau for a random pair (Y, Z)
is defined as

rY, 2] = P(Y — Ya)(Z1 — Z) > 0] — P[(Y; — Y:)(Z) — Zs) < 0], (1.1)

where (Y7, Z1) and (Y2, Z») are independent copies of the random pair (Y, Z). It turns out
that Kendall’s tau (as well as several other measures of association, including Goodman



and Kruskal’s gamma and Somers’ D for instance) is based on concordance probabilities for
pairs of observations. We refer the interested reader e.g. to Agresti (1996) for a general
presentation of these association measures. Recall that in a concordant pair, both elements
of one pair are either greater than, equal to, or less than the corresponding elements of the
other pair. Concordance probabilities are also widely used to assess the quality of candidate
premiums. See e.g. Ponnet et al. (2021) for a discussion.

This note aims to warn actuaries about the confusing effect of some features not included
in the calculation of Kendall’s tau. The phenomenon is closely related to the celebrated
Simpson’s paradox. The latter refers to situations where an association between two variables
in a population emerges, disappears or reverses when the population is divided into sub-
populations. For instance, two variables may be positively associated in a population, but
be independent or even negatively associated in all sub-populations. A trend that is present
when data are classified into groups may thus reverse or disappear when data are combined.

There are many examples of situations where this happens in insurance. We refer the
interested reader to Stenmark and Wu (2004) for more examples. For instance, mortality
may decrease for both smokers and non-smokers but increase overall, when both profiles
are considered together. This is the case when smokers experience higher mortality and
the proportion of smokers increases over time. Thus, mortality seems to increases overall
whereas it exhibits decreasing trends for both smokers and non-smokers. As another example,
consider underwriting rules. Assume that the company aims to offer more inclusive coverage
and therefore accepts more applicants in both the standard and impaired life segments.
Acceptance rate may however decrease if more applicants are classified as impaired over
time (under the reasonable assumption that rejection rate is higher in the impaired life
segment).

The remainder of the text is organized as follows. In Section 2, we establish a decom-
position of Kendall’s tau in presence of subroups. Section 3 proposes a formal definition
of a Simpson’s paradox for Kendall’s tau inspired by Good and Mittal (1987) and provides
necessary and sufficient conditions for a Simpson’s paradox to occur. In Section 4, we give
some simple examples of paradoxical situations in insurance. The final Section 5 concludes
the paper.

2 Kendall’s tau

Consider a variable X € {0,1,...,k} with & € N* defining k + 1 groups among the obser-
vations. We denote p; = P[X =] for i = 0,1,...,k and (Y7, 21, X1) and (Y5, Z5, X3) are
independent copies of the random vector (Y, Z, X).

The concordance probability P[(Y; — Y3)(Z; — Z3) > 0] can then be expressed as

k
P(Vi = Y2)(Z1 = Z2) > 0] = ) P[(Yi = Y2)(Z1 = Z2) > 01X, = i, X5 = j]P[X; =i, Xp = j]
i,j=0
k
= Y P((Yi = Ya2)(Z1 — Zo) > 0|Xy =i, X = j] pip;.
i,j=0



Similarly, the discordance probability P[(Y} — Y3)(Z; — Z2) < 0] can be rewritten as
k
Pl(Y1 = Yo)(Z1 — Z5) < 0] = Y P[(Y1 = Ya)(Z1 — Z) < 0| Xy = i, X5 = j] pip;,

i,j=0

so that Kendall’s tau in (1.1) can be expressed as
k
TV, Z) =) 7Y, Z) pips, (2.1)
i,j=0

where Tz’j[}/; Z] = P[(Yl — Yé)(Zl — Z2) > O’Xl = i,XQ = j] — P[(X/l — }/2)(21 — ZQ) < 0|X1 =
i,Xo=17],4,7=0,1,... k. Since for all i,5 = 0,1,...,k, we have P[(Y; — Y5)(Z; — Z3) >
01X, =1, Xy = j] = P[(Y1 — Y2)(Z1 — Z5) > 0| X = j, Xo = i] by symmetry, expression (2.1)
can be rewritten as

k
IV, Z) =)l Z)p} +2) il Z) pps. (2.2)
i=0 i<j
This latter expression shows that Kendall’s tau 7[Y, Z] can be decomposed as the weighted
sum of Kendall’s tau 7;;[Y, Z] within each group, namely Zf:o 7Y, Z] p?, plus the weighted
sum of Kendall’s tau 7;;[Y, Z] between groups (i # j), namely 23, 7Y, Z] pip;.
Expression (2.1) can be rewritten as

TlY, Z] = p'T[Y, Z]p,

where
Pt:<p0 pr o pk)
is a vector containing the probabilities p;, © = 0,1,...,k, and
To0[Y, Z] toi[Y. Z] - Tok[Y, Z]
TIY, 7] = Twa’ Z T“Df’ 7 2
oY, Z) malY, 2] - malY, Z]
is a matrix containing the Kendall’s tau 7;;[Y, Z], 4,5 = 0,1,..., k. The decomposition of

Kendall’s tau 7[Y, Z] in (2.2) can then be reexpressed as
7Y, Z] = p'TilY, Zlp + P'Ta[Y, Zp,

where Y,Z Y,Z Y,Z Y,Z
T00lY, Z] w W
T11[Y, Z]+7100[Y,Z] T11[Y, Z]+ 7k [Y,Z]
—_—t T11 Y./ Lo DANA)TTRELEA)
nva=| w7 :
V2 olY,Z]  mulYZlr[Y.2] '
kk 5 00 kk 5 11 . Tkk [Y, Z]
and
0 1Y, 2] — Dol ZralVZ] oty 7 eelY 2 V2]
TlO[Y,Z]—w 0 le[y’z]_w
TlY, Z] =
Tko[xz]_w Tkl[KZ]—w 0



3 Simpson’s paradox for Kendall’s tau

Simpson’s Paradox is the phenomenon that appears in some data sets, where groups with
a common trend show the reverse trend when they are aggregated. We refer the interested
reader to Selvitella (2017) and the references therein for examples of Simpson’s paradox in
different research fields and to Stenmark and Wu (2004) for examples in insurance.

3.1 Definition

In their Definition 1.1, Good and Mittal (1987) provide an interesting manner to define a
Simpson’s paradox (also called amalgamation paradox) for two-by-two contingency tables.
This note is concerned with a paradox for Kendall’s tau defined in the following manner,
largely inspired by Good and Mittal (1987).

Definition 3.1. We say that a Simpson’s paradox for Kendall’s tau occurs if

max 7;[Y, Z] < 7(Y, Z] or TV, Z] < Orgigk TulY, Z].

0<i<k

In particular, this definition indeed implies that a Simpson’s paradox occurs if 7;;[Y, Z] < 0
for all 4 and 7[Y,Z] > 0 or if 74]Y, Z] > 0 for all i and 7[Y,Z] < 0, which correspond
to situations where groups with a common trend (negative (resp. positive) Kendall’s tau
1Y, Z] for all i) show the reverse trend when they are aggregated (positive (resp. negative)
Kendall’s tau 7[Y, Z]).

3.2 Necessary condition

The next proposition provides a necessary condition for a Simpson’s paradox to occur.

Proposition 3.2. If a Simpson’s paradox occurs, then

- Di 'Ti‘Y,Z i<i i 'Ti'Y,Z
max 7;|Y, Z] < 2oic; PPiTy (Y 7] or 2oic; PPiTy (Y, 7] < min 74[Y, Z].  (3.1)
0<i<k Zi<j PiDj Zi<j PiDj O<i<k

Proof. Tt suffices to notice that expression (2.2) can be rewritten as

k k

< DiDiTii Y Z

TlY, Z] = E eTalY, Z) + (1— E pf) 2aic PPl ]
=0 =0

Zi<j Dipj
O

Notice that condition (3.1) is also a sufficient condition for a Simpson’s paradox to occur
when k = 1, as shown below in Proposition 3.3.



3.3 Sufficient conditions

In order to find sufficient conditions for a Simpson’s paradox to occur or for its absence, let
us consider 7[Y, Z| as a function ¢ of p, namely

(b: AkJrl - [_17 1]7 p— (b(p) = ptT[Ya Z]p7
where A1 = {p € (RY)*!| 325, p; = 1} is the probability simplex. We have
o(e;) =14V, Z] forallie{0,1,.., k},

where €! is the (i + 1)th unit vector (0, ...,0,1,0,...,0). The function ¢(p) attains both its
maximum and minimum on its domain Ay, which is compact. Therefore,

max ¢(p) > max7;[Y, Z]

PEAL 11 z
and

min ¢(p) < min (Y, 2.

PEAL 11 z
If the inequality is strict in one of the two latter inequalities, then there exists p € Ay such
that a Simpson’s paradox occurs for 7Y, Z] = ¢(p). Notice that the problem of finding an
optimum value for ¢(p) on Ay is a quadratic programming problem with standard simplex
constraints. There are efficient algorithms to compute such an optimum (see e.g. Lawrence
and Tits (2001)).

The case k = 1 is straightforward and leads to a necessary and sufficient condition for a

Simpson’s paradox to occur, as shown in the next proposition.

Proposition 3.3. The three following cases are mutually exclusive for k = 1:
1) 11[Y, Z] > max; 74, Z] < maxpen, ¢(p) > max; 7Y, Z]. Moreover,

Y. Z] — 1o0lY, Z]mu[Y, Z]

max ¢(p) = ¢(p*) =

peis - 2101lY, Z) — moolY, Z] — Y, Z)
where
. _ ( mlY, Z] — Y, Z] T00lY, Z] — 1Y, Z] )
7'00[}/, Z] —I— Tll[Y, Z] — 2T01[Y, Z]7 T()()[Y, Z] + Tll[Y, Z] — 2T01[K Z] '

2) tnlY, Z] < min,; 7;[Y, Z] < minpen, ¢(p) < min; 7;[Y, Z]. Moreover,

min ¢(p) = ¢(p).
8) min; 7Y, Z] < 11[Y, Z] < max; 7Y, Z] & min,; 7,,[Y, Z] < ¢(p) < max; [V, Z],

for allp € Ag, and there is no p € Ag such that a Simpson’s paradox occurs for

7Y, Z] = ¢(p).



Proof. We have

¢o(p) = o(1—pi,p1)
= (1=p)*100lY. Z] + pima[Y. Z] + 2p1 (1 = pr) o [Y, Z]
= p%(Too[Y, Z} + 7'11[}/, Z] - 27’01[Y, Z]) +p1(—2T00[Y7 Z] + 27’01[Y, Z]) + 7_00[}/7 Z]

So, ¢ attains a maximum on the interior of the set A, if and only if

TOO[Ya Z] - 701[Y, Z]

0<
Too[Y, Z] + 7'11[Y, Z] — 27’01[}/, Z]

<1

and
TOQD/, Z] + 7‘11[Y, Z] — 27’01[3/, Z] < 0.

It is easy to show that the two last conditions are equivalent to
T011Y, Z] > max 1;,[Y, Z],
7

which is Case 1. Case 2 is obtained by symmetry and Case 3 follows from Cases 1 and 2. [
For the cases where & > 1, we get the following result.

Proposition 3.4. If
min7;;[Y, Z] < 757[Y, Z] <max7;[Y,Z] forall0<j,j <k,

then
mjn Tii[Ya Z] S (b(p) S I'IlaXT“D/, Z] fOT’ all P < Ak+1,
and there is no p € A1 such that a Simpson’s paradox occurs for T[Y, Z] = ¢(p).

Proof. The statement is a weaker version of the contrapositive of Proposition 3.2. O]

The converse of Proposition 3.4 does not hold. However, we have the following weaker
result.

Corollary 3.5. Let j € {0,1,...,k} be such that 7;;[Y, Z] = max; 7;[Y, Z]. If there exists
i €40,1,...,k} such that the inequality 7;;(Y, Z] < 7;{Y, Z] (resp. 1;5[Y, Z] > 7;[Y, Z]) holds

true, then

max ¢(p) > max7;[Y, Z], (resp. min ¢(p) < min7;[Y, Z],)

PEAL11 PEAK11
and there ezists p € Agy1 such that a Simpson’s paradoz occurs for T[Y, Z] = ¢(p).

Proof. The result follows directly from Proposition 3.3. O



3.4 Particular cases

3.4.1 Casel

Let the matrix T[Y, Z] be such that the off-diagonal elements are constant, namely
lY,Z] =a for0<i<j<k,

with —1 < a < 1. Moreover, let us assume that 7;[Y, Z] # a for i € {0,1,...,k}. Then, we
have

k k
d(p) = Y mlY.Zpi+a (1 - Zzﬁ)
=0 1=0
k
= a-+ Zp?(TMD/, Z] - CL).
i=0
To find the optimums for ¢ on A, 1, we consider the Lagrangian
L(p, ) —CH—z:pZ (1Y, Z] — a) — (sz—1>
=0
The unique stationary point (p*, A*) of £ on R¥+1 x R verifies Zf:o p; = 1 and
pi(malY, Z] —a) = p}f(Tjj[Y, Zl—a) fori,je{0,1,... k},
which implies

-1
z’“: 1 1 1
P’ = T”YZ | —a Y. Z —a Y, Z —a Y. Z] —a )

1=0

Therefore, ¢ has a maximum (resp. a minimum) point p* on the interior of its domain Ag4
if and only if max; 7;[Y, Z] < a (resp. min; 74, Z] > a) for i € {0,1,...,k}. In that case,
there exists p € A1 such that a Simpson’s paradox occurs for 7[Y, Z] = ¢(p), which is in
line with Corollary 3.5.

Remark 3.6. In particular, if 7;[Y, Z] = b for all 0 <i < k with —1 < b <1 and a # b, then

L (11 1
P\ k+0 7k +1)°

and a Simpson’s paradox occurs for all p in the interior of Ag,;. Note that the optimum
value for 7[Y, Z] is then given by
ka+b

E+1°

o(p*) =



3.4.2 Case 2

Let us consider the case where the marginal distributions of the random vectors [(Y, Z)|X =
il,7=10,...,k, donot depend on i. In this setting, Proposition 3.8 below provides conditions
for the absence of a Simpson’s paradox. The particular case where X is independent of (Y, Z)
is not interesting since we obviously have 7[Y, Z] = 7;[Y, Z] for all 4,7 = 0,1,... k.

Recall from Denuit et al. (2005) that two random variables are said to be concordant
if they tend to be both large together or small together. The concordance order expresses
the idea that large and small values tend to be more often associated under the distribution
that dominates the other one. Precisely, let us consider two random couples (Y7, Z;) and
(Y, Z) with the same marginal distributions, i.e. P[Y; < y] = P[Ys < y] for all y and
P[Z, < 2] =P[Z, < Z] for all z. If

P, <y, Z; <z] <P[Ys <y, Zy <z for all y and z,

then (Y7, Z;) is said to be less concordant than (Y3, Z;). This is henceforth denoted as
(}/17 Zl) jcorr <Y27 ZQ)
The next result is useful to derive Proposition 3.8.

Lemma 3.7. Let i,5 € {0,--- ,k} such that i # j. If (Y, 2)|X = i] <o [(V, Z2)|X = j],
then
Y, Z) < ;Y. Z] < 1351, Z].

Proof. Assume that
Fivz)x=i(y,2) < Fiy,zx=(y,2) forally,z € R,
where Fly,zyx=i(y,2) = PlY <y, Z < 2|X = i]. Therefore, for all (p;,p;) € As,
F(Y,Z)|X:i(ya z) < piF(Y,Z)\X:i(ya z) +ij(Y,Z)|X=j<yv z) < F(Y,Z)|X=j(y> z) forally,zeR.

Hence, by the consistency of Kendall’s tau with the concordance order (see e.g. Denuit et
al., 2005), we have

7Y, Z] < d(piei + pje;) < 155Y, Z]  for all (pi, p;) € Ao,
and the result follows from Proposition 3.3. O]

We are now in position to prove the next result.

Proposition 3.8. If
(Y, 2)1X = 0] Zeor [(V; 2)X = 1] oo [V, 2)X = K] for alli € {1,... 5 — 1},
then
T00lY, Z] = miin 1Y, Z] < ¢(p) < max 1ilY, Z) = mi[Y, Z]  for all p € Apyq,
and there is no p € A1 such that a Simpson’s paradox occurs for T[Y, Z] = ¢(p).

8



Proof. We have
Fiv.z)x=0¥, 2) < Fiyz)x=i(y, 2) < Fiyz)x=k(y,2) forally,z€Randie{l,...k—1}.

Then, for all p € A1, we have

k

F(Y,Z)\X:O(ya Z) < F(Y,Z)(y> Z) = ZpiF(Y,Z)\Xzi(ya Z) < F(Y,Z)\X:k(ya Z) for all y, z € R.
i=0

Hence

[(Y7 Z)|X = 0] =corr (Y7 Z) = Zpi[(yv Z)lX = Z] =corr [(K Z)|X = k] for all p € Akz-&-l’

=0

and the absence of a Simpson’s paradox for 7[Y, Z] follows from the consistency of Kendall’s
tau with the concordance order. 0

4 Examples of Simpson’s paradox in insurance

4.1 Example 1

This first example illustrates the confusing effect of a feature not included in the calculation
of Kendall’s tau. Consider that Y corresponds to claim severity (assumed to be absolutely
continuous, restricting the analysis to claimants), Z corresponds to the power of the car and
X corresponds to the insured’s gender (X = 0 for males and X = 1 for females). It is well
documented that Y and Z are positively correlated, so that we consider 7[Y, Z] > 0, which
is equivalent to considering

1
mlY, Z] > 3 (TOO[Y, Zlpt + i, Z]P%) (4.1)

PoP1

from equation (2.2). In this setting, we know from Proposition 3.3 that a Simpson’s paradox
occurs if and only if

To1 [Y, Z] > maX(Tgo[Y, Z], Tll[Y, Z]) or To1 [Y, Z] < Hlil’l(TooD/, Z], Tll[Y, Z]) (42)

Quite unexpectedly, inequalities (4.1) and (4.2) are both possible even if Y and Z are
negatively associated for both male and female drivers. Indeed, even with 750[Y, Z] < 0 and
1Y, Z] < 0, there are situations where both inequalities (4.1) and (4.2) can be fulfilled
since 791[Y, Z] can be made arbitrarily large (up to 1, in case for instance males always
file more expensive claims and drive more powerful cars than females, which would lead to
P[Zl — Zy > 0’X1 = O,Xg = ]_] =1 and P[Yl Y > 0|X1 = 07X2 = 1] = 1 and hence to
Tgl[y7 Z] = 1)



4.2 Example 2

As already mentioned in the introduction of the paper, multivariate mixture models are
used in actuarial science to account for dependencies between claim amounts of different
guarantees owned by the same policyholder. This second example illustrates the use of
Kendall’s tau in a simple situation where the mixture variable X is bivariate (for example
an hidden binary feature) and where the variables of interest Y and Z are occurrences of
claims for two guarantees owned by the same policyholder. We assume that the random
variables Y and Z are both Bernoulli distributed, such that

PlY =1]=q(X)=1-P[Y =0] and P[Z = 1] = h(X) = 1 — P[Z = 0]

with

and -
h(X)—{ b X =1

so that conditionally to X, the random variables Y and Z are independent. We thus have
To0lY, Z] = milY, Z] = 0.

Hence, from expression (2.2), we get
TlY, Z] = 2101[Y,, Z] pop1-

In this setting, Proposition 3.3 tells us that a Simpson’s paradox occurs if and only if
T01[Y, Z] # 0, which basically means here that 7[Y, Z] # 0. Now, since

Pl(Y: — Ya)(Z1 — Z) > 0] X1 = 0, X = 1]
=PY1 >Y5, 71 > 2] X1 =0, Xy =1+ P[Y1 < Y5, 71 < Z5] X7 =0,X, = 1]
—PYi=1,Y2=0,7Z1=1,% = 0|X; = 0, X5 = 1]
P =0,Ya=1,7 = 0,7 = 1| X1 = 0, X = 1]
— PV, =12 =1|X, = 0] P[Y2 = 0, Zo = 0| X, = 1]
YPYI=0,7Z1 = 0[X, = 0] P[Ya = 1, 25 = 1| X, = 1]
= P[Y1 = 1|X; = 0] P[Z; = 1| X1 = 0] P[Y2 = 0| X5 = 1] P[Z; = 0[.X; = 1]
+P[Y; = 0|X, = 0] P[Z: = 0| X = 0] P[Ys = 1| X = 1] P[Zs = 1| X = 1]
= qoho(1 —q1)(1 = h1) + (1 = go)(1 — ho)q1/n

and similarly
Pl(Y1 = Y2)(Z1 — Z5) < 0[X1 = 0, X5 = 1] = qo(1 — ho)(1 — q1)h1 + (1 — go)hoqi (1 — ha),
we get

T01lY; Z] = (g0 — q1) (ho — h) . (4.3)

10



Hence, expression (4.3) shows that despite 199 and 717 are both zero, this is not necessarily
the case for 7y5; and hence for Kendall’s tau 7. When ¢y = ¢; or when hy = hy, we get
7Y, Z] = 0 (Y and Z are independent) and there is no Simpson’s paradox. When ¢o < ¢1
and hg < h; or when g9 > ¢ and hy > hy, we get 7[Y,Z] > 0 (Y and Z are positively
correlated) and a Simpson’s paradox occurs. Finally, when ¢o < ¢; and hg > h; or when
go > ¢1 and hg < hy, we get 7[Y, Z] < 0 (Y and Z are negatively correlated) and a Simpson’s
paradox occurs.

5 Discussion

This short note discusses Kendall’s tau in the vein of the celebrated Simpson’s paradox.
Coming back to the title of this note, paraphrasing the official motto of the United States
printed in every dollar currency, actuaries are warned to be very cautious when interpreting
correlations since the vast majority of insurance studies are purely observational by nature
and there are generally many hidden features correlated with those recorded in the database.
This may obscure or even revert association between claim-related responses and candidate
risk factors.
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