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1 Introduction

LISREL (Linear Structural Relations) type models combine concepts of latent (or non-observable)
variables with the techniques of path analysis and simultaneous equations models, and represent
the convergence of relatively independent research traditions in psychometrics, econometrics and
biometrics. Traditionally, these models have been specified as a set of two submodels, namely a
structural model and a measurement model; the first one specifies the relationship between the
latent variables, and the second one specifies how the latent variables are related to the observed
or measured variables. More specifically, for a sample of size n, the structural model may be
written as

(11) Bn; + C¢G = €, 1=1,...,n,

where & = (n;/,¢') € RP x IR', i = 1,...,n, are latent variables, B is a p x p matrix, C'is a p x |

matrix, and ¢; € IRP, ¢ = 1,...,n, are random vectors of residuals. The measurement model is
given by

(1.2) i = Nyni + €y, zi = NG + ey, 1=1,...,n,

where z; = (yi/,z’) € R" x IR®, i = 1,...,n, are the observable (or manifest) variables, and e,
and €,,, 7 = 1,...,n, are vectors of errors of measurement in y; and z;, respectively. For details

see, among others, Wiley (1973), Joreskog (1977), Everitt (1984), Bollen (1989) or Yuan and
Bentler (1997); for a recent review, see Bentler and Dudgeon (1996).

The estimability of the parameters of the LISREL model and their statistical meaning require
their identification. Nevertheless, the complexity of the identification problem raised by this type
of models has been recognized for a long time. Wegge (1991) asserts that the identifiability of
the parameters of the LISREL model has not been dealt with in general, and has studied this
problem from the local identification point of view; for this concept, see, among others, Fisher
(1966), Rothenberg (1971), Bowden (1973) or Richmond (1974). Recently, Rigdon (1995) has
studied the identification problem of the structural model when this model corresponds to a
block-recursive structure; Pearl (1996) studies the identification of the nonparametric structural
model and provides sufficient and necessary conditions for identifying predictions of the type
“Find the distribution of Y, assuming that X is controlled by external intervention”, where Y
and X are arbitrary variables of interest.

In this paper we shall analyze the identification problem from the point of view of a mix-
ture model. Indeed, a natural approach to LISREL type models is to consider a hierarchical
specification of the following type (for the sake of simplicity, we take n = 1):

e the structural parameter w, i.e. a parameter upon which all individuals (of sample) depend
(see Neyman and Scott (1948)), assumed to be sufficient for the complete data generating
process to be specified below, and endowed, implicitly at least, with a distribution p(w),
say;



e the latent or nonobservable model generating (£ | w), modeled by p(§ | w), say;

e the measurement model generating (z | £, w), i.e. the observable variables conditionally on
the latent variables, modeled by p(x | ,w), say.

Consequently, the statistical model, bearing on the manifest variables, is actually a mixture
generating (z | w), namely

(13) palw) = [ el &w)plé @) ds.

In a first approach to the LISREL model, the structural parameter w is given by

(14) w = (B7 Ca Ay> AZa Eeea ZEyEy? 262627 Eeyez ) ZCC) ;

the latent model is specified by means of the structural equations (1.1); the model conditional
on the latent variables is specified by means of the measurement equations (1.2); finally, if
(¢ | w) and (x | &, w) are normally distributed, then the statistical model (z | w) is normally
distributed, say (z | w) ~ N (fg-w, Xazw)- In most of the literature, the identification problem
of the statistical model concerns ¥,,.., only .

Remark 1.1 The structural parameter w does not depend on X,,, neither on X,¢, since in
the latent model there are introduced two assumptions, namely linearity and exogeneity, which
imply that B is non-singular, and consequently that ¥, Y¢¢, B and C characterize the complete
variance matrix of the process generating (£ | w); in other words, under these hypotheses, ¥,
and ¥, are functions of (B, C, Y¢¢, Mee)-

This hierarchical approach has, at least, two advantages: on one hand, it makes an important
property of the statistical model, namely that of a mixture obtained by the marginalization of
the joint distribution of (z,& | w), explicit; on the other hand, it suggests different identification
problems. Hence, natural questions to be considered are the following: are the identifications of
both models, namely the latent and the measurement models, necessary or sufficient conditions
for the identification of the complete latent-observable model (x, £ | w)? What further conditions
on the latent and measurement model are necessary and/or sufficient for the identification of
the statistical model? The object of this paper is to spell out the identification problems raised
by this family of models and their relationships. From a technical point of view, the approach
is g-algebraic. Thus the main results may be used in a non-parametric set-up as well as in a
parametric one.

This paper is organized as follows: the probabilistic framework of the hierarchical specifica-
tion is introduced in section 2. In section 3, after defining the concepts of identification, namely
the weak one and the p-strong one (with p € [1,00]), we establish, under the assumptions in-
troduced in section 2, the following results: (i) the weak identification of the latent model is a



necessary condition for the weak identification of the statistical model; (ii) the weak identifica-
tion of the latent model and the 2-strong identification of the conditional model imply the weak
identification of the complete latent-observable model; (iii) the strong identification of the latent
and conditional models imply the strong identification of the complete latent-observable model,;
(iv) the weak identification of the latent model and the 2-strong identification of the sampling
model imply the weak identification of the statistical model; and finally, (v) the strong iden-
tification of the latent and conditional models imply the strong identification of the statistical
model. These theorems are established using some results which are reminded in the Appendix
A.2. Section 4 characterizes the concepts of weak and strong identification under a normality
assumption and applies these characterizations and the previous results to the LISREL model.
The Appendix A.1 contains the proofs of the results of section 4.

2 Specification of the Basic Structure

It is largely recognized that the mixture (1.3) typically implies difficult analytic problems; in
particular, the integration step almost always leads to a statistical model outside the exponential
family. This raises the question of choosing powerful tools for analyzing intricate problems such
as those of identification. In this paper we choose a g-algebraic approach; one motivation for
such an approach is that it provides one a simpler control of the null sets, and avoids the effort
of selecting a particular coordinate system with the eventual use of jacobians for the densities.
Indeed, it can be seen, from (1.3), that any coordinate change of ¢ (i.e. any bijective C*
transformation) does not affect the statistical model (provided p(§ | w) is duly transformed); for
some comments on this issue see, e.g., Bartholomew (1993). This is tantamount to say that,
because £ is not observable, the model (1.3) is identified, at best, up to an arbitrary coordinate
choice of &, i.e. a genuinely o-algebraic condition.

In this section we introduce, in a o-algebraic set-up, the general framework to be used in this
paper. As far as notation is concerned, most capital letters, used from now on, refer to o-fields.
Heuristic reading could consider those objects as if they were random variables (assumed to
generate the relevant o-field) under the provision that a property defined on a o-field actually
refers to the set of (all) measurable functions of these generating random variables.

Let us consider a (underlying) bayesian experiment, denoted as Eqy=yx:

(2.1) Eavavy = {QVEV XA, 1T},

where X = o({z; : i=1,...,n}),E=0({& : i=1,...,n}), Q = o(w), and II is a unique
probability measure on the o-field Q2 VZV X. Note that, for the ease of exposition, we write a
probability space as a pair (o-field, probability measure) rather than as the traditional triplet,
leaving the universe implicity defined by the maximal element of the o-field. Since the V oper-
ation is associative, it follows that QVEV X = QV (EVAX) = (QVE) v X. Therefore, the
experiment (2.1), denoted by &, can be equivalently written either as



(2.2) £ ={QV(EVA), I},

or as

(2.3) £ ={(QVE)V X, I};

The interpretation of = depends on the experiment; indeed, in the experiment (2.2), E is con-
sidered as a latent variable, whereas in (2.3), = is considered as an incidental parameter, i.e.
a parameter the dimension of which is proportional to the sample size (see Neyman and Scott
(1948)). The equivalence between (2.2) and (2.3) means that there is no essential difference
between latent variables and incidental parameters, although the interpretation of the elements
of the model may differ.

Let us now decompose £ into its complementary pair of marginal and conditional reductions
with respect to =, denoted as Eqyz and ESV v, respectively. In section 3 we shall make use of
two assumptions, namely a general assumption and an independence assumption:

General Assumption Let 1, Qs be o-fields such that

(24) (1) QL= | 4, (11) QL X | Qo VE, (111) Q= Q1 VvV Q.

This assumption avoids too high a degree of overparametrization, a frequent issue in a first step
of structural modeling. The precise interpretation depends however on the experiment to be
considered, namely (2.2) or (2.3). Indeed,

1. in the context of the experiment (2.2), condition (2.4) means that Q is decomposed into
Q1, a sufficient parameter in Eqy=, and (), a sufficient parameter in Egv v~ The equality
(iii) may be justified by the fact that (i) and (ii) imply that Q; V Qg is sufficient, i.e.
QlLXxvEz | Q1 V Qo

2. in the context of the experiment (2.3), the assumption (2.4.ii) means that Qs V E is a
sufficient parameter in the sampling model generating x parametrized by wo and £ (where
Qy = 0(w3)). The assumption (2.4.1) means that w; (where Q; = o(w1)) is a parameter of
a hierarchical prior specification which makes £ and ws conditionally independent.

Independence Assumption

(2.5) Q1 Q.

In the context of the experiment (2.2), this assumption defines a cut between the latent model
and the measurement model conditional on the latent variables (for details, see Florens et al.



(1990), section 3.4.3) ; this is a condition on the prior distribution of w, the only one to be made
specific in the sequel. In a pure sampling theory approach, condition (2.5) may be replaced by
a condition of factorization of the parameter space (or a condition of variation-free), namely
(w1,wq) € Wy x Wy, where W; are the universe relative to €;, i = 1, 2; for details, see Barndorff-
Nielsen (1978). In the context of the experiment (2.3), the assumption (2.5) is a condition on
the prior distribution of (w,&).

3 Identification Problems in the Hierarchical Model

In this section we make explicit five different identification problems raised by the hierarch-
ical model specified in previous sections. We also analyze the main relationships among these
problems. The basic concepts are those of weak and p-strong identification.

We first reproduce the definitions of these concepts, that are binary relations among sub-
o-fields of an underlying probability space (M, M, P), and relegate to Appendix A.2 some

comments, details and theoretical results to be used in this paper.

The weak one is a concept of measurability, and it is defined in terms of projection of o-fields:

Definition 3.1 Let M;, i = 1,2, 3, be three sub-o-fields of M. M is identified by My on Ms,
and it is denoted My < Mo | Ma, if and only if (M1 V M3)(MaV M3) = (M; V Ms3), that
is, if the projection of Mgy V M3 on M7 V Mj is equal to My V Ms.

The strong one is defined in terms of the injectivity of the conditional expectation operator,
extending the concept of a complete statistic:

Definition 3.2 Let M;, i = 1,2, 3, be three sub-o-fields. M is strongly p-identified by Ms con-
ditionally on M3 if the following implication holds: for any p-integrable (Mj V M3)-measurable
function m,

E{m|MaVMs} =0 = m =0 P—a.s.

In this case we write M <, My | M3. If p = oo, we simply say that M is strongly identified
by M conditionally on M3, and we write M; < My | M3. Remark that M; <, My | M3
implies M1 <4 My | M3 Vp < ¢ < 0.

Five different weak identification problems should be distinguished:

1. the identification of the latent model £q,v=: Q1 < E, i.e. 21 =15



2. the identification of the measurement model 552vx3 Q<X |= ie QVE=
(92 VE)(X VD),

3. the identification of the sampling model in the experiment (2.3): Qo VE < X, i.e. QoVE =
(Q2 VE)X;

4. the identification of the experiment (2.2), the complete latent-observable model: 2 < X'VE,
ie. Q=Q(X VE);

5. the identification of the statistical model Eqyy: 2 < X, ie. Q = QX.

Remark 3.1 The identification problems (3) and (4) correspond to consider = either as an in-
cidental parameter, as in (3), or as a latent variable, as in (4). Note that in (3), the identification
problem concerns € V E rather than Q V =; this is so because the general assumption (2.4.ii)
means that in the experiment (2.3), {23 V = is sufficient, making the identification of a larger
parameter, namely 2V =, an irrelevant problem. Note also that {20 VE < X does not imply that
the experiment (2.3) be identified because its parameter Q9 V E is strictly contained in Q V =.

In the sequel we give conditions and results using the strong identification; with few ex-
ceptions, these results are valid also in a p-strong identification context, for all p > 1. Using
Theorems A.2 and A.4, we have the first immediate relationships among these identification
problems:

Lemma 3.1 Let Q; and Q2 satisfy the general assumption (2.4). The weak (respectively, strong)
identification of the sampling model (i.e. Qo V ZE < X; respectively, Qo VE < X) implies

(i) the weak (respectively, strong) identification of the measurement model (i.e. Qo < X | E;
respectively, Qo < X | E);

(i) the identification of Qo by X VE (i.e. Q2 < X'V E).

Lemma 3.2 Let Q1 and Qo satisfy the general assumption (2.4). The weak (respectively, the
strong) identification of the complete latent-observable model is a necessary condition for the
weak (respectively, the strong) identification of the statistical model (i.e. < X implies Q <
XVE, and Q< X implies Q< X VE).

Theorems 3.1, 3.2 and 3.3 contain the main results of this paper:

Theorem 3.1 Under (2.4) and (2.5), if the experiment (2.2) is weakly identified, then the mar-
ginal experiments Eq,v= and Eq,v=vx are weakly identified. More specifically, under conditions
(2.4) and (2.5), Q@ < X V E implies

(1) Ql <= (ze Ql = 915)



(ii) Q< XVE (26 = QQ(X V E))
Furthermore, 1 < = is 1s equivalent to Q1 < Qo VE orto Q1 < X'V =.

Proof

For (i), @ < XV E implies ; < X' VEV Q3 by Theorem A.2 (ii); the assumption (2.4.ii) implies
O L X | Q2 VvV E; therefore, by Theorem A.3 (ii), we have Q; < Q9 V Z, which is equivalent to
Q) < E. Indeed, 2 < E implies ; < Q2 V = by Theorem A.2 (i); conversely, (2.4.i) and (2.5)
imply ©; L Qo | Z; this along with Q1 < Q2 V = imply Q; < E by Theorem A.3 (ii).

The other equivalence between ©; < = and ©; < X'V Z holds using Theorem A.3 (ii) along with
the condition €y 1L X' | E, which is implied by assumptions (2.4) and (2.5).

For (ii), as mentioned above, the weak identification of £ implies that Qs < X' V E V Q; since
the assumptions (2.4) and (2.5) imply Q1 1L Qo | X V E, we have, by Theorem A.3 (ii) again,
that 0o < X'V E.

|

Using Lemma 3.2 along with the Theorem 3.1, allows one to deduce that the weak identific-
ation of the marginal model is a necessary condition for the weak identification of the statistical
model, namely

Corollary 3.1 Under (2.4) and (2.5), the weak identification of the marginal model Eq,v= s
a necessary condition for the weak identification of the statistical model (i.e. Q@ < X implies
0 < E)

Remark 3.2

1. Note that Q2 < X | E implies Q3 < X V E (by Theorem A.2 (ii)). Thus 3 not weakly
identified by (X V Z) implies that neither the experiment (2.2) nor 5&2\/ y are weakly
identified (i.e. Q2 # Q2(X V E) implies Q # QX VE) and Qy VE # (22 VE)(X V E)).

2. Under assumptions (2.4) and (2.5), the equivalence stated in Theorem 3.1 means that the
marginal experiment £qg, vz is weakly identified if and only if ; is weakly identified in the
complete latent-observable model, or if and only if €, is weakly identified by s V =.

3. The weak identification of the conditional model €5,y is not a necessary condition for
the weak identification of the experiment (2.2); for a counter-example, see Florens et al.
(1979).

An essential problem is to find sufficient conditions for the weak identification of both the
complete and the statistical models. In relation to the complete model, the following theorem



states, on one hand, that the weak identification of the latent model and the 2-strong identific-
ation of the conditional model implies the weak identification of the complete model; and, on
the other hand, the strong identification of the latent and conditional models imply the strong
identification of the complete model. These results do not require the assumption (2.5), i.e. in
the context of the experiment (2.2), these results are established without the cut assumption.

Theorem 3.2 Let Q and Qg satisfy the general assumption (2.4).

(i) If the latent model Eq,v= is weakly identified and the conditional model ESWX 18 2-strongly
identified, then the complete latent-observable model £ is weakly identified (i.e. Qp <
E and Qo <o X | E implies Q < X VE).

(ii) If the latent Eq,v= and the conditional Sgwx models are strongly identified, then the
complete latent-observable model £ is strongly identified (i.e. U < ZE and Qo < X | E
implies Q K X'V Z).

Proof

For (i), on one hand, Q9 L = | Q; and ©; < = imply, by Theorem A.3 (i), 1 < Z | Q2, which
is equivalent to 2 < Q9 V E. On the other hand, 2y <3 X | E along with Q L X VE | Qy VE
implies Q(X V E) = Q(Q2 V E), by Theorem A.6 (iii). Therefore, Q@ = Q(X Vv =).

For (ii), Q2 L = | ©; and ©; < E imply, by Theorem A.6 (i), Q; < Z | Q2, which is equivalent
to Q <« Q9 VE. This along with Q L X VE | Q3 VE and Qs < X | Z implies Q@ < X' V E, by
Theorem A.6 (ii). O

In relation to the statistical model, the following theorem gives sufficient conditions for its
weak or strong identification; this theorem does not require the condition (2.5).

Theorem 3.3 Let Q1 and Qg satisfy the general assumption (2.4).

(i) The weak identification of the latent model Eq,v= and the 2-strong identification of the
sampling model (i.e. Qo VE K9 X') imply that

1. the marginal experiment Eq,vx is weakly identified (i.e. Q1 < X);
2. the statistical model is weakly identification (i.e. Q< X').

(ii) The strong identification of both the latent model and the sampling model imply the strong
identification of the statistical model (i.e. Q@ < X').

Proof

For (i-1), on one hand, the condition (2.4.ii) implies ; L X | Q2 V =E. By Theorem A.6 (iii),
this along with Qs VZ <9 X imply 03X = Q1(22 V E). On the other hand, ©; < E implies
Q) < Q2 VE by Theorem A.2 (i), i.e. Q1 = Q1(Q22V E); hence Q1 = 0 X, ie. Q1 < X.



For (i-2), X L Q] Q2 V E and Q2 V E <2 X imply, by Theorem A.6 (iii), that QX = Q(Q2 V E).
On the other hand, 7 < Z along with Qo L = | 1 imply, by Theorem A.3 (i), that Q; < = | Qo,
ie. Q = Q(QVE).

For (ii), 1 < E together with Qo L = | ©; imply, by Theorem A.6 (i), that Q; < E | g, which
is equivalent to < 9 V E. This along with Q9 VZ <« X and with Q L X | Q9 V Z imply, by
Theorem A.6 (ii), that Q < X.

Remark 3.3

1. Under the assumption (2.4.i), the results of Theorem 3.3 are given in the context of the
experiment (2.3), i.e. under the only assumption that Q2 and = are a priori independent
conditionally on €.

2. Note that the weak identification of the statistical model gy x does not imply the weak
identification of the marginal model £q,vx.

3. Under the general assumption (2.4), the weak identification of the statistical model implies
the weak identification of the conditional models S&lv y and ngv y- Furthermore, under
the general assumption (2.4), similar arguments involve that the weak identification of
the latent model and the 2-strong identification of the conditional experiment 5’%@ y (e
E <9 X' | Q9) imply the identification of the conditional model 5812\/ y- The condition Z <
X | Q9 means that the incidental parameters are 2-strongly identified by the observations
conditionally on Qg; moreover, it is implied by Q2 VE <9 X. Moreover, since 3 < X' | Qo,
we have

(Ql V Qg) = (Ql vV Q2)(X \Y QQ) = [(Ql V QQ)X] V Q9

hence the weak identification of the conditional experiment 5821\/ y implies the weak iden-
tification of the statistical model under the additional condition Qg C (21 V Q2)X, where
(Q1 V Q2)X is the II-measurable completion of (€ V Q9)X (for details, see Appendix A);
this is precisely the Proposition 3.6 in Florens et al. (1992).

Finally note that the condition = <3 X | 9 is equivalent to Qs V E <9 X under the
assumption Qg C X (i.e. Q2 contained in the Il-measurable completion of X).

The common assumption of Theorems 3.2 (i) and 3.3 (i-2) is that of weak identification of
the latent model; the difference consists in employing the 2-strong identification of a model
that consider = either as a latent variable or as an incidental parameters. In the first case
(Theorem 3.2 (i)), the identification of the conditional model (2 <2 &X' | Z) is assumed: this
is an identification conditional on = and the identification of the complete model (2 < X'V =)
is obtained, whereas in the second case (Theorem 3.3 (i-2)) the identification of the sampling
model (2 V E <3 X) is assumed: thus = becomes a subparameter of the identified parameter,
and the identification of the statistical model (2 < &) is obtained.

10



In others words, in Theorem 3.3 (i-2) the identification of the statistical model is obtained
after integrating out = under a condition that treats = as an incidental parameter, whereas in
Theorem 3.2 (i) integrating out = under a condition that treats = as a latent variable does not
produce the identification of the statistical model. Indeed, the identification of the complete
model would imply (by Theorem A.3 (ii)) the identification of the statistical model under the
condition = I © | X'; but, given the general assumption (2.4), this condition is clearly unpalat-
able.

4 Some Applications to the LISREL Model

4.1 Identifications under Normality

The LISREL model is typically specified under a complete normality assumption; indeed, it is
traditionally assumed that the latent model (¢ | w) and the measurement model (x | £,w) are
normally distributed. In this section we exemplify, in the normal case, the conditions introduced
in the previous sections.

Let us first consider a random vector X = (X7/, Xo/, X3')" € IRP' x IRP?> x IRP®. Let us remind
that

Ker[V(Xy | X3)] = {a€e R : V(dX;|X3) =0 as.}
= {a€e R : dX,=FdX|X3) as.}

Ker[C(X2, X1 | X3)] = {a€e R : C(X,d/X1)=0 a.s.}

where V(- | -) and C(-,- | -) are the conditional variance and covariances operators; for details
in relation to these operators, see Eaton (1983).

Suppose that (X1, X2 | X3) ~ Ny, 4p, (11, X). Lemma 4.1 gives a simple result which provides

an easy key to characterize the weak and strong identification concepts; for a proof, see Appendix
Al

Lemma 4.1 If (X1, X5 | X3) ~ Nppy (1, X), then

(41) Ker[V(Xl | X3)] = Ker[V(Xl | XQ,X3)] N Ker[C(Xg,Xl | Xg)] X3 — Qa.S.

The following lemma characterizes the conditional independence in terms of the null space;
the first equivalence is trivial, and the implication is a consequence of Lemma 4.1:

11



Lemma 4.2 If (X1, Xs | X3) ~ Np,4p, (11, X), then X3 — a.s.

X1J|_X2 | X3 <~ ’I”[C(XQ,Xl |X3)] =0 << Ker[C’(Xg,Xl ‘ Xg)] = R

— Ker[V(X; | X3)] = Ker[V(X; | X2, X3)]

The following lemma shows, under a normality assumption, that the weak and 1-strong identi-
fication concepts are equivalent; moreover, this lemma gives a characterization of these concepts
in terms of null space and rank condition; for a proof, see Appendix A.1. This lemma concerns
with the 1-strong identification since for its proof we use a Lj-complete statistic argument in
the exponential family. For the ease of exposition, we identify the random vectors X; with the
o-fields they generate.

Lemma 4.3 If (X1,X2 | X3) ~ Npiap, (i, 3), then the following conditions are X3 — a.s.
equivalent:

(1 X1 <4 X2|X3

(11 X1 -<X2|X3

)
)

(iii) r[V(X1 | X3)] = r[C(X2, X1 | X3)].

(iv) Ker[C(X2, X1 | X3)] = Ker[V(X1 | X3)].
)

(V Ker[ (XQ,Xl ‘ Xg)] C Ker[V(Xl ’XQ,Xg)].

Remark 4.1 For the sake of simplicity let us suppose that V(X3) = 0. Note that &} < &j
essentially depends on the distribution of (X3 | X7), whereas X; <1 X» essentially depends on
the distribution of (X; | X2). In the particular case of a joint normal distribution, these two
conditions are equivalent as they essentially rely on a rank condition of the covariance matrix

C(Xg9, X1).

Remark 4.2 From a c-algebraic point of view, in the relation X; <; Xy | X3 there is no
loss of generality in assuming that V(X; | X3) is nonsingular (see the proof of Lema 4.3,
(iii) = (i) in Appendix A.1); therefore, if X; <1 X | X3 then p; = r[V(X; | X3)] =
r[C(X2, X1 | X3)] < min{p1,p2} X3 — a.s., i.e. the strong identification X; <1 Xa2 | X3
implies a dimension restriction between X; and Xs, namely p; < ps X3 — a.s. Since 1-strong
identification implies the p-strong identification, for all p > 2, this Lemma gives, under normality,
a sufficient condition for the p-strong identification, namely r[V (X, | X3)] = r[C(X2, X1 | X3)]
implies X; <, X2 | X3 for all p > 2.

12



4.2 Applications to the LISREL Model

Let us now come back to the LISREL model sketched in section 1. Clearly a full normality as-
sumption on (z,&,w) would not make sense because w involves, among others, variances. Note
however that, in a natural conjugate approach, a normal hypothesis conditionally on the vari-
ances does make sense. Let us accordingly decompose w = (w1,w2), where w1 = (wi1,w12),
wy = (w21,w22) and w11 = (B,C), w1y = (ch,zee), wo1 = (Ay,AZ), and w2y =
(Xeyey Bese. ). Let us now focus the attention on the distribution of (z,&,wi1,wo1 | wiz,w22)
and assume it is jointly normal. Let finally Q;; = o(wij), 4,5 € {1,2}; then Q; = Qi V Qu,
i € {1,2}. Using the conditional version of Corollary 3.1, we have the following corollary:

Corollary 4.1 Under (2.4) and (2.5), the weak identification of the marginal model conditional

on 9, 581112v57 18 a necessary condition for the weak identification of the statistical model

conditional on Q15 V o9, 531112\\//3;2\/)(; i.e.

Qll\/le-<X’912V922:>911-<E|912.

Proof On one hand, by Corollary 3.1, we have that Q11 V Q21 < X' | Q12 V Q99 implies 17 <
E | Q12 V Q2. On the other hand, the assumptions (2.4) and (2.5) imply Q11 L Qa2 | EV Q9;
therefore, by Theorem A.3 (ii), we have Q11 < Z | Q2.

The Theorem 3.2 (ii) may be rewritten, under a normality assumption, as:

Proposition 4.1 Let Q and Qo satisfy (2.4). If the experiments E22VE22 and SSQVI%X,VQ” are

Q11 VE
weakly identified then the experiment ggllfygjvaVE is weakly identified; i.e.

Q1 <= ‘ N2V Q99 and Qo < X ’E\/le\/QQQ = Q1 VA <X VE ‘ D19V Qos.
Similarly, Theorem 3.3 (ii) may be rewritten, under a normality assumption, as:

Proposition 4.2 Let Q; and Qo satisfy (2.4). If the experiments ngf\\//g” and 58;12\\//%3/25 are

weakly identified then Egllf\\fg;fv v 15 weakly identified; i.e.

91145’912\/Q22 and 921VE<X|912\/922 — QH\/921<X|912\/922.
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Let us now consider more specifically the model specified by (1.1) and (1.2) for a sample
of size n. We shall denote X = (x1---x,), an (r + s) X n matrix of data, B = (§1---&,), a
(p+1) x n matrix of latent variables, A = (B (), a p X (p+1) matrix of structural coefficients,
A = diag(Ay,A;), an (r + s) x (p+ 1) block-diagonal matrix of measurement coefficients, and
Y = (B¢t Bee, Beyeys 2 Ye,e,) for the collection of all the involved variance matrices. With
these notations, Corollary 4.1, Propositions 4.1 and 4.2 may be rephrased as follows:

€2€z9 “Ey€y

Corollary 4.2 Under (2.4) and (2.5), if r{V[(A",A) | Z]} = r{C[X, (A, N')" | X]} then the

marginal model conditional on 12, 531112\/5, s weakly identified.

Proposition 4.3 Under (2.4), if r{V[A | X]} = r{C[E,A | X]} and r{V[A | E,X]} =
r{C[X,A | E,X]} then the complete model conditional on Q2 V Qag, ngfygjfv)(vz, is weakly
identified.

Proposition 4.4 Under (2.4), if r{V[A | X]} = r{C[E,A | Z]|} and r{V[(N,E) | X]} =
r{C[X, (A ,E) | X} then the statistical model conditional on Qq3 V Qao, gﬁuvgﬂvm is weakly
identified.

Remark 4.3 The second rank condition of Proposition 4.4 corresponds to (291 V = strongly
identified by X conditionally on 215V £299. Because of its block-diagonal structure A contains at
most pr + ls coefficients. In the absence of other restrictions, Remark 4.2 implies the inequality

(4.2) (pr +1ls) <[(r+s) — (p+]n Q2 V Qo2 — a.s.

This inequality requires that (i) at least n > 2; and (ii) the number of manifest variables (r + s)
be strictly larger than the number of latent variables (p + ). The condition (r +s) > (p+1)
is therefore a necessary condition of identification in the absence of other restrictions; this
condition is presented, in Everitt (1984, p. 5), as an additional assumption and is not required
in Joreskog’s (1977, p.268) specification.

5 Concluding remarks

In this paper, we have displayed five different identification problems that are raised by a mixture
model, the fifth one being a necessary condition for the estimability of the parameters of a
mixture model. The third identification problems, namely the identification of the sampling
model, has been pointed out by using the double role of =, namely as a latent variable or as
an incidental parameter. This identification problem, along with the identification of the latent
model, allowed us to establish a sufficient condition for the identification of the statistical model.
Thus, this paper provides some qualifications to the following assertion on the LISREL model:
if the first step shows that the measurement parameters are identified and the second step shows
that the latent variable model parameters are identified, then this is sufficient to identify the
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whole model (Bollen, 1989, p. 328, given without proof, where the whole model is the statistical
model). The main results of this paper concentrate accordingly on sufficient conditions for the
weak and strong identification of both the complete latent-observable model and the statistical
model; thanks to the o-algebraic approach, these results may be used in a nonparametric context
as well as in a parametric one.

Theorem 3.1 shows, inter alia, that, under assumptions (2.4) and (2.5), the weak identification
of the latent model is a necessary condition for the weak identification of the complete latent-
observable model and therefore, by Lemma 3.2, for the weak identification of the statistical
model. Theorem 3.2 gives, in general (i.e. under assumption (2.4)), sufficient conditions for
the identification of the complete latent-observable model, whereas Theorem 3.3 gives sufficient
conditions for the identification of the statistical model. Comparing these two theorems reveals
that hypotheses of identification natural when = is treated as latent variable (Theorem 3.2) do
not lead to identify the statistical model, whereas hypotheses of identification natural when =
is treated as an incidental parameter does produce the identification of the statistical model.

A  Appendix

Let us first introduce some notation. Consider an abstract probability space (M, M, P). M,
i € {0,1,2,3,4}, denotes sub-o-fields of M, where My = {(), M}. M; denotes its measurable
completion, i.e. M; = M;V My, where My = {A € M : P?(A) = P(A)}. [M;] denotes the
set of real valued M ;-measurable functions defined on M; the set of p-integrable M;-measurable
functions is be denoted as [M;] - and the set of the bounded M;-measurable functions is denoted

as [M;]

[oon

A.1 Proofs of Lemmas 4.1 and 4.3

Lemmas 4.1, 4.2 and 4.3 (i), (iii), (iv) and (v) are given without proof in Florens et al. (1993);
we give here the proof for completeness. We owe to J.M. Rolin to have added (ii) to Lemma
4.3. In relation to the notation, X; = o(Xj;), i € {1,2,3}, and B denotes the Borel o-field.

Proof of Lemma 4.1 In general,

V(a’X1 | Xg) = F [V(a’X1 ‘ XQ,X;J,) | X3] +V [E(ale | XQ,Xg) ‘ Xg] .

The nullity of each member of this equality corresponds to a pertaining to the respective null
space of (4.1).

|

Proof of Lemma 4.3 In this proof, we write the identification concepts in o-algebraic terms.
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(iii) <= (iv) is a trivial consequence of the rank theorem in linear algebra (see, e.g., Halmos
(1974), Theorem 1, section 50).

(iv) <= (v) is a trivial consequence of Lemma 4.1.

(ii) <= (iii) ;From the hypothesis we have

(X2 | X1, X3) ~ Np, (IE(X2 | X1, X3), ®(X3)),

where the conditional covariance matrix ®(X3) = V(X3 | X1, X3) does not depends on X7, and

E(Xy | X1,X3) = g(X3) + Ro13X1,

where Ro1.3 = C(Xo, X1 | X3) V(X7 | X3)T is a pe X p1 matrix of regression coefficients which are
(measurable) functions of X3. Therefore (X} V X3) (X2 V X3) = X1V A3 if and only if r(Ra1.3) =
V(X1 | X3)] X3 — a.s. From Marsaglia (1964), we have C(X2, X1 | X3) = Ro1.3 V(X1 | X3),
which implies that r[C(X2, X1 | X3)] < r(R21.3); since the other inequality is trivial, it follows
that T[V(Xl ‘ Xg)] == T[C(XQ,Xl ‘ Xg)] Xg — a.s.

(i) = (iv) Let d € Ker[C(X2, X7 | X3)]; then, under normality, we have IE[f(d'X1) | X2, X3] =
FE[f(dX1) | Xs] Vf e [Bli; this is equivalent to

(A.1) E{f(dX1) — E[f(dX1) | X3] | X2,X3} = 0 as. Vfe[B.

If X <1 Xy | A3, the equality (A.1) implies that f(d'X;) = FE[f(d'X;) | X3] a.s., which
is equivalent to f(d'X;) € X3 Vf € [B]y, ie. d'X; € As; this is equivalent to V(d'X; |
X3) = 0. Therefore, Ker[C(X2, X1 | X3)] C Ker[V(X; | X3)]. The other inclusion is a simple

consequence of Lemma 4.1. Note that this argument is valid also for f € [B], for all p > 2.

(ili) = (i) From a o-algebraic point of view, there is no loss of generality in assuming that
V(Xi | X2, X3) is non singular. Indeed, let X7 = A;'X; € IR, where A1 = (a;5) is a p1 X 1
matrix with r(A4;1) = ¢ and possibily a;; € [X3], such that ®(X3) = V(X7 | X2, X3) is non
singular and X} C AXJ; then X7 = X;. Therefore, X} < Xp | A3 &= X1 < Ao | X3 —
X < Xy | Xy &= X < Xy | X3. Moreover, from the hypothesis of normality, we have
(XT ’ X2, X3) NN(]l (E(Xf | X2, X3), ®(X3)) where

IE(X7 | X2,X3) = g(X3) + Rjs3X2  and Tz = C(XT, X5 | X3)V (X2 | X3)T.

Note that the ¢; x p2 matrix Rj,.5 is a function of X3. Let us recall that in the exponential
family of the form p(x | 8) = a(z)b(#) exp [¢'(x)d(#)], the sufficient statistic ¢(z) is Li-complete
as soon as the interior of the range of d is not empty (see Barra (1981), Theorem 1, chapter 10,
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section 2). Applying this result to A} < Xy | A, with A} (respectively, X») in the role of the
statistic (respectively, of the parameters), let us define

a(X{, X3) = (2m)0/2 | B(Xy)| 7/ exp { X'®(X3) 7! [9(Xs) — $X7]}
b(Xs, X3) = exp {3 {Xo'Rips'®(Xs) ' RizsXa + 9(X3)(Xs) L g(Xs) + 2R}55X5]} |
o(X{, Xs) = X

d(X2, X3) = ®(X3) ' Riy3X>

Therefore, X7 < Xy | A3 if r(Riy3) = ¢ = r[V(X] | X2, X3)] < r[V(XT | X2)] < @, ie. if

r(Ris.3) = r[V(X] | X3)]. From Marsaglia (1964) and by construction of A;, this equality is
equivalent to r[C'(X1, X2 | X3)] = r[V(X1 | X3)], which is equivalent to the assumption (iii).

A.2 'Weak and Strong Identification Concepts

In order to make this paper reasonably self-contained, this appendix reproduces the main tools,
namely definitions and theorems, which have been employed in the previous sections. More
details and motivation along with the proofs of results may be found in Florens, Mouchart and
Rolin (1990), to be referred in the sequel as EBS; this appendix may be skipped by readers
familiar with that monograph.

A.2.1 Projection and Weak Identification among o-Fields

The motivation to introduce the projection of o-fields is to construct the smallest sub-o-field of
M7 conditionally on which M7 and My become mutually independent.

Definition A.1 The projection of Mo on M1, denoted by M1Mo, is defined as

MMy = O‘{]E (mg | My) : mg € [M2]+} C M.

This definition has to be interpreted as the o-field generated by every version of the conditional
expectation of every positive Ms-measurable function. This operation is crucially dependent on
the probability P and, in particular, on the P-null sets. Next theorem gives a basic property of
the operation of projection among o-fieds.

Theorem A.1 (EBS: Theorem 4.3.3) For any My, My and M3 sub-o-fields of M:
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(i) My L My | MiMs.
(ii) Mz C My and My 1L My ‘ M — MiMsC Vg

This theorem shows that MMy is the intersection of all sub-o-fields of M; containing the
P-null sets of M7 and conditionally on which M; and Mj are independent. This is Mac Kean’s
(1963) definition of projection with a slight modification: Mac Kean used Lebesgue completion
whereas we use the measurable completion.

The weak identification concept is defined in terms of projection of o-fields (see Definition
3.1); the statistical use of this probabilistic concept may be illustrated as follows: let My
(respectively, M3) be the o-field representing the parameters (respectively, the observations)
and suppose, for the ease of exposition, that M3 = My. To say that the parameters (M) are
identified by the observations (M3) heuristically means that any (positive) measurable function
of the parameters may be represented as a function of countably many sampling expectations
of statistics (i.e. of functions defined on the sample space). The correspondence between this
concept and the usual concept of the injectivity of the mapping between the parameter space
and the set of the sampling probabilities is discussed in EBS (section 4.6.2); see also Florens
et al. (1985). Note also that MMy (respectively, MaM) represents the minimal sufficient
parameter (respectively, statistics); for the o-algebraic approach of minimal sufficiency on the
parameter space see, e.g., Bahadur (1955a, b) and Barankin (1961). Consequently, in this
context, the identification problem appears as a problem of minimal sufficiency either on the
parameter space or on the sample space. Note also that M; < My | M3 is equivalent to
(M1 V Ms3) < (MayV Ms). In a statistical context, M3 may typically represents explanatory
(or exogenous) variables in conditional models.

Theorem A.2 (EBS: Proposition 4.5.2 (iv)-(v))

(i) If My C My V Mz and My < Ma | M3, then My < My ’ Ms.
(il) (M1 VMy) < My | Mz = My < (M2 V My) | M3.

Theorem A.3 (EBS: Theorems 4.5.3 and 4.5.4) If Mo 1L My | My V M3 then

(i) My < My | M3 implies M1 < Ma | M3V My.
(ii) Moy < M1V My ’ Mg implies My < My | Ms.

In essence, assertion (i) of Theorem A.3 gives a condition under which weak identification
implies weak identifications under a further conditioning, whereas assertion (ii) gives a condition
under which the weakly identifying o-field may be reduced. In a statistical context, suppose, for
the ease of exposition, that M3 is trivial (i.e. M3 = My); take My to represent the parameters
and M; C My to represent the observations; assertion (ii) states that if a parameter (My) is
identified by the observation (My) it is also identified by a statistic M; that is sufficient (by
hypothesis).
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A.2.2 Strong Identification of o-Fields

The question raised by Basu’s First Theorem (Basu (1955); see also chapter 5 of EBS) is actually
equivalent to the following problem: If M; 1. My | M3 and M L M, under what condition on
My and M3 is it true that My L (Mg V M3)? This condition is called the strong identification
of M3 by Mo, a precise definition of which was given in Definition 3.2.

The concept of strong identification may be interpreted in terms of the geometry of Banach
spaces. Indeed, for m € [M], let [m] be the equivalence class of m (in [M]) with respect to
P-almost sure equality. For Mj, a sub-o-field of M, let the close Banach space L,(M;) =
{Im] : m € [My],}. For any p € [1,00], the conditional expectation given M; may be viewed
as a continuous linear operator defined on L,(M) onto L,(M;); it is actually a symetric and
idempotent projector. Let us denote by Ker,(T') the null space in L, (M) of a continuous linear
operator 1" and let us identify a o-field M;, say, with the operator of the conditional expectation
given M;. With this notation, Definition 3.2 may be rewritten as (for 1 < p < o0)

(A1) Kery | My V Mg 0 Moo V M| = Kery [MiV Ms) .

Thus (A.1) means that strong identification may be viewed as the injectivity of the Mg V Ms-
conditional expectation operator, restricted to the p-integrable functions of [M; V Ms3]. In the
reflexive case, i.e. p € (1,00), this is equivalent to the surjectivity of the adjoint operator. In
a statistical context, if, again, M (respectively, Ms) represents the parameters (respectively,
the observations), the condition M; <, M means that any p-integrable statistics has at most
one representation in terms of a posterior expectations.

With few exceptions, the most useful theorems require only the weakest version of strong
identification, i.e., p = co. Therefore even if the general properties are true for any p € [1, o0],
in the sequel they are stated only for p = oc:

Theorem A.4 (EBS: Proposition 5.4.2 (iv)) If Ma C My V Mz and My < Msa | M3, then
My < My | Ms.

Theorem A.5 (EBS: Theorem 5.4.12) If My < Ms | M3 then My < My | Ms.
Theorem A.6 (EBS: Theorems 5.4.5, 5.4.10 and 5.4.14 (ii)) If Mg L My | My V Mg then

(i) M < My | Mg implies M1 < Mo | Ms Vv My.
(i) My < My | M3 and My < Mz | M3 imply My < Ma | Ms.
(ili) with My = My, M3z <, My implies MaMy = MaMs, for all p € (1,00).
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Theorem (A.5) entails the fact that strong identification implies weak identification. Theorem
A6 (i) is the strong version of Theorem A.3 (i), whereas the assertion (ii) shows that a conditional
independence implies the transitivity of strong identification. In a statistical context, take Moy
to represent the parameters and My C M; (hence M3 < My) to represent the observation;
assertion (iii) of Theorem A.6 states that the parameters identified by the observations are
the same as the parameters identified by a sufficient statistics (M3). Theorem A.6 (iii) requires
p € (1, 00) since its proof use the reflexivity of the Banach space L,(M); for details see Theorems
5.4.3 and 5.4.14 of EBS.
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